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Asao Arai
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(Received 17 January 1995; accepted for publication 10 February 1995)

A quantum system of a particle mteracting with a {(non-Abelian) gauge field on the
non-simply connected domain M =R {a,}_, is considered, where a,, n=1,...,N,
are fixed isolated points in R% The gauge potential A of the gauge field is a pXp
anti-Hermitian matrix-valued 1-form on M, and may be strongly singular at the
points a,, n=1,...,N. If A is flat, then the physical momentum and the position
operators {P 9 j}jz»=1 of the particle satisfy the canonical commutation relations
(CCR) with two degrees of freedom on a suitable dense domain of the Hilbert space
L2(R%CP). A necessary and sufficient condition for this representation to be the
Schrodinger 2-system is given in terms of the Wilson loops of the rectangles not
intersecting a,,, n=1,...,N. This also gives a characterization for the representation
to be non-Schrodinger. It is proven that, for a class of gauge potentials, which is not
necessarily flat, P; is essentially self-adjoint. Moreover, an example, which gives a
class of non-Schrodinger representations of the CCR with two degrees of freedom,
is discussed in some detail. © 1995 American Institute of Physics.

I. INTRODUCTION

In Ref. 1, the author considered a quantum system of a charged particle with charge ¢ e R\{0}
moving in the plane R? under the influence of a perpendicular magnetic field, which may be
singular at given fixed isolated points a,=(a,,,a,,) eR% n=1,...,N. In this quantum system, the
position operators g; and the physical momentum operators P;=p;—gA; (j=1,2), where p; is
the canonical momentum operator with respect to g; and (Al ,A,) is a vector potential of the
magnetic field, satisfy, on a dense domain of L%(R?), the canonical commutation relations (CCR)
with two degrees of freedom if and only if the magnetic field is concentrated on the set {a,,},, 1

A set {P,, P,,,QI, ,,} of self-adjoint operators on a Hilbert space # is called a
Schrodinger n-system if there exist mutually orthogonal closed subspaces J/ of A, such that
H=®, H#, with the following properties: (i) each #, reduces all P; D 0. ;5 (i) the set
{Pl - P,, ,Ql .- ,Q } is, in each #,, irreducible and unitarily equivalent to the Schrodinger
system { P} ,...,Pf, ;01,...,Q}, where P} and Q7 are self-adjoint operators on L%*(R") defined by
Pi=—ig; [4; denotes the generalized partial differential operator in the jth variable x; of
X=(xy,...,x,) €R"] and Qj=x; (the multiplication operator by x;) (Ref. 2, p. 81). We call a
representation of the CCR with n degrees of freedom non-Schrodinger if it is not a Schrodinger
n-system.

It was proven in Ref. 1 that the above mentioned representation { P iq j}lz-=1 of CCR, where P f
denotes the closure of P;, is a Schrodinger 2-system if and only if the magnetic flux is locally
quantized [i.e., the magnetic flux of every rectangle not intersecting a, (n=1,...,N) is an integer
multiple of 27/q]. This result, which generalizes the main result of Ref. 3 concerning a special
example in the case N=1, shows that, if the magnetic field is concentrated on {a,}~_, and the
magnetic flux is not locally quantized, then {P 29 j}f=1 is a non-Schrodinger representation of
CCR. Thus, a class of non-Schrodinger representations of CCR is constructed. Of interest con-
cerning these non-Schrodinger representations is their relation to the Aharonov—Bohm effect* in
an idealized sense. From a mathematical point of view, the non-simply connectedness of the base
manifold,
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2570 Asao Arai: Gauge theory and canonical commutation relations

Rz\{a,, N (1.1)

is essential for the analysis just mentioned to be non-trivial. Further properties of the quantum
system were investigated in terms of the Dirac—Weyl operator.’

An operator-theoretical analysis related to Refs. 1 and 3 has been made by Kurose and
Nakazato,® who have constructed a * representation of the Weyl algebra with two degrees of
freedom induced by a one-dimensional representation of the fundamental group of M, and proved
that the * representation is unitarily equivalent to the * algebra generated by {P;,q j}f= 1-

The quantum system discussed in Ref. 1 is an example of Abelian gauge theory with gauge
group U(1), the one-dimensional unitary group. It is natural and interesting to extend the analysis
made in Ref. 1 to the case of non-Abelian gauge theory. With this motivation, we consider in this
paper a quantum mechanical particle moving in M under the influence of a (non-Abelian) gauge
field. Indeed, in this case too, the position and the physical momentum operators of the particle
give a representation of the CCR with two degrees of freedom if the gauge field strength is
concentrated on {a,}~_,. We formulate a necessary and sufficient condition for the representation
to be a Schrodinger 2-system. As in the case of Ref. 1, this result gives a class of non-Schrédinger
representations of CCR, which may give a form of non-commutative Aharonov—Bohm effect. Our
analysis is general, in that it applies to any gauge theory on M with a finite-dimensional unitary
representation of a Lie group. The Dirac—Weyl operator in the present case will be discussed in a
separate paper.

In Sec. II, under the assumption that the physical momentum operators P,, P, are essentially
self-adjoint, we compute the commutation relations (in the strong sense) of the position operators
41,49, and P, P,. It is shown that {Pj ,qj}] 1 is a Schrodinger 2-system if and only if the Wilson
loop of every rectangle not intersecting a, (n=1,...,N) is equal to the identity. In Sec. III, we
derive, in terms of the gauge potential, a condition equivalent to the condition for the Wilson loops
just mentioned. This can be done by employing the theory of product integrals. Section IV is
devoted to the proof of essential self-adjointness of P; for a wide class of gauge potentials. In the
last section we discuss an example in some detail.

il. CCR IN (NON-ABELIAN) GAUGE THEORY

Let M be given by (1.1). We denote by Mah(C) the set of pXp anti-Hermitian matrices
(peN). LetA;, j=1,2,be M ah( C)-valued contmuously differentiable functions on M, and set

A(r)=A (r)dx+A,(r)dy, r=(x,y)eM,

an M;h(C)-valued 1-form on M. This 1-form may be regarded as a gauge potential in a gauge
theory on M with a p-dimensional unitary representation of a Lie group.

We shall use the system of physical units where 7, the Planck constant divided by 2, is equal
to 1. Let 4, and 4, be the generalized partial differential operators in x and y, respectively, and set

py=—id;, j=1,2.

Then the physical momentum operator of a quantum mechanical particle interacting with the
gauge potential A may be given by P=(P,,P,), with

Pj=p;—iA;, j=1,2,

acting in the Hilbert space L2(R%CP) [=L*(M;CP)] of C”-valued square integrable functions on
R?. We denote by CJ'(M;CP) the set of CP-valued m times continuously differentiable functions

on M with compact support. Each P; is a symmetric operator with
C3(M;CPYCD(P,P,)ND(P,P;), and
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[P1.P]Y=—Fioih, e Co(M;CP),
where
F13:=01A2— A, +[A,A,]
is the component of the gauge field strength 2-form,
F(A):=dA+ANA=F, dx/\dy.

We say that A is flaton M if F(A)=0 on M.

We denote by ¢, and g, the multiplication operators by x and y, respectively. The following
proposition is easily proven.

Proposition 2.1: Suppose that A is flat on M. Then {Pj,qj}f=1 satisfies the CCR with two
degrees of freedom on C(Z)(M;C"): for all ye CYM;CP),

[Pj’Pk]¢=0’ [qj’qk](ﬁ:O’ [qj’Pk]¢=i5jk‘/” j’k= 1’2'

For a continuous, piecewise continuously differentiable path C in M with parametrization
HD=(y (D), y:(D), Te[a,b] (@a<b,a,beR), we define the Wilson loop W ,(C) by

b
WL (C) =1 e MAiINM+a ) Da(m}dr
a

where j'j(T)=d yi(m)/d7, j=1,2, and the right-hand side (RHS) is the product integral of the
matrix-valued function, —{A {(UD)¥,(7) +A,(¥(7))¥(7)} on the interval [a,b] (see Ref. 7, Sec.
1.1).8 It can be shown that W,(C) is independent of the choice of parametrizations of C (cf. Ref.
7, Sec. 2.1). It follows from the anti-Hermiticity of A; that W,(C) is in U(p), the set of pXp
unitary matrices.

For x,y,s,t R, we define two hook-shaped paths Cj, ,, from (x,y) to (x+s,y+1), with
parametrizations y,f,y's,,:[o,l]—m2 given by '

_ (x+27s,y), Osr<}i
’Yx,y;s,t( T)= ? 1 (21)
(x+s,y+Q27r-1)1), s=71=<I;
(x,y+27t), 07t}
Vi s T)= ? 2.2)
(x+Q21—1)s,y+1), ss=7=<l;

and set

iy 1y
Cryis={Cryisd °Chyiss

which is the rectangle: (x,y)—(x+s,y)—(x+s,y+1)—(x,y+1)—(x,y).
For each s, R, let

R(sl)= R\{anl » Ay _s}nN=1 » R£2)=R\{an2 1An2 ™~ t}”N=1 ’

and M, ,=R"'XRP.If (x,y)eM,,, then C;, , do not intersect a,, n=1,...,N. Hence, for

X, Y.8,1 -
each s,reR, we can define U(p)-valued functions W’i’,—, Wf, . on M, by

W?,}i(x,Y)=WA(Ciy;s,[)’ W?,t(xiy)=WA(Cx,y;x,t)’ (x’y) EMS,t'

J. Math. Phys., Vol. 36, No. 6, June 1995
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2572 Asao Arai: Gauge theory and canonical commutation relations

The two-dimensional Lebesgue measure of the set R\ M s,z 18 zero. Hence, W?f and W?, ; can be
regarded as almost everywhere (a.e.) finite U(p)-valued functions on R?, so that they define
unitary operators on L2(R?%,CP) as multiplication operators. We denote these unitary multiplication
operators by the same symbols Wff, Wf, +» respectively.

Throughout the rest of this section, we assume the following.

Assumption: The operators P, and P, are essentially self-adjoint.

Theorem 2.2: For all s,7eR,
eisﬁleit152=(W?,t)*eit}_’zeisl_’,. (2.3)

Proof: The method of proof is similar to the proof of Theorem 2.1 in Ref. 1. By the present
assumption, we can apply the Trotter product formula to obtain

((}S,eitéflﬂ): lim <¢,(eitpj/memj/m)m(/l>’
where (-,-) denotes the inner product of L2(R%CF). We denote by Ly yy;x',y') the straight line
from (x,y) to (x',y"). The straight line L, y).(x,,) is parametrized by ®7n)=(x+(1-1)s,y),

7€[0,1]. Then W 7)= —s(1,0). In terms of Y1) and Y 1), we can write

((eisp]/mesAl/m)m‘/j)(x,y)
m—1\\ [(m—1\ 1 1\, (1)1
s = o o)l o ) 2

1
XCXP( —A(y(0))y,(0) ;) W(x+s,y),

which converges t0 W4 (L y+5,y):(x,y)) Y(x T 5,y) a.e. (x,y) e M, , as m— . Moreover, by the fact
that e ~41YIm o [1(p) | we have

lCx.y) (e e ™y i y)llr=<l| p(x, ) eoll 5,3l v

and

_ 5 1/2 ) 1/2
[ e Notuccs sl ar=( [ ot ar| | [ ol ar "<

Hence, by the dominated convergence theorem, we obtain for all ¢, e L>(R%:CP),

(p.e""1h)= fR2<¢(x,y).WA(L<x+s,y>;<x,y))t/f(x+s,y)>co dr,
which implies that

(€ P14 (%, y) = WalLersyye) Plx+5,y), ae (x,y)eR%

Similarly, we can show that

(e"24)(x,9) = WalLiry+yiep) ¥(x,y +1),  ae. (x,y)eR%

Combining these formulas, we obtain

J. Math. Phys., Vol. 36, No. 6, June 1995

Copyright ©2001. All Rights Reserved.



Asao Arai: Gauge theory and canonical commutation relations 2573

P LD == . ; P s p A+ — : .
e:sPleth2=(W?,t ) 1e'SI’1e”P2, EltpzelSm:(Ws,, ) Ig“'Plg”PZ,

which, together with the fact (Wa,7)7'Wi"=(W2 )~ '= (W2 )*, imply (2.3). |
As for the commutation relations of exp(isq;) and exp(itP;) (s,z €R), we have the following.
Lemma 2.3: For all s,teR,

etsqjetthze—tstﬁjketthetsqj, j.k=1,2.

Proof: Similar to the proof of Theorem 2.1. Note that {¢"%, e/?i|t & R, j=1,2} satisfies the
Weyl relations with two degrees of freedom (e.g., Ref. 2, p. 81). |

Theorem 2.2 and Lemma 2.3 imply the following.

Theorem 2.4: The set {¢'%, ¢"*Pi|t e R, j=1,2} satisfies the Weyl relations with two
degrees of freedom if and only if W;‘,,=I for all s,zeR, where I is the identity operator on
L*(R%CN).

As a corollary, we obtain the following.

Corollary 2.5: Suppose that A is flat on M. Then {P;,q j}J2~=1 is a Schrodinger 2-system if and
only if W4,=1 for all 5s,reR.

Proof: We need only apply the well-known fact that a representation of the CCR with n
degrees of freedom, satisfying the Weyl relations with the same degrees of freedom, is a Schro-
dinger n-system (von Neumanh’s theorem,’ Ref. 2, p. 81, Theorem 4.11.1). |

Iil. THE WILSON LOOPS W4,

In view of Corollary 2.5 we derive a condition equivalent to the condition that W?,t=1 . Let

o= min |a,—a,l. (3.1

For a positive constant €< &, and re M with |r—a,|=¢, we denote by C(a,) the circle of radius
€ with center a, and initial point r, where the direction of the circle is taken to be anticlockwise.
In this section we prove the following theorem.

Theorem 3.1: The equality W‘;" =1 holds for all s,t R if and only if A is flat on M, and there
exists a constant Se(0,&), such that for all €<& and some r,e M with |r,—a,|=¢,

Wa(CMa))=I1, n=1,...,N. (3.2)

Remark: One can easily show that, if W4(C(a,)) = I for some r, with |r,—a,|=¢, then
Wa(Ci(a,)) = I for all r, with [r—a,|=e€

We denote by D, ,. , the interior domain of the closed path C, ., ;.

Lemma 3.2: For all (x,y)eM,

Wﬁ,(x,y)=I—J' F (" )dr' +0(|t]?), (3.3)

PRGN

as t—0.

Proof: Informal proofs of this lemma can be found in the physics literature {(e.g., Ref. 10, pp.
52--53). For the sake of completeness, we give a rigorous proof of it. Let v, ., ,:[0,1]—M be the
parametrization of the path C,,.,, such that v, . (1)=7v,,,(27) for 0<7<j and

Yewsll V=V s(1=2(7—3)) for 1/2<7<1, where y;,, ; (7) are given by (2.1) and (2.2). Let

Bx,.v;s.l( 7) =AI(')'x,y;s,t( 7)) '5’x,y;s,t) 1(7) +A2(')’x,y;s,t( 7)) 'j’x,y;s,t)2( 7}, O=sr=<l,

and, for k=1, define

J. Math. Phys., Vol. 36, No. 6, June 1985
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Ju(x,y;s,0)= Jf f xyst(Tl xy;s,z(Tz)"'B

Then, applying Theorem 4.3 in Sec. 1.4 of Ref. 7 (p. 31), we have for all s,seR

2574
R T)d T dT, dT,.

(x,y)eM,,. (34

W?,t(x’y)=1+2 (—l)kjk(x’y;s’t)’
k=1

,...,N. Let

1,2}. Then we have

There is a positive constant 14<1, such that for all |¢] (0,¢t,), a, esny,,, n=1
€ Dx,y,r ) UDx,y,—to,—z , J=

0<|t|<ty and @ = sup{||4,(r")|;r’
IB,.y....(D]|<8alt|, which implies that ||Jk(x,y;t,t)[|S(8a|t|)k/k! k=1. Hence, we have
2 Wxysnll=ce, (3.5)
k=3
where C=37_5(8a)*/k! <. By Stokes’ theorem, we have
Jl(X,y;t,f)=fD (0,A2(r") = 3,A (x))dr’. (3.6)
Xyt
We can write
Jo(x,yse )= (Jo+J_),
where
1 frn
J =f J (Bx,v;t,r(Tl)Bx,y;t,t(Tz)th.y;t.t(TZ)Bx.y:t.t(Tl)) d7y dT|
By symmetry, we have J, =J,(x,y;t,1)%/2. By (3.6), we have |J;(x,y;t,0)||<b:?, 0<|t|<t,,
where b = sup{||d;4,(r") — A, (x")|;r’ € Dy yitg.1gYDxyi— 19,1} Hence,
2
(3.7)

[WARIES a5 .

To estimate J_ , we note that
x,y3t t( T) A 1(&)’)(% y;t.t)l(T) +A2(xay)( 7x,y;t,t)2(’r) + 0(t )

as t—0 uniformly in 7e[0,1]. Hence

Xyt « Tl)Bx,v;t,t( 73) _Bx,y;t,t( TZ)Bx,y;t,t( 1)

2
2 [ALYLA ) Ty T Fagin) L 72) +O([1]?)

m,v=1

It follows that
J. Math. Phys., Vol. 36, No. 6, June 1995
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Jo= A A | Gr dy =y )+ odiP)

X, Y581
—=2[ (@) Al + O, (39)
X'yit,‘
Substituting (3.5)—(3.8) into (3.4), we obtain (3.3). [ |

The following lemma is well known.!!

Lemma 3.3: Suppose that A is flat on M and each component A; is m times continuously
differentiable on M. Then, for every simply connected domain D of M, there exists a U(p)-
valued, m + 1 times continuously differentiable function g on D, such that A j=g_l&jg on D.

Lemma 3.4: Suppose that A is flat on M. Then the following (i)—(iii) hold.

(i) Let C be any continuous, piecewise continuously differentiable closed path in M, which is
contractible to a point within M. Then

Wa(C)=1. (3.9)

(i) Let C{'(a,)CD, ., with |r,—a,|=€<& and D, ;.. ,N{a;,...,ay}={a,}. Then there ex-
ists a unitary matrix U, such that

W2 (x,y)=UW,(C N (a,)U™ L. (3.10)
(iii) Let 0<€<e,<& and r;eR? j=1,2, be, such that |r;—a,|=¢;. Then
WA(C:z(an))= WA(Lr2 ;rl) - ‘/VA(C?I(an))VVA(Lr2 ;rl)v (31 1)

where L, ., denotes the straight line from r, to r,.

Proof: (i) The path C is included in a simply connected domain D of M. By Lemma 3.3, there
exists a U(p)-valued twice differentiable function g on D, such that A j=g_1 djgonD (j=1,2).
In terms of A:=g~!, we can write A= —(0jh)h_1. Let y:[0,1]— M be a parametrization of C
(H{0)=41)). Then we have

dh
A R+ A= I .

Hence, applying Theorem 3.1 on p. 20 in Ref. 7, we have W,(C)= R(¥Y(1))h(0))"'=I. Thus we
obtain (3.9).

(ii) We decompose D, ., ,, as is shown in Fig. 1.
Let V;=W,(C)), W;=Wyu(L), j=1,2. Then, by part (i), we have

WLV W WA~ (xy)=1, Wi'vilwri(wh ) Tl=1,
s,t 2 5.t

which imply W,V,V3'W; W2 (x,y)=I. We have V,V[' = W,(C!(a,)). Thus, taking
U=W,, we obtain (3.10).

(iii) We need only repeat the proof of part (i) with € and D, ., replaced by ¢ and
szz(a,,), respectively. |

Proof of Theorem 3.1: Suppose that W;",= I holds for all s, e R. Then Lemma 3.2 implies that
F,(r)=0 for all re M. Hence, A is flat on M. Then, using Lemma 3.4 (i) and (i), we obtain (3.2).

Conversely, suppose that A is flat on M and (3.2) holds. Then, by Lemma 3.4(i), we have
W?‘,(x,y) =] for all C, ., contractible to a point within M. Leta,e D, ,,,, buta,¢D, ., for
m#n. Then, by Lemma 3.4 (ii), we have

J. Math. Phys., Vol. 36, No. 6, June 1995
Copyright ©2001. All Rights Reserved.



2576 Asao Arai: Gauge theory and canonical commutation relations

(z,y+1) (z+s,y+1)
r &
a
4 . n L} {
C
L,
(=,9) (z+5,9)

FIG. 1. The decomposition of D, ., , for proof of Lemma 3.4 (ii).

W2, (x,y)=UW,(C(a,))U '=UIU '=1.

Hence, in this case, W?’,(x,y)=l. Finally, we consider the case where D, .. . includes
{a;,...,a, }, where 2<k<N and {iy,...,i;} is a subset of {I,...,N}. In this case we decompose
D, y.s..» as is shown in Fig. 2, where we set b; = a, Jj=1,... k.

Then, by Lemma 3.4(ii), there exist Uje U(p), j=1,...,k, such that for j=1,...,k,

UjWA(C;j(bj))U; '= WA(D,'_—11°FJ°DJ'°CJ')'

(z,y+t) Fy F, Fy (x+s,y+t)
¢ 4 4 L

D() D1 D2 Dk_1 Dk

(z,9) Ci Cs Cr (z+45s,y)

FIG. 2. The decomposition of D, ., , for proof of Theorem 3.1.

J. Math. Phys., Vol. 36, No. 6, June 1995
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By (3.2), each of the RHSs of these equalities turns out to be the identity. Then the resulting
equalities give W?',(x,y)=1. ||

IV. ESSENTIAL SELF-ADJOINTNESS OF P; AND NON-SCHRODINGER
REPRESENTATIONS

For j=1.2, we set §;=R\{a,}}_ ;. Let
P'=CH(RXS,:CT),  Z3=Cy(S| XR;CP).

For a subset V of M ,(C) (the set of pXp complex matrices) and an open subset D of M, we
denote by C™(D;V) the set of V-valued, m times continuously differentiable functions on D. We
introduce a class of gauge potentials.

Definition 4.1: We say that a l-form A on M is in the set 2, if there exist
g, C" I (RXS,;U(p)) and g, e C™ (S, XR;U(p)), such that

Ai=g7' 9181, on RXS,; A,=g;' drgs, om S;XR.

Theorem 4.2: Assume that A €®,,_, (m=1). Then, each P; is essentially self-adjoint on 7.

Proof: Let g ; be as in Definition 4.1. Then g; is a bljectwe mapping from 27" to itself; we
have P;y=g; ] tp 8 e 7. Hence, we need only to show that p; is essentially self-adjomt on
g But this is a well- known fact (see the proof of Theorem 3.2 in Ref. 1). |

Theorem 4.3: Suppose that A; ¢ C™(M; Mah(C))(j 1,2) (m=1)and A=A, dx+A, dy
is flat on M. Then Ae¥,,. In partlcular P;is essentlally self-adjoint on ,/"“

Proof: Let by,....b; (k<N) be the numbers different from each other in the set {a,,}N-|,
with b,<b,<-+-<b,. Let M,={(x,y)eR%b,_<y<b}, Lk+1, with by=—o,
by, =+, Then, each M, is simply connected and R><52 U, 1M, By Lemma 3.3, there
exists a function h,e C™"'(M;U(p)), such that A;=h;"' 3;h, (J 1,2) on M,. Defining
g€ C’"H(RXSZ,U(p)) by g,(r)=h,(x) if reM,, we haveA =gy ' 9;g) on RXS,. In particu-
lar, A;=g;' 8, on RXS,. Similarly, we can show that there exists a function
g€ C’"“(S XR;U(p)), such that A,=g; ' d,g, on S| XR. |

Corollary 2.5 and Theorems 3.1 and 4.3 yield the following result.

Theorem 4.4: Suppose that A; e c™(M, Mah(C))(j 1,2) (m=1) and A is flat on M.
Then, the representation {P; -9 /} ;=1 of CCR is a Schrodmger 2-system if and only if there exists
a constant e (0,8y), such that for all e<d and some r,e M with |r,—a,|=€ W,(C(a,) = I,
n=1,....N.

This theorem also gives a characterization for {P 29 j}f=1 to be non-Schrodinger.

V. EXAMPLE

In this section we discuss a class of M;h( C)-valued, flat 1-formson M. Let S, and T, be pXp
Hermitian constant matrices, such that, for all n#m (n,m=1,...,N),

[$4:8»1=0, [T,.T,]=0, [S,.T,]=0,

but S,, does not necessarily commute with T, . Let ¢, be a real-valued, continuously differentiable
function on R* (n=1,...,N) (so that ¢, and 9, ¢, have no singularity at r=a,,n=1,...,N). Then,
for each re M, e™'S» 0 are in U(p) and the matrix

K, (r):=e a9, oiSndn(r)

is Hermitian. Hence
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l—;,g 2(r)—S, d"1<1'>,.(r)j

and

Ao(r): —zE r—a”f}K ()45, 5260(1)

are in M ;h(C). It is easy to see that A and A, satisfy the nonlinear partial differential equation,

N
914,(1) = 8,A (1) +[A (1), Ay(r)]=27i D, K,(a,)8(r—a,),

n=1

where &r) is the two-dimensional Dirac delta distribution. Hence, the 1-form A=A, dx+A, dy
is flat on M. For p=2, this example is a non-Abelian generalization of examples in Ref. 1 and
Ref. 3.

We want to compute the Wilson loop W,(C%(a,)) in the present case. We first note that we
can write A; in the form

i(y—a i(x—a
A:(r>=—MK,.( a,) +FO(r),  Ay(r)= -( ”.i) K,(a,)+F(r),
ir—a,| [r—a,|

where FY) (j=1,2) is a function continuous in the domain
D,={reR*|0<|r—a,|< 6},

(6<&) with sup,p IFP (D] < », j=1,2.
Lemma 5.1: Let B=B, dx+ B, dy be an M ,(C)-valued, continuously differentiable 1-form

on M. Suppose that there exist a constant matrix S € M ,(C) and M ,(C)-valued continuous func-
tions G, G, on D,, such that C;: = sup,eDnHGj(r)H < o, j=1,2, and, for all reD,,,

B(r)= ﬁ’f)smm By(r)= |—"¥S+Gz<r>

Then

lim W5(Ci(a,))=e>",
€}0

independently of the choice of the initial point r, with [r—a,|=e¢.

Proof: We parametrize the circle C(a,) by A6)=a,+ (e cos(6+6,), €sin(8+ 6)), 0<6<2m,
where r=a, + (e cos 6),esin ) (e<8). Then we have

B1(7(6)71(6) + By (¥(0))¥2(8) =iS + €F (¢, 6),

where F(€,0)= G, (A )cos(6+ 6y)—G (A 9))sin(8+ 6,). Hence, we have

WB(C:(an))= lim e—27r[iS+eF(e,Gm)]/me—27r[iS+eF(E,t9m_l)]/m,,_e—Zn'[iS-(—eF(e,ﬂl)]/m,
m—o
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where 0,=27j/m, )’= 1,...,m. By the condition for G;, j=1,2, we have ||[F(e,8)||<C, where
C=C,+C,. In general, we can show that, for all M;, N;e M ,(C), j=1,....k (k=1,2,...),

k k k
leMi Mo MitNe— i Mi<| 3 INJl [exp| 22 M)l e 20 INJ] |-
j=1 j=1 j=1

Applying this estimate to M ;=2miS/m, N;=2meF(€,6;)/m, we obtain

”e—27r[iS+eF(f,Om)]/me—277[iS+eF(6,0,,,_1)]/m_ . ‘e—2'n"[is+€F(s,01)]/m_e-—211iS“s c’ e,

with C'=27C exp(47|S||+27Ce). Hence, |W5(Ci(a,)) — e 2™S|| < C'e, which implies the
desired result. |
Applying Lemma 5.1 to the present example, we obtain the following.
Lemma 5.2: For all n=1,...,N,

lim W,(C%(a,))=e~2mKnlan),
€l0

independently of the choice of the initial point r with [r—a,|=e.
Lemma 5.3: Let 0<g<<é& and r;eR’ j=1,2, be such that |r,—a,|=¢; and
r,—a,=a(r,—r,) with a constant &>0. Then

WulLy,a ) =Hm WLy r )
6110

exists.
Proof: The straight line Liya, is parametrized by I/(7)=(1—7)r,+7a,, 0<sr<1. There exists
a number 7,e(0,1), such that r;=I(7). Then we have, for 7e[0,1),

AP+ AU (1) = fo(7),

where f,(7)=(F"(I(7)), FP(I(1)))-(a,—T,). It is easy to see that C,:=lim,f,(7) exists.
Hence f, can be extended to a continuous function on [0,1] with f,(1)=C,. We have
WalLpyir,) = I_Ig‘e_fn(f)‘”. On the other hand, TTe ~+(747 is continuous in ¢ e [0,1]. Thus, the
desired result follows. |
| Lel’mma 5.4: Let 0<6<§ be fixed. Then, for all €€(0,6), n=1,...,N, and all reM with
r—a,|=e,

WalCUB)) = WalLra,) ™" €25 OW (L, ).
Proof: By Lemmas 5.2 and 5.3, we can take the limit €, |0 of the RHS of (3.11) to obtain
WA(C:i(an))= WA(LrZ;an)—-Ie—me"(a")WA(er;an)-

Thus, the desired result follows. |
By Lemma 5.4 and Theorem 4.4, we obtain the following theorem.
Theorem 5.5: In the present example, the representation { P 29 j}}=l of CCR is a Schrodinger
2-system if and only if, for all n=1,...,N, all the eigenvalues of T, are integers.
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Proof: We need only consider the condition that e “2™%»(@) = [ for all n=1,...,N, which is
equivalent to the condition that ¢2™'» = [ for all n=1,...,N [note that K,(a,) is unitarily
equivalent to T,]. Since T, is Hermitian, ™= = I if and only if all the eigenvalues of T, are
integers. |

Theorem 5.5 implies the following: Let

A={A=A, dx+A, dy| at least one T, has a non-integer eigenvalue}.

Then, for each A e, {I_Jj,q j}f=1 is a non-Schrodinger representation of the CCR, with two
degrees of freedom. Thus, we obtain a class of non-Schrodinger representations of CCR associated
with M;h(C)-valued, flat 1-forms on M.
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