HOKKAIDO UNIVERSITY

Title Analysis of a long-range random field quantum antiferromagnetic Ising model
Author (s) Chakrabarti, Bikas K.; Das, Arnab; Inoue, Jun-ichi
Citation The European Physical Journal B. Condensed Matter Physics, 51, 321-329
https://doi.org/10.1140/epjb/e2006-00226-6

Issue Date 2006
Doc URL https://hdl. handle.net/2115/13698
Rights The original publication is available at www.eurphysj.org
Type journal article
File Information Lraf-19-04-06-cm, pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Analysis of a long-range random field quantum antiferromagnetic

Ising model

1.2Bikas K. Chakrabarti,* *Arnab Das,! and 2Jun-ichi Inouet
' Theoretical Condensed Matter Physics Division,
Saha Institute of Nuclear Physics, 1/AF Bidhannagar, Kolkata-70006, India
2Graduate School of Information Science and Technology,

Hokkaido University, N14-W9, Kita-ku, Sapporo 060-0814, Japan

Abstract

We introduce a solvable quantum antiferromagnetic model. The model, with Ising spins in a
transverse field, has infinite range antiferromagnetic interactions with random fields on each site,
using an arbitrary distribution. As is well-known, frustration in the random field Ising model gives
rise to a many valley structure in the spin-configuration space. In addition, the antiferromagnetism
also induces a regular frustration even for the ground state. In this paper, we investigate analyti-
cally the critical phenomena in the model, having both randomness and frustration and we report

some analytical results for it.
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I. INTRODUCTION

With the realization in the mid last century that the Néel state cannot be the ground
state (not even an eigenstate) of a quantum Heisenberg antiferromagnet, considerable effort
has gone in search of, and in understanding the nature of, the ground state of such and
similar quantum antiferromagnet [1]. Since early 1960s, quantum spin systems described
by Ising model in a transverse tunneling field was investigated extensively; particularly be-
cause of easy mapping of the quantum system to its equivalent classical system and some
cases of exact solubility [2]. However there have, so far, been very few soluble models with
antiferromagnetic interactions. It is well-known that the Ising model with long range inter-
actions is solved exactly, even if the system has some special kind of quenched disorder, like
in Sherrington-Kirkpatrick model of spin glasses. The number of degenerate states there
can be estimated to be O(2"/2), which is larger than that of the Sherrington-Kirkpatrick
model (O(292873N)) However, it is not so easy to consider the antiferromagnetic version
of the model due to a lack of sub-lattice to capture the Néel ordering at low temperatures.
In this paper, we introduce and study a solvable quantum antiferromagnetic model. In our
model system each spin is influenced by the infinite range antiferromagnetic interactions
in a transverse field. We also consider the case under the Gaussian or the binary random
fields. By introducing two sub-groups of the spin system, we describe the system by means
of the effective single spin Hamiltonian which is derived by the Trotter decomposition [3]
and Hubberd-Stratonovich transformation [4], and we solve the model analytically. A pre-
liminary study, for the case without random fields, was reported earlier [5].

This paper is organized as follows. In the next section, we introduce our model system
and write down the general formula of the averaged free energy density. In section 3, to
check the validity of our analysis, we compare our result with the previous well-known result
which was obtained by mean-field approximations [6]. In section 4, we consider the system
under the Gaussian and the binary random fields on site and derive the equations of states

and evaluate them. We then obtain the phase diagrams. Section 5 gives a summary.



II. THE MODEL SYSTEM AND ITS ANALYSIS

In order to capture the Néel ordering below the critical temperature T or the am-
plitude of transverse field 'y, we divide spins S into the sub group A : R
(S0 grald) L gne @) and the sub group B : §P) = (§7B) gpaB) L gnaB))
which are corresponding to virtual sub-lattice A and B. Then the system is described by the

following effective Hamiltonian

ZS SR VD DA S Py Ferh (1)

I=A,B i I=A,B i

where 57 G54 B) are 2 and z components of the Pauli matrix :

01 1 0
SRR L SPAB) < , (2)
10 0 -1
and h = (hy, ho, -+, hy) is a vector of the random fields on site and h means the strength

of the random field. I' 4 and I'p are amplitudes of the transverse fields in the sub groups A
and B. The main advantage of this Hamiltonian is that it can be recast exactly to that of a
single spin in an effective field.

Using the Suzuki-Trotter formalism [3] one can express the quenched-variable h-
dependent partition function as

Z(h) = lim trSA SBefﬁH(h), (3)

M—x

with

2
BH(R) = 2NM {Zsk +ZS@’“ } 2NMZ{ZSzk ZSi(kB)}
h h
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i,k i,k i,k

ik

Bra.B

v ) . By using the Hubberd-Stratonovich transformation [4],

where y4.5 = %logcoth(

the field h-dependent partition function is written by means of the saddle point technique,



in the limit N — oo, as
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where H;(h;) is the effective single spin Hamiltonian and is given by

J J
=37 2o S+ ) = 4 Do mE (S - 837)
. k

hh;

! _ D) ol
i(lc) g Z 'Ylsi(k)si(k)ﬂ- (6)

I=A,B k I=A,B
Here we should keep in mind that the integrals with respect to m’i and m* are evaluated

at the saddle points in the limit of N — oo, namely
]‘ z 1Y
mf = _sti(k Zsm = —(M}" + Mp") (7)
1 A 2 k,z
mt = NZSi(k)_NZSik :(MA — My”), (8)

where m’i and m* are related to the magnetizations of z-component for group A and B,

namely M%* and M}*. Thus the free energy F(h) = —~"log Z(h) of the system is now

written by
NJ NJ a
F(h) = —m (m]i)Q + m (m]i)Q - ﬁ_l lOgH tl"si(:)’si(lfz)exp [—5Hz(hl)] . (9)
k k i=1
Taking into account the symmetry of the system, m’jr = my,mF = m_ for all k, ie

the so-called static approximation holds good naturally; the fluctuations due to, say, two-

spin correlations (including entanglements) vanishes in thermodynamic limit. Thus the
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h-dependent free energy leads to

NJ NJ

Py = - o+ M o - llogHz (10)

with
Zi(A’B) = tI"S?”,z,(A,B)e’B(_Q‘]Mé,A+hhi)siz’(A’B)+5FA,BS?’(A,B), (11)
where we used the relations (7) and (8): m,+m_ = —2M}, m, —m_ = —2M3. It should be

noted that the above free energy still depends on the fields h. To obtain the h-independent

averaged free energy F', we should evaluate the following quantity

F = /00 P(h)F(h)dh, (12)

o0

where P(h) = P(hy,---,hy) is a joint distribution of the random fields and we defined
dh = dhy - - -dhy. If we assume that the random field h; for each site ¢ is uncorrelated (not

influenced by other h;’s; j # i) then

P(h) = P(hi,-++ ,hy) = P(h)- HP (13)

there in the average in (12), giving the free energy (per spin)

f= Z fi, fl:—JMfMlZH—Bl/ dhP(h) log?coshﬁ\/ 2JM}F — hh)? +T7,. (14)

I=A,B
Here we used the fact that the 2 x 2 matrix H (with the elements (H);; = —(H )9 =
a,(H)12 = (H)21 = b appearing in the of exponent of equation (11)) has eigen values
++v/a? +b2. We also should keep in mind that in the sum with respect to [, A +1 =
B,B+1 = A; hence |A — B| =1 is satisfied. Hereafter, we use this relation for the sum
with respect to the label [. The magnetizations for two sub-lattices M3 and M} now obey

the following saddle point equations

oL 2.J M}
M, :/ dhP(h) —(2IMi — tanhﬁ\/ (2JM7,, — hh)2 +T2, (1= A, B) (15)
—o0 V@IMz, — h,h,) + 12

where it should be noted that A — B = 1 and the appropriate expression for magnetization

of each sub-lattice can be derived by equating 0f/0M3, and 0f /OM4 to zero respectively.



III. ANALYSIS UNDER UNIFORM FIELD

We first consider the case of uniform field [5], i.e., in (14) or (15),  — 1. In this limit,
by using the fact ffooo dﬁP(iL) =1, the free energy density f reads

F= 3" 1Y 7 = —IMEME, — 5 log2cosh 3/ (2J M7 — h)2+ T, (16)
I=A,B

and the saddle point equations with respect to M3 and M7}, are obtained as follows.

(—2J M7, + h)
\/( 2J M, + h)? + I'2

M; = tanh B\/(—2J Mz, +h)2 +T7, (1= A,B).  (17)
Before we investigate the quantum effects, we check the classical case, that is 'y =I'g = 0.

Then, the above saddle point equations are reduced to
Mf = tanh 3(=2JM; , +h), (Il =A,B). (18)

In order to determine the Néel temperature, we expand the equations around M4, Mg ~ 0
for h = 0 and obtain Mj ~ —2J8ME, M} ~ —2JBM7. From these linearized equations,
we find that only possible solution for the case of M% = M} = M? is M* = 0; whereas with
Néel ordering a finite value of M* can be obtain: M3 = —M§ = —M?. This gives the Néel
temperature Ty = ﬁ]’vl = 2J. The linear susceptibilities x4 and xp are then evaluated as

oMy B(1—2Jx41)
vi=lim S = _CU ,
h—oo  Oh cosh” B(—2JMF,)

(l=A,B). (19)

The behavior beyond the Néel temperature 7' > Ty is determined by the condition M7 ~
0, Mj ~ 0, ie., xa=B(1 —2Jxp) and xp = B(1 — 2Jx4). This leads to

2
T'+Ty

X = (20)

where we defined x = x4 + xp. Therefore, in the limit of T — Ty = J, the linear
susceptibility x converges to x — 1/2J. On the other hand, below the Néel temperature
T < Ty, we find the solution for the Néel ordering : M3 = —Mj = —M* # 0 for h = 0.
This condition should be satisfied for (cf. Eqn. (31))

2
23.J + cosh? B(2J M?)
and at the critical point 7' = T, M = 0, the susceptibility takes x = 2/(2J + Tn) = 1/2.J.

X = (21)

In Fig. 1 (left) we plot the shape of the susceptibility x as a function of 7. From this
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FIG. 1: The longitudinal magnetization M* as a function of T and T for uniform systems (the left panel).
The critical points of the second order phase transition are given by T = I';y = 1/2.J. The right panel

shows the corresponding susceptibility x as a function of 7" and I'.

figure we find that the susceptibility has a cusp, instead of the divergence as observed in the
ferromagnetic systems, at the critical temperature T" = T, as observed in the analysis for
finite range models by using mean-field approximations [6]. As mentioned earlier, this model
being recastable exactly to a (classical) single-spin in an effective field (i.e., the mean-field
approximation for the partition function being exact), there is no scope of any non-trivial
wave-function with entangled neighbouring spins.

We next consider the quantum case ['4,['g # 0. For simplicity, we consider the case
of the symmetric transverse field, namely, 'y = 'z = I'. In order to consider the pure

quantum effects, we take the limit of § — oo and deal with the following coupled equations

—2J M7 h
M = 21— a,B). (22)
V(=2JMf +h)?2+T

It is important for us to bear in mind that for .J > 0, the above equations have a solution
M? =0 if My = Mg and a solution M* # 0 if My, = —Mp, as expected. To determine
the critical transverse field, we expand the above equations around M3, M7 ~ 0 for h =0

as M4 ~ —2JM} /T and M}, ~ —2JM3/T. This gives the critical point I'y = 2.J. The
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spontaneous sub-lattice order M4 or M} vanishes at the Néel phase boundary Ty (T"). Deep
inside the antiferromagnetic phase (at f — oo, I' — 0,h = 0), M5 = 1 = —M}, and the
free energy density f can be expressed as f = 1/F1log[l + exp(—SA(T))], the specific heat
0% f /OT? will have a variation like exp[—SA(T)] like that of a two level system with a gap
A(T') = v/4J2 4+ T2 here. This is the exact magnitude of the gap in the magnon spectrum
of this long range transverse Ising antiferromagnet.

The susceptibilities are given by

y; = lim OM? T2(1 — 2Jx111)

=0 Oh  [(2JMg, )2 + I2)3/2

(1= A, B) (23)

Then, the behavior beyond the critical amplitude of the transverse field I'y is determined
by the condition M%, M% ~ 0, namely, x4 = (1 —2Jx5)/T, x5 = (1 —2Jx4)/T". This leads
to

2
+Ty

X = Xa+XB= (24)

On the other hand, below the critical amplitude of the transverse field I'y, we set M3 =
M% = —M? and obtain

212

[(2JM)? +T2]3/2 4 2JT? (25)

X:

At the critical point 'y (M?* = 0), the susceptibility is given as x = 2/(I'y +2J) = 1/2.J.
Around T = 0, the susceptibility behaves as y = 2I'?/(2J)3. In Fig. 1 (right), we plot x as
a function of I' (and also T'). From this figure, we find that the susceptibility has a cusp at
the critical amplitude of the tunneling field.

We next investigate the transverse component of the susceptibility. The magnetization of
the transverse direction are calculated the derivative of the free energy density with respect

to the amplitudes of the transverse field I'4, I'p.

of _ I

MF =
ar, \/( 2IM,, + h)? + T2

tanh §\/ (2 M7, + )2+ T3, (I=A,B)  (20)

At the ground state, these coupled equations are simplified as follows.
Y
\/( 2JMp, + h)? +T7

ME = . (I=A,B) (27)



In para-magnetic phase is specified by M3 = M} = 0 and this gives M3 = M§ = 1.
On the other hand, antiferromagnetic phase for h = 0, we obtain from (22) as M5 =
—JIME/\/(2IME)2 + T2, M = —JIM5/+\/(2JM%)? +T%. Hence,

Y

M} = 57 (l=A,B) (28)
for the antiferromagnetic case Mj = —Mj, = —M. Therefore, the susceptibilities of the
transverse direction lead to

xS =0 (=48 (29)
for I'y,I'p > I'y and
XL:Xfx:X%:§ (30)

for 'y,I'p < T'y. We plot the transverse magnetization M* = M% = Mg for M? = M3 =

Mj# in Fig. 2. We next consider the quantum antiferromagnetic system under random fields.

na

/ N Mx
0.6 ,l’l

n4

./

FIG. 2: Longitudinal magnetization M* and susceptibility .

IV. ANALYSIS UNDER RANDOM FIELDS

In the previous section, we investigated the critical phenomena for spatially uniform

systems. It has been conjectured that fluctuation in the random (longitudinal) field Ising

9



model (RFIM) gives rise to a many valley structure in the configuration space, similar to the
case in spin glasses. The study of the longitudinal random field transverse field Ising model
with ferromagnetic uniform interactions has already been made [9]. There seems to be no
reported analytic research for the RFIM with antiferromagnetic interactions in transverse
field. It should be interesting to investigate the competition between two different kinds
of frustration; frustration due to the quenched disorder and the frustration induced by
the antiferromagnetic interactions. In this section, we investigate quantum systems under
random on-site longitudinal fields. In this paper, we consider the following two cases of the

random field distributions :

P,(h) = H ;ﬂ_aexp [—T;(hi —h0)2] = Hpg(hz-) (31)
and  Py(h) = [[{00(hi — ho) + (1 = 0)6(hi + ho)} = [ [ Po(ha), (32)

where the bias factor of the binary random field # takes 0 < # < 1. For these distributions,
the free energy densities f,, = (1/N) [~ dhP, ,(h)F (k) become

fo= > f (33)

I=A,B

9= M M — B / Darlog2cosh B /{—2JMz,, + h(ow + ho)}? + 7, (34)

for the Gaussian random field P,(h), where Dz = ﬁe”zﬂdm and

= > F (35)

I=A,B

f! = —JMf M — B '01og2 cosh B\/{—QMzilJ + hho}? + I

— 57'(1 - 0)log2 cosh 5/ {2M., J + hho}? +T7, (36)

for the binary random field P,(h). In following, we investigate the critical phenomena given

by these free energy densities for these two cases.
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A. The Gaussian random field

For the Gaussian random field (31) the saddle point equations are given by the derivative

of the free energy density fs with respect to M3 and M7. Then we have

Mlz == /oo Daj {_QJMlz—i—l + h(o—x + hO)}
o J{=2IMy, + hlow + ho)}? + T2

tanh §\/{~2J M, + h(ow + ho)}2 + T3

(37)

for | = A, B. At the ground state (5 — oo) these equations of states are simplified as follows
o0 —2JMF h h

M} :/ Dz { i1 & Mow + ho)} , (1= A, B). (38)

VI=2IM,, + hlom + ho)}? + T2

For the possible choice M7 = M?* = —M}, to detect the Néel ordering, we solve the above
equations for the symmetric transverse fields I'y = 'y = I’ numerically. In Fig. 3 (left), we
plot the case of the center of the Gaussian, hy takes hg = 0 and the deviation of the Gaussian
o = 0.5 and 1.5. From this figure, we find that the system undergoes second-order phase
transition at the critical amplitude of the transverse field from the behavior of M?*. If the
phase transition is first order for the case of the center hy of the Gaussian (31) is zero, we
can expand the saddle point equation with respect to M3 under the condition 'y =I'p =T

and M} = —M3 = —M?* as

M = O - Oy + O((MF) (39)
with
> Dz P 2(hox)? + I
= 2JT° =47°T2 [ D N
=21 [ e G [ Drgo a0

The phase boundary I'(c) of the continuous transition between the Néel and the paramag-

netic phases is obtained for a given set of the parameters (.J, hg, ) by the condition a = 1,

r= (2 [ i) . “

The second order phase transition is observed for C'; > 0, whereas a first order phase

namely

transition is found for C5 < 0. In Fig. 3 (right), we plot the boundaries between the Néel
and the paramagnetic phases for both quantum and classical systems. In this plot, we set
(J,h,hy) = (1,1,0). In the left panel of Fig. 4, we plot the factor Cj of the third order of

the expansion of the magnetization M* as a function of o. In this plot we substituted the

11



solution of the boundary (41) for a given ¢ into C5. From this panel we find, that from the
value C3 = 4(J/T')*> > 0 at o = 0, that C3 decreases and takes its positive minima at just
below the critical point o., and beyond the critical point C3 increases again. We therefore

conclude that the phase transition is always second order. We might see this from the

\ ME R
e o .
08 e N No ordering
. NS 15 >
Mx x)”_’ e . N
. — classical :
Uﬁ ” o .). Ne MZ T ’ r \_\\
o A . A I, [ (S quantuim
M?° !

0.4
# — o=0.5
‘ - _ ' : y
SN =05 251 Ne el iordering
1] SR ¥ _

FIG. 3: The right panel shows phase boundaries between antiferromagnetic and paramagnetic phases for
classical and quantum systems for (J, h, ho) = (1,1,1). The left panel shows the variation of longitudinal

and transverse magnetizations M* and M* with I

argument below. In the limit of I' — 0, the equation of state (38) for M? = —M3 = — M~

is simplified to

(42)

o 2JM?*
M* :/ stgn(QJMz+h,ax):1—2H< J )

ho
In Fig. 4 (right panel), we plot the solution of (42) for several values of h. We found that
for 0 — oo, H(2JM?/ho) — 1/2 and M* — 0, whereas, for 0 — 0, H(2JM?/ho) — 0 and
M* — 1. By expanding (42) with respect to M? up to the first order, we obtain the critical

(). "

The magnetization varies continuously near this critical point (of the second order phase
transition): M* = \/120/70.(1 — o /c,)'/2.

12
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FIG. 4: The longitudinal magnetization M* as a function of o for several values of hg for the case of T' =0

(right panel). Each line of a solution of the equation (42). The left panel shows the o-dependence of the

factor C's of the third order of the magnetization near the critical point.

We next evaluate the z-component (the transverse component) of the magnetizations M?%

and M7,. These are calculated at the ground state 5 — oo as
o I'D
! —o0 \/{—2JMZZ+1 + h(ox + ho) }? +T7

, (I=A4,B) (44)

In Fig. 3 (left panel), we plot the results. It should be noted that in the limit of I' — oo,
M* saturates M* ~ [>° Dz(I'/T) = 1.

B. The binary random fields

For the binary random fields, we obtain the saddle point equations by taking the derivative

of the free energy density fp with respect to M3 and M} as follows:
O(2JMF ., — hh
( bl 0) tanh B\/(QJMZZ_H — hhy)? +T?
\/(2TMz, — hho)? + T3
1—80)(2JM} hh

U= ORI+ k) s
V (RIM,, + hhg)* + T2

MZZ:_

2IMF,, + hho)2 + T2, (I=A,B). (45)

13



At the ground state 5 — oo, these equations are simplified to
0(2J M, — hhyg) B (1 =0)(2J M}, | + hhg)
\/ (2T M7, | — hhg)? + T2 \/ (2T M7, | + hhg)? + T2

MF = — , (I=A,B). (46

We solve the above equations numerically and plot it in Fig. 5 (left panel). From this figure,
we find that the system undergoes first order phase transition when the value of hg is larger
than same critical point hf. Whereas, for small value of hy < hf, the phase transition is the
second order.

In following, we determine the tri-critical point (h§,.). If the transition is continuous,
we can expand the saddle point equation for A% under the condition I'y = 'y = T" and

Mg = —M7j = —M? as follows:

M? = Cy+ CLM? 4 Co(M*)? + C5(M?)? + O((M*)*) (47)
where we defined
&, — 2J1? (49)

{(hho)? + T2}

Gy = —27%hhy(20 — 1) { { (225241’7’];3; /2] (50)
L[ T AT2(hh)?
=47 (G Ty oy

Therefore, if the distribution (32) is symmetric (i.e., # = 1/2), the factors Cy and C; vanish

and the magnetization behaves as

M?* = CiM* + C3(M?)® + O((M?)?). (52)
From this expression, we find that a second order phase transition is found when the condi-
tion C; = 1 and C3 < 0 holds. On the other hand, a first order phase transition is observed
for C; = 1 and C3 > 0. Therefore, the point (hS,T.) = ((J/h)(4/5)%?,2.J(4/5)%/?), which
is determine by Cy, =1,C5 = 0, corresponds to a tri-critical point on the phase boundary.
In Fig. 5 (right panel) we plot these phase boundaries. We should notice that the critical
point I'. is independent of h. We find that for hy > h§, the transition from the symmetry

breaking phase to symmetric phase is first order. To compare this result with the case of

the Gaussian random field, we consider the limit I' — 0 in (46). We obtain
M7 = 0sgn(2JM;,, + hho) + (1 — 0) sgn(2J M}, — hhy), (I=A,B). (53)

14



To detect the transition point between the Néel and paramagnetic phases, we set M7 =

M? = —M;,, and 0 = 1/2 for simplicity. We then have
2M* = sgn(2JM? + hhg) + sgn(2JM? — hhy). (54)

Apparently, M, takes values 1 or 0 and the critical point of the first order phase transition
is determined by 2.J — hhy = 0, i.e., h§ = 2.J/h. This point h§ is observed on the crossing
point on the hy-axis in Fig. 5 (right panel). On the other hand, as we saw in Fig. 4 (left
panel), the magnetization M? for the Gaussian random field drops gradually and the phase
transition is second order even if there is no quantum fluctuation I' = 0 at the ground state
(at 8 — o00). This is a reason why the order-disorder phase transition in the Gaussian

random field Ising model is always first order and it does not depend on I' or . Finally, we

I — 2
g \% z jb{x .- \
: O
b8 e AL s h=05
M kel o @ ®
0.6 .
=03 L 1=1
. =
: L =15
04 : -
L \ --------- hy=0.5
P
ao --.-- =1.5 05 :
0.24- e e h=2%
0 o \ 0

FIG. 5: The longitudinal and the transverse magnetizations, M* and M? as a function of T for the case of
the binary random fields (right panel). The left panel shows phase boundaries between antiferromagnetic
and paramagnetic phases. The dots represent tri-critical points (h§,T.) = ((1/h)(4/5)%/%,2(4/5)%/?) we set

J=1

calculate the transverse magnetization M?¥ and Mf. From the derivative of the free energy
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density fp with respect to I'y and ['g, we obtain

r
M ? _ or. tanh 3/ {=2J M7, + hho}? + I

Lo (200, + hhy? + T2,
(1-0)T,

+
\/{2JMZZ+1 + hho}? + 1?2

tanh 5/ {27 Mz, + hho}? + 17, (1= A, B).  (55)

At the ground state, these equations are simplified as

M, oL + Sl /Y . (I=A,B). (56)

VI=2IME + hho}> + T2\ (2T M7, + hho}> + T2

In Fig. 5 (left panel) we plot the transverse magnetization for case of the symmetric ampli-
tude of the tunneling field 'y = I'g = I" as a function of ['. Obviously, for large I', we found
M?® =1 from (56).

As may be noted, in the case where the random quenched fields are symmetrically dis-
tributed about its zero value, the effective sub-lattice symmetry could be utilized to reduce

the whole problem to that of a ferromagnet.

V. SUMMARY

In this paper, we proposed an analytically solvable quantum antiferromagnetic Ising
model. Because of Ising anisotropy and long-range interactions, it has solvable Néel-like
ground and other state properties. In view of the extensive recent studies in quantum
antiferromagnets ([10]-[13]), particularly in quantum Ising antiferromagnets ([12],[13]), this
kind of analysis should be of considerable importance.

In the analysis of spatially uniform system, we found the Néel order below the tunneling
field I'y and show that the linear susceptibility has a cusp variation around that critical I"y.
It may be mentioned that a similar behavior in the half-filled Hubberd model was observed
earlier [14].

For this uniform spin system, the free energy density (16) gives the ground state energy
in the zero temperature limit and it also gives the low temperature behavior of the specific
heat, the exponential variation of which gives the precise gap magnitude A(= \/m)
in the excitation spectrum of the system. It may be noted that, because of the restricted

(Ising) symmetry and the infinite dimensionality (long range interaction) involved, there
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need not be any conflict with the Haldane conjecture. Although our entire analysis has been
for spin-1/2 (Ising) case, because of the reduction of the effective Hamiltonian (6) to that of
a single spin in an effective vector field, the results can be easily generalized for higher values
of the spin S. No qualitative change is observed. The order-disorder transition in the model
can be driven both by thermal fluctuations (increasing 7') or by the quantum fluctuations
(increasing I'). This transition in the model has been investigated studying the behaviors
of the (random sub-lattice) staggered magnetization and the (longitudinal and transverse)
susceptibilities. No quantum phase transition, where the gap A vanishes, is observed in the
model, unlike in the one dimensional transverse Ising antiferromagnets.

By analysis of the disordered system as the random field Ising model in a transverse
field, we found that the order of the phase transition changes at a tri-critical point. These
conditions are obtained analytically for both the Gaussian random fields and the binary
random fields. We believe, analysis of such model systems might provide some insights also

for the quantum antiferromagnets with short range interactions.
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