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Pressure-Volume relations by making use of
the pseudopotential approximation and
the Virial theorem
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Department of Geophysics, Faculty of Science, Hokkaido University

(Received May 11, 1973)

Using the Virial theorem and the ground state energy which is given by the local
pseudopotential approximation by Heine and Abarenkov, we obtained P-V relation for
electronic part. We substituted the pressure thus obtained to the Mie-Grlineisen’s
equation of state to obtained total pressure.

Since this substitution is valid only in approximation, the maximum temperature
Ty below which we can apply this equatin of state to real materials is estimated.
This estimation gives a relation T® Ty»=1.7X10*°K for a temperature 7T at which we
can use this equation.

We applied this equation of state to metals---Al, Ca, Sr, Be, Mg, Li, Na, and K.
Calculation were made by three methods. First we claculated the energy with constant
parameters, and differentiated it with respect to the volume, then obtained the pressure.
Second we calculated the energy with constant parameters. Using the Virial theorem,
we obtained the pressure. Third we calculated the energy with variable parameters
which depend on the volume of the form (V/Vo)é, then obtained the pressuse from the
Virial theorem.

A comparison of these calculations with experiments shows that the first method
gives too high values, the second method gives too low values, while the third method
gives fairly good agreement with experiment.
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LBYRHETLEVZORPEHBENEE T TOERCIIVBESTSHI LTHS (BireH,
1047). FLREBORTF vy + L ORDCETFHEET v ¢ LD T EOHETRGREE
WD TREGCOYERHT D2 L L TEX 5 (BorN, ef al. 1945). ZOHKIXREINB AT v
Yy ADNEETHLBNLE LD parameters DA THEL O TERP LG O REHH
Wb p (THOMSEN, 1970).

Ll BB R HETBORSREFERNILURO L AN EERBCK TS =51 ¥ —
CONTDEREZIBEAEGAT L. CO=FAF - RERICLVRTEINRDOTH B,
SEChE S 5P LREBRNESHDHETS 2 AR,

II ©Z Mie-Griineisen @iﬁ@%?%ﬂﬁ‘@ﬂf?ﬂliﬂkm?%%% Virial €% B C5ET 3
HEOMBEREEZS.

III Ci2 pseudo potential Z:% B3 5.

IV CRHEOBRROERBE L OB T/ 5. AW2E LRI OHRLEBL TENL
HIFEFRAERTHSL. EHCOWTL kb ZHWS. T TR h=e=m.=1 THABH I
Bxbhb, 1l Uh=h/2z T hit plank DEE, ¢ XBEFOEH, RO m 3BFOHEET
H 5.

1L

Mie-Grilneisen OREFERX M-G) KA THELLR 5.

—%EV—H E{,“ (1)
ZCZT PRFDOEES), FUAE—BIBFEIO=FAXF— EWCIBHES, F2HIA A+
DIRENC L A= ¥~ Euqm X B5EN%7T. 7L Griineisen DFEHTH 5.

ZDHA T E R EERECEIT S Hartree-Fock b8 <. #H 0°K Tz 5L <
Bohl Epx (DRNCRATHCEEEECELY. LALERBE RO XD EDRy
W Ey D LA ORIELW. T I TEHC EoRYiIC E,HAWDLZ LDT
EHMEHAY RELLENH D,

Ex~E, THHI LA TLIRBE T 2AELIZ 0K THB e ERL L. EFOLH
BB BTFRAHEINDIDOIA A VOIRC LS, BElHEF-phonon OAEEIEH
LD, i 4 v OREARIELU TR I ABEOREHBTRABE FIZE LA LR
Shigv. BT ExE, T 5 %0583 < Born-Oppenheimer O BT LD 4 & [H]
UTH5H (Born, et al. 1954). Z OFEMIKROBFICE L 2 LW T x % (PRIELS, 1957).

P=

%<<AE (2)

PR v A A OB, 34 A DEGOKRES, AE FIEORIEOREEOFTR b
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BV EZD—D LIS HEMDEO = KL £ ~ETH 5.
580D Al B B3 % Einstein € F L& WT 1 & v #dHli+5%. 1iEETF (1 vD—
F R OIRE) ow TREIF Y v & T
2nv=kpT (3)
RAEH=FLF—EBTHRS, 727U kp il Boltzman Ef, T XEETHS. (%1
F v ORNE, v PO PEOES & LT Q) X HnT

HBRARLNRS. ZhElo TR RNREBEEOLELL TEERIOND.

zdE

ks =Ty (4)

T

KICAE DN THELD. FRARTLCHEML COBHRIETRLETH DAY FRT
% b T b (HaRRISON, 1970). & DYETIXEFOMRE <Y FEOBBIC & o THitbh
5. #C dE=band gap = A F ~ L LB ENTES. LA L&EIX Fermi HfHE TS
P2 IRTonAv PR L0, ZOBED JE ZEZBCHKLTROETH S,
T A E LB, A, 1st-Brillouin zone T ¥ COEFOERE £ o3 N o
BETHS. 2T NIt lst-Brillouin zone DT EHTH 5. Fermi HHED BT DOEE)
Ex krbThLE, COBFHIROEN EBE F) B IS IT
s=BF K _ @ {1y ) CFR (5)
2N? g2 N3a?
DEED=FAF ~LBETS. 22T a3 BFEH, » X ke 30HANGH LT 2 HA
DEBBECTHDE ERTF. SO n ZE L N OBETH 250 6) Rk
AE:(%X o} (6)
LA, ORI vEYDERETTHS. O)XxH2 L @RDED Tauit
Twu=~0
LW Z LIl s BUCHEGE UL ERNRBE TR L. LALETFABREhDL Z
LM ATE=FAF— E—E N ECHLTERATCEIBRE CHIESOEM TS
TH5. :
AW eI h 2T R LA L Fermi fiftECF AT 5. AMECL TCW 20 &ET
HoH0b, ChEOBEFREIEEFFALELZOIRA. M E-E 2B F7 ADLBORME
ZIRET S B ZROEMBICLIZ LETH/ AOBBROKZIZLIBEFHIY

2(ksTY
k%
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ORETHDH. Oz FAF~1L T=2000°K C 01074 [au] DBETHS. 114+vdH
e LR 0107 [au] DBBIEBEF=F3AF M MERDC LIRB. ChEHLT
Eg i1 44 vHich O) [au]l TH3. W LBEDOHERBALLUIR D ALiciov2%, LORKR
ETFEBEFO=FALF ~DELIEHATELIBREDLOTHS. Fphit=F 1 ¥ — DMk
BAEZEL THBEBEOTTREBRAR VLD, CO=FAF Bl ER/THI L
PTE 5.

SROBAECL Ty BEAHESE L LT Fermi B0 v FE = L F¥—%H 5.
MBI TWBHEHEL Tuwieys Fermi TASED v FERRIL 0.01~0.1 [au] DBETH 5.

4E~0.018 [au] £ THUE @RS T LT

Ty~17x10*°K

RELRS.
& T Modified Hartree-Fock 0 5 B XA MK TTHEECEE W2 L0 A FHTH » TS
Ll

ry =2l
PV =2 T U (7)

IR L CTEEICRI TS 2 EMNFEEBE IR T3 (Ross, 1969). & 2T T (3% FoE
Bz=xnr¥—, U=sE—-T.TH%. Ross itk BiEHICit correlation DR EREEI N T\
7eus. ASE correlation = AAF ~ X RTF VU 4y L= ZAF—-D - FTHEND ULEE
#5DOMELL (ex, AVERILL, 1972). LA LEN~OHBIREATE S LE L2 bNh 5 (Ross,
1969, Ross et al. 1970). = DB TIL correlation = A A F T U MBI T35, oD
W& RN FEEREBCH D ZETHDH. SHBEE - T3 FHEBERITERRECOWT
ThbH BF=ZLF—-2BEERBCHLERLEIEE T3 T Ty 2ERLTWEZ &
Thote (HAREBR). i T Ty e AIRESRET
r Evib
—_ HE
P=Prrir =5 (8)
MRALT 5.
I11.

pseudopotential FE XA WAHD HETERIL b, OPW i X % 4 © (HarrIsoN,
1966) CHELERALGE LR 5 O (flzif HENE, 1966) e E23H 5. & & TLamELERCHA
5L DR HHEICHEET .

BED=FA ¥~ REXERTHORTECHEFO “KH” KELEWEBEFTH5.

EBEOBEFTOWRHEAEE N Fig 1D RO LS THBETH. ZTOBRDORT v v ik
Fig. 1 D TROERTHRLICHBRTH S, 58 (r=0) 2D @Y7l r. xEDD. r. DHHEL
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Fig. 1. Real and pseudo wave function, and potential.

DOEFITBL BCHEODTERTHD3DEEL2DRD. L 7 NOMEEEHEA Fig. 1 O
BOBCE 2T r>r, OBTORBIEL . TOBORT v g Ak r=r, T ¥1dY¥/
dr PERIEOIXEARSDTHR. FIzERO—KERCRILIEFERT v+ A TLR
. ShER ETELO S ETFEHE $4uT phase shift 0=6,+2% 5 %2 B £F v 4 AL phase
shift 6y 52 D HET v v 4 EFE UHELEEREY 2 (ScHIFF, 1968).
FITHRORBLELCEBTHZ ENTELZRMYLBEART v+ AXBATH I LEHNT
X5 ZOXRTFTVY y LIEBORTFABLOET VY s L ERBR TR ETART VY v L
FIEIER D, rlr. DKL core LFRIEN D, >, TIXEME Coulomb B ARF v 4 A28
KEIN T\ 5. Heine-Abarenkov BHTF v o v A O CEHEALAAER BCEKEL Iov Lo-
cal RF vy VMICEAERIBDTHATHS. £OHFRHEELEFE Suaw (1972a) 2 L b
FRENF. HMEEHSOHBECHRWTL IOFERMVEYL THBCR 2% (Suzukl,
1971). L LEEL A7 v+ X2 0BG RBHICHEIR 230 TR, {FH0 KBNS
R LW PEIRLIELRNDT, Anic s 2 -2 —BNLTHMCEHERIDDL
NWEBE LS ThROWEBAELENES. FIZIELERDEFART VY s A DRT 2 — &~ 3
VEE Y IhbLHBELLES, SETCRI2WEOHECES WL Bbhd, 202 &k
IV CERsh 3.

z O Bt local UL pseudopotential K X AE F=da ¥ — E D EBIIROE
CE A2 bhb.
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E=T.+Eu+Ec+En+Ees+Es,
EREVOFEHI LA A vH I h RDBEICEILRD.
T XETOEB= 5L F—T

5

3
Te=g32

THEzbh5, 12820 Zi34 4+ vOBM, krit Fermi X7 b ATH .
E.. it exchange =312 ¥ —Th%. Q%EFOHKKRELTr %

_< 30 \
Te= AnZ
EEFTIUL Eee 12

—-0916 Z
2 7s

THEz2bh5. Kk XBEFLEXRHD TS EECHEYT 5.
E. it correlation = v —C

Eez =

E, — % (0.081 In (r)—0.115) Z

THb. Zhit Hartree-Fock DXDE BFH L EEORD =2 A F—DELLTER INS
(KrrTEL, 1963). 77~ L _EDFEHBIT Nozieres & Pines(1958) i L 5 1 DT H 5.
Ep i core HORF v e L 2L F—~D 5 Coulomb Ko FEWIEDD = 5 F—

Th 5 (HARRISON, 1966). EFARET VY v b U &

Z
Up = - r>re (9)
== —Uc 7'<7'c

ORI 25 & B it

E, = Ar <l Uwi-}-—; Zrﬁ)

2 \3
s 5.
E 3B L ¥ ~TRKXTEH LB RS.
AR
Beo= = T4

Z 2T a it Madelung E T & 8 122\ Tik Fucks © F T & 2t 5 (Fucks, 1935).

74 b
AN
“T\4r
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Ep 2 3v P = 2 A —THh 5.
Ey= )E‘J 1S(@ 2 Fg)
S(@) ZEBERTTT 3B TR—EFLIRBEL ¢=C D, 1 THOFhUATIEERT

HB. IRL GIEHHF7 b, @R FERONs PATHDS. Flg) BKRATEES
+ energy wave number characteristics & FE¥ i % (HARRISON, 1966).

Fl)= —5L |<K+qlu| K> <951

VL (DA THELZONBEBEFART V4L, €EQRBFBEERTSEIRIRXTEEINSD
Hartree 12 L % 3 D& Hu e,

_ 1 1—72 I 1+ l )
€@ =1t (Fo | oy |1

12120 n=q/2ky TH 5.
Ees b B D EECRET AR TH D, core BF v v L EMMAlO Coulomb £5F v
2 A X BT OARNERIREZ IR AL Uer.=Z Ie BB A 12 (Suaw, 1968),

Iv. 1. #& R

st Al Mg, Sr, Na, Ca, Li, Be, KIiZ 2\ THro 7. 412 Al 24 Tid Shock
wave (T J % $E8 (ALUTSHULER, 1960) S B T 5451 )R e QX2 H-& B ERCOWTEH
Bl ToR% Fig. 2 erd.

L 1A A vHic ) OBIEE) =~ %1 F —i1 3k3T & L Grilneisen & ¥z -2\~ Tl Slater
DFEUREH L. HPoBERZHE (FHTRT) BRIhREREYRT. OMR*OBRE
ENT AT £ = &~ —EC L TR L e fl, BERIE-ST A — 2 =28 (VIV i35 &
LCHBELIETHS. LELIOBHEIL VIV 3EMBROX S HREDO L ATIHEIRT
wh, Al PSSR oG THEE—ETCOERME L HEEL LB L. Fig.3anb 3g
BEEY FRERDEBETOWTT Ry FLEIDTHS.

KRILE L OBEFE T T bR TE I HEIL V/Vi=1 T P=0L L TRIRT5S. *C
T, HEML IR TERRLEE, RCIBEOHRETEFEA LR LI TR,

Ca & Li tBIL TIR—TED T 2 — 2 —F T EENERE & HERAR W—32 R~
Sr, Mg, Be, ALiZBIL Ti3, <5 A — 2 ~7 (V/VF I i+ 5 & UCit HL B0 En
MNERE L HETS K& NalZ o Tk ELbOF EAFETLERELEETAHERED R
[N R (o

HierEhic a, ¢ ZTREREERD a i, c A EOKTFERTHS. R, ULWXEET
TOHETHDZ ERRT. FEHOBEAL kb TERPDIE TN TRERTFEATH S,
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Fig. 2. P-V relation for Aluminium.

4+ denotes experimental value by shock wave (AL’ Tshuler. et al. 1960).

O denotes calculated value with constant parameters.

Broken line indicates the position of calculated values with variable parameters.
Temperature at which pressure is evaluated is indicated under cross.



400

200 ﬁ\

kb | RE=RE
Uc=Uc

0.6 0.7

Pseudopotential 3+ Virial EB% Mz P-V O3 #H

MAGNESIUM

wo (W

E
a [¢]
c 8

G.
9.
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o DRICKAMER
(1965 )

Fig. 3 a.
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P-V relation for Magnesium.

Symbols are given in the text.
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P-V relation for Sodium.
Symbols are given in the text.
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Fig. 3b. P-V relation for strontium.
Symbols are given in the text.
Experimental values by Bridgman are

refered from the review by Bundy ez
al. (1962).
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Fig. 3d. P-V relation for Calcium.

Symbols are given in the text.

Experimental values by Bridgman are

refered from the review by Bundy et
al. (1962).
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Fig. 3e. P-V relation for Lithium. Fig. 3f. P-V relation for Beryllium.
Symbols are given in the text. Symbols are given in the text.
Experimental values by Bridgman are Experimental values by Bridgman are
refered from the review by Bundy ez refered from the review by Bundy et
al. (1862). al. (1962).
40r POTASSIUM
a= 9.87
o
Rc= 4.0
° .et.al. (197
S U%=-0.25 VAIDYA .et.al. (1971)
[+]
173
Rc=Rc (vive) ' ~.
20

Uc=Ue. (vive)}/3

Uc= U°c

e

1.0 (vive®)
P-V relation for Potassium.

Symbols are given in the text.

2. % 4
I T~ BEFRO LSS ThuE, “IELW” phase shift 233 5h 57k b1E, #7 v
¥y L ORUTHIR S hgy.

BOCEREIC & D core A DIRBEAZE(LTHUE, FHICIE U CTHEHEL
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Fig. 4. Variation of real and pseudo wave function.

Curve 1 represents real wave function at normal volume.

Curves 2 and 3 represent pseudo wave functions.

Curves 3’ and 3”7 represent wave functions at compressed volume.
7. is core radius.

DT LENLER core ZRBLTCWAELEMTAEELBRS.

WETOWEER (Fig. 4 Dffifk 1) i1 core DAMITIXE M X hich 3 Rt 37 w1t %
LE2Zbhb. ZDZ &, Virial EB & E FeD FJH (Ross, 1969) 12FE - T BB E & MK
TCEEEE R TER T AR 2 explicit CHbh 5 Z ENDARHEMI NS,

BEEUA VIV T 5. core DR THRBERONBMS U1 d¥/dr 18T H
A=zt core TP pseudo wave function ¥ core DFEENT < T BIERT (FE»RN (V/
Vo 1) % brohugie B il

HFPRMET Ve LERGT, RFI Vv r ADRFEI U EBETFE 2 B LW B E K Aexp
(inx) DEOBENSEHL T, U2 THLME nc[E]! «(V/Vy) ? fe 5 I 2 iV h
%, U,,OC(V/Vo)_%& BT BI. & AREREICE 5 HEE Usc(VIVY 2B TH
b T b,

Fi Viral EEYACT O ROLGUE 1 HEBE ST A —2~2HATHELR E. b
BEEHSLTELIRS PRIECERIVEWEEL LS.

R AIALESEE, BE T 4~ % —%H\5 L shear constant I DWTikk I %
2 ) 3% (BERTONI, et al. 1971, KiNG, et al. 1970, CousiNs, 1970). LA LR R
CBIL CirEEBR & A do7a\ s (BERTONI, et al. 1971).

Dbz &mb, 74— 2 —PMEECEFT5E55 LR BNEDEBIEITATS
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5. SEOHERHID (VIVY HEMIE, 2< EBROEMIRTSHS LELBREYTHS.

EBIe T A — 2 —XRBRICR D S Btk (Suaw, 1972, a, b) RFA L 1.

LA DR B D THE SR 3 D EIZD T X % pseudopotential #iX macro 7z
MUEATELL L DI LETERNENDI S ENbhb. PRECERMBEEES XL pa-
rameters ¥ #5532 LILTE BN, FhTCIMBRYBEOIENLTIES E H RIT L D5
BLILE %2\, 408 Shaw & X % parameters % A - EEIRGFHER S & b RAkE #
RIS EVLSERMNSTHoTe. BbhiI L3I OHERRNMERYED macro 72 ¥
HHETACRBEETISE VCHTELEUTH B LD ETHD. FRMOFHETTAE
HERwTHERTERRCRB b Lk, FIZXRGEERBOESEN ko = 7 TG M)
DOEED APW kL D4 (Evans et al. 1972) a3 2 b b,

ST IE AR E B v 2 — D Facom 230-60 % 7o

X 3

ALTSHULER, L. V., KORMER, S. B.,, BAkaNova, A. A, and TRUNIN, R. F., 1960. Eq{lation of
state for Aluminium, Copper, and Lead in the high pressure region. Sov. Phis. JETP. English
Trans. 11, 573-579.

AVERILL, F. W., 1972. Calculation of cohesive energies and bulk properties of the alkali metals.
Phys. Rev. B. 6 (10), 3632-3642.

BERTONI, C. M., and GIUNCHI, G., 1971. Pseudopotential calculation of the volume dependence
of the elastic constants of Na at 0°K. in Proceedings of the international school of physics
“Enrico Eermi” Course L.

BIRCH, F., 1947. Finite elastic strain of cubic crystals. Phys. Rev. 71, 11, 809-824.

BORN, M., and HUANG, K., 1954. Dynamical theory of crystal lattice. Oxford, 420 pp.

BuNDY, F. P., and STRONG, H. M., 1962. Behavior of metals at high temperature and pressure.
in Solid State Physics 13 (ed. Seitz. et. al.). 482 pp, 81-146.

Cousins, C. S. G, 1970. The calculation of elastic constants of hexagonal metals using the
optimized model potential. J. Phys. C. Solid. St. Phys. 3, 1677-1692.

DRICKAMER, H. G, 1965. The effects of high pressure on the electronic structure of solid. in
Solid State Physics, 17 (ed. Seitz. et. al.), 379 pp, 1-133.

EVANCE, R, and JAIN, A, 1972 Calculations of electrical transport properties of liquid metals
at high pressures. Phys. Earth Planet. Interiors. 6, 141-145.

FucHs, K., 1935. A quantum mechanical investigation of the cohesive forces of metalic Copper,
Proc. Roy. Soc. (London) A, 151, 585-602.

HARRISON, W. A, 1966. Pseudopotentials in the theory of metals. Benjamin, 336 pp.

HEINE, V., 1970. Pseudopotential concept. in SolidState Physics 24 (ed. Seitz. et. al), 480 pp,
1-36.

HEINE, V., and ABARENKOV, I., 1964. A new method for the electronic structure of metals.
Phil. Mag. 9, 451-465.

KiNG W. F, and CUTLER, P. H,, 1971. A first principle pseudopotential calculation of the elastic
shear constants of Magnesium. J. Phys. Chem. Solid. 32, 761-768.

NOZIERES, P., and PINES, D.,, 1958. Correlation energy of a free electron gas. Phys. Rev. 111 (2),
442-454.



Pseudopotential ¥ & Virial 8% fvi- PV oxtE 81

Aq AL, 1957 B oBTH GR). FEEHEE, 271 pp.

RICE, M. H,, 1965. Pressure-volume relations for the alkali metals from shock-wave mesurments.
J. Phys. Chem. Solids. 26, 483-492.

Ross, M., 1969. Pressure calculations and the Virial theorem for modified Hartree-Fock solids
and atoms. Phys. Rev. 179 (3), 621-615.

Ross, M. and JOHNSON, K. W., 1970. Augmented-Plane-wave calculation of total energy, bulk
modulus and band structure of compressed Aluminium. Phys. Rev. B. 2 (12), 4709-4714.

SCHIFF, L., 1968. Quantum mechanics. McGraw Hill. 544 pp.

SHAW, Jr, R. W, 1968. Optimum form of a modified Heine-Abarenkov model potential for the
theory of simple metals. Phys. Rev. 174 (3), 769-781.

SHAW Jr, R. W, 1972a. Local model potentials for metals: Limitations and applications. Phys.
Rev. B. 5 (12), 4742-4755.

SHAW, Jr, R. W, 1972b. Trends in the nearest-neighbor distance: Elements and binary com-
pounds. Phys. Rev. B. 5 (12), 4856-4867.

SuzUKI, T, 1971. Second- and third-order elastic constants of Aluminium and Lead. Phys. Rev.
B. 3 (12), 4007-4014.

THOMSEN, L., 1972. The forth-order anharmonic equation of state of solids. J. Phys. Chem.
Solids. 31, 2003-2016.

VAIDYA, S. N,, GETTING, I. C.,, and KENNEDY, G. C,, 1971. The compression of the alkali
metals to 45Kbar. J. Phys. Chem. Solids. 32, 2545-2556.



