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Estimation of Anomalous Mass by Gauss’ Theorem
with Application to Kuttyaro Caldera
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Department of Geophysics, Faculty of Science, Hokkaido University, Sapporo
(Received June 20, 1975)

Total amount of anomalous masses causing gravity anomalies can be estimated by the
Gauss’ theorem. Theoretically, it is to be uniquely determined by integrating the residual
gravity anomalies over an infinite extent on the horizontal plane without any assumption
on the shape and the density of the causative mass. However, some problems arise in its
practical applications. It is essentially difficult to assess the true amplitude of residual
anomalies caused by the mass of interest. On account of the limitation of the surveyed
area, and the ambiguity in distinguishing the residual anomalies, we are forced to inte-
grate the anomalies over a finite extent. Therefore, the calculated mass may be some-
what different from the true one. To correct these failures, HAMMER (1945} and LAFEHR
(1965) suggested a simple method in which the anomalous mass is assumed to take an ap-
propriate shape in order to compensate the unintegrated parts. It shoud be noted that this
method needs an assumption on the shape of the anomalous mass losing the uniqueness
in marked contrast to the original Gauss’ theorem.

The present discussion is exemplified by estimation of the mass deficiency at Kuttyaro
Caldera where low gravity anomalies amounting to—46 mgal were observed by YOKOYAMA
(1958, 1963). Applying the Gauss’ theorem to an averaged radial distribution of gravity
anomalies, YOKOYAMA estimated the mass deficiency at 7.8 x 10! tons without the above
corrections. Later, LAFEHR(1965) re-estimated the deficiency at 1.3x 10! tons and 9.0 x 1010
tons using a point mass and a prism model respectively. From a standpoint of volcanol-
ogy, neither a point mass nor a prism may be appropriate for the caldera structure. An
inverted circular cone of which depth is half of its radius is more suitable for the caldera.
Adopting this model, the author obtains a more precise value of 8.6 x 1010 tons as the de-
ficiency. This and LAFEHR’S calculations are based on the same radial gravity distribution
obtained by YoKOYAMA. Strictly speaking, the gravity distribution on the caldera is not
radial nor concentric, but elliptic. Then, using a model of an inverted elliptic cone, the
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author gets a value of 9.9 x 10*° tons. This must be the most probable value of the mass
deficiency at Kuttyaro Caldera.
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WRTBEENIEHNRESHNAD LI, HMTOREZ—BWICKOLZ L3 TEL W, L
52, BEEOKRERIZ, Gauss DEBELHWLZ LIt t-T, BHOICII—FNICKDHE 2
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Gauss NEHE (X, Gauss DR ER & Poisson R L HEr NS (72& 21X GOETZ,
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b, AOMERH S OIS, MoREALIREEL 2o L PREREENIECNT 2 WIS
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€ = 4g./ 48 max (3) .
RBRENHRERT T A—F L LTEZ2BILICT S, RABRERFHELEL RE Z &°
TER2W, BOynBH+BEREEY dg. D& 2 AT LY - 284 (2N % “tailing off” + ¢
&), HELTRkH LN EER My i3, R ReE Fig 1-(A) ofHgikas L 705, 372, B
ERFEORM) ICBEND ), BRBEEL Mg — 48 L REL-TLE-75443, Fig.
I-BYCRT &Ik 2, WFNoBEY, FHEEM, tBENEMEORMIZIE, Ad%e 0B
#BELT,

M= f(e)- M, (4)
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B TOMES D LK L NFHEE M b b B
DIEMERD Z s TEBIITTHE, L2
L, ERICBZEIREREBEIMLZ XIT
T, RrrRELBRERFBEOPICIE
CBEND D2, BERCHET B4R
Fig1l-(C)n i Hick s, BORERFMEY
bhbhwnwiw) ki, QRTERL2¢
FOLORLBEIHDEVI T XL, (C)
WREFHACTHEFEL RO HNE"
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HETEL ) AN ENMEICELENTH D) Fig. 1 Effects of limited extent of the

m « e . N ~ integration; (A) : Effect of “tai-
EROND HHEE"ICT E v, b6, B ling off”, (B) : Effect of error in
BANBERRETAIELNUL, T4bb estimation of residual anomaly

and (C) : A probable case of ac-

ALz e ST - 1; S
RHEBOWRDBEONIRELEBTTH S, tuall integration (including the
L72di- T, WRERACVTEEEMERD S effects of (A) and (B)). Inte-

grated part is shown by hatched
area in each case.

febiziy, BREAN-ENBRERTE LR~
BT REHE2E 25 L0 t REBRORK
#REL, ZOHADfe) EROTEMBEDH S, 22T, BESACENZ, Gauss DEEH
L3, REEWEROELEECHRL —BUCEORFEETRKIRT TH-72. 25
ERL 72, EORFEBRIBAKICRIRDLZ LB TEL W, SLICREHEDL, REBEOBR
FREL THEABS T NERETE 2w, Uk v s, Gauss oEHICITEHORAH
HHEEIZENTERTHA),

KRETIZ, BEROBRERE L DRI OWTHERT 3.
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BEBROEHERE (L) B L CEREAFMNE (EK) DHEIc>wT, ¢ tic HAMMER
(1945) 12k o Tek M /M RS RDLEN TS, Fig.2 READHEEZERLZ L D
THd, @dFEic, dp=0.3gr/cc,r=10km & L7zt ENF[Hin7Ta 774y, £
B L UABIE, TRZTIMES ERT T Y- 2BA 5 L UBRERSEO R CBEI D -
TBAETRT., 12821, e=0.1%bBCHEINIREERENE (M) 3, #hThoif
&, BEOE (M) b $T554%B L U035%Ic Lk b, REBEFRCES, HArALE 5
DT, ZNE I EBHICRHTEEFLETHS.

LAFEHR (1965) (3% 2 OFATAERKIC OV T e & M/ M xR ZFE L/, Fig.3 4,
FEOBED O T, Mt BWOES (W) »ELL, EEFTOFATRERIZOWTD e & M /M
COBFRERTETH S, 2770 ZoOMciE, BEREMEORED ICREND SLEOHRITHE
T, W/ TOEINEVE, TLbbERVWARRDLDIZERL ¢ MEICHNT 5 EE
HeniBEEI/ N2 (%S,

ANT I BITLEBRENHEIR, HLT 7 0OEECTHRERE, HHMOEREL RE) L

POINT MASS ( SPHERE) 49

(M/M}x 100

(Mc/M ) x 100

TOP SURFACE AT ZERO DERTM
AND LENGTH EQUALS WIDTH
FOR 8LL MODELS SHOWN

€= 49, /8gay
Fig. 2 Parameter ¢ vs. calculated Fig.3 Parameter e vs. calculated
mass as percentage of actu- mass as percentage of actual
al mass for a point mass (a mass for rectangular paralle-
sphere). Solid and dotted lepipeds with different ratios
lines denote the effects of of width (W) to thickness (7).
“tailing off” and error in Only effects of “tailing off”
estimation of resibual anom- are shown (after LAFEHR,

aly, respectively. A gravity 1965).
profile caused by a sphere

(r=10km, p=0.3 gr/cc) is

inset (after H AMMER, 1945).
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DBRADIZDICEBRTH D, EL{DANT 7 CREAEEFBH S 0, ZOH5HIERLCHRTS
BFAHE N, ZHZE LY, ANTFIZHERS 2 WCIZELHEROBELZ L > TWwiLNE
HEEND, 22T, LAOBEEH0, Thbb EEAMERE &35S L MBI M4
DWTEINEHEL, ek M/MEoBffR28EB L. SIN0EEE, 3XTHiE%: ZAFN
HIROE A b TEML T %3 2 TALWANI and EWING (1960) 0 F 2B W TiT-7.
Fig.4 13, FEOBE 0, P2 (A) 10km, #E—0.3gr/cc sz RS (H) HAEIC LS
Blhn7a 77 ANTHE, Fighid, T 4

FuTPANEL LICEELE, ek Mg/ T

MrOBRERLZLDTH S, ERBLV
B, thEh, #Eorgb T b2
BEBIUBRZRFEORBYVICEENSH LY
&%7RT. [REc, Fig.6 8k Fig.7 13,

BN AEDNZENEI DT 7 s A NBLY
e & M/ MOBRTHE, LZHT, B
FSTHOERNREN 2 ¥—h%, FHAELR Fig. 4 Gravity profiles caused by
THAb BB, Tk uHAE, LA T o oers
LAR7EHEEEN L ) hiEE»EZ b, 2 depth.

T, —BlELT, EEOBRZH0T, B gm0
B (A) LEE (B) told®3 14, BREW
(A+B)/4 Th3 5 uRMEEDOTH BN

f——10 km ———|

H 4p=-03grrcci CIRCULAR
CYUINDER

#L 7. Fig.8i3, Ll 7 TALWANIand g
EWING nF#ECRHEL TRLNT, BE 8 T
s

&h, FNFNI0km L7 km ¢, BER
H4.375 km, EEH0.3gr/cc DI ZH
DG NOKFGH %, BWEBIZTRLAZDY
DTHb, 212, Figoil, zoomrd &

CTRCULAR CYLINDER Y
TOP SURFACE AT ZERC DEPTH AN

TLNOTH 5,

o " —

Lk S HROBEICHT D e & Me/M & * “eeague. 0 "°
DR TNTE D, TN HDBEERD LI Fig. 5 Parameter ¢ vs. calculated
EBLTS220-010 HBoMErLoL 23 mass as percentage of actu-

- = ’ al mass for circular cylin-
Y, ML e nfEcHd 25 &EMITNS(, ders with different ratios of
2, MAREPCHBNBHAL) b, R depth(H) to radius(4).
. ) Solid and dotted lines denote
BEENREN ICBIT2BENHENFHHUL the effects of “tailing off”
BHICKENENSI D ETHD, LihoT and error in estimation of re-

sidual anomaly, respectively.
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km| 49(0,0) = 27.88mgal A 100k
ar 2mgal B: 7.5 m
___________ He 4375 «
Ag el S 4p= 0.30gr/cc
mgal
H=1k
=20
-40|
Je——10 ki ——ey
INVERTED
CIRCULAR CONE
10 km
Fig. 6 Gravity profiles caused by Fig. 8 Spatial distribution of gravity
various inverted circular caused by an inverted elliptic
cones with top surface at cone with top surface at zero
zero depth. depth.
100 10
H
o 310 A =|—5 \
3 \\\ INVERTED CIRCULAR CONE l“ INVERTED ELLIPTIC CONE
sl N0 T TOP SURFACE AT ZERO DEPTH o \ B/A =3/4 TOP SURFACE AT ZERO DEPTH
L) ‘\\
= '\ 0 A
= . & 7
8 H ':,: N\ V
= .
= 60 Z 50 S M=(A+B)/b
z z
z -
40) 40| \\
1 \\
20 ° 20 J
02 04 06 10 02 04 06 T
€=4g /4 - :
9,/4 s €=4q,/4q,,,

Fig. 7 Parameter ¢ vs. calculated
mass as percentage of actu-
al mass for inverted circu-
lar cones with different ra-
tios of depth(H) to radius
(4). Solid and dotted lines
denote the effects of “tailing
off” and error in estimation
of residual anomaly, respec-
tively.

Fig. 9 Parameter ¢ vs. calculated
mass as percentage of ac-
tual mass for an inverted
elliptic cone. Solid and dot-
ted lines denote the effects
of “tailing off” and error in
estimation of residual anom-
aly, respectively.
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BOHEY VORI CEERH I LEF D), BERFELROIBCIITZ BT IERLESL
KDL LI IBHTRETH D, L2 HD, BHRLZWML, BOBRERFEEIIAFNTH 507,

BRTEEL e FNLDCLTHEEHA-THBY), BRERFORM ICBT 2RENRENC
MY BHIER, BEELRTRTH S, BEHELHVHIEL ) 503, BIEZEF T LY 2L

DB O WTORMIEZ T THSE, 2IHILT
BonzREERNOHEE, ELMES 5 Wik
HIECTELWThH DI,

KETIE, Gauss DEEOBRHO—HE L
T, BEBINLT T THORBRBOHEEIZD
WTEHT 5.

IV. BRIBANLTS~DERA

BAZIZ, EURICERINIZEALNLD
Krakatau AN T I B ECHFET B, %
DIFEAEDANT FIBWT, HELKE
HEF—HEREBE—PBAING. 22
T3, BEROREZWANLTINDLIDTHLRE
BEANT I > TERT 5. JERE
HNT 713, BERPICHFET 5 REK26
km, $EH20km o, EFHRLBICTHE R
NEeANTIC, ZOREIZE, oy
T HEH & s kB E A LB A L T
W3, Krakatau® A W57 COMHTH B
TIBESD, FEREL BB LB L CZNH
Wid T, YOKOYAMA (1958) {2k - TEE
Hah, 2R, ALTZ7HLETE, 5
DR I A R #4950 mgal & R WE
HEELTTZ L7, Fig.
10 {3, 19584 LIBNRIERR LEDTHRLN
7> Bouguer B¥MTH 5, 7z, Fig.11 {3,
BHEFIROHRTHE L REL THLN
REEFMOFLNENRESAETRT LD
THY, r=10km THEHEEMIXHL T
s (r=0) TIAENTEIC —46 mgal DA D
RE3TY. YOKOYAMA (1958) I3, Fig.

Fig. 10 Distribution of Bouguer anom-
alies on Kuttyaro Caldera,
p = 2.67 gr/cc, unit in mgal
(after YOKOYAMA, 1963).

I1¢

60}

40

20

—

.9 5

S
10 km

Fig. 11 Averaged radial distribution
of Bouguer anomalies on
Kuttyaro Caldera (after
YOKOYAMA, 1958).
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NNoEHEEHEE L LI, Gauss DEEZ AW URFBEAI VT 7 TOERERBLZHEL,
7.8 X 10" tons #7872, —7%, LAFEHR (1965) i3, RILEHRESH (Fig.11) 2B\ r
=0h6r=7kmFTCHEFL, REEZHESB LU LEIES 0 DFATAEHEK (W/ T=4)&
WEL, TNEFNOYEN e & M /M & nBZRIHK (Fig.2, Fig.3) 2HwHIEL (HitR
27w, EBKIELL T, 1.3X10"tons L 1F9.0X10"°tons %1372, £ZAT, ENRED
sy#5 (Fig.10,Fig. 11) k0, EEBHILTIoMTEEY, HAH 2 I FTAREEK GENT
BNRBETILZVEELNL, AT IOKEMMEE & LT, HiEdH 32 ELIH8ER
DEENFEF I VBB TH L, 2 TEHI, LEAVGRS 00NES L OEZH#ENSEIZDOW
TW{ OhHELRAL. FOEES Tablel R, &7 0T 5 Mz, B#a4 (Fig.
11) %4 &ic 7 3 TS L TEL UEHEME, % M3, &7k, Figs 5 & UFig
TEOFZALELNTMETHL, HELLREEBREOERIVERDOLDEE->TWER, & 7T
2 MOEDIELDERANE L BT THSD, Tablel 202 &, MEDHEEIMOEHDE
HRE G, TITIR, WS EEEDEN]L | 2OMBIEOWTETRL TH D5, WMOBEET
NTLREETH S, 21U, HRCI2ENRESHOE (Fig.4) L EBR M (Fig. 10,
Fig.11) r nEHSKREWZ LiC k2, BZA#IcOWTIE, H/A? Y, %, %, BIUKYDL
DiconTEHEL, Tablel k0, H/ADEI/NEVIEZE MOF LD INE W Ehbd
5. Lodic, REaTIVESEBSON AT IHMp L EBE L 0EEE; —0.3~—-0.4
gr/cc (PaH - 1, 1965) T, H{AWKZE—46mgal ZHHAT 2 LHicis, MEDEES 10km
L7, AT IEREHIZ 10km ~ 6 km DB E » LAITNIE L 5%, £ 25T, YOKOYAMA,
(1971) i3, # B ¥ Kilavea @ik (U TO X WHEHMBEB OB > 5, ZONFEOHERS &L

Table 1. Estimation of mass deficiency at Kuttyaro Caldera using
a model of a circular cylinder and inverted circular cones.
M, are calculated by integrating 4g. from r= 0 to r=7.
based on the radial gravity distribution (Fig.11).

Circular Circular Cones

Cylinder

H/A=1/2 {H/A=1/10 | H/A=3/10 | H/A=1/2 | HHA=1
7. dg M, e M M |9M M \|sM M |2M M |9M M
km mgal 10%*%g 10 g 106 g 10'¢g 10 g 10 g
0 —46
1 —43 —0.34 0.935 (20 —1.7 5 —6.7 8 —4.2 9 —37 |10 —3.4
2 —37 —1.24 0.804 |43 —2.9 |20 —6.2 |26 —4.8 |28 —4.4 |28 —4.4
3 —32 —2.55 0.696 |54 —4.7 |34 —7.5 |40 —6.4 42 —6.1 |42 —6.1
4 —25 —4.02 0.543 |61 —6.6 |55 —7.3 160 —6.7 |60 —6.7 |56 —7.2
5 —17 —5.43 0.370 {66 —8.2 |75 —7.2 |76 —7.1 (74 —7.3 |67 —8.1
6 —-10 —6.51 0.217 |71 -—9.2 18 —7.3 |8 —7.7 (8 —8.0 |71 —9.2
7 -4 —=7.19 0.087]79 —9.1 /95 —7.6 |89 —8.1 {8 —8.6 76 —'9.‘5‘
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T, 2~6km#HETWE, Thil, BESEKIFSTEI2I/BINRE—HTLILNDE
EZ b, AINTI7OENDRELERENEETHA ) LHEEIN TS (BIL, 1974). LI E
NZERFEELTC, BRBAINLT I 0iR#EEL HA=% OB L M# s A%, Tablel o
H/ A=Y a2 RAYTHIZ, BE/XIEIF8.6X10"tons &3KF 5,

LLER, BEAMOEENENRESS (Fig.1l) 23 SCHELLBATH LY, K], 2
DAL, ANT TEERBT TOEHUET — F h T +a BT, EA5AH»RLARTH S
EREL TRLNZLNTHY, FiglOcREN-ENRERNL Y, HERBEOHEICH 2
DIEPNTHD., 2T, Figl0 IRENIENRED K2 N> I~ TR L TBLNS M,
POLLICHBLCHRLUTIORY, ENREna 7— (Fig.10) 11, EEMESE 4 30
FHAEEZLTWENT, Z2TiE, HA=¥nBsim#ENfz, A:B:H=4:3:1.5 ORI
2R (Wihy, LEOERI 0) 2HVTHEL L, #RIE Table2 [RT L i, MENE
FHNERIBZEAEE L, 9.8X10%0ons 3 L 109.9X10'"%ons ¥ KF 5, BiE T2, BE
REEOREYICR+IEFCRIT L L L vD, T TLRABEL L C—46mgal 2, ¥ % b
b, ALTSHBEWONEE LT, 70mgal o> 5 —icit o 4 (Figl0 3R) 2%z 725, B
BOWERMET 7 2 FEETIIE, L4420t Bbhs,

b, Bt NT 7 TOEEKRIER, BEENETLEZHCHE LY, BEETR, B
HEFRX (Fig.10) X hBNLZH#E2EL TR, 9.9 X 10" tons & v D5, RS
NT 7 TORBRBORLENMAIGEC DL Bb s, I3, i YOKOYAMA k- TR
BHhENTWz, 7.8X10tons [TEN, HIEREWETH S, 5%, BEEREEL S Mok
WER T — 5 H R, SOICEMLHTREEI BB N, L) ERELERREOHEN T

Table 2. Estimation of mass deficiency at Kuttyaro Caldera using
a model of an inverted circular cone and an inverted ellip-
tic cone. M. are calculated by integrating the gravity
anomalies of the Bouguer contour map (Fig. 10).

Circular Cone Elliptic Cone

48 M H/A=% A:B:H=4:3:15
mgal 10% g ‘ % M M % M M

10t g 10'¢ g
— 46
— 40 —0.40 0.870 19 —2.1 19 —2.1
— 35 —1.66 0.761 35 —4.8 35 —4.8
— 30 —3.66 0.652 48 —7.6 48 —7.6
— 25 —4.73 0.544 60 —-7.9 60 —7.9
— 20 —5.74 0.435 69 —8.3 69 —8.3
— 15 —6.84 0.326 77 —8.9 76 —9.0
— 10 —7.94 0.217 81 —9.8 80 —9.9
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BEHNRESH» L BRERVER Y HET 2 Gauss DHEICOWT, F0BAHBRPLBEEDMIE
Fghk LiconwTERL, BAflo—DE LT, BREANLTIDEERE Y, XLUFHEEE
MZuroHE L, HOANLFITH, BRBEANLT I TRMENS &5 ZELAKD L
IRVGIZHROBE S RECBN SN TE Y, BH#ED L CRES RO TREE 2R -
T3 EBbhd, LT, DAINTFIEDnTh, AL HFEL2 20T IBATE
B2THAHI, EbiC, AINVTI7LIULEEERZ LD EEbNTWBEAILICBIT 2 HEREBD
HECLBATELLNEEL LMD,

BB, COBRER2ZLHBICHL-T, BERLHEBLVHHEEL W SHENORIL
REFICEEH L 2T, o8, FEGIEERFERYETER 2 ¥ —0 FACOM 230-75
2k -7,
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