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� � �
Navier Stokes � � � � � � 	 
 	 � �� � 
 � � � � � � � � � � � � �

On blow-up solutions of an one-dimensional

model equation for the 3-D Navier Stokes

equations

��� ���
(Takashi SAKAJO)��� �"!"#�!"#%$'&)( *�+-,.#-/�0�,

Graduate school of mathematics, Nagoya University

1 1 2-3 4
Navier-Stokes 57698;:=<?>A@CB9D;EGF=HJIJK7LNMPORQTS?UWVJXRYJ5J6J8[Z]\]U^7_a`

, bcFedcf[gehAi[FkjclAmAn9oqpercjAsAtcu[g;vxwqy{z|@{}�~��A@9�GU . �� �eg ` ~ , VAXcY _ �x@qF=�;�|�NMx�]SCj9l��P�9�J�7� ��m?F{�9� ���C�J�;b��wPmTFP�9�9�;wP���x@]:=�C�?g{���7:{ .~a�J@J�JgA� . d�w¢¡¤£G¥c¦?§7wW¨q©Uk59698;wP� �x@ ,
^ F9ªR�Gw«�[�]U ^q_ :«¬7­cj9l?®T¯k°]>c@W±9��Zq\GUAw[²�A� °�~�³ , bRFe´ �Wµ¶FA·R>Jw , K9�¸²PgC¨¶¹AmAº?F7»A»{ZG\7U . ¼-½�: ^ FAª¾ F«mJº7¿ _ÁÀ �xZÂ²�ÃJÄÆÅÇ·A> , \7U¶VAXcYR5J6A8ÂM=ÈJ�]U .»{³ , ÉA��F9gA�=HJINM=ÈJ�]U .

^ FcÊ , ¡Ë£G¥cÌ7É9� �ÍÌJÎ9Ï�F«H9I?F«Ð7Ñ:P£�F{ÒAÓ9596A8�ZcOcQ¸µe�TU .

Dw

Dt
= w · ∇v, x ∈ R3, t > 0.

·JÔ¢� , D
Dt
:{Õ7ÖJ×9Ø , w :=ÒJÓAh b��|@ v :«ÙGÓAh¸M|Ú]SÛ²=F _ S?U .

^ FÒAÓRh _ ÙJÓRh�: w = ∇× v gGURÜkÝ¢MxÞ¢ß (
^ � ` ÒAÓ _ �¸à¤ÕRáJâ?FPãRä�Z\GU .), »C·{Hq��FPÌJÎ9ÏJ�9åJæ div v = 0

` \GUAFCZ , ÙGÓAh;:«ÒJÓAh � ~Á£�F
Biot-Savar ç9Ø�w�yRz{@¶è[�Û~a�TU .

v(x, t) = −
1

4π

∫

(x − y)

|x − y|3
× w(y, t)dy.

^ F7ÜPÝA8�Fc¨�©9éWZ , ®GF«59698;: w wCê7�A@Gë¢ìP·«596A8 _ g�z«@J�[U .
^^ Z=ÌJíRîRï w · ∇v wWêJ�c@JÈ{ðqSTU _ , Ò9Ó w :«ñAò ∇v F«óA�JôAõAØ?FÂö¤¦
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§ _ gqze@A�qUCFWZ , w · ∇v : ∇v FP�AôAõAØ D = (∇v +t ∇v) Mk­q�c@ , D(w)w_ Ú�S ^q_x` Z;¯cU . ¦;§ `�� £G¥TFPhGi ^ F«ÌJí9îAïÂ:��;wNö _ g�� ,
^ F ^_ � ~�� £]¥TwC¨]©GUeÒ9Ó759698�F=m?F{�J�7oc�9�G� `	��
 µe��U . �A5]Z , ¦§e£7¥ ` ¡ FPh9i , Ì9íRî9ï�:���w¢ö _ :RgÂ~a³ , ÒAÓT:CÊG§ _A_ ²{w�
���� , �£q¥TF«hJi;F[yTà|w«m�Fe�7�J� `���
 Z;¯¶gA� . S]gW°;ß ,

^ F«ÌJíJîAï¢F«�7ÖMxáJmGS?U ^G_ ` K9�9¹Jm9ºTF9ª ¾ ¿�FW�JêqF���������� _ �x@=±9��ZG\qU .
^

�]wk��� , Constantine
_

Lax
_

Majda F¢¡��TFkjAl��[: ^ F w w��J­JS�U��9­ 
D
` íJî;F{d�!7çJØ��G­  Z]\]U ^]_ , bW��w w

_#"%$�&(' F«¦;§�)�* ` ö_ gGUGy�à gN¡ £?FPçAØ�+ _ FPi9õAç?w]yCze@{è[�N~��9@7�qU ^G_ F=�W£7¥9¿]F
��,-��.%� � ~ , £;F«ç7Ø��G­  (Hilbert 
�/ )H M��7­  D FW�C£]¥qV9XRY _�x@¶è?�J· .

H(w) =
1

π

∫

w(y)

(x − y)
dy.

êT»0� , ¡Ë£�¥R¦¢§Gwc¨�©]UkÌ7í7î9ï D(w)w F{�GÖÛM�132�UR·7>Gw , �R£q¥�FÌ7íJî9ï H(w)w M=VJXAY _ �|@	142Ny�à _ �'à�°?©CZ�\qU .
^ àR�k@ , ¡Ë£]¥

Euler 5A6R8?F¶�W£7¥GVAXCYc596R8 _ �x@c�W£q¥TÜ|j ω(x, t) we�GS[Uk£?FP5A6A8M=ÈJ��U ^q_ ` Z�¯RU .

∂ω

∂t
= ωH(ω), x ∈ R, t > 0.

^ F=59698¸M Constantine-Lax-Majda 5J698 ( 5�6 , CLM 5J6J8 )
_�7�8;^q_ wSTU .

^ F{5J6A8�:{ÉA��FAgA��¡¤£G¥ Euler 5J6A8�F«mÛM|ãA���Jw{OcQ�S?Ue5968 _ �|@¶õ%9ÛM�:[>7· [2].µ{@ , £;:{É9�;F7\qUPH]�]F=5J698 , SqgC°;ß¢¡ £q¥ Navier-Stokes 59698¢FV9XAYR5J6J8ÛMWÈ7�]U . »=³	;�<¢wcÈJ�WÄ)Å FJ: Navier-Stokes 5J698¢F{ÉA�JïF�=�>¢w]y?� ,
∂ω

∂t
= ωH(ω) + ν∆ω, x ∈ R, t > 0.

Zq\�@¢à . ν ∈ R :«ÉA�JÝRj[Zq\GU . Schchet[7] : ^ F«5J6A8NM=ÈJ� , A¸µ=g ν w�'� @ , B3CWÊJ§¶ZGbcF�;%DAs `FE C�D?w�G�H7S�U7y]àÇg�I%JRm;M è]�9· .
^ F ^_ � ~ ,

^ FCVRXCYc5A6R8?:eÌR�A��ZG\7U ^G_Ç` ° � U . � � �kg ` ~ ,
^ FPm `¥[F CLM 596A8�F«m'y?�«²LK�ÅMG�H]STUCgNv , � ÅÁê � FPK�N�F Navier-Stokes5J6J8�F{m;FP�7Ö _ :W��O.�Pg9�=�7Ö ` \P� , VJXcY _ �x@]: CLM 57698RQ¢vàe»NÅa� � g � zW· .£;w Murthey[4] o Wergert[8] ~|: , \GUkÕAá¢�AgRÈ=ð � ~S5�TqF[y[à g¶ÉA�ïÛMxÞ[ê¶596A8NM=V9XcY _ �x@JÈ7�7· .

∂ω

∂t
= ωH(ω) + νH(ωx), x ∈ R, t > 0.

^ �]wP��� @ , Schochet FcÊqw�G�U¸µk�]·�V�ê � F9ª ¾�W Mxm�XqS[U�I�JAmÂMZYõ �P· ` , S�27@ ` àk»ÛÅ m9ºÛµe��·=°[©WZq:Ag9� .
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^ FTy[à|w , vkFTy[à g{ÉA�9ïNM{ê]©7UcF ` ¡¤£G¥ Navier-Stokes 596A8;FcVXWY _ � @W�?� � vAà � :P¹c}TF9»R»«Z7\7U . b ^ Z , ¼.½Ë:e£TF{���%�Âµk�G·eÉ�RïNM Þ�ê¶5A6R8NM{È9�c@ , bRFP5A6R8;FeÞ]ê=�9�?�RgP�JÖ¢MZ1�2TU ^G_ w=STU .

∂ω

∂t
= ωH(ω) − ν(−∆)

α
2 ω, x ∈ R, t > 0, (1)

·9Ô�� , α ∈ R Zq\GU .^ F�������� F	�P�9: , £?F�
�NÛMx�]S ^G_ w9\GU .

v
�7g α w«���x@¢² , \GU ν0

` �9���|@ , 0 < ν < ν0 we�.�x@ , ���
�Nµk�q·PÉR�RïNM Þ]ê CLM 5c6R8;FPmT:�B CcÊ7§WZ , bRF L2 � Y��
( \qUW�J:�;�DJs )

`�� GqSTU .� ���GZ7: ^ Fe5R6C8ÂM�������� Y��Twqy � E Ck£J¥]F��R×RØc5R6R8��Tw�
�/ � ,b9F«îJ8��Jg{mNM�YJõ]STU .
� ¡ �[Zq: , bJF�!%��"$#¶ÝAj ` S�27@CÌ&% _ g]UyTàxgF<('9s¢wP�qS�U � G;w7Ü¶STUkãJá _ bJF 
*) F,+9�NMx�[S .

��- ��Z]:7b��5�.�Fc� ÅÁê � F <('As�wP�qS?Ukm?F � G?F,/�0NMxjJs9tAu;w�y?� ��S .

2 1 2 3 465 7 4 8 9;: < =^9^ Zq: , >(?Aå9æ _ � @�@�'�>(?RåJæ ω(x + 2π, t) = ω(x, t) MBA7S .
^ FCÊ , m:P£�F«î�wBC;©7U .

ω(x, t) =
∞
∑

n=−∞

ωn(t)einx, ωn(t) ∈ C. (2)

^ FcÊ , ω F Hilbert 
�/?:«£�Z¶èT�Û~Ç�TU [5].

H(ω) =
∞
∑

n=−∞

i sgn(n)ωn(t)einx,

^9^ Z , sgn(n) :�D9i¢Ükj�Z , £�Z¶è?�N~a�J@7�]U .

sgn(n) =











1 if n > 0,
0 if n = 0,

−1 if n < 0.^ FcÊ , E " g=tRu � ~ � £�FPÌJí9îRï H(ω)ω :«£�Z¶èT�Û~��?U .

ωH(ω) =
∞
∑

n=1

{(

i
n
∑

k=0

ωkωn−k

)

einx −

(

i
n
∑

k=0

ω−kω−n+k

)

e−inx

}

. (3)
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^ F (2)
_

(3) M (1) w������x@ , einx F��9ÝAj¸M�����STU _ , £;F !���"�#WÝ9jwP�qS?U E C«£G¥%�J×9ØA596A8NMk ¢U .






































dωn

dt
= −νnαωn + i

n
∑

k=0

ωkωn−k,

dω0

dt
= −νω0,

dω−n

dt
= −ν|n|αω−n − i

n
∑

k=0

ω−kω−n+k.

(4)

^9^ Z , ω F�<&'9s _ �x@W£?F
	 W �9ô?g?²«FqM=ÈJ��U .

ω(x, 0) =
∞
∑

n=0

An sin nx.

S[U _ , 5A6R8 (4) y-� ,
^ FPmT:e�]@qFCÊ7§9we��� @�	 W �AôqZG\7U ^G_ ` ° �U . S7g=°�ß , S�2A@7F t > 0 w|�'� @ , ωn(t)+ω−n(t) = 0. �k· ` zx@ , ω0(t) ≡ 0Zq\GU .µP@ , ���;:

  j7s¢Ükj _ �x@���� �P· ωn(t) Zq:9\GU ` , m�w
	 W �9ôJ�MxÄ?©��[�J·������������ , iωn(t) ��N���� �!�"�$#�%�&(' , )(*+�
&�,���� �!�-

pn(t) �/."0 . ��1(23� , )(*4��5768��)(*�9:& {pn(t)}n≥1 ��;�<�%!=�>�? -�@A %CBED�'F�
G .

dpn

dt
= −νnαpn +

n−1
∑

k=1

pkpn−k, n = 1, 2, · · · ,

pn(0) =
An

2
.

��&
HJI�K�=�>�? &�L:��9 &���1���M AONQP % .

p1(t) =
A1

2
e−νt, (5)

pn(t) =
An

2
e−nανt + e−nανt

∫ t

0
enανs

n−1
∑

k=1

pk(s)pn−k(s)ds. (6)

��&CR , S4&
T�I�K�=�>�? &
L:�U9F&UV�'�W�? XE��M AON/P %Y�Z����[�\�<:% .

ω(x, t) =
∞
∑

n=1

2pn(t) sin nx.

3
] ^ _ ` a b"c d e f g h i j k lnm o pnq _ r s

�
&�t�'�� , u�v��4&Ew�xOyQz|{���}|~������Z'��E%���� An ≥ 0
-�@�A % . ���

&U�J����2$� , ��� , u�v����U;Z< %U�C�E��� -!� < . uJv�� {An} �
;�<4%�L -
pn(t; An) ���Y<��Z���:2$� , 9F&
��� -!� % .
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Proposition 1 ( ������� ) <��C��& n �$; 2Q� , An ≥ Ãn > 0 # N	� pn(t; An) ≥
pn(t; Ãn) > 0

�4��

�
� X������F�������������('��C% .
9 ����� #|u�vE� An = Aδ1n �
;�<:%�L -���� 2!� , �E&(���J�J� -! G��"$# &
u�vJ�:�U;�<4%�L4&�%
& -3� < . ���4#
u�v��F��;Z<�%�L - α

-('*) &��
� �UKFD(� , + P�,�P�-
. <4% . #C. , )0/E&2143�'�
 A1 6= 0

-(5 � 2$�C�:� -
23�JG�%�} , � P ' "6#87 -:9 1|�E�(
�#�G . �3GO1 &<; , ;J2 A1 = 0 # N:� , u= � Ak 6= 0 �$#�% k ��; 23� , >�?4&U�C� - >�?Y&U=
�Z' � <����/}�'@��%�A N
'Z��% .

3.1 BDCDEGFDHJILKNMLO α = 1 IQPSR
��&U�E�:�


L@
�TZXJ����< �Z�3}�'��C% .

Proposition 2 U  
V &6WYX|} α = 1, + 23�(u�v���} An = Aδ1n &CR , =J>�?
(5) � (6) &
LY


pn(t; Aδ1n) =
1

t

(

At

2
e−νt

)n

.

'�M A+NQP % .

��&[ZJ,\;	]�� X��4���:����^_�*�Y� � <��Z�3}�'��C% .
��&���� � �C�J�J��A N , "$# &�u�vJ� {An ≥ 0} �
;�<:% , `�acb�=�>�?F&

L:& L2 d!e�f }6&
gY<4%�}�h A % . <Z#6i@j
||ω(x, t)||2L2[−π,π) = π

∞
∑

n=1

{2pn(t; An)}2

≥ π
∞
∑

n=1

{2pn(t; A1δ1n)}2 = π
∞
∑

n=1

{

A1e
−νt

(

A1t

2
e−νt

)n−1
}2

.

�!] r(t)
-

A1t
2

e−νt �8�4k 2!�E."0�� , |r(t)| < 1 &�R , �Z&
?�&[lE*F&�m@n�V@
o8p 2$� π
A2

1
e−2νt

1−r2(t)
�!#Z% . " = , �!] r(t) &[l
q��@
 t = 1

ν
' A1

2νe �!#�%C&(' , ;
2 0 < ν ≤ A1

2e # N(� , ��%�r@n�#�R�s T ∗
1 (ν) > 0 }$t�u 2$� , r (T ∗

1 (ν)) = 1 �!#
% . ��&:�Z�vA N 9 &:�Z� }�h A % .

Theorem 3 w , α = 1 &�R , 0 < ν ≤ A1

2e #�% ν ��; 2$� , �E%:rYnCR2s T ∗
1 (ν) }

t�u 2!� ||ω(x, t)||L2 → ∞, t → T ∗
1 (ν) �!#Z% .

��&�����
 , "$#4x4y
7
z -:{*) `Yacb�=�>�? &UL:& L2 d!e�f }�rYn�R�|�'
&�gY<:%��Y� -!� 2!��G�%�&�BC} , >�RY�!l4qJ�F&�&
g}; � 2$�ZG�% . �!G 1!&
; M(t) = supx∈[−π,π) |ω(x, t)| �3."0(�

||ω(x, t)||2L2 =
∫ π

−π
|ω(x, t)|2dx < 2πM2(t).

} � ^_~ ) A N 'Z�Z% .
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3.2 BDCDEGFDHJILKNMLO α > 1 IQPSR
����'*
 , α > 1 &U���F� ) G�� @EA % .

� <���� 
U9 &<��1$#Y;�&�'Z��% .

Theorem 4 α > 1 �/<�% . �
&�R , 0 < ν ≤ A1

2
e−3α−1 #�% ν ��; 23� , �J%:rYn

R0| T ∗
2 (ν) }$t�u 23� ||ω(x, t)||L2 → ∞, t → T ∗

2 (ν) �!#Z% .

�:�J& � "������	� 
U9F&<�:13#�]�
 {

b(α)
n

}

n≥1

- ��k"2!� , +�&8/�A N & -�.- M A %Z�Z� 'Z��% .

b
(α)
1 = 1, b(α)

n =
1

nα

n−1
∑

k=1

b
(α)
k b

(α)
n−k for n = 2, 3, · · · .

��&CR , 9�} �
��P % .

Lemma 5 α > 1 �
; 2�� , Dα

-
α23α < Dα ≤ e3α #Y%���]�� <:% . ��&�R ,

]�
 b(α)
n 
�9 &<��1!�8/8A N��4AON P % .

e−3αn < Dαnα−1e−3αn < b(α)
n .

�4�

��
�
�Y'���%�} , ��������#�����? -3������� # N #�G . ����
 [6]
-����

&4�Z� .
�4�J& ��� � ����� 
 , L pn(t; Aδ1n) &8/�A N & -
. 'Z�E% .

Lemma 6 �!] f (α)
n (t)

-

pn(t; Aδ1n) = νb(α)
n

(

A

2ν
e−νt

)n

f (α)
n (t).

&Y�:1!�
�4k�<:% . ��& �6� , 0 ≤ νt ≤ 1 �U; 2�� , f (α)
n (t) 
()*/�&!� �J? -#"$ < .

f (α)
n (t) ≥ (νt)n−1.

��&	%��L; �����Y' � < �Z�U��#Z%|} , �|&&� ��?�
('�&CR0|�' ; � ^ ~ ) i�D
'�
�# 0 , ��%�u�v�R0|�&*)4G0|�BJD � ~"2$�EG�%:�!G+1�+ �U[�\ 2$���4��<4%,�- }��E% . �4�4
*.0/ [6]

-1��� &4��� .
� P N &	2 3�A N , lJ*:�U���F&
�4�(}�4 � <�% . Parseval &*��?"�/���J���

A N65 \:&U�J�:&
uJv�� {An} �U; 2$� ,

||ω(x, t)||2L2[−π,π) = π
∞
∑

k=1

{2pn(t; An)}2

≥ π
∞
∑

n=1

{2pn(t; A1δ1n)}2 = π
∞
∑

n=1

{

2νb(α)
n

(

A1

2ν
e−νt

)n

f (α)
n (t)

}2

.
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}
i0A ^ ,
�4N �
��'C�:�F2 $ Lemma 5 � Lemma 6 A N 0 ≤ νt ≤ 1 �U; 2$� ,

9 -!� % .

∞
∑

n=1

{

2νb(α)
n

(

A1

2ν
e−νt

)n

f (α)
n (t)

}2

>
∞
∑

n=1

{

A1e
−νte−3αn

(

A1t

2
e−νt

)n−1
}2

= A2
1e

−2νte−6α
∞
∑

n=1

(

A1t

2e3α
e−νt

)2(n−1)

.

2 $ }��
� , R(t) = A1t
2e3α e−νt } 1 ��^�� � D P*� , 9F& -
. -!� % .

||ω(x, t)||2L2 > πA2
1e

−2νte−6α
∞
∑

n=1

{

R2(t)
}n−1

= π
A2

1e
−2νte−6α

1 − R2(t)
.

w , ��] R(t) 
 0 ≤ νt ≤ 1 ��.EG�� , ���������(]:#J&�' ,

R

(

1

ν

)

=
A1

2νe3α+1
≥ 1.

#Z% ν �U; 2$� , ��%|R�s T ∗
2 (ν) ∈ [0, 1

ν
] }��*�
� , R (T ∗

2 (ν)) = 1 � '���% . ��&
�Z�vA N , 0 < ν ≤ A1

2
e−3α−1 �U; 2$� , ||ω(x, t)||L2 → ∞ (t → T ∗

2 (ν)) �!#S^ , �
��
 ����P $ .

3.3 BDCDEGFDHJILKNMLO α < 1 IQPSR
�|&
�E�@
������ULF&�&�g�} �	� % . <Y#$i@j , ] �FX���� � �<���|��9F&����
} � ^_~ ) .

Lemma 7 α < 1 �/<4% . �|&CR , <
�E�Z& n ≥ 1 � t ≥ 0 �U; 2!� , 9 -!� % .

pn(t; Aδ1n) ≥
(

A1

2

)n

tn−1e−nνt.

��&|���*A N , � P ��' �(>2?:&21�3�A N 9Y}�h A % .

Theorem 8 α < 1 � <4% . 0 < ν ≤ A1

2e
�U; 2$� , �Z%(r n�R�s T ∗

1 (ν) }$t4u 2
� ||ω(x, t)||L2 → ∞, t → T ∗

1 (ν) } � ^ $ ) .
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4 �
� _ i j k l m o p q _ r s _ e k � �

� t���.EG���
 , uJv��F&�w�x+y z�{�]�}�<
�Z���E��'Y��%��E� -�� � $ . �|&
R , L 
�<��Z�Z&�IEK4U  �V &�W@X���; 2$� , �EK � � G y�7 {4] -���P�� LF&
l4qE�Y}6&4g�<:%����3}
	�� ���4� ��P $ . " =�' , uJv�w�x+y/z�{4]Y}

E� &
{
] -���� R 
 , Proposition 1 &<��1 #�{8] �
;�<4%!L:&��C������} � ~ 2�#�G
&C' , L:&2r@n�R�|2%�&�}�.���%�A�'E1vA - ]���XJ� � <�&E�

�����}��Z% . +
�!' , �
&�t�'�
 , 
��4&EwCxOy8z({8] -���� G 0 ) A�&Uu�v��4&��:��; 23� , L
}�r@n�R |�'6%�&Z<:%���� - ]J� XJ� � < .
]J�����4� -�� �(<4% . ��� , =�>�? &�]J����� 

L &��JK�� � (5) � (6) &� W ��?�!�" �<�
�
�$# = % .

) � ^ , M AON/P $ R0| [0, T ] �U; 2!� , tj = j

N
T

��2$� pn(tj)
- 9F&<��1$�%!�"�<4% .

p1(tj) = p
j
1 =

A1

2
e−νtj ,

pn(tj) ≈ pj
n =

An

2
e−nανtj +

1

N

j
∑

m=0

enαν(tj−tm)
n−1
∑

k=1

ipm
k pm

n−k.

9:� , ;E�$&�T�I�KC=�>C?4&UL�}�%
&J<�%�A 'J1 A -'& A = %��8
 ,
� t��
'E&[%

&��Y����(*)�G�� , <����E& n ��; 2 � , pn(t
∗) > 1 #E% t∗

-,+0) D�%��E�!��<�% .
�!G 1!&�; , ��&Y�41!# t∗ �
;"2!� , ||ω(x, t∗)||L2 
2&�g�<:%6A N 'Y�Z% . )�/ ,-�. X�#��Z'F� P4-�� � - <�% . / 1 
 α = 1, T = 0.25, An = 4eδ1n, ν = 0.25 �
;�<:% , L pn(t)

- # = , + P N } 1
-�0:A %�R�s - , 132�x54��U; 2!� �76 �98

2 $ ;�:
;���< . 1�{8]=:!q � � } 1 > 0�A <|R2s@
 , 2Ex?4 }�qQ�A@CB7<C��D P
�FEG! X�����<���n�H ��! IJ@ . ��:���n�HK> t∗ �ML3<4�ONY
:��:QP2s�;�&
g*L
< � ]�H XE�SR�TU; �G< . ��:
���@
�N�} - .AV � Proposition 2 �Y� ^XWAY[Z\ ��] ^ , +:��A^Z_# = Z \ $ %4&3P6s�}�/*:*`���a � \ �7b3<�} , �F:��C�YA
Z(��:
��n�H t∗ }6%
&UP�sc>,!�"ed!� b�<��Z� }
i AU< .

4.1 A1 > 0 fhg A2 < 0 IQPSR

E�i:�uEv w�x y/z�{4]j> �3� lS; �*��BF� ��d!� A1 > 0, A2 < 0 A ) An =
0, (n ≥ 3) :U�E�=:�N9>$k�Y�< .

-�.=V �

 , A2 = −pA1, (p > 0) �lLm< . / 2 

α = 2, ν = 0.05, A1 = 2e +=d$� p = 1

4
:����=:�:�N pn(t), (n = 1, · · · , 10) :�?n >
P�s T = 0.55 �
; � d���bU< . bh@ ) AU:�{4] 

uEv3P�s �
]7b����=:$H

>��S<�} , ��<$P2s9>,o ��~��7:U{8]�}$
"�'B\^ , l�pY
Sq�r:� ���*L3< . ��:S1
{�]�} 1 > 0 YU<FP6sc>$2ZxJ4 n = 1 A^Z 500 �F; , ��6 �[8 d $ :�}7/ 3 ;��
< . �S:G/��*�@^ , 2Jxs4 }�q �A@CB7<C��D \ � , +�:��UtuBGP2s@
���<���n�H:�
! IJ@U�Z� }�i AU< . d $ }<�U� , ��<:r�nGP2sU;�L8�E�7:U{
]�} 1 > 0 Y , Nm:
L2 d�e*f 
�&
g�Lm< .v � , wA:�x9y zCx3{$

>9|��id$� , α :�Hi}�~*>��=Y�� , 1m2Zx54 ���ULm<
w�x yQz({4]Y} 1 > 0 YU<FP6s[>F/ 4 � �76 �98 LA< .

� Z�� ,
v � p = 2 ��d

� , α >,�3YC�0>�?m:$�G�9>Ud $ 2�3\;�/ 5 � � L . ��� �6; , 2Exs4 }6qQ�A@MB
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Figure 1: 1 wCx yQz 2�x54 n = 1, · · · , 300 ���*L=< , N pn } 1 > 0 YU<FP*|�:��6��=8 . 2Exs4 }�q �A@CB7<�� ) \ � , ��:QP�s@
���<��
n�H:��EQ!�L3< . � :
+��@

�43*A Z # = $ %�&UP�|Q;Z�\^ , �$:GP0|�:8� n�H ��� = �$!=b$H�;��7<
�Z�vA^Z , ��:[] H����4��;
NA:�%�&UP�si:SR T�}�; �G<��Z��>���:��@
 � d$�
b�< .
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Figure 2: 1U2Zxs4 n = 1, · · · , 10 �S�*Lm< , ]�H�N pj
n(j = 0, · · · , 5500). uJv����


 A1 = 2e, A2 = −A1

4
+=d$� ν = 0.05 ;Z�*< . ���UP�s T 
 0.55 ;��7< .

<C� ) \ � , +�:!q � � } 1 > 0 Y7<$P[s@
�� <���nQP2s:��EG!*L3<Q:$; , b�� \
:���� ;MNY
!rYnGP |
;�%
&7L3<Z��� }�i4A3< . � $ , ��: � ) :���� AjZ , 
"�
�=:
{�]=:�����H=:�q��:�<;�A�A
ieZ/�QNY
�%4&*Lm<��Z���
i A3< .

4.2 	�
���
 O An = 2e (−1)n+1

n
p , (p ≥ 2) IQPSR

v � , ������]������hdSB��^Z 0 �S!7I @��mt�B���� , L�B�� � An = 2e (−1)n+1

np

B7<!���m:�Nm:#" n >%$�&m< . ' 6, ' 7 ] ��(�' 8 )�* \,+$\ p = 2, 3, 4 :QP�: ,
1�2�-s4.���jd0/ , *�:2143�5%� 1 >06UY*<�P�79> α >$b98$b98,�3Y:/�;�<ed , *\ =�>�?A@CB d#DFE�GIH9J9K . b�L \ G����ME , *�G�PN7 )�JOK:P�Q�PR7S��T�U
L�K�G�H , NF)#VFQ�P�W�H�X�Y9Z�K\[O]^�N_ T,H`3�K .

5 a bdc
e v�f

Navier-Stokes ��g:hFG�i v�fOj�k:l ]�m�/ , i�n�o45%p9DrqIs�t =^u,v,wxzy�{ g�h =R|�} D . ����~FG,��-M���:���A���\/����`G#��� , �!�9���O���FG�F�
α ����m!/CE , �O����5���q�sO��� =r�4� /���p,� , *�GR�FG���1�~\�:VFQ� W�H:X�Y\Z�K\[9] =r��  �2¡�m#D . ¢�D , *�G�£FGR¤���~S�#�¥m!/4E��\�:X�YZ�K,[O] = ��~�¦��#§ D . [�GA[9]^¨ª© , ��«I¬�t ωH(ω) )I­I¨O�OK%®�¯ =0u4�/4m!/CE , *�G�°�± =0²F} K,[9]^��HF3R��­I³�­`E�G�H9JOK,[,]^�I��¨AK .
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Figure 3: � j -�� n = 1, · · · , 500 �0��Z\K , ��~I��� 1
= 6 } K � 7 t(n) G >I?�@B

. ¤�� k -���) A1 = 2e, A2 = −A1

4
, ν = 0.05 *Fmr/ α = 2 H9JOK . [�G � 7)�TIUS¦�� 0.55 �IU`�rU�� � . [�G � 7A�N��~F¦��#_��452p�KrX�Y � 7,H9JOK .
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Figure 5: � j -	� n = 1, · · · , 500 �R�,Z K , �O~��A� 1
= 6 } K � 7 t(n) G >?�@CB

. ¤�� k -���) A1 = 2e, A2 = −2A1 *Fm%/ ν = 0.05 H9JOK . ®�¯�tSG ��
α = −1, −0.5, 0, 0.5, 1, 1.5, 2, 2.5, 3 �#� m!/ >�?�@CB m!/O­,K .
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Figure 6: � j -	� n = 1, · · · , 500 �R�,Z K , �O~��A� 1
= 6 } K � 7 t(n) G >?�@CB

. ¤�� k - �:) An = 2e (−1)n+1

n2 , ν = 0.01 H\J9K . ®�¯�tSG � � α = −1,
−0.5, 0, 0.5, 1, 1.5, 2, 2.5, 3 �#� m!/ >�?�@CB m!/�­\K .
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Figure 7: � j -	� n = 1, · · · , 500 �R�,Z K , �O~��A� 1
= 6 } K � 7 t(n) G >?�@CB

. ¤�� k - �:) An = 2e (−1)n+1

n3 , ν = 0.01 H\J9K . ®�¯�tSG � � α = −1,
−0.5, 0, 0.5, 1, 1.5, 2, 2.5, 3 �#� m!/ >�?�@CB m!/�­\K .
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Figure 8: � j -	� n = 1, · · · , 500 �R�,Z K , �O~��A� 1
= 6 } K � 7 t(n) G >?�@CB

. ¤�� k - �:) An = 2e (−1)n+1

n4 , ν = 0.01 H\J9K . ®�¯�tSG � � α = −1,
−0.5, 0, 0.5, 1, 1.5, 2, 2.5, 3 �#� m!/ >�?�@CB m!/�­\K .

13



e �9f
Navier-Stokes

{ g�h G#��� ) , JOK%1�3N��®�¯�tS�2�¥m!/9)��F)�X�Ymr��­F[�]�����¨ � /�­9K�G�H , Constantine ©!Gr��«�¬It �2��ZAK����9¨�©����D�[�G { g�h ) N-S ]r)
	F�9K%s�� =!uAv . *�G�
��:H ,
{ g�h`�����2®�¯�t =

��� m2D ���IG { gIh,HO) , �   � jIk:l )���©�pO�I­ .
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