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Weakly nonlinear waves generated by vibration

of a spherical body

Takeru Yano and Yoshinori Inoue

Department of Engineering Science, Faculty of Engineering, Hokkaido University, Sapporo 060, Japan

(Received 10 October 1990; accepted for publication 12 September 1991)

The nonlinear propagation of directional spherical waves generated in an unbounded inviscid
ideal gas by vibratory motions with small but finite amplitude and moderate frequency of a
spherical body is considered. Starting with a regular perturbation expansion for a velocity
potential in the near field, a higher-order problem is investigated in the far field up to the shock
formation distance. It is thereby shown that, in the far field concerned, a well-known simple
far-field equation remains valid for the radial velocity «* including higher-order corrections up
to O(e¥/r) (N < — 1/€In €), where r is a nondimensional radial coordinate and e( < 1) is the
expansion parameter of the expansion. A boundary condition appropriate to the equation,
which ensures the matching of a far-field solution with a near-field solution, can be determined
from the near-field solution obtained by the regular perturbation procedure. As an application
of the theory, the third-order problem is solved for weakly nonlinear acoustic waves radiated
by a pulsating sphere. It is further shown that, for weakly nonlinear cylindrical waves with
moderate frequency, a similar far-field equation becomes invalid at the third approximation in

the far field up to the shock formation distance.

PACS numbers: 43.25.Cb

INTRODUCTION

We shall consider the weakly nonlinear propagation of
directional spherical waves radiated by vibratory motions of
a spherical body in an inviscid ideal gas. By directional
spherical waves, we mean spherically diverging waves whose
amplitude can vary with angles at a distance » * from the
center of the mean surface of the body (the mean surface is
supposed to be a sphere of radius R). We shall treat the case
of e=a/R <1 and w=Rw*/c = O(1), where € is a normal-
ized amplitude and w is a normalized frequency (a: the max-
imum amplitude of vibrations of the body; ©*: a typical an-
gular frequency of the vibration; ¢: the speed of sound in an
undisturbed gas).! The radiated sound field is then com-
posed of the near and far field (see Fig. 1). In this case, an
approximate solution valid in the near field, i.e., a near-field
solution, can, in principle, be obtained up to any order of e by
a regular perturbation expansion in powers of ¢ for a velocity
potential in the near field. Starting with the regular perturba-
tion expansion, we shall investigate a higher-order problem
up to O(€"/r) in the far field up to the shock formation
distance (N a positive integer; r=r */R: a normalized dis-
tance).

The nonlinear propagation in the far field in the case of
€<1and w = O(1) has been well examined up to O(e/r):*¢
To the propagation of directional spherical waves, Kelly and
Nayfeh®* applied the method of renormalization, which
had already been used for cylindrical waves by Ginsberg.’
The problem of directional spherical waves is reconsidered
in the approximation up to O(e"/r) (N>2), in the present
paper. Inoue and co-workers** studied problems of a uni-
formly pulsating sphere*® and that of an oscillating rigid
sphere,® using a method of strained coordinates to obtain an
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explicit expression of an exact solution of a well-known sim-
ple far-field equation:®°

ow Jw
—W—=

—_— 0, 1

dz dp =
_r*# _y+1Re* r*
R ¢’ 2 c R’

g=ow*[t*—(r*—R)/c], (2)

where ©* is the radial component of the fluid velocity, ¥ is
the ratio of specific heats, and ¢ * is the time. In the approxi-
mation up to O(€%/r) in the far field, however, very few
problems have been solved.*'® We remark that the directiv-
ity can cause significant phenomena in the problem con-
cerned: The acoustic streaming can be induced in the near
field,>'° and in the far field the shock formation distance
depends upon the polar angle § and the azimuthal angle
P.235010

In this paper, we emphasize that Eq. (1) can be derived
even in the framework of the higher-order problem: Strictly
speaking, Eq. (1) remains valid in the far field for ¥ includ-
ing corrections up to O(e”/r) (N< — 1/eln €). In the far
field the other components of the velocity, ¥ and u}, be-
come very small compared with «* so that the leading equa-
tion governing the nonlinear wave motion concerned could
be reduced to a spatially one-dimensional component, i.e.,
Eq. (1). We shall also prescribe a boundary condition, in
each order, appropriate to Eq. (1). This boundary condition
ensures the matching of a far-field solution up to O(e" /r)
with a near-field solution up to O(e"). Solving Eq. (1) under
the appropriate boundary condition yields a far-field solu-
tion for u* accurate up to O(€” /r). The velocity potential
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{a)
vibrating spherical body

farfield

(b) vibrating spherical body

FIG. 1. The structures of the sound field radiated by a vibrating spherical
bady.' (a) The present case; €€ 1 and @ = O(1). The acoustic field is com-
posed of the near and far field. The near field is a region of which the dis-
tances from a sound source are comparable with a typical wavelength. (b)
The high-frequency case; € &1 and @ 1. A typical wavelength is very
small compared with the mean radius of the vibrating body. The overall
acoustic field may be regarded as the far field.

valid in the far field can be given by integrating the far-field
solution for u* with respect to r *.>'® By differentiating the
velocity potential, one can also evaluate the far-field solu-
tions for u¥, u%, and the pressure.>'® This paper will there-
fore establish a systematical method to solve the higher-or-
der problem concerned.

Naugol’'nykh et al.® and Blackstock® studied the propa-
gation of uniform spherical waves and derived Eq. (1) in the
leading approximation, neglecting cubic terms in a basic
equation for a velocity potential ®* and simplifying the re-
sulting equation by use of the linear relation
¢ d®*/9r * ~ — JP*/Jt * in quadratic terms. The problems
treated in Refs. 8 and 9 however pertain to a case different
from the present one, i.e., the case of € <& 1and > 1 (high-
frequency case). In this case, the near field substantially dis-
appears (see Fig. 1), and hence the wave propagation can, in
the leading approximation, be examined by solving Eq. (1)
under the boundary condition at the mean surface of the
vibrating body, without considering the near field explicitly,
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as in Refs. 8 and 9. It may be noted that Lockwood et al.!!
used the method in Ref. 9 for directional spherical waves and
again derived Eq. (1) [they applied Eq. (1) to the far-field
radiation of a circular piston].

Our derivation method of Eq. (1) is an extension of that
by Marsh ez al.'> and by Inoue ez al.* to the higher-order
problem for directional spherical waves. In the first approxi-
mation, both Marsh e al. and Inoue et al.* derived Eq. (1)
from Heaps’ series solution'? with a formula that can recur-
sively determine the coefficient in the series, i.e.,

p=L3 (6y+llnr)"_an(rp>, (3)
r S 4
with
Fg)=—— 'S F (o)F, ()
n—1ad .=,
(n>2), F, (@) =fig), 4)

where p is a nondimensional pressure disturbance and yef
denotes the normalized pressure fluctuation at the surface of
a sphere » = 1. Heaps has constructed the series expression
(3) with (4) by collecting secular terms multiplied by
€" (In )"~ '/r in a regular perturbation expansion in ¢ for
uniform spherical waves in the high-frequency case. His so-
lution is accurate up to O(e/r) in the far field, i.e., the first-
order far-field solution. The second-order version of formula
(4) has been given by Inoue et al.* who have retained the
secular terms multiplied by €” (In r)" = 2/r.

In Sec. I we shall formulate the problem mathematical-
ly. In Sec. 11, the regular perturbation expansion in € is ap-
plied to a velocity potential in the near field. We shall extend
the Heaps’ result, Eq. (3) with Eq. (4), up to O(&" /r) for
directional spherical waves, by keeping all terms multiplied
by €" (Inr)"~"/r (n>m>1) but neglecting terms multi-
plied by 1/r" (n>2). As a result, in the far field concerned,
w is expressed in the form of an asymptotic expansion in ¢,
and formulas by Heaps and by Inoue et a/.* are extended. A
limitation on N is examined in this section. In Sec. 111, we
shall derive Eq. (1) from the formula obtained in Sec. II and
prescribe a boundary condition appropriate to Eq. (1). In
Sec. IV, we shall apply the present result to the third-order
problem for uniform spherical waves radiated by a pulsating
sphere (see also Ref. 4). An application for directional
sphericai waves can be found in Ref. 10. Section V is devoted
to a brief discussion of a far-field equation for cylindrical
waves. We shall demonstrate that the far-field equation,®!*
which has the same form as Eq. (1) with the different defini-
tions for wand z, becomes invalid at the third approximation
in the far field up to the distance of shock formation.

I. FORMULATION OF THE PROBLEM

We shall consider the propagation of weakly nonlinear
acoustic waves produced in an unbounded inviscid ideal gas
by vibratory motions of a spherical body. The mean surface
of the body is supposed as being a sphere of radius R centered
at the origin in the spherical coordinates (r *,6,1), where r *
is the distance from the origin, 8 is the polar angle, and ¢ is
the azimuthal angle. It is assumed that the wave motion con-
cerned can be described in terms of a velocity potential
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d*(r*,0,1,t*), where t * is the time. The following dimen-
sionless quantities are introduced:
* * %
¢=.¢_.’ t:-t—c, r=-r—’ (5)
cR R R

where ¢ denotes the speed of sound in an undisturbed gas.
The nondimensional velocity components are given by

adp 1 3o 1 JP

U, =—, Ug=——, Uy=—"—o.
" rsin@ gy

(6)

oo’ r 8o’
The momentum equations, the equation of mass conti-
nuity, and the isentropic relation are combined to yield the
equation governing the nondimensional velocity potential
P
ad

NAD —

d
00 = — (V®)?
81‘( )+ (r— Ey

y—1 2, 1
L ____AP(VD)2 + —
+ 5 (Vo) >

VoV (VD)2 €))
where y is the ratio of specific heats, V is the nondimensional
spatial gradient, A is the Laplacian, and (1 is the D’ Alember-
tian operator defined as'’
2
—a-2
ar?

Ei[i(,zi)+ 1 i(singi)
rilor ar sin 8 49 a0

1 41 3%
sin” awz R
The boundary condition on the surface of the body is

0 _3s 10 3
ar 9 r?39 30

1 532 g5 at r=s(d.45€). (9)

r’sin’8 ¢ I
Here, the instantaneous surface of the spherical body is sup-
posed to be prescribed by the relation r = s(6,1,t;€), where
€=a/R is a normalized amplitude of the body’s vibratory
motion (a is the maximum amplitude of the motion). Note
that € equals the maximum value of |s(8,1,5;¢) — 1|. What
follows is concerned with the wave phenomena character-
1zed by the condition

e=a/R «1 and w=Rw*/c = 0(1), (10)

where w* signifies a typical angular frequency of the sound
source and w is a normalized angular frequency. The condi-
tion (10) means that a typical wavelength of the radiated
sound, 27¢/w*, is comparable to the mean radius R and that
an acoustic Mach number M=aw*/c = ew is sufficiently
small. The present analysis requires no further constraint for
motions of the body. The radiation condition should be im-
posed on the velocity potential at infinity.

(8)

Il. APPROXIMATE SOLUTION BY A REGULAR
PERTURBATION EXPANSION

We shall try to determine the solution of the problem by
a regular perturbation expansion in powers of €:
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OrogN = 3 €D, (roho). (11)
n=1
It then follows from Eqgs. (6) and (11) that
u,(r,0,¢,t) = ) (12)

n=1
Substituting expansion (11) into Eq. (7) and equating coef-
ficients of like powers of € gives a successive set of equations:

O(e): OP, =0, (13a)
o(e): Od, =< ['“1( )2+(a¢l)z
ar
1 9Py
(r aa) (rsinB a¢)]’
(13b)
a s {y—1 09, 30, ,
O(e"): L, _asz,( 2 ot 3t
b, 3, _, 1 o0, 90, _,
Yo o a0
+ ! 3, a(D"“'")+CQT.
r?sin’@ dy 13/
(13n)

where CQT on the right-hand side of Eq. (13n) signifies
terms proportional to, at least, 1/r 3, since ®,, has a geomet-
rical decaying factor 1/r. CQT can therefore be ignored in
seeking an asymptotic solution at large r. The function
5(8,1,t;¢€), which prescribes the instantaneous surface of the
body, may, in general, be expanded in the form

OBt =1+ 3 €5, (0,0

n=1

(14)

Substituting expansions (11) and (14) into the boundary
condition (9) and equating coefficients of like powers of ¢
gives the boundary conditions

P, ds,
o) iy 15
(E) 51‘ r=1 at ( a)
o) 88| % il I I,
ar |, o ot |,_, " 90 a8
3s, oD
+— L (15b)
sin’ @ dyY Iy

and so forth.

The system (13) can, in principle, be solved successively
in conjunction with the boundary conditions (15). How-
ever, since our purpose is to investigate the acoustic behavior
in the far field, all that is required are the asymptotic forms of
the ®,’s as r— o. As is readily verified, ®, satisfying the
radiation condition has the asymptotic form

O, = (I/Nf"(@,0) +O(1/r?) as r-w. (16)

The functional form of £{" (¢,0,1) may immediately be de-
termined provided that the function s, is explicitly given.
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According to Refs. 13 and 4, we assume that at large dis-
tances from the body,

m =L i (ﬁ.:_l.ln r)m_liff"k)(¢’0,¢r) (m=2’3’.__)’

¥ k=1
(17)
where the functions £ of O(1) are at present undeter-
mined. Without loss of generality, one can let £’ =0 for

m < k. Substituting Eq. (17) into both sides of Eq. (13n)
and equating the coefficients of like powers of In r yields

P

= 1 n—1 k p A .
- z FOOFk+1~)
n mj n—m J
n—k&tm:1j=1

(n=k+ Lk+2,.5k=12,.), (18)

where F ¥ (@,6,8) = — df ¥ /3t. Once the F {¥’s are expli-
citly found for all £ up to N (N: a positive integer), one can
recursively determine the F {©’s, for any » but for all X up to
N, by using formula (18) and the F {*’s. A limitation on N
will be examined later. It should be emphasized, however,
that to obtain the explicit form of the function F{®, the
boundary value problem for @, needs to be solved exactly.
Heaps’ formula (4) is the simplest version of formula (18),
i.e., that in the case of k = 1, which implies the first approxi-
mation at large r. Inoue er al* have recently extended
Heaps’ formula (4) to the case of k = 2 corresponding to the
second approximation at large r. Formula (18) is an exten-
sion of them to higher-order problems for directional spheri-
cal waves.

Consequently, an asymptotic form at large r of the N th-
order near-field solution for u, can be expressed, from Eqs.
(12) and (17), as

N N n—k
ru, = ";1 e kgl (_}’1— 1 In r) F,

(19)

where one may recall that F ¥ =0 for n < k. However, at
very large r such that € In »~ 1, where a shock wave can be
formed,* the contribution of the secular terms neglected in
Eq. (19), namely, €" (In #)" ~*(n > N), becomes compara-
ble to that of €” (In r)" ~ *(n<N). A representation appro-
priate for such a region may therefore be

) .\ N ¥ + 1 )nf k 0
= ey ( . Inr FP.

ru, =
n=1 k=1

(20)

We here note that all the F {*’s appearing in Eq. (20) can
recursively be determined by means of formula (18) if only
the F {¥’s are known up to k = N.

Introducing a new coordinate Z defined as

Z=ez/2w=€[(y + 1)/4] Inr, (21)

and interchanging the order of sums in Eq. (20) leads to

N
w(Zpbp)=ru, = 3 €w (Zp,0,),

(22)
k=1 .
where the function w, is defined as
w (Z@ =S Z P (p04) (k= 12,.N).
n=1
(23)

Equation (22) may be an asymptotic expansion for r«, in the
far field. In particular, the first term in the expansion (22),

72 J. Acoust. Soc. Am., Vol. 91, No. 1, January 1992

i.e., ew,, can be transformed into the Fubini solution if the
body’s vibratory motion is sinusoidal in time in O(€)."** An
expression given by Heaps for the first-order far-field pres-
sure, Eq. (3), is the counterpart of yew, /r.

At this point we should remark that an inequality

¥ /r> e/r? 24)

should hold in the far field up to the distance of shock forma-
tion since the contribution of the terms multiplied by
1/r"(n>2) to u, is neglected throughout the analysis in this
section. The inequality (24) may be satisfied for moderately
large NV less than — 1/€ In €in the region, because the shock
formation distance r, ~exp(1/€).*

Making use of Heaps’ formula (4), Marsh et al.!2 and
Inoue et al.* have derived Eq. (1) as an equation which
governs €w,. In the next section, by developing their ap-
proach, we shall derive Eq. (1) from formula (18) as an
equation that governs w given by Eq. (22). It may be noted
that, if F (¥’ is an analytic function of @, the right-hand side
of Eq. (23) is a convergent series (Appendix D).

11l. DERIVATION OF A FAR-FIELD EQUATION

The process of derivation of the far-field equation (1)
can be divided into two steps. First, we will determine equa-
tions for the w,’s defined by Eq. (23). Multiplying formula
(18) by Z "~ * gives

1 ad "= 1 & ) i

Zn_kF,(tk)= Zn-—k_ z EFS';J)F;k_+ml—])

n—k It = j=1

(n=k+1Lk+2,:k=12..). (25

It cthen follows that

© a zZ ® n—1 &k

Zn—kF’(lk)z_ zzn-k—l
- Ot Jo »=Th1 42 /&4
XFPFEH =247z

(k=12,.). (26)

Adding F{¥ to both sides of Eq. (26) and recalling that
F ¥ =0 for n < k, one can obtain

i Zn—kF(k)zii_ Ta oS! izn—k—lF(j)
n=1 ! 2 (9¢7 0 n=2m=1j=1
)(F(k:rl_j)dz—l»-F,(f)
(k=1.2,.), (27)

where the relations ¢ = w(¢t —r + 1) and Z = €z/2w have
been used. Substituting Eq. (23) into Eq. (27) yields the
equations governing the w,’s:

(k=1.2,.)
(28)

(see Refs. 4and 12). In particular, for k = 1, it may immedi-
ately be recognized from Eq. (28) that ew, is the solution of
Eq. (1) satisfying the boundary condition

é-UJ] (0’¢107¢’) - 6F§”(¢)161¢) (29)

Next we will construct an equation that governs w given
by Eq. (22). From Eq. (28) one can readily get

— (k)
we=——1| > ww,,,_;dz+F;

at z=0.
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N 1 a 4 N x 2
Py (2, )

N
- > é*quwq]dz+ Z I

N+2<p+g k=1
2<pg<N
(30)
Equation (30) can then be rewritten into
>4 N
w=td [([W+oE Dz + 3 &FP. (D)
2 3p Jo K=

Differentiating Eq. (31) with respect to z, one can obtain the
far-field equation accompanied with permissible error
terms:

W _ I 4 o+ =,

9z dp
That is, the nonlinear propagation of spherical acoustic
waves in the far field is, in the N th-order problem, described

by Eq. (1) and the boundary condition

(32)

N
w0,p.04) = ¥ €FF(p,0,9) atz=0.
k=1

The right-hand side of Eq. (33) denotes the value at z= 0 of
the right-hand side of Eq. (19), namely, the asymptotic form
at large r of the N th-order near-field solution for #,. The
N th-order far-field solution for u, is immediately given from
w which is the solution of Eq. (1) satisfying the boundary
condition (33). It is evident that this N th-order far-field so-
lution matches with the near-field solution up to O(e"),
which can, in principle, be constructed by the regular pertur-
bation procedure in Sec. II. The far-field solutions for the
other components of the velocity, 4, and 4, and also for the
pressure can readily be calculated from u, (see Refs. 5 and
10). Note that Appendix D gives a mathematical justifica-
tion for the present method of derivation of the far-field
equation.

(33)

(V. APPLICATION: HARMONICALLY PULSATING
SPHERE

A. The third-order solution

As an application, we shall examine the propagation of
weakly nonlinear acoustic waves emitted from a sphere
which pulsates harmonically with amplitude a and frequen-
cy @*. The problem is one of fundamental importance in
nonlinear acoustics and therefore not only the first- but the
second-order solution has already been obtained and has
been analyzed in detail.* Accordingly, we here concentrate
on the third-order problem. Another application can be
found in Ref. 10, where the second-order problem is solved
for the nonlinear propagation of directional spherical waves
radiated by an oscillating rigid sphere.

The function s(#;e) which prescribes the instantaneous
radius of a harmonically pulsating sphere has, e.g., the form*

(34)

where the condition (10) in Sec. I should be satisfied. The
boundary value problem for &, can be formulated as fol-
lows:

s= 14 €cos wt,
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3 a, a, a, .
43,7
0P, =40 [(2r 508 + ro* + rio’ + rza)z) sin 3¢

S5y +33 a, as a4 )

1
+(_ 7.7 5 5 4 4 3 3 2 2
2r'w 8r w rw r'w riw

><c0§3¢7+( 3 + & -+ % + % )sin
‘ 2r°w®  rleot r'o® rlo? v

3 Yy—3 , 4o ay, a )

+| — - +
( 2r'’e’  8riw®  r'eo* r'e’® rio’?
XCOS(p]; (35)

aP,
dar

i =A°[b, sin(3wt + 38) + b, cos(3wr + 36)
r=1

+ b, sin(wt + 6) + by cos(wt +8)], (36)

where A=w/\J1 + ©* and S=arctan(1/w); the a,’s
(1<i<12) are functions of r and the b,’s are constants depen-
dent upon y and w, whose explicit forms are presented in
Appendix B. Note that, in this section, the definition of a
phase function g is*

p=o(t—r+1)+46. (37)
The exact solution for ¢, can be obtained as

3 4] 5 .

b =A3a)5[( + +—) sin 3

’ 40r* rw? ro ¢
1 Cy Cy Cs )
— + + +—cos3
+ ( 40r3w° r’o® rw* ro 4

+( 3 4% +C_1)simp
40"4&)4 ’.2(02 rw

3 Cg Cy Cm) ]
- + +—Jcosg|,
+ ( 40r 3w? + r’ev® rw? ro ¢
(38)

where the ¢;'s (1<i<10) are functions of r defined in Appen-
dix C. @, consists of the fundamental and third harmonics.
We here remark that ¢, has not only the second harmonics
but a term independent of the time ¢, which implies the exis-
tence of a steady volume inflow.* The explicit forms of @,
and P, are presented in Appendix A (see Ref. 4 for details).

Now the functions F{", F$», and F {*’ can explicitly be
written, from Eqs. (38), (A1), and (A2) in Appendix A, as

F{("= —Adwsing, F® =A4%’Bsin(2p + a),

(39)
FP = —4%°[C,sin(3p + B,) + C, sin(p + £) ],
where B, C,, C,, a, 3,, and 3, are constants dependent upon
y and o, which are also defined in Appendix C. From Egs.

(33) and (39), the boundary condition for the third-order
far-field problem becomes

w= — €Aw sin ¢ + (€Aw)*Bsin(2p + a)

— (€4w)’[C, sin(3p + B,) + C, sin(p + B,) ]
(40)
The solution of Eq. (1) satisfying the boundary condition

at z=0.
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(40) can then be obtained, in implicit form, as

w=ru, = — Ao sin P + (eAw)*Bsin(2p + )

— (eAw)'[C, sin(3p +B,) + C, sin@ +8,)],
(41)

We here have used the fact that @ + zw = @ is a characteris-
tic curve of Eq. (1). Solving the equation § = @ + zw ()
with the help of the functional form of w(@), we have @ asa
function of ¢ and z, and hence we can determine w as a
function of @ and z. In Ref. 4, the far-field solution to the
second approximation has been constructed by the method
of renormalization; the result is, up to O(€*/r), equivalent to
Eq. (41).

In Fig. 2, a wave profile of the third-order solution is
depicted and compared with those of the first- and the sec-
ond-order solutions. Clearly, the third-order correction on
the waveform distortion is very small.

asq)—}-zw.

B. Shock formation distance
Beyond the point where
du,

ar

the radial velocity given by Eq. (41) becomes multiple val-
ued. Clearly, the determination of the nearest location for a
shock front amounts to finding the lowest value z, and the
corresponding value of a phase function ¢, satisfying

w _
I

= — w0,

(42)

. (43)

From Eqgs. (41) and (43), z, can be determined as
2, ={ — €dw cos P, + 2(edw)?B cos(2P, + a)
— (e4w)*[3C; cos(39; + B,)

+ C, cos(@, +B,) ]} " (44)

WAVE PROFILE
w/eAw
[s]

FIG. 2. Wave profiles at the distance of shock formation z, in the case of
€=0.035, 0 =2.5, and y = 1.4; z, = 11.2 in this case. The solid curve de-
notes the third-order solution, Eq. (41). The broken and dash-dotted
curves are the second- and the first-order solution, respectively.
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Here, @, should be determined as the value of & that makes
dw(p)/dp maximum. The distance of shock formation 7,
can thus be given by

r. =exp[2z,/(y + Nw], (45)

where the relation z = [ (y + 1)/2]® In 7 has been used.

Figure 3 shows the shock formation distance for varying
€. It appears from Fig. 3(a) and (b) that, for very small
€<0.01, the first-order solution has a tendency to give
smaller values for the distance of shock formation than the
higher-order ones.

V. COMMENT ON CYLINDRICAL WAVES

In this section, the present theory is applied to cylindri-
cal waves radiated by an infinite circular cylinder that vi-
brates uniformly in the axial direction. The problem of the
propagation of cylindrical waves concerned can be formulat-
ed in the same manner as in Sec. . We here again confine
ourselves to the case of €e<1 and @ = O(1) [the condition
(10) ]. The method of analysis employed in Secs. 11 and 111 is
available, accordingly. Consequently, a far-field equation of

SHOCK FORMATION DISTANCE

[
L
™

1.1 —— 7 ——

SHOCK FORMATION DISTANCE

g
0

FIG. 3. The normalized shock formation distance z,,, /z,, is deﬁicted, where
z,y denotes the shock formation distance in the Nth-order solution
(N =1,2,3) [see Eq. (44) and also Ref. 4]. The solid curve and the broken
curve denote 2z, /z,, and z,,/z, respectively. The dash-dotted line shows
2,/2y =1 (a) w=0.8,y=14 (b) 0w =25, y= 14.
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the same form as Eq. (1) is obtained, which is identical to the
equation previously derived in the case of high frequency
(e <X | and > 1) by Naugol’'nykh et al.'* (in the inviscid
limit) and by Blackstock.® We will, however, demonstrate
that the far-field equation becomes invalid at the third ap-
proximation in the far field up to the shock formation dis-
tance. It should be noted that Ginsberg’ has constructed the
first-order far-field solution by the method of renormaliza-
tion; the solutions for u, and for the pressure p can consis-
tently be included within the following analysis. '

For cylindrical waves, the asymptotic form of ®, that
satisfies the radiation condition has the form’

Q, = (I (@,0) + O(1/Ir) as r—w, (46)

where @ is the polar angle. Accordingly, instead of Eq. (17),
we assume that at large distances from the cylinder,

—k
m=—2 L ] I

r K=1
(m=23,.). (47)

Calculations similar to those in Sec. II give a recursion for-
mula of the same form as formula (18). An asymptotic ex-
pansion for the far-field solution, which is the counterpart of
Eq. (22) with Eq. (23), can be expressed as

(48)

N
w=Ar Z “w,,
with

W (ZpO) =3 Z" P (p8) (k=12..N), (49)

n=1

where F{P= —
as

df ¥ /3, and Z is, in this problem, defined

Z=ez/20=€[(v + 1)/21(Jr — 1). (50)

That is, we have kept all the secular terms in proportion to
€(Wr— 1"~ k/ﬁ(n > k> 1) but have neglected the terms
multiplied by 1/ \/r_"(n>2). Now, the process of derivation
of a far-field equation in Sec. III can be applied in entirety,
and hence one can derive the same equation as Eq. (32) with
the different definitions for w and z (cf. Refs. 9 and 14) and
obtain the same boundary condition as Eq. (33).

However, even at the shock formation distance r,, the
contribution of the neglected terms of O(e/r \/_ ) and
O(e/r,) to u, is comparable to that of the terms of
O(€'/\Jr,), since r, ~ 1/€ for cylindrical waves concerned.”
Therefore, an integer N must be less than three in the right-
hand side of Eq. (48). This means that in order to examine
higher-order nonlinear effects of O(€" /y/r) (N>3) in the far
field, one requires not the simple approximate equation (1)
but the complicated exact equation (7) or other new far-
field equations.
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APPENDIX A: EXACT EXPRESSIONS FOR @, AND &,

The problem taken up as an application in Sec. IV has
already been solved by Inoue et al.* up to the second order.
We here only present the results in the near field (see Ref. 4

for details):
b, = g=w(t—r+1)+54,

where 4 = w/\/1 + @* and 6 = arctan(1/w);

— (A /r) cos @, (AD)

2
@, _A'w [(_L_Mws(z;mr) +Dl>sin2¢1
r 2r 8

(7; L @[lnr — C(4wr)] +D2) cos 2¢ + ]

(A2)

D =_1_[_L__+3a)2_+_y—_+_1

1 + 40? @? 4

Xw[Za)C(4a)) + (% — 2w )S(4a)r)“ (A3)
D =—1 [ _To _y+1

1 + 40 2 4

Xw[2w5(4w) — (% — Za)z)C(4a))” , (A4)
S(x) = si(x) cos x — ci(x) sin x,
C(x) =ci(x) cos x + si(x) sin x. (AS)

Here, si(x) and ci(x) are, as usual, the sine integral and the
cosine integral defined by

“ sin ¢ .
—f , ci(x) = -—f
x I X

APPENDIX B: EXPLICIT FORMS FOR THE FUNCTIONS
a, AND THE CONSTANTS »,

The a,’s (1<i<12) used in Eq. (35) are defined as fol-
lows:

cos ¢
—dkt.
t

si(x) = (A6)

3D
a, = 2 _ 57’+ 23 3('}’ '}' 1) [Inr— C(4ar)],
@ 4
(B1)
9D
gy =— 4+ 20 FD g4, (B2)
@ 8
L 30+0D 3y
? w 8
X[(y+ D nr— (y—3)Cl4wr)}], (B3)
3D
g, = =4 20D g, (B4)
[0}
W0y D+ | 3+ D)
T e 8 8
X[3Inr+ C(4wr)), (BS)
3 N
4y =2TEDB 3G+ D) g4, (Be)
@ 8
D
a7=72+37’4—+5+m[]nr—C(4a)r)], (BT)
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D
as :_1+__3(‘y+ D S(4wr), (B8)
®
(y+1)D
ay = ¥ ~ 2 +7+1 [(y+1)Inr
—(y—3)C(4or)], (B9)
D
g = — 2L 4+ Y5 L sanp), (B10)
@ 8
D
oD 2P s
8
+7’—j;—1[1nr+ 3C340r)], (B11)
1872 _
a; = — (r+ 1Dy + (y+ D=3 S(4or),
o 8
(B12)

where constants D, and D, are defined by Egs. (A3) and
(A4) in Appendix A, respectively.

The constants b; (1<i<4) that appear in Eq. (36) are
given by

b, = —%Jr‘“T“’—z’”r 1~ (1 — 40?)D,

+(20° —30)D, + (¥ + 1)/8

X [wC(4w) — (0 + 20*)S(4w)], (B13)
b= — 224 3 2 o (14w,

8 4e*

+ 2o’ = 30)D, — (y+ 1)/8

X [0S(4w) + (@* + 20*)C(4w) ], (B14)
b, _%—3—8&{—27’%“@34-1)2 + 2w’ + w)D,

—[(r+ 1)/8] [ (0 — 40*)C(4w)

— (3e? — 20*)S(4w) ], (B15)
by =%_%—27_5¢o ~D\ + (20’ + 0)D,

+ [(7 + 1)/8] [ (@ — 40)S(40)

+ (30 — 20%)C(40) ]. (B16)

APPENDIX C: EXPLICIT FORMS FOR THE FUNCTIONS
¢; AND THE RELATED FUNCTIONS AND CONSTANTS

The explicit forms of the ¢,’s (1<i<10) used in the exact
solution for ®,, Eq. (38), are given by

1 3D, 3(y+1)
6 =—-——+ +
! 10 2w

¢, = [(y + )/20{D, [C(6wr) —Inr] + D,S(6wr)}
+g,8(6wr) + E,/o* + [ (y + 1)2/16]
X [S(6wr) Inr+ L, (4wr) + L, (6wr)

[Inr — C(4wr)], (CI1)

= [3(y + 1)/16]1S(4wr) —- 3D, /2w, (C4)
s _%I{D [C(6wr) — In 7] — D, S(6r)}
E 2
+ 8, C(6wr) +w—i—%(y: 1 lnr)
2
+% [C(6wr) In 7+ L, (4or) — Ly (607)
—L, (2mr) cos 6wr — L, (2wr) sin bowr], (C5)
3,y y+1
= -— — 1 —
Co s + 3t 3, 24T T [Inr — C(4wr)], (C6)
¢ = —[(y+ 1)/ 20{D,[CQwr) —Inr] + D,S(2wr)}

— 8:5Qwr) + E,/0* — [(y + 1)¥/16]
X [S(2wr) Inr + L, (4wr) + L, (20r)

— L (2wr) cos 20r + L, (20r) sin 20r], (CT)

— 1/80 — 5y/24, (C8)
¢ = [(¥+ 1)/16]S(4wr) — D, /2w, (C9)
o = 7’2+ L{D,[C(20r) —Inr] — D, S(20r)}

— 2, CQRwr) +—+ (7+ ! In r)2

? 2\ 4
_—(7':61) [CQRor)Inr+ L, (4or) — Ly 2or)
— L5 (2wr) cos 20r — Lg (20r) sin 2or]. (C10)

Here, the L,’s (1<i<8) signify the following integrals

L (x) = _rs(—t’)dz, (C11)
L) = — [T S ar— L {Leiea ) + [siGo T,
(C12)
L(x) = —fw [ci(2¢) cos t — si(2¢) sin | %, (C13)
L,(x)= — on [ci(2¢) sinz + si(22) cos t ] %, (Cl14)
Li(x) = _J'w [ci(27) cos 7 + si(26) sin £ ] %, (C15)
Lo(x) = —r [5i(2¢) cos £ — ci(20) sint]%, (C16)
L,(x) = _f °i(t’) dtsinx+f5i(7’)drcosx, (C17)
Ly(x) = —J:n Ciit) dtcosx—JjoSi(Tt)dtsinx. (C18)

Constants g, and g, are defined by

1 7 17 5
Gm Lyl =

,}/2
, C19
40 8 4 40 24 T ( )

and the constants £, (1<i<4) are defined by Eqgs. (C22)-

+ L, (2wr) sin 6wr — L, (20r) cos 6or], (C2)  (C25) below. The constants B, C,,C,,a,p,,and B, appear-
¢y = 37/80 + 5y/48, (C3 ing in Eq. (39) are defined as follows:
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B=2(D} +D%})"? C, =3(E}+E}) 0",

1 2 -1 2712
H=w3[(?/—; 1) +(7_:"_D2+glw)] ,
C, = (E* + E2)Vip—2 (C20) “
2 3 _z) ’ E E={09*+ 1)[S(6w)* + C(6w)*]}"?, (C26)
1 - 1
a = arctan ,» B, =arctan , 1 2 1 21172
e (o) ()]
B, = arctan —— (C21) A={(+ 1D[SQw)?+ CQw)*1}", (C27)
) P=(p +p0)" Q=(q +¢)", (C28)
where D| and D, are defined by Eqs. (A3) and (A4), re- D, 28,0
ively, he E’s (1<i<4 i b tan), =—4 ——
spectively, and the E;’s (1<i<4) are given by 1 D, 71 DD, .
E = —sing[Psin(y + o) — 1= sin(Q, + ¥, +0a)], tan Q) D, 28,0 ( )
n = —— _—,
(C22) 7D, (y+ DD,
E, =sino[Pcos(u +0) —TNIE cos(Q, + ¥, + 0)], tan ¥ 30C(60) + S(6w)
an¥, = ,
(€23) ' T 30S(60) — Clbw) (C30)
E, = —sin 5[Qsin(v+5) + I'Asin(Q, + V¥, +5)], tan wC(2w) + SQw)
an ¥, = ,
(C24) 2T 0SQw) — C(20)
E, =sin§[Qcos(v+8) + TAcos(Q, + ¥, +8)]. P 4, 1
(C25) M = arctan —, v = arctan —, U=arctan3—,
D q1 @
Here, (C31)
i
9 lle (9‘}/ 237) 3 (13 3 ) 2
= -4+ 2 (=00 (20— 30D, + (To* — 1)D
Py 0 2 TR A Ry s ?
4 2 4
—%1 [(m2+“’7) S(4w) — (0 — 3w3)C(4a))] +% {L, (40) — 3oL, (40) + L, (60)
—3wLg (60) — cos 6w [ L, (20) + 3wL, (20)] + sin 6w [ L; (20) — 3mL4(2m)]}, (C32)
17 3 9y 439) \ (13 Ty ;/2) . (13 . ) ,
= —— St SRt — =4+ L+ L +|—w —3w|D, — (T0° —1)D
P2 4+4w2+(16 g0/ \s0 "8 T4/ T\ ¥ 2 !
4 2_4
—%1 [(w2 + “’T) Cld0) + (0 — 3w3)S(4w)] + (”—J’lé)—“’ {L, (40) + 30L, (40) — L, (60)
—3wL,(60w) —sin 6w[L, (20) + 3oL, (2w)] —cos 6w[L; (20) — 3wL4(2(u)]}, (C33)

4
q, =i+ (5_}/_2) o + (% o} +ao)D1 + (2> + 1)D, +%l (Swz —CUT) S(4w) — (@ — 30’)C(4w)

40 8 80

2 4
- W—ﬁé)—“’ (L, (40) — oL, (40) + L, 20)

— 0Ly (20) — c0s 20[ L (20) + wLs (20)] + sin 20[Ls (20) — wLs 20)]},

33 (Ty 53)2 (ﬂ_ 13y 7
( T w2 Ty

= T 8 T

4 40

(C34)

)w"+<%m3+w)D2 — (@* + 1)D,

4 2 4
+ 7; 1 (3(,,2 _“’T) Cl4w) + (& — 3w3)S(4a))] _r+ e {L, (40) + oL, (40) — L, 2w)

— wL; (20) —sin 20[ L (20) 4+ @L; (20) ] — cos 20[L; (20) — oL (20) ]}.

APPENDIX D: A MATHEMATICAL JUSTIFICATION FOR
THE DERIVATION OF A FAR-FIELD EQUATION

The aim of this appendix is to justify the method of deri-

16
(C35)

tion is actually satisfied in the problems treated in Refs. 2, 4
6,10.

The solution of Eq. (1) satisfying the boundary condi-
tion (33) can be written, in implicit form, as

vation of the far-field equation in Sec. I11 ! i il

ot eq . on the a_ssumptxon w— z EF R (@ + 20,6,0). (D1)
that F ;™ is an analytic function of ¢. Note that this assump- =
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If each F{¥ is an analytic function of @, then w can be ex-
panded in powers of z

< IN (& PR )n+1
- ; (n+1)' (_) (k;GF‘f (@,0,¢)

(D2)

(Lagrange’s theorem). Applying the multinomial theorem
to Eq. (D2) and using the relation Z = €z/2 to the result
gives

0 N4+ n(N=-1)
w=3¥2z" ¥ €W, (D)
n=20 k=1
where
2n (a)nn+1 (o)
w,,=————— — F 7. (D4)
T (n+ 1) ; ot ,-U. P

Here, the summation in p; is over all sets (p, ,p;,....p,, , , ) for
whichp, +p, +'* +p..1 =n +k and 1 €p,,p,,...,
Pny1 SN. It then follows from Weierstrass’ double series
theorem that the series

S Z'W,,
=0

converges and that w can be expressed in a power series of €
as

(k=12,.), (D5)

=3 &S ZW,,. (D6)
k=1 n=0

A justification can be attained by confirming that one

can trace back the procedure in Sec. III to formula (18) by

means of Eq. (D6). Substituting Eq. (D6) into the far-field
equation (1) yields

@ @ 2
SeS zW, -2 (z e S z'w,,)dz
k=1 n=0 € at k=1 n=g0
+ i kak,o- (D7)
=1

Since the convergence of series (D6) has been proved, term-
wise integration and rearrangement of the terms in the
square of sums are possible. After some calculation, one can
obtain

A

W, =
kn—k = kat,,,_ljz m—j

X Wk+l—j,n-m—(k+ -5
k=12, Nn=k+1k+2.) (D8)

[see formula (18) ]. On the other hand, it can readily be seen
from Eq. (D4) that

Wk,O =Fl(ck) (k= 1721---7N)- (D9)
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We here have arrived at the fact that W, _ , and F (¥ canbe
determined by the same formula and that they are equal for
n = k. We therefore conclude that

FP=W,, . (k=12 ,Nn=kk+1,.). (DI10)

A justification has thus been accomplished. Now, it is evi-
dent from Egs. (D35) and (D10) that the right-hand side of
Eq. (23) in Sec. IL is a convergent series for each k.
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