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Abstract. Phase Field Method (PFM) is hybridized with Cluster Variation Method (CVM) to 
investigate the ordering dynamics of L10-disorder transition at atomistic and microstructural scales 
simultaneously. For this, coarse graining operation is attempted on the inhomogeneous free energy 
functional of CVM. The resultant gradient energy coefficient is found out to be dependent on 
temperature and order parameters, which is in marked contrast to a conventional PFM formalism. 
Electronic structure total energy calculations for Fe-Pd system are incorporated to the hybridized 
scheme and the first principles calculation of microstructural evolution process is attempted.   
 
Introduction 
Phase Field Method(PFM)[1] has been recognized as a powerful means to investigate 
microstructural evolution process of an alloy system. The conventional PFM, however, is a 
phenomenological scheme in the sense that the choice of ordered parameters and description of the 
free energy leave ambiguities.  

Cluster Variation Method(CVM)[2] has been employed for calculating a phase diagram. The 
advantage of CVM is that the wide range of atomic correlations can be incorporated in the free 
energy functional and, therefore, the transition temperature as well as the detailed information of 
local atomic configuration are obtained with high accuracy.  
In the present study, we attempted to hybridize CVM within the local free energy density of the 

PFM. In view of the fact, however, that the conventional PFM is formulated for continuum media 
whereas CVM free energy is defined on a discrete lattice, scaling properties should be carefully 
addressed. Hence, coarse graining operation is performed on the inhomogeneous free energy 
density of CVM, which enables one to introduce atomistic interaction energies obtained by 
electronic structure calculations into PFM formalism. The purpose of the present study is to attempt 
the first principles calculation of ordering dynamics based on the new formalism of hybridized 
model. A particular focus is placed on time evolution/devolution of Anti Phase Boundary(APB) 
associated with L10-disorder transition of Fe-Pd system. 

 
Ground state analysis 
By employing FLAPW[3] within GGA[4], the total energies of a set of ordered compounds are 
calculated as a function of lattice constant, r.[5-7]  Those ordered phases are Fe3Pd and FePd3 with 
L12 structure and FePd with L10 structure in addition to Fe and Pd with fcc structure. In view of the 
fact that the ground state of Fe is not fcc but is bcc, the additional calculation is carried out for 
bcc-Fe. It is found that the magnetism plays an essential role in the ground state phase stability and 
it is, therefore, necessary to employ spin polarized calculation. 

With reference to the segregation limit which is defined as the concentration average of the total 



 
 
 
 
 
 
 
 
 
 
 
    Fig. 1 Heats of formation of six phases        Fig. 2  Effective cluster interaction energies. 
         for Fe-Pd system [5-7]                   Subscript i indicates i-point cluster. [5-7] 
     
energies of bcc-Fe and Pd, one can obtain the heats of formation ( ) )(rE m∆ where m=1-5 refer to Fe, 
Fe3Pd, FePd, Fe3Pd and Pd.  The results are shown in Fig. 1[5-7]. One can confirm that the heats 
of formation of FePd and FePd3 are negative while that of Fe3Pd is positive, indicating the correct 
tendency of the phase stability. Note that the lattice constant of bcc-Fe is smaller than those of other 
phases. Hence, the lattice constant of fcc-equivalent is calculated for bcc-Fe in order to facilitate the 
comparison. It is also noted that in view of the closeness of the calculated tetragonal distortion 
(0.97) to unity for L10 ordered phase, the tetragonality is ignored in the following calculations. 
  By operating the Cluster Expansion[8],  
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the effective cluster interaction energies, , are derived and plotted in Fig. 2[5-7], where i=0-4 
correspond to null, point, nearest neighbor(n.n.) pair, n.n. triangle and n.n. tetrahedron clusters. In 
Eq.1, is the correlation function[9] which is defined as the ensemble average of spin operator 
which takes either +1 or -1 depending upon Fe or Pd, respectively, and describes the atomic 
arrangements of cluster j involved in phase m. One sees that the pair interaction (v

iv

m
jξ

2)is far larger than 
three body(v3) and four body(v4) interaction energies, which is a characteristic feature of metallic 
alloy systems of which cohesion is mainly dominated by central forces. 
  Once the effective cluster interaction energies are derived, the internal energy of a given 
phase can be written as  
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where the set of correlation functions { }jξ  are unknown quantities and are regarded as variational 
parameters in the calculation of thermodynamic equilibrium state as will be described in the next 
section. 
   
CVM free energy and Phase Diagram 
In order to investigate the phase equilibria at finite temperatures, entropy term is formulated based 
on Cluster Variation Method. In the present study, tetrahedron approximation[10] is employed and 
the entropy formula is given by the following equation. 
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Fig. 3. L10-disorder phase diagram for Fe-Pd calculated from the first-principles. The solid(dotted) 
lines are obtained with (without) lattice vibration effects. The calculated transition 
temperatures are 1030K (with vibration) and 1080K(without vibration), respectively.[6,7] 

 
where xi, yij and wijkl are cluster probabilities of finding the atomic arrangements specified by 
subscript(s) on a point, pair and tetrahedron clusters, N the total number of lattice point and kB is the 
Boltzmann constant.  

Together with the internal energy ( )rE∆  in Eq. (2), the free energy is obtained as  
 

{ }( ) { }( )ijklijii wyxSTrEg ,,, ⋅−∆= ξ   .                (4) 
 
It is noted that the cluster probabilities, xi, yij and wijkl, are related to a set of correlation functions 
{ }jξ  through the linear transformation, and, therefore, the free energy g is symbolically written as 

{ }( irTg )ξ,, . Then, the equilibrium state is determined by minimizing the free energy with respect to 
a set of correlation functions and a lattice constant under a given temperature T,  
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The extension of entropy and free energy formula for a disordered phase given above to the L10 

ordered phase is straightforward[10] by distinguishing the sub-lattices. By performing the 
minimization operation on the free energy of L10 ordered phase, which is described in a similar 
manner to eq.(5), the common tangent construction is carried out to derive the two phase equilibria. 

The calculated phase boundaries are demonstrated in Fig. 3[6,7]. The solid (dotted) line indicates 
the one with (without) lattice vibration effects considered[7] through Debye-Gruneisein model. In 
the light of the experimental transition temperature of 1023K, the present results of 1030K(with 
vibration) and 1080K(without vibration) provide strikingly good agreements. The congruent 
composition, however, is located at 50at.% which is far deviating from the experimental one of ～
60at.%. Despite various attempts, this was not corrected and it remains as a future subject to settle 
this inconvenience. 
 
First-principles Phase Field Method 
Within the PFM, microstructural evolution process is described by the time evolution of a spatial 
distribution of field variables which constitute the free energy. Field variables are classified into two 
categories, conserved and non-conserved variables. The concentration, c, and Long Range Order 
parameter (hereafter LRO), are typical examples of each category.  



More precisely, in the PFM, temporal evolution/devolution of conserved and non-conserved field 
variables are, respectively, described by the following Cahn-Hilliard (CH) equation and the 
time-dependent-Ginzburg-Landau (TDGL) equation, 
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where M is the mobility and Lij is the relaxation constant. Fchem is the chemical free energy which is 
rewritten by the integral form  
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where V is a volume of the system, f is the bulk-chemical free energy density for a uniform system 
and the second term represents interfacial energy withκi as a gradient-energy coefficient. It is noted 
that the interfacial energy is included in the chemical free energy which is subject to viriational 
principle to determine the time evolution of field variables. Hence, the interfacial boundary is not a 
special entity to be separately described but is merely an inhomogeneous localization of field 
variables.  
   What is unique to the present approach is to introduce CVM free energy functional, Eq. 4, in the 
bulk chemical free energy density term in Eq. 8. This operation implicitly induces two spatial scales 
in the calculation, which is interpreted in the following manner. At each discretized point in the 
space of PFM in which microstructure is described, ensemble of fcc lattices are defined. The fcc 
lattices are regarded as homogeneous system and the free energy is described by CVM in terms of 
correlation functions which constitute a set of field variables. The average values of the correlation 
functions (field variables) are different from one point to another in the PFM space, and these 
differences create interfaces in the microstructure. In the following calculations, the main focus is 
placed on the ordering evolution at a fixed composition of 50%. Hence, CH equation is not 
explicitly solved and only TDGL equation is focused, 
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Since the atomistic CVM free energy is incorporated in the microstructural evolution equation of 
TDGL, this has been termed hybridized model.  
  Shown in Fig. 4[11]is one of the typical results of the hybridized model. Figs.4(a) and (b) 
indicate the microstructural evolution with time when the system of a disordered phase is quenched 
and aged at a temperature at which L10 ordered phase is stable. The gray level suggests the square 
of the long range order parameter, which simulates the Dark Field image of Transmission 
Micrograph. One sees that the initial disordered phase (Fig. 4a) transforms to L10 ordered phase 
characterized by the networks of Anti Phase Boundary(APB) (Fig. 4b). Figs. 4(c) and (d) are 
atomistic arrangements on a {001} plane at a fixed point of micrograph marked by a cross in Fig. 
4(a) and (b), respectively. These arrangements of atoms are synthesized based on the obtained 
correlation functions by utilizing Williams’s algorithm[12]. One can observe that initial random 
arrangement(Fig. 4c) corresponding to a disordered phase (Fig. 4a) evolves to an ordered one (Fig. 
4d) for L10 phase (Fig. 4b) with some anti-site atoms. The simultaneous calculations of 
microstructure and atomistic arrangement are unique capability of the present hybridized model. 



 
 
 
 
 
 
 
 
 

(a)                   (b)                  (c)                (d) 
Fig. 4. Microstructural evolution ((a) and (b)) and atomistic evolution ((c) and (d)) on {001}. (a) 
and (c) correspond to disordered phase and (b) and (d) are for L10 ordered phase. An arrow above 
Fig. 4(a) indicate x’=100 in the normalized scale.[11] 
 

It has been further demonstrated that the entire evolution kinetics is successfully described as the 
sum of several kinetic processes including atomistic arrangements, wetting of APB, and the growth 
and coalescence of APD(Anti Phase Domain), for which characteristic time constants are 
reasonably separated. Hence the present hybridized scheme proves to describe the multiscale 
phenomena successfully. The interested readers should read the authors’ original article [13].  

Despite these successes, spatial scale in the micrograph is normalized as ( ) ( )ακν 12 2⋅⋅=′ Nxx , 
and absolute length scale is not uniquely assigned. Moreover, the crystal orientation is not specified 
in the micrograph. These inconveniences originate from the insufficient consideration of spatial 
scaling properties which are closely related to the extension of atomistic interaction energies. In 
order to describe the two different spatial scales of PFM and CVM, the coarse graining operation is 
attempted in the following manner.  

We start with describing the free energy of an inhomogeneous system by CVM and expand the 
free energy around the homogeneous system after the coarse graining operation,  
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where sφ represents a correlation function which is defined for each lattice point specified by two 
coordinate systems,  and { . The former and latter, respectively, identify the coordinate of a 
coarse grain and the location of an atom within each grain. The description of the inhomogeneous 
CVM free energy implicitly introduces the interfacial energy in the atomistic level. It is noted that 
the basic ingredient of the above formalism is traced back to Kikuchi-Cahn’s work[14] but the 
present scheme provides a more generalized framework. 

{ }nR }nr

Then, by transforming the sum into the integral form, the chemical free energy of PFM is 
re-derived as follows, 
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which automatically provides the gradient energy coefficient which depends on the cluster 
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      a                  b                  c                  d              e 
ig. 5  First-principles calculation of APB evolution process for Fe-Pd at 50at% at 820K. Figs.5 
-e correspond to time t’=0.01, 0.83,3.59, 7.04 and 16.70, respectively. The bar above Fig.5a 
ndicates the length of 100nm and the arrows suggest [100] and [010] directions.   

 

robabilities (short range order parameters) and temperature, 
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here V is termed V-matrix and is given as the sum of products of correlation functions.  
The microstructural evolution for Fe-Pd system at 50% which is quenched from 1020K in the 

isordered state down to 820K in the L10 ordered region (see Fig.3) is calculated. The results are 
hown in Fig. 5. Since it was confirmed that T=820K is in the nucleation-growth regime, we first 
ssign nuclei by generating random numbers and the assumption of site-saturation is imposed. One 
ees that with time the characteristic microstructure of APB is formed. Most importantly, it is noted 
hat the spatial scale and crystallographic orientation are uniquely fixed. 
 Finally it is pointed out that two major subjects must be settled in the future. One is the effects of 
he 2nd nearest neighbor pair interactions. As was reported[6,7], the magnitude of the 2nd n.n. pair 
nteraction is about 10% of the nearest neighbor pair interaction and this effect is not negligible. 
ather strong anisotropy in the resultant microstructure may be originated from the neglect of the 
nd n.n. pair interaction. Secondly, the absolute value is not assigned to time, and the time scale is 
ormalized as . For this, we need to derive the relaxation constants from the atomistic 
evel, which is one of the most challenging subjects.  
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