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PREFACE

This volume is intended as the proceedings of Sapporo Guest House
Symposium on Mathematics 22, Nonlinear Wave Equations, held on
November 19 and 20 in 2006 at Sapporo Guest House.

The first Sapporo Guest House Symposium was held in 1999 by Y. Giga.
We keep the size of each meeting relatively small but international. The
complete list of symposia at the Sapporo Guest House is in our website:

http://coe.math.sci.hokudai.ac.jp/sympo/sghs.html.en

Hideo Kubo

Tohru Ozawa
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WKB ANALYSIS FOR THE NONLINEAR SCHRODINGER
EQUATION AND INSTABILITY RESULTS

REMI CARLES

ABSTRACT. For the semi-classical limit of the cubic, defocusing nonlinear
Schrodinger equation with an external potential, we explain the notion of crit-
icality before a caustic is formed. In the sub-critical and critical cases, we
justify the WKB approximation. In the super-critical case, the WKB analy-
sis provides a new phenomenon for the (classical) cubic, defocusing nonlinear
Schrédinger equation, which can be compared to the loss of regularity estab-
lished for the nonlinear wave equation by G. Lebeau. We also show some
instabilities at the semi-classical level.

1. INTRODUCTION

We consider the solution to the nonlinear Schrédinger equation (NLS) with a
cubic, defocusing nonlinearity, and an external potential:

2
(1.1) ieBus + %Auf = Vs + e, (t,2) € [0,T] x R™,
(1.2) us(O’ x) = ag(x)eitﬁo(x)/s.

We are interested in the behavior of the solution u® as the positive parameter ¢
goes to zero. According to the cultural background, this field goes under the name
of semi-classical limit, WKB analysis (which is a little bit more specific, see below),
or geometrical optics. The general idea is to describe the asymptotic behavior of
u® with a simplified model, which involves geometric quantities. In the case of
(1.1), these quantities are called either classical trajectories (in view of classical
mechanics), or rays (in view of geometric optics).

There are at least two motivations for such a study. We outline them here, and
refer to the survey [22] for a broader discussion on this subject. The first one comes
from the applied mathematics, and may find its origins in physics. In the case of
(1.1), suppose that € represents the (rescaled) Planck constant. It may be small
compared to the other parameters at stake. In this case, it is sensible to consider
that the asymptotic behavior of u® as e — 0 provides a reliable approximation of the
exact solution. Hopefully, the asymptotic model is easier to describe than the initial
one (1.1)—(1.2). Another motivation stems from the propagation of singularities for
equation where the small parameter ¢ is not necessarily present initially. Most of the
studies in this direction concern hyperbolic equations. However, the belief according
to which Schréodinger equations share properties with hyperbolic equations in the
semi-classical limit is a first hint that this field is applicable to Schrédinger equations
as well (see e.g. [16, 24]). To illustrate this statement, we give a result, whose proof
will be straightforward after the analysis of (1.1)—(1.2).
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Theorem 1.1 ([6], Cor. 1.7). Let n > 3. Consider the cubic, defocusing NLS:
1
(1.3) i0yu + §Au = |ul?u Ujg=o = U -
Denote sc = 5 — 1. Let 0 < s < s.. We can find a family (u§)o<e<1 in S(R™) with

]|u3||Hs(]Rn) —0ase—0,

and 0 < t* — 0 such that the solution u® to (1.3) associated to uf satisfies:

[|u® ()| e (mny — +00 as e — 0, Vk 6} 0 2 s,s] .
2

This result is in the same spirit as the initial breakthrough by G. Lebeau ([17, 18],
see also [21]). These former results also rely on geometrical optics (in a super-critical
régime; see below for this notion in the case of (1.1)). For (1.3), the above result was
first established by M. Christ, J. Colliander and T. Tao [10] in the case k = s (see
also [3, Appendix] and [6, Appendix B]). The fact that we can go strictly below the
value k = s stems from an analysis of (1.1) in a case where the nonlinearity should
be considered as quasilinear, and not semilinear. This result is then a consequence
of the original idea of E. Grenier [14].

The rest of this text is organized as follows. In § 2, we introduce the notion
of criticality for (1.1) at a formal level. In § 3, we explain how to justify this
notion, and describe the asymptotic behavior of u® in different cases. The proof of
Theorem 1.1 is given in § 4. More instability results are given in § 5.

2. WKB ANALYSIS AND THE NOTION OF CRITICALITY

This section remains at a formal level only. It is a preparation to the forthcoming
rigorous justifications. In a WKB analysis, one assumes for instance that the initial
profile aj can be expanded as a power series in €:

a8~a0+6a1+62a2+...

Note that the modulation factor * in front of the nonlinearity in (1.1) could be
taken equal to one, up to replacing af with er/ 2g§. In particular, it is clear that
for large k > 0, the nonlinearity is expected to be negligible in the limit ¢ — 0 (at
least locally in time). WKB analysis consists in seeking an approximation of the
form

uf(t, x) -~ a(t, z)e?®=)/e,

where the amplitude a and the phase ¢ are independent of . Plugging this ap-
proximate solution into (1.1) and canceling the first powers of ¢ yields:

1
2.1) 0(): at¢+§|v¢;2+vzo;¢|t=0=¢o if £ >0,

0 if Kk >1,
; Q=0 = Qo

1 1
. : . —alA¢ =
(22) O('): da+Ve Va+ sald ilaffa k=1

This shows that the minimal value of « for which nonlinear effects affect the solution
at leading order is kK = 1. We shall consider here the following three cases: k > 1
(sub-critical case), k = 1 (critical case), and k = 0 (a super-critical case). We refer
to [7] for the case 0 < x < 1. The first step consists in solving (2.1). The potential
V may be time dependent: V =V (¢, z).
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Lemma 2.1. Assume that V and ¢ are smooth and sub-quadratic:
o Ve CRy xRY), and 02V € L2 (Ry; L°(RY)) as soon as |a| = 2.

loc
e ¢o € C®(R™), and 03¢y € L= (R™) as soon as |a| = 2.
Then there exist T > 0 and a unique solution ¢eic € C*°([0,T] x R™) to (2.1). This

solution is sub-quadratic: 0% peix € L°([0,T] x R™) as soon as |a| > 2.

The proof of this lemma relies on Hamilton—Jacobi theory. Note that the time of
existence T is uniform with respect to x € R™: a global inversion theorem is needed,
which can be found in [23] or [11]. We refer to [7] for the proof of this lemma, and
for a discussion on the optimality of the assumptions. In particular, one should
not expect the above solution to remain smooth for all time. The appearance of
singularities corresponds to the formation of caustics. The aim of WKB analysis is
to describe the solution u® before a caustic is formed. See e.g. [5] for the description
of a solution to (1.1)—(1.2) beyond a focal point.

To analyze (2.2), we introduce the Hamiltonian flow, on which the proof of
Lemma 2.1 relies:

23) O(ty) =¢(ty) 5 =(0,y) =y,
' atf(ta y) =-V;V (ta I(tv y)) ) 5(07 y) = v¢0(y)
The time T is such that the map y +— z(¢,y) is a diffeomorphism of R™ for ¢ € [0, T7.
The key observation is that (2.2) is a transport equation, which turns out to be an
ordinary differential equation along the classical trajectories. Introduce the Jacobi
determinant

Ji(y) = detV,z(t, y).
Denote

A(tvy) =a (t,ZL‘(t, y)) \ Jt(y)

For t € [0,T], (2.2) is equivalent to:
0 if K >1,
OiA = ;0 A(0,y) = .
t —ih(y) T APA k=1 (0:4) = a0l)

This ordinary differential equation along the rays of geometrical optics can be solved
explicitly: we see that 9;|A|> = 0, hence, for x = 1,

Alt) = aoty)exp (i [ ) () ds).

Inverting the map y — z(t,y) yields a(t,z). We see that the critical nonlinear
effect is a self-modulation of the amplitude. In the context of laser physics, this
phenomenon is known as phase self-modulation (see e.g. [25, 2, 12]).

We now turn to the super-critical case x = 0. To illustrate the difficulty of this
case, seek a more precise asymptotic expansion of u®:

u(t, @) ~ (ao(t,z) + a1 (t, ) + e%an(t, ) + ...) eB2)/e.

Plugging such an asymptotic expansion into (1.1) yields a shifted cascade of equa-
tions:

1
O(%): dg+ §|V¢|2 +V + 2ol =03 ¢p=o = do.

1
@] (51) : Orag + V- Vag + —2—a0A¢ = —2iRe (apa1) a0 ; agt—o = ao-
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Two comments are in order. First, we see that there is a strong coupling between
the phase and the main amplitude: ag is present in the equation for ¢. Second, the
above system is not closed: ¢ is determined in function of ay, and ag is determined
in function of a;. Even if we pursued the cascade of equations, this phenomenon
would remain: no matter how many terms are computed, the system is never closed
(see [13]). This is a typical feature of super-critical cases in nonlinear geometrical
optics (see [8, 9]).

In the case when V = 0 and ¢y € H?, this problem was resolved by E. Grenier
[14], by modifying the usual WKB methods (see § 3.2). Note that even though
a; is not determined by the above system, the pair (p,v) := (|ag|?, V¢) solves a
compressible Euler equation:

ow+v-Vo+VV 4+Vp=0; v|t:0:V¢0

(2.4) . )
p+V-(pv)=0; p|,_,=laol*

3. Ricorous WKB ANALYSIS

We outline here some results presented in details in [7].

3.1. Sub-critical and critical cases. Let x > 1. Under the assumptions of
Lemma, 2.1, we change the Cauchy problem (1.1)-(1.2): define o by

us(t, :L') = a°(t, aj)eid)eik(t,r)/s.
Then for ¢t € [0,T], (1.1)—(1.2) is equivalent to:
1
(31) Owa” + Veik - Va© + §a€A¢eik = i%Aas _ i55-1[a5[2a5;
aletz() = avg

Two things must be noticed: first, the potential V' and the initial phase ¢y do not
appear in this new problem. Second, the factors involving ¢ejx have the following
features: in view of Lemma 2.1, the term Ay is in L([0,7] x R™), and the
operator 0; + Ve -V is a transport operator. We can then obtain energy estimates
in Sobolev spaces, and establish:

Proposition 3.1. Under the assumptions of Lemma 2.1, assume moreover that af
is bounded in H*(R™) uniformly for € €]0,1], for all s > 0. Let k > 1. Then for all
e €]0,1], (3.1) has a unique solution a® € C*°([0,T] x R™) N C([0,T]; H®) for all
s > n/2. Moreover, a° is bounded in L*([0,T]; H®) uniformly in e €]0,1], for all
s>0.

These uniform estimates allow us to neglect the term £Aa® on the right hand
side of (3.1). Assume moreover the following convergence:

(3.2) a5 — ao in H°(R™), Vs >0.
Corollary 3.2. Let k > 1. Under the above assumptions,

lla® =%l poo(po,r,ms) = 0 ase—0, Vs>0,
where a® solves:

~ e, 1. e 1i~e |2~ ~
(3.3) 01a° + Veix - Va© + EaaAqﬁeik = —ie" Ha* )% Afy—0 = Go-
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Proceeding as in § 2, denote

AS(t,y) :==a° (t, z(t,y)) v/ e (v).

We see that so long as y — z(t, y) defines a global diffeomorphism (which is guar-
anteed for ¢t € [0,7] by construction), (3.3) is equivalent to:

QA" = —ie" LT (y) M AP AT A%(0,y) = ao(y).
This ordinary differential equation along the rays of geometrical optics can be solved

explicitly:

t
4 (6) = anlw)exp (—ie [0 o) ).
0
Back to the initial solution u®, we conclude:

Proposition 3.3. Let k > 1. Under the above assumptions, for all e €]0,1], (1.1)-
(1.2) has a unique solution u® € C*°([0,T] x R™) N C([0,T]; H®) for all s > n/2.
Moreover, there ezist a,G € C*°([0,T] x R™), independent of € €]0,1], where a €
C([0,T); L2 N L*®), and G is real-valued with G € C([0,T7]; L*), such that:

The profile a solves the initial value problem:

. k—1 L
ut — ae's’ Ceitei/e —0 ase—0.
L= ([0,T];L2N L)

1
(3.4) Gia+ Véeik - Va+ Salex =0 5 aji—o = ao,
and G depends nonlinearly on a:
1
(I(t, ZL‘) = =0 (y(ta 1‘)) )
Jt(y(tv ili‘))

G(t,z) = /0 To(y(t 7)) Jao(y(t, 2))|? ds.

In particular, if k > 1, then

and no nonlinear effect is present in the leading order behavior of u¢. If k = 1,
nonlinear effects are present at leading order, measured by G.

uf — ae'Peir/s —0 ase—0,

Lo ([0,T];L2N L)

3.2. Super-critical case: « = 0. In this case, we recall the beautiful idea of
E. Grenier, which makes it possible to consider the case V' =0 and ¢y € H*(R")
for sufficiently large s. The approach consists in reversing the steps of the WKB
analysis: usually, one seeks an approximate solution, and then tries to show that
stability arguments imply that the exact solution is well approximated by this
process. To overcome the issues mentioned in § 2, the idea in [14] consists in first
writing the unknown as:

u€<t, l’) — aa(t, $)€i¢€(t’z)/s,

where the amplitude a® is complez-valued (even if af is real-valued), and ¢° is real-
valued. Doing so, one introduces one degree of freedom to rewrite (1.1)—(1.2). The



R. CARLES

usual approach in physics (see e.g. [15]) consists in writing

Aaf
ﬁ ) ¢€|t=0 = ¢0 )

1
0:af + V¢ - Vaf + iasAqﬁe =0 ; as‘t:O = ag.

1
O + 5 VO + o =&

Obviously, this approach is delicate when a® has zeroes; see the discussion in [13]
on this subject. The choice in [14] is to write:

1
0r9° + '2“IV¢€|2+|GE|2 =0 5 ¢|,g=20,
(3.5)
1
8tas+V¢5-VaE+§asA¢E =i—§AaE ; aelt:() =aqg.
Inspired by the fact that the expected limit is related to the compressible Euler
equation (see § 2), introduce the “velocity” v = V¢¢. Then (3.5) yields:
Ov® +v° - Vo +2Re (afVa®) =0 U€|t=o = V¢,
(36) 8,af €. Vat 1sv.s_'€As . € _ £
ha” + v - a+§a v —-12 a” a]tzomao.

Separate real and imaginary parts of a®, a® = a§ + ia5. Then we have

I € € £
(37) 6tu€ +];A](u )Bju = ELH 5
ai
9% 0 —-A 0 0
with u*=| U1 , L= A 0 0 ... 0],

vy

n (N f 0 % tf

and A(u,8) =) Aj(u)g; = 0 w-& 2

j=1 2a1 € 2a2& v-€&I,

The matrix A(u,&) can be symmetrized by

(I 0
S—(o %m)’

The important point to notice is that the operator L is skew-symmetric: it is
invisible in the energy estimates, so the loss of derivative (it is the only operator
of order two in (3.7)) is avoided. Denote H*™ = N;>oH*(R™). Classical theory on
symmetric hyperbolic systems yields a solution (v¢,a®) to (3.6). Once v® is known,
we note that it is irrotational, so there exists ¢€ such that v* = V¢°. Up to adding
a function of time only, (¢°, a®) solves (3.5).

Proposition 3.4 ([14], Th. 1.1). Let k = 0. Suppose that ¢g € H™, and that a
is bounded in H®(R™) uniformly for € €]0,1], for all s > 0. Let s > 2+mn/2. There
exist Ts > 0 independent of € €]0,1] and u® = ae'®"/¢ solution to (1.1)~(1.2) on
[0,Ts]. Moreover, a® and ¢¢ are bounded in L>°([0,T]; H®), uniformly in € €]0,1].
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Assume moreover that (3.2) holds. The solution to (3.5) formally converges to
the solution of:

1
O+ 5[VoP +1af =0 5 ¢|,_,=o,
(3.8) .
' ata+V¢~Va+§aA¢:0 ; a|t=0=a0.

Under the above assumptions, (3.8) has a unique solution (a, ¢) € L>=([0, T.]; H™)?
for all m > 0 for some T, > 0 independent of m (see e.g. [1, 19]).

Remark 3.5. More general nonlinearity. Suppose that we consider a more general
nonlinearity:

2
ieQyus + %Aua = f(Ju®?) v".

Then following the same lines as above, the symmetrizer naturally becomes

I 0
sz( 02 L )
ey In

For this matrix to be positive, and to be able to estimate its time derivative, it is
natural to assume f’ > 0. This corresponds to the assumption made in [14], and in
[7]. For the above analysis to be valid, the nonlinearity has to be defocusing, and
cubic at the origin. In particular, the WKB analysis for the quintic defocusing NLS
is still an open problem. Note however that it is possible to construct solutions to
the limit problem in that case (the analogue of (3.8)), thanks to the result of [20]
and the geometrical analysis of § 3.1. Yet, the nonlinear change of variable of [20]
is apparently incompatible with the above remark that L is skew-symmetric.

If we suppose in addition that there exists ag,a; € H* such that
ag =ag +eay +o(e) in H®, Vs >0,
then we infer:

Proposition 3.6. Let s € N. Then Ts > T, and there ezists Cs independent of €
such that for every 0 < t < Tk,

la®(®) —a@®)llas < Cse 5 N19°(t) — d(t)llas < Caet.
Note that this suffices to describe u® for very small time only:

u€ — aei¢/e — aeeiqbs/s _ aei¢/e

¢ —¢
= (a° — a) "%°/° + 2iae’ ¢ T9)/ 2 gin < ) .
2e
The first term of the right hand side is of order O(¢) in L? N L™, but the second
one is of order O(t) only: therefore, we only have
u(t,z) ~ a(t,z)e?H®/E for 0 <t < 1.

To have a better error estimate, it is necessary to compute the next term in the
asymptotic expansion of (¢, a®) in powers of €. For times of order O(1), the initial
corrector a; must be taken into account:
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Proposition 3.7. Define (), (")) by
816D + V- Vol + 2Re (aa®) =0,
8,0 + V¢ -Val) + Vo) . va + %a(”mﬁ + %aAqS(l) - —;—Aa,
¢(1)It=0 =05 a(l)[t=0 = a1
Then oM, ¢ € L2([0,T,]; H®) for every s > 0, and
la® —a— Ea(l)”[lco([o,T*];Hs) + ¢ — ¢ — 5(]5(1)”[100([07’1"*];[{5) < Ce?, Vs>0.

Despite the notations, it seems unadapted to consider ¢() as being part of the
phase. Indeed, we infer from Proposition 3.7 that

‘ = O(e).

Lo ([0,T4];L2NL>)
Relating this information to the WKB methods presented at the end of § 2, we
would have:

o (1) .
uf — CL61¢ ezd)/e

ag = e .

Since ¢(*) depends on a; while a does not, we retrieve the fact that in super-critical
régimes, the leading order amplitude in WKB methods depends on the initial first
corrector aj.

Remark 3.8. The term e does not appear in the Wigner measure of ae®'” ¢i¢/¢.
Thus, from the point of view of Wigner measures, the asymptotic behavior of the
exact solution is described by the Euler-type system (2.4).

Remark 3.9. If we assume that ag is real-valued, then so is a. If moreover a; is
purely imaginary (for instance, if a; = 0), then we see that a(!) is purely imaginary,
hence, ¢ = 0.

So far we have assumed V = 0 and ¢g € H*. If we try to mimic the approach
of [14] for a non-trivial external potential for instance, we have to consider:

1
O+ 5 IV +V +1aP =0 5 6|,y =do,

1
Oua® + V¢ - Va' + S D¢ =izAa® 5 af|_, =a5.

The analysis of [14] works in the same way only when VV € L2 (Ry; H5(R™))
for a sufficiently large s. To be able to consider general sub-quadratic potentials

(including the harmonic oscillator), resume the assumption of Lemma 2.1, and write
¢° = Geix + .

Working with the unknown (%, a®), we see that we are now rid of the external

potential V, and of the possibly unbounded initial phase ¢y. The price to pay is

that extra terms have appeared. The good news however is that these extra terms

are semilinear (as in § 3.1), and can be treated by perturbative methods in energy
estimates. We conclude:

Theorem 3.10. Let k = 0. Under the above assumptions, there exists T, > 0
independent of € €]0, 1] and a unique solution u® € C°°([0, T.] x R™)NC([0, T%]; H?®)
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for all s > n/2 to (1.1)~(1.2). Moreover, there exist a, € C([0,Ty]; H®) for every

s 2 0, such that:
_ geiletden)/e =0(t) ast—0.

lim sup ||u®
L2NLe®

e—0

Here, a and ¢ are nonlinear functions of ¢eix and ag. Finally, there exists (p(l) €
C([0,T.]; H®) for every s > 0, real-valued, such that:

'LL — aeup 7'(<P+¢e1k) — 0

L2NLee

limsup sup !
e—0  0<t<T

The phase shift oV is a nonlinear function of deix, ao and a;.

Remark 3.11. In [7], some aséumptions on the momentum of af are made, and not
here. This is due to the fact that here, the nonlinearity that we consider is exactly
cubic. When it is cubic at the origin only (see Remark 3.5), extra estimates are
needed, which apparently impose some extra decay at infinity for aj, ap and a;.

4. PROOF OF THEOREM 1.1

Theorem 1.1 is a straightforward consequence of Proposition 3.7. For ag €
S(R™), let

uo(a:) = )\_%+Sa0 (i—) .
Let € = A\2717%: £ and \ go simultaneously to zero, since s < s.. Define
PE(t, ) = ut(et, z) = A2 Tu (A2T170 M)

It solves:

2
(4.1) ieBt + %Awe =[PP 5 YUy = ao(z).

The idea of the proof is that for times of order O(1), ¢* has become e-oscillatory.
We infer from Proposition 3.7 that there exist T' > 0 independent of e €]0,1],
and a,d, ¢ € C([0,T]; H™) for any m > 0, such that:

e _ aeufolequ/s l—m.

m€

<
Les([0,7:H™)

Since the H™-norm of ae'®1e'®/¢ is of order =™ (when ¢ is not stationary), we
deduce that there exists t €]0, 7] such that for any m > 0:

=@l g 72 €™
This implies:
[ (AFF00) | e e AR (6) e = ARk = As R k(3 719)
The result then follows when considering the limit A — 0. We get exactly the

statement of the theorem by replacing ag by |log A|~tag for instance.

Remark 4.1. The proof of ill-posed presented in [10] (see also [3, Appendix], [6,
Appendix B]) consists in neglecting the Laplacian in (4.1) for very small times, and
integrating explicitly an ordinary differential equation. Proving that the Lapla-
cian is negligible stems from Gronwall lemma. Essentially, the error satisfies an
inequality of the form

lwf (t)lx S e+ = / o (5)]x s,
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for some space X that we do not describe. The singular factor ¢! is due to the ¢
in front of the time derivative, and to the fact that no power of € is present in front
of the nonlinearity. Therefore, Gronwall lemma yields no better than:

lw® (®)llx < ee®%,

for some C > 0. The error is small on an interval of the form [0, | log £|’] for some
# > 0. This is enough to prove Theorem 1.1 for £ = s. This analysis considers
(4.1) as a semilinear equation, since the nonlinearity is viewed as a perturbation
of the linear equation. To prove Theorem 1.1 for k < s, it seems necessary to
consider (4.1) as a quasilinear equation, as was done by E. Grenier. Note also
that the quasilinear approach shows that the Laplacian in (4.1) is negligible for
0 < t¢ < €'/3, that is a “much larger” interval than [0,¢|loge|?] (but still very
smalll). See the next section.

Remark 4.2. On the other hand, Theorem 1.1 is valid only for cubic, defocusing
nonlinear Schrédinger equations, while the results in [10] are valid for more general
equations. This is due to the fact that the justification of super-critical nonlinear
geometric optics for times O(1) is available only for nonlinearities which are defo-
cusing, and cubic at the origin (see Remark 3.5). Since the proofs of ill-posedness
rely on an homogeneous change of unknown function, we are left with the only
possibility of an exactly cubic, defocusing nonlinearity. However, it is very likely
that (an analogue of) Theorem 1.1 should be true under more general assumptions.

5. INSTABILITY FOR THE SEMI-CLASSICAL EQUATION

The results we present in the paragraph are taken from [6]. We assume V =
¢o = 0 for the sake of concision. We first fix some notations.
Notation. Let (af)o<e<1 and (8%)o<e<1 be two families of positive real numbers.
‘o We write o < ¢ if limsup a®/8° = 0.
' e—0
o We write o < ¢ if limsup o®/3° < oo.
e—0
o We write af =~ (¢ if o < % and (¢ < af.
A typical result of [6] is the following:

Theorem 5.1. Let n > 1, ap,a5 € S(R™), where ag is independent of €. Let u®
and v¢ solve the initial value problems:

2
) €
iedyu® + —Q—Aus = |uf?uf ; us}tzo =ap.
, g2 5 -
€0 v® + ?Ave = |[vf|*v® ; v5|t=0 =ag.
Assume that there exists N € N and 1=~ < §° < 1 such that:

Re(ao - &’5 )CL_Q

)€
Then we can find 0 < t¢ < 1 such that: ||u®(t®) —v°(t%)|| 2 2 1. More precisely,

this mechanism occurs as soon as t0% 2 €. In particular, for all s > 0,

£0.

(5.1) lag — agll s = 6%, Vs >0 limsup‘
Loo(R™)

e—0

Il = 0%l oo o 222

— 400 ase—0.
€ €
Hu|t=0 Yli=0

Hs
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Ezample. Consider ag,by € S(R™) independent of ¢, such that Re(agby) # 0, and
take Zig =ag + (Sebg.

Ezample. Consider ag € S(R™) independent of ¢ and z¢ € R™. We can take
ag(z) = ap(z — z¢), provided that |2°| = §° and

.’L‘E

9 (jol?)

lim sup
e—0

# 0.

|z® Lo

This example and the analysis of [6] make it possible to refine some results of [4].

The general idea consists in using the WKB analysis in this super-critical case.
Roughly speaking, we have seen that (3.8) provides a good approximation of u®
for very small time only. Since we are interested in instabilities occurring for very
small time, this is not a problem for us now. The coupling in (3.8) shows that a
small perturbation of ag yields a small perturbation of ¢. But when we write

us(t, z) ~ a(t, z)et?®2)/e,
we see that this small perturbation is divided by &, which goes to zero. The result
may not be small. ..

Technically, our approach consists in resuming the result provided by Propo-
sition 3.4. Instead of letting ¢ — 0 in the initial data of (3.5), just neglect the
skew-symmetric term (recall that we assume ¢¢ = 0):

1
0:%° + 5 |VE* + 2P =0 ; @_ =0,
(5.2) .
0y + Vo° - Va® + EaeAq)E =0 ; a|_,=a5.

Assuming that a§ is bounded in H® for all s > 0, (5.2) has a unique solution
(®%,a%) € L>=([0, T.]; H™)? for all m > 0 for some T\ > 0 independent of € and m.

Proposition 5.2. Let s € N. Then Ts > T\, and there exists Cs independent of €
such that for every 0 < t < Tk,
laf(t) — a*(t)[lms < Cogt 5 [1¢°(t) — ©°(t)]| s < Coet™.
The second idea consists in considering the Taylor expansion in time of (®¢,a®):
T (t, o) ~ Y TR (z) 5 a(ta) ~ Y tYa5(x).
jzl jz21

Note that only odd powers of ¢ are present in the expansion of ®¢, and even powers
in that of a®. This is because we have assumed ¢y = 0. Plugging these expansions
into (5.2), we get formally:

af=af ; @f=-lagl*

We can then check that a perturbation of order 0° of af yields a perturbation
of order §¢ of ®5, provided that the polarization condition (5.1) is satisfied. By
induction, we see that this perturbs the other ®%’s and aj’s by a O(6°). Consider
the approximate solution defined by

K

uS(t, ) = ag(x)exp i) 77105 (x)/e
j=1
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Formally, we have:

as(t, x)eiqﬁ(t,w)/s _ U'}-{(t,:c) — (as(t,x) _ aﬁ(x)) i@ (tx) /e
K
+a8(l’) (exp ('L@E(t, :E)/E) — exp (’L thj_léj(m)/&-))

j=1

= O(t?) + ((@E (t, ) ﬁ: 2195 (x) )/a)
=0(t%) + O (*5+1/e) .

We infer that the above quantity is small for times such that ¢t < 1 and ¢* < £7RTT,
On the other hand, Proposition 5.2 shows that a%e’®*/¢ is a good approximation of
u® for times such that t* < 1. Therefore, we expect

[|lus (%, ) — ufk (¢, ')”anoo <1 for t* < g7KT,

This can be proved by the analysis presented in § 3.2.

The case K =1 is of special interest. Indeed, the Laplacian plays no role in the
definition of uj, and we check that it solves:

. € — A€
iedyuf = [uf*uf Utjg=0 = To-

This is the solution of the ordinary differential equation considered in [10] and
[4]. The above analysis shows that it is a reasonable approximation of u® for
0 < t° < €!/3: see Remark 4.1.

In view of Theorem 5.1, we define u% and v} in an obvious way, and we have:
[ (#9,) = i (65, M| prpoe + 05 ) = 05 (1, )| poppee <1 for 5 < 7051

So to prove Theorem 5.1, we just have to compare u% and v%:

W (t,2) — v (t, ) =ao(z) exp (z i 12119, (z) /5)

il ~
—ag(z) exp (z Z: tzj—lfbj(x)/a)
= (aola) ~ () exp (: i #9718, (z) <)

(5.3) (exp( thj 19;(z /e) —exp( ZtZJ 1<I>E /s))

The first term is of order §¢ by assumption. To estimate the second term, examine:

K ~
DA (@j(x) - q»;(x)) Je.

j=1
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Since we consider times such that t* < 1 and that we have seen that ®; —55 = 0(6%)
for 5 > 2, the leading order term is simply:

(21(0) - B(2)) Je = = (@@ - lo5(2))

_ t (Re (a0 — a5)a) + O ((69)2))

By assumption, the modulus of (5.3) behaves like

aaloysin (L 1(0))

for some non-trivial function f. The conclusion of Theorem 5.1 follows easily.

10.

11.

12.
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Asymptotic expansion of the solution to the nonlinear
Schrodinger equation with power nonlinearity

Satoshi Masaki

1 Introduction and General result
Let us consider the asymptotic expansion of solutions to the equation
u = wo + F(u), (1)

where w is a C valued function belonging to a Banach space X (such as Lebesgue
space LP) with norm | - || and F' is a nonlinear mapping from X to itself. We
suppose that F' satisfies certain smallness conditions which lead to the contrac-
tivity of F'. Smallness of F(u) means that u is close to wp. Our aim here is to
construct higher order approximate solutions in terms of wo which approximate
the nonlinearity F'(u).

Remark 1.1. Nonlinear Schrodinger equation
iOu + Au = f(u), u(0,z) = ¢(x)

can be written as the following integral equation:

u(t) = 2 — i / =98 f(u(s))ds,

0

which is of the form (1).

1.1 Asymptotic expansion of Type 1

We put the following assumptions on F', where X™ denotes the m-time direct
product of X:

(A1) There exists a operator G(u1,...,um) : X™ — X such that F(u) =
G(u,...,u), and that

Gug, ..., Up +Uf,y -y Up) =

Gut,. . upy - tm) + Gut, . uf, o um)  (2)

for any k € [1,m].



(A2) Let G be the operator associated with F' as in (Al). Then, there exists a
nonnegative constant € such that

m
1G (ur, ., um) | < e T Nl 3)
k=1

Then, we define the higher approximate solutions inductively as follows:

Wy, = Z G(wiy, -, w;,,), (4)

where G is the operator associated with F. We now state the main theorems.

Theorem 1.1. Assume (Al) and (A2). Define wy, as (4). If |lwo| < Cq for
some Co > 0, then it holds for any n > 0 that

lwnll < I(n,m)Cym D Hen, (5)

Moreover, if u is a solution to the equation (1), and if u satisfies ||u|| < Cy for
some Cy > 0, then

n
u — E Wi
k=0

where C3 = max(C1,C2). The constant I(n,m) appearing in (5) and (6) is
defined by

< I(n+1,m)c{Hm=DHlent1 (6)

1(0,m) =1, Imm)= > []I(m).

i1+ Fim=n—1k=1

Theorem 1.2. Let I(n,m) be as in Theorem 1.1. There exists a positive con-
stant 6 depending on m such that lim,_, I(n,m)0™ = 0. FEspecially, under the
setting of Theorem 1.1, if Cgl_le < § then we have

strongly in X .

1.2 Asymptotic expansion of Type 2

We next consider the case where F' is less regular. We suppose that the norm
|| - || satisfies the following additional condition, where we denote the domain of
u by D.

1. There exists a constant C' such that |||u||| < Cllu|| for all u € X.



2. If |u(z)| < |v(z)| for all 2 € D then |||u||| < H|U|H

We remark that LP norm (p > 1) satisfies the above two conditions.
Let us make the following assumptions on F"

(B1) There exist an operator G : X™ — X satisfying (2) and a constant b €
(0, 1] such that F(u) = G(Julb,...,|ul®).

(B2) Let G be the operator associated with F' as in (B1). Then, there exists a

positive constant € such that

1G(ur, - - um)|| < (7)

In this case, we define the higher approximate solution w, (n > 1) from wy as
follows:

we Y

zl—l— +zm—n 1

11—1 b

Zwk

im—1

Z Wi , (8)
k=0

yeeey

where le:lo wg, = 0. Then, we have the following asymptotic expansion.

Theorem 1.3. Assume (B1) and (Bs). If ||wo|l < Ca for some Cy > 0, then it
holds for all n = 0 that

n,b,m,C: n
lwal| < CCJ* 2) O(n.be) o)
where
bm—1)  (mb—1)b"
~v(n,b,m,c) = -5 1-b f0<b<l, c¢c<1, (10)
1+bn(m_l) ifb:lorc>1’
1-b"
FUN ) b< 1. 1
O(n,b,e) =4 1—b if0<b<l e<l, "

1+bn—-1) ifb=1ore>1.
Moreover, let u be a solution to the equation (1) and satisfy ||ul| < Cy for some
C1 > 0. Then, it holds that for any n > 0 that

n

=) w

k=0

Cc’Y (n+1,b,m,C3) G(n—l—l b 5) (12)

where C3 = max(C1,C3), v and 0 is defined in (10) and (11), respectively, and
C is a constant depending on n, m, and b.

Remark 1.2. If b = 1, then the right hand sides of (9) and (12) become (5) and
(6) (including their coefficients), respectively. Hence, u is exactly equal to the
infinite sum of w, converging strongly in X.



2 Examples

As applications of the above Theorems, we introduce the asymptotic expansion
of the solution to the nonlinear Schrodinger equation as time ¢ tends to 400, in
some cases. Let us consider the following Cauchy problem:

iy + Au = ul*u, (t,z) € RV, u(0,2) = ¢(x), (NLS)

where 0 < a < agp(N) = 4/(N = 2) (ao(l) = ap(2) = o©) and ¢ € ¥ =
H'NF(H'). F denotes the Fourier transform, and || f|ls = || fllzx + | - 1£ ()l p2-
We treat the case a > y(N), where v(N) = (2— N + VN2 + 12N +4)/2N. In
this case, the followings are known:

e The equation (NLS) has a unique global solution u € C(R, H!(RN)).
Moreover, (z + 2itV)u belongs to C(R, L2(RY)).

e There exists u* € ¥ such that the solution u satisfies ||e™®#2u(t) —ut||s —
0 as t — =oo0.

With u™, the solution to (NLS) satisfies the following integral equation:

o0
u(t) = 4 ++z/ =98 |y |%u(s)ds.
¢

We denote the right hand side by wg + F'(u), then it is of the form (1).

2.1 Example 1 — the case N =3, a =2

We first consider the case where « is a positive even number. For simplicity, we
let & =2 and N = 3. Since |u|?u = 4%, the operator

[ee]
G(ui,ug,uz) =1 =98 uouzds
b bJ
t

satisfies the assumption (Al). Then, defining w, (n > 1) as

Wy, = Z G(wi17wi27wi3)7

11t+i2+iz=n—1
we have the following proposition by Theorems 1.1 and 1.2.

Proposition 2.1. Let N =3, a =2, ¢ € X, and 2 < r < 6. Then, for any
positive integer n, it holds that

Z wi(t
LT
where 8 = min(5/4,1/243/r). Moreover, there exists T depending only on ||¢||s

such that
( — ztA ++an

holds strongly in L™ for t € [T, c0).

(t—ne 3/2-1—3/7‘)




2.2 Example 2 — the case N =4, a=1

Combining asymptotic expansions of Type 1 and Type 2, we can treat general
o. For instance, we show the asymptotic expansion of the solution near ¢t = oo
in the case a = 1. We remark that |u|u is not smooth. We also assume N = 4
because a =1 € (v(4), ap(4)). We first define an auxiliary multi-linear operator
G*(uy,. .., ut) inductively as follows:

Gl (w)(t) =i /t - uy(s1) (e 2 ut)dsy,

G'k(ul7 cooug)(t) = i/too uk(sk)(Gkﬁl(ul, e ,uk_l)(sk))dsk.

We note that G* are determined by u* only. Then, we define the higher approx-
imate solutions {wy(t)}i>0 as follows:

wro = €*tuT,
i1 i1—1 ik 1—1
o Gk: _ —
Wk, = Wk, h Wi k|- Wk h Wk,h )
i1 tip=l—1 h=0 h=0 h=0 h=0

where Z}:io wg p = 0. Then, we have the following proposition:

Proposition 2.2. Let N = 4, a = 1, and r € [2,4). Let n be any positive
integer. Then, we have

n
u(t) = Bt =37 3w )| =0 (13)
=1 ki=j e
as t — oo, where § = min(1/3,4/r — 1) > 0.
Remark 2.1. The nonlinearity |u|u is not smooth. Nevertheless, we can construct
an approximate solution with arbitrary accuracy.

Remark 2.2. Combining Theorems 1.1 and 1.3, we can treat |u|*u for all o €
(7(N), ap(N)). However, if o is not an integer then the accuracy of the approx-
imation is limited.
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ON THE CUBIC NONLINEAR KLEIN-GORDON EQUATION

NAKAO HAYASHI

1. Introduction

We study the initial value problem for the cubic nonlinear Klein-Gordon equation
(11) { Vit + U — Vg = 3, (t,z) € R x R,

: v (0) = vo, v (0) =1,z € R,
where p € R and the initial data vy and v; are real valued functions. When p < 0,
it is easy to prove the global existence in time of solutions to (1.1) in the energy
space. However this approach does not explain the large time asymptotic behavior
of solutions. The sharp L* time decay estimates of solutions for the nonlinear
Klein-Gordon equation in the-one dimensional case were obtained by [2]. The large
time asymptotic profile of small solutions to nonlinear Klein-Gordon equation was
found in [1] (see also [6] for a shorter proof). In the present talk we will remove the
compact support restriction on the initial data assumed in previoud papers [1], [2]
and [6].

Define a new dependent variable

1 Cen -1
u=3 (v + ¢ (i0z) vt>
and initial data
1 e —
Uy = -2- (Uo +1 <Zaz> ! 111)

with (z) = 1/1 + |z|°. In the case of the real-valued function v the nonlinear Klein-
Gordon equation (1.1) can be rewritten as

Lu=N (u), (t,z) e R xR,
(1.2) { u(0,z) =ug (z), z € R,

where £ = 0; + i (i0,) and
N (w) = 4ip (i0,) " (Rew)® .

Then a solution of (1.1) is v = 2Rew.

We denote the Lebesgue space LP = {¢ € S'; [|¢]|, < oo}, with the norm ||¢||;,
= (frlo (=) d:v)l/p if 1 <p <ooand ||§fle = ess.sup,eg |¢ ()] if p = co. The
weighted Sobolev space is H»* = {¢ € L?; |(2)° (i0,)™ ¢|ly» < o0}, for m,s € R,
1 < p < 0. For simplicity we write H™*® = H;"®. The index 0 we usually omit if
it does not cause a confusion.

The direct Fourier transform ng ) of the function ¢ (z) is defined by

Fo=¢p=—— / e "¢ (z) d,

This is a joint work with P.I.Naumkin.
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then the inverse Fourier transformation is given by

Flo= o= [ etoei.

Our main result is

Theorem 1.1. Let ug € H*! and the norm |[u||gga: be sufficiently small. Then
there exists a unique global solution u of (1.2) such that

u(t) € C ([0, 00); H*?)

and

D=

o Ollgy < C (141"
Furthermore there ezists a unique final state W, € HOI NHO such that

— ; 2 L
u(t) —U(t) F'Wyexp <317M (£)? ‘W+‘ logt> I < Ce3ti

HI,O

and

3

—~ ; —~ 2 N
o oo T (3 0 ), <ot

HY!
where v € (0,1).

From this result we see that there exists the inverse modified wave operator

—~—1
W+ D Uug € H4’1 — W_|_ € Hl,O.
Consequently we have for the Cauchy problem (1.1).

Corollary 1.2. Letvy € H*! and vy, € H>! be real-valued functions and the norm
lvollggan + |v1llgge be sufficiently small. Then there exists a unique global solution
v of the Cauchy problem (1.1) such that

v € C([0,00); H*') N C! ([0, 00) ; H>')
and
o (g, <CQL+1)77.

Furthermore there ezists a unique final state W, € H% N HO such that

1
< Cedtra
Hl,O

— ; 2
v (t) —2ReU (t) F~1W, exp (3% (€)? ‘W+1 logt>l

and

—~ y — 2
H]:U(_t)v(t) - 2ReW+ exp <-3;—M <£>2 ‘W_I_I logt)‘ < C&"St’y*%,

HY!
where v € (0, %)
We use the operator
J = (i0,) U (t) 2U (—t) = F~1{£) e H 09" F = (i0,) x + itd,,

which is an important tool for obtaining the time decay estimates of solutions and
is analogous to the operator

o+ itdy = U (t) s (~t)
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in the case of nonlinear Schrédinger equations, where
U(t) = FleslEltr
is the free Schrédinger evolution group and
U(t) = o—i(iV)t

is the free Klein-Gordon evolution group, respectively. We have the commutation
relation

[£,T)=LT - TL=0,
since
[z, (i02)*] = & (i0,)* 2 B,.

However it is difficult to calculate the action of 7 on the nonlinearity A'. Therefore
we use the first order differential operator

which is closely related to J by the identity P = Lx — 17 and acts well on the
nonlinearity. Moreover, it almost commutes with £ since

[£,P] = —i (i8,) " 8,L.

The operator J was used previously in [5] for constructing the scattering operator
for the nonlinear Klein-Gordon equations with supercritical nonlinearities.

We now explain briefly our strategy. Since the nonlinear Klein-Gordon equation
(1.1) is considered as the relativistic version of the nonlinear Schrédinger equation

(1 3) 1wy + %'Uac:z: = |'U|2 v, (ta l‘) ERXR,
’ v(0) =vp, z €R,

we therefore can expect that the methods applied to the study of (1.3) could be
also useful for the nonlinear Klein-Gordon equations. Thus in the construction
of the inverse modified wave operator in [3] the main ideas were transformation of
equation (1.3) into another one acting by FU (t) and application of the factorization

property of the free evolution group U (t) = M (t) DFM (t), where M (t) = o5
and D¢ = ﬁqﬁ (%). So we get from (1.3)

i(FU(-t)v), = pFMF D Mo
= Wt FMFFMU (—t) o FMU (~t)v
= ut™ | FU (—t)v)® FU(~t) v+ R.
Hence the nonlinear term in (1.3) is decomposed into the resonant term
pt ™Y | FU (—t) o> FU (—t) v

and the remainder term R. Then the resonant term can be canceled when we
change the dependent variable FU (—t) v by

(FU (=t) v) exp </1t =V | FU (=) v|2d7-> .
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So the a-priori estimate of ||FU (—t) v||p follows. In this paper we use the same
ideas. We multiply both sides of (1.2) by FU (—t) and put ¢ = (i9;) FU (—t) v to
get

o = FU(-1)(i0z) N (v)

3, 2 — _5 3

Selel o+ £ @) +0 (£ Iglkes)

where f(p,%) are cubic nonlinearities with some additional oscillating factors.
Thus we see that the nonlinearity of the nonlinear Klein-Gordon equation can

be decomposed into resonant term %ff |(,0|2 ¢, nonresonant terms f (p,%) and a
remainder term O (t‘lsi ||¢[|i{41>

(1.4) =

Remark 1.1. Let us consider the cubic nonlinear Klein-Gordon equation

(15) ’Utt‘i'U—'Uz:c:"‘U?a (t,.’E)ERXR,
' v (0) = vo, vt (0) = v,z € R.

The usual energy method gives us the space-time estimate of solutions

t
[ el dr <€ (ol + Ionls)

which implies the dissipative property of solutions. Indeed in (7], it was obtained

1
the asymptotic behavior of small solutions with time decay rate (t~'log (1 +1))?
under the conditions that the initial data are reqular, small and have a compact
support. Our method is useful to remove the condition of compactness on the data.

If we putu = % ('U +1 (i(‘?z)_l vt), then for the real-valued function v the nonlinear
Klein-Gordon equation (1.5) can be rewritten as

{ Lu=N(u), (t,z) e R xR,

(1.6) w(0,z) = ug (z), = € R,

where L = 0y + 1 (i10z) and
N = -21- (i9,) ") (((iag w— (303 u)3>
_ _.;1 (i02) "L 1(605) u|? (i) u + R,

where R is a remainder term. We have

(O™ FU (), = —5t @™ Q)™ FU (—t)ul* (™ FU (1) u

+0 (% 9l1fsema )

where m > 3. We let v (t) = (§)™ FU (—t)u (t) and
v (1)

(142710 (1) 10gt)

=w(t)

D=

then w satisfy

wy ==Xt wlPw, w(1) =v(1).
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Therefore the estimate

Cl @l

)™ FU (=) u ()|l <
(1 + 2\ |w (1);210gt)

D=

follows.

(1]

2]
(3]
[4]
(5]
6

7]
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1 Introduction and main results

We study the asymptotic behavior in time of small solutions to nonlinear Schrodinger
equations with quadratic nonlinearities in three space dimensions:

iOu + JAu = M + p?, (t,z) € R x RS, (1.1)
u(0, ) = uo(x), z € R?, .

where @ is the complex conjugate of v and A\, p € C. In [2], it was proved that global
existence of small solutions and the time decay estimate

lu(t) e < Ct2 (1.2)
and existence of a unique final state ¢, € L? such that
[u(t) —UE) bl < Ct2 fort > 1, (1.3)

where the free Schrédinger evolution group U(t) is given by

O] — / ™5 (y)dy.

(2mit) 2

We improve the results on asymptotic behavior (1.3) by using a special structure of
nonlinearities u? and %?. Before stating our main results, we introduce some notations
and function space which are used in this talk. Let

~ 1 .
Fo=1¢= 5 / e~ (z)dx
v=9 (2n)} P(z)
denote the Fourier transform of ¢ and
1 )
=1, — ezmg d
¥ ) / P(§)dE



denote the inverse Fourier transform of i). The weighted Sobolev space Hgl’k is defined
by

3t = {6 €8 fllgpe = |1+ 1251 - 2)Fg]  <oof,

with m, k € Rand 1 < p < co. For simplicity, we denote H™* = H"* || ||ggm+ = ||”H72nk:,
(z) = (1 + |z|2)2. Then our first result is

Theorem 1.1. ([5]) Let up € H** NHY? and € = |luo||zo + ||uo||mr2. Then there exists
an € > 0 such that (1.1) has a unique global solution u satisfying u € C (R; H>° N H?)
and

[l < Ce2(6)7%, flu(®)llee < Ce.

Moreover, there exists a unique final state $+ € L2NL* such that

| At -5, —se-tict [7 et )

0 T 2 _;\2
_ i / 6%7—%@(—%) <Cet’:  (L4)
t

L2
fort>1 and
lu(t) —UE)ps Iy < Cet™ for t>1, (1.5)
where 0 > 0,
”/\2 29 %/0061,5,27 2d'r/\i(§) +”,u2‘%z'% /weﬁﬁf_lzT‘%dTgi(——g—)
t 27| L2 ¢ 27| L2

< Cet™1 fort > 1.

Next we study sharp time asymptotics of solutions around the final states of nonlinear
Schrodinger equations :

O + 2Au = M + pu?, (t,z) € R x R3,
2 (1.6)
U(—o0)u(co) = uy
which is written as the integral equation
w(t) = U(E)us +i / Ut — )2 + ) ()dr, (o) ERxRE,  (1.7)
t

for a given u,.. In particular, we consider the large time asymptotic estimates of solutions
from below.



Here, we define the following function spaces

Xax = {6 € C(I1,00)i13)51lx, , < o0,
where

Ilx, . = S )t" 1 () = ua (¢) — sz (¢) — s (¢) |z

) = U, wa®)=i [ U =70k +
t
ug(t) = 22’/ Ut — T)(Augug + parag)dr.
t
Our next results are the following:

Theorem 1.2. ([1]) Let u, € H*3NH3 NH:". Then there exists a positive time T' and
a unique solution u € Xo 1, with o € (1,2), to equation (1.7). Furthermore for a € (3,2),
if \=0 or u =0, then there exist positive constants Cy, Co such that

Lt < V7 (u () = w1 (2))]| . < Cop®t™?

for j =1,2, ast — 0o, where p = [ty [[gos + urllgso + 1wt [lpzo-

Theorem 1.3. ([1]) Let uy € H®3N H**NH;?, and the norm p = |Juy || gos + |t lggso +
H“+“Hf’° be sufficiently small. Then for any positive time T > 1 there exists a unique

solution v € Xor to (1.7). Furthermore if we assume that Ay # 0, then there exist
positive constants Cp,Co such that

Cip®t™% < || V7 (u (t) — ua (t) — ua 1)) < Capt?
for j=1,2, ast — oo.

Theorem 1.2 and Theorem1.3 are the joint work with Professors N. Hayashi and P.I.
Naumkin.

Finally, we study asymptotic properties of small solutions for nonlinear Schrodinger
equations:

1
i0pu + §Au = \u? + par?, (t,z) € R x R®. (1.8)

The purposes are twofold. One of them is to show that the inverse wave operator for
(1.8) can be defined in a suitable Banach space. In order to do it, we consider the initial



value problem (1.1) under the conditions that the initial function is small and in a Banach
space Y and we find that there exists a unique ¢, € X(Banach space) such that

Jim [24(=)u(t) — 6l =0

which means that the operator W' : ug + ¢, is well defined. We call Wi! the in-
verse wave operator. Another purpose is to consider the final states problem (1.7) for
a given u, € X; which is small and we prove existence of a unique global solution
u(t) € C([1,00);Y1) of (1.7) for t > 1 under the condition that

lim [Ju(t) — Ut v, =0,

where Banach spaces X; and Y; will be defined in the theorem below precisely. Then
the operator W, : uy + u(1) is well defined and we call W, the wave operator. If we
can show the above two existence results under the condition X;= X, we see that the
operator W, W; ' is well defined as the mapping from the neighborhood of the origin of
Y into Y;. Here we define the following function space:

Zr = {¢ € C([T,00); L) : ||¢lz, < oo},

where

I8llze = sup (£2116@) s + ¢ 6(0) 1z )

te[T,00)
We state our main results

Theorem 1.4. ([4]) Let up € Y = H*® N H'? and ¢ = |luo|ly. Then there exists an
e > 0 such that (1.1) has a unique global solution u € C(R;Y) which satisfies

Jut)llee < Ce2(t)73, JJu(t)lles < Ce.
Moreover, there exists a unique final state ¢, € X = HY! such that
[U(—t)ult) — ¢4 ||y < Cet™1

fort > 1. Namely, the inverse wave operator W;Cl s the mapping from the neighborhood
of the origin of Y into X.

Theorem 1.5. ([4]) Let uy € X; = H"! and the norm p = ||uy||x, be sufficiently small.
Then for any positive time T > 1 there ezists a unique solution u € Zr to (1.7). Namely,

the wave operator W, is the mapping from the neighborhood of the origin of Xy into
Y]_ = L2.

By the above theorems we have

Corollary 1.1. ([4]) The operator W, Wi is well defined as the mapping from the neigh-
borhood of the origin of Y = H*® N HY? into Y, = L2
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We consider the analyticity of solutions to the Cauchy problem of the Schrédinger
eqution:

zgu + %Au = 0,
u(0) = ¢.
For t € R™ let U(t) be the free propagator, i.e.
.t _ .t
u(t) = U(0)6 = expli )9 = 5" exp(~i5|61)36,

where § denotes the Fourier transform. For ¢ € R\ {0}, U(t)¢ with ¢ € L' + L?
has the representation

U(t)9) (x) = (M()D()FM(t)¢) (z),

where F is understood to be a bounded operator from L' + L? to L™ + L2,
MW@ = e (56l ) vlo)
(DY) (@) = (@) >t x)

with




Definition 1 For any bounded convez set Q@ C R™ with 0 € Int Q), its supporting
function vq is defined by
Ya(z) =sup{z-p;peQ}
forz € R™.
As for the analyticity in the space variable we have the following statement.

Proposition 1 Let Q@ C R™ be a bounded convez set satisfying 0 € Int ). Let
¢ satisfy €1%¢ € L* + L. Then for any t € R\ {0}, the function ¢ — u(t, ()
defined by

u(t, ) = exp (.2%(2) . (it)"”/Q({E’M(t)qs) (g)

t

n

is an analytic continuation of U(t)¢ on R™+it(Int Q), where (> = (- = Z CJZ.
=1

As for the analyticity in the time variable we have the following statement.

Proposition 2 Let a > 0 and let ¢ satisfy e“‘“z(z) € L' + L*™. Then the
function (1,¢) — u(r, () defined by

r.0) = exp (3-) - ()2 (0)0) (£ )

is analytic on (C \B (&, &= )) x C", where

4a’ 4a

i 1
B(E’Z&) = {TE(C,
Remark 1 u defined by (1) can be a double-valued function out of the factor

(i7)~™/2 provided n is odd. To be more specific, U (t)¢ is connected with —U (£)¢

through a mutual continuation on ((C \ B (%, 41(1)> x C" provided n is odd.

Proposition 1 and proposition 2 induce the following identities, which appear
in [HS1] provided n = 1.

Theorem 1 Let a > 0 and let ¢ satisfy e®*"¢ € L2. Then U(t)$ with t # 0
has an analytic continuation u(t,-) defined on C", which satisfies that

(2mat®)~ ”/2//nXRn < 5 t2> exp (—ZM> u(t,§ + in)

2t
2 2 2
= 2 O et = e o).

a>0

2
dgdn

(2)

n

where J* = J*(t) = H ()%, Jk(t) = z + itdy and @ = (aq,... ,an) is a

multi-indez.



Theorem 2 Let a > 0 and suppose that

1/2

ﬁ sinh 2ax; e I?
: 2azx;
j=1

Then,

(i) U(t)¢ witht > 0 has an analytic continuation u(t,-) defined on R™ +iQ,4,
where

Qat = (—at,at)" ={n=(m,...,m); —at <m; <at,j=1,...,n}.

2
dE) dn

(ii) w(t,-) with t > 0 satisfies the following identity.

(Qat)”"/at (/n exp( M) u(t, & +in)

2t
20, 2|l >
3 e U ()22

a>0HJ 1(2 )
_ / ) H___Smgii‘f‘”f) 16()|?da.
j=1 J

We generalize the identities above by the following statement. It is conve-
nient to use the notation

Cop(z) = /Q p(y) e vdy.

Theorem 3 Let Q C R™ be a convex open set with 0 € IntQ). Suppose that
p € LY (Q) is non-negative and that

suppp N Q = Q.

Suppose that Lqop € L}, and assume that (£qp) |#|> € L. Then, U(t)¢ with
t # 0 has an analytic continuation u(t,-) defined on R™ + itQ, which satisfies

that
in)? ?
[t~ /m q(n/t) (/Rn exp <_’£§f§?@> ult, &+ ) dg) N

= | (200 @)o(a)Pes Q

for any q € LY(Q) with |q] < p



Remark 2 We have some other examples for Q, p, ¢, £qp and £oq in Theorem
3 as follows:

(i)
Q = Qr=(-mm)"

n
p(z) = []!lsinNjzl,
j=1

(=
&

I
-

sSin ijj,

<.
Il
—

sinh27ra:j 2N]
i tanh(rz;/N;) 4z%+ N7’

¢
2
3
—~
8
~
I
Il 3

2(—1)Ni*t1 N; sinh 27z
4z% + N?

¢
)
2
&

Il
—

<.
Il
—

<)
[
0N
=
3
3

s

p(z) = | cos Nz,

<.
Il
-

.

g(z) = cos Njz;,

<.
Il
—

" 2sinh 27z N;
jI=_I1 4% + N? 7 sinh7z;/N;
n
Lag(z) = H

Jj=1

4(—1)Niz; sinh 27z
4% + N7? '

Here Nj e Nfor j=1,... ,n.
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We consider the following nonlinear Schrodinger equation with a delta
function potential:

10 = —0%u + ¥o(z)u + alulP'u, (t,z) € R xR, (1)

where v, & € R, 1 < p < oo, and §(z) is the delta function at z = 0. The
formal expression —92 + vd(z) in (1) is formulated as a linear operator A,
or H, associated with a quadratic form a., on H'(R):

a,(u,v) = Re {/ Oyu(x)0v(x) dox + vu(O)v(O)} , u,v € H'(R).
R
Then, there exists a unique linear operator A, : H'(R) — H*(R) such that
(Au,v) = a,(u,v), u,v€ H'(R).

Moreover, we define a linear operator H, in L*(R) by H,v = —d2v for
v € D(H,) with the domain

D(H,) = {v e H*(R\ {0}) N H'(R) : 8,v(+0) — 8,v(—0) = yv(0)}.
Then, H, is a self-adjoint operator in L?*(R), and satisfies
(Hyu,v)r2 = a,(u,v), u,v€ D(H,).

The following spectral properties of H, are known: oes(H,) = 0ac(H,) =
[0,00), 0sc(H,) = 0. If v >0, 0,(H,) = 0. If v <0, op(H,) = {—7*/4}



with its positive normalized eigenfuction (|y|/2)/2e~1"l#I/2 (see [1, Chapter
1.3] for details).

In this talk, we mainly consider the case where v < 0 and o > 0 (attrac-
tive potential and repulsive nonlinearity), and study the structure and the
orbital stability of standing wave solutions e“*¢,,(z) for (1), where w € Ris a
parameter, and ¢, € H'(R) is a positive solution of the stationary problem:

A +wp+alpfto=0 in H(R). (2)

The local well-posedness of the Cauchy problem for (1) in the energy space
H'(R) follows from an abstract result in Cazenave [2]. Moreover, there is
conservation of charge and energy, i.e.,

Hu(t)”L2 = HUOHL29 E(u(t)) = E(U'O)) vt e [07T*)7

where u(t) is the solution of (1) with u(0) = ug € H*(R), T* = T*(ug) €
(0, 00] is the maximal existence time of u(t), and F is defined by

1 o
E(v) = 5%(%“) + m“vniﬁl

= Sl + o) + Sl

(see Theorem 3.7.1 and Corollary 3.3.11 in [2]).

For the stability of standing waves for (1), the case where v < 0 and
a < 0 was first studied by Goodman, Holmes and Weinstein [7] for the
special case p = 3, and then by Fukuizumi, Ohta and Ozawa [6] for general
case 1 < p < oo. The result on stability for this case is as follows. When
w > +%/4, the stationary problem (2) has a unique positive solution ¢,,.
If 1 < p < 5, the standing wave solution e*“*y,, of (1) is stable for any
w € (v?/4,00). If p > 5, there exists w* = w*(7y, a,p) € (¥?/4, 00) such that
e, is stable for any w € (v?/4,w*), and is unstable for any w € (w*, 00).
Remark that for the case where v = 0 and a < 0, the standing wave solution
ey, is stable for any w € (0,00) if 1 < p < 5, and is unstable for any
w € (0,00) if p > 5. Note also that when v € R, @ = —1 and w > 7?/4, the
positive solution ¢, of (2) is given by



for z € R, where b(w) = tanh_l(—ﬁ). For this case, the stability of e“!p,,
is determined by the sign of the derivative of the function

w = lpull2e = CpuT=n / (cosh )4/ ay,
b(w)

where C, is a positive constant depending only on p (see also [4]). Fukuizumi
and Jeanjean [5] studies the case where v > 0 and o < 0.
We now state our main results.

Theorem 1 When v < 0, a = 1,1 < p < o0 and 0 < w < ¥?/4, the
stationary problem (2) has a unique positive solution ¢, € H'(R) given by

0o (1) = ((igl_)_uiy/(p—n {sinh ((—p;;)—\/—alxl +C(w)> }—2/<p~1)

for x € R, where c(w) = tanh™*(2y/w/|y|). The standing wave solution
e“tp, of (1) is orbitally stable for this case.

Theorem 2 Let v < 0, a =1 and w = 0. If1 < p < 5, the stationary
problem (2) has a unique positive solution o € HY(R) given by

o 2ty TV
) = (e D)

for z € R. The stationary solution po of (1) is orbitally stable for this case.
If p > 5, the stationary problem (2) has no nontrivial solutions in H(R).

The proof of Theorem 1 is based on the fact that ¢, is characterized by
a minimizer of the minimization problem

nf{E(v) + Sloll3- : v € H'(R)},

and the conservation of energy and charge (cf. Cazenave and Lions [3]).
Theorem 2 is proved in a similar way.

Finally, it should be remarked that Mizumachi [8] proves the asymptotic
stability of small standing waves in the energy space H'(R) for one dimen-
sional nonlinear Schrédinger equation

0 = —02u+V(z)u+ afulftu, (t,z) ERxR

for the case p > 5 under suitable assumptions on V(z).
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We consider the initial value problem for the Ostrovsky equation as follows:

{ Opu + cOpu + audyu — BO3u = 40, u,  (z,t) € R x [0, 00), 0.1)

u(z,0) = ¢(z), z€R

where u(z,t) is a real valued function, ¢, a, § and ~y are real valued constant parameter.
The Ostrovsky equation has some physical models (See, e.g. [1], [5], [8], [9], [19]). For
example, it describes the gravity waves propagating down a channel under the influence
of Coliolis force. The parameter v measures the effect of the Earth’s rotation and is very
small in real situations. When v = 0, (0.1) is the Korteweg-de Vries equation, which is
completely integrable. However, when v # 0, (0.1) is known to be not integrable ([9],
[20]). Our aim is to study the effect of the rotating term, namely, to understand difference
and similarities between 7 = 0 and v # 0. Existence and stability of solitary waves were
studied in [17]. In the present paper, we consider more fundamental problems. One is
the well-posendness, which means the existence of solutions and the uniqueness and the
continuous dependence on initial data. The other is the convergence of the solutions when
v — 0.

Before we proceed to our problems, for simpleness, we normalize parameters by the
change of variables as follows;

c=0, a=1 p=4+lor—1, ~ye€R.

We first recall the known results for the KdV equatuon (7 = 0). In [3], Bourgain proved
the time local well-posedness in L? by introducing the Fourier restriction norm method.
In [14] Kenig, Ponce and Vega proved refined bilinear estimates to extend Bourgain’s
result to H®, s > —3/4. Earlier results can be found in [2], [10], [12], [13]. The lifetime
of the solutions by the time local well-posedness results above, depends only on the size
of the H® norm of the initial data. Therefore, by combining the L? conservation law and
time local results, we have the time global well-posedness in H*®, s > 0. Since the KdV
equation on H* for s < 0 has no conservation law, it seemed difficult to consider the
long time behavior of solutions in H*, s < 0. However, in [7], Colliander, Keel, Staffilani,



Takaoka and Tao overcame this difficulty and proved the time global well-posedness with
s > —3/4 by introducing a regularizing Fourier multiplier operator I and calculating a.
modified energy defined in H*, which is called the “/-method”. The value s = —3/4 seems
to be critical. Nakanishi, Takaoka and Tsutsumi proved that the fundamental bilinear
estimate used to prove the time local well-posedness fails when s < —3/4 in [18]. Christ,
Colliander and Tao proved the time local well-posedness with s > —3/4 by studying the
modified KdV equation and the Miura transform in [6]. They also proved the time local
ill-posedness with —1 < s < —3/4 in the sense that the solution operator fails to be
uniformly continuous with respect to the H® norm (See also [4], [15], [21]).

We next recall the known results for well-posedness of the Ostrovsky equation (y # 0).
Assume ¢ is in H N H~'. Varlamov and Liu proved the time local well-posedness for
s > 3/2 by the energy method in [22]. Linares and Milanés extend this result to s > 3/4 in
[16]. Huo and Jia extend this result to s > —1/8 by the Fourier restriction norm method
in [11]. In this method, a bilinear estimate plays an inportant role. We have refined the
bilinear estimate (See, Proposition 0.6) to obtain the following theorem.

Theorem 0.1. Let v #0, 8 = +1 or —1 and ¢ € H*NH®. If s > max{—3/4, —a/2—1},
—1/2 > a > —1, (0.1) is time locally well-posed.

Remark 0.1. Since we can not apply the Miura transform for the case vy # 0, the time
local well-posedness for s < —3/4 is still open. The ill-posedness for s < —3/4 is also
still open. In the proof of the ill-posedness results and the counter examples of bilinear
estimates for the KdV equation with s < 3/4, a low frequency part of the solution plays
important role. The rotation term 0, 'u affects the low frequency part. So, the situation
for v # 0 s different from that for v = 0.

The Ostrovsky equation has the L? conservation law and the following a priori esti-
mate;

sup [lu()llz— < C(lellg-1 + (T){lellz2)?).

0<t<T

where () := /1 + |- |2. Therefore we can extend the time local solutions in Theorem 0.1
to time global ones.

Theorem 0.2. Let v # 0, B = +1 or —1 and o € H*NH™'. Ifs > 0, (0.1) is time
globally well-posed.

We next consider the convergence of the solutions when v — 0. Let u,, and v be the
solutions of the following equations;

{ O, — BOPup + unOptn, = 10, 'uy,  (z,t) € R x [0, 00),

un(z,0) = @n(x), z € R,
O — BO3v + v0,v = 0, (z,t) € R x [0, 00),
’U(.’IZ,O) :¢($)7 CUER

Liu and Varlamov ([17]) proved the following proposition.



Proposition 0.3. Let s > 3/2, 1) = ¢, € HNH™" and T > 0. Then,
sup ||v(t) — un(t)||zz — 0,
<t<T

when v — 0.

The essence of their proof is to calculate the L? inequality for w := v — u as follows;

/ /w8 und:cdt‘

[ w?8,v dz in the first term of the right-hand side is estimated by ||w||%,||0,v|| 1. The as-
sumption s > 3/2 was used to control ||0,v|| L by the Sobolev inequality. We have refined
this argument, by dividing time interval [0, T'] into small pieces and using Proposition 0.6,
to obtain the following Theorem.

lo(llzz — el < O / / wio.vdedt]) +

Theorem 0.4. Let f = +1 or —1, ¢ € L? o, € L*N H™Y and T > 0. Assume that
max{||¢]|L2, HSOnHLZ,%HSOn“H—l} < M. Then, we have

sup [[o(t) = un(®)llz> < O (I = nlliz + alllnll 1)

where C' depends only onT' and M.
Corollary 0.5. Let 8 =+1 or —1, ) € L2, p, € L2NH and T > 0. Then, we have

sup [[v(t) — un(t)llz2 — Owhenllv — pallz — 0,7l @ull -1 — 0,72 — 0.
0<t<T

Remark 0.2. In Theorem 0.4 and Corollary 0.5, 1 is not necessary to be in H™
and ||@nl|7-1is not necessary to be bounded. However, the assumption ¢, € H™' and
Yalllonll -1 — 0 seems to be necessary. Since we treat the nonlinear term as perturba-
tion, we consider the following linear equations;

{ Oy, — BOPUy, = 7,07 Y, (z,t) € R x [0,00),

un(xa 0) = @n(m)7 z €R,
O — BO%v = 0, (z,t) € R x [0,00),
v(z,0) = ¢(x), z € R.

We can explicitly solve them by the Fourier transform.

Up = ]—"5‘1 exp ( it(BE® + € )) " On, U= ]_-5—1 exp (—itBE3) Futh.
If n, =, we have

ltn = vllz = {exp (~itrn ™) = 1} Fullzz.

Therefore, we need the assumotion Yy ||@nll -1 — 0.



Finally, we mention the bilinear estimate, which is used to prove Theorem 0.1 and
Theorem 0.4. We define the Fourier restriction norm as follows;

(e, 1) | xses = I46)° (HE™) " + BE + 76l
where u denotes the Fourier transform with respect to ¢ and x variables.

Proposition 0.6. Let0 > s > —a/2+V /2—5/4, —=b > a > —1 and min{b+1/4+s/3,1} >
Y >b>1/2. Then, for any u,v € X>** we have

102 (uv) | xs.00-1 < Cllull xsmpl|v]lxs0

where C' depends only on s, a, b, V.
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ON SOME ELLIPTIC ESTIMATES

YONGGEUN CHO, TOHRU OZAWA AND YONGSUN SHIM

ABSTRACT. We discuss some estimates for an elliptic system with smooth vari-
able coefficients on a domain 2 containing the origin. The concerned estimates
are invariant under a domain expansion with scale factor R such that y = Rz,
z,y € R™ n > 3 and a real number R > 1, provided the coefficients are in
a homogeneous Sobolev space. We apply these invariant estimates to a three
dimensional Lamé system with variable viscosity coefficients 1 and p’ and ob-
tain the local existence and uniqueness of strong solutions of heat-conducting
compressible Navier-Stokes equations with density decaying at space infinity

or vanishing on nonempty open subsets.

1. ELLIPTIC SYSTEM

We consider the linear system Lu = f defined by
(Lu)* =30, (A;;ﬂ(m)ajuﬁ) =f* in Q (1.1)
i,5,8

Here v is an N dimensional vector field on R” for N > 1,n > 3 and 1 < 4,5 < n,
1 <a,f<N. Q is either a bounded domain in R™ with smooth boundary or a
usual unbounded domain such as the whole space R™, the half space R*~! x R,
and an exterior domain with C? boundary. We assume the coefficients A%ﬂ are

smooth functions of z and further assume that
e (Bound condition) Aff;-ﬂ are uniformly continuous on Q and for some fixed

constant A

sup IAfJﬁl <A forall o,f,1,j (1.2)
Q

o (Elliptic condition) for some fixed constant A
> AT (2)erel > Nel? forall € eR™ (1.3)
i,5,0,0
Here the gradient V is defined by V = (1, -+ ,8,), where 8; = 52-.
Our main concerns are to find a condition for elliptic estimate of the operator

L (defined on an bounded domain containing the origin') independent of domain

IWe assume this just for simplicity of presentation. We can proceed the domain expansion via

translation which is possible because of the uniformity of A.
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expansion and to show the invariance. Here by the domain expansion we mean an
expansion with respect to R of scaled domain Qg. The scaled domain Qg, R > 1
is defined by Qr = {y : y = Rz,z € Q}.

The elliptic estimate we say usually is the following: if f € L? for some 1 < ¢ < oo
and u is a solution of (1.1) in Wy>9 N W21 for a bounded ©, then there holds

IV2ullze < C(Iflls + lullzo), (1.4)

where the constant C depends on A, A\, n,q,2, 9 and the modulus of continuity of
A. For the details of elliptic theory, we refer the readers to the papers and books
[1,5,7,8,11, 12, 13].

Throughout this article, we use the notation for Sobolev space W* 4 = W*.4(0Q),
k>0,1<q<ocoand H¥ = W52, The space Wr (1 < ¢ < o) is the Sobolev
space with trace zero on the boundary in W* 9 sense which means that for any
u € Wé“ '? we can find a sequence of C*(Q) functions which is continuously zero on
the boundary converges to u in W 9.

The estimate (1.4) may not be invariant with respect to the scaling factor R. By

the scale y = Rx, we have

IV2ull Latny < CULF I ar) + B 21Ul pagan))-

The constant C may depend on R. For an estimate independent of the scale factor
R, we need to scrutinize the factors on that the constant C' depends and find some
conditions for the invariance.

Now we introduce a candidate of condition for invariance as follows.
e (Scaling condition)
VA%’B e L"(Q) forsome r>n if ¢g<n
VAN € L9(Q), if q>n.
With the conditions (1.2), (1.3) and (1.5), we have

(1.5)

Theorem 1.1. Let Q be a bounded domain containing the origin and with C?
boundary Q. If f € LI(Qg) for some 1 < ¢ < oo and u € Wy ' N W29(QR) is a
solution of the system (1.1) defined on the domain Qr(R > 1). Then the followings
hold

(1) If ¢ < n, then
IV?ul| L) < C (||f||Lq(QR) VAo IVl o) + ||u”W1‘Q(QR)) - (L.6)

(2) If g <n, then

19%ull oty < € (If o) + IVAN o IVl oy + IVl ) - (17)
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(3) If g > n, then

1V2ullzaan) < C (Iflzsr) + IVAlLa@m I VUl Lo (or) + lullwr ap)) - (1.8)

(4) Ifn=3 and 3 < q <6, then

IV2ulla(arn) < C (I1flLa@r) + IVAl Lo VUl Lo @r) + VUl 2nLe @) -
(1.9)
Here the constant C depending only on A, X\, N,n,q,r,Q,0Q and the modulus con-
tinuity of A, not on R.

Remark 1.2. If Q) is the unit ball, then Qg is the ball of radius R and the constant
C of each estimate in (1.1) independent of the radius.

Remark 1.3. From the invariant estimates above, we can consider a limit problem
R — co. It will be interesting to study a sequence can converge to a solution satis-
fying the system of equations (1.1) on an unbounded domain and also the estimates

in Theorem 1.1.

Proof of Theorem 1.1. For the proof, we scale functions with factor R so that
u(z) = w(Rz), A(z) = A(Rz) and f(z) = R2f(Rz). Let L be the scaled oper-
ator such that
L(w)® = Z 81-(Zifﬂﬁ) =f* on Q.
43,8

Fixing Q, we proceed the well-known interior and boundary estimate. We first
consider the interior estimate. If A is constant, then by the Calderon-Zygmund
theory, one can show that there holds for all v € W 4(Q)

IV?v]lzs < C(n,q, A, N[ Lol zs, (1.10)

where (Lov)® = Y, 5 AXL0:0,0° = 35 A*PV2P.

Now we freeze the coefficient A at point o9 € Q' and fix R > 1, where ' is a
precompact subset of  (for example we can take Q' = Q\ (B(0,¢e0) + 99) for small
€0, where g9 depends only on p, the modulus of continuity of A). Let Ly be the
constant coefficient operator given by Lgv = Av(a:o)VQU. Supf)ose v has support in
a ball B(zo, §) CC 2 (hereafter we denote Be by B(zo, %)). Then we have

Lov = (A(z) — A)VZ0 + AV,
and by (1.10)
||V21’||Lq(3%) < O”LOU”LQ(B%)
< C(sup|A(zo) — A|||V29||Lq(3%) + [|AV2U||LQ(B%))-
Bp
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Since A is uniformly continuous on €, there exists a positive number § independent
of R such that

|A(z0) — A(z) (1.11)

I_QC

if |z — o] < 2. Actually we can choose uniform § for any zo € Q' from the

conditions (1.2) and (1.3). Hence we have
”v2’UHLq(B%) < C(na q, )‘7 A)I|ZVQU||L4(B%% (112)

provided p < 4.
Choose a smooth cutoff function € Cg(B%) such that n=1on B, ,n =0 on
By \ Bzg and [Vn| < %i, |V2n| < 5%}%. Then v = 5 € Wy 9(Q) and we have

4 R
||V25||Lq(3_gﬁ) < ||V2UI|LQ(B£)
<C (||"7AV2ﬂHLq Bg) HAV??VU”D:(Bﬂ) + 1 A(V?n UHLQ(Bﬂ))

<C (”f”Lq(B%%) + ”VAVUHL‘I(B%%) + ”AV??VUHL«:(B%) + AV 2"7)a|IL‘1(B%))

~ ~_ 1. 1,
<C (Hflqu(B; ) F VAVl Lasg o) + ~IVEllLass o) + 5 ||U“L<1(B§£)) ,
af 4R P 1 1% 1R

provided p < 4.
If ¢ < n, then we use |[VAVE|L. < ]|VJZ||U|IVH|[L£%. Hence, we have for
gsn

quB
(Bgg)

V2 UHL‘I(B_L) <C (Hf”Lq(Bu) + VA - @IVa| e

R, __ R? _
+;||VUI|LQ(B%%) + ?"M‘LQ(B%%)) .
Since by Sobolev embedding and scaling we have
~ 1—n n
IVl 2 SO (B2 21V lncay ) + 19y I, 2)
4

where C does not depend on p and R, we derive that for some € > 0 and small p
Iv? Ullzas p) < Ce <”f||Lq(Ba ot ( HVA”L""(Q) + HVA”er NVallzesy )

IVl )+ sy g ) + Iy g

where C. = Ce™ L.
If ¢ < n, then since

R2 R
ra ||U“Lq(33£) < —‘||U|| 2 (Byp) < C_”VUHL'J(BB_E)
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for some constant C independent of R and p, we have
N ~ R* _ ~ T _
”v2u”Lq(B§gR) <C: <||f”L‘1(B%ﬁ) + (;%_”VA”LT(Q) + ||VA||LT(Q))||VUI|Lq(B%%)

R, __ ~
21 Villieiag g ) + IV Tzrcoy )
If ¢ > n, then we use VAV e < IV Al 2o || V|| oo - Hence, we have

19205 ) < C (1floczy g) + 1V AlNLaey o) IVl (o)

R, _.. R? _
1Vl )+ S Tlircay )
If n =3 and 3 < ¢ < 6, then since

3__1
~ P\a~32
@l o) <C(5)" 1Vl )

4 R

for some constant C independent of R and p, we have

IVl a4y < C (Wllzasy o) + IV ANy ) [Vl o)
2R 4 R 4 R

3_3
2749 _
) ||VU||L2(B§£)> .
P iR

Fixing p, choose a finite covering {B}}X | and {Bi}f—, of Q' such that B} =
B(zy, #5) and By = B(zy, 2£) with z, € Q’ Q CULB, C Qand 3, xB,(z) < cn

for some fixed positive number c,. The number ¢, can be taken by 2" by the finite

| =

R, __
+—IVallLas ,) + (
P 4R

overlapping property of balls. Hence we have for ¢ <n

[|v2ﬂ”%q(9/) < Z IIVQ'EHL(B;)
k

R+ -~
55 (nfnm(& (pnq IV AN, ) + IV AN i) IV 5,

R% -
)+ anun%w)+eq2nv2uniq<3k) (1.13)
k

~ R%
< Cutn (1) + (o 19 AL 0y + VAN oIV o

L —— R q q1o2:19
+‘p;”v“”Lq + ;27”'“”“(9) + €V “”Lq(g)'

If ¢ < n, then
V2%
< C Cn (”f”LQ(Q) + ( g ||VA”q7‘(Q) + ||VA||Lr(Q))”VU“Lq(Q (1_14)

P
R
7 Ivallg ) el IVul| 7 () -
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If ¢ > n, then we have

19200y < € (13000 + IV AN 01Vl e

- R (1.15)
L 0y + o )
Ifn=3and 3 < g <6, then
192010y < € (1710 + IV AN a0 IVl e )
(1.16)

R _
‘1‘? HVU‘H‘}_}?nLq(Q)) .

Now we let Q, be the 2¢¢ neighborhood of the boundary 09, that is, Q., =
00+ B(0,2¢p). For sufficiently small e so that Q\Q' C Q. After domain flattening,
we can proceed a boundary estimate via reflection (for this we need the zero trace
condition in W1 9). Actually we have for ¢ <n

N T,
~ R*
< Ceon (I Maie) + o VAL oy + IVAEE)IVEIL 0, (1)
RT R% ~
2 o, + ﬁnunzq(m) + T2 g
and for ¢ > n

IVl 0, < Coa (1 1E0() + IV AN o I Vil o
R R (1.18)

A0 + o )
where Cyq is a constant depending on the diffeomorphism from a portion of 952 to
the unit ball centered at origin. The cases ¢ < n and 3 < ¢ < 6 for n = 3 can be

treated similarly to (1.14) and (1.16), respectively.

Summing every estimate case by case, and converting them back into the un-
scaled variables, we easily obtain the estimates (1.6)—(1.9). This completes the
proof. O

Remark 1.4. If A is constant, then in view of the proof for constant case we deduce
that

IV2ull Loy < CliflLe(an)

for some 1 < qg< oo and any R > 1.
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2. LAME SYSTEM

We apply the elliptic estimate in Theorem 1.1 to the Lamé system which is
defined by
Lu = —div(2pdu) — V(i'divu) = f on Q C R3, (2.1)

where u is a n dimensional vector field, 4 and p' are smooth viscosity coefficients,

du is the deformation tensor %(Vu+ V'u). If we assume that
0< A< p,p+p <A, (2.2)
then since the leading coefficient AZ}ﬁ (z) is

()i 00,6 + (u(z) + 1 ()i adj 6,
A satisfies the conditions (1.2) and (1.3). Hence if we impose the scaling condition
that
Vi, V' € LT(Q) for some 3<r<6 if ¢<3,
Vi, Vi € LUQ), if 3<q<6, (23)

then from Theorem 1.1 we have the following.
Theorem 2.1. Let Q be a bonded domain containing the origin and with C? bound-

ary. If u € Wy ' n W>4(Qg) is a solution of (2.1) with f € LY(Qr) and p, i/
satisfying (2.2) and (2.3), then for any R > 1

(1) if g=2 and f € L*(QR), then
||V2“HL2(QR)
< C (Ille2@n) + IVl L2 (2.4)
+(IVelliror) + IV |2 02) 73 | Vull L2(r)) -
(2) If 3 < q <86, then
||V2U“Lq(nn)
< C(Iflzan) + IVull2aza@n) (2.5)
+(IVellzar) + IVE La@p) IVl oo 2r)) -
Here the constant C depending only on A, A\, N,n,q,7,Q,00 and the modulus con-

tinuity of w, p', not on R.

For constants p and p/, see [2] and also see [3, 9] for Stokes system with variable

coefficient.
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The elliptic estimate of Lamé system can be applied to the following heat con-

ducting compressible Navier-Stokes equations:

p = p(p, pY),
Pt + le(p’U,) = 0’
(pu)t + div(pu ® u) — div(2udu) — V(' divu) + Vp = pf, (2.6)

¢y ((p0): + div (pub)) + (yeppd — p)divu — div (kV0)
= 2p|du)? + g/ (divu)? + ph.

We consider the system (2.6) supplemented with the initial and boundary value

conditions:

(p,u,0)|t=0 = (po,u0,00)  in Q,
(u,0) =(0,0) on 00 x[0,T], (2.7)
(p(t, z),u(t,z),0(t,z)) — (0,0,0) as |z| — oo, (¢, z)€ (0,T) % Q.

Here we denote by p, u, p and 6 the unknown density, velocity, pressure and tem-
perature fields for the fluid, respectively. The second and third equations in (2.6)
are derived by the mass conservation and balance of momentum of the fluid and

the forth equation is derived from the balance of energy
(pe); + div (peu) — div(kV0) = 2u|dul® + u' (divu)? + ph

by using the relationship ¢, = %, where e = e(p,0) is the internal energy. We
assume that the viscosity coefficients p = p(p, 8), ' = 1/'(p, ), specific heat at con-
stant volume ¢, = ¢,(p,0) and heat conductivity x = k(p, ) are positive functions

of p and 6. The factor yc,pf — p follows from a result of the first law of thermo-

dynamics law p22¢ = p — aKy6 and the relation @ = —1 (22) = 222 where o
y P op p \ 00 Ky

is the thermal expansion coefficient and Ky is the isothermal bulk modulus. The

known fields f and h denote a given external force and heat source per unit mass.
Finally, (0,T) x 2 is the time-space domain for the evolution of the fluid, where T
is a finite positive number and 2 is an unbounded domain such as the whole space
R3 and an exterior domain with smooth boundary.

The concerning problem to this system is to show the unique solvability of strong
solution for the initial density po which is positive on €2 and decays at space infinity.
Owing to the decay of the initial density, the solution p may decay at space infinity.
Hence it is hard to expect the regularity of v and u; which are crucial to the proof
of uniqueness. To overcome this difficulty, we localize the problem and use the
elliptic estimates independent of domain expansion established in Theorem 2.1.

In doing this, to avoid technical difficulty, we need additional condition for the
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coefficients such that c, = ¢, (p, p8), 1 = p(p, p9), 1’ = 1 (p, pb), k = k(p, pd) and
assume a compatibility condition to compete with the decay of density, which can

be described as follows. ‘
1
—div (2[1,0dU()) - V(,LLZ)dIV UO) + Vpy = P91

) in Q@ (2.8)

— div (ko Vo) + podivug — 2pg|dug|? — 16 (divag)? = PE 92
some (g1, 92) € L?, where uo = u(po, pobo) and so on.

Now we state final result.

Theorem 2.2. Assume that the data (po,uo,60,h, f) satisfies the regularity con-
dition

po>0, poeLinH' NWY9, (ug,6) € Din D2

(h, f) € C(0, T L*) N L*((0,T}; L) and (he, fi) € L*(0,T; H™)
for some q, 3 < q < 6 and the compatibility condition (2.8). Then there ezist a

small time Ty > 0 and a unique strong solution (p,u, ) to the initial boundary value
problem for (2.6) such that

peC(0,T.;; L N H nWh9),  p, € C([0,T.]; L2 N L9),
(u,0) € C([0,T.]; D§ N D?) N L*(0, T.; D*9), (2.9)
(us,6¢) € L*(0,Ty; D§)  and  (/pus, /p8;) € L=(0,T,; L?).
Here we used the following notations for homogeneous Sobolev space (see [6])
DFT ={ve L} (Q): |v|per < oo}, DF=DF2
DY ={veLfQ): [vlpg < co and v =0 on 90},
H} =D{NL? |v|per =|VF0|,- and [vlpy = |Vv|a.

The proof follows the similar line to the one in [3]. Its details will be seen in the

forthcoming paper [4].
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1 Introduction

This paper is concerned with large time behavior of the global solutions to

the generalized Burgers equations:

(1.1) u+ (f(u))e = Uge, >0, z€R,
(1.2) u(z,0) = uo(z),

where ug € L'(R) and f(u) = 2u®+ Su® with b # 0, ¢ € R. The subscripts ¢
and z stand for the partial derivatives with respect to ¢ and x, respectively.
It is well-known that the solution of (1.1) and (1.2) tends to a nonlinear
diffusion wave defined by

1 T
1.3 1) = X , t>0, e R,
(L3) Xt = =X (m) z
where
2

1 (eb‘s/2 — l)e“zT
1.4 «(2) = - T
(14) x:() bym+ (e¥/? —1) [° e~ dy
(1.5) 6E/u0(x)da;.

R



By the Hopf -Cole transformation in Hopf [4] and Cole [1], we see that it is
a solution of the Burgers equation

b
(1.6) Xt + <§x2) = Xez» >0, zER,
satisfying
(1.7) / x(z,0)dx = 6.
R

In Kawashima (8] and Nishida [11], if ug € Li(R)NH'(R) for some 3 € (0, 1)

and ||uo|| g1 + ||uwol|zr is small, then we have
(18)  Mlu(,t) = xC )l < CA+ )" (luollm + lluolly), 20,

where a = (1 — 3)/2. Here, for an integer k£ > 0, H*(R) denotes the space
of functions u = u(z) such that dLu are L?*-functions on R for 0 < I < k,
endowed with the norm || - ||+, while Ly(R) is a subset of L'(R) whose
elements satisfy HuHL}3 = [plul(l + |z])Pdz < oo. However, the estimate
(1.8) leads to a natural question whether it is possible to take a = 0 in
(1.8) for the extreme case = 1 or not. An attempt to answer the question
can be found in Matsumura and Nishihara [10]. To be more precise, we
put wo(z) = exp(—2 [* uo(y)dy) —exp(—3 [* x(y,0)dy) and we supposed
that wy € H%(R) N L*(R) and ||wg|| gz + ||wol[zr + ||uol|z: is small. Then the

estimate

lu(-, ) = x(, Ol < C(L+1) " og(2 + ) (lwoll = + [Jwoll s + [3]2),
(1.9) t>0
holds instead of (1.8). The aim of this paper is to show that the estimate

(1.9) is actually sharp, unless § = 0 or ¢ = 0. Indeed, the second asymptotic
profile of large time behavior of the solutions is given by

_ cd x -1
Viz,t) = _12\/EV* <m> (14+t)"log(2+t), t>0, ze€eR,
(110) = Bu(m(z,H)G(, 1 +t))(—f;)1og(2 1)



where

V(o) = (o) = e o), o) = e (3 [ ey,

and

(1.11) d= / 7 () dy,
1 a2

(1.12) G(a;,t):\/me

(1.13) M (2,1) = Ny ).

Bisides, we can take the initial data from Li(R) N H'(R), analogously to the
works of [8], [11]. And we set, for k > 0, Ey g = ||uol| g+ + “UO”L[%. Then we
have the following result.

~~

Theorem 1.1. Assume that ug € L*(R)NHY(R) and E1 o is small. Then
the initial value problem for (1.1) and (1.2) has a unique global solution u(x,t)
satisfying u € C°([0,00); H') and d,u € L?*(0,00; H'). Moreover, if uy €
LI(R) N HY(R) and Ey; is small, then the solution satisfies the estimate

(1.14)  Jlu(, ) = x(,t) =V, D)l < CE(148)7", t> 1
Here x(x,t) is defined by (1.3), while V(x,t) is defined by (1.10).

REMARK 1.2. In Liu [9], the initial value problem for the Burgers equa-
tions (1.1) and (1.2) is studied, provided ¢ = 0 implicity at page 42. After
the proof of Theorem 2.2.1, it is mentioned, without proof, that if we assume
(14 |z])?|uo(z)] < & and § is small, then the estimate

||u(7 t) - X(’:t)“L"O < C’S(l + t)_la t=>1

holds. However, from our result, the above estimate fails true for the case
c #0.

We remark that the estimate similar to (1.14) was obtained for other
types of Burgers equation such as KdV-Burgers in Hayashi and Naumkin [3]
and Kaikina and Ruiz-Paredes [5], and Benjamin-Bona-Mahony-Burgers in
Hayashi, Kaikina and Naumkin [2].



2 Basic estimates

We deal with the following linearized equations which coressponds to (3.1),
(3.2) below:

(2.1) 2% = Zgw — (bX2)z, t>0, z€R,

(2.2) 2(z,0) = zo(x).

The explicit representation formula (2.4) below plays a crucial role in our

analysis. For the proof, see [6].

Lemma 2.1. If we set

)

U[w](:z:, t? T) = Aaz(G(x - yat - 7_)771(567 t))nfl(% T) / w(g)dgdy)

—00

(2.3) 0<7t<t xR,
then the solutions for (2.1) and (2.2) is given by
(2.4) z(z,t) = Ulzl(z,t,0), t>0, ze€R.

Next we introduce the decay estimates (2.5) and (2.6) below for the ho-
mogenous equation (2.1). Basic idea of the proof goes back to the estimate
for the semigroup e*? in [8]. For the proof, see [6].

Lemma 2.2. Let § € [0,1], k be a positive interger and p € [1,00].
Assume that zo € Ly(R) and [, 20(z)dz = 0. Then, the estimate

-1
(2.5) 104U 2] (-, £, 0) | e < CE 7502 ) 0, £ 0
holds for any 1 =0,1,--- k.

Lemma 2.3. Let k be a positive interger. Assume that zy € H*(R) N
LY(R) and [g zo(x)dz = 0. Then the estimate

(26) (18U =] 1,012 < CL+8)" Dzl 1 + Celzollmt, £ >0

holds for any 1 =0,1,--- k.



From Lemma, 2.2 and Lemma 2.3, we get the following uniform estimate.

Corollary 2.4. Let k be a positive integer. Assume that zo € Li(R) N
H*R) and [g zo(x)dz = 0. Then the estimate

10LU20)(-,t,0) 112 < CEa(1+1) "G+, >0
holds for any 1 =0,1,--- , k.

Next we introduce the decay estimate (2.7) below for the imhomogenous
equation in the same way as Lemma 3.6 of [7]. For the proof, see [6].

Lemma 2.5. Let k be a positive integer. Suppose w € C°(0, 00; H*) N
C%0, 00; HY). Then the estimate

8;/0 Ulozw(T)](-, ¢, 7)dT

L2

+CZ/ (14+t— T)_%(l +7‘)'I_Tm]|6;nw(~,7)||pd'r

l

(2.7) oy ( /0 t e~ (1 4 7)=0=m) || gy, T)||§2d7>

m=0

1
2

holds for any | = 0,1,--- ,k. Here, HF(R) = {f : L,.(R)| 1fllge =

k
D 07 fllzr < oo}
m=0

3 Proof of Theorem 1.1

In order to prove our result, we introduce the following auxililly problem:

(3.1) Vg = Vgz — (bXV)z — (§X3)x, t>0, z€eR,
(3.2) v(z,0) = 0.

We have the following decay estimate for the solution v(z,t) to the above
problem. For the proof, see [6].



Lemma 3.1. Let [ > 0 be an integer. Then we have
(3.3)  [8bo(-B)le < ClOPA+8)" G D log(2+1), t>0.

To prove Theorem 1.1, it is sufficent to show Proposition 3.2 and Propo-
sition 3.3 below. For the proof, see [6].

Proposition 3.2. Let k > 1 be an integer. Assume that ug € L'(R) N
H*(R) and Eyq is small. Then the initial value problem for (1.1) and (1.2)
has a unique global solution u(x,t) satisfying u € C°([0,00); H*) and d,u €
L*(0, 00; H*). Moreover, if ug € L} (R) N H*(R) and Ey,; is small, then the

estimate
105 (u( ) = x(,8) = v( D) 22 < CEra(14+1)"G+2, - ¢ >0,
holds for | < k. In particuler,
lu(-,t) = x(t) = v(- Ol < CE(L+1)7, ¢ >0

Here x(z,t) is defined by (1.3), while v(x,t) is the solution for the problem
(3.1) and (3.2).

From Proposition 3.2 and Lemma 3.1, we can see that main term of the
asymptotic expansion of u(z,t) — x(z,t) as t — oo is determined by the
linear Cauchy problem (3.1) and (3.2).

Proposition 3.3. Assume that |0| < 1. Then the estimate
(3.4) [o(-,8) =V (-, t)llze < Cl8P(L+1)™, t>1

holds. Here, v(x,t) is the solution for the problem (3.1) and (3.2), while
V(z,t) is defined by (1.10).

Although the similer estimate was shown by Lemma 3 in [5], but we
need to modify the proof of it in order to avoid the logarithmic term in the
right-hand side.



Finally, we mention, by heuristic considerration, how to deduce the asymp-
totic profile V' (z,t). To begin with, we consider the heat equation:
(3.5) U= Ugy t>0, xER,
(3.6) u(z,0) = ug(x),
where ug(z) € C§°(R), [ uo(z)dz = 6. It is well-known that the solution
of (3.5) and (3.6) tend to 0G(z,t). Next we consider the linearized problem
(2.1) and (2.2) of (3.1) and (3.2) above:

2 = 2z — (bX2)z, t>T, x€R,

2(z, ) = 20(x).

If we put

(3.7) r(z,t) = /w z(y, t)dy,

—00

then we see from (2.1), (2.2) that r(z,t) satisfies

Te =Tge —bXTz, t>7, xER,

r(z,7) = /z 2o0(y)dy.

—00

Then a direct computation yields

39 (en).= es)

where 7, is defined by ( 1.12)‘. Therefore we have

r(z,t)
771(:17? t)

(39) NMlG(.I',t—’T),

where My = [0y (z,7) [* 2(y,0)dydz. Hence (3.7), (2.3) and (3.9) yield

(3.10) 2(z,t) = Ulzo)(x,t,7) ~ My(m(z,t)G(z,t — 7))



Now, by the Duhamel principle, the solution v(z,t) of (3.1) and (3.2) is

expressed as
t
(3.11) oz, t) = / V0. (— 53 (D)@, t, )dr.
0
Note that (1.12), (1.3) and (1.11) yield fo i (&, 7)x*(§, 7)d€ = d(1 +7)7".
It follows from (3.10) and (3.11) that

t/2 y c
vot) ~ [ (e )Gt =) [ ) [ a(=5xt(E m)dedydn

t/2 c
~ [ @Gt =) [ 2707 e

t/2 c
~ Bulmle. 060w 0) [ [ 0w )y

~  Op(m(z,t)G(z,t + 1))(—%?) log(2 + 7) = V(z,1).

Thus we find the second asymptotic profile V (z,t).
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