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PREFACE
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WKB ANALYSIS FOR THE NONLINEAR SCHRODINGER
EQUATION AND INSTABILITY RESULTS

REMI CARLES

ABSTRACT. For the semi-classical limit of the cubic, defocusing nonlinear
Schrodinger equation with an external potential, we explain the notion of crit-
icality before a caustic is formed. In the sub-critical and critical cases, we
justify the WKB approximation. In the super-critical case, the WKB analy-
sis provides a new phenomenon for the (classical) cubic, defocusing nonlinear
Schrédinger equation, which can be compared to the loss of regularity estab-
lished for the nonlinear wave equation by G. Lebeau. We also show some
instabilities at the semi-classical level.

1. INTRODUCTION

We consider the solution to the nonlinear Schrédinger equation (NLS) with a
cubic, defocusing nonlinearity, and an external potential:

2
(1.1) ieBus + %Auf = Vs + e, (t,2) € [0,T] x R™,
(1.2) us(O’ x) = ag(x)eitﬁo(x)/s.

We are interested in the behavior of the solution u® as the positive parameter ¢
goes to zero. According to the cultural background, this field goes under the name
of semi-classical limit, WKB analysis (which is a little bit more specific, see below),
or geometrical optics. The general idea is to describe the asymptotic behavior of
u® with a simplified model, which involves geometric quantities. In the case of
(1.1), these quantities are called either classical trajectories (in view of classical
mechanics), or rays (in view of geometric optics).

There are at least two motivations for such a study. We outline them here, and
refer to the survey [22] for a broader discussion on this subject. The first one comes
from the applied mathematics, and may find its origins in physics. In the case of
(1.1), suppose that € represents the (rescaled) Planck constant. It may be small
compared to the other parameters at stake. In this case, it is sensible to consider
that the asymptotic behavior of u® as e — 0 provides a reliable approximation of the
exact solution. Hopefully, the asymptotic model is easier to describe than the initial
one (1.1)—(1.2). Another motivation stems from the propagation of singularities for
equation where the small parameter ¢ is not necessarily present initially. Most of the
studies in this direction concern hyperbolic equations. However, the belief according
to which Schréodinger equations share properties with hyperbolic equations in the
semi-classical limit is a first hint that this field is applicable to Schrédinger equations
as well (see e.g. [16, 24]). To illustrate this statement, we give a result, whose proof
will be straightforward after the analysis of (1.1)—(1.2).



R. CARLES

Theorem 1.1 ([6], Cor. 1.7). Let n > 3. Consider the cubic, defocusing NLS:
1
(1.3) i0yu + §Au = |ul?u Ujg=o = U -
Denote sc = 5 — 1. Let 0 < s < s.. We can find a family (u§)o<e<1 in S(R™) with

]|u3||Hs(]Rn) —0ase—0,

and 0 < t* — 0 such that the solution u® to (1.3) associated to uf satisfies:

[|u® ()| e (mny — +00 as e — 0, Vk 6} 0 2 s,s] .
2

This result is in the same spirit as the initial breakthrough by G. Lebeau ([17, 18],
see also [21]). These former results also rely on geometrical optics (in a super-critical
régime; see below for this notion in the case of (1.1)). For (1.3), the above result was
first established by M. Christ, J. Colliander and T. Tao [10] in the case k = s (see
also [3, Appendix] and [6, Appendix B]). The fact that we can go strictly below the
value k = s stems from an analysis of (1.1) in a case where the nonlinearity should
be considered as quasilinear, and not semilinear. This result is then a consequence
of the original idea of E. Grenier [14].

The rest of this text is organized as follows. In § 2, we introduce the notion
of criticality for (1.1) at a formal level. In § 3, we explain how to justify this
notion, and describe the asymptotic behavior of u® in different cases. The proof of
Theorem 1.1 is given in § 4. More instability results are given in § 5.

2. WKB ANALYSIS AND THE NOTION OF CRITICALITY

This section remains at a formal level only. It is a preparation to the forthcoming
rigorous justifications. In a WKB analysis, one assumes for instance that the initial
profile aj can be expanded as a power series in €:

a8~a0+6a1+62a2+...

Note that the modulation factor * in front of the nonlinearity in (1.1) could be
taken equal to one, up to replacing af with er/ 2g§. In particular, it is clear that
for large k > 0, the nonlinearity is expected to be negligible in the limit ¢ — 0 (at
least locally in time). WKB analysis consists in seeking an approximation of the
form

uf(t, x) -~ a(t, z)e?®=)/e,

where the amplitude a and the phase ¢ are independent of . Plugging this ap-
proximate solution into (1.1) and canceling the first powers of ¢ yields:

1
2.1) 0(): at¢+§|v¢;2+vzo;¢|t=0=¢o if £ >0,

0 if Kk >1,
; Q=0 = Qo

1 1
. : . —alA¢ =
(22) O('): da+Ve Va+ sald ilaffa k=1

This shows that the minimal value of « for which nonlinear effects affect the solution
at leading order is kK = 1. We shall consider here the following three cases: k > 1
(sub-critical case), k = 1 (critical case), and k = 0 (a super-critical case). We refer
to [7] for the case 0 < x < 1. The first step consists in solving (2.1). The potential
V may be time dependent: V =V (¢, z).

U 9l
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Lemma 2.1. Assume that V and ¢ are smooth and sub-quadratic:
o Ve CRy xRY), and 02V € L2 (Ry; L°(RY)) as soon as |a| = 2.

loc
e ¢o € C®(R™), and 03¢y € L= (R™) as soon as |a| = 2.
Then there exist T > 0 and a unique solution ¢eic € C*°([0,T] x R™) to (2.1). This

solution is sub-quadratic: 0% peix € L°([0,T] x R™) as soon as |a| > 2.

The proof of this lemma relies on Hamilton—Jacobi theory. Note that the time of
existence T is uniform with respect to x € R™: a global inversion theorem is needed,
which can be found in [23] or [11]. We refer to [7] for the proof of this lemma, and
for a discussion on the optimality of the assumptions. In particular, one should
not expect the above solution to remain smooth for all time. The appearance of
singularities corresponds to the formation of caustics. The aim of WKB analysis is
to describe the solution u® before a caustic is formed. See e.g. [5] for the description
of a solution to (1.1)—(1.2) beyond a focal point.

To analyze (2.2), we introduce the Hamiltonian flow, on which the proof of
Lemma 2.1 relies:

23) O(ty) =¢(ty) 5 =(0,y) =y,
' atf(ta y) =-V;V (ta I(tv y)) ) 5(07 y) = v¢0(y)
The time T is such that the map y +— z(¢,y) is a diffeomorphism of R™ for ¢ € [0, T7.
The key observation is that (2.2) is a transport equation, which turns out to be an
ordinary differential equation along the classical trajectories. Introduce the Jacobi
determinant

Ji(y) = detV,z(t, y).
Denote

A(tvy) =a (t,ZL‘(t, y)) \ Jt(y)

For t € [0,T], (2.2) is equivalent to:
0 if K >1,
OiA = ;0 A(0,y) = .
t —ih(y) T APA k=1 (0:4) = a0l)

This ordinary differential equation along the rays of geometrical optics can be solved
explicitly: we see that 9;|A|> = 0, hence, for x = 1,

Alt) = aoty)exp (i [ ) () ds).

Inverting the map y — z(t,y) yields a(t,z). We see that the critical nonlinear
effect is a self-modulation of the amplitude. In the context of laser physics, this
phenomenon is known as phase self-modulation (see e.g. [25, 2, 12]).

We now turn to the super-critical case x = 0. To illustrate the difficulty of this
case, seek a more precise asymptotic expansion of u®:

u(t, @) ~ (ao(t,z) + a1 (t, ) + e%an(t, ) + ...) eB2)/e.

Plugging such an asymptotic expansion into (1.1) yields a shifted cascade of equa-
tions:

1
O(%): dg+ §|V¢|2 +V + 2ol =03 ¢p=o = do.

1
@] (51) : Orag + V- Vag + —2—a0A¢ = —2iRe (apa1) a0 ; agt—o = ao-

U 9l
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Two comments are in order. First, we see that there is a strong coupling between
the phase and the main amplitude: ag is present in the equation for ¢. Second, the
above system is not closed: ¢ is determined in function of ay, and ag is determined
in function of a;. Even if we pursued the cascade of equations, this phenomenon
would remain: no matter how many terms are computed, the system is never closed
(see [13]). This is a typical feature of super-critical cases in nonlinear geometrical
optics (see [8, 9]).

In the case when V = 0 and ¢y € H?, this problem was resolved by E. Grenier
[14], by modifying the usual WKB methods (see § 3.2). Note that even though
a; is not determined by the above system, the pair (p,v) := (|ag|?, V¢) solves a
compressible Euler equation:

ow+v-Vo+VV 4+Vp=0; v|t:0:V¢0

(2.4) . )
p+V-(pv)=0; p|,_,=laol*

3. Ricorous WKB ANALYSIS

We outline here some results presented in details in [7].

3.1. Sub-critical and critical cases. Let x > 1. Under the assumptions of
Lemma, 2.1, we change the Cauchy problem (1.1)-(1.2): define o by

us(t, :L') = a°(t, aj)eid)eik(t,r)/s.
Then for ¢t € [0,T], (1.1)—(1.2) is equivalent to:
1
(31) Owa” + Veik - Va© + §a€A¢eik = i%Aas _ i55-1[a5[2a5;
aletz() = avg

Two things must be noticed: first, the potential V' and the initial phase ¢y do not
appear in this new problem. Second, the factors involving ¢ejx have the following
features: in view of Lemma 2.1, the term Ay is in L([0,7] x R™), and the
operator 0; + Ve -V is a transport operator. We can then obtain energy estimates
in Sobolev spaces, and establish:

Proposition 3.1. Under the assumptions of Lemma 2.1, assume moreover that af
is bounded in H*(R™) uniformly for € €]0,1], for all s > 0. Let k > 1. Then for all
e €]0,1], (3.1) has a unique solution a® € C*°([0,T] x R™) N C([0,T]; H®) for all
s > n/2. Moreover, a° is bounded in L*([0,T]; H®) uniformly in e €]0,1], for all
s>0.

These uniform estimates allow us to neglect the term £Aa® on the right hand
side of (3.1). Assume moreover the following convergence:

(3.2) a5 — ao in H°(R™), Vs >0.
Corollary 3.2. Let k > 1. Under the above assumptions,

lla® =%l poo(po,r,ms) = 0 ase—0, Vs>0,
where a® solves:

~ e, 1. e 1i~e |2~ ~
(3.3) 01a° + Veix - Va© + EaaAqﬁeik = —ie" Ha* )% Afy—0 = Go-

U 9l
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Proceeding as in § 2, denote

AS(t,y) :==a° (t, z(t,y)) v/ e (v).

We see that so long as y — z(t, y) defines a global diffeomorphism (which is guar-
anteed for ¢t € [0,7] by construction), (3.3) is equivalent to:

QA" = —ie" LT (y) M AP AT A%(0,y) = ao(y).
This ordinary differential equation along the rays of geometrical optics can be solved

explicitly:

t
4 (6) = anlw)exp (—ie [0 o) ).
0
Back to the initial solution u®, we conclude:

Proposition 3.3. Let k > 1. Under the above assumptions, for all e €]0,1], (1.1)-
(1.2) has a unique solution u® € C*°([0,T] x R™) N C([0,T]; H®) for all s > n/2.
Moreover, there ezist a,G € C*°([0,T] x R™), independent of € €]0,1], where a €
C([0,T); L2 N L*®), and G is real-valued with G € C([0,T7]; L*), such that:

The profile a solves the initial value problem:

. k—1 L
ut — ae's’ Ceitei/e —0 ase—0.
L= ([0,T];L2N L)

1
(3.4) Gia+ Véeik - Va+ Salex =0 5 aji—o = ao,
and G depends nonlinearly on a:
1
(I(t, ZL‘) = =0 (y(ta 1‘)) )
Jt(y(tv ili‘))

G(t,z) = /0 To(y(t 7)) Jao(y(t, 2))|? ds.

In particular, if k > 1, then

and no nonlinear effect is present in the leading order behavior of u¢. If k = 1,
nonlinear effects are present at leading order, measured by G.

uf — ae'Peir/s —0 ase—0,

Lo ([0,T];L2N L)

3.2. Super-critical case: « = 0. In this case, we recall the beautiful idea of
E. Grenier, which makes it possible to consider the case V' =0 and ¢y € H*(R")
for sufficiently large s. The approach consists in reversing the steps of the WKB
analysis: usually, one seeks an approximate solution, and then tries to show that
stability arguments imply that the exact solution is well approximated by this
process. To overcome the issues mentioned in § 2, the idea in [14] consists in first
writing the unknown as:

u€<t, l’) — aa(t, $)€i¢€(t’z)/s,

where the amplitude a® is complez-valued (even if af is real-valued), and ¢° is real-
valued. Doing so, one introduces one degree of freedom to rewrite (1.1)—(1.2). The

U 9l
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usual approach in physics (see e.g. [15]) consists in writing

Aaf
ﬁ ) ¢€|t=0 = ¢0 )

1
0:af + V¢ - Vaf + iasAqﬁe =0 ; as‘t:O = ag.

1
O + 5 VO + o =&

Obviously, this approach is delicate when a® has zeroes; see the discussion in [13]
on this subject. The choice in [14] is to write:

1
0r9° + '2“IV¢€|2+|GE|2 =0 5 ¢|,g=20,
(3.5)
1
8tas+V¢5-VaE+§asA¢E =i—§AaE ; aelt:() =aqg.
Inspired by the fact that the expected limit is related to the compressible Euler
equation (see § 2), introduce the “velocity” v = V¢¢. Then (3.5) yields:
Ov® +v° - Vo +2Re (afVa®) =0 U€|t=o = V¢,
(36) 8,af €. Vat 1sv.s_'€As . € _ £
ha” + v - a+§a v —-12 a” a]tzomao.

Separate real and imaginary parts of a®, a® = a§ + ia5. Then we have

I € € £
(37) 6tu€ +];A](u )Bju = ELH 5
ai
9% 0 —-A 0 0
with u*=| U1 , L= A 0 0 ... 0],

vy

n (N f 0 % tf

and A(u,8) =) Aj(u)g; = 0 w-& 2

j=1 2a1 € 2a2& v-€&I,

The matrix A(u,&) can be symmetrized by

(I 0
S—(o %m)’

The important point to notice is that the operator L is skew-symmetric: it is
invisible in the energy estimates, so the loss of derivative (it is the only operator
of order two in (3.7)) is avoided. Denote H*™ = N;>oH*(R™). Classical theory on
symmetric hyperbolic systems yields a solution (v¢,a®) to (3.6). Once v® is known,
we note that it is irrotational, so there exists ¢€ such that v* = V¢°. Up to adding
a function of time only, (¢°, a®) solves (3.5).

Proposition 3.4 ([14], Th. 1.1). Let k = 0. Suppose that ¢g € H™, and that a
is bounded in H®(R™) uniformly for € €]0,1], for all s > 0. Let s > 2+mn/2. There
exist Ts > 0 independent of € €]0,1] and u® = ae'®"/¢ solution to (1.1)~(1.2) on
[0,Ts]. Moreover, a® and ¢¢ are bounded in L>°([0,T]; H®), uniformly in € €]0,1].

U 9l
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Assume moreover that (3.2) holds. The solution to (3.5) formally converges to
the solution of:

1
O+ 5[VoP +1af =0 5 ¢|,_,=o,
(3.8) .
' ata+V¢~Va+§aA¢:0 ; a|t=0=a0.

Under the above assumptions, (3.8) has a unique solution (a, ¢) € L>=([0, T.]; H™)?
for all m > 0 for some T, > 0 independent of m (see e.g. [1, 19]).

Remark 3.5. More general nonlinearity. Suppose that we consider a more general
nonlinearity:

2
ieQyus + %Aua = f(Ju®?) v".

Then following the same lines as above, the symmetrizer naturally becomes

I 0
sz( 02 L )
ey In

For this matrix to be positive, and to be able to estimate its time derivative, it is
natural to assume f’ > 0. This corresponds to the assumption made in [14], and in
[7]. For the above analysis to be valid, the nonlinearity has to be defocusing, and
cubic at the origin. In particular, the WKB analysis for the quintic defocusing NLS
is still an open problem. Note however that it is possible to construct solutions to
the limit problem in that case (the analogue of (3.8)), thanks to the result of [20]
and the geometrical analysis of § 3.1. Yet, the nonlinear change of variable of [20]
is apparently incompatible with the above remark that L is skew-symmetric.

If we suppose in addition that there exists ag,a; € H* such that
ag =ag +eay +o(e) in H®, Vs >0,
then we infer:

Proposition 3.6. Let s € N. Then Ts > T, and there ezists Cs independent of €
such that for every 0 < t < Tk,

la®(®) —a@®)llas < Cse 5 N19°(t) — d(t)llas < Caet.
Note that this suffices to describe u® for very small time only:

u€ — aei¢/e — aeeiqbs/s _ aei¢/e

¢ —¢
= (a° — a) "%°/° + 2iae’ ¢ T9)/ 2 gin < ) .
2e
The first term of the right hand side is of order O(¢) in L? N L™, but the second
one is of order O(t) only: therefore, we only have
u(t,z) ~ a(t,z)e?H®/E for 0 <t < 1.

To have a better error estimate, it is necessary to compute the next term in the
asymptotic expansion of (¢, a®) in powers of €. For times of order O(1), the initial
corrector a; must be taken into account:

U 9l
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Proposition 3.7. Define (), (")) by
816D + V- Vol + 2Re (aa®) =0,
8,0 + V¢ -Val) + Vo) . va + %a(”mﬁ + %aAqS(l) - —;—Aa,
¢(1)It=0 =05 a(l)[t=0 = a1
Then oM, ¢ € L2([0,T,]; H®) for every s > 0, and
la® —a— Ea(l)”[lco([o,T*];Hs) + ¢ — ¢ — 5(]5(1)”[100([07’1"*];[{5) < Ce?, Vs>0.

Despite the notations, it seems unadapted to consider ¢() as being part of the
phase. Indeed, we infer from Proposition 3.7 that

‘ = O(e).

Lo ([0,T4];L2NL>)
Relating this information to the WKB methods presented at the end of § 2, we
would have:

o (1) .
uf — CL61¢ ezd)/e

ag = e .

Since ¢(*) depends on a; while a does not, we retrieve the fact that in super-critical
régimes, the leading order amplitude in WKB methods depends on the initial first
corrector aj.

Remark 3.8. The term e does not appear in the Wigner measure of ae®'” ¢i¢/¢.
Thus, from the point of view of Wigner measures, the asymptotic behavior of the
exact solution is described by the Euler-type system (2.4).

Remark 3.9. If we assume that ag is real-valued, then so is a. If moreover a; is
purely imaginary (for instance, if a; = 0), then we see that a(!) is purely imaginary,
hence, ¢ = 0.

So far we have assumed V = 0 and ¢g € H*. If we try to mimic the approach
of [14] for a non-trivial external potential for instance, we have to consider:

1
O+ 5 IV +V +1aP =0 5 6|,y =do,

1
Oua® + V¢ - Va' + S D¢ =izAa® 5 af|_, =a5.

The analysis of [14] works in the same way only when VV € L2 (Ry; H5(R™))
for a sufficiently large s. To be able to consider general sub-quadratic potentials

(including the harmonic oscillator), resume the assumption of Lemma 2.1, and write
¢° = Geix + .

Working with the unknown (%, a®), we see that we are now rid of the external

potential V, and of the possibly unbounded initial phase ¢y. The price to pay is

that extra terms have appeared. The good news however is that these extra terms

are semilinear (as in § 3.1), and can be treated by perturbative methods in energy
estimates. We conclude:

Theorem 3.10. Let k = 0. Under the above assumptions, there exists T, > 0
independent of € €]0, 1] and a unique solution u® € C°°([0, T.] x R™)NC([0, T%]; H?®)

U 9l
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for all s > n/2 to (1.1)~(1.2). Moreover, there exist a, € C([0,Ty]; H®) for every

s 2 0, such that:
_ geiletden)/e =0(t) ast—0.

lim sup ||u®
L2NLe®

e—0

Here, a and ¢ are nonlinear functions of ¢eix and ag. Finally, there exists (p(l) €
C([0,T.]; H®) for every s > 0, real-valued, such that:

'LL — aeup 7'(<P+¢e1k) — 0

L2NLee

limsup sup !
e—0  0<t<T

The phase shift oV is a nonlinear function of deix, ao and a;.

Remark 3.11. In [7], some aséumptions on the momentum of af are made, and not
here. This is due to the fact that here, the nonlinearity that we consider is exactly
cubic. When it is cubic at the origin only (see Remark 3.5), extra estimates are
needed, which apparently impose some extra decay at infinity for aj, ap and a;.

4. PROOF OF THEOREM 1.1

Theorem 1.1 is a straightforward consequence of Proposition 3.7. For ag €
S(R™), let

uo(a:) = )\_%+Sa0 (i—) .
Let € = A\2717%: £ and \ go simultaneously to zero, since s < s.. Define
PE(t, ) = ut(et, z) = A2 Tu (A2T170 M)

It solves:

2
(4.1) ieBt + %Awe =[PP 5 YUy = ao(z).

The idea of the proof is that for times of order O(1), ¢* has become e-oscillatory.
We infer from Proposition 3.7 that there exist T' > 0 independent of e €]0,1],
and a,d, ¢ € C([0,T]; H™) for any m > 0, such that:

e _ aeufolequ/s l—m.

m€

<
Les([0,7:H™)

Since the H™-norm of ae'®1e'®/¢ is of order =™ (when ¢ is not stationary), we
deduce that there exists t €]0, 7] such that for any m > 0:

e (O ggm = e™™.
This implies:
[ (AFF00) | e e AR (6) e = ARk = As R k(3 719)

The result then follows when considering the limit A — 0. We get exactly the
statement of the theorem by replacing ag by |log A|~tag for instance.

Remark 4.1. The proof of ill-posed presented in [10] (see also [3, Appendix], [6,
Appendix B]) consists in neglecting the Laplacian in (4.1) for very small times, and
integrating explicitly an ordinary differential equation. Proving that the Lapla-
cian is negligible stems from Gronwall lemma. Essentially, the error satisfies an
inequality of the form

lwf (t)lx S e+ = / o (5)]x s,
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for some space X that we do not describe. The singular factor ¢! is due to the ¢
in front of the time derivative, and to the fact that no power of € is present in front
of the nonlinearity. Therefore, Gronwall lemma yields no better than:

lw® (®)llx < ee®%,

for some C > 0. The error is small on an interval of the form [0, | log £|’] for some
# > 0. This is enough to prove Theorem 1.1 for £ = s. This analysis considers
(4.1) as a semilinear equation, since the nonlinearity is viewed as a perturbation
of the linear equation. To prove Theorem 1.1 for k < s, it seems necessary to
consider (4.1) as a quasilinear equation, as was done by E. Grenier. Note also
that the quasilinear approach shows that the Laplacian in (4.1) is negligible for
0 < t¢ < €'/3, that is a “much larger” interval than [0,¢|loge|?] (but still very
smalll). See the next section.

Remark 4.2. On the other hand, Theorem 1.1 is valid only for cubic, defocusing
nonlinear Schrédinger equations, while the results in [10] are valid for more general
equations. This is due to the fact that the justification of super-critical nonlinear
geometric optics for times O(1) is available only for nonlinearities which are defo-
cusing, and cubic at the origin (see Remark 3.5). Since the proofs of ill-posedness
rely on an homogeneous change of unknown function, we are left with the only
possibility of an exactly cubic, defocusing nonlinearity. However, it is very likely
that (an analogue of) Theorem 1.1 should be true under more general assumptions.

5. INSTABILITY FOR THE SEMI-CLASSICAL EQUATION

The results we present in the paragraph are taken from [6]. We assume V =
¢o = 0 for the sake of concision. We first fix some notations.
Notation. Let (af)o<e<1 and (8%)o<e<1 be two families of positive real numbers.
‘o We write o < ¢ if limsup a®/8° = 0.
' e—0
o We write o < ¢ if limsup o®/3° < oo.
e—0
o We write af =~ (¢ if o < % and (¢ < af.
A typical result of [6] is the following:

Theorem 5.1. Let n > 1, ap,a5 € S(R™), where ag is independent of €. Let u®
and v¢ solve the initial value problems:

2
) €
iedyu® + —Q—Aus = |uf?uf ; us}tzo =ap.
, g2 5 -
€0 v® + ?Ave = |[vf|*v® ; v5|t=0 =ag.
Assume that there exists N € N and 1=~ < §° < 1 such that:

Re(ao - &’5 )CL_Q

)€
Then we can find 0 < t¢ < 1 such that: ||u®(t®) —v°(t%)|| 2 2 1. More precisely,

this mechanism occurs as soon as t0% 2 €. In particular, for all s > 0,

£0.

(5.1) lag — agll s = 6%, Vs >0 limsup‘
Loo(R™)

e—0

Il = 0%l oo o 222

— 400 ase—0.
€ €
Hu|t=0 Yli=0

Hs
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Ezample. Consider ag,by € S(R™) independent of ¢, such that Re(agby) # 0, and
take Zig =ag + (Sebg.

Ezample. Consider ag € S(R™) independent of ¢ and z¢ € R™. We can take
ag(z) = ap(z — z¢), provided that |2°| = §° and

.’L‘E

9 (jol?)

lim sup
e—0

# 0.

|z® Lo

This example and the analysis of [6] make it possible to refine some results of [4].

The general idea consists in using the WKB analysis in this super-critical case.
Roughly speaking, we have seen that (3.8) provides a good approximation of u®
for very small time only. Since we are interested in instabilities occurring for very
small time, this is not a problem for us now. The coupling in (3.8) shows that a
small perturbation of ag yields a small perturbation of ¢. But when we write

us(t, z) ~ a(t, z)et?®2)/e,
we see that this small perturbation is divided by &, which goes to zero. The result
may not be small. ..

Technically, our approach consists in resuming the result provided by Propo-
sition 3.4. Instead of letting ¢ — 0 in the initial data of (3.5), just neglect the
skew-symmetric term (recall that we assume ¢¢ = 0):

1
0:%° + 5 |VE* + 2P =0 ; @_ =0,
(5.2) .
0y + Vo° - Va® + EaeAq)E =0 ; a|_,=a5.

Assuming that a§ is bounded in H® for all s > 0, (5.2) has a unique solution
(®%,a%) € L>=([0, T.]; H™)? for all m > 0 for some T\ > 0 independent of € and m.

Proposition 5.2. Let s € N. Then Ts > T\, and there exists Cs independent of €
such that for every 0 < t < Tk,
laf(t) — a*(t)[lms < Cogt 5 [1¢°(t) — ©°(t)]| s < Coet™.
The second idea consists in considering the Taylor expansion in time of (®¢,a®):
T (t, o) ~ Y TR (z) 5 a(ta) ~ Y tYa5(x).
jzl jz21

Note that only odd powers of ¢ are present in the expansion of ®¢, and even powers
in that of a®. This is because we have assumed ¢y = 0. Plugging these expansions
into (5.2), we get formally:

af=af ; @f=-lagl*

We can then check that a perturbation of order 0° of af yields a perturbation
of order §¢ of ®5, provided that the polarization condition (5.1) is satisfied. By
induction, we see that this perturbs the other ®%’s and aj’s by a O(6°). Consider
the approximate solution defined by

K

uS(t, ) = ag(x)exp i) 77105 (x)/e
j=1
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Formally, we have:

as(t, x)eiqﬁ(t,w)/s _ U'}-{(t,:c) — (as(t,x) _ aﬁ(x)) i@ (tx) /e
K
+a8(l’) (exp ('L@E(t, :E)/E) — exp (’L thj_léj(m)/&-))

j=1

= O(t?) + ((@E (t, ) ﬁ: 2195 (x) )/a)
=0(t%) + O (*5+1/e) .

We infer that the above quantity is small for times such that ¢t < 1 and ¢* < £7RTT,
On the other hand, Proposition 5.2 shows that a%e’®*/¢ is a good approximation of
u® for times such that t* < 1. Therefore, we expect

[|lus (%, ) — ufk (¢, ')”anoo <1 for t* < g7KT,

This can be proved by the analysis presented in § 3.2.

The case K =1 is of special interest. Indeed, the Laplacian plays no role in the
definition of uj, and we check that it solves:

. € — A€
iedyuf = [uf*uf Utjg=0 = To-

This is the solution of the ordinary differential equation considered in [10] and
[4]. The above analysis shows that it is a reasonable approximation of u® for
0 < t° < €!/3: see Remark 4.1.

In view of Theorem 5.1, we define u% and v} in an obvious way, and we have:
[ (#9,) = i (65, M| prpoe + 05 ) = 05 (1, )| poppee <1 for 5 < 7051

So to prove Theorem 5.1, we just have to compare u% and v%:

W (t,2) — v (t, ) =ao(z) exp (z i 12119, (z) /5)

il ~
—ag(z) exp (z Z: tzj—lfbj(x)/a)
= (aola) ~ () exp (: i #9718, (z) <)

(5.3) (exp( thj 19;(z /e) —exp( ZtZJ 1<I>E /s))

The first term is of order §¢ by assumption. To estimate the second term, examine:

K ~
DA (@j(x) - q»;(x)) Je.

j=1
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Since we consider times such that t* < 1 and that we have seen that ®; —55 = 0(6%)
for 5 > 2, the leading order term is simply:

(21(0) - B(2)) Je = = (@@ - lo5(2))

_ t (Re (a0 — a5)a) + O ((69)2))

By assumption, the modulus of (5.3) behaves like

aaloysin (L 1(0))

for some non-trivial function f. The conclusion of Theorem 5.1 follows easily.
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13.
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16.

17.

18.

19.

20.

REFERENCES

. S. Alinhac and P. Gérard, Opérateurs pseudo-différentiels et théoréme de Nash-Moser, Savoirs
Actuels, InterEditions, Paris, 1991.

. R. W. Boyd, Nonlinear optics, Academic Press, New York, 1992.

. N. Burq, P. Gérard, and N. Tzvetkov, Multilinear eigenfunction estimates and global existence
for the three dimensional nonlinear Schrédinger equations, Ann. Sci. Ecole Norm. Sup. (4)
38 (2005), no. 2, 255-301.

. N. Burq and M. Zworski, Instability for the semiclassical non-linear Schrédinger equation,
Comm. Math. Phys. 260 (2005), no. 1, 45-58.

. R. Carles, Geometric optics with caustic crossing for some nonlinear Schrédinger equations,
Indiana Univ. Math. J. 49 (2000), no. 2, 475-551.

, Geometric optics and instability for semi-classical Schrédinger equations, Arch. Ra-

tion. Mech. Anal. (2006), to appear (doi:10.1007/s00205-006-0017-5).

, WKB analysis for nonlinear Schridinger equations with potential, Comm. Math.
Phys. (2006), to appear (doi:10.1007/s00220-006-0077-2).

. C. Cheverry, Cascade of phases in turbulent flows, Bull. Soc. Math. France 134 (2006), no. 1,
33-82.

. C. Cheverry and O. Gues, Counter-ezamples to the concentration-cancellation property,

preprint, 2005.

M. Christ, J. Colliander, and T. Tao, Ill-posedness for nonlinear Schrédinger and wave equa-

tions, Ann. Inst. H. Poincaré Anal. Non Linéaire (2006), see also arXiv:math.AP/0311048.

J. Dereziriski and C. Gérard, Scattering theory of quantum and classical N-particle systems,

Texts and Monographs in Physics, Springer Verlag, Berlin Heidelberg, 1997.

P. Donnat, Quelques contributions mathématiques en optique non linéaire, Ph.D. thesis, Ecole

polytechnique, Palaiseau (France), 1994.

P. Gérard, Remarques sur l’analyse semi-classique de ’équation de Schrédinger non linéaire,

Séminaire sur les Equations aux Dérivées Partielles, 1992-1993, Ecole Polytech., Palaiseau,

1993, pp. Exp. No. XIII, 13.

E. Grenier, Semiclassical limit of the nonlinear Schrédinger equation in small time, Proc.

Amer. Math. Soc. 126 (1998), no. 2, 523-530.

L. Landau and E. Lifschitz, Physique théorique (“Landau-Lifchitz”). Tome III: Mécanique

quantique. Théorie non relativiste, Editions Mir, Moscow, 1967, Deuxiéme édition, Traduit

du russe par Edouard Gloukhian.

G. Lebeau, Contréle de l’équation de Schridinger, J. Math. Pures Appl. (9) 71 (1992), no. 3,

267-291.

, Non linear optic and supercritical wave equation, Bull. Soc. Roy. Sci. Liége 70 (2001),

no. 4-6, 267-306 (2002), Hommage & Pascal Laubin.

, Perte de régularité pour les équations d’ondes sur-critiques, Bull. Soc. Math. France

133 (2005), 145-157.

A. Majda, Compressible fluid flow and systems of conservation laws in several space variables,

Applied Mathematical Sciences, vol. 53, Springer-Verlag, New York, 1984.

T. Makino, S. Ukai, and S. Kawashima, Sur la solution & support compact de l’équation

d’Euler compressible, Japan J. Appl. Math. 3 (1986), no. 2, 249-257.

U 9l



R. CARLES

21. G. Métivier, Ezemples d’instabilités pour des équations d’ondes mon linéaires (d’aprés
G. Lebeau), Astérisque (2004), no. 294, vii, 63-75.

22. J. Rauch and M. Keel, Lectures on geometric optics, Hyperbolic equations and frequency
interactions (Park City, UT, 1995), Amer. Math. Soc., Providence, RI, 1999, pp. 383-466.

23. J. T. Schwartz, Nonlinear functional analysis, Gordon and Breach Science Publishers, New
York, 1969, Notes by H. Fattorini, R. Nirenberg and H. Porta, with an additional chapter by
Hermann Karcher, Notes on Mathematics and its Applications.

24. J. Szeftel, Propagation et réflezion des singularités pour l’équation de Schridinger non
linéaire, Ann. Inst. Fourier (Grenoble) 55 (2005), no. 2, 573-671.

25. V. E. Zakharov and A. B. Shabat, Ezact theory of two-dimensional self-focusing and one-
dimensional self-modulation of waves in nonlinear media, 7. Eksper. Teoret. Fiz. 61 (1971),
no. 1, 118-134.

WOLFGANG PAULI INSTITUTE, C/O INST. F. MATH., UNIVERSITAT WIEN, NORDBERGSTR. 15,
A-1090 WIEN, AUSTRIAL
E-mail address: Remi.Carles@math.cnrs.fr

LFuture affiliation (starting September 2007): UMR. CNRS 5149, Montpellier, France

U 9l



Asymptotic expansion of the solution to the nonlinear
Schrodinger equation with power nonlinearity

Satoshi Masaki

1 Introduction and General result
Let us consider the asymptotic expansion of solutions to the equation
u = wo + F(u), (1)

where w is a C valued function belonging to a Banach space X (such as Lebesgue
space LP) with norm | - || and F' is a nonlinear mapping from X to itself. We
suppose that F' satisfies certain smallness conditions which lead to the contrac-
tivity of F'. Smallness of F(u) means that u is close to wp. Our aim here is to
construct higher order approximate solutions in terms of wo which approximate
the nonlinearity F'(u).

Remark 1.1. Nonlinear Schrodinger equation
iOu + Au = f(u), u(0,z) = ¢(x)

can be written as the following integral equation:

u(t) = 2 — i / =98 f(u(s))ds,

0

which is of the form (1).

1.1 Asymptotic expansion of Type 1

We put the following assumptions on F', where X™ denotes the m-time direct
product of X:

(A1) There exists a operator G(u1,...,um) : X™ — X such that F(u) =
G(u,...,u), and that

Gug, ..., Up +Uf,y -y Up) =

Gut,. . upy - tm) + Gut, . uf, o um)  (2)

for any k € [1,m].
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(A2) Let G be the operator associated with F' as in (Al). Then, there exists a
nonnegative constant € such that

m
1G (ur, ., um) | < e T Nl 3)
k=1

Then, we define the higher approximate solutions inductively as follows:

Wy, = Z G(wiy, -, w;,,), (4)

where G is the operator associated with F. We now state the main theorems.

Theorem 1.1. Assume (Al) and (A2). Define wy, as (4). If |lwo| < Cq for
some Co > 0, then it holds for any n > 0 that

lwnll < I(n,m)Cym D Hen, (5)

Moreover, if u is a solution to the equation (1), and if u satisfies ||u|| < Cy for
some Cy > 0, then

n
u — E Wi
k=0

where C3 = max(C1,C2). The constant I(n,m) appearing in (5) and (6) is
defined by

< I(n+1,m)c{Hm=DHlent1 (6)

1(0,m) =1, Imm)= > []I(m).

i1+ Fim=n—1k=1

Theorem 1.2. Let I(n,m) be as in Theorem 1.1. There exists a positive con-
stant 6 depending on m such that lim,_, I(n,m)0™ = 0. FEspecially, under the
setting of Theorem 1.1, if Cgl_le < § then we have

strongly in X .

1.2 Asymptotic expansion of Type 2

We next consider the case where F' is less regular. We suppose that the norm
|| - || satisfies the following additional condition, where we denote the domain of
u by D.

1. There exists a constant C' such that |||u||| < Cllu|| for all u € X.
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2. If |u(z)| < |v(z)| for all 2 € D then |||u||| < H|U|H

We remark that LP norm (p > 1) satisfies the above two conditions.
Let us make the following assumptions on F"

(B1) There exist an operator G : X™ — X satisfying (2) and a constant b €
(0, 1] such that F(u) = G(Julb,...,|ul®).

(B2) Let G be the operator associated with F' as in (B1). Then, there exists a

positive constant € such that

1G(ur, - - um)|| < (7)

In this case, we define the higher approximate solution w, (n > 1) from wy as
follows:

we Y

zl—l— +zm—n 1

11—1 b

Zwk

im—1

Z Wi , (8)
k=0

yeeey

where le:lo wg, = 0. Then, we have the following asymptotic expansion.

Theorem 1.3. Assume (B1) and (Bs). If ||wo|l < Ca for some Cy > 0, then it
holds for all n = 0 that

n,b,m,C: n
lwal| < CCJ* 2) O(n.be) o)
where
bm—1)  (mb—1)b"
~v(n,b,m,c) = -5 1-b f0<b<l, c¢c<1, (10)
1+bn(m_l) ifb:lorc>1’
1-b"
FUN ) b< 1. 1
O(n,b,e) =4 1—b if0<b<l e<l, "

1+bn—-1) ifb=1ore>1.
Moreover, let u be a solution to the equation (1) and satisfy ||ul| < Cy for some
C1 > 0. Then, it holds that for any n > 0 that

n

=) w

k=0

Cc’Y (n+1,b,m,C3) G(n—l—l b 5) (12)

where C3 = max(C1,C3), v and 0 is defined in (10) and (11), respectively, and
C is a constant depending on n, m, and b.

Remark 1.2. If b = 1, then the right hand sides of (9) and (12) become (5) and
(6) (including their coefficients), respectively. Hence, u is exactly equal to the
infinite sum of w, converging strongly in X.
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2 Examples

As applications of the above Theorems, we introduce the asymptotic expansion
of the solution to the nonlinear Schrodinger equation as time ¢ tends to 400, in
some cases. Let us consider the following Cauchy problem:

iy + Au = ul*u, (t,z) € RV, u(0,2) = ¢(x), (NLS)

where 0 < a < agp(N) = 4/(N = 2) (ao(l) = ap(2) = o©) and ¢ € ¥ =
H'NF(H'). F denotes the Fourier transform, and || f|ls = || fllzx + | - 1£ ()l p2-
We treat the case a > y(N), where v(N) = (2— N + VN2 + 12N +4)/2N. In
this case, the followings are known:

e The equation (NLS) has a unique global solution u € C(R, H!(RN)).
Moreover, (z + 2itV)u belongs to C(R, L2(RY)).

e There exists u* € ¥ such that the solution u satisfies ||e™®#2u(t) —ut||s —
0 as t — =oo0.

With u™, the solution to (NLS) satisfies the following integral equation:

o0
u(t) = 4 ++z/ =98 |y |%u(s)ds.
¢

We denote the right hand side by wg + F'(u), then it is of the form (1).

2.1 Example 1 — the case N =3, a =2

We first consider the case where « is a positive even number. For simplicity, we
let & =2 and N = 3. Since |u|?u = 4%, the operator

[ee]
G(ui,ug,uz) =1 =98 uouzds
b bJ
t

satisfies the assumption (Al). Then, defining w, (n