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A generalization of the weighted Strichartz
estimates for wave equations
and an application to self-similar solutions

Jun Kato, Makoto Nakamura and Tohru Ozawa

Abstract

Weighted Strichartz estimates with homogeneous weights with critical exponents are proved for
the wave equation without support restriction on the forcing term. The method of proof is based on
the expansion by spherical harmonics and on the Sobolev space over the unit sphere, by which the
required estimates are reduced to the radial case. As an application of the weighted Strichartz esti-
mates, the existence and uniqueness of self-similar solutions to nonlinear wave equations is proved
up to 5 space dimensions.

1 Introduction and main results
We consider the Cauchy problem of the inhomogeneous wave equation with zero data

dw—Aw=F, (t,x) € (0,00) xR"=R*™", (1.1)
W|t=0 =0, atW|t=0 =0, xe Rn7 (12)
and the associated weighted Strichartz estimates of the form

2(n+1)
n-1"

2<q<

162 = X2 g e en) < C| 1t = X?[°F| (13)
R

Lo (BE)’

where ' is the conjugate exponent to g, and a and b are to be specified below. Estimates (1.3) are
regarded as the hyperbolic version of the following weighted estimates for the Laplacian

2n
b

13 || Larny < CllIX] AfHLQ’(R”)v 2<qg< PCE
See [10], for example.

Estimates (1.3) were proved by Georgiev-Lindblad-Sogge [7] under the following conditions

-1 1
a< nT_g’ b>a, suppF C {(t,x); [X| <t—1}. (14)

Using these estimates, they solved part of Strauss' conjecture concerning the globa Cauchy problem
of nonlinear wave equation with compactly supported, smooth, small initial data. D’ Ancona-Georgiev-
Kubo [5] removed the support condition of F in (1.4). Tataru [31] proved (1.3) when

n+1 n-1
2

1
a_b—l—T: ; b<67 suppF C {(t,x); [X| <t}, (1.5

where the first oneisrelated to the scale invariance.



The purpose of thispaper isto show the estimates (1.3) in the scale invariant case without the support
condition on F, which have an application to the existence of the self-similar solutionsto nonlinear wave
equations as we shall see below. In [13, 14], it was shown that the estimates (1.3) hold if F isradial in
space variables without the support condition on F. Precisely, it was proved that the estimates (1.3) hold
if
q
except the borderline cases g =2, 2(n+1)/(n—1). As compared with the condition (1.5) the support
condition of F isremoved at the cost of the additional lower bound on b, namely, b > n/q— (n—1)/2.

In this paper, we remove the assumption of radial symmetry on F in (1.6):

9

n+1 n-1 n n-1
2 2

a-b+ Lo b Rt =FL ). (L6)

Theorem 1.1. Letn> 2. Letq, a, bsatisfy2 < q< 2(n+1)/(n—1),

n+1 n-1 n n-1 1
a-b+—=—, ———X—<b<-. 1.7
g~ 2 q 2 q .7

Then, the solution w to (1.1), (1.2) satisfies the estimate

|[t?— |X|2|aWHLErL§o < Cl[[t? - [x?|°F]| iz (1.8)
Here, for G=G(t,x) thenorm || -{|p > isdefined by
oo oo _ 1/p
I8lpz = { [ [ I6r)1fgartarat} 19

based on the polar coordinatesx =rw, r = |x| > 0, = x/|x| € S™. A novelty in Theorem 1.1 consists
in the introduction of L2 space on the sphere, which enables us to remove the assumption of radial
symmetry on F.

In odd space dimensions, we are able to obtain a gain of regularity with respect to angular variables
in (1.8).

Theorem 1.2. Letn> 3beodd. Let g, a, bsatisfy 4(n—1)/(2n—3) <q< 2(n+1)/(n— 1),

n—|—l_ n-1 n—|—l_n—1

a-b+ q 2 2 4

<b< }. (1.10)
q
Then, the solution w to (1.1), (1.2) satisfies the estimate

1t = 1212wl g 2 < C 17 - [X1%°F |

(1.11)

L3
Remark 1.3. The lower bound on b in Theorem 1.2 is strictly greater than the one in Theorem 1.1 for
gq>2.

Remark 1.4. HS denotesthe Sobolev space on S"~1 of fractional order sand thenorm || - || g s isdefined
analogoudy to (1.9). See the appendix below.

The idea of the proof of Theorems 1.1, 1.2 is based on the expansion by spherical harmonics. We
derive the expansion of the solution w with respect to spherical harmonics and reduce the estimates
essentially to radial case. Thisidea is due to [20], which treats end point Strichartz estimates for the
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wave equation in three space dimensions by using the norm with respect to angular variables. We also
noticethat a similar type of Strichartz estimates are treated in [19]. See also [3].

This paper is organized as follows. In Section 2 we prove Theorems 1.1, 1.2. In Section 3 we give
an application of these theorems to the existence of self-similar solutions to nonlinear wave equations.
In Appendix we summarize basic properties of Sobolev spaces over the unit sphere.

2 Proof of thetheorems

The proofs of Theorems 1.1, 1.2 are based on the expansion of the solution w with respect to the spherical
harmonics. We first describe its expansion precisely.

For k > 0, We denote by .7 the space of spherical harmonics of degree k on S"1, by o its dimen-
sion, and by {Y¥,---,YX } the orthonormal basis of .. It iswell known that L2(S'"1) = ¢ # and
that F(t,X) = F(t,ro) hasthe expansion

oo Ok

Fit,ro) =Y Y Rt Y ). (2.1)

k=0l=1
Then, by orthogonality, we observethat ||F (t, ) || zg-1) = (3 |F¥(t,r)[?)*? and more generally,
1/2
IF ()l = { D(L+kk+n—2)FRNE N2} (22)
il
Note that (—Ag1)YK = k(k+ n— 2)Yk for YK € 2%, where Ag 1 is the Laplace-Beltrami operator on
s-i
In the following, we set
Wh(t) = (-4)"Y2sint(-a)Y?],

where we specialy affix the space dimension n for later purpose (see Lemma 2.1 below). Then, the
solution w to (1.1), (1.2) isgiven by
t
wit,ro) = [ Mht-9F(s)ro)ds
0

whichiswrittenin terms of (2.1) by

oo Ok

witro)=3 z/ot Wt — 9 {F¥(s2) YK(6) }] (ro) ds. 2.3)

k=01=1

Then, we use the following lemma.
Lemma2.1. Let YK € 4. Then, for f € C3((0,c0)),
Wh(t)[F(A)YX(0)] (r) = r*Whya(t) [A~5F(1)] (r) Y (o). (2.4)

Remark 2.2. We apply Lemma 2.1 to compute (2.3). To prove Theorems 1.1, 1.2 it suffices to show for
F ¢ C3(RY™\ {|x = 0}). Infact, such space s dense in the weighted L ebesgue spacesin question, and
then, for eacht > 0 the function

f s BX(t 1) = /Sﬂ F(t,r0)Y(8) do(6)
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is smooth with compact support. Note that since F € Cg(RY"\ {|x| = 0}), FX(t,r) vanisheswhen is
sufficiently small.

Proof of Lemma 2.1. Since f € C§((0,0)), theleft hand sideof (2.4) isaclassical solution of the Cauchy
problem of the wave equation

d2v—Av=0, (2.5)
v(0,X) =0, v(0,x) = f(|x|)Y¥(x/|x]). (2.6)

Thus, if we show that the right hand side of (2.4), defined by
2(t,r0) = r*Z(t, )Y @), Z(t,r) = Wi (A F(2)](),

is also a classical solution of (2.5), (2.6), then by the unigueness of classical solutions we obtain (2.4).
Obvioudy, z is regular and satisfies (2.6). Therefore, it suffices to show that z satisfies (2.5), which
followsfrom

02— A)z
-1 1
= (atZ — arz — n—ar — r—ZASFl) rkiYk

:rk(82~ 927 n—|—2rk—1az k(k—|—rn 2) )Yk—l— k(k—|—rr21 2)
=r*(92z- 972~ waﬁ)vk —o0.
r
This completes the proof of Lemma 2.1. O
Applying Lemma 2.1, we obtain the expansion of w
oo Ok
wit,r o) zzsk YK (o), (2.7)
k=0l=
where 1
S(G) 1) =¥ /O Wiy 2(t — ) [A4G(s,1)] (r) s 2.8)

Using this expansion, we prove Theorems 1.1, 1.2.

Proof of Theorem 1.1. By the expansion (2.7), a crucial point of the proof of Theorem 1.1 is to derive
the estimate on the coefficients Sc(F*), which is derived by a similar argument in [13, 14], where the
weighted Strichartz estimates under the assumption of radial symmetry are considered. In particular, the
following estimates hold.

Lemma 2.3. Let n> 2. Let g, a, and b be as in Theorem 1.1. Then, there exists a constant C > 0
independent of k such that

[1t2 = r2Pr " HAS(G) | g, g < ClIE* -1

" (2.9)



Proof of Lemma 2.3. We first consider the case where the space dimension nisodd. From (2.8) and the
representation of the radial solution (see for instance [30, Lemma 2.2]), we have

t— s+r
SG) ) =r 2 [ [T R g a2 " D2 6.1 dAds, (210)

where By, is the Legendre polynomial of degree m and

Cr24A%—(t-9)?

5 (2.11)
Then, from the estimate of the Legendre polynomials
Pn(@[ <1, [4<1,m>0 (212)
and thefact that |u| < 1if A > |t —s—r]|, we estimate
t pt—str
IS(G)(t.r)] < r—<“—1>/2/ / |7L(”‘1)/2|G(s,l)|dkds. (2.13)
0 Jlt—s—r

Thus, to derive the estimate (2.9) it is sufficient to apply the same argument asin [13, Lemma 3.3]. Note
that the right hand side of (2.13) isindependent of k.

We next consider the case where nis even. In this case we need two types of representations and
estimates of S((G)(t,r) to apply the argument in [14]. From (2.8) and the representation of the radial
solution (see for instance [30, Lemma 2.3]), we have

2 t—s P

G)(t,r :—r‘”/2+1/ / -
L e ) A (ET

r+p Tk+(n— 2)/2(1)
A"2G(s,1)dA )dpds,

(A. —pl \/}LZ 2\/ _I_p)Z_)LZ ( ) ) P
where Ty, is the Tchebysheff polynomial of degreemand i = (A% +r?—p?)/2rA. Since |Tm(2)| < 1 for
|7 <1,m>0,and|u| < 1for A > |r — p|, we obtain the pointwise estimate of Si(G)(t,r) independent
of k. Similarly, from (2.8) and the representation of radial solution (see for instance [18, Theorem 3.4]),
we have

S(G)(t, r n+2//t ol A Ky o) /2(A, 1t — 9)G(s, A ) dA ds

max(t—r,0) p,t—s—r
pken2 / / AR o a(A,HE— 9 G(s,A) dA ds.
0 0
Here the kernels have the estimates (see [18, Lemma4.2], [14, Lemma 3.1])

=AM Ky (n2)/2(A,1, 1) < Cr=372 =172 min( /2 AY2) (4 — £ 41)7 Y2,
|T—r| <A <T+4T,

M A Kir (n-2)/2(2,1,7)| < Cr=3/200 (7 p)=(0=2/2=0 (¢ _p _})=1/2,
O<A<t-r, 0<0<1/2

where the constants are independent of k. These representations and estimates of Sx(G)(t,r) enable usto
apply the argument in [14] to derive the estimate (2.9). O
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Then, the estimate (1.8) is obtained as follows. By the expansion (2.7) and Lemma 2.3, we have
1162 = X2 2w g, o = 162 = P22 37903 SR 1) o
’ k1 ’
< (3 et bias b )
<C(X [ —r?Prin b/ RKy ) 2
k| !
_ / 1/2
< Cf[ -2 (3 R

< Cl|It?~ 1x?°F|

L3’
where we have used Minkowski’sintegral inequality repeatedly, sinceq > 2andq’ < 2. O

Proof of Theorem 1.2. For the proof of Theorem 1.2, we need improved estimates on Si(F¥) instead of
thosein Lemma 2.3 and such estimates are derived at |east in odd space dimensions.

Lemma?2.4. Letn> 3 beodd. Let g, a, and b be asin Theorem 1.2. Then, there exists a constant C > 0
independent of k > 1 such that

H |t2— r2|ar(”_l)/qSk(G) HLtqr < Ck—l/ZH |t2— r2|br(n_1)/q'G‘

e (2.14)
Given Lemma 2.4, we obtain (1.11) asfollows. By the expansion (2.7) and (2.2), we have
6= 1] i = (16 P09 i 2)) SR Y2
(X~ [1t2 = r22rn=2rag (R )2
< c<§\\|t2—r2|br<”-1>/°*’ﬁkuig;>”2
< (:H|t72_r2|br(n—1)/q'(§‘|I:I|<|2)1/2HL€Ir

< Cl|It?~ 1x?°F|

AR
where we have used Minkowski’sintegral inequality repeatedly, sinceq>2and q’ < 2. O

Therest of this section isdevoted to the proof of Lemma 2.4. Asintheradial case[13, 14], to prove
(2.14) we use the following weighted Hardy-Littlewood-Sobolev inequality.

Lemma 2.5 ([28]). Let0< A <n,1<rs<e. Leta<n/s andf < n/r’ with o+ > 0 satisfy
1/s+1/r+(A+a+B)/n=2. Then,

f(x)g(y)
TV EENTYENT) < f s(Rn ren.
‘/R”/”|><|O‘|><—y|l|y|l3o"‘Oly < CllFllusgn 19l e



Proof of Lemma 2.4. We recall that S(G) is given by (2.10) in odd space dimensions. To derive the
estimate (2.14) we use another estimate of the L egendre polynomialsinstead of (2.12). Namely,

Pn(2)| <Cm™Y2(1— 2714 |7 <1, m> 1. (2.15)
(See[6, §1.6].) Then, from (2.10), we have

1S(G)(t,r)]
< CkY/2r=(n- 1/2/ /t S+r| VAL G(s 4) | dAds. (219
t—s—r

Note that u isgiven by (2.11), and thus

(1—#2)_1/4

V211212
(At VAT A —t 49Vt —s+r—A) VAt —s—r+ 1) V4
To prove (2.14) it suffices to show that
T[T 2o r2pi-v/ag t,r)@(t,r)drdt
[ e @t e(tr) o1

< Ck~ 2|12 = r2Pr (-D/A G| 4 || D], ¢

for al @ € C5((0,20) x (0,00)) by duality. From (2.16) the left hand side of (2.17) is bounded by the
constant multiple of

k—l/z/ / //t st 2_p2ap=8,(n-1)/2
t s—r|

X (1—u?)~Y4G(s,1)||@(t,r)| dA dsdr dt (2.18)
t—str 21b ) (n=1)/d o
=iz [C [ // - 272 |G(SM|)| 0] 42 dsar o,
t—

where 6 = (n—1)(1/2—1/q). Then, therange of q and the equality in (1.10) are rewritten respectively
as

1 n-1 2
Z<5<m, a—b—5+a—0. (2.19)

Applying the change of variables
u=t+rv=t-r &=s+A, n=s-A4,
and the substitutions
1L — A2PA-V/T|G(s, )| = H(E,m), |D(t,r)] =¥ (u,V),
we see that the right hand side of (2.18) equalsto
o U U PV o 0 pfu pv
bk Lk L)
0 JO Jv J=& 0 J-uJ-vJ=¢&
H(E,n) ¥ (u,v)
ul=a|v|=3Ju—v|9-1/2[£[P|n|P|§ —n|o-1/2

dndé dvdu
U= A E — VT4 u— E[A - A

(2.20)



Changing the order of the integrals, we see that (2.20) equalsto

o0 poo poo pV
k—1/2/ ///---dndudédv,
e e -

which isdivided into two parts as

o0 IS 28 v o pV
k—1/2/ / (/ / _|_/ / )---dndudé dv=k Y2(I41).
—oo J]V| & J-E 28 J-¢

We notice that in both of the domains of integration above, the condition
—E<n<v<v<E<u

holds.

Wefirst consider thecasewhere § > 1/2,i.e.n>5and2(n—1)/(n—2) <g<2(n+1)/(n—

Estimateof 1;. Since 6 > 1/2andn <v < & < u, we have

|u_v|—5+1/2 < |U—§|_6/2+1/4|§ _V|—(‘5/2+1/47

|§ _n|—5+1/2 < |§ —V|_6/2+1/4|V—T[|_6/2+1/4.
Combining the above estimates with [u—n| ~1/4 < |& —v|‘1/4, we obtain
2 ,1) ¥ (u,v)
dndu)dé dv.
/ /IVI V=28 — V|‘§5|§|b / /é‘|U| —2u- 5|5/2|V n|%/2|nP )
Then, we compute the inner integral as
2 ,1) ¥(u,v)
dnd
J /:IUI“”‘IU Eprz—nprzmp
% Yy v H(n)
- S e / 6y
(g (L mmmeip®)

2 du 1/q v dn 1/q
(| wrapeger) MoV | g HE
= CIE[=*2 (- ) g M2 H(E, )|

(2.21)

1),

We noticethat the above integralsconverge, sinceqo/2< 1, bq< 1,andqé/2+bg> 1. Infact,q6/2< 1
isequivalenttoq < 2(n+1)/(n—1), and g6/2+bg > lisequivalenttob > (n+1)/2q— (n—1)/4,

sinced = (n—1)(1/2-1/q). Thus, we obtain

I IHE )l o
|1<c/ / e L L dE dv.

a+b+8/2-1/9|& _ |0 |E|[-a+bre/2-1/g

From (1.10), (2.19) we observe that

6 1 n+tl n-1 1
0< a‘|‘b‘|‘5—a—2—q—T<a7
2 6 1
a+(5+2(—a+b+5‘a))=27



which enable us to apply Lemma 2.5 to get

1 <CI¥)l IHll e = ClIIt? = r2Pr= D9G| g || 4.

Estimate of 1. Since 6 > 1/2andn <v < & < u, we have

|u_v|—5+1/2 < |U—§|_6+1/2,

|§ _n|—5+1/2 < |§ —V|_6/2+1/4|V—T[|_6/2+1/4.
Combining the above estimates with [u—n| =4 < |u— &|~1/4, we obtain
1) ¥(u,v)
dndu)dédv.

/ /|v| V[2]& - V|“5/2|§|b /2§/é‘|u|_a|u él“’lv n|®/2|n|b )

In the same way as above, we compute the inner integral as
1) ¥(u,v)
dndu
/25/ Jul= a|u él‘slV n|5/2|n|b

du v dn 1/q
< S (. , S E— H(E. D o
= (/25 |u|_eq|u_§|q5) H ( 7V)HLq (/_oo |V_n|q5/2|n|bq) H (gv )HLq
= C|(§|a—6+l/q|V|—5/2—b+1/C1H\IJ(.7V)HLq, IH(E, ‘)HLq’-

We notice that the above integrals converge, since —aq+qd > 1and qo/2 < 1. Notethat —aq+qo > 1
isequivalent tob < 1/q. Since |v| < &, we observethat 1/|£]9/2 < (2/|& —v[)%/2, and thuswe obtain

I IHE )l
|2<c/ / oE L L dE dv,

a+b+8/2-1/9|& _ |0 |E[-a+bre/2-1/g

which isthe same bound as 1. Therefore, applying Lemma 2.5, we obtain
l2 < C|[l o |IHll ¢ = CIIIt* = r?Pr™= D9G| ¢ ||| 4.

This completes the proof inthe case 6 > 1/2.
We next consider the case where 1/4< 6 < 1/2,i.e. 4n—-1)/(2n—3) <q<2(n—-1)/(n-2).
Sinced < 1/2and |v| < u, |n| < & (Recdll that (2.21)), we have

|u_v|—5+1/2 < 2|u|—(‘5+1/27 |§ _ n|—5+1/2 < 2|5|—5+1/2‘ (222)
Estimate of |1. Combining the estimate |u— n|~1/4 < |& — v|~1/* with (2.22), we obtain

= e 1
< 4
= /—m/|v| VIm2]E = VT2 |g[Pro-t/2

2 HE, 7) ¥(uY)
<(/ /a|u| ST g AT ) e o




Asin the previous case, we compute the inner integral as

% H(&,n) ¥ (uv)
J /a|u| - g Ty pln
du v dn 1/q
S(/g || —acr-a3— q/2|u_5|q/4) H\P('7V)HLQ’(/_OOW) IH(E,)lle

= CI&[P O YHa | AP V)]l g H () o

We notice that the above integrals converge, sinceq < 4, and q/4+ bqg > 1. Here, the conditionq < 4 is
vaidifn>3andq< 2(n+1)/(n—1), andq/4+bg> lisdsovalidif b> (n+1)/29— (n—1)/4 as
longasq < 2(n—1)/(n—2). Thus,

w<cf [ I¥C V)l IH(E )l .y

- |V|—a+b—1/q+1/4 |§ _ V| 1/2 |§ |—a+b+25—1/q—3/4

Here, the condition of Lemma 2.5 —a+b—1/q+1/4 < 1/qisequivalentto q > 4(n—1)/(2n - 3),
—a+b+25-1/q—3/4< 1/qisequivalentto 6 < 3/4,and (—a+b—1/q+1/4) + (—a+b+26 —
1/9—3/4) =2/q—1/2 > 0. Therefore, applying Lemma 2.5, we obtain

I1 < CH\PHLq’ HHHLq’ = CH|t2_ r2|br(n—1)/q’GHqu H(DHLq’-

Estimate of 1. Combining the estimate |u—n|~%/* < |u— &|~1/* with (2.22), we obtain

| <4/°° /M 1
2=y VRIE = v]iA|E|pre1/2
H(E,m) ¥ (u,v)
/2§/§|u| ar6-172|u_ E12|v—n |4 |bdndU)d§dv.

Asin the previous case, we compute the inner integral as

H(E,n) ¥ (u,v)
dndu
/25/ |u|=3+8=1/2 u— &[22 v~ nll/“lnlb !

du v dn 1/q
< ([, e q/2|u_5|q/2) e ([ ) &
= I+ YDA v | g [H(E, ) e

We notice that the above integrals converge, since —aq+qé > 1, q< 4, b< 1/q, and g/4+bg > 1.
Note that from (2.19) the condition —aq+qd > lisequivalentto b < 1/q. Since |v| < &, we estimate
1/[E[M* < (2/1& —v)Y*. Thus,

- |V|—a+b—1/q+1/4 |§ _ V| 1/2 |§ |—a+b+25—1/q—3/4

which isthe same bound as | 1. Therefore, applying Lemma 2.5, we obtain
l2 < Cl[l ¢ |IHll ¢ = CIlIt? = r?Pr™= D9G| ¢ || @] 4

This completes the proof inthecase 1/4 < 6 < 1/2. O
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3 Existenceof saf-similar solutions

As an application of Theorems 1.1, 1.2, we show the existence of self-similar solutions to the nonlinear
wave equation
dPu—Au= f(u), (t,x)eRI" (3.1)

wheren > 2, f(u) ishomogeneous of degree p > 1 with respect to u and satisfies the estimates

Clu—v|P L ifl<p<2,
[/(u)— £'(v)| < , | (H)
C(lu[+ V)P u—v], ifp>2
Typical examplesof f(u) are given by +|u|P, 4|u|P~u, etc. Thesolution uto(3.1) iscalled aself-similar
solution if u satisfies
u(t,x) = Aﬁu(lt,kx) (3.2

foral A > 0. Letting A = 1/t, u(1,-) = W(-), we observe that self-similar solutions are solutions of the
form
u(t,x) =t P IW(x/t).

From such scaling properties, it is known that self-similar solutions are useful to investigate the asymp-
totic behavior of the time-global solutionsast — o (see[21], for example).

It is known that the existence of the self-similar solutions to (3.1) depends heavily on the power p
of the nonlinear term. In fact, in three space dimensions, Pecher [25] proved that if p > 1+ /2, there
exist self-similar solutions, and if f(u) = |u| P with p < 14 /2, self-similar solutions do not exist. We
intended to extend such sharp existence results of self-similar solutionsto higher dimensions. We denote
by po(n) the positive root of

(n—1)p*~ (n+1)p-2=0.
Then, po(3) = 14 /2 and we expect po(n) to be the critical power concerning the existence of self-
similar solutions to the equation (3.1). We notice that po(n) is the critical exponent concerning the
existence of time-global solutionsto the Cauchy problem of the equation (3.1) with small, smooth initial
data (see John [11], Georgiev-Lindblad-Sogge [7] and references therein). So, it is natural to expect
po(Nn) to be the one because self-similar solutions are also time-global solutions.

Concerning this problem, in 2 and 3 space dimensions Hidano [9] proved the existence of self-
similar solutions when p > po(n). In[13, 14] thefirst and third authors proved the existence of radially
symmetric self-similar solutionsfor p > po(n) withn> 2.

Remark 3.1. Precisely, the above results show the existence of self-similar solutions for po(n) < p <
(n+3)/(n—1). The existence of self-similar solutions for large p was studied in[16, 24, 26].

Asan application of Theorems 1.1, 1.2, we have the following result.

Theorem 3.2. Let 2<n<5andlet p satisfy po(n) < p< (n+3)/(n—1). Suppose f is homogeneous
of degree p and satisfy (H). Let ¢, y € C=(R"\ {0}) be homogeneous of degree —2/(p— 1), —2/(p—
1) — 1, respectively. Then, if € > 0issufficiently small on the Cauchy data

u(0,x) = e¢(x), au(0,x) =ey(x), (3.3

11



there exists a unique global solution u to (3.1) satisfying
112 = Ix2P7us ZEHHE 2 < ce, (34)
wherey=1/(p—1) — (n+1)/2(p+1) and 6 > 0 sufficiently small.

Here, .4 THS, denotesthe weak Lebesgue spaceson R ;. x R with valuesin HS(S™1) and || - | g
is defined by

1/q
Il = sup2 (| e
“iHo = 270 ({(t,r):IIG(U')||HS<571>>l} )

Remark 3.3. By the homogeneity of the data (3.3) and the uniqueness of solutions, solutions obtained
in Theorem 3.2 are to be self-similar. That is, self-similar solutions to (3.1) are shown to exist when

Remark 3.4. Sobolev type embedding theorem on the unit sphere

HS(S" 1) — L=(S"1) fors> ”%l (3.5)

(see (4.3) in Appendix) isbasic to our estimates on the nonlinear term, which in turn causestherestriction
n<»>s.

Therest of this section is devoted to the proof of Theorem 3.2. For the solution in Theorem 3.2 we
mean the solution of the integral equation corresponding to (3.1) with data (3.3),

)= wo(t)+ [ (~8)¥2sinlit— 9 () (u(s)s (36)
Uo(t) = e (coslt(—=A) Yo + (—A)"V2sint(—A) Y2 y). (3.7)
We first prepare the following theorem.

Theorem 3.5. Letn> 2andlet s> 0. For (n—1)/2< o < min((n+1)/2,n— 1), we assume that ¢,
y € C*(R™\ {0}) are homogeneous of degree —or, —ax — 1, respectively. Then, for 1— (a+2)/(n+1) <
1/9<1-o/(n-1), wehave

|2~ X% "uo € LEH,

wherey=o//2— (n+1)/2q.

Proof of Theorem3.5. For 1 <i, j < n, wedenoteangular derivativesby {Q; }1<i<j<n defined by Q;; =
Xdj — Xjd;. For any multi-index $ with || < N =n(n—1)/2, we define
Qf =oh...oP

n-1,n*

Then it suffices to show
|t2— |x?)"QPup € L L2 (3.8)

for any multi-index . Since
QP ug(t) = e (cosft(—4)21QP 9+ (—A)~2sint(—4) QP y),
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and QP ¢, QB y are also homogeneous of degree —or, —a — 1, respectively, we are able to apply [13,
Lemma 2.3] to obtain
QP uo(t, )| < Cp (t+1X) =7 t—|x||~*+2.

Thus, using polar coordinatesx = rm, r > 0, @ € S"1, we have
1QBUo t, 1)Ly < Cp (1) 77 t—r] 77, (39)

This completes the proof of Theorem 3.5, since the proof of [13, Theorem 2.1] implies the function
having the estimate (3.9) satisfy (3.8). O

Thefollowing theorems are obtained by interpolating the estimatesin Theorems 1.1 and 1.2, respec-
tively.

Theorem 3.6. Letn>2andlets>0. For2<q<2(n+1)/(n—1)and (n—1)/g< a < (n—1)/q’,

let a and b be defined by
a n+1 a n+l1l n-1

2 29 =3t 29 2
Then, there exists a constant C > 0 such that for any function F which is homogeneous of degree — o — 2,
i.e

(3.10)

FAt,AX) =A7*?F(t,x), (t,x)€ RY" 1 >0,
the following estimate holds

1162 = I w]
t

S
,I'HLL)

< C||It?= |x?°F| (3.12)

EAL
Theorem 3.7. Letn> 3 beoddand lets> 1/2. For 4n—-1)/(2n-3) <g< 2(n+1)/(n—1) and

(n-1)/2< < (n—1)/d, letaand b asin (3.10). Then, there exists a constant C > 0 such that for
any function F which is homogeneous of degree — o — 2, the following estimate holds

1t = 1%12°W]| gaye < CJlIE*= [X7PF || s 12 (3.12)
tr' ‘o tr o

The proof of theorems above is essentially the same as the proof of [13, Theorem 3.1]. We notice
that HS(S"~1)-valued analogs of [13, Lemmas 3.5, 3.6] hold.
The following propostion isimportant for the estimate of the nonlinear term.

Proposition 3.8. Letn> 2 and let p > 1. Let f satisfy (H). Let sq, S, p satify s> sg, p > S, S>
(n—1)/2. Then,

(Wl < Clullfg g, (313)
(W)~ £ lz(e2) < C(UI o) + M Pea) U=Vl (g1 (314)
Proof of Proposition 3.8. The estimate (3.13) follows from the Moser type estimate
1 (W) |lHso(e1) < CHUHE;(131—1)HUHHSO(SFl)

with p > max(sp, 1) and the Sobolev embedding (3.5). For the proof of the Moser type estimate, see (4.5)
in Appendix. The estimate (3.14) follows from the Holder inequality and also the Sobolev embedding
(3.5). O
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Proof of Theorem 3.2. We first define the successive sequence {u; } by

)+ [ (-8)¥2sinlit—9(-4) )10y 1(9))ds
uo<t>=e<cos[t<— >1/2]¢+<— 8) M2t (~8)2]y).

We observe that uj(At,Ax) = 2 ~2/(P~Ly;(t,x) holdsinductively for j > 0 by the homogeneity of ¢, v,
and f. Notethat thisfact enables usto apply Theorems 3.6, 3.7.
By the triangle inequality we have

162 = 2170 | ey < CI[12 = X2700]| g

i 2 [ E s -9/ Fuyas) o

wherey=1/(p—1)—(n+1)/2(p+1),s=(n—1)/2+ 6 withé > 0.

As for the first term on the right hand side of (3.15), we apply Theorem 3.5 with o = 2/(p— 1),
g= p+ 1. Then, the assumptions of Theorem 3.5 are satisfied for po(n) < p < (n+3)/(n— 1) and we
have

(3.15)

pHl
A

CI[1t* — X% "uo|| o145, = Coe.
Infact, (n—1)/2< a < min((n—1)/2,n— 1) isequivalent to max ((n+5)/(n+1),(n+1)/(n—1)),
and1l—(a+2)/(n+1)<1/g<1—a/(n—1)isequivaentto po(n) < p< (n+3)/(n—1).
Asfor theestimate of the second term on the right hand side of (3.15), wefirst consider the case where
2 <n < 4. Inthiscase, we apply Theorem 3.6 with o« =2/(p— 1), = p+ 1. Then, the assumptions of
Theorem 3.6 are satisfied for po(n) < p < (n+3)/(n— 1) and we have

|1~ 1xPIY [ (-8 sint~ (-] F g 1(9)) |

< C|[It% = X" f (uj-1) Hzfr”“)/pHg

p+ls
“Zr Ho

< Ol = D1t S

It is worth noting that o < (n—1)/q’ is equivalent to p > po(n). In the last inequality above, we used
Proposition 3.8 with s= sp and p > po(n). Note that

-1
po(n)>nT for2<n<4.
Therefore, we obtain
162 270 | gy < o +C1£2= X701 Py (3.16)

We next consider the case n = 5. In this case, we apply Theorem 3.7 witha =2/(p—1),q= p+1.
Then, the assumptions of Theorem 3.7 are satisfied for po(n) < p < (n+3)/(n—1) and we have

|12 X217 [ (-8 sine -~ /(-] Fuy-1(9))

< CH |t2_ |x|2|pr(uj_1) Hng;t(’errl)/sz—l/Z

ng:tPJrle

< C[1t2 = X2 | s,
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We notice that g > 4(n—1)/(2n— 3) is always satisfied when p > po(n). In the last inequality above,
we used Proposition 3.8 with sy = s—1/2. Infact, since

po(5)>So=S—%:g—l—5 forn=75,

we have
1 F(Uj—1)[[s-272( 1) < CHUJ._]-HES(Q—ly
for p> po(5). Notethat po(5) = (3+ v/17) /4 (= 1.75). Therefore, we also obtain (3.16). Thus, in each

case, we are able to prove
2 2
H|t — x| |yujH3’tﬁ+lH?o < 2Ce,

inductively. Applying the second inequality in Proposition 3.8, we also obtain
167 = X217 1= 1) | ggrag < CEPHIE2 = 27U = ) | g

Therefore, we conclude that {u;j} convergesto the solution u satisfying (3.4). O

4  Appendix

In thisappendix we summarize basic properties of Sobolev spaces over the unit sphere. Themain purpose
of this section isto show the Moser type estimates (4.5), and to show the equivalence of the definitions
of the Sobolev spaces by (2.2) and by the Bessel potentials (4.10).

For m> 1, let M be a connected m-dimensional compact Riemannian manifold furnished with a
smooth Riemannian metric g. Let {(Uj7e)(pj_l)}1§jsj be the local charts of M with the exponential
maps {exp; }i<j<i. Let {yj}i<j<s be the resolution of unity with supp yj CUj for 1 < j < J. The
Triebel-Lizorkin spaces F5,(M) on M are defined by

J
Foa(M) = {U € 7' M) ‘ lu; Fgg(M) || = le\(WjU)oapj:FEq(Rm)H < °°} (4.1)
1=

for 1< p<oo,1<q< e, 0rp=0=-co, and —co < S< oo, Where &'(M) denotes the distributions on
M (see (27) in [33]). The above definition depends on the resolution of unity, but the spaces defined by
another resolution of unity have equivalent norms. For the definition of F 5,(R™), see[32, §2.3.1].

The Sobolev spaces H3P(M) for 1 < p < e and —e < s < o are defined by the Laplace-Beltrami
operator Ay. We have relations

H3P(R™) = Foo(R™),  H3P(M) =F3,(M) (4.2)

for 1< p<eecand —eo < S< oo (seethetheoremin[32, §1.5.1], and (38) in [33]). Asasimpleresult, the
embedding HSP(R™) — L=(R™) for 1 < p < « and s > m/p yields the embedding

HSP(M) — L*(M) for s>m/p, 1< p < . (4.3
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Indeed, since {y;j }1<j<J isthe resolution of unity, we have

J
JuL=(M)]1 < 3 Il (wju) o expy; L™ (R™M)]]. (4.4)
j=1
The embedding H*P(R™) — L*(R™) and (4.2) yields the bound

[1(wju) o expy; L™ (RM)|| < Cll (wju) o expj; Fa(RM) ||

So that (4.3) followsfrom (4.1) and (4.2).

Next we consider the Moser type estimates for nonlinearities on M.

We introduce the notation N(s, p) asfollows. For s> 0and 1 < p < e, we say that f satisfiesN(s, p)
if fcCH(R20Q), f(0)=---=fl¥(0) =0,

Cllz+|w)P~9z—w| if [§+1<p,
119 (z) — £ (w)| < { clz—w|P-T8 if s<p<[g+1,
0 if p<s,

where the derivative is understood in terms of d/9z and @/dz with the identification C ~ R 2 (see also
[8, 23]).

Lemma4.l. Let 1< p<eo,s>0and f satisfy N(s, p). Then
£ (W) HEM)[| < Cllus L= (M) P~ u; HE(M)]. (4.5)

Proof of Lemma 4.1. Theestimate (4.5) followsimmediately for s= 0. We assume s> 0inthefollowing.
By (4.1) and (4.2), we have

J

(W HX M) < C X Iy f(u)) o expy HR™M)]].

j=1
Let {yj}1<j<s befunctionswith y; > 0, y; = 1 on supp yj, and supp y; C U;. The support condition
on y; and the Leibniz rule (see Lemma A4 in [15]) give us
1y F(u)) o expys HAR™) || = [[(w; f (¥ju)) o expy; HAR™)||
< Cllyoexpy; H3PHRM)[|| F((;u) o expy); L (R
+Cllyo e L=(RM)||| f((¥ju) o exp;); HXRT)|],

where pp = 2+ ¢, p1 = (44 2¢) /e with € > 0 sufficiently small. Applying the embedding H S(R™) —
LP2(R™) to the second factor in the first term on the RHS of the last inequality, we have

[1(w; f(u)) o expj HAR™)|| < CI[ F((9;u) o expy); HXRM) |, (4.6)

where the constant C may depend on y; and exp;. The well-known Moser type estimates (see (2.3) in
[17] for example) give us

1 ((5u) o exp;); HER™)|| < CIJ(ju) o expy; L= (R™)||P~[ () o expj; HIR M.
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Let {9;}1<j<s be the resolution of unity defined by ¢ = (X1<k<y k)~ ¥j. The Leibniz rule and the
embedding HS(R™) — LP2(R™) yields

[1(ju) o expj; H3RM) || < CJ[(9u) o expy; HXR M.

So that by the bound
[1(%ju) o expy; L™ (RT) || < Cf|u; L= (M) ],
(4.1) and (4.2), we obtain (4.5) asrequired. g

Let (x1,--+,Xm) bethelocal coordinate system for some coordinate neighborhood on M. And let gj,
1<, j < m, bethe componentsof gintermsof (xy,---,Xm). For any tangent vector X = ¥ ; Xjd/dxj,
and any smooth function h on M, the operanrs divy and grady, are defined by

ijoh d

divy X = —— ( det(g Xk> grady, h= 9 550
\/det g” Z IJ) M 1§§‘§m aX] axi

where (g') isthe inverse matrix of (gjj).

Let us consider the case M = S™. Let g be the Riemannian metric on S™ induced from the standard
metricinR™ 1. Wetakealocal chart (U, y) withU = {(x1, - ,Xm1) € S"; Xme1 > 0}, w(Xg, -+, Xmp1) =
(X1,--- ,Xm). By asimple calculation, we have the expression of g on thelocal chart U such as

ST _
0= 8o o1 =8, det(G) =iy,

where Xm1 = \/1—x§—---—x?n and g is Kronecker’'s delta. By a direct calculation, we have the
relation

(Agh(r) (@) = (divergradgsh(r-)) (@) “
= Yicker<mr1( (X —Xedx)?h) (ro), X=ro, r>0, weS"
for any h € C2(R™1). So that we obtain the well-known formula

> mo 1

Let /%™ be the space of spherical harmonics of degree k on S™. For any YX € 4™, YK satidfies
—AgnY* = k(k+m—1)YX (4.9)

by the properties Apmi1 (YX(rm)) = 0, Y¥(rw) = rkY¥(w) and (4.8). We recall the definition of Sobolev
spaces on manifolds. Since the Bessel potentials (1 — Agn)~%2 with s > 0 can be defined in L?(S™) via
the spectrum theorem, the Sobolev norms on S™ are defined by

1—Agn)¥2u; L2(ST for s> 0,

|u;H(SM)| = I S“)_. _ Sﬁz.)” =0 _ (4.10)
[(1—Agn)~lu; HSH<(SM)|| for s< O with s+2j >0

(see Definition 4 in [33, p312]). So that the norms defined by (2.2) and (4.10) are equivaent for even

integers s by (4.9), for nonnegative real numbers s by the interpolation argument, and also for negative

real numbers s by the definition in (4.10). Therefore we can use the embeddings (4.3) and the Moser

type estimates (4.5) for the norm defined by (2.2).
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