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Résumé

The cause of metamorphosis by sublimation of snow crystal below the melting point
of ice is commonly believed to be the non-uniformity of curvature of the crystal surface.
At those parts of the surface, such as points or edges of the crystal which have positive
curvatures, the vapour pressure of the crystal surface is higher than at ditches or pits
engraved on the snow crystal surface which have negative curvatures. The tension of
the surface in conjunction with positive curvature brings about a local pressure acting
on the ice lying under the surface in addition to the atmospheric pressure acfing uni-
formly on the whole surface of the crystal. This local additional pressure causes an
increase in the chemical potential (free energy per gramme molecule) of the ice lying
under the surface which increases in its turn the vapour pressure of that part of the
surface by an amount proportional to the increase in chemical potential. In the same
way negative curvature of the surface brings about a decrease in the vapour pressure.
Water vapour then evaporates from those parts of the snow crystal surface where the
curvature is positive, diffuses through the air surrounding the crystal and condeneses
on those parts where the curvature is negative. Such a transfer of water vapour evi-
dently makes the surface of the crystal smooth. This concept seems to accord with
the mode of metamorphosis observed.on an actual snow crystal.

The smoothing of the surface of crystal is not the only process observed to occur
during metamorphosis, but the branches and twigs of the dendritic type crystal become
thin at their roots and finally are cut off there. Usually the branches and twigs begin
to thin at their roots when they have changed to rod-like pieces with smooth surfaces.
The author made a mathematical study on this thinning process of the roots under the
assumption that the phenomenon is due to the curvature of those thinning parts of the
crystal. . o

Let a long circular cylinder of ice with radius ¢ be in equilibrium with water vapour
having a pressure corresponding to the curvature of the cylindrical surface and let the
radius be slightly changed by any cause to

a—¢&, cos (lz),
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where z is length measured along the' axis of the cylinder. The change & in radius is
found to increase according to the formula o

£=¢g&et cos (o) (<@
in the case when the condition
al <1

is satisfied, that is, the period L=(27/l) of the change in radius along the axis of cyl-
inder is greater than = times the diametr 2a of the cylinder. Ak* is

apDV b, o —(al) H (Ull)
A A {1—tatr} iHy(ial)
where )
a: surface tension of ice : .
A: ratio of density and pressure of water vapour
D: diffusion coefficient of water vapour through air '
V: volume of one gramme mclecule of ice
o: density of ice '
R: universal gas constant
T : absolute temperature
Dyt . vapour pressure of ice at temperature T

H; ;: Hankel's cylindrical function
i: imaginary unit «~—1.

AR* takes its maximum value when (la)=0.5, that is, when the period L is 2z times as
large as the diameter 2a of the cylinder.

One pericdical length of the ice cylinder between a=-—(L/2) and z= 4{ L/2 is as-
sumed to corresponed tc the thinning parts at the roots of branches and twigs of snow
crystal. Then the decrease of radius at the centre of the thinning part of the crystal
is given by -

&= Eoe.lk%t:

. which méans that ¢ is multiplied by the same amount for each definite amount in in-
crease of time £. The time ¢ necessary for & to double is given by t= (log.2)/ Ak and
numerlcal “calculation yields, for the case ?a 0.1mm and L=27Q2a)

T = 6 years,

whlle  was experimentally observed by K. Kozima to be not more than several ‘days
in metamorphosm of the actual snow crystal.

Discrepancy between theory and experiment is found not only in the rate of change
of & but also in the length L of thinning part. As described above ¢ can increase only
when L>7(2q), but it was shown by experiments that L was less than twice.the dia-
meter 2a. The theory gives

§ = &e ¥ cos ()

in the case when L is smaller than 7(2a) with the same formula for A%® as above, showing
that ¢ must be decreased as time geos on. In the case of L==(2a), AF* vanishes and &
does not change.

The auther considers that these discreprncies between theory and experiment are
enough to prove wrong the assumption that the thinning of the roots of branches is-
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caused by the curvature of the crystal surface. . Furthermore he is doubtful of the opin-
ion that the smoothing of snow crystal surface is due to its curvature.

If elastic stress S, such as tensile stress or shear stress, is produced in ice, its
chemical potential is raised by

S°/2F (E: coefficient of elasticity)
and its vapour pressure is increased by the amount

v s
PRT 2E
The branches and twigs of snow crystal are striving to bend themselves by their own
weight and the bending moment G is greatest at their roots. A small change &, cos (/z)
produced by any cause in the radius of a long circular cylinder of ice bent uniform-
ly by a constant bending moment G is promoted by water vapour transfer; the change
¢ in radius at time ¢ is given by |

& = &,e* cos (lz)

_ 248DVG* p,  —(a) H,,(ila)
20RTE at tH, o (ila)

with no restriction on the value of [. F is here the Young’s modulus of ice. The
larger 1 becomes, the larger is /a, that is, the smaller is the period L, contrary to the
former case of 2%%. This result was applied to the case of the root of a branch of snow
crystal with diameter of 0.1 mm and length of 1 mm in the same way as before. The
weight of the branch produces at its root a bending moment G of the value 3.5x10-
dyne-cm and the time 7 =(log.2)/4 turns out to be one half million years for the case L=
2a, which result show that elastic stress has entirely no effect upon the metamorphosis.

Although elastic stress has no effect on the metamorphosis of a single independent
snow crystal, large stresses appearing in such a deposited snow layer as one hanging
over the edge of a terrace or roof are expected to be sufficiently effective to promote
the metamorphosis of ice grains composing the snow layer. Calculation gave, in the
case of a sheet of deposited snow of density 0.3 gr/cm® and thickness 40 cm projecting
out 50 cm horizontally over an edge, value of less than one hour for z for a rod-like
ice grain of diameter 0.1 mm on the vertical plane standing on the edge. Here the
snow layer was considered to consist of rod-like ice grains of length 1 mm and of various
diameters whose mean value was about 0.35mm. Elastic stress is effective only on
those grains of small diameter since its effect is reduced very rapidly with increasing
diameter as shown by the fact that r is proportional to the 8th power of the radius a.



