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Résumé

A ‘small portion of the sunlight falling upon the surface of snow penetrates some
distance into it, decaying with depth X in proportion to e-*%, and.is absorbed to. produce
heat. - Although that heat is very small in amount it can be accumulated, because the
poor heat conductivity of snow prevents it from escaping. This causes, at times, the
snow to be warmed enough to be melted internally with its surface layer left unmelted.
An example of that phenomenon of internal melting is illustrated in Photo. 1 of Pl I.
On one day of March when the air temperature never rose above —1.2°C, a thin section
was vertically cut out of the .snow. That section is shown in the photograph, its top
marked O being thé snow surface. A distinct difference in the texture can be seen
between the parts above and below the level 2cm deep. Above that level the snow
crystals kept their original size as they had been deposited, which indicates that they had
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not been melted. Below that level they had changed into an aggregate of large ice
granules each of which is a cluster of several snow crystals conglomerated by the
internal melting.

At what time after the insolation and where in the interior of the snow can the
beginning of internal melting be -predicted by the theory of heat conduction? Let

X be the distance downwards from the snow surface,

T be the time since the beginning of the insolation, .

U be the temperature of snow counted from its initial temp’eratufe
which is below 0°C, 0°C itself being denoted by U,

then the above variables must satisfy the differential equation

cﬂvaﬂ =k ?TUZ + Ae~*x.

X (1)

The last term Ae =% on the right side of the equation is the amount of heat evolved by
the absorbed sunlight in a unit time and in a unit volume of snow at depth X. If the
intensity of the sunlight upon the snow surface and its reflection power are respectively
‘denoted by I, and 7, the constant A can be written as a (1—7) I, The constants ¢, o
and % are respectively the specific heat of ice, the density of the snow and its heat
conductivity. ILet it be assumed that at 7°=0, that is, at the beginning of insolation,
the whole of the snow is at temperature =0 which is below 0°C. In addition-to that
the temperature of the snow is supposed to be kept at U=0 at its surface even though
within it the temperature may change. Then the initial and boundary conditions are
given by
(Ulr=o =0, (U)x=0=0. (2)
The solution of differential equation (1) satisfying those conditions will show how the
temperature rises within the snow with its surface kept at a temperature below 0°C. As
soon as the temperature reaches U, (=0°C) anywhere within the snow, there the internal
melting begins. ‘
By a change of variables
a;})e T=1 aX=mu2, aZe

the differential equation (1) and the initial and boundary conditions (2) are transformed
into simpler ones:

U=u, (3)

o _ du .
R , (4)
(#)e=0 = 0, (#)s=0 = 0. ‘ (5)

The new variables £,  and # are all dimensionless. The solution of equation (4) with °
conditions (5) is ‘

u = (l—e%)— w<2/1>+—%—e‘“"{1—0</7—§7—?)}

ée’“{l m(,/H /_)} (6)
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where @ stands for the error integral :

In Fig. 2 of the text, # is plotted against @ by the mound-like curves # (x) for differ- -
ent values of {. As time goes on the temperature distribution .z (x) shifts from the eurve
of. smaller ¢ to.that of larger . Suppose that 0°C, which is denoted by #%, in terms of
u, lies at the level of line MN -Then curve = (z) touches that line for the first time at
po1nt M at £=2. At that moment of contact the internal melting begins aJ}d a layer of
wet snow starts to. .extend‘: to the left and right of point M (upwards and downwards in
the actual snoW), the curye of temperature distribution becoming like a mound with.its
top cut off by line MN. :("I‘hat top-cut curve is not shown in the figure).

The larger u, is, id es!, the lower the initial temperature of snow is, the more - time
is. needed for the snow to reach. 0°C and the deeper the level lies at which the snow
reaches 0°C. 'That situation is .represented by the curve marked Hgac in Fig. 2 which
runs through the tops of curves.u (x). , (Umax 1S the value of # at the top of curve u ().
It is obvious that #,.x=u, means the beginning of the internal melting). "In Table 1 of
the text the values of #umax and max are listed for different values of #, where Tmax is
the value of & at which #..x occurs.

When #,>1, that is, when the initial temperature of snow lies below 0°C by more
than 1 in terms of #, the temperature of snow never reaches 0°C however long a time may
elapse. Obviously internal melting does not occur in such a case. By assigning reason-
able values to a, » and &, a snow of #=0.35 is found, under the insolation of intensity
I,=50 cal/cm®-hr, not to be subjected to any internal melting if it is initially cooled down
beyond —16.8°C. But, if its initial temperatrne is —3.8°C, internal melting begins at
depth X=2.02cm and at time 7'=23 min 20 sec.

As stated above, the wet layer extends both upwards and downwards from the level
Zmax at which the snow reaches 0°C for the first time. A consideration on the balance
of heat at the top and bottom surfaces of the layer yields

o X

conditions which must be satisfied on either of the two boundary surfaces of the wet
layer. Here # is used to denote the position of the boundary surface, it may be either
the top or the bottom. Within the wet layer, heat cannot move because there is no
temperature gradient. Consequently all the energy of sunlight absorbed there is expended
to melt snow. But the energy ¢ % absorbed on the boundary surface of the wet layer
is spent one-half to melt snow, while the other half flows off the surface into the snow
lying above or below the wet layer.

Within the surface layer lying between the snow surface and the top of the wet
layer there can be established a stationary temperature distribution with boundary

2
conditions (#),=0=0, (#)zeu, =, <ﬂ> =0 and <§i2> =—g %, Here @, stands for
aw =g aw =g

the depth # of the top of the wet layer in this stationary state. This state is a limiting
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one in the sense that, once the temperature distribution comes to that state, it cannot
change any longer. Therefore the top of the wet layer cannot rise.above the level z,.
The value of x, is connected to %, by
#n, = (Ll—e %) —x, €%, . (8)

which relation is in Fig. 2 represented by the curve marked u,. That curve is positioned
to the left of the curve u..x with only a small distance between. Point M” is a point
on curve u, when 0°C is represented by the straight line MN. The wet layer starting
from point M can extend to the left (upwards in the actual snow) up to point M” but
cannot get over that point. The dotted curve starting from point M” downwards to the
left shows the temperature within the surface layer when the above mentioned stationary
state is reached. Also that curve is displaced only a little from the one starting from
point M which represents the temperature distribution at the beginning of the internal
melting. Therefore no large change can occur in the surface layer of snow after the
internal imelting has begun. But the situation is very different below the level of first
melting. That problem remains to be solved in the future.
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