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Résumé

The melting point of ice, generally of any solid body, changes when it is elastically
strained under the action of external forces. Pillar A in Fig. 1 of the text is an ice pillar
surrounded by the water filled space B. Weight W produces in the pillar a uniform
vertical stress ¢y which is compressive and negative in sign in case of (a) while extensive .
and positive in sign in case of (b). Solid plate C on top of the ice pillar is of an imaginary
nature; it permits the water to permeate freely through it to come into contact with the
stressed top surface of the ice pillar. As early as 1894 Riecke (Reference 1) found by
thermodynamical reasoning that the side surface of the ice pillar should have its melting
point (equilibrium temperature of ice and water) lowered by the stress by an amount

T o
PRy 5 (1)

where T,2,v; and E are respectively absolute temperature, heat of fusion, specific volume

.
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and Young’s modulus of ice. After that Williamson (Reference 2), coming to the same
conclusion as Riecke in regard to the melting point of the side surface, showed that the
stressed top surface of the pillar underwent a change

in the melting point. In case of (a) the melting point is lowered because oy is negative
while it is raised in case of (b) because of the positive sign of ¢p. In addition to that, this
change in the melting point at the end surface is much larger in magnitude than that at
the side surface. Recently Verhoogen (Reference 3) developed a new thermodynamical
theory which ascribes to a solid body strained in any way a chemical potential depending
upon the principal components of the strain and stress produced by the external forces.
When applied to the case of the ice pillar of Fig. 1, that theory gives a result quite
contradictory to the above; it yields (1/3) (T/4) v; 9% as the value of the change in the
melting point both at the top and side surfaces.

The present author dealt with the problem thermodynamically in as elementary a way
as possible, because he thought that it is one of the best ways to make things clear. The
ice may have any shape and be strained elastically in any way. He came to the following
conclusions :

(1) A mass of ice, when subjected to external forces, has its vapour pressure and
melting point changed by amounts which differ generally from point to point on its surface.

(2) The condition for a thermal equilibrium to be established between ice and vapour
or water at a point (denoted by ‘point A’ hereafter) on the surface of ice is given by

fitpvi—0,v; = f+po. (3)
The terms should be read as follows:

Ji: Helmholtz’s free energy per unit mass of ice at point A,

p: pressure of vapour or water. It acts uniformly over the whole ice surface,

v, :- specific volume of ice, .

a,: outward normal component of the stress of ice at point A, excluding that due to
the above pressure p. o, should be taken as positive when it is an extensive com-
ponent and as negative when it is a compressive one,

f: Helmholtz’s free energy of vapour or water,

v: specific volume of vapour or water.

(3) Let the subsequent denotations be made :
D% : saturation vapour pressure of ice subjected at an absolute temperature T to no other
force than the pressure (p*) of its own vapour,

D : saturation vapour pressure of ice subjected at the same temperature to external forces
in addition to p%, i

P°: saturation vapour pressure of ice subjected at an absolute temperature T to a hy-
drostatic pressure P in addition to p, _

. saturation vapour pressure of ice subjected at the same temperature to external forces
in addition to P and p%,
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T°: equilibrium temperature of ice and water, both under a hydrostatic pressure P,

T: equilibrium temperature of ice and water, ice being subjected to external forces in
addition to P while water only to P,
z: coordinate placed normally outwards at point A,

04, 0%, 0, T}, Ths Tay: components of the stress produced in ice at point A by external
forces. The normal components 9%, 67, 67 are counted positive or negative respectively
according as they are extensive or compressive,

E,G,v: Young’s modulus, rigidity and Poisson’s ratio of ice respectively,

M, 4. molecular weight and latent heat of fusion of ice respectively,

R: universal gas constant.

Then the next formulae are derived by the use of condition (3) for equilibrium :

l 0 M 0 7/ 4
4p" = p—p” = _RTP‘)W{W(”;, """ ,Tw)—"z}, (4)
o , M y :
A = =1 = g Doe{w ol s P, (5)
AT — T 0 — —T°%{u(f’é, ...... ,T;y;p)_o;}, (6)

where the functions w and # of the stress components are given by

(0%, otly) =g (020402 ) e (et et )

v ’ 57 7 g/ 7 57
——E~<ﬂy0z+0z%+%"y ,

12y
E

<o;+u;,+a;> P.

Since the components of stress are much smaller than E and G, the values of functions
w and % become negligibly small as compared to the components themselves. Therefore
the function w or # in the brackets of formulae (4), (5) and (6) can be omitted provided
that ¢; does not vanish.

When point A is on the side surface of the ice pillar in Fig. 1, 0z=0y, 6}, =0,=1],=
The=714y=0. (Coordinate @ is taken vertically parallel to the side surface.) Then formula (6)
yields

AT = —

TeloE e

which reduces to
T° Vs gz;/V

AT = ——7= 31

in case o3> P, This ‘means that the melting point of the side surface is lowered due to
the stress oy by the same amount (1) as given by Riecke and Williamson. When point A
is on tlie top surface of the ice pillar, o{=0y, 04=0},=1},=1l=1%,=0. Then formula (6)
yields



BEED§° 5 0 & 5 K O RIRIKHESEE & B R & BE T 2 B E 27

AT° = — #{i —LT—ZLJWP—HW}.

E
This is converted to formula (2) obtained by Williamson when P<&op<E as is generally
the case. Thus the theory of the present author gives results agreeing with Riecke’s and
Williamson’s but not consistent with Verhoogen’s. The author thinks that Verhoogen’s
chemical potential is an incorrect extension of the ordinary chemical potential £+ pv.

It is a general belief that the surface tension a of ice causes change in the vapour
pressure of the free surface of ice when it is curved, in quite the same manner as the
surface tension of water changes that of free water surface. That can be proved to be
true: by formula (4); since ¢/ becomes —2a/r (# being the radius of mean curvature) in
this case and w(og,------ Tay) is negligibly small as compared with —2 a/#, formula (4) yields
AP =(M/RT)(2a/r)p™. .

The rectangles marked A, and A, in Fig. 3 of the text represent two single crystals
of ice with crystallographic-axes in the directions indicated by the arrows. Young’s modulus
of a crystal differs according to the direction the crystal is stressed with respect to the
crystallographic axis. Let Young’s modulus in the vertical direction be E, in crystal A,
and E, in crystal A,. Solid plate B between the crystals is permiable to vapour or water.
When a vertical stress oy is applied to the assembly of A,, B and A,, the lower end surface -
of crystal A, and the upper end surface of crystal A, come to show a difference 4p between
their vapour pressures and a difference 47 between their melting points. The values of
dp and 4T are determined by formulae (4) and (6) as

M 1\ o}
W =RT f’oo”i< E1 T, )%

b gots (1 1 Iy
AT =—T /1<E1 E2>2.

It can be assumed without loss of generality that E,<[E, Then it results that the end

surface of crystal ‘A, evaporates- or melts while vapour or water condenses upon the end

surface of crystal A,: the end surfaces move upwards with a constant gap between. If
solid plate B is made infinitesimally thin, the two crystals come into direct contact making
a grain boundary between them. Therefore it can be said that the grain boundaries within
a polycrystalline ice attain a tendency to move, when stressed perpendicular to their planes,
towards the crystals that have smaller Young’s modulus.



