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BADOHFELRECIEH IV 2 v L, BEORUOBE L WX I THRLA
LORELHbLR, ThHOHREL BIHITIL, LYEELRAPLETHS,
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T, EEHFB DT, ¢ AR I 2 5, T mmﬁ

BANZRIL I 952, CDRUTT, Z0fRExE-

T, EARFHEEOBFMEMFE RO Pauling = v + m e~ l P4 U b4
HHECHT S, OMTEET 15FHch O Pauling i:tm;tj
=Y R Y - DRERERLRT, —m— e
Iy 5 L 15 4 N ————Lem+ m'+ | ——>
Brmc ERRLOMLERSRARD IO BBED g1 wpumonsile)
@, WAL OUS) & B0) L7, by m, ' DBIHE LT » % DEA (O)

7k Qm' . (™.
~x=ﬂhmmw=§%%i%%£% (45)
ERF B, ST, Btk 20747 2070 Bl Booa 42 2070 4T 27 SUORFATAL, d, e 1k 2070 47
22 FUDFTIN, wo, viF WX ERF R, 207 ROFER 2 b oL, 22RO b T, BTN
TlohoThs,
HRLIU o VILFTH LS, o, Lo THET S g & m, m’ BEKT 512U

;5

lim ¢ (b, m, m’) = q(b, o0, m) (46.1)
lim g (b, m, m’) = q(b, m, o) (46.2)
lim q(b, m, m’) = q(b, oo, o) (46. 3)

54 RBE L 0l e Bz CHRLOHEL HLE, b OWMAT RO gb,m,m) DI
B, =5 glb, oo, 00) DULHEHTE 5 :
lim ¢(8, o0, 00) = g (e, o0, 00). (46.4)

b

XC, LXBOEBHMEELZ LD, EBRTEOC ¢ IR THEOBZS S5z il
5, HEESHR VIIFOLOKTE, FORKDO LT mPIORTFHED q% qomn EEZ 5, H
4 25 B b2,

Gom = q(b, m~1, L—m) (47)
TH5B, 46.3)7:06, L ORI VL, @on EFMEBROTIZEA L ¢b, 00, 0) ITELWZ &
B,

Q OI; Qbm %ﬁxzci,
n B L

Q=H%=H£ﬂm (48)

End b, Lichis T,
B A
nQ= 2 Z:] In qpm - (49)
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(46.3), 46. ) ¥ FE % T, AN HKD L 5EHT 5 :

w
nQ= él mfv': [ln g{co, 00, c0) — {ln g (o0, 00, oo)—In g(b, oo, oo)}
- {ln g(b, 00, 00)—In qu}]

= B.Lln g(o0, o0, 00)—L ZB] {ln g (o0, 00, co)—In q(b, oo, oo)}
b=1

1

B L
~ % % {ing(®, o, 0)~Ings.n} (50)
b=1 m=1

WERH o T B EIB T
n=BXxL, f=2(B+L) (51)
Thohrb, (35, 6L)nb
lnw—n(ln +1In g (oo, o oo))

+L|:ln2-): {lnq (o0, 00, 00)—1In g (b, oo, 00)}]

L
+[Bl2= £ % (Ingis, 0, 00)~1ngom} | 52)
E7sh, (52) RIEREARTEMIL LTy,
WE,
B
% {Ing(e0, 00, 20)=In g (b, o0, o)} = 4,(B) 53)
b=1
1 B L
5 % {inqb, o, 0)~Ingm| =4(BL) (54)

EBgE, B2)k

lnw—n<ln 3 +1In g (o0, oo, oo)>
+L(n2—-4,(B))+B(In2—4,(B, L) (55)

EmiF s, Lichio T4 FH7 0 O Pauling = v e~ Sit,

Sk = lnw/nwln +1n g(o0, oo, o)

—l—%an—%—A,( )+ Lln2—-—~ 4,(B, L) (56)
Eic B,
(46.4) v &
};i_rg 4,(B)/B =0 (57)

LU, (46.3), 47) p
lim 4,(B, L)/L =0 (58)
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B DD LIXHLATH B,
Lichio T, 66) b,

lim S/% = ln%-%—lnq(OO, o0, 00) (59)
IT—o
Booo

Lieh, Tizhb, SRICKEVERESD 15T H7) O Pauling = v br e —3(69) T
DI EBEECIEE I,

(59) T, q(c0, 00, ) % (b, 00, 00) (b= 2) THELT B &%, 8 bEWE L5, g1, o0, )
=1T, ThEE> 2 ik Pauling SIS fibie 7y, 8 LA AR, #THio 1 RITTRA L
52 %, 2% HTxrvirer—-oHE

b, o0, o) |13 IIToXI e
@(6: 09, oo) 13 BCRLIEE T T g, cor) [1n gl oo, ] 1ngtn3yz)
ST, B X ATIICERT S - L b IEHE
CRED L, Ehe mm DRE D glb,m, 2 1.01367840 |  0.01359 0.034
) IR T . g2, 00, 00) EEEL L 3 1.01894553 | 0.01877 0.046
N > oo E
" IE o 1% % i 4 102150939 | 0.02128 0.052
XIHiT Cob DR TR, ¢(8, 0, ), 5 102294721 | 0.02269 0.056
Q(4’ o, OO)’ Q(5, o, OO) (igﬁi II I}ﬁ‘%ﬁ)lb: .
. - HE | 1.01234567 0.01227 0.032
m,m’ O 32{H%ENE, b=3, 4 LTH

T IHTH L, b=5 i L CHBHHEFE8H T TCELWZ &5, ZhbOERE2EC
Tt SEERIOFO In@2) et akbh bRt
g (o0, 00, 00) DHEEIZIL, WEALKE VG FTOHENMLETH > 1o,

XI. EARFORBERHBO Z0 2
R OHE, Bk Pauling = v+ r & BB TH DD, B5) T, L& BErixEbn
2 Th wildES\, P2IT,
Mw=n0m%+MﬂwﬁmmO
+B(ln2—4,(L))+ L(ln 2—4,(L, B)) (60)
(60) & (55) DEXIES &,
L(4,(L, B)—4,(B)) = B(4,(B, L)— 4,(L)) . (61)
Lichios G,

4,(L, B)—4,(B) = B ( (62)

4,(B,L) _ 4,(1)
L)

Bx*ETELTL Ak nil, G8 X0, B7) B¥® L TtkExmzb) ibh, Ak
FILHE DL, Thbb,
lim 4,(L, B) = 4,(B). (63)

Lo

I
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lim 4,(B) = 4(c0) (64)

B—roo

RIS T2E, bbAHA
lim 4,(L, B) = 4(0) . (65)

L-roo
B—roo

Pauling = v b v & —~~DOEHEDOHFE Sik, 60)OEUE2HELIVEIHETH S
S/k=B(n2—-4,(L))+L(In2—4,(L, B)) (66)

S A LLT i3 H Pauling = v rre— L 1T 5,
(64) & (66) B, O KREV, B, LizxL T,
S/k = (L+B)(In2—4()) (67)

AR LIADI: DD Pauling = v rre—~% 5" L35 L, (B1) & (67) h b,

lim '/ = In 2—4(co) 68
e
Lis B, IV EOREDD,
0< 4(0)<In2 (69)
fzéz)o
4(o0) DIERFHIE 175 5 Hedic,
4(B)= % {1n (B, o0, 0)—In (b, o0, o)} (70)
b=1

e BEATSL, HLM
lim 4(B) = 4(c0) (71)

Beyoo

THh, 4(o) % 4B) (B=2) THEUT S L%E Bl v5, 401) XFBTH-> T, Thk

5 = & % Pauling Tl F /i35 05L& & Bk HEy o OME

- Lo o o e
20 BULUOREMMERE < 1 ALR B 4(B) 4(B){In2 7 (B)

RS 2 %,
H2EMNSHELE 4B) 25 3KICHE 2 0.01359 0.020 0.43
=, T(B) L&k ©E: I 3 0.02395 0.035 0.94
Ltz T(B) RAMTRES N LR TS Do 4 0.03149 0.045 0.18
5 0.03712 0.054 —
XII. 2 3oHhBpmEsE 0 o

7 0.01227 0.018 —

X, XL e, EHBFEEOEILERS
COWTIL, FXNFEONEGEDFELWE &, Tibh, Pauling = v b r e —~DEH
DB EEHNTH D 2 EREBORIRI V2 B,

KEHOEENER LFOBEZEFTEIATHLNL, [FHKRER] L5 ST AR
BREG AL DICBETH- C, YRCHKOS 5B TH S, (o) L 4,(B) TEHX
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Summary

Pauling considered that ice has an additional entropy due to randomness of its proton
arrangement™ He estimated the entropy per molecule, divided by the Boltzman constant
k, as In(3/2) for a sufficiently large crystal. In his estimation, he did not take account
of the existence of crystal surface.

Now, the effect of surface on Pauling entropy must be considered because of following
three reasons: First, the effect may not be neglected for a small crystal. Secondly, the
entropy per molecule would tend to zero for a large crystal against Pauling’s estimation,
if the effect were long-range type. It seems to have been assumed that the effect is short-
range type. But the assumption is by no means self-evident, though it turns out to be
correct. The third reason arises from the correctness of the assumption itself. If the
effect is shortrange type, it is expected for a large ice crystal that the effect may be

* Tne entropy is usually called the residual or the zero-point entropy from its expected physical

nature. But the name of Pauling entropy is adopted in the present paper in order to stress its

mathematical character.
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completely extracted from the whole Pauling entropy and an independent concept of
surface Pauling entropy may be defined. ’

In order to investigate the effect of surface, the Pauling entropy of a finite ice crystal
is defined and computed in the present paper. It is shown that the Pauling entropy, S,
of a finite crystal characterized by », the number of its molecules, and £, that of its surface

bonds, is expressed as
Sk =n(ln(3/2)+6)+f(ln2—-5")/2, (1)

where ¢ is a non-negative minor correction term and ¢’ is a non-negative quantity less
than In 2. For a rectangular crystal of the two-dimensional square lattice model, it is
strictly proven that, when both the width and the length of the rectangle tend to infinity,
both ¢ and ¢’ converge to the definite limits, g (oo, 00, 00) and 4{o0), respectively. The way
of computing them is given and they are calculated in the approximations up to the fifth.

Neither the direct proof of the convergences of ¢ and ¢’ for a large crystal, nor the
method of computing them in higher approximations has yet been found for a real ice.
However, as the value of ¢ in the first approximation for a real ice is of order of tenth
of that for a square lattice model, ¢ and ¢” may be not so important for a real ice as for

a two-dimensional model.

Definition of a Finite Ice Lattice. An infinite lattice of the coordination number
four is said an infinite ice lattice when two ‘(proton) positions are set on each bond of the
lattice. A finite ice lattice is a part of an infinite ice lattice surrounded by surface or
surfaces which cut bonds in such a manner as to leave to the part one and only one
position on each cut bond. A finite (ice) lattice can be characterized by any two of three
numbers, 7, the number of its (lattice) points, £, that of its inner (non-cut) bonds, and f,
that of surface (cut) bonds, because of the relation: n=2h+f. (Words in parentheses
will be dropped hereafter for simplicity).

Definition of the Pauling Entropy of a Finite Lattice. An arrangement is a
way of assigning to every position either the vacant or the occupied state. An arrangement
is acceptable if and only if it satisfies following two requirements for every inner bond
and for every point, respectively : 1} One and only one of two positions on an inner bond
must be occupied and 2) two and only two of four positions around a position must be
occupied. The Pauling entropy, S, of a finite lattice is defined by % ln w, where w is
the number of acceptable arrangements on the finite lattice.

Deduction. The number, w,, of all arrangements each of which satisfies the first
requirement for all inner bonds is evidently equal to 2**7. Now, let all the points be
numbered arbitrarily. Let W; be the set of all arrangements each of which satisfies the
first requirement for all inner bonds and the second requirement for all points up to the
ith. Let w,; be the size of W, and p; be the ratio of w; to w;.,. Then, w, that is, w,,
can be written as wof[lpi, or by the introduction of new variables ¢; defined by (8/3) p.,

the equation ;
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w = 20038 T gu = (8/227° 11 a0, (2)

is obtained, where the factor 2/? was absent in Pauling’s consideration.

Analysis of ¢;. Let W;_, be classified into sixteen subsets according to the states
of four positions around the zth point. Then, ¢; can be expressed as a function of the
relative sizes of the subsets. Because of the symmetry between occupied and vacant in
the requirements, there are found several equalities between the sizes of the subsets. The
nature of the equalities and, therefore, the form of the function depened on the mutual
location of the points up to the #th. Though five cases can occur (Fig. 2), an appropriate
numbering of points reduces them only to two, where the points up to the i—1 -th are
mutually connected and the i th point is linked to them by either at most one bond (the
first case) or two and only two bonds (the second case). In both cases, ¢; is expressed as
a function of z; which is the same as B/A in Bjerrum’s paper®”. In the first case, both
x; and ¢; are unity. But in the second case they are larger than unity against Bjerrum’s
statement.

The Zeroth and the First Approximation. Substituting unity for every g; after
Pauling, we get from equation (2) as the zeroth approximation

Inw=nln(E/2)+fIn2/2. (3)

Note that for a trivial one-dimensional chain, where only the first cases appear, equation
(3) becomes to be exact. Now, in the second case, there exists in the set of the points up
to the #th at least one one-dimensional ring on which the zth point lies. Let R; be one
of the shortest of such rings. If we neglect the effects of all points up to the i—1-th
except those on R; in the calculation of ¢;, we get ¢smin as the first approximation of ¢,
of the second case. For the real ice lattice or the square lattice, ¢;min Of every second
case is equal to a constant, gmin, denoted as ¢ (6) or ¢ (4) in the text, respectively. (For
the Kagomé lattice, a little complicated situation occurs as seen in the text.) Substituting
qmin for every q; of the second case, we get for the real and the square lattice,

w = (3/2)" 277 (gmin)* ™™,
where 7, is the number of the first cases. As 7, is approximately equal to f/2, we get
In w = n(In(3/2)+1n gmin)+ (0 2—1n gmin)/2 (4)

as the first approximate equation.

Existence of Surface Entropy. The above reasoning may not give any meaning
to the fproportional term in equation (3) or (4) when n is much larger than f, because
then the term surely falls in the range of error of the approximation. The existence of
a f-proportional term, which is positive and less than f (In 2)/2, is proven by the other
way in chapter IV.

A Strict Treatment in the Square Lattice. In the case where points up to the
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7—1-th (circles) and the Zth point (dot) are located as shown in Fig. 4, ¢; is a function
of b, m and w’, q (b, m, m"), of which the deduction and the values for some &, m and
m’ are given in the other paper”. It can be proven that ¢ (b, m, m’) converges when &
and/or m and/or m’ tend to infinity :

lim g (b, m, m') = q(b, o0, o), lim q(, e0, o0) = g (oo, 0, ) ete. (5)
M0 b—co
m'—co

A rectangle of width B and length L is now considered. Let the points be numbered in
row-wise. Then, the ¢; of the point at the crossing of the b-th row and the m-th column,
denoted now as gy, is evidently ¢ (b, m—1, L-m). It is easily seen that In w can be
exactly written as

ln w = BL{In(3/2)41n g (oo, oo, o))
+L(In2—4,(B))+B(in2—4,(B,L)), (6)

where 4,(B) and 4,(B, L) are defined by
4,(B) = 3 (Inq(eo, o0, 00)—In (5, 00, 0))
b=1
and

4B, 1)= (£, £ tngb, =, )=In gu) [B.

For 4, and 4, following convergences can be proven :

lim 4,(B) = 4{c0) < o0 and llim 4,(B,Ly=4d,(L). (7)

B

The convergences of ¢ and ¢’ stated at the beginning are deduced from relations (6)

and (7).



