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Summary

General discussions of Pauling entropy of ice are given in the other paper”, where
the Pauling entropy of a finite ice crystal divided by the Boltzman constant is defined as
the logarithm of the number of acceptable arrangements in the crystal. In the present
paper, a method of evaluating the number in the two-dimensional finite ice crystal is
developed. The essential point of the method is to classify the arrangements into subsets
according to the states of a set of appropriately chosen proton positions and find a re-
currence formula for the sizes of the subsets. The method is quite general in principle,
though practical applications are limited to crystals of simple form consisting of a few
rectangles.

Elemental Matrix. The most fundamental form of a crystal treated by the method
is a rectangle. The number of the arrangements in a rectangular crystal of width & is
first calculated. The & proton positions below the [-th row are chosen for the classification
of the arrangements in a b X/ rectangle (Fig. 1). By the assignment of 1 to each occupied
and 0 to each vacant position, a state of the set of & positions corresponds to a number
j (Fig. 2), which is evidently used as the index of the subset. The size of the subset j is
denoted as w#;(j). The reccurence formula for #; is shown to be

20y

w1 (f) = i§0 o (J, D ue2) ,

and the beginning condition is given by
uo(j> =1 1 (]=0’ "'azb_l) .

The 22% 2 matrix a, is called the elemental matrix for the width 4.

Simplified Elemental Matrix. From the definition of an acceptable arrangement?,
the complementary relation ;

w(j) = wui(7) (7=0, -, 2071—1)
can be deduced. Here j is the complement of j, that is,
F=2r—1—j.
By virture of the complementary relation, the reccurence formula can be simiplified to

2b—1_,

ul+1<j)= z'§0 Bb(j, l)ul(l)

The 20-1x 26! matrix f, is called the simplified elemental matrix.
Width--Change Matrix, If the rectangle changes the width from & to &’ at the m+1-th
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row (Fig. 3), #m+1(J) is related to u.,(j) by
201 2b . . )
Unei(f)= 0 2 awlf, )T, jlun(j).
k=0 j=0
The 2% x2° rectangular matrix 7 is called the width-change matrix. The simplified form
exists for this relation, too.

Parity Matrix. In order to calculate the quantity x defined in the other paper®,
the arrangements must be divided into two subsets according to whether the state of one
definite position is equal to that of the other definite position or not. The case shown
in Fig. 4, where the two positions are indicated by circles, is treated. For every k larger
than m, ux(f) is divided into two terms according to the criterion mentioned above;

ur () = ug () +ug (7)

where indices D and E refer to the non-equality and the equality of the two states, re-
spectively. The relations of «l,, and «£,, to u, are

P
wpa(f) = B DO i) umj)
and
v 2?1
upn i (j) = gﬂ E(/, Nunlj), 7=0,--,2071—1.

Simplified forms of these relations are proven to exist:
2071,y

()= 5 di7,i)enl)

and

201

W)= % elfsun(), §=0,27~1.

The 221X 2% matrices D and E and the 2°-2x2’! matrices d and e are called the odd

and the even and the simplified odd and the simplified even matrix, respectively. The

quantity, x, which is proven to be the ratio of X #D . () to 23 4L, (), can be
7 7

calculated by the above relations and the reccurence formula.

Convergence of Relative Sizes of Subsets for a Long Rectangle. The matrices
a and f are proven to be symmetric. Therefore, their eigenvalues are all real. From
this fact, the convergence of relative sizes ot subsets for a long rectangle, especially the
convergence of z for large m and/or m/, can be deduced.

Construction of Matrices. The method of obtaining the numerical values of the
components of the matrices are given in chapter X. The method is most convieniently
carried out by an electronic computer. The program for obtaining 8, d and e is shown
in Appendix in Fortran language, where N, BETA, D and E correspond to 4, 8, d and
e in the text, respectively.
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The numerical expressions of 8, d and e for # <5 and the values of the quantity ¢,
defined by 2 (142x)/3 (1+x), for some values of 4, m and m’ are given in the tables at
the end. They were calculated by the aid of the eletronic computer NEAC 2203 G of
the Computing Center of Hokkaido University.

B d,erxRDDH Tr T A

16

25

22
21

24

23
26

20

18

Program for the construction of Matrices, 5, d and e.

SUBROUTINE
N 1=2%* (N—1)
DO 4 I=1, N1
MC=I-1

IF (MC—MC/2*2) 15, 16, 15
MA (1)=2* MC—1
MA (2)=2% MC
MA (3)=2* MC+1
GO TO 17

MA (1)=2% MC
MA (2)=2* MC+1
MA (3)=2* MC+2
MA (4)=—2

N2=N-1

DO 18 K=1, N2

I=1

IA =MA(J)/2#*K —MA (J)/2**(K+2)
IF (IA) 20, 21, 22

IF (IA—2) 23, 24, 21
J=J+1

GO TO 25

MA (L)=MA (J)—2** K
GO TO 26

MA (L)=MA (J)+2** K
L=L+t

GO TO 21

MA (L)=—2%* (K+1)
LE(K+1)=L

L=L+1

N3=2*N1
L=LE(N)—1

*4

33
32
31

30

43

44
45

42

46

47

48
41

40

DO 30 J=1, 1

S=0.

DO 31 K=1, L

MC=MA (K)—MA (K)/N 3* N3
IF (MC—J+1) 31, 32, 33

IF (MC+J—N3) 31, 32, 31

S=S+1.
CONTINUE
BETA (J, )=S
BETA(L, J)=S
L=LE(N2)—1
N4=N1/2

DO 40 J=1, N4
S=0.

S1=0.

DO 41 K=1, L
IA=MA (K)/N 1

IF (IA) 42, 42, 43
MC=MA (K)—IA*N 1

IF (MC—J41) 44, 45, 44
IF (MC+J—N 1) 41, 45, 41
S=S+1.

GO TO 41

MC=MA (K)
IF (MC) 41, 46, 46

IF (MC—J+1) 47, 48, 47
IF (MC+HJ—N 1) 41, 48, 41
S1=8 1+1.

CONTINUE

CONTINUE

RETURN
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Bi:

Be:

dz:

€y

Ba:

dy:

e,:

—— i — —— s —

—— ot a —

—_ 00—~ 0O——N
e s R —
— AN — = N

OO —
o0 — —
O

——
DN — O
NN — O

1

.01485443
.01497981
.01499302
.01499314

!

.01536098
.01570860
.01579421
.01579793
.01579793

”

1

.01546373
.01591892
.01608842
.01610410
.01610422

”»

Pa:

da:

NN =N ——, O
RO RS NS = o

——— O
——t

—— . —
_——

Table of Matrices §, d an

———
RN
RO W N —
[ERNENICE

—_—
N —

N —
N —
—_—
O —

—NWRNRNN—O
—NRNMNNN—O
N = b e

NN — O
DN —=O
—_—

O — —
OO —
OO~

2

1.01796715
1.01811839
1.01813432
1.01813447

”»

2

1.01926276
1.01973070
1.01984590
.01985091
.01985092

»

2

1.01963965
1.02030937
1.02055968
1.02058284
1.02058301

”

o Kk #® B

Table of ¢ (b, m,

—— . —

M & 1

Bs:

ds:

es:

2

—OO00O0COCO—~ OO0 — O ——

COOCCOOO—

O O = O

M & 2

4

.01873728
.01889490
.01891141
.01891166

”»

4

.02072096
.02123555
.02136223
.02136773
.20136774

»

4

.02153493
.02231864
.02261199
.02263913
.02263933

»

-t O O OO = OO — s im N
—_—— e O O e = O R

—m e e e O 000000 — —
RN — OO DOO0OO O — — —

(=W
o

e e, O — — RO - —
RPNl OO0 OO — i e D ORI — O — — N — e O
O i e OO0 O—NNNN—A,O=N — —— e OO

SN ——~O000 0000 ———0 O r—mrer—e—e O, ON——O

—NN—,— OO0 COO— O —

e e D
L OO~ O — ==

8

.01877078
.01892868
.01894532
.01894547

”

8

.02085611
.02137500
.02150280
.02150836
.02150836

»

8

.02181294
.02261400
.02291390
.02294166
.02294186

»

P R R R e e, N, —, O —, O OO

—_——0—~ 000
OO = O — =

_— e e e e e R O O = O

—_——_—_—0— 000
O == —0 O
OO — O

T N N N A - S U
SR —,— OO0 O, NRNWN = =R — = - OO

—NNm,—=O00 O

[OOSR —_— e —

e, e, m, NN —,—, NN —— OO0
— e N =, NN — — NN, —_,—, OO

RN, OO0 O— = N=NN=—=NNN—=— OO0
OO0 — — = RN == OO

OO0 — O — — —
OCOO0OO———O

16

.01877084
.01892874
.01894537
.01894553

”

16

.02085710
.02137607
.02150383
.02150938
.02150939

”»

16

.02181785
.02261922
.02291923
02294700
02294720

2

R e e e e e e e O

—_— e — e (O

OCOCOOO — —

N, O~ OO~ — OO — O — — —

—,OO O — —

COOOOO0O —

— e = —_—

— e e

32

.01877084
.01892874
01894537
.01894553

”»

32

.02085710
.02137607
.02150383
.02150938
.02150939

”

32

.02181785
.02261992
.02291924
.02294700
.02294720
.02294721



