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Summary

I. In the previous paper I under the same title, the basal surface (0001) of ice crystal
was theoretically shown to become rough in structure at the critical temperature 7'
owing to the appearance of numerous positive and negative islands upon the surface.
For evaluation of entropy of the surface, it was necessary to know how many different
forms the margin of an island can take, and the number of the different forms was set
equal to that of the different ways in which a closed path can be drawn on the dual
lattice of the surface. In the previous paper it was shown that a closed path can be
drawn in

m’ = (p—1}/(4l) 1)
different ways, where p is the coordination number of the dual lattice and I means the
number of paces which are to be made on the dual lattice for drawing the path. But
the number m of different forms of an island is not the same as the number »/ of
different ways of drawing a closed path:  should be much smaller than »’. The cor-
rection for m is made in the present paper. But this correction brings no change in the
value of critical temperature 7.

II. III. In Fig. 1 of the text, the triangular lattice represents the dual lattice of the
surface (0001), and the thick lines show closed paths drawn upon it. The four closed
paths are the same in form but different in position. They were counted as different
paths in the previous paper because of the difference in position. It is obvious that there
are [ different paths of the same form for every form that a closed path of / paces can

take. So the number m” of different forms allowed for the closed path is obtained by
dividing 7’ by [, namely

m’ =m'll = (p—1}/41). 2)

Most of the closed paths will intersect at many points, but the intersecting paths
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cannot represent the margin of island. It is assumed that the number m of not inter-
secting closed paths, that is, the number of the different forms which the island can take
is given by a /-th part of m/ :

m=m"[/l=(p—1}/1%. (3)

Numeral 4 which is to come in the denominator of (3) is omitted, for a small number
such as 4 adds nothing to the entropy.
IV. Free energy X of the surface (0001) can be written in the form

kLT =<%—a>l‘-—ln Wy (4)

with
1
a=In (p—l)-l-? In2.

Here ¢ is the energy needed for cutting a hydrogen bond and the critical temperature
is given by T.=c¢/ka. Number L is the total sum of margin lengths (counted in paces
on the dual lattice) of islands present on the surface. Number 7 of the different forms
of an island is contained in W) which gives the total number of different states of the
islands divided by (p—1). Free energy X is a function of L and 7 (absolute temperature)
and, for T<T,, X has a minimum of negative value. Let the minimum value of X and
the value of L at which the minimum occurs be denoted by F and L, respectively.

As F<O0, the surface is rough in structure for all temperatures less than 7. with
islands of the total margin length L,,. But L, is very small unless 7T is very near T..
In Fig. 3, L. and F/kT are plotted against

t= (T_ Tc)/Tc (5)

for the surface (0001) of 1ecm? in area. Figure 3 a shows that L, rises very steeply in
a narrow interval of t= —0.001~0, that i1s, 7 =09997Tc~7T,. As L, can be used as a
measure for roughness of the surface, it can be said that the surface is practically smooth
at temperatures lower than T, and becomes suddenly rough when temperature reaches
T.. A similar change occurs in F: F drops suddenly at 7.

In Fig. 3b, changes in L, and F/kT are shown for a very narrow interval of ¢ near
t=0. Immediately to the right of t=0, the curve for L, turns steeply upwards and is
connected to a broken straight line which is slightly inclined to the left. Let the state
of the surface represented by the right extreme of curve L, be called critical state, and
let the values of #, L and F in the critical state be denoted by #y, Ly and Fy respec-
tively. As fy is so small as to be less than 107% the critical state may be considered to
be realised at the critical temperature 7.. The above mentioned shape of curve Lm
indicates that free energy X has no minimum for #>¢y, and that X has a minimum and
a maximum for ¢ less than and very near fm. The broken line part of curve L, gives
the values of Ly at which the maximum of X occurs. As shown in the figure, the curve
for F/kT is composed of two parts: the continuous curve giving the minimum of X and
the broken straight line giving the maximum of X.

V. The value which L,, attains at 7T, is thus found to be Ly, and numerical calcu-
lation gives 1.3x10% for Ly when the surface (0001) is 1cm? in area, that is when it
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consists of 10 molecules. This shows that one thousandth part of the molecules com-
posing the surface is located on the margins of islands, because the total length Ly of
the margins is nothing but the number of molecules on them. The fact that the margins
of islands consist of a small part of the molecules on the surface is in accord with the
assumption initially made, i.e. the rough structure of the surface is caused by the ap-
pearance of flat islands upon it. If, instead of m in (3), 7' in (1) or m” in (2) are used
for the number of different forms of island, Ly turns out to be very much greater than
the number of molecules on the surface. Such a large Ly will make the surface so much
rougher that the feature of flat islands is completely lost.
VI. Equation (4) can be rewritten as

X at

For #>0, that is, for 7> T, the first term on the right side of (6) is negative for any
value of L. The second term ~In Wy is also negative unless L exceeds 10% as seen
from Fig. 2. So, even at temperatures higher than 7., the free energy X of the surface
can still be maintained at a negative value and the surface can be more stable with
islands than without. As X has no minimum for 7> 7T, the total length L of the mar-
gins of islands cannot be determined in value. But its value will remain near Ly which

it attains at 7.

VII. Figure 4 shows the arrangement 2N 107 1ou 1015
of molecules on the prismatic surface (1100)
. area 10 g2 0.01 mm? 1 cm?
of ice crystal. Although the arrangement
is not quite the same as that on (0001), i 35X 10-3 ] 1.7x10-% 8.5% 10-6
there is no essential difference between the Ly 2.5 106 1.8 109 1.3x 1012
two. Therefore the results obtained on Fw/kTe | —9X103 | —4x108 —1.5%x 107

(0001) applies to the case of (1100).

VIIL. Let the number of molecules on the surface (0001) or (1100) be denoted by
2N which of course is proportional to the area of the surface. As shown in the above
table, ¢y is not independent of 2N and Ly, Fy are not proportional to 2N.



