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dX/dy=0X/dv =0

Tibb (26)
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Summary

I. In the previous papers I and II the author showed that the basal surface (0001)
and the prismatic surface (1100) of ice crystal are rough in structure above a certain
critical temperature 7. due to the presence of disorderly distributed islands which are
molecular dimensions high, whereas the surfaces have no islands and are flat below that
temperature. As will be seen in the present paper, another prismatic surface (1120) of
ice crystal has also disorderly distributed islands, but there is no critical temperature in
this case, the roughness, namely the number of islands, increasing gradually from zero
at the lowest temperature to a finite value at high temperatures. The arrangement of
molecules is very different on this surface and on the first two surfaces, which causes
the above difference in the relationships between roughness and temperature.

II. In Fig. 1 of the text is shown the arrangement of molecules on (1120) of ice
crystal ; circles and triangles, both light and dark, represent H,O-molecules, and segments
connecting them are hydrogen bonds. The figure above the dotted line 1 is plan and
the figure below the line shows the side view of the surface. The original surface, that
is, the surface without islands, is composed of light circles and light triangles as seen
near the right end of Fig. 1. On the original surface the light circles are arranged so
as to make ridges running parallel to the crystallographic c-axis and the light triangles
lie in the grooves between the ridges. In contrast with such a striped structure of (1120),
(0001) and (1I00) in their original form are composed of molecules located at the knots
of a flat hexagonal network. »

Within an ice crystal each molecule is connected to its neighbours with four hydrogen
bonds. The surface of the crystal has no molecules above it and one of the four bonds
of the molecules located on it is left free. Such free bonds are shown by short arrows
in Fig. 1. A free bond has more energy than a connected bond. Let this excess in
energy of the free bond be denoted by .

There are trains of dark circles and of dark triangles in the plan figure of Fig. 1.
Those of the dark circles are positioned higher than the light circles and make a long
island on the surface. Let such trains of molecules be called positive islands. Dark
triangles are on a plane lying below that of light triangles and are located right under
the light circles. Elimination of trains of light circles from the original surface brings
into view those of the dark triangles. Therefore there must be depressions of the
stretched form where trains of dark triangles are seen. Let those depressions be called
negative islands. Islands on (0001) and (1100) are flat ones extending in two dimensions
unlike one-dimensional islands in the present case of (1120).
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III. As seen from Fig. 1, the formation of an island, whether it may be positive or
negative, brings newly into being two free bonds which are indicated by single star mark
at both ends of the island. Therefore the energy of the crystal surface is increased by
an amount 2¢ if an island is formed upon it. But such is only true when islands of
opposite signs do not lie side by side on a ridge and a groove, situated next to each
other. If two islands are formed contiguously as shown in the middle part of Fig. 1,
extra free bonds such as indicated by double star marks are created in addition to those
at the ends of the islands, and each of them aquires much more energy than 2¢. This
means that contiguity of islands is very unlikely to occur. On account of this fact, let
it be assumed that islands are never formed contiguously and let this assumption be called
“prohibition of contiguity”.

The free energy of (1120) at the absolute temperature 7" is increased by the amount

X=E—kT(In Wi+1In Wi

with E=2H¢, @

if H islands, positive and negative together, are formed on the surface. W; is the number
of ways in which the H islands can be placed on the surface under restriction of “pro-
hibition of contiguity”. Since each of the free bonds on the surface is one half of a
hydrogen bond which was cut into two, each free bond does or does not have a hydrogen
atom. In virtue of this situation each of the free bonds is given an entropy which is
equal to (£/2)In2 in amount (2: Boltzman’s constant). The term kIln Wi in eq. (1) is
the entropy which the free bonds at the ends of islands have and is given by

kln WII—’:Hkh’IZ. (2)

The free energy X is a function of H and T. If X has a minimum of negative value
at H=2, the crystal surface will at temperature T be more stable with £ islands than
with no island, and the surface will be rough in structure.

IV. In this section and the next, W, will be evaluted. Figure 2 is also a figure
representing the prismatic surface (1120} so drawn as to show the islands clearly. Dots
are molecules on the original surface and groups of light circles connected by thick seg-
ments make islands. Hereinafter, they will not be distinguished by their positive or
negative signs, because there is no need for the distinction. There are M vertical col-
umns which are alternately a ridge and a groove. The number of molecules on each
column is L; there are L horizontal rows made of M molecules.

Let [/ and 7 respectively be the number of light circles and that of islands on each
of the columns. The total number H of islands in egs. (1) and (2) is equal to nM.

1. W.: The number of the ways in which islands can be formed on the surface
for fixed I and arbitrary n. Since there are [ light circles on each column in Fig. 2,
there are Q = /(M/L) light circles on each of the rows. It is required by “prohibition of
contiguity” that on each of the rows any light circle must be separated from the next
by one or more dots. The number of ways to place Q light circles on a row as required

by the prohibition is given by

wy = a-¢Cq , 3)



28 # oW O 7

and value of W, is obtained as
WA =<“LU‘|[)L . (4)

2. w,: the number of the ways in which I light circles can form islands on a
column of Fig. 2. [f » islands should form on a column, it can be carried out in

G(L; l> n) = lcn * L lCn (5)

different ways, and w,, is given by
Z

7
wyr = Z—:OG(L, Z: 7’l> = Z lcn-l,~ lCn.: I.Cl . (6>

n--0

3. Another expression for W,. Let each of the w; different distributions of islands
be called “substate” of islands. Figure 3 differs from Fig. 2 in that circles here do not
represent molecules but substates of islands on ridges and grooves. The number j of
columns, namely, of ridges and grooves, runs up to M while the number ¢ of substates
runs up to wy. Since columns are equivalent to one another in character, all circles of
the same ¢ on different columns correspond to the same substate of islands.

The straight lines crossing the space between two adjacent columns mean that the
two circles at their ends do not conflict with the “prohibition of contiguity”. Therefore
any group of M circles which are each located on M columns and are connected by the
straight lines to one another represents a distribution of islands realisable on the whole
surface of the crystal. If v straight lines start, on an average, from a circle on one
column toward the next column, there are w,-v¥ ! such groups. And this number
must be equal to Wy, that is,

WA = 'ZUL'Z/M”l . (7)

Combination of egs. (4) and (7) gives the value of v in terms of L, M, and /.

4. W,(1): the number of the ways in which islands can be formed for fixed values
of I and n. Of w; circles on each column of Fig. 3, G(L, [, n) are circles of n islands,
that is, the circles that represent the substates realised by » islands. On the basis of

this fact, let it be assumed that any circle on a column is connected by
v, =v-G(L, I, n)jw;r 8

straight lines to the circles of # islands on the next column. If all circles of » islands
are picked out from Fig. 3, they will form a diagram such as seen in Fig. 3 in which
each column is made of G(L, [, n) circles. From each circle start v, straight lines. Obvi-
ously groups of M circles connected by the straight lines give possible distributions of
islands on the crystal surface with » islands on each column, that is, on each ridge and

groove. There are v ' G(L, [, ») such groups. Therefore

W (l) = ‘U‘z'f 1 G(L, l, 71) = [ QCQ]I’ [zCn’L lCn/LCl]M ] 9
with Q=MI/L. J o)

V. Since the increase 2H:z=2nMz: in energy of the crystal surface caused by a
formation of islands does not depend on I, W; is given by the sum of W, (!) made for
all possible values of [. If [ exceeds L/2 “prohibition of contiguity” is violated, and [
cannot be less than n on the other hand. Therefore Wi turns to be
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By the use of Stirling’s formula and by introducing new variables

A=1lL<1)2, yv=n/L<A, (11)
In W,,({) can be written as
' In W, (l) = LM f(4,) l
FAY=aIn2+301—-DIn(1—DH—1—24) In (1—24) ] (12)
—(A—V) In(A—=y)—1—2—y)In(1—i—-y)—2vIny,
and (10) transforms into
2 1/2 .
Wi= 3 W0 :LS lexp £(A, W] d 2. (13)
I=n v

As f(4,v) attains a maximum at A=A which value is connected with v by the equation

8 f(4, 1))02 =0
or
_g AP == (1 =24
ved e Ao 14
the final expression for In Wi is, by the method of saddlepoint currently used in statis-
tical mechanics, obtained in the following form

In Wy — LM f(, ). (15)

VI. Now that the formula for In W7 is obtained, the free energy X of the crystal

surface is expressed as

X=LM/eT[< 2 —n 2)»—- 4, u)] , (16)
which is a function of 7 and n. In Fig. 6, A is the straight line for v[(2¢/27T)—In 2],
while curve B is for f(4,1). From this figure one sees that X has a minimum of nega-

tive value. If roots of the simultaneous equations

(A=) %{A—” = exp <sz —~In 2) (17)
A=A —A) (1247
y= ATy A2y (14)
are
v=0 and A=Ay, (18)

the minimum of X occurs at v=w. Since the absolute temperature 7 is on the right

side of eq. (1), ® and Ay are functions of 7 and the minimum value of X is given by

F(T) = LM[<5—»%T—- In 2) T f (o, w)] . (19)

In Fig. 7, 0, Ay and am=F(T)/LMET are plotted against T/T",, where
Ty=c/k. (20)

The value of zn is less than zero for all values of 7', which means that there are islands
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on the prismatic surface (1120) of ice crystal and the surface is rough at any temperature.
Variable » can be regarded as a measure of roughness, because w is the average number
of islands on a unit length of a ridge or a groove of the surface. As seen from the
curve in Fig. 7, w increases gradually from zero at T=0 to approach a finite value at
high temperatures.

VII. As mentioned in the previous paper II, on (0001) and (1100) the free energy fm
per molecule drops by the amount fy suddenly at the critical temperature T.=c/ka. As
a is equal to 19560, the value of 7T is half of that of T, and, in Fig. 7, T, is given
by point 05 on the abscissa. Curve A at the top of that figure shows in exaggeration
how fm/kT, changes with 7/75. Actually the drop at point 0.5 should be very much
smaller than that shown there. This can be seen from the table below where the values
of fu/kT. is listed together with that of zm at 7.. Three values of fy/kT. are given in
the table for different values of area of the crystal surfaces, because the value of fy/kT.
depends upon the area. The free bonds attached to an island are only two in number
on (1120), while there are many of them all along the margin of island on (0001) and
(1100). In case of (1120) the appearance of islands on the crystal surface adds to it an
amount of energy much smaller than in cases of (0001) and (1100), which constitutes the
main cause for the great differences in the values of fu/k7. and zy.

i
area 10 p2 0.01 mm? 1 cm?

1

(0001) and (1100) —9x 10~ —4x1076 | —15x10-8

(1120) —9.5% 10-2



