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Summary

When a block of soil sandwiched between two solid plates firmly fixed at a dis-
tance is chilled at one of the plates, stress called ‘heaving force’ is generated within
the block of soil, because soil has a nature to expand if frozen freely under no con-
straint. In this paper the author studies theoretically a mode of increases in a heaving
force raised by gradual penetration of a freezing front into the block of soil.

The left figure (A) of Fig. 1 in the text shows a column with a unit sectional area
cut out from the block of soil maintained at a constant thickness /. The column is
frozen from the top surface downwards. At time ¢, the freezing front is positioned at
AA at a distance x from the fixed solid plate C on the top; the soil lying above AA
is frozen while the soil lying below AA is unforzen. The column tends to expand
vertically with a heaving force P. In an infinitesimal time interval dt the freezing
front advances by an infinitesimal distance dx to reach BB.

The right figure (B) of Fig. 1 is the same column from which the fixed plate C is
imaginarily removed and which is instead laden with a weight weighing P. During d¢
the freezing front advances by an infinitesimal distance da’ from the level of AA to
B’B’, that is, the thin layer of unfrozen soil which was between AA and BB’ at time
t is newly frozen during dz. This newly frozen thin layer has a thickness equal to
{1+a(P)} d«’, where a(P) is a function of P called ‘coefficient of frost heave’. The
value of @ (P) decreases as P increases.

The expansion of the newly frozen layer lifts the freezing front at time ¢ up to
A’A’ positioned a (P) dx’ above the level of AA. At the same time the top of the
imaginary column is also lifted by the same amount. Let a distance from the top to
B'B’, the height of frozen soil at time ¢+d¢, be denoted by

x, = x+{1+a(P)} dz’.

Now the top of the imaginary column is pressed down to the original level, that
is, the column is returned to the height which it had at time £z By this compression,
B’B’ is lowered down to level BB in figure (A), because the lowered B'B’ must make
the actual freezing front at time #+4d¢z. Plane A’A’ is also lowered, but its lowered
position may or may not coincide with level AA. The height of frozen soil is decreased
from x; to x+dxz. Therefore, if a logarithmic strain of the {frozen soil is denoted by
e, it is increased by

zy—(z+de) _ {I1+a(P)dx’—dz ‘

de, =
x x

(1]
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It is seen from figure (B) that the unfrozen soil is compressed by the amount dxr—dx’.
Therefore, if a logarithmic strain of the unfrozen soil is denoted by e, it is increased by

(2]
Elimination of dz’ from eqs. [1] and [2] gives the following ‘strain differential equation’:
xdel-l—{l—l-a(P)} (l—2) de, = a(P) dz .

As e and e, are connected to stress P by a relation particular to a given sort of
soil and = is known as a function of time ¢ particular to a given mode of freezing, the
strain differential equation can be transformed into ‘heaving force differential equation’
relating heaving force P to time £. In the present paper the heaving force differential
equation was solved for the following simple cases:

(I) Case in which both the frozen and unfrozen soils are perfectly elastic. If
elastic constants of the frozen and unfrozen soils are denoted by E, and E, respectively,
the heaving force differential equation can be written in the form

[{1+ao} a—2+enn]@pas = ap),

with z=x/l, p=P/E and M=E,/E,. In this case P is determined by the value of =z
independent of how x changes with time z. As M is greater than 100, term (2/M) may
be omitted from the above equation when 2<1, that is, so far as the freezing front
has not very far advanced into the block of soil. The solution was obtained in the
form of

P = a12+(ay/2) 22 +(as/6) 2°
available for 2<€1 and for the following three types of a(p):

(A) alp)=a B al(p) = a{1-(p/p0)
© a(p) = a—(pup),

a, and p, being constants. In the second line of the table below are shown the num-
bers of the formulae in the text which give the values of coefficients a;, a; and a;.

Type of a(p) (A) (B) ©

a;, a3 as (16) (19) (22)

(II) Case in which both the frozen and unfrozen soils are visco-elastic matters of
the Maxwellian type. If constants of elasticity and viscosity are denoted by E,, Y, and
E, Y, for the frozen and unfrozen soils respectively, the strain differential equation is
transformed into the heaving force differential equation as givin by eq. (24) in the text.
As z needs to be known as a function of # for eq. (24) to be solved, x shall have the

functional form
xz=>byt. [3]

When the top surface of the block of soil is kept at a constant temperature below 0°C,
the freezing front advances in accordance with relation [3]. By the use of this relation,
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eq. (24) can be transformed into eq.(26) in the text. Letters appearing in eq. (26) repre-

sent the following dimensionless numbers :

a = a(p), y =/l = byt /L,
(z1 = YVE,, = YolE,, to= I*b2)

P=P/E2’

5= TI/TO ’

M= El/E2>

Sy = Tof7g .

Here 7, and 7, are the relaxation time of the frozen and unfrozen soils respectively,
while 7, is the time needed for the block of soil to be completely frozen down to the
bottom. Equation (26) from which the terms with M in denominator were omitted was

solved in the form of

P = a1y+(a2/2) y2+(43/6) 3.

The values of coefficients a;, @, and a; are given in the table below after the same

mode as used in the above case (I).

Type of a(p) (A)

(B)

©

a;, az as (28)

(29)

(30)




