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Summary

1. Equations of motion are derived for the air flowing through interstices of the irregular
three-dimensional network of ice which composes a homogeneous and isotropic snow. The
equations are given by

Du ap du a v 0q

P b =~ g v eyl (2 5 B (G2 T S

ey g
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and others likewise for coordinates ¥ and 2, where %, v, w are respectively the z-, ¥-, 2-
components of the intersticial velocity of air while g represents its absolute value, that is ¢=
y w*+v*+w'. In the equations, p and p are respectively density of air and its coefficient of
viscosity while ¢ and B give respectively porosity of the snow and permeability of air through
it. Constant g is named ‘coefficient of viscosity due to structural turbulence’ which will be
described in the next Article 2.

2. The air flows through the snow in a turbulent fashion because it has no other way
than to meander through the complicated matrix of the three-dimensional network of ice.

This turbulence may be called ‘structural turbulence’. As will be shown later, the formulae
o; = —p+2(u+p'q) dw/ox, 7, = (p+pq)(dw/dy +dv/iz) (2)

are obtained for the mean values of normal and shear stresses which are given rise to in
the air by a structurally turbulent flow. Equations (1) and (2) are derived on the basis of
propositions and assumptions which will be outlined in the following Articles from 3 to 8.

3. Turbulent flow of free air is irregular with respect to time and space both, but the
irregularity consists only in space for the air flow of structural turbulence. Therefore, mean
velocity v, of air in the snow should be made by averaging with respect to space microscopi-
cally irregular velocity v. If ¢ and §V are respectively pososity of the snow and a small volume
surrounding a point P(x,y,z) arbitrarily chosen in it, 6V gives the total volume of the
interstices which are left unoccupied by the matrix of ice enclosed in 6V. The intersticial
velocity (u, v, w) mentioned in Article 1 is v, at point P, that is v averaged over &3V, whereas
filter velocity v, is defined as v averaged over V. The two kinds of mean velocities v,
and v, are connected by the relation v’y =¢v,.

4. The actual velocity of air at point P, that is, the microscopically irregular velocity

v at point P can be expressed as
v = v, +ov, (3)

provided that point P lies in the interstices. But v, is such a kind of mean velocity that
can be defined not only at a point in the interstices but also at a point in the space V,=(I —
¢)V occupied by the matrix of ice; namely, v, exists at every point in space V throughout
which the snow extends. In view of this fact, an air flow of velocity vy is imagined in free

space V deprived of the matrix of ice, where Vy is given by
Uy = Us+dvy, (4)

dvy being equal to O in space Vi and equal to dv of equation (3) in space (V—Vi). This
imaginary air flow of velocity vy shall be called ‘free turbulent flow adjoined’ to the actual
air flow through the snow, and it is assumed that the stress arising in the former gives with

no alteration that arising in the latter. Compressbility of the air is ignored, which results in
divwe, = 0. (5)

5. Microscopic flow of a fluid through a porous media is known to remain laminar if
its filter velocity becomes much greater than the limiting value at which Darcy’s law breaks.
{cf. p- 48 of ‘Ground Water Hydrology’ by D. K. Todd, 1959, John Wiley & Sons, Inc.) There-
fore actual velocity v of the air in snow can well be considered to satisfy Navier-Stokes’ equa-

tions of motion.
6. When v is exceedingly small, Navier-Stockes’ equations are reduced to those linear
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in components of v. It can be proved, using these reduced equations, that dv of equation (3)
around point P is connected with v, at that point by the relation

6U=Ava1 (6)

where A is a tensor of which the components are functions of position in the neighbourhood
of point P. Tensor A is independent of density and viscosity of the fluid flowing through
the snow, namely, tensor 4 does not change if the air in the snow is replaced by other kinds
of fluids. Relation (6) gradually loses its validity as v, increases. Nevertheless, it is assumed
that the relation is available without regard to whether v, is small or great.

7. It results from equation (6) that streamlines of the air do not change in shape in
the neighbourhood of point P so long as the direction of v, is fixed, because dv keeps its
direction unchanged if v, changes in its magnitude. As the snow is homogeneous and isotropic,
it follows from the above result that the streamlines are statistically the same in shape through-
out the snow, independently of in whatever manner the air flows within it and of whatever
kind of fluid is flowing. The streamlines wind irregularlly, but their statistical amplitude must
have a difinite value which is determined, free from the sort of fluid, solely by the structure
of the matrix of ice. This statistical amplitude must closely be related to mixing length
of the fluid flowing in the form of structural turbulence. Therefore, mixing length I of the
structural turbulence can be said to be inherent to the microscopic structure of snow.

8. Statistical distribution of v must show, in the neighbourhood of point P, at least
a symmetry as high as axial with respect to the direction of v, at the same point. For sim-
plicity, this symmetry is raised to the highest degree so as to be centric with point P as the
center. Then, if du; denotes component of v in an arbitrary direction, it follows that

J du = agq, (7)
where ¢ and a are respectively the magnitude of v, and a constant inherent to the microscopic
structure of snow.

9. The adjoined air flow defined in Article 4 can be studied by the use of theories of
the ordinary hydrodynamics and turbulence, since it is an air flow imagined to occur in a free
space. Let point P be arbitrarily chosen in the adjoined air flow. In the following Articles,
word ‘stress’ at point P is used for the mean value of the microscopic stresses irregularly
acting on a small plane of which the center lies at point P. Word ‘strain rate’ at point P

is also used in a similar manner: components &5, 7, of the strain rate are given by
&r = dufdx, T, = Ow/dy+0v/02)/2, {8)

where u, v, w are components of v,, a mean flow velocity averaged around point P in such
a manner as described in Article 3.

10. If principal stresses are denoted by &, ¢s, g5 at point P, the theory of hydrodynamics
requires that principal values of deviatoric stress

Si=o1+p, s, =0+p, s =0y+p with —3p=0,40,+0s (9)

are, in virtue of equation (5), related to principal values &, ¢;, & of stain rate at point P by
the formulae

si=Cé, s5=Cé;, s5=2Ca, (10)

where C is a constant.
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11. To take s, for instance, it arises from transfer of momentum of the air through
a plane perpendicular to the direction of ¢;. There are two causes for the transfer: molecular
viscosity of the air and the structural turbulence. That part s{ of s, arising from the molecular

viscosity is well known to be

ST =2pé, (11)
while the remainder s{’ due to the structural turbulence is given by
s = plélx/ﬁ, (12)
which can be rewritten as
st =24qé with ¢’ = plal/2). (13)

In eqguation (12), du, is component of dv in the direction of ¢,. As s is equal to s +s; equa-

tions (11) and (13) give the following expression for constant C of equation (10)
C=2@u+rq. (14)

Coefhcient ¢’ of viscosity due to the structural turbulence depends not only upon the micro-
scopic structure of the snow but also changes in magnitude in proportion to density p of the
fluid with which the air might be replaced.

12. Although formulae (10) and (14) are obtained for the adjointed air flow which is
imaginary, it is assumed that they hold true for the actual air flow through the snow. When
coordinates are changed from those referred to principal stresses to (x,%, z), these formulae

are transformed into formulae (2) shown in Article 2. The air is subject to the resistive force
— (¥ B) va (15)

per unit volume of the snow when flowing through it with intersticial velocity v,. Equations
of motion (1) are derived from formulae (2) and (15), the effect of gravity being ignored because
of a small density of the air.
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