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Summary

1. When fluid flows over the surface of a permeablly porous material, it drags the fluid
filling interstices of the material with the result that an internal flow is given rise to near

the surface. In the foregoing Paper 1I, the author proposed the formulae

(sz>z=+0 =a (Tzz)z=—0 ( 1 )
and

Us = bus (2>

as boundary conditions at the porous surface valid for cases when the external flow flowing
over it is laminar. He succeeded in deriving, by use of the equations of motion obtained in

Paper I for fluid within porous material, the relations

a=aye (3)
and

b=c¢, (4)

where ¢ is the porosity of porous material which is always smaller than unity, while a is
a constant present in the boundary condition of Beavers and Joseph which they assumed for
the purpose of explaining results of their experiments.

2. Since the internal flow is given rise to by the drag due to the external flow, mean
velocity « of the former should be smaller than velocity U of the latter, and, from the physical
point of view, u should be continuously turned into U at the surface. But formula (2) satisfies
neither of these two requirements when combined with relation (4). The cause of these disc-
repancies lies in that the theory hiterto used was macroscopic and the porous surface was
regarded as a geometrical plane. Such discrepancies can be removed if actual aspects of the
porous surface are taken into consideration.

3. The surface of snow is found to show two kinds of microscopic structures in its
vertical section: (a) rough structure and (b) smooth structure as shown in Fig. 1 of the text.
Such must be generally the case for the surface of permeablly porous material. In Fig. 1 (a),
broken lines A; and B, represent respectively planes passing the top of the highest projection
and the bottom of the deepest depression of the matrix composing the porous material. A
space between planes A; and B; shall be called ‘zone of roughness’. The smooth surface
lacks this zone.

4. Although the porous material disappears completely beyond plane A,, it still makes
the bottom layer of the external flow turbulent up to plane A’ of Fig. 1(a). On the other
hand, a structural turbulence comes to take the form proper to the porous material only on
plane B’ lying in a short distance below plane B,. The name ‘surface transition layer’ will
be given to the fluid and porous material which lie in a stratiform space between planes A’
and B

5. Qualitative determination will be made in the following Articles on shear stress and
velocity of the fluid flowing within the surface transition layer in reference to the experiments
of Beavers and Joseph. In Fig. 2 of the text A’, A;, B; and B’ have the same meanings as
in Fig. 1(a) while horizontal line O represents the geometrically plane surface needful for the
macroscopic theory. If the surface transition layer is introduced, the macroscopic theory is

stil useful for obtaining shear stress and flow velocity in the spaces extending above and
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below the layer.

6. If ¢’ denotes areal porosity on a plane parallel to the porous surface, ¢ is equal to 1
when the plane is located above plane A; and decreases, as the plane lowers, continuously
within the surface transition layer to coincide with ¢ when it reaches plane B,. Then total
shear stress ¢ on the plane is given by

r=¢rm+1—¢)7, (5)

where 7’ is the zx-component of the stress arising in the matrix of porous material. As r
satisfies the equation dr/dz+ G =0 both inside and outside the surface transition layer, ¢ is
shown by straight line CA’A and its elongation in 2-7,, diagram of Fig. 2(a). It follows
from the continuity of ¢’ that dr,;/dz is a continuous function of z.

7. Relationship between z,, and 2 can be given by curve CA’A;B,B’N in Fig. 2 (a), because
72z and dr,z/dz should change continuously with 2z and because z,, is to vanish deep in the
porous material while it should coincide with ¢ above plane A, where ¢ is equal to unity.
The middle portion of the curve from A, down to B’ is drawn only in a qualitative way where-
as a mathematical expression can be given to its lower portion B’N by the solutions of macro-
scopic equations of motion (13) and (14) shown in the English Summary of Paper IL

8. The macroscopic theory prolongs portions CA; and NB’ of curve r,;-2 into the surface
transition layer as dotted lines show in Fig. 2(a). The respective prolonged portions terminate
on line O at points A and B which give respectively (ti):-10 and (zu).--o of formula (1). As
point A lies to the right of point B, constant « in formula (1) is greater than unity. The
porous surface is full of variety in structure and it is never exceptional that curve z-r,, hap-
pens to take such a shape as shown in Fig. 2(b) with point A located to the left of point
B. In such a case constant « is less than one. Constant @ in formula (3) does not very
much differ from constant a, for 4¢ is generally a decimal lying near unity. Therefore a
should possibly be greater as well as smaller than unity, and, indeed, Beavers and Joseph
valued a between 0.1 and 4.0 by their experimentation as stated in Article 5 in the English
Summary of Paper II

9. Let «” denote velocity of the fluid flowing in the surface transition layer and let V
stand for any one of %, U and »”. Velocity gradient dV/dz resembles shear stress r,; in
that dV/dz decreases linearly with increasing z above the surface transition layer while it
vanishes at the great depth in the porous material. Therefore, curve 2-dV/dz shown in
Fig. 2 (b) is similar in shape to curve z-t;; in Fig. 2(a). Point A can be positioned to the
left of as well as to the right of point B also in this case of dV/dz. But the two curves
for 2-dV/dz and 2-7,, differ from each other in one point: curve z-dV/dz begins to depart
from straight line CA at point A’ while curve z-7,, does at point A,

10. Curve 2-dV/dz in Fig. 2 (b) gives, when integrated, curve CA’A;MB,B'N in Fig. 2(c)
which shows a continuous change with 2z of actual velocity V of the fluid flowing above,
within and helow the surface transition layer. The macroscopic theory developed in Papers
I and TI gives, however, curve CA’A for 2-U and curve NB’B for z-u which end on line
O respectively at points A and B located away from each other. Point A in Fig. 2(c) gives
Uy and it lies always to the left of point B which gives u, independently of the relative posi-
tion of points A and B for dV/dz in Fig. 2(b). Thus U, turns out to be invariably smaller
than u, in agreement with the bhoundary condition given by combination of formulae (2) and

(4), whereas in actuarity U is smoothly connected to u by way of #”.
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11. As U and u are solutions of a differential equation of the second order, they have
each one pair of constants of integration. Let these constants be denoted by C, C’ for U and
by ¢, ¢/ for . One member of each pair, say C’ and ¢’, are predetermined by the boundary
conditions at the upper and lower walls which bound the whole flow of the fluid. Remaining
constants C and ¢ are determined by boundary conditions (1) and (2) combined with formulae
(3) and (4), if plane O is placed at a level within the surface transition layer. But, as there
is no rule for fixing the level, it cannot be helped that C and ¢ are left attached with some

arbitrariness.
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