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Summary

1. This Paper XV examines the validity of the two assumptions upon which
the form of curves Cy was discussed in the previous Paper XV 5. The first as-
sumption was that a curve Cy does not terminate in the interior of the snow cover.
The second assumption was that two curves Cy may meet at an isolate point of in-
tersection, although more than two curves Cy are prohibited from intersecting at a
point in the same interior.

2. Let x and 2z respectively be horizontal and upright coordinates, and let i
and k respectively be unit vectors in the directions of increasing x and 2. A curve
Cy is so drawn that it has tangent coincided in direction with vector

fu= Tt i+ 0.k
at all the points on it. It follows from this that both the termination of a curve
Cy and intersection of two curves Cy can occur only at a point where ratio 0./7,,
is indeterminate, that is, where ¢, and 7., are both equal to 0, because otherwise
the tangent to curve Cy is determinate in direction at the point and one and only
one curve Cy certainly passes through it.

3. A point at which both o, and 7., vanish can be called ‘point of horizontal
PSP’, if use is made of ‘PSP’ defined in Articlle 9 of the English summary of
Paper Y[?. Thus the two assumtions may turn out to be false if there are points
of horizontal PSP in the interior of the snow cover.

4. A point of horizontal PSP will not rarely come out on surface S, of the
snow cover, because 0, and 7., vanish anywhere the tangent to surface S, happens
to be horizontal. But, in the interior of the snow cover, it is very rare for the
two components of stress to vanish at a point simultaneously. In addition to that,
as will be shown below, there are among the points of horizontal PSP those harm-

less to the two assumptions because of being points of intersection of two curves
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Cy. Therefore the two assumptions become seldom untrue.

5. Let coordinates x and z be placed with a point of horizontal PSP as their
origin 0 in the interior of the snow cover. On the right side of Eqs. (2) of the
text, parenthesized partial derivatives give their values at origin O, while g and p
are respectively the accerelation of gravity and the density of snow at origin O.
Of the four constants on the left side of the same equations, a, and b, are subject
to the relationship of Eq. (3) due to one of the differential equations of equilibri-
um of stresses.

6. Let a very smalll domain called ‘neighbourhood N’ be bounded around ori-
gin O. If x and z are confined in infinitesimal intervals, Eqs. (4) of the text give
the components of stress in neighbourhood N, and they yield

dz/dx = (ayx + a,2)/{b,x+ b,2) (A)
appearing as Eq. (6) in the text as the differential equation of curve Cy in the same
neighbourhood. Solution of this differential equation will make it clear whether
or not the intersection and the termination of curves C, occur at a point of hori-
zontal PSP.

7. Some of the solutions of Eq. (A) are shown by curves in Figs. 1, 2 and
3 of the text. As Eq. (A) is homogeneous in coordinates x and z, these curves do
not change their shape whatever unit may be used for the coordinates.

8. If dz/dx is put equal to u = 2z/x in differential equation (A), it turns to a
quadratic equation given by Egs. (1) and (14 of the text of which the roots @, and
@, are given by Kqs. (15 and (6. Then straight lines

. z=a,x and 2= a,x (B)
passing through origin O make particular solutions of differential equation (A).
They are curves Cy in neighbourhood N. Let them be called ‘straight lines u,’.
9. Discriminant Dy of the above quadratic equation is given by
Dy =1+ 4K, (C)
with Ky= a,b,— a,b, (D)
as will be learned from Egs. (3), (16, (16”) and (18 of the text. In the following Ar-
ticles, curves Cy will conveniently be classified by use of the value of constant
Ky.

10. Case of Ky> 0. In this case, all curves:Cy,, two straight lines u, excepted,
do not pass origin O as shown by two examples of Fig. 1(c) and Fig. 2(b) of the
text in which Ky is respectively equal to 2 and 3.232. Origin O becomes an iso-
late point of intersection of two curves C,, because straight line u, is a curve Cy in
nature although it is not curved. Therefore, points of horizontal PSP are harmless
to the two assumptions if they are present with Ky greater than 0.

11. Case of Ky = 0. In this case, curves Cy are straight lines which lie paral-
lel to one of the two straight lines u, to intersect the other. Every point on the
latter straight line u, becomes a point of intersection of two curves Cy which is
not isolate. Thus presence of points of horizontal PSP with Ky =0 makes the sec-
ond assumtion invalid.

12. Case of 0> Ky,> —1/4. In this case, curves Cy are tangent to one of the
two straight lines u, at origin O as illustrated in Fig. 1(b) and Fig. 2(c) of the
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text. In Fig. 2(c), the two straight lines u, are marked » and w. When origin O is
in such a state as above, in other words, when infinitely numerous curves Cy have
a common tangent at a point of horizontal PSP, let it be called ‘point Z’.

13. Let adjective ‘mathematical’ be added to curve C, which is a solution of
Eq. (A) corresponding to a particular value of integration constant. In Fig. 1(b),
mathematical curves Cy contact one another at origin O but do not intersect there
as seen from the values of integration constant written upon the curves. However,
as the integration constant has no physical meaning in this case, physically possi-
ble curves Cy can be built by a respective combination at origin O of the curves
coming from the upper right and the upper left with those coming from the lower
left and the lower right. In such a way every point Z can be regarded, from the
physical point of view, as a point of intersection of infinitely numerous curves Cy.
Therefore, presence of points Z makes the second assumption invalid.

14. Case of Ky= —1/4. In this case, as discriminant Dy expressed by Eq. (C)
vanishes, the two straight lines u, unite themselves into one straight line, and curves
Cu contact this line tangentially at origin O as shown in Fig. 3(a). Thus origin
O is a point Z.

15. Case of Ky< —1/4. In this case, both the two straight lines u, do not ex-
ist, because discriminant Dy is negative. All of curves C, are of the spiral form
as shown in Fig. 3(b) with their end at origin O. Therefore it is necessary for
the first assumption to hold that points of horizontal PSP of Ky< —1/4 are ab-
sent.

16. After all, either of the two assumptions fail when there appear in the in-
terior of the snow cover points of horizontal PSP of which K, is zero or nega-
tive. There are only two kinds of intersections of curves Cy: intersection of two
curves C, and intersection of infinitely numerous curves Cy,. Occurrence of the
Jatter kind will make impossible the transformation of domain K into domain L used

as a process of proving in the previous Paper XV.



