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Summary

1. The snow cover is supposed to flow two-dimensionally down a wide mountain slope which
extends uniformly in the horizontal direction. Let “domain N” be a long portion of a vertical
section of the snow cover which ranges more than several times its thickness along the moun-
tain slope. The present Paper XX describes how to determine the stresses of snow in domain
N from curves Cx and curves Cy when they have been drawn by some certain means through-
out the domain, on the assumption that density p of snow is known exactly everywhere in it.

2. Curve Cx and curve Cy are both plane curves lying in a vertical section of the snow
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cover made in the steepest direction of the mountain slope. Domain N makes a portion of
this vertical section. Let fu(fy) denote a vector component on a horizontal (vertical) plane
of the internal stress of the snow cover. Curve Cu(Cy)is such a curve whose tangent coincides
in direction with fu(fy) at every point upon it. Therefore, if coordinates x and z are respec-
tively placed horizontally and vertically upward in the vertical section, and if the tangent of
curve Cy(Cy) makes angle ¢(¢) against the horizontal, the equations

tan g = 6;/t,, tan¢ =ryfos (A)
hold, and from these follow the differential equations

dz/dz = 0,/7,, dz/dx =f0x (B)
for curves Cy and curves Cy respectively.

3. Physical nature of curve Cyx(Cy) is characterized by the fact that the internal stress acts
on curve Cg(Cy) horizontally (vertically) at every point upon it. It results from this that the
force of snow acting on any portion of curve Cy (Cy) has no vertical (horizontal) component.
4. Once curves Cu and curves Cy have been drawn, angles ¢ and ¢ are known in value at
any point in domain N. Therefore, if any one of 6, 0, and 7,; is known at a point, the
other two can be obtained by use of Egs. (A), that is, the internal stress of the snow cover
is determined at that point.

5. As was shown in Papers XV® and XVI®, curve Cy is a regular curve of “type H”, except
in rare cases in which a point or points of peculiar stress appear in domain N. “Type H” is
used here as the name for any continuous curve which connects a point on the ground and
a point on the surface of the snow cover. Those rare cases are disregarded in this Paper
XX. Then any point P in domain N divides curve Cy through it into two parts: the part
connecting point P to a point on the surface of the snow cover and the part connecting point
P to a point on the ground. The former part shall be called “upper curve Cy of point P”,
while the latter part shall be called “lower curve Cy of point P”.

6. Density p of snow is measured at so many points in domain N that the weight of snow
surrounded by any closed curve in the domain can be obtained by calculation. If the water
equivalent of snow above point P is denoted by w, then w can also be calculated wherever
point P is positioned in domain N.

7. TFigures 1, 2 and 3 of the text show the vertical section of the snow cover, its surface
and the ground being given by curve S, and curve G respectively. Points P or P; in the
Figures represent points arbitrarily chosen in domain N. Figure 1 (a) illustrates how to deter-
mine ¢, at point P; ({=1,2). Segment A;P;B; is horizontal and very short in length ;. Let
W; denote the weight of the snow which lies between the pair of upper curves Cu starting
from both the ends of the segment. Then, if i=1, then g, is given by — W/, at point Py,
whereas, if i=2, then ¢, is given by Wi/, at point P,.

8. As the above pair of upper curves Cu keep all along their length very short distances
between them, any small error in the shape of the curves brings a great relative error into
Wi To be free from such a fault, there will be developed another method in which 7, is
determined instead of a,.

9. In Fig. 1(b), point Q; (=1, 2) is the intersection of curve S; with the vertical straight
line through point P; (i=1,2,3). The snow which curve S, line P;Q; and upper curve Cy
of point P; enclose shall be called “snow K of point P;”. Generally snow K is, like snow K
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of point Py in Fig. 1(b), formed of left parts, namely parts lying to the left of line P;Q;, and
right parts, namely parts lying to the right of line P;Q;. Let the weight of the left parts and
of the right parts be counted plus and minus respectively, while let the algebraic sum of all
of them be called “algebraic weight of snow K” which is denoted by Wi.

10. In Fig. 3, points Q and R are respective intersections of curve S, with vertical and hori-

zontal straight lines passing through point P. Let the following integrals
Q Q R B
Sv={ oz, Tv=| ez, Su={ oz, T = ruds ()
3 P P r

be introduced, and let the name “snow L be given to the snow enclosed by line PQ, line PR
and curve S,. If the weight of snow L is denoted by Wi, equilibrium conditions for snow
L yield

Sy = —(Tv+ W), Sy=~Tu. (D)

11. Returning to Fig. 1(b), integral 7'y is the vertical component of the force which the snows
lying to the left or to the right of line P;Q; exert throught that line on snow K. No vertical
component is had by the force acting on upper curve Cy of point P; which makes one of the

curves bounding snow K. Therefore it follows that

Let a curve in domain N on every point of which Ty has the same value be called “equi-7Ty
curve”. There are infinitely numerous equi-7Ty curves that differ from one another in value
of Tv. and they fill domain N to leave no vacant spaces in it.

12. In Fig. 2(a), the curve marked Ty is an equi-7v curve which passes through point P.
The broken straight line shows the tangent to the equi-Tv curve at point P, the direction of
the tangent being given by angle @ counted counter-clockwise from the horizontal. Let the
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name “snow ] be given to the snow between verticals AA” and BB’ which stand very small
horizontal distance dx apart. If —Zydx denotes the vertical component of the force exerted
on base AB of snow J' by the snow lying below, —Zydx makes the only force to support
weight wdx of snow J, because the forces acting on sides AA’ and BB’ of snow J’ cancel

each other in the vertical direction. Thus the relation
ZT = —w (F)

is obtained, where —Zr is the vertical component per horizontal unit length of the force with
which the snow lying above the equi-Tv curve pushes down the snow lying below it.

13. Triangle CDE in Fig. 2(b) is a very small triangle in domain N with CD=dx and DE =
dz. A very small portion of the equi-7y curve makes its oblique side CE. The equilibrium
conditions for the snow in this triangle yield

7. = wf(tan @ —tan ¢) (G)
using Eq. (F); and Egs. (A) give
Gz = cot Jotyy, o, =tan @ 7Ty - (H)

It is noted that ¢, and 7.; can be given in the above forms by the use of curves Cy and the
distribution of density p of snow with no reference to curves Cy.

14. As angle ¢ is included in ¢, of Egs. (H), curves Cy are needed for obtaining it. But, as
will be shown below, curves Cy can be derived from curves Cy and the distribution of density
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p of snow, with the result that the stresses in domain N are completely determined by p and
curves Cy.

15. The value of Ty can be obtained as a function of point P by integrating r,, which Eq.
(G) gives on line PR of Fig. 3, and an equi-7Tx curve can be drawn by using the thus obtained
value of Tx. The equi-Tu curve is an equi-Sy curve at the same time because of the second
relation of Egs. (D). The differential equation for the equi-Sy curve is given by

dSv = (05v/8)dz +-(9Sv/d2)dz = 0 (1)
while the relations
0.Sv/ox = ~0Tw/0x =15, 3Sy/oz = —ay (1
follow from Egs. (C).
16. Equation (I) is rewritten through Egs. (J) into
dz/dx = r,3/0:, (K)

which is the differential equation for curve Cy as shown by the second equation of Egs. (B).
Therefore, the equi-Sy curve and curve Cy turn out to be the same as the solution of the
same differential equation. This means, as noted in Article 14, that curves Cy can be derived

from p and curves Cy.



