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Abstract. It is shown that, for the von Neumann algebra A obtained from a principal
measured groupoid R with the diagonal subalgebra D of A, there exists a natural ‘bijective’
correspondence between coactions on A that fix D pointwise and Borel 1-cocycles on R.
As an application of this result, we classify a certain type of coactions on approximately
finite-dimensional type II factors up to cocycle conjugacy. By using our characterization
of coactions mentioned above, we are also able to generalize to some extent those results
of Zimmer concerning 1-cocycles on ergodic equivalence relations into compact groups.

1. Introduction

For each action « of a locally compact quantum group G = (M, A) on a von Neumann
algebra A, we obtain an inclusion of A and the fixed-point algebra A“. The Galois theory
for @ means the natural correspondence between the intermediate subalgebras of (A% C A)
and the left coideals of G. It is known that there exists a bijective Galois correspondence
when G is a compact Kac algebra and the action « on a factor A is minimal, i.e. the
relative commutant (A%)' N A is trivial [17]. In particular, if @ is a minimal action of an
ordinary compact group K, then there exists a bijective correspondence between the set
of intermediate subalgebras of (A € A) and the set of closed subgroups of K (we note
that the minimality of o implies that all the intermediate subalgebras of (A C A) are
factors). Motivated by this work, many results concerning minimal actions have been
obtained [6, 29, 36]. However, there seems to be little hope that the arguments made in
those results go beyond the case of minimal actions.
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In the meantime, by the recent work of the first author, it turns out that there exists
a sort of Galois correspondence for an inclusion of a von Neumann algebra (which is
not necessarily a factor) and a Cartan subalgebra. Let A be a (separable) von Neumann
algebra and D be a maximal abelian von Neumann subalgebra of A. The subalgebra D
is called a Cartan subalgebra of A if D is regular in A and is the range of a faithful
normal conditional expectation from A onto D. It is well known that, if A has a Cartan
subalgebra D, then there exists a discrete measured equivalence relation R on a standard
Borel space (X, 98, u) such that (D C A) is isomorphic to (W*(X) € W*(R, 0)), where
W*(R, o) is the (twisted) groupoid von Neumann algebra of R and W*(X) is the diagonal
algebra of W*(R, o) isomorphic to L°(X). Under this situation, the main result of [2]
states that there exists a bijective correspondence between the set of subrelations and that
of intermediate subalgebras:

B~ Sg CR,

S WS, ols) C A.

We emphasize that the above correspondence contains all intermediate von Neumann
subalgebras of D € A which are not necessarily factors.

On the other hand, the authors studied quantum group actions on von Neumann algebras
whose fixed-point algebras contain Cartan subalgebras. They showed that, if a finite-
dimensional Kac algebra K admits a minimal action « on a factor A such that A“ contains a
Cartan subalgebra D of A, then K is necessarily cocommutative [3, Theorem 4.1]. To prove
this theorem, they used the fact that A* was determined by some equivalence subrelation.
However, thanks to the result of [2] mentioned above, this is always the case as long as
the action « fixes the Cartan subalgebra. So, if it is only the fact that A* is described
by a subrelation that is needed for their result, then we can hopefully expect to eliminate
the following two assumptions in the above theorem: (i) the finite-dimensionality of K;
(ii) the minimality of « (in particular, the factoriality of A). In other words, it is natural to
ask whether the cocommutativity of a possibly infinite-dimensional quantum group follows
if it admits a (not necessarily minimal) action on a von Neumann algebra that fixes a Cartan
subalgebra pointwise.

The first aim of this paper is to give a complete answer to this question under a
more general situation. Namely, we will show that if A has a regular maximal abelian
subalgebra D, and if @« : A — M ® A is a faithful action of a locally compact quantum
group G = (M, A) on A such that A* contains D, then G must be cocommutative
(Corollary 3.2).

The idea used to prove this claim is as follows: since D is a maximal abelian
x-subalgebra, for each element v of the normalizer of D in A, w := a(v)(1 ® v*) belongs
toM® (D'NA)=M® D. Sow is an M-valued function. An easy computation shows
that (A ® ida)(w) = wiawys, i.e. w is an IG(G)-valued function, where IG(G) is the
intrinsic group of G (see Proposition 3.1). So we have that «(v) = w(l ® v) belongs to
IG(G)” ® A. Since D is regular in A, this means that « is a coaction.

Thus, the study of quantum group actions with the property described above can be
reduced to that of coactions of locally compact groups.
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The second aim of this paper is to give a characterization of such coactions
(i.e. coactions that fix regular maximal abelian *-subalgebras). One finds without difficulty
that every 1-cocycle on a (principal) measured groupoid into a group K gives rise to
a coaction of K on the corresponding groupoid von Neumann algebra, which fixes
the (regular) diagonal subalgebra. Conversely, we will prove that any coaction on the
groupoid von Neumann algebra with this property arises in this way (Theorem 5.8).
Therefore, this result roughly establishes a ‘bijective’ correspondence between the
1-cocycles on a principal measured groupoid and the coactions on the associated groupoid
von Neumann algebra whose fixed-point algebras contain the regular diagonal subalgebra.
The 1-cocycles on measured equivalence relations are well-studied objects in ergodic
theory. So, in this paper, we will begin analyzing the coactions of the type described
above in terms of 1-cocycles by fully utilizing this useful correspondence.

As the first consequence of the analysis along this line, we will prove that two coactions
a and o of the above type are cocycle conjugate to each other if the corresponding
1-cocycles ¢, and ¢, are cohomologous to each other (Proposition 4.8). Conversely,
we will show that if « is cocycle conjugate to o', and if the automorphism that gives
this cocycle conjugacy leaves the diagonal subalgebra globally invariant, then ¢, is weakly
equivalent to ¢,/ (Proposition 5.10). We also show that the Connes spectrum of a coaction
coincides with the asymptotic range of the corresponding 1-cocycle (Theorem 6.3). This,
together with one of the results in [14] concerning the 1-cocycles on amenable ergodic
equivalence relations, enables us to extend the main result in [19] to general coactions on
the AFD (approximately finite-dimensional) type II factors. More precisely, we will prove
the uniqueness, up to cocycle conjugacy, of coactions of a locally compact group on the
AFD type II factor with full Connes spectrum fixing a Cartan subalgebra pointwise.

Moreover, our study generalizes the results of Zimmer concerning 1-cocycles on ergodic
equivalence relations into compact groups. In [37, Theorem 3.5], Zimmer proved that a
1-cocycle ¢ is cohomologous to a 1-cocycle ¢’ into a closed subgroup H of K if and only
if the Mackey action of ¢ is K-isomorphic to the transitive space K/H. We succeed in
generalizing this result for all 1-cocycles ¢ on (not necessarily ergodic) discrete measured
equivalence relations into general locally compact groups. Indeed, we will prove that a
1-cocycle ¢ into K is cohomologous to a 1-cocycle ¢’ into a subgroup H of K if and only
if the Mackey action of ¢ is an extension of the homogeneous K-space K/H, which is
also equivalent to the condition that the dual action &, is induced by some action of H
(Theorem 7.2). By using this result, we will introduce the notion of regularity of a
I-cocycle.

The organization of the paper is as follows. In §2, we summarize the basic facts
about measured groupoids and group coactions. In §3, we will prove that, for a
locally compact quantum group G, the existence of an action of G whose fixed-point
algebra contains a special masa implies that G is cocommutative. In §4, we prove
that each Borel 1-cocycle ¢ on a measured groupoid G determines a coaction «, on
the groupoid von Neumann algebra A of G so that its fixed-point algebra contains
the diagonal subalgebra. The converse to this statement is shown in §5 when G is
an equivalence relation. Namely, we will show that, for every coaction ¢ on A the
fixed-point algebra of which contains the diagonal subalgebra, there exists a 1-cocycle ¢
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such that « is equal to .. In §6, we prove that the Connes spectrum of a coaction
of the type described above can be phrased in terms of the corresponding 1-cocycle.
In §7, we give a complete answer to the problem as to when a 1-cocyclec : R — K
is cohomologous to a 1-cocycle ¢’ : R — K whose range is contained in a closed
subgroup of K. The main tool to attack this problem is the theory of induced actions
due to Takesaki [31]. Since, in this paper, we adopt a definition of induced actions
slightly different from (but still equivalent to) the original definition given in [31],
we include our definition of induced actions in Appendix A as for the readers’ convenience.
We conclude this paper with the results about integrability of coactions treated above.
In §8, we prove that a coaction o of a locally compact group K that comes from a
1-cocycle is integrable if and only if K is discrete, provided that the von Neumann algebra
that K coacts is determined by a discrete equivalence relation. In this case, it is known that
there exists a canonical surjective *-homomorphism p from the crossed product K X A
onto the basic extension of A € A. We also give a necessary and sufficient condition for
p being faithful.

2. Definitions and notation
In this section, we summarize the basic facts about measured groupoids and von Neumann
algebras associated to them. Further details regarding these objects can be found
in [8, 10, 15, 33, 37]. We also briefly discuss group coactions on von Neumann algebras.
We assume that all von Neumann algebras in this paper have separable preduals, and
that all locally compact groups satisfy the second axiom of countability.
For a faithful normal semifinite weight ¢ on a von Neumann algebra A, we set

ng i={x € A:p(x"x) < oo}, my :=nyny, mg =mg NAL.

The Hilbert space obtained from ¢ by the GNS (Gelfand—Neumark—Segal)-construction
will be denoted by Hy, and we let Ay : ng — Hy stand for the natural injection.

For a (separable) Hilbert space H, we let B(H) denote the algebra of all bounded
operators on H. The center of a von Neumann algebra A will be denoted by Z(A).

2.1.  Measured groupoids and groupoid von Neumann algebras. Let G be a standard
Borel groupoid. We always assume that all relevant maps and sets that are related to the
groupoid structure of G are Borel. We denote the source (respectively the range) of an
element y € G by s(y) (respectively r(y)). The unit space of G, which is the image
of G under the source map or the range map, is denoted by X. For every x € X, set
G* = r~'({x}), Gx := s~ ({x}). We assume from now on that this groupoid G admits a
Haar system {A*},cx and a quasi-invariant o -finite measure . on X. Let v be the o -finite
measure on G given by integrating the Haar system with respect to u: v = [ A*du(x).
We also let A, (x € X) and v™! be the images of A* and v, respectively, under the inverse
map y — y~!. By definition, v is equivalent to v~! in the sense of absolute continuity,
and we put § := dv/dv~!. Hereafter, we call a standard Borel groupoid with such a system
(G, {M}xex, n) a measured groupoid.
Throughout the rest of this subsection, we fix a measured groupoid (G, {A*}yex, 1)-
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Let G@ denote the set of all multiplicative pairs of G, i.e. G @ .= {y1,2) € G xG:
s(y1) = r(»2)}. On G? | we have a measure v? defined by f fi, v2) dv(z)(yl, ) =
[ £ v2) dasD (y2) dv=1 (1) (refer to [25]).

A Borel map ¢ from G into a locally compact group K is called a (Borel) 1-cocycle if it
satisfies

c(y1v2) = c(yce(y2)

for all (y1, y2) € G®. If another 1-cocycle ¢’ : G — K satisfies the equation

) = @)e(y)els(y) ™" (v-almost everywhere)

for some Borel map ¢ : X — K, then we say that ¢’ is cohomologous to c.
Suppose that G; and G, are measured groupoids and ¢; : G; — K are Borel 1-cocycles.
We say that ¢; and cp are weakly equivalent if there exists a Borel and groupoid
isomorphism p from G| onto G, which also preserves the null sets such that ¢; o p is
cohomologous to cj.

For each Borel 1-cocycle ¢ : § — K, we introduce the measured groupoid structure
on G, := K x G by the following process: the set Qéz) of multiplicative pairs consists of
points of the form ((k, 1), (c(yl)’lk, 2)), where k € K and (y1, y»2) € G@. The product
and the inverse are defined by

e, yD)(c) 'k ) o= e, iva), o)™ i=(e() TRk yTh.

So we have r(k, y) = (k,r(y)) and sk, y) = (c(y)flk, s(y)). Hence the unit space of
G. is (identified with) K x X. It is easy to see that

A&%) — (the point mass at k) x A*  ((k,x) € K x X)

is a Haar system, and (left Haar measure) x wu is a quasi-invariant measure. The module

8¢ is given by 8.(k, ) = §(y). The measured groupoid G, thus obtained is called the

skew-product of G by c or the kernel of c. It is well known (see [8, Proposition 7.2]) that

the isomorphism class of the skew-product G, depends only on the cohomology class of c.
A Borel mapo : G @ — Tis called a (Borel) 2-cocycle on § if it satisfies

oY1, 2v3)o (v2, v3) = o (y1, v2)o (v1ve, v3)  (s(y1) =r(y2), s(y2) = r(y3))
o(r(y),y)=oy.s(y) =1 (ye€g).

By using the regular representation of the measured groupoid G, we obtain a
von Neumann algebra acting on L2(G, v). We first define the subspace 2; of L?(G, v) by

A; :={& € L*(G,v) : £ is 8-bounded and ||£|; < oo}.

See [15] and [34] for the definition and properties of 2; and for the terminology used
above. Fix a Borel 2-cocycle o on G. We then introduce a product and an involution on 2{;
as follows:

(Fxe)y) = / FODso Yot v ) P ),

)y =a,y Hlsep " fiyN.
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By the same argument as in [15] and [34], one can show that 2I; is a left Hilbert algebra
(in fact, a Tomita algebra) in L?(G, v). The left von Neumann algebra of 2; is denoted
by W*(G, o) and is called the groupoid von Neumann algebra of G (or, more precisely,
the groupoid von Neumann algebra of (G, {A*},cx, #)). The modular operator V, the
modular conjugation J and the right involution b of 2(; are given by

VE =088, {(JEMy) =o(y,y D78V 2e(y-) ¢ e,
) =a@,y H ey .

The left multiplication and the right multiplication of f € ; are respectively denoted by
L?(f)and R° (f):

L7(f)E = f*& RO(NHE=&x[f (eAp.

The abelian von Neumann algebra L% (X, u) is embedded into W*(G, o) through the
representation f € L (X, u) —> for. We will always identity L°°(X, u) with its image
under this representation. This algebra is called the diagonal subalgebra of W*(G, o).
If the groupoid G is principal, then G is a measured equivalence relation and we denote
itby R.
We recall that an abelian von Neumann subalgebra B of a von Neumann algebra A is
called a quasi-Cartan subalgebra of A under the following conditions:
(1)  the subalgebra B is normal, i.e. B is the center of its centralizer in A, and B’ N A is
of type I;
(2) the subalgebra B is regular in A, i.e. the normalizer A4 (D) of D in A generates A,
where
Na(D) :={u € A : uis unitary and uDu* = D};

(3) there exists a faithful normal conditional expectation from A onto B.

By [8, Theorem 8.8], for each von Neumann algebra A having a regular maximal abelian
von Neumann subalgebra D that contains a quasi-Cartan subalgebra B of A, there exists a
measured equivalence relation R over a standard Borel probability measure space (X, ()
and a Borel 2-cocycle o on R such that (A 2 D) is isomorphic to (W*(R, o) 2 the
diagonal subalgebra L°°(X, ©)). In particular, we know from [10, Theorem 1] that the
relation R is discrete (i.e. each equivalence class is a countable set) precisely when the
algebra D above coincides with B. In that case, we say that D is a Cartan subalgebra of A.

2.2.  Group coactions on von Neumann algebras. Let K be a locally compact group.
We denote by W*(K) the group von Neumann algebra of K, i.e. the von Neumann algebra
generated by the left regular representation Ax of K on L?(K). Remark that W*(K) is the
left von Neumann algebra of the left Hilbert algebra C.(K) of all continuous functions
on K with compact support, where we consider on C.(K) the usual convolution and
involution. The faithful semifinite normal weight on W*(K) associated with the left Hilbert
algebra C.(K) is denoted by ¢k, the Plancherel weight on W*(K). It is well known that
the predual A(K) of W*(K) has a structure of a commutative involutive Banach algebra.
It is called the Fourier algebra of K, and it will be freely identified in this paper with
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a dense x-subalgebra of the C*-algebra of all continuous functions on K vanishing at
infinity (cf. [7, 23]).

There is a special normal unital *-isomorphism A g from W*(K) into W*(K)@W*(K),
called the coproduct of W*(K), defined by

Ag(x):=Wg(1Qx)Wg (x € W*(K)),

where Wk is a unitary on L*(K) ® L3(K) = L*(K x K) given by {Wgé&}(g, h) =
£(hg, h) (¢ € L*(K x K)). The coproduct satisfies Ag (Ag (k)) = Ax (k) @ Ak (k) for all
k € K. It is also known that {x € W*(K) \ {0} : Ax(x) = x ® x} = A (K).
A coaction of K on a von Neumann algebra A is a normal unital *-isomorphism o from
Ainto W*(K) ® A satisfying (Ag ® id4) o o = (idw=x) ® ) o c.
Suppose that « is a coaction of K on a von Neumann algebra A.
(1) The von Neumann subalgebra A* := {a € A : a(a) = 1®a} is called the fixed-point
algebra of «.
(2) The map Ty defined by T,(a) := (¢px ® id4)(x(a)) is an operator valued weight
from A to A*. The coaction « is said to be integrable if T, is semifinite.
(3) The crossed product of A by « is the von Neumann algebra K XA = (x(A) U
L®(K)® C)".
(4) Foreachk € K, a := Ad(pg (k) ® l)ll?ax 4 defines a *-automorphism of I?OM A,
where pg is the right regular representation of K. We call & the dual action of «.
(5) A unitary V in W*(K) ® A is called an a-1-cocycle if V satisfies the following:

(Ag ®1da)(V) = Va3(dw+k) @ a) (V).

For each a-1-cocycle V, AdV o « is also a coaction of K on A. A coaction o’ of
K on A is said to be cocycle conjugate to « if there exist an a-1-cocycle V and a
s-automorphism 6 of A such that (idw+x) ® 8) o’ o ' =AdVoa.
There is a ‘spectral theory’ for group coactions on von Neumann algebras. We give
a brief review of this theory below. We refer the readers to [21, 22, 23] for rudimentary
results on the spectral theory of a coaction.
As before, let o be a coaction of K on a von Neumann algebra A.
For any a € A, define

Spya) :={k e K :¢(k) =0 ¢ € I,)},

where I, := {¢p € A(K) : (¢ ® ida)(x(a)) = 0}. For a closed subset E of K, we set
A%(E) :={a € A: Spy(a) € E}. The spectrum Sp(«) of « is defined as

Sp(@) = ) Spy(@) = {k € K : (k) =0 (Y9 € L)},
acA
where I, := {¢ € A(K) : (¢ ®id4) o o = 0}. Finally, the Connes spectrum I'(«) of « is
the intersection of all Sp(«¢), where e runs over all non-zero projections in A*. Here, for
a projection e € A%, «¢ stands for the coaction of K on the reduced von Neumann algebra
eAe defined by a¢(b) := a(b) (b € eAe). The Connes spectrum of a coaction is always a
closed subgroup (cf. [23, page 66]).
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3. Some reductions to coaction case

This section is concerned with a locally compact quantum group action whose fixed-point
algebra contains a regular maximal abelian subalgebra. We show below that the existence
of such an action implies that the quantum group is cocommutative. Thus, the study of
quantum group actions with this property can be reduced to that of coactions of locally
compact groups.

Let G = (M, A) be a locally compact quantum group (in the sense of Kustermans and
Vaes) and « be an action of G on a von Neumann algebra A. For the definitions of a locally
compact quantum group and its action on a von Neumann algebra, refer to [20] and [33].

We consider the situation where A contains a von Neumann subalgebra D that satisfies
the following conditions:

(1) the subalgebra D is maximal abelian in A;
(2) the fixed-point algebra A® contains D;
(3) the normalizing groupoid GA 4 (D) generates A, where

GN A(D) := {v € A : v is partial isometry and satisfies vv*, v*v € D,
vDv* = Duwv*).
PROPOSITION 3.1. The von Neumann subalgebra {(idy ® w)(a(a)) :a € A, w € A}’
of M is contained in IG(G)”, where IG(G) :={x e M\ {0} : A(x) =x ® x}.

Proof. We identify D with L°°(X, u), where X is a compact metric space and p is a
positive Radon probability measure.
Let v € GN 4(D), and set w := a(v)(1 ® v¥) € M ® A. Note that, by assumption, we
have vDv* € D C A“. Hence, for any b € D, we have
w(l @ b) = a(v)a(@*bv)(1 @ v*) = (1 @ bw.

This shows that w belongs to M ® D. So, by [32, Theorem 7.17], w may be regarded as
an M -valued bounded measurable function on X. From the above result, it follows that
(idy ® @) (w) = wyz. So we get
(A ®ida)(w) = (A ®ida) (@) (1 ® 1 ®v")

= (idy ® @) (@(v)(1 ® 1 ® v™)

= (i[dy @ ) (w1 @v))(1 ® 1 ®v*)

= W13W23.
This identity implies that, as a function on X, w satisfies A(w(x)) = w(x) ® w(x) for

almost every x € X. Therefore, we may view w as an / G(G)-valued measurable function
on X. So, for any w € A,, we have

(idy ® ®)(@(v)) = (idy ® w)(w(l @ v)) = (idy @ vo)(w) € IGG)".

From this and the fact that the linear subspace generated by GN 4(D) is o-weakly dense
in A, it follows that

{(idy @ w)(a(a)) :ae A, we A,Y'
={(idy ® w)(a@)) : u € GN 4(D), w € A}’ C IGG)".

Thus we are done. O
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A locally compact quantum group G = (M, A) is said to be cocommutative if the
coproduct A satisfies 0 o A = A, where o denotes the flip on M ® M. It is well-known
that a locally compact quantum group G = (M, A) is cocommutative if and only if there
exists a unique locally compact group K such that (M, A) = (W*(K), Ag). An action «
of a locally compact quantum group G = (M, A) on a von Neumann algebra A is said to
be faithful (cf. [17,33]) if {(idy @ w)(a(a)) :a € A, w € A} = M.

COROLLARY 3.2. Let G = (M, A) be a locally compact quantum group. If G admits
a faithful action a on a von Neumann algebra A containing a regular maximal abelian
von Neumann subalgebra D inside A%, then G must be cocommutative.

4. Coactions derived from 1-cocycles
In this section, we will show that, when a 1-cocycle from a measured groupoid into a
locally compact group is given, one can construct a coaction of the group on the associated
groupoid von Neumann algebra. We think that this fact might be known to specialists.
We were not however able to find the literature that actually contains the proof, except for
the case where the group is abelian (see [25, Ch. II, §5]). So we include the proof here
for the readers’ convenience. This would also help to motivate the discussions made in the
following sections.

Throughout this section, we fix a measured groupoid (G, {A*},ecx, 1). Let us consider
a Borel 1-cocycle ¢ from G into a locally compact group K. Define a linear operator U, on
the Hilbert space L?(K) ® L*(G, v) by

(UM k,y) = E(c()'k,y) (EeL* (K xG),keK,yeg).

It is easy to see that U, is a unitary.

LEMMA 4.1. The unitary U, defined above belongs to W*(K) ® B(L?*(G, v)). Moreover
it is a 1-cocycle of the cocommutative locally compact quantum group (W*(K), Ag) with
respect to the trivial action, i.e. it satisfies (Ax ® idpg2(g ) (Ue) = (Uc)23(Uc)13.

Proof. From the definition of U, it is clear that U, commutes with the operators pg (k) ® 1
for k € K, where pg stands for the right regular representation of K. So it belongs to
W*(K) @ B(L*(G, v)). Recall (see §2.2) that we have

Ag(x)=Wg(1®@x)Wg (x € WH(K)).
Hence, for the claimed identity, it suffices to show

(W) 12(Ue)23(Wi)12 = (Ue)23(Ue)13.

However, this is straightforward. O

We also fix a Borel 2-cocycle o on G. With U, defined above, define an injective unital
s-isomorphism o, from W*(G, o) into B(L*>(K)) ® B(L*(G, v)) by

. (X)=U(1® X)UF (X € W*(G,0)).

THEOREM 4.2. The morphism o, constructed above is a coaction of K on W*(G, o).
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Proof. Referring to the preceding lemma, it is enough to show that o, maps W*(G, o) into
W*(K) @ W*(G, o).
Let f € ;. Then, forany € L?>(K) and ¢ € 2;, we have

{ae (L7 (N @ O}k, ¥) =/f(J/l)n(C()/l)_lk)C(Vfl)/)6()/1,Vfll/)d/\r(’”)(l/l)-
4.1)
This identity shows that the map f € A; +— «.(L2(f)) is the ‘integrated form’ of a

groupoid representation of the tensor product of the following two representations of G
(cf. [15, §3]):

2y € G hk(c(y)) € BL*(K)),
A7() € BULAG, 22, L2, A7),

where (A7 (yDENY) = o, y] ' WEQ ' Y) € € LEAG,3500)). (Namely, A
is the o-regular representation of G [15]). Thus, symbolically, we have a.(L° (f)) =
(A ®A%)(f). Itis then easy to see (cf. [15, Theorem 3.8, Theorem 4.1]) that the operators
of the form (A° ® A7) (f) belong to W*(K) @ W*(G, o). O

COROLLARY 4.3. The abelian von Neumann subalgebra L°°(X, 1) is contained in the
fixed-point algebra W*(G, o)%.

One can also ‘lift’ the 2-cocycle o to the one on G, and denote it by o,.. In what follows,
we will examine the groupoid von Neumann algebra W* (G, o.).

We write 2. for the G.-version of ; introduced before.

For any function ¢ on K and any function f on G, define a function ¢ x f on G, by

(@ x ik, y):=¢k)f(y).

It is easy to check that, if ¢ is in L°(K)NL?(K) and f is in 2;, the function ¢ x f belongs
to 2(.. We denote by ‘B the self-adjoint subalgebra of 2{. generated by the functions ¢ x f,
where ¢ € L®°(K)N L*(K) and f € ;.

LEMMA 4.4. The subalgebra *B is dense in 2. with respect to the graph norm of the
S-operator.

Proof. Let F € %A, be such that (¢ x f | F) + (F* | (¢ x f)ﬁ) = 0 for all
¢ e L®K)N L2(K) and all f € ;. For each k € K, define a function Fj on G by

Fi(y) :=Fk,y) (v €0).

It is easily checked that both F; and F,f belong to L*(G, v) for almost every k € K.
First, we have

(@ x f|F) =/K/g</>(k)f()/)F(k, y)dv(y) dk

=/ ¢ (k) (f | F) dk.
K
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Second, we have

(F | (¢ x [)F) = /K /g S T2 F(e()k,y o ctn) ) F(yHdv(y) dk

=fK¢(k><fg8(y>—2Fk(y—1>f<y—1>dv(y)) dk

=/ ¢>(k></ F,f(V)ﬂ(J/)) dk
K g
= /K ok (Ff | f*)dk.

Hence we obtain

/I{qs(k){(Fk | )+ (FL | fHYdk =0

forall ¢ € L>®°(K) N L*(K) and all f € 2A;. Since 2; is dense in the domain of the
S-operator, which is separable, we may choose a sequence { f;,} in 2(; which is dense in the
domain of the S-operator. It follows from the identity above that, for almost every k € K,
we have (F; | fu) + (F,iI | f,?) = 0 for all » > 1. Therefore we get F; = 0 for almost
every k € K. Consequently, F = 0. O

COROLLARY 4.5. We have B" = ! as left Hilbert algebras. In particular, the left
von Neumann algebra of the left Hilbert algebra B is W* (G, o¢).

PROPOSITION 4.6. The crossed product I’(\a(% W*(G, o) is isomorphic to W*(G., o,).

Proof. By Corollary 4.5, W*(G,, o.) is generated by the operators of the form L (¢ x f),
where ¢ € L°(K) N L3(K) and f € ;. Take another ¢; € C.(K) and g € ;. Then,
by equation (4.1), we have

{L7(p x /)1 x )}k, y)

= / @ x )k, ) (@1 x )™k, v Yo, v y) di P ()

= ¢ (k) f Fe1cn) ™ Og o, vt y) dar ()

={(¢ ® Dac(L? ()1 x 9}k, y).
Hence we obtain L (¢ x f) = (¢ ® Da.(L° (f)). Thus we are done. O

Recall that, under the situation as above, there is a canonical action of K on the center
of W*(Ge, o.), called the Mackey action of ¢ [13, 14]. (This action is referred to also as
the Poincaré flow of ¢ or the range of ¢ [8].)

COROLLARY 4.7. If G is principal, then the Mackey action of ¢ is the restriction of the
dual action (ac) of a. to the center of K o, x W*(G, o).

Now we consider another Borel 1-cocycle ¢’ : G — K which is cohomologous to c.
So there exists a Borel map ¢ : X — K such that ¢’(y) = dr(yY)e(y)o(s(y))~! for
almost every y € G. By using ¢, we introduce a unitary V on L?(K) ® L*(G, v) by

(VEYKk, y) =@ () 'k, y) (¢ € L*(K x §)).
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Since V can be regarded as a bounded Borel function y € G — Ag (¢ (r(y))), it follows
that: (i) V belongs to W*(K) ® W*(G, o), (ii) it satisfies (Ax @idwy=(g,o))(V) = Va3 V3.
In the meantime, with the notation in the proof of Theorem 4.2, one has

Ak (@r(MNBDA @A) (y) = (A ®17) (1) (g ($(s(¥))®1)  (almost everywhere).
This identity implies that

Vac(L?(f) = ae (L7 (f)V.
Therefore, we obtain the following.

PROPOSITION 4.8. The action a. is cocycle conjugate to a. Hence the isomorphism
class of the crossed product K 4. x W*(G, o) depends only on the cohomology class [c] of
the Borel 1-cocycle c.

Proof. We have already shown AdV o «, = a.. Hence «, is cocycle conjugate to o,.
Since cocycle conjugate actions produce isomorphic crossed products, the second half of
the assertion follows. O

5. Coactions whose fixed-point algebras contain special maximal abelian x-subalgebras
In the last section, we saw that every 1-cocycle from a measured groupoid into a locally
compact group gives rise to a coaction of the group on the corresponding groupoid
von Neumann algebra A. One of the features of the coaction so obtained was that the
fixed-point algebra contains the diagonal subalgebra D of A (Corollary 4.3). We now
ask ourselves whether any coaction of the group on A whose fixed-point algebra contains
D arises in this way. The main purpose of this section is to prove that this is
indeed the case, provided that the groupoid is principal (i.e. a measured equivalence
relation).

Measured equivalence relations arise naturally from group actions on measure spaces.
Suppose that a locally compact group K acts on a (standard) Borel space (X, B, n) in
such a way that G preserves the measure class of i. Then the graph R := {(kx,x) €
X x X : x € X, k € K} of the equivalence relation induced by the action of K is a typical
example of a measured equivalence relation. When K is a countable discrete group, every
equivalence class is a countable set. Such a measured equivalence relation is said to be
discrete (cf. [9, 10]). If K is a continuous group whose action on X is essentially free, then
the measured equivalence relation R defined above clearly has uncountable equivalence
classes. For example, the left (or right) translation action of K on itself is essentially free.
See also [1, Proposition 1.2]. Another typical example of a measured equivalence relation
with uncountable equivalence classes is obtained as follows: let R be a discrete measured
equivalence relation. Also consider the transitive equivalence relation R> = R x R.
Then define R := R2? x Ry. It is obvious that R has uncountable equivalence classes.
A relation between measured equivalence relations of the types R and /R mentioned above
is thoroughly discussed in [8] (see also [24]).

Let us fix a coaction « of a locally compact group K on a von Neumann algebra A.
We will assume in what follows that A is expressed in the form W*(R, o), where
R is a measured equivalence relation over a standard Borel measure space (X, u),
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and o is a Borel 2-cocycle on 'R. We also make an assumption that A% contains the
diagonal subalgebra D := L*°(X, u).

We also retain the notation introduced in the preceding section.

As we mentioned above, our goal in this section is to find a 1-cocyclec : R — K
satisfying @ = o, in the notation in §4. However, before we proceed, let us remark that
if the groupoid R is the equivalence relation generated by an essentially free action of a
countable discrete group I on X, then such a 1-cocycle ¢ : R — K is relatively easily
obtained. In fact, if {u(y)},er are the unitaries in A = I' x L°°(X) implementing the
I-action on L>°(X, w), then the same argument as in the proof of Proposition 3.1 shows
that (1 @ u(y)*)a(u(y)) belongs to W*(K) ® L*(X) = L*°(X, W*(K)), so that there is
aBorel mapc: I' x X — K such that

(L @u(y)Ha(y) =rk(c(y,)) (yel).

It is easy to check that ¢ is a 1-cocycle on the groupoid I' x X = R, and that @ = «,.
It is, however, not true in general that a principal measured groupoid is realized as the
graph of an equivalence relation induced by an essentially free group action on a measure
space (see [12]). Hence it seems that a lot more work is needed to achieve our goal.

Let ¢ denote the faithful normal semifinite weight on W*(R, o) associated to the
Tomita algebra 2(;. We call this weight the Plancherel weight of R. Refer to [35] for basic
facts about Plancherel weights. The modular operator and modular conjugation of g are
given in the previous section. Let U be the canonical implementation of the coaction «
associated to g5 in the sense of [33]. So we have U = f(JK ® J), where J is the modular
conjugation of the dual weight ¢ defined on the crossed product K oX W*(R,0) and Jg
is defined on L?(K) by {Jk f}(k) = m Then U induces a *x-representation IT of the
Fourier algebra A(K) = W*(K), of K (see [7]) on L*(R,v) given by

M) = (o ® idp2R.)U") (0 € AK)).

We know from [7] that the spectrum of the abelian Banach *-algebra A(K) is K. Hence,
by [11, Theorem 1.54], there is a unique L?(R, v)-projection-valued measure P on K such

that
IT(w) =/ é)dP(:/ w(AK(k))dP(k)>.
K K

LEMMA 5.1. The projection-valued measure P is induced by a Borel measurable map
¢ : R —> K in such a way that P(B) = x4-1(g-1) for all Borel subsets B of K.

Proof. Since D is contained in A%, U commutes with all the operators of the form 1 ® a,
where a € D. It follows from this and the definition of IT that D is contained in IT(A(K))'.
Since U* = (Jx ® J)U(Jkx ® J), U commutes also with the operators of the form
1 ® JaJ, where a € D. Hence JDJ is also contained in TI(A(K)). By [15], we
have D v JDJ = L*®(R,v). This shows that TT(A(K))” is contained in L*° (R, v).
In particular, P(B) is a projection in L*°(R, v) for all Borel subsets B of K. Therefore
E — P(E) is an assignment from the Borel o-algebra of K into the lattice of all the
projections in L*(R, v). By [26, Ch. 15, Proposition 19], there is a Borel measurable
map ¢ from R into K such that P(B) = x4-1(g-1, for all Borel subsets B of K. O
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COROLLARY 5.2. The canonical implementation U of « belongs to W*(K) ® L (R, v),
and it can be regarded as a bounded Borel function y € R +—> Ag(¢d(y)) € W*(K).
Moreover, we have

(L ()N @)}k, y)
= f 1@ Ve R F T o, vy ) d @ () (5.1)

foralln € L>(K) and all f, ¢ € ;.

Proof. By (the proof of) Lemma 5.1, we see that U™ belongs to W*(K) ® L*°(R), and
that it can be regarded as a bounded Borel function y € R +—— Ag(¢(y))* € W*(K).
Equation (5.1) follows from a direct computation by using the fact that o(7) =
UuaeT)U*. O

LEMMA 5.3. The Plancherel weight ¢ is I-invariant with respect to o in the sense of
[33, Definition 2.3]. Namely, for any T € m;;R and n € L*(K), we have

PR (0 ®id)(@(T) = [nl*pr(T).
Proof. Define P to be the set of all right-bounded vectors ¢ € L*(R, v) with respect to
the Tomita algebra 2(; such that |R? (¢)|| < 1. Then we have
¢R(T) = sup{w;(T) : ¢ € P}
forany T € W*(R, 0)+.
Let fe®y,ne LZ(K) and ¢ € P. Then, by Corollary 5.2, we have
wr ((wy ®1da)(@(L (f)*L° (f))))
= lla(L7 (N0 @ O

2
dkdv(y)

= f f ‘ / 1@ Ve Fe T e, vy y) d Y ()

2
://'/ n() fF DS o n, v ) d P ()| dkdv(y)

2
dv(y)

= IInIIZ/‘/.f(m)f(yfly)a(m,J/fly)d/\’(”(m)
= Il f * 1 = InlI* IR (¢) f1%

Let fo € LZ(R, v) be a left bounded vector. Then, there exists a sequence { f },>1 in 2;
such that lim,,_, » || fo — full = 0 and strong-lim,— o L° (f;) = L% (fo). By the above
computation, we obtain
¢ (g ®1da) (@(L (f0)* L7 (fo))) = lle (L7 (fo))(n ® ) |?
= lim [la(L? () ® O
n—0o0

= lInl* lim [1R7 @) fall® = InIIR” @) fol>

n
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From this, it follows that

PR ((wy ® ida) (@(L (f0)*L° (fo)))
= sup{e; (o ® ida)(@(L7 (f0)*L7 (fo)))) : ¢ € P}
= sup{|[n|*I1R” (&) foll* : ¢ € P}
= Inl*1 foll* = InlPer (L (f0)* LT (fo)).

This proves the lemma. O

COROLLARY 5.4. Let V be the modular operator of the dual weight of R, defined on
K oX W*(R, o). Then we have V. =1@® V.

Proof. We know from Lemma 5.3 thflt @R 1is l-invariant. So, as in the proof of
[33, Proposition 4.3], we can show that V = 1 ® V. (Note that, in our case, the operator Q
in the proof of [33, Proposition 4.3] is 1.) O
LEMMA 5.5. The modular conjugation J of ¢R is given by

Uik, y) =0,y H7 8N PE@ )k y D
forany & € L*(K) @ L>(R,v) = L*>(K x R).
Proof. The claim follows from the fact that J=U U ® J). O
COROLLARY 5.6. We have ¢(y)~' = ¢(y 1) for almost every y € R.
Proof. This follows from the previous lemma and the fact that J2=1. O
LEMMA 5.7. The map ¢ satisfies

¢(riv2) = ¢(y1)é(r2)

for v®_almost every (y1, y2) € RO,
Proof. Let f € 2y, p € Cc(K). We first regard W*(K) ® W*(R, o) as being equal to
the groupoid von Neumann algebra W*(K x R, 1 x o), where K x R is equipped with

the natural product measured groupoid structure. By Lemma 5.3 and [33, Proposition 2.4],
we have that (L7 (f))(L(p) ® 1) belongs to ny, g, and satisfies

Agpxopr (@(L (L) @ 1) = UAgiopr (L(p) @ L7 (= U(p @ f)).

Thus «(L° (f))(L(p) ® 1) is equal to L' (F), where F € L*(K x R) is the left-
bounded vector U(p ® f) with respect to the left Hilbert algebra C.(K) ® ;. So we
have F(k,y) = p(¢(y)~'k) f(y). In particular, by Fubini’s theorem and Corollary 5.6,
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forany n € C.(K) and ¢ € 2, we have the following:

a(L7(H)(L(p) @ D(n® &)k, y)
={Fx(n®}k,y)

= [[ Ftme by oty vy andir Vi)

= / f Fanp@an) " Wt (v e (v vy y) dhdd ()
= / f Fonpmnt™ o) e e v vy dhd Y (n)
= [ @@ s e ot v a o)

= f (P M@y DO f s Yo vy y) di P ().
On the other hand, by using Corollary 5.2, we have that

a(L7 (L) @ D @ &)k, y)
=a(L7(fNp*xm @)k, y)

= f (P @& Ve R e o, vy ) d Y ().

It follows that, for almost every (k, y) € K x R, the following equation holds:

f FOCET W * @ Hk

— (@@ Ve e, v ) dV P () = 0.

From these results and the facts that C.(K) * C.(K) is dense in C.(K) and the Haar
measure is left invariant, we conclude that, for each n, n; € C.(K) and f, g € 2;, we have

/ (Fy o v1e ) 1) 2 S D8 9)o iy y) daZ () = 0
for almost every y € R, where F), is the functionon R x R x K given by

Fy(y, 1, k) := (@ (7 e (k) — n(o (v v)k).

Let {fu.m}n.m>1 be the sequence of Borel functions in 2; defined in the proof of
[34, Lemma 1.5] (see also the proof of [15, Lemma 2.9]). Also choose a countable
generating (and separating) Borel subsets {B,},>1 of K of finite measure. Then there
exists a null Borel subset N1 of R such that

/ (Fys, 72 7100 | XB) Fid ) e a1 )0 (s v ) a" (1) = 0

forall y € R\ Ny and all (i, j, k, 1, m,n) € N® where fV(y) := f(y~!). By arguing as
in the proof of [34, Lemma 1.5] or [15, Lemma 2.9], we deduce that, for any y € R \ Ny,
the function

i — (Fyy .71, | X8;) Fen ')
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is 0 for A" ") -almost everywhere. From this, we have
0= / |(Fu, s v1, ) | x8) Fol G 1A P (1) dv™ ()
= f f |Frs, v 1oy, ) | x8) ol Gy D1 D (1) dv(y)
- / f By 0 7=, 1 X8, fnn 01277 () ()

= / ( / [(Fys, " v ') | xB,->|dA’W(y))fm,n(m)dv(m)
(by Fubini’s theorem).

It follows that there exists a v-null Borel subset N, of R with N, I = N> such that we
have

/|(FXB,. Ly ) Las)ldy P (y) =0

forall y; € R\ N2 and (i, j) € N2. Fix an arbitrary y; € R \ Na. Then there exists a
A0 _null Borel subset N () such that, for any y € RV \ N(y) and any (i, j) € N2,
one has

(Fus, ™"y ' v1.) 1 x8;) = 0.
Now fixay € R"D \ N(y;). By the above identity, we obtain

o o) = ().

Since N, = Nz_l, we have
d(ny) = o(yo(y) (5.2)

forall y; € R\ Naandall y € R*"D\ N'(y1), where N'(y) := N(y~!). Forany j € N,
define a Borel function f; on R® by

Fitri, v2) == 1xB;(@(1v2)) — xB; (@ ()P (¥2))l.

From the result obtained above, we get

f fivi, y) dvP 1, ) = / ( f fin, y)dAS(W(y)) dv 'y =0

forall j € N. This implies that f; = 0 for v -almost everywhere for all j € N. Therefore
identity (5.2) holds for v@_almost every (y1,y) € RA. O

THEOREM 5.8. Let a be a coaction of a locally compact group K on the groupoid
von Neumann algebra A of a principal measured groupoid R. Suppose that A® contains
the diagonal subalgebra D of A. Then there exists a Borel 1-cocycle ¢ : R — K such
that, with the notation in the previous section, we have o« = .. In particular, any coaction
of a locally compact group on a von Neumann algebra M whose fixed-point algebra
contains a regular maximal von Neumann subalgebra C of M that contains a quasi-Cartan
subalgebra B of M is derived from a Borel 1-cocycle of the principal measured groupoid
determined by the triple (M 2 C 2 B) through the result of [8].
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Proof. Let ¢ be the map obtained in Lemma 5.1. From Lemma 5.7 and [24, Theorem 3.2],
there is a Borel 1-cocycle ¢ : R — K that agrees with the map y € R — ¢ (y) v-almost
everywhere. In this case, it is clear by Corollary 5.2 that the canonical implementation U
equals U,. Therefore we have o = «.

The last part of the theorem follows from the first part and the remark at the end
of §2.1. m]

COROLLARY 5.9. Let the notation be as in Theorem 5.8. For each automorphism 0 of A
such that A contains D, there exists a 1-cocycle ¢ : R — T such that 6 = 6, : L° (f)

L°(fo).

Let us continue to consider the situation set out at the beginning of this section. Suppose
that we have another coaction o’ of K on A with A% D D. Referring to Theorem 5.8,
there exists a Borel 1-cocycle ¢’ : R —> K satisfying &’ = . In the previous section,
we saw that a is cocycle conjugate to . if ¢’ is cohomologous to ¢. We now assume
instead that o/ is cocycle conjugate to o« with a special x-automorphism. Namely, let
us suppose that there exist an «.-1-cocycle V in W*(K) ® A and a x-automorphism 6
of A such that (D) = D and (idwxx) ® 0) o ap o 0~1 = AdV o a.. We first show
that there exists a Borel and groupoid automorphism p of R (which of course preserves
the measure class [v]) such that (idyx«g) ® 0) o ay o 01 is equal to Uprop-1- Indeed,
let u be the canonical implementation of 6 on L?(R). Note then that Adu leaves D and
D v JDJ = L*(R,v) globally invariant, where J is the modular conjugation of the
Plancherel weight ¢zr. Hence, by the same argument as in the proof of [10, Theorem 2],
we obtain a Borel and groupoid automorphism p of R which preserves the class [v] and
satisfies Adu (f) = f o p~! forall f € L®(R,v). Now we define a unitary v in
B(L*(R)) by

1 dvop! 172
(WE)(y) :==§&(p (J/))[T(V)} .

v
Since uv* isin L®(R) N B(L*(R)) = L>®(R), there exists g € L (R) such that |g| = 1
and u = gv. A direct calculation shows that
{A@wUsA®@u")E}k, y) ={(1®gv)Us(1 @ v &}k, y)
=& (™ Mk y)
= (Upop £}k, y)
foreach & € L2(K x R). So we conclude that (1 ® u)Uy (1 @ u*) = Ueop-1 and

(idw+x) ® 0) 0t 007 (@) = Uprgp-1(1 ® U, 1 = Cugp1(a) (a € A).

Thus our claim has been proven. Furthermore, since both A% and A%~ contain D,
V belongs to W*(K) ® AN (C® D) = W*(K) ® D. Hence the cocycle identity
(Ag ® ida)(V) = Vas(idw=x) ® ac)(V) is nothing but (Ax ® ida)(V) = Va3Vi3.
Then, by arguing as in the proof of Proposition 3.1 or as in this section, we may conclude
that V induces a Borel map ¢ : X —> K such that {V*&}(k,y) = &(¢(r(y))k, y) for
any & € L?(K x R). Since Uy, Upop-i and V satisfy the identity in [33, Proposition 4.2],
it follows that we have c’(,o_l(y)) = q&(r()/))c()/)(b(s()/))_l for almost every y € R.
Therefore ¢’ is weakly equivalent to ¢. Thus we have proven the following.
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PROPOSITION 5.10. Let A be the groupoid von Neumann algebra of a principal measured
groupoid R, twisted by a Borel 2-cocycle o on R, and D the diagonal subalgebra of A.
Suppose that a and B are coactions of a locally compact group K on A such that D € A
and D C AP. Let cy (respectively cg) be a Borel I-cocycle into K corresponding to
o (respectively B). If there exist an a-1-cocycle V and a x-automorphism 0 of A such
that 9(D) = D and (idw+x) ® 8) o B o 0~ = AdV o, then cy is weakly equivalent
o cg.

Remark. The converse of Proposition 5.10 holds if there exists a measure-class preserving
Borel and groupoid automorphism p of R such that: (i) cg o p~ ! is cohomologous to ¢y,
(ii) p fixes the 2-cocycle o, (iii) the Haar system {A*} of R satisfies A" ) = A7(?™ ") p=1
for almost every y € R. (Note that the condition (iii) is automatically fulfilled if R is a
discrete equivalence relation.) Indeed, if such a p exists, then define a unitary v by
-1 1/2
&) () 1= S(pl(w)[d”;—”wﬁ :

Vv

One shows that 6 := Adv|,4 yields an automorphism of A. It is then easy to check that
Olcﬂop—l = (idw*(]() ®6B)opPo o1

At the beginning of [8, Section 8], Feldman et al claim without proof that any measure-
class preserving Borel and groupoid automorphism p of R satisfying the condition (ii)
gives rise to a (spatial) automorphism 6, of A with 6,(D) = D. We have not been
able to verify this claim. However, with the help of their claim, we could eliminate the
condition (iii) in the above ‘converse’ statement.

6. Connes spectrum and asymptotic range

The main results of the preceding two sections together illustrate that there is an intimate
relationship between Borel 1-cocycles on a measured groupoid and coactions on the
groupoid von Neumann algebra that fix the diagonal subalgebra. Therefore, one would
hope that 1-cocycles can be studied in terms of the coactions which they produce, or that
coactions of the type described above can be examined through the 1-cocycles that they
determine. In the rest of this paper, we will pursue this line of research.

In this section, we will compare two important algebraic invariants; the Connes
spectrum of a coaction, and the asymptotic range of a l-cocycle, and show that they
actually coincide with each other.

Asin §5,let ¢ : G —> K be a Borel 1-cocycle from a principal measured groupoid
G into a locally compact group K. Again we consider the coaction o, of K on the
von Neumann algebra A := W*(G, o).

Recall that the essential range o (f) of a Borel map f from a measure space (Y, v)
into a second countable topological space Z is the smallest closed subset F of Z such that
f~Y(F) has complement of v measure zero (see just before [9, Definition 8.2]). It is easy
to check that z € Z belongs to o (f) if and only if, for any (compact) neighborhood U of z,
one has v(f_l(U)) > 0.
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Remark. We remark that, for each measurable subset E of G of positive measure, there
exists a measurable subset F of E such that xr is a non-zero element of ;. Indeed, since
V(E) > 0, there exists E/ C E such that 0 < v(E’) < 00. So, there exists a > 1 such that
0 < v(E(a) N E’) < oo, where E(a) is defined in [15]. Set F := E(a) N E’. By using
[15, Lemma 2.6], we conclude that xr is not equal to 0 and belongs to ;.

In the next lemma, let H be the closed subgroup of K generated by the essential range
o (c) of the 1-cocycle c. Roughly, the lemma says that we may regard ¢ = «, as a coaction
of H.

LEMMA 6.1. Let the notation be as above. The von Neumann algebra .x (H)" coincides
with {(idw+ k) @ w)(a(a)) :a € A, w € A,}".

To prove the lemma, we use the following.

LEMMA 6.2. Let f € 2 and w € A(K). Then () (L° (f)) := (0 ® idg) (. (L (f)))
equals L° ((w o ¢) f).

Proof. We may and do assume that @ has the form w = wy, ,, for some 1y, 72 € Lz(K).
For any ¢1, {» € L2(G), by equation (4.1), we have

(@) (L7 (fNE1 ] &2)
= (L7 (N 1) | 12 ® $2)

_ / / / )~ OR®
K

x fnei(vy o, v ') d Y () dv(y) dk

= / (D) FNa G o, v ) drY () dv(y)
= (L°((wo ) f)C1 | &2).

Thus we are done. O

Proof of Lemma 6.1. We denote {(idw+g) ® w)(a(a)) :a € A, w € A} by L.

We first claim that L € Ag (H)”. If L is not contained in Ag (H)”, there exists a € A
and @ € A, such that (idw+g) @ w)(x(a)) ¢ Ax(H)”. We may and do assume that
a = L°(f) for some f € 2;. So there exists ¢ € A(K) such that p(Ag(H)") = 0
and ¢ ((idw+x) ® w)a(L°(f))) # 0. By Lemma 6.2, we have that L° ((¢p o ¢) f) =

(p®id4) (x(L° (f))) is not equal to 0. In particular, v({y € G : (¢poc)(y) f(y) #0}) > 0.
On the other hand, by the definition of ¢, we obtain {y € G : (¢ o c)(y) f(y) # 0} N
¢~ 1(H) = ¢. So we conclude that

v(ly €G: (o) (y)f(y) # 0}
=v({y €G:(poc)(y)f(y) 0 Nc™ (H))

+v({y €G:@o))f(y) #0 N (H)Y)
= O’

a contradiction. Thus our claim has been proved.
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Conversely, we show that Ak (g) belongs to L for each g € o(c). Indeed, if Ag (g) is
not contained in L, then there exists ¢ € A(K) such that ¢(g) # 0 and (¢ ® w)a(a) =0
for any w € A, and a € A. Since ¢ is continuous, there exists a neighborhood U of
g such that ¢ (Ag (h)) # 0 for each h € U. By the definition of o (c), ¢ (U) is not a
v-null set. So, by the Remark before Lemma 6.1, there exists a measurable subset E of
¢~ (U) such that 0 < v(E) < oo and xg € ;. Now we set a = L (xg). By the
definition of E, (¢ o ¢)(y)xe(y) # 0 foreach y € E. So, by Lemma 6.2, we have that
(¢ ®ida)a(a) = L7 ((¢ o ¢)xg) is not equal to 0. In particular, there exists w € A, such
that (¢ ® w)a(a) # 0, a contradiction.

Therefore we complete the proof. m|

According to [9, Definition 8.2], the asymptotic range r*(c) of the 1-cocycle ¢ is by
definition "{o(cp) : B € X, u(B) > 0}, where cp stands for the restriction of ¢ to the
reduction Gp by B.

Our aim of this section is to establish a relationship between r*(¢) and T"(c).

Let e be a projection in D = L% (X) and B be the Borel subset of X satisfying
e = xpor. Thenitis easy to see that the reduced von Neumann algebra e Ae is (isomorphic
to) W*(Gp, op). Note that the action ()¢ obtained by restricting «. to e Ae is that derived
from the 1-cocycle cp.

THEOREM 6.3. We have I'(a.) = r*(c).
Proof. Since the center Z(A%) is contained in D, we have
['(ae) = N{Sp((etc)®) : e : non-zero projection in D}.

Hence, thanks to the argument preceding this theorem, it suffices to show that
Splae) = o (c).

Let k € o(c). Take any compact neighborhood U of k. Since v (U)) > 0, by
the Remark before Lemma 6.1, there exists a measurable subset £ C c’l(U ) such that
V(E) > 0and xg € ;. Then definea := L°(xg) € A\ {0}. If v € A(K) vanishes on
some neighborhood of U, then, by Lemma 6.2, we have () (a) = 0. From [23, Ch. 1V,
Lemma 1.2(ii)], it follows that Sp,, (@) € U. Hence a belongs to A% (U). By [23, Ch. 1V,
Lemma 1.2(iv)], k lies in Sp(e).

Conversely, suppose that k € Sp(c.). We will show that for each open neighborhood V
of k, 1 (V) is not a v-null set. Indeed, if v(c~1(V)) is equal to O for some V, we have
LO(f) = L° (f Xc-1(v)e) foreach f € ;. So, for each v € A(K) such that suppw C V
by Lemma 6.2, we have that

(@)L (f) = L (f Yot (yye (@ 0 ) = 0.

So we conclude that (¢¢),(a) = 0 foreacha € A and w € A(K) such that suppw C V.
In the meantime, since V is open, for each h € V, there exists w € A(K) such that
w(h) = 1 and suppw C V. This shows that for eacha € A, h & Sp,,. (a). This contradicts
[23, Ch. IV, Lemma 1.2(iv)]. Therefore, k belongs to o (¢). O

COROLLARY 6.4. The normalized Connes spectrum Up(a.) of oo in the sense of
[23, Ch. V, Definition 2.5] coincides with the normalized proper range npr(c) in the sense

of 191
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By combining Theorem 6.3 with one of the results of Golodets and Sinel’shchikov
in [14], we can extend the main result of Kawahigashi in [19] concerning the classification,
up to cocycle conjugacy, of actions of locally compact abelian groups on the AFD type 11
factors which fix Cartan subalgebras.

PROPOSITION 6.5. Let A be an AFD type 11 factor. Suppose that a and o’ are coactions
of a locally compact group K on A such that each of A* and A”" contains a Cartan
subalgebra of A. If T (a) = T'(a’) = K, then « is cocycle conjugate to o’.

Proof. Suppose that A% (respectively A”) contains a Cartan subalgebra D;
(respectively D») of A. By [5], there exists a x-automorphism 6 of A such that
0(D1) = Dy. Set ag = (idwxk) ® 0~1) o @ 0 §. Then we have A% = 6(A%).
So Dy = 6(D1) € 8(A%) = A*. Clearly, ap is cocycle conjugate to «. Hence it suffices
to assume from the outset that D; = D, =: D.

We may assume that the inclusion (D € A) is of the form (L*°(X) € W*(R)) for an
amenable ergodic type II equivalence relation R on a standard Borel space (X, ‘B, u) with
an invariant measure ;. By Theorem 5.8, there exist Borel 1-cocycles ¢ and ¢’ from R to K
such that « = a, and &’ = a. By Theorem 6.3, we have r*(c) = r*(¢’) = K, i.e. both R,
and R are ergodic equivalence relations. So we may apply [14, Lemma 1.13], and obtain
that there exist cocycles ¢ and ¢’ cohomologous to ¢ and ¢’, respectively, as 1-cocycles on R
such that ¢ is equal to ¢’ o p for some p € N[R], the normalizer of R. By Proposition 4.8,
a (respectively o) is cocycle conjugate to az (respectively ). Furthermore, a direct
computation shows that for each X € W*(R),

0o (X) = (1 ® ®, 1) (e(P, (X)),
where @, is an automorphism on W*(R) that is defined by
@, (L(f)) :=L(f o p).

So we conclude that (1 ® ®,)oz., = az o Dp, i.e. 0gop is conjugate to az. Hence « is
cocycle conjugate to o’'. O

We note that, by using the notion of a double cocycle in the sense of Golodets and
Sinel’shchikov [14], it is possible to classify those coactions on (not necessarily type II)
AFD factors which fix Cartan subalegbras. Assume that R is an amenable ergodic
equivalence relation. Let ¢ and ¢’ be non-transient Borel 1-cocycles on R to a locally
compact group K. Set A := W*(R) and r := log$. By [14, Theorem 3.1], we see that,
if the double cocycles ¢ x r and ¢’ x r are conjugate, then ¢ is weakly equivalent to ¢’.
Meanwhile, one can check that the crossed product mm,x A is isomorphic to the
crossed product of K a.X A by a modular action. Therefore, Theorem 3.1 in [14] can be
translated in an operator-algebraic term as follows.

THEOREM 6.6. Let o and o’ be coactions of a locally compact group K on an AFD factor
A such that each of A* and AY contains a Cartan subalgebra of A. Suppose that the
crossed products Py := I’(\ax Aand P, := I’(\a/lx A are non-type I von Neumann algebras.
Then o is cocycle conjugate to o' if and only if there exists a *-isomorphism T1 from the
center Z1 of the crossed product R Py by a modular action on Py onto the center Z of the
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crossed product R x P, by a modular action on P, such that, vyjth oW (i =1, 2) the dual
action of the modular action on P;, and with (5) (respectively (07 )) the canonical extension
of the dual action & (respectively o ) of a (respectively a') to R x Py (respectively Rx P),
I1 intertwines the product actions 6V |z, o (%o?\)klgl of K x Ron Z{ and 8 |z, 0 (o?’)k |z,
on 2.

We conclude this section with a result on spectral subspaces for the case of G being
a discrete principal measured groupoid. Recall that, for each closed subset H of K, the
spectral subspace A*(H) is defined by

AY(H):={a € A :Sp,(a) C H)}.

It is easy to see that A*(H) is a bimodule over the Cartan subalgebra D. In what follows,
we prove that A%(H) is determined by a Borel subset of G. For this purpose, we use the
following lemma.

LEMMA 6.7. Suppose that an element p of the full group (Gl of G satisfies v(I'(p)) > 0,
and that c(I"(p)) is contained in open subset L of K. Here I'(p) stands for the graph of p.
Then there exists k € L such that v(I"(p) N c\(U)) > 0 for any neighborhood U of k.

Proof. Suppose that, for each k € L, there exists a neighborhood Uy of k such that
v(T'(p) N ¢ (Uy)) = 0. Since {Uk}ker is a covering of the open set L, there exists a

sequence {k,}7° | in L such that {Uy, }72 , is a covering of L. So we have

o0

(T (p) < Y v(T(p) Ne™ (Ug,) =0,

n=1
which is, a contradiction. O

PROPOSITION 6.8. Let the notation be as above. The spectral subspace A% (H) is equal
10 3(c~V(H)), where 3(c~ (H)) is defined by the following expression:

IV (H)) :== (L (f) € A : v(supp(f) N~ (H)) = 0}.

Proof. Tt is easy to check that J(¢~'(H)) is contained in A% (H).

Conversely, if L7 (f) is in A“(H) \ J(c~'(H)), then there exists p € [G]s such that
I'(p) € R\ ¢ '(H) and v(supp(f) N I'(p)) > 0. By using the previous lemma, we
may assume that ¢(I"(p)) is contained in a compact subset U of K \ H. Now we set
v:=1L° (Xr(p)S’l/z) and a := E(L° (f)v*)v, where E : A — D is the faithful normal
conditional expectation. Since A%*(H) is a bimodule over D, a is a non-zero element of
A%(H). However, by the construction of a, for each & € H, there exists ¢ € A(K) such
that ¢, (h) = 1 and supp(¢) N U = @, i.e. h does not belong to Sp, (a). So we conclude
HNSp,(a) =0,ie.a ¢ A“(H), is a contradiction.

Therefore we complete the proof. m|

7. Exchangeability for a 1-cocycle with a smaller range within the cohomology class
It sometimes happens that a Borel 1-cocycle on a measured groupoid into a group can be
exchanged, within its cohomology class, for a cocycle whose range is a smaller subgroup.
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In this section, we choose to study this phenomenon from a (operator-algebraic) viewpoint,
as taken in the previous sections. It should be noted that a study from a measure-theoretic
viewpoint was taken up by Zimmer in [37] when a group in question is compact.

Let R be a discrete measured equivalence relation on a standard Borel probability
measure space (X, ‘B, u), o a Borel 2-cocycle on R and ¢ : R — K be a Borel
1-cocycleon R. We set A := W*(R, o) and denote by D the associated Cartan subalgebra
L*°(X, n) of A. Let . be the coaction of K on A determined by ¢. We will freely use the
notation introduced in §§2 and 3.

Suppose first that ¢ is cohomologous to a Borel 1-cocycle ¢’ whose range is contained
in a closed subgroup H of K. As we saw before, there is a unitary R € W*(K) ® D
satisfying o = Ad R o ¢ (in particular, R is an «,.-1-cocycle). Hence the corresponding
two dual-covariant systems (A = I’(\agx A K, ap), (A = fac,x A, K, &) are conjugate.
Consequently, (Z(A), K, o’z}lZ(A)) and (Z(A), K, &;|Z(A)) (i.e. the Mackey actions) are
conjugate. We know that

Z(A)={F € L®(K x X) : F(k,x) = F(c'(y, x)k, y)
(almost every (k, (x,y)) € K x R)}.

Since the range of ¢’ is contained in H, the map t : L®°(K/H) — Z(A) given by
(9) = ¢V ®1 (¢ € L®(K/H)) is well defined, where fV(k) := f(k~") for
f € L*°(K). (Note that in what follows, we freely identify a function f in L*°(K/H)
with a function in L°°(K) that satisfies f(kh) = f(k) for all h € H.) It is also easy
to see that 7 is a K-equivariant embedding of L>°(K/H) into Z (A). Hence, from [31]
(see also Appendix A), we find that the dual action &y is induced from an action 8 of H
on a von Neumann algebra P. Our immediate purpose is to identify this covariant system
(P, H, B). For this, let us denote ¢’ by ¢o when ¢’ is viewed as a 1-cocycle from R into H.
So o, is a coaction of H on A. Put P := ﬁaCOK A and B 1= ag,.

From now on, we fix a quasi-invariant measure €2 on K/H. As in Appendix A,
denote by p the rho-function on K associated with . We choose a Borel cross section
0 : K/H — K of the quotientmapw : K — K/H with 6((e)) = e.

Define three unitaries Tx = T from L?(K) onto itself, V from L2(K) onto
L*(K/H)® L*(H) and Ty = T}; on L>(H) by

Tk f}(k) == Axg ()2 f k™Y (f € L*(K), k € K),

{(VEY(p. h) = E@(pWp@(P))~'* (£ e L*(K), pe K/H, h e H),
(V¥n}k) = n( k), hi)p(K)'/? (n e L*(K/H x H)),
{Tuf}(h) = Ay~ f (™Y (f € L*(H),h € H).

Note that Tx Ax (k)Tx = px (k) and TgAg(h) Ty = pg(h). We also have V(¢ @ 1)V =
¢ (p € L¥(K/H)), V*(L™(K/H) ® L*(H))V = L*(K) and V*(1 ® pu(h))V =
px (h) forallh € H.
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Set Sl = (V* ® ILZ(R))(ILZ(K/H) ® TH ® ILZ(R)) Then we have

SI(L*(K/H)® P)S}
=SI{(L*(K/H)® L (H) ® ILZ(R)) \% (1L2(K/H) ® Olco(A))}Sik
=(L®(K)® L) VSt 2k /my ® e, (A))ST.

Next we set S» := (Tx ® 1 LZ(R))SI- From the above computation, we get
SHL*(K/H) ® P)S; = (L™(K) ® 1,2()) V So(lp2k/m) ® oy (A))S5.
By a direct computation using equation (4.1), we see that

S2(1 120k /1y ® ey (L7 ()5 = aer (L7 (£)).

Hence
SHL®(K/H) ® P)S; = A. (7.1)

Moreover, by using properties of the p-function (cf. [11, §2.6]) and the notation described
in the Appendix A, one can verify that

{83 (pk (k) ® 1,2(%))S2m} (P, b, (x, )

dQok™! 12 112 g1 11
= T(p) Ag(xk=, p)~"“nk™"p,hx—, p)~", (x,y)) (7.2)
for any n € L?>(K/H x H x R). From this, we find that Ad S3(pk () ® 1p2Ry)S2 1s
exactly the action § of K defined in the Appendix A. We summarize the results obtained
so far in the proposition that follows.

PROPOSITION 7.1. Let ‘R be a discrete measured equivalence relation on a standard
Borel probability measure space (X, B, n), o a Borel 2-cocycle on R and ¢ : R — K be
a Borel 1-cocycle on R into a locally compact group K. We set A := W*(R, o). Let o,
be the coaction of K on A determined by c.

If ¢ is cohomologous to a Borel 1-cocycle ¢’ whose range is contained in a closed
subgroup H of K, then the dual action & is induced from an action B of H on a
von Neumann algebra P. In this case, one can take the covariant system (P, H, B) to
be (ﬁ a,X A H, ®cy), Where ¢ : R — H is the 1-cocycle obtained by regarding ¢’ as an
H -valued 1-cocycle.

So far, we have seen that the fact that a given 1-cocycle can be exchanged for another
1-cocycle whose range is contained in a smaller subgroup implies that the dual action of
the associated coaction is induced from an action of the smaller subgroup. As we will see
below, these conditions are in fact equivalent.

THEOREM 7.2. Let R and K be as before. Suppose that c : R — K is a Borel 1-cocycle,

and let a, be the corresponding coaction of K on A :== W*(R, o). We also let H be a

closed subgroup of K. Then the following assertations are equivalent.

(1)  There exists a Borel 1-cocycle ¢’ : R — K, cohomologous to ¢, such that the range
of ¢’ is contained in H.
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(2)  There exists an znjecttve normal x-homomorphism © from L*° (K /H) into the center
of the crossed product K aX A suchthat ©® oy = (C(C)k o0® forallk € K, where
is the action derived from the left translation by k on the homogeneous space K /H.
(3) The dual system {I’{\aclx A, K, &.} is induced from some covariant system {P, H, B8}.
If one of (1)—(3) occurs, then one can take {P, H, B} to be {I’i\aﬂolx A, H,ag,}, where
co : R = H is the 1-cocycle obtained by regarding ¢’ as an H-valued 1-cocycle.

Proof. We have already shown that (1) implies (2). The last half of our assertion is exactly
the content of Proposition 7.1. That (2) is equivalent to (3) is exactly the Imprimitivity
theorem for induced actions. Therefore, it remains to prove that (2) implies (1). The way
this is done is essentially the same as in [37, Theorem 3.5].

As before, let A := I’(\a(,x A. Since L*°(K) ® D is a Cartan subalgebra of A, Z(A)
is contained in L*°(K) ® D = L%®°(K x X), the morphism ® can be viewed as a
K -embedding into L*°(K x X). Hence we may assume that there exists a K -equivariant
Borel map ¢ from K x X onto K/H such that ®(f) = f o . As the range of ® is
contained in Z (A), we have

Yk, x) = vcx, y)_lk, y) (almost every (k, (x,y)) € K X, R).

Hence Ko := {k € K : ¥ (k, x) = ¥(c(x, y)~ 'k, y) (almost every (x, y) € R)}isaconull
Borel subset of K. Thus there exists kg € Ko such that Ry := {(x,y) € R : ¥ (ko, x) =
Yc(x, y)_lko, y)} is conull. So, if (x, y) € Ry, then, because ¥ is a K-equivariant, we
have

ko' we,x) = kyte(x, y) - (e, y).

Equivalently, for all (x, y) € Ry, one has

Ve, x) =cx,y) ¥l y). (7.3)

Choose a Borel cross section 6 : K/H — K with 6((e)) = e. Then, by equation (7.3),
we have

O (e. ) ex. W (e y) € H (7.4)
forall (x, y) € Ro. Motivated by this, we define a new Borel 1-cocycle ¢; : R — K by

c1(x, y) =0 (e, ) elx, MO (e, y)) ((x,y) €R).

By definition, ¢; is cohomologous to ¢, and cj(x,y) € H almost every (x,y) by
equation (7.4).

Finally we replace ¢; by another cocycle ¢’ that satisfies ¢c; = ¢’ almost everywhere
and ¢'(x,y) € H forall (x,y) € R. For this, put N := {(x,y) € R : c1(x,y) & H}.
Since N is a Borel null subset, there exists a Borel null subset N; of X such that, if
x € (N1)¢, then (x,y) € N,ie.ci(x,y) € H forall y ~ x. Suppose that G is a countable
discrete group acting non-singularly on X that generates the equivalence relation R [9].
Then set N := 2€G g N1, the saturation of Ny. Note that, by definition, for (x, y) € R,
x € Nifandonlyif y € N. Itis clear that R N (N x N) is a Borel null subset of R and
RNOMRN(N x N))¢ =RN (N x N°. Remark also that, if (x, y) € RN (N x N°),
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then (x,y) ¢ N, so that ¢ci(x,y) € H. With these in mind, we define a Borel map
¢ : R — K by

e ) ci(x,y) if (x,y) € RN (NC x N°),
c (X, =
' e if (x,y) € RN (N x N).

Hence ¢’ = ¢ almost everywhere. It is easy to check that ¢’ is a 1-cocycle. Moreover, it is
obvious by definition that ¢’(x, y) € H for all (x, y) € R. Thus we are done. O

We conclude this section with a result on regular cocycles. We recall that a cocycle ¢
from an ergodic discrete equivalence relation R into a locally compact group K is regular
if the Mackey action of c is (essentially) transitive. In [28, Proposition 2.1(2)], Schmidt
claimed that c is regular if and only if there exists a 1-cocycle ¢’ cohomologous to ¢ such
that the closed subgroup generated by the range of ¢’ is equal to r*(¢’). However, he did
not give a proof to the claim in the paper. Moreover, the paper [27], which is referred to
in [28, Proposition 2.1], treated only the case of the group K being abelian. So, in this
paper, we will give a complete proof to a more general situation.

Definition 7.3. Let (R, {A*}rex, i) be a principal measured groupoid and K be a locally
compact group. We say that a Borel 1-cocycle ¢ : 'R — K is regular if there exists a
1-cocycle ¢’ cohomologous to ¢ such that the closed subgroup generated by the range of ¢’
is equal to r*(c’).

PROPOSITION 7.4. Suppose that ¢ : R — K is a Borel I-cocycle from a discrete
measured equivalence relation R on (X, w) into a locally compact group K. Let A be the
groupoid von Neumann algebra of R, twisted by a Borel 2-cocycle on R. The following
assertations are equivalent:

(1)  the cocycle c is regular:

(2) there exists a closed subgroup H of K such that each ergodic component of
the Mackey action of ¢ is K-isomorphic to K/H, i.e. the covariant system
(Z(I?wx A), K, o’t}lz(gacD< A)) Is conjugate to (L®(K/H) @ Z(A), K, ¥l ®
idz(a)), where £y is as in Theorem 7.2.

In particular, if &, |Z(I?acb< A) IS transitive on Z(I/(\aclx A), (which implies that A is a factor)

then c is regular.

Proof. Put A := I’{\aCIX A.

(1) = (2): Since c is regular, there exists a 1-cocycle ¢’ cohomologous to ¢ such that
the asymptotic range of ¢’ is generated by the range of ¢’. Set H = r*(¢’). As before,
denote by co the cocycle ¢’ viewed as a cocycle from R into H. By definition, we have
I(ae,) = r*(co) = H. By [23, Ch. 1V, Corollary 1.6] and [23, Ch. V, Corollary 2.7], we
conclude that the center of H oy A is equal to a¢, (Z(A)).

In the meantime, by Proposition 7.1, K a X A is isomorphicto L*°(K/H) ® H o, X A,
and the dual action &, is conjugate, through this isomorphism, to the action § of K defined
in the Appendix A. By the previous paragraph, we have Z(L®°(K/H) ® H oy A) =
L®(K/H) ® a(Z(A)). It is easy to verify that, on this abelian subalgebra, the action &
is exactly £x ® idac0 (2(A))- Thus we are done.
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(2) = (1): By assumptlon there is a *-isomorphism & from Z (A) onto L*°(K/H) ®
Z(A) such that ® o (Olc)k = ({; ®idz)) o P forallk € K. Then O(f) := O~ Ifen
(f € L*(K/H)) deﬁnes an injective normal x-homomorphism from L°°(K/H) into
Z(A) satisfying @ o {y = (ozc)k o® forany k € K. By Theorem 7.2, we have that: (i) there
exists a Borel 1-cocycle ¢’ cohomologous to ¢ such that the range of ¢’ is contained in H;
(ii) there is a K -isomorphism ¥ from facx Aonto L°(K/H)® ﬁacolx A, where ¢ is, as
before, the 1-cocycle obtained by regarding ¢’ as an H-valued 1-cocycle. Moreover, by the
construction, we may assume that W satisfies the equation Ul (f®@1) = 0(f) forall f e
L*°(K/H). Denote by § (as in Appendix A) the action of K on L*(K/H) ® ﬁacolx A,
conjugate to &, through .

PutIl:= do \11*1|LOQ(K/IL,)M(,;%K 4 Since [To 8 = (¢, ®id) o I for all k € K,

we have
M((L™(K/H) ® Z(H o, x A)°) = (L™(K/H) ® Z(4))'®920 = C® Z(A).
Meanwhile, because
(LK /H) ® H g x A = C® (H g, x A)™0 = C @ g, (A),
it follows that (L*°(K/H) ® Z(H o™X A =C® a¢,(Z(A)). Hence we get
MT(C R g (2(A) = CQ Z(A).

We also know that

M(L®(K/H)®C) = ®(W~(L®(K/H)®C)) = ®(O(L®(K/H))) = L*(K/H)®C.

Hence we have

LXK /H) ® Z(H g% A) = L(K/H) ® Z(A)

=(L*(K/H)®C) v (C® Z(A))
=TI(L®(K/H) ® C) v II(C ® a¢ (Z(A)))
=TI(L®(K/H) ® aey(Z2(A))).

From this, it follows that Z (ﬁ oy X A) = o (Z(A)). From [23, Ch. 1V, Corollary 1.6]

and [23, Ch. V, Corollary 2.7] once again, we see that the Connes spectrum of oy, is

equal to H, i.e. the asymptotic range r*(co) coincides with H. This in turn implies that
r*(c’) = H. Therefore, c is a regular cocycle. O

8. Integrability of coactions
In this section, we will discuss the integrability of the coactions of the type considered in
the previous sections.

Let o be a coaction of a locally compact group K on a von Neumann algebra A having
a Cartan subalgebra D inside A%. As before, we realize A as W*(R, o) for some discrete
measured equivalence relation R on a standard measure space (X, i) and some normalized
Borel 2-cocycle o on R. Also choose a Borel 1-cocycle ¢ : R — K in such a way that
o = o. Denote by U, the canonical implementation of «. We assume that u is a (quasi-
invariant) probability measure. Then the characteristic function & of the diagonal set of R
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belongs to L?(R) and is a cyclic and separating vector for A. Denote by Jg, the modular
conjugation associated to the faithful normal state wg, on A. Let Ay := Jg,(A*) Jg,, the
basic extension of the inclusion A* C A. Since A% is W*(S, o|g) with S := Ker(c), we
know that A; is generated by A and the (Jones) projection xs.

Suppose now that « is integrable. Then, by [33, Theorem 5.3], there exists a normal and
surjective x-homomorphism p from K «X A onto Aj satisfying

p(ax(a)) =a aeA), 8.1)
plw®1)=woc (Vo e A(K)). (8.2)

Then, for any w € A(K), we have
plw®)xs=(woc)xs =w(l)xs € Cxs.

It follows from the normality of p that p(L*°(K) ® C)xs < Cp. Hence the equation

p(f®Dxs=9¢(Hxs (f € L¥(K))

defines a character ¢ on L°°(K), which is by construction normal. This is possible exactly
when K is discrete, as any character on a non-atomic masa in B(H) for some (separable)
Hilbert space H must be singular (see [30, §10.19]). Thus we have proven the following.

PROPOSITION 8.1. Let o be a coaction of a locally compact group K on a von Neumann
algebra A having a Cartan subalgebra D contained in A*. The group K is discrete if and
only if « is integrable.

COROLLARY 8.2. Let o be a coaction of a locally compact group K on a von Neumann
algebra A having a Cartan subalgebra D contained in A*. If o is semidual, then K is
discrete.

Proof. Suppose that « is semidual. By [33, Proposition 5.12], « is integrable, and the
homomorphism p in Proposition 8.1 is faithful. Hence, by Proposition 8.1, K is discrete. O

Finally, by making use of the Jones projection xs, we will give a complete answer when
the surjection p is bijective.

PROPOSITION 8.3. Let the notation be as above. If K is discrete, i.e. « = o is integrable,

the following assertions are equivalent:

(1)  the surjective x-homomorphism p is faithful;

(2) foreachk € K, r(cfl(k)) is a conull set;

(3) foreachk € K, there exists a countable set of normalizing groupoid {vk ;}ier, such
that each vy ; belongs to A% (k) and {Uk,iv;i,-}ielk is a partition of unity.

Proof. (1) = (2). Suppose that there exists k € K such that w(X \ r(c”'(k))) > 0.
Put £ := X\ r(c Yk)) and a := L° (xg). A direct computation shows that p(«(a)
6k ® 1)) = 0, where §; is the function on K defined by 8y (m) := 8k n. So we conclude
that p is not faithful.
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(2) = (3). This easily follows by using Zorn’s lemma.

(3) = (1). We claim that there exists the inverse to p. By using {vg,;}ie,, we find that
the projection -1, coincides with Zielk Uk,i XSVf ;- Letas € Ay. Foreachi € Ii, we
have that azvk,ixgv;;l. is in Avk,ixgv;;i. So there exists a unique element gy ; in Avk,,-v;;l.
such that ayvg ; xsv}; ; = ak,ivk,i xSV} ;- So we have

keK i€l keK i€l

in the sense of the strong operator topology. Let 6 be the map from A to K «X A which is
defined by the following:

9(2 Zak,chl(k)> = Z Za(ak,i)(t?k ®1).

keK iely keK i€l
Since 3 ;¢ vk,ivf; = 1, 0 is well defined. Moreover, a direct computation shows that
0=pl.In particular, p is faithful. O

A. Appendix. Induced actions on von Neumann algebras

This appendix is designed to collect together some fundamental facts about induced actions
on von Neumann algebras. The arguments made in §7 heavily rely on the theory of induced
actions developed by Takesaki in [31]. As the readers might notice there, we have adopted
a definition of the induced action that is slightly different to that of [31]. Although our
definition is of course equivalent to Takesaki’s, we feel that it is necessary for the sake of
completeness of our arguments to state and prove the main results on induced actions in
terms of our definition, which will be done in this Appendix A. Therefore, we have to
emphasize that the two results obtained below are essentially nothing new.

Let P be a von Neumann algebra. Also let G be a locally compact group and H a closed
subgroup of G. Assume that we are given an action 8 of H on P. We consider L*°(G)® P
and regard it as the set of all essentially bounded measurable P-valued functions on G.
Define an action y of H and an action x of G on L*°(G) ® P by

Yr(X)(s) == Br(X(sh)), Kke(X)(s) := X (g™ ')
(XeL®G)® P,s,g € G,h e H).

Clearly, two actions y, x commute. Put Q := (L*°(G) ® P)?. For any g € G, define oy
to be the restriction of ¢ to Q. Thus we obtain an action « of G on Q. This action « is
called the action induced by 8 [31]. The pair {Q, «} is usually denoted by Indg{P, Bl.

We denote by m the canonical surjection from G onto the quotient space G/H.
Fix a quasi-invariant measure © on G/H. Denote by p the rho-function associated to
this quasi-invariant measure (see [11, Section 2.6]). We also choose a Borel cross section
0 : G/H — G with 8(rr(e)) = e. Then every g € G can be uniquely represented in the
form g = sgh,, where s, = 0((g)). As in [4] and [38], we introduce a Borel 1-cocycle
x from G x (G/H) into H by

x(g, %) = hgory = 0(gx) " 'g0(x) (g€ G,x e G/H).



Characterization of algebras containing maximal abelian x-subalgebras 1703

Now we consider the von Neumann algebra R := L*°(G/H) ® P and regard it as the
set of all essentially bounded measurable P-valued functions on G/H. Then we define an
action § of G on R by

SN =p L (¥(g'x) (Y eRxeG/H g€ b,
By the cocycle identity of x, § is indeed an action.
PROPOSITION A.l. The induced action o of G on Q is conjugate to § constructed above.

Proof. Define a map W from R into L>®(G) ® P by
V(X)) =B, V() (¥ eR).
We then have
Y (W (V))(s) = Bu(W(Y)(sh)) = B(B;, (¥ ((5))))
=B, (Y (m(5)) = W(Y)(s).

This shows that W (Y) belongs to Q. Thus ¥ maps R into Q. It is easy to see that ¥ is an
injective x-homomorphism. In order to prove that W is surjective, introduce a map ¢ from
Q into R by

P(X)(x):=X0Ox) (XeQ,xeG/H).

Then we have
V(X)) = B, (RX)(m(9)) = B (XO((8)))
= B, (X(s9)) = B, (X ((sgho)hg )
=, (X)(8) = X (g).
Hence W is surjective. Let ¥ € R. Then we compute the following:
VO (N)(©) = B, Gy @) = BB (1 (Vg T(8)))
=B Y Orleg ) = B L, (Y (rigy 00

= W) ') = oty (¥ (1))(8)-
Therefore, « is conjugate to §. m|

THEOREM A.2. (Imprimitivity Theorem) Let o be an action of a locally compact group G
on a von Neumann algebra Q, and H be a closed subgroup of G. Suppose that there
exists a G-equivariant embedding of L°°(G/H) into the center of Q. Then there exists an
action B of H on a von Neumann algebra P such that the induced action of B is conjugate
to «.

Proof. In what follows, we fix a quasi-invariant measure 4 on G/H. Choose a
(separable) Hilbert space H so that {Q, H} is a standard representation. Let U(g) be
the canonical implementation of g on H. So U is a unitary representation of G on H.
We identify L°°(G/H) with the image Z of the embedding above. Then we obtain the
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transitive imprimitivity system for {U, H}. By the Mackey—Blattner theorem for induced

representations, there exists a unitary representation {L, K} of H such that U is the induced

representation of L. Therefore, H can be identified with L*(G JH, n)QK = L*(G /H, K).
Then U can be expressed in the form

dpogyh 77 _

(U(gom)(x) = | ———2—(x) =

du x(gp x

(neL*(G/H,K),g0o € G,x € G/H),

where x : G x G/H — H is the 1-cocycle defined earlier.

To any Y € Z’, there corresponds an essentially bounded B(K)-valued function Y (-)
on G/H such that {Yn}(x) = Y(x)n(x) for all n € L>(G/H, K) [32, Theorem 7.10].
Following the notation in [32], we write ¥ = fga H Y(x)du(x) in this case. If ¥ =

)n(galx)

(?/H Y(x)du(x) € Q, then we have
52}
ag(Y) = / Y (g™ ) du(x).
G/H
Let A be the set of all Y € Q such that limg, [l (¥Y) — Y| = 0. If ¥ has the form
Y = ng Y (x) du(x), then the limit can be rewritten as limg ., ||Y(g71 =Y ()|loo =0.
LetY = féa/H Y(x)du(x) € A. Then, foreach w € B(K)x, g € G — (Y (7 (g)), w) € C
is essentially bounded. Take a strong lifting ¢ of L°°(G) that commutes with the left
translation [18]. Let Fy, = o({(Y(7(-)), w)). From the property of Y(.), it follows
that Fy, is uniformly continuous. For each g € G, there exists a unique element
Sy(g) € B(K) such that (Sy(g), o) = Fy(g) for all o € B(K).. Let P be the
von Neumann subalgebra of B(KC) generated by {Sy(e) : Y € Q}. Let Y x) := Sy(@(x))
forall x € G/H. It is then easy to check that Y (x) = Y (x) for u-almost every x € G/H.
SoY := f(?/H Y(x)dpu(x) =Y. Let go € G and Y € A. Then ag,(¥) = ag,(Y) is in A.
For any w € B(K), since the lifting p commutes with the left translation, we have

Fo(hro = 0(ag (NG, 0)) = o((F (g5 7)), @)

=o((Y(m(gy '), o) = Fy (g5 ).
This yields
Suqy(1)(8) = Sy, (7(8) = S7(85 ' 8) = Sv (85 ' 9).
In particular, ozgo(f)(x) = Sago(};)(e(x)) = Sy(go_le(x)) and Sy (go—l) = Sago(y)(e) e P.
Leth € Hand Y € A. For any £ € K and any continuous function ¢ on G/H with
compact support, we have

er  [dGuoh) T2 \
¢(m(e)) LnSy(e)L}E = [T(m))} LyY ((){U (h)* (¢ ® £)} (7 (e))

d(iw o h) BN
_ [T(n@)} LilFU 0 (9 ® £))(x(e))

= {UWYU)* (¢ ® &)} (e))
= {an(Y) (¢ ® £)}(w(e)) = p(mw(e))an(¥) (7w (e))E
= P (7(€)) Sey (1) (€)E.
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Hence we obtain Lj Sy (e)LZ = Su,(v)(e) € P. It follows that Ad Lj|p defines an action
B of H on P. From the way we constructed the action 8, it is plain to see that the induced

action of B is the original action «. O
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