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1. Introduction

In [8], D. Sarason gave an operator theory approach to classical interpolation
problems of complex function theory, Carathéodory interpolation problem and
Nevanlinna-Pick interpolation problem, in the Hardy space over the unit disk. It
shows a deep connection between operator theory and complex function theory.
Sz.-Nagy and Foiag generalized Sarason’s technique as their commutant lifting
theorem for a contraction on an abstract Hilbert space in [9] (cf. [1] and [7]). It
is one of the most useful tools in operator theory, so that one would attempt to
find a commutant lifting theorem for tuples of contractions. However, for tuples
of contractions, there are examples in which the commutant lifting theorem fails.

Clark [4] and Amar-Menini [2] gave interesting counter-examples of the com-
mutant lifting theorem in the Hardy space over the polydisk. Their examples are
tuples of compressed shifts of coordinate functions. In particular, Amar-Menini
dealt with the bidisk. The authors have been motivated to study commutant lift-
ing type theorems in the Hardy space over the bidisk by their example. Our interest
is the following question:

This research was supported by 21st Century COE Program, “Mathematics of Nonlinear Struc-
tures via Singularities”, Department of Mathematics, Hokkaido University.
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o Why does the commutant lifting theorem fail for compressed shifts in the
Hardy space over the bidisk 7

It seems to be one of the first steps toward answering the above question that we
study non-trivial cases where commutant lifting type theorems hold for compressed
shifts.

In this paper, we attempt to find non-trivial commutant lifting type theo-
rems for compressed shifts as a sequel to [5]. Section 2 introduces notions used in
this paper. In Section 3, we shall prove commutant lifting type theorems in two
variables. In Section 4, we deal with norm estimates of compressed operators. In
Section 5, a question related to commutant lifting is posed. In Sections 6 and 7, we
deal with Carathéodory type interpolation and Nevanlinna-Pick type interpolation
problems in two variables, respectively.

2. Preliminaries

Let D = {\ € C: |\| < 1}, the unit disk in the complex plane C and let T = {e*’ €
C:0 < 6 < 27}, the unit circle in C. L? = L?(T?) denotes the Hilbert space of
all square integrable functions with respect to the normalized Lebesgue measure
do on T?. For a closed subspace M of L?, Py denotes the orthogonal projection
from L? onto M. L*® = L*°(T?) denotes the commutative Banach algebra of all
essentially bounded measurable functions with respect to the measure do on TZ2.
H? = H?*(D?) will denote the Hardy space over the bidisk D? in C?, H? consists
of all analytic functions on D? satisfying the following condition:

sup //|f(7“z,rw)|2 do < +o0,
T JT

0<r<1

where z and w are the usual coordinate functions on C2. Let H?(z) (resp. H?(w))
denote the usual one-variable Hardy space over D of the variable z (resp. w) with
respect to the normalized Lebesgue measure doy (resp. dos) on T. Then it is well
known that H? = H?(z) ® H?(w), the Hilbert space tensor product of H?(z) and
H?(w). H*® = H>(D?) will denote the commutative Banach algebra consisting
of all bounded analytic functions on D? with the norm || f|loo = supy ,ep [f(X, p)]-
The Toeplitz operator T}, on H? of a bounded analytic function ¢ is the restriction
of the multiplication operator of ¢ on H?2.

Definition 2.1. A closed subspace A/ of H? is called a backward shift invariant
subspace if A is invariant under 77 and 7. For a bounded analytic function ¢,
S, denotes the compression of T, in a backward shift invariant subspace N, that
is, S, f = Pyf for any f in M. In particular, S, and S, are called compressed
shifts.

C[z, w] will denote the polynomial ring over C with variables z and w. Every
backward shift invariant subspace A has a module structure over C[z, w] by the
action defined as follows: f-h = Syh = Py fh for any f in C[z,w] and h in N.

In [5], Izuchi and the authors showed the following theorem:
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Theorem 2.1 ([5]). If a backward shift invariant subspace N satisfies the condition
[SE,Sw] =SSy — SwSE =0, then one and only one of the following occurs:

(i) N=H?oq(2)H? = (H*(2) © q1(2)H?(2)) @ H?*(w),
(i) N = H? © go(w)H? = H*(2) ® (H*(w) © q2(w)H*(w)),
(ili) N = (H2(2) © q1(2)H%(2)) ® (H*(w) © go(w) H(w)) .

where q1(z) and gz2(w) are one-variable inner functions.

In this paper, we deal mainly with operators on the tensor product Hilbert
space N obtained in Theorem 2.1, and use the notation N' = N, ® N, for short.

3. Commutant lifting type theorems for S, and S,

Let A be the weak closed commutative Banach algebra generated by S, S, and
the identity operator Ins on a backward shift invariant subspace A, and let A’
denote the commutant of A4 in the Banach algebra of all bounded linear operators
on N.

Regarding the algebra A on a backward shift invariant subspace N, we ob-
serve the following statements:

(A) A ={S, : p € H*},

(B) A=A,

(C) A= A", where A” is the double commutant of A.

First, we note that A is equal to the weak closure of the set {S, : ¢ € H>} and
the statement (B) is equivalent to the following (B’):

(B’) for any operator A in A’, there exists a sequence {¢,} in H* such that S,
converges to A in the weak operator topology.

Indeed, for any function ¢ in H®, there exists a sequence {p,} in C[z,w] such
that p, converges to ¢ in the w*-topology. Then (S,, f,g) converges to (S,f,g)
for any functions f and g in A. This implies that A is equal to the weak closure
of the set {S, : ¢ € H*}. Hence (B) is equivalent to (B’). Further, it is easy to
see that (A) = (B) = (C) and (A) is the straightforward version of the Sarason
theorem in the bidisk. However, Amar and Menini gave a counter-example of (A)
in [2].

In this section, first, we prove lemmas needed later. Next, we will prove (C)
on N =N, ® Ny, in Theorem 3.1, and we will give examples where (B) and (A)
hold in Theorems 3.2 and 3.3, respectively.

The following Lemma 3.1 is known in [3]. For the sake of reader’s convenience,
we prove this in our setting.

Lemma 3.1. If A is in A" on N = N, @ N, then there exists a function ® in N
such that A = S¢, where S¢ is the bounded operator on N defined by the following
wdentity: S f = Py®f for any f in N N H™.
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Proof . Let APy1 = ®, and let f(z) and g(w) be bounded analytic functions in
N, and N, respectively. Then we have

Af(z)g(w) = ASp)Sew)Pal
= 5125w APN1
= 515w ®
= Pnf(z)g(w)®
S f(2)g(w).
Since N'N H* is dense in N, we have A = Sg.
Note that ® may be an unbounded function in Lemma 3.1. However Sg is a
bounded operator on NV, ® N,,. We set ®,.(z,w) = ®(rz,rw) for 0 <r < 1. Then

it is known that ®,. is a bounded analytic function converging to ® as r tends to
1 in the L?-norm topology. Setting

D=D(T)={feN: sup S, f| <o},
0<r<1

a densely defined linear operator T' can be defined as follows:

Th= lim Se h

r—1-—0
in the weak topology, where h is any function in D. Trivially, S¢ is the closed

extension of 1.

Lemma 3.2. We set & = Ppyl. Then £ is a cyclic separating vector for A" on
N =N, @ Ny,. Moreover £ is a bounded analytic function.

Proof . Tt is easy to show that £ = Pyl = (1 —¢1(0)q1(2))(1 — ¢2(0)g2(w)), which
is a bounded analytic function. First, we show ¢ is a cyclic vector for A’. If there
exists a function f in A such that (S¥S! ¢, f) = 0 for any non-negative integers k
and [, then we have f = 0. Indeed, we have

(Fw', f) = (28,6, ) =0,

which implies that f = 0. Hence £ is a cyclic vector for A. Since A is contained in
A, ¢ is cyclic for A’. Further, if A¢ = 0 for an operator A in A’ then AS*S! ¢ =
SkSL A¢ = 0. Since € is cyclic for A’, we have A = 0. This completes the proof.

Let K, be the Cauchy kernel of H? at (A, ) in D% We set

1= aMa () (1 - aiew)
(1—2z2) (1 - pw)

where N' = N, @ N,,. Trivially, every &y, is a bounded analytic function. Further,
it is easy to check that {oo = § and &, , = Sk, & It follows that every £y, is a
cyclic separating vector for A’ by Lemma 3.2.

?

o =PnEKy, = (
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Lemma 3.3. Let N = N, @ Ny,. If A is in A’ such that A = S¢ for some function
@ in N, then 53,8\ u converges to A€y, as 1 tends to 1 in the L%-norm topology
for any (\, p) in D2.

Proof . First we show that A*¢y , = Py ®¢y, u- For any bounded function f in NV,
we have

(A [) = (e Af) = (s Pv@f) = /Q,,ﬂ’if do = (Px®& 0, f)-

Since N'N H* is dense in A, we have that A*¢, , = Py®¢, ,. Using this, we
obtain that

||S$T§>\7“ — Aol = ||PN5T§>\,# - PNE@\,#”
< [[@rba — Pl
< [Py = @f|f[énulloc — O

as r tends to 1. This concludes the proof.
Theorem 3.1. If N =N, @ N, then A’ is commutative, that is, A’ = A".

Proof . If A and B are any elements in A’, then it suffices to show AB = BAE
by Lemma 3.2. Then there exists a function ® in A/ such that A = S by Lemma
3.1. Further, it is easy to check that

BAC= I BSe.&= lim Se B
Hence we have
<BA§7§/\,H> - TEEO<S¢>TB§7£/\,H>
=l (BE 55, S
= (B§A G\ )
= (ABE, 6\ ),

by Lemma 3.3. Since every & ,, is the reproducing kernel of A at (A, i), we have
that AB¢ = BAE. This concludes the proof.

Theorem 3.2. If A is in A" on N = H? © q(2)H?, then there exists a family of
bounded analytic functions {¢;(z)} depending only on the variable z such that

A=Y Se,Th
3=0
in the weak operator topology.

Proof . Since A commutes with T,, A is an analytic function which takes values
in operators on N,. Therefore, we have the following expansion of A:

A:iAj T,

=0
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Let Qy. denote the orthogonal projection from N'= N, @ H?(w) onto N, ® Cuw*.
Then A = Zk,lZO QrAQ; in the weak operator topology. Further, we have
QrAQ; = Qr(Ar_; @ TFHQ, for k > I. Indeed, it is easy to check the follow-
ing:

QrAQr = Qu(A; ® T1)Q1 = Qr(Ar1 @ Ty Q.
Since S, commutes with every Qy, for any function f(z) in A,, we have the
following:

S A f (2wt = S.Qu(Ar— @ TEHQuf (2)w!
= Qu(Ap_ 1 @TEHQS. f(2)w! = Ay S, f(2)w"

It follows that S, commutes with every A; on N. Hence there exists a bounded
analytic function ¢;(z) such that A; = S .y by Thoerem 1 in [8]. This concludes
the proof.

Corollary 3.1. A=A on N' = H? © q(2)H>.

If we assume that the dimension of A is finite in Lemma 3.1, then every
element in A is a rational function. Hence it is an immediate consequence that
there exists a bounded analytic function ¢ such that A = S, when N is of finite
dimension. Then, trivially A = A’. We show further details of this fact in the next
theorem.

For X\ in D, we define two functions as follows:

bra(z) = (2 = A)/(1 = X2), ka(z) = (1—2Az)

Lemma 3.4. Let q1(z) be a finite Blaschke product, each zero \; having multiplicity
k;, that is,

-1

l

0 -1 (573) - 104

Then
(4) _ ko (... pRi-1 J . ; : o
e; (2) =k, ()60 (2) - by ()b (2) 1 0<i <1, 0<j<hk;—1
is an orthogonal basis of H?(2) © q1(2)H?(2).
Proof . Tt is easy to verify from the following:
H*(2) © qu(2)H?(2)
- {H2(z) o bk (z)H2(z)} ® {b’;g (2) <H2(z) o bk (z)Hz)}
k ;
oo ()5 @) () e i () HA ) |
Theorem 3.3. Let ¢1(z) be a finite Blaschke product having the following form:

ne =T (22) - 1o

=0
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and {ez(-j)} be the basis obtained in Lemma 3.4. Suppose that N' = H2 © q;(z) H?
or N = (H?(2) © 1(2)H?(2)) ® (H*(w) © g2(w)H?(w)) as in Theorem 2.1. Then,
A'is in A’ if and only if there exists a finite set of bounded analytic functions
{cpgj)(w)} such that A = S, where p(z,w) =}, ; egj)(z)gogj)(w).
Proof . It suffices to consider the case

N = (H*(2) © qi(2)H?(2)) ® (H*(w) & go(w) H?(w)) .
By Lemma 3.1, there is a function ® in N such that A = S. Since @ is in A/, we
have the following finite expansion of ®:

® =Y (2)8!" (w),
,J

where {¢!”} is the basis of H2(z) & q1(z) H2(z) obtained in Lemma 3.4, and every
o9 (w) is in H?(w) © go(w)H?(w). To prove our assertion, we use an induction.

First, for any bounded functions f(w) and g(w) in H?(w) © g2(w)H?(w),
ko (2)f(w) and ky,(2)g(w) are in N, and we have

(Aling (2)f (), g (2)g(w))
(Skag (2 (1), b (2)g(w))

>~ (e (@8 (whkay (2)f (w), k()9 w))

(e hrg (2. (2)) (07 (w) (), g w))

(e (2Vka (2): hng (2)) (94 () f (), g(w))
T () @), gw)).

Hence we have
e (A @) < LAl (P )]

furthermore

(67 (w) £, g(w))] < (1= o)Al ) g )l

By Theorem 1 in [8], there exists a bounded analytic function @éo), we can substi-

0 0 .
tute go(() )(w) for (bé )(w), that is, S¢E)O)(w) = Sgoﬁ,")(w)‘

Next,for0<i<m, 0<j<k;i—1(i<m)and0<j<n<k,—1(G=m),
we assume that each o)

%

(w) is a bounded analytic function. Then

/
Apn = S — E S
m,n eiJ ©,0)

is a bounded operator on N, where the sum .’ is taken only over 0 < i < m,
0<j<ki—1(i<m)and 0<j<n (i=m).
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If n < k,, — 1, then
(Amnfin, (2)1 (), T, (I (2)g(w)
= S (D)0 )k, (2)F (), b, (D (2)g(w))
= (@ (), (5 (2)) (0 (w) f (), g(w) )

- <€$+1)(Z)bm(z)akxm(«z)bz:l(z)><¢(n+1)( )F(w), g(w))

— ot ) B ) (6w (). g0))

1!
where the sum Z is taken over m < i <l,n+1<j <k, —1 (i =m) and
0<j<ki—1(i>m). Hence we have

(8540 @) £ (), 9(w))| < K| Am a0 g ()],

for some constant K,, ,,. Therefore, by Theorem 1 in [8], there exists a bounded
analytic function gp( n+1)

If n ==k, —1, then
<Am,nk)\m+1 (Z)f(?l]), k)\m+1 (Z)g(w)>
= D@0 )k, (2) (), (2)g ()
= > @ (2),Kr, (2)) <¢m< )/ (w), g<w>>

— < 0 (2 oamay (2), ka2 )> <¢m+1

- mzfigmmmbiglumm< 600 ). gw))

, we can substitute S@g:ﬁ»l)(w) for S¢$rv;+1)(w).

"
where the sum Z is taken over m+1 < i <l and 0 < j < k; — 1. Hence we
have

(851 (@) ), 9(0) )| < K all Al L) g a0)])

for some constant K7, ,,. Therefore, by Theorem 1 in [8], there exists a bounded
analytic function <p(0) 1(w), we can substitute S (o) for S (o

+ P (W) Grma (W)
p(z,w) =37, e Ej)( )‘PEJ)( ) is a bounded analytic function and Sg = S,,.

Conversely, it is easy to check that if ¢ is in H*° then S, commutes with S,
and S, .

Therefore

Corollary 3.2. If N, is of finite dimension, then A= A" on N =N, @ Ny,.
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4. Norm estimates

In this section, we deal with norm estimates of S,. To begin with, we should
recall the one-variable case, in which the following norm equality was obtained by
Sarason in Proposition 2.1 in [8]:

[1Sp) |l = lle(2) + a(z) H® (2)llos on N = H*(2) © q(2) H?(2),
where H*(z) is the Banach algebra of all bounded analytic functions with the
variable z on D, ¢(z) is in H*(z) and ¢(z) is an inner function in H*(z).
Let H; denote the Hankel operator of a bounded function f, that is, Hy =
(Ir2 — Pg2)M{| g2, where My is the multiplication operator by f on L.
The following lemma is known for the one-variable case.

Lemma 4.1. Suppose that N' = H? © qH? for an inner function q. Then
My Hg, Py = S,Py for any ¢ in H® and ||Hg,|| = ||S,||-

Proof . Since

M Hg,Pxf = q(I12 — Py2)qePynf = (Ir2 — qPp2q)pPn f
= (P2 — qPp=q)pPn f
= PnoPnf
= SePnf,
we have the first assertion. Next, we show the second one. It is easy to check that
qH? C ker Hgy, we have ||S,|| = [|S, Py || = |MyHgyp Px|| = | Hgp Pyl = || Has |-

The next lemma is elementary.

Lemma 4.2. Let X be a w*-closed subspace of L°°. Then, for any f in L, there
exists a function F in f+ X such that |Fllec < ||f + Xl = infgex ||f + 9o

Proof . We set a = || f + X||oo. For any n in N, there exists a function f, in f+ X
such that || fnlleo < a+1/n. Since || fulloo < a+ 1, {fn}nen is w*-compact in L.
Hence there exists a subsequence { f,,, }x such that f,,, converges to some function
F in the w*-topology of L as k tends to +00. Then || F||s < Iiminfren || fr,lloo <
liminfgen(a+1/n;) = a and Fisin f + X.

Let HS° (resp. HYY) denote the w*-closed subalgebra of L> generated by z,
w and W (resp. z, Z and w).

Theorem 4.1. Let g1(2) be an inner function depending only on the variable z and
let 3(f(z)) be the set of all zero points of a one-variable function f(z) in D, that
is, 3(f(2)) = {X € D : f(\) = 0}. Suppose that ¢ is in H>. Then the following
norm estimates hold:

(i) Suppose that N'= H? © q1(2)H? and let I, denote

A€3(q1)

max {iug (2, A) + @1 (2) H(2) |00, sup  lp(A, w)lloo} :
c
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Then
L < [[Sell = Nl + @1 (2) HE [l oo

(ii) Suppose that N' = (H?*(2) © q1(2)H%(2)) ® (H*(w) © g2(w)H?(w)) for an
inner function g2(w) depending only on the variable w and let Iy denote

maX{ sup [[(A w) + ga(w) H* (w)|oc, sup IIsO(Z,A)er(Z)HOO(Z)IIoo}-

A€3(q1) A€3(qz2)
Then
Iy < |8yl < [l + (a1(2) H? + q2(w)H?) N H> | .
Proof . We show the assertion of (i). By Lemma 4.1, ||S,|| = | Hgyl|- Since
| Heroll = Hm Corollary 1 in [6], we have ||S,| = qu(z)gaJrHCfH.

Hence we have the equality in (i).
Next, for any A in D, any f; and g1 in H?(2) © q1(2)H?(2),

[etennem@an| = | [ ([ ot wewnme dul) aeue d

]// (2, w) fa(2)er(w)gr (2)enw) do
(S, 1 (2)ea(w), g1 (e (w))

< [1SelllAl gl
where ey (w) = (1 — [A]?)1/2 (1 — Aw). Hence
1Sl = [1Sp¢ I = lle(2, ) + a1 (2) H= (2) ], (4.1)

for any A in D by Proposition 2.1 in [8].
Let A be in 3(g1). Then ex(2) is in H?(2) © q1(2)H?(2). For any fo and g in
H?(w), by the same calculation as the above,

\ S ey Y ERTTATPA

Hence
1Sl = 1T | = lle(X, wll. (4.2)
(4.1) and (4.2) conclude (i).
By calculations similar to those in the proof of (i), we have inequalities in

(ii).
5. (uH? + g2H*) N H® = q H*™ + q; H> ?
In this section, we study the following problem (cf. [5]):

(q1(2)H? + q2(w)H?) N H® = q1(2)H™ + qo(w)H>® ? (5.1)
Theorem 5.1. If q1(z) is a finite Blaschke product, then the equality (5.1) holds.
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Proof . Let deg(q1(#)) = k < +o0. Since
01 (2)H? + g2 (w)H? = q(2)H? & (H?(2) © qu(2) H?(2)) ® g2 (w) H? (w),

we have f = q1(2)g ® ¢2(w) Ele ®e;(2)hi(w) for any f in (q1(2)H? + g2(w)H?) N
H*>, where {e;}¥_, is an orthonormal basis of H?(z) © q;(z)H?(2), g is in H? and
every h;(w) is in H%(w). We note that every e;(2) is a bounded rational function.
Since

PR k PR
/Tfei(z) doy = / 2)g B g2 (w ;ej ei(z) doy

k
= / 1(2) gel ) do +ZQQ (Z) ei(z )>H2(Z)

= ga(w)hi(w),

we have

[hi(w)| = lgz2(w)hi(w)] = ‘/fe(Z) dor| < || flleolle:(2)]loo-

Therefore every h;(w) and g are bounded. Hence (q1(2)H? + qo(w)H?) N H® C
q1(2) H > +q2(w) H*. Trivially, (q1(2) H?+q2(w) H*)NH> 2 q1(2) H>® +q2(w) H>.
Hence (5.1) holds.

Next we give another approach to this problem. Consider two bounded linear
maps d; and 0y defined as follows:

&+ H* = H*& H? 6(f) = (—q2(w)f,q1(2)f)

8 ¢ H*©H? - qi(2)H? + g2(w)H?, 82(f,9) = a1(2)f + g2(w)g.
Then the following sequence is exact:
01

0 H? H?@ H? —2 - g(2)H? + go(w)H? —— 0.
Indeed, it is easy to check that Im §; C ker d5. We show that ker §o C Im 4.
Let (f,g) be in ker do. Then

((2)f + @2(w)g) F,G) = (0,G) = 0
for any F and G in H2. Set F' =1 and let G be an element in H* S ¢y (2)H?2. Then

(1 (2)f + g2(w)g)1, G) = (g2(w)g,G) = 0.

Hence qa2(w)g is in qi(2)H?, that is, q2(w)g = q1(2)g’ for some function ¢’ in

H?. Furthermore, g = T;Q(w)qg(w)g = T;‘Q(w)ql(z)g’ = ql(z)Tg‘?(w)g’. Setting h =

Ty () 9'> we have 0 = q1(2) f +g2(w)g = q1(2) f+ @2(w) (¢ (2)h) and f = —ga(w)h.
Thus (f,9) = (=q2(w)h, ¢1(2)h) = 61(h).

Thus, ¢ = ¢1(2)f1 + @2(w)g1 = @1(2) f2 + g2(w)gs if and only if there exists
a function h in H? such that f; — fo = —g2(w)h and g; — g2 = q1(2)h. By this
observation we have the following:
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Theorem 5.2. The equality (5.1) holds if and only if, for any function ¢ in H>
having a form ¢ = q1(2) f + q2(w)g for some functions f and g in H?, there exists
a function h in H? such that both f — qz(w)h and g+ q1(2)h are bounded.

6. A Carathéodory type interpolation problem in two variables

In this section, we consider the following interpolation problem:

e Given n + 1 analytic functions ug(2),...,u,(2) in H*(z), can one find a
function ¢ in H> whose power series begins with ug(z) + -+ + u;j(2)w’ +
<ot un(z)w™ and [|@llee <17
We set N' = H?/w" ™ H? = H?(2) ® N,. Then N can be identified with

H?(z) @ --- @ H%(2) (the direct sum of n + 1 copies of H?(z)). Assume that an
operator T on N commutes with both T, and S,,. Then

T, 0 T, 0

T = T on H*(2)®---@® H?(2).

0 T, 0 T,
Hence T;,;T, = T,T;; for T = (T;;). Then, for every T;;, there exists a function
¢ij(z) in H*(z) such that T, () = Tj;. Since T' commutes with S,,, that is, T
commutes with the truncated shift operator on N,, with respect to the orthonormal
basis {1,...,w"}, T has the following form on H?(z) @ --- @ H?(2):

e 0 o 0
T = 0T Tpr) = | 910 120 v
Tooz) Toni(z) Tona(a) Too2)/
where ¢;(z) denotes ¢jo(z), for short.
Theorem 6.1. Let ug(2),...,un(2) be given n + 1 analytic functions in H*>(z).

Then ||C(Tyuy(z)s - -+ Tu, )|l < 1 if and only if there exists a function v in Hgy
whose power series begins with ug(z)+- - -+u;(2)w? +- - -4up (2)w™ and ||[Y]| < 1.

Proof . Suppose that ug(z),...,u,(z) are n + 1 analytic functions in H>(z).
We set N = H?/(w"" H?) = H?(2) ® (H?*(w) © w"'H?(w)). Then T =
C(Tyo(2)s-- -+ Tun(2)) is a bounded linear operator on H?(z) & --- & H?(z) (the
direct sum of n copies of H?(z)). It is easy to check T' commutes with T, and S,
Setting ¢ = T - 1, we have ¢ = ug(z) + - - - + un(2)w" and we showed T' = S, in
the proof of Lemma 3.1.

If ||| <1 then ||S,| < 1. Since ||S,|| = ¢ + w™ ™ H|| by (i) in Theorem
4.1, there exists a function in ¢ in HS® such that ||¢)||cc < 1. Then the power series
of 1 begins with ug(z) + - -+ + up(2)w™.

Conversely, if there exists a function ¢ in HY such that whose power series
begins with ug(2) + -+ + up(2)w™ and Y| < 1. Then ¢ — ¢ is in W™ TH
where we set @ = ug(2) + -+ + un(2)uw™, 1S, = 9 + W HElloo < [0 <
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1 by (i) in Theorem 4.1 and S, can be identified with C(Ty, .y, ..., Tu, () on
H?(2) & --- @ H?(z). This completes the proof.

7. A Nevanlinna-Pick type interpolation problem in two variables

In this section we study the following interpolation problem:

e Let A1,..., A, be n distinct points in D and w;(w),...,u,(w) be n ana-
lytic functions in H*°(w). Then, can one find a function ¢ in H* such that
lolloe <1 and (A, w) =u;(w) for j=1,...,n7

To begin with, we prove the following lemma:

Lemma 7.1. Let A\1,..., A, be n points in D and let ¢ be a function in HS®. If
e(Aj,w) = 0 w-a.e. for every \; then ¢ is a function in q(z)HS®, where q(z) =

H;‘L:1 b>\j (Z)

Proof . For any integer [,

wi(z) == Aw(z,w)@l doa

can be extended analytically to D with respect to the variable z. Since p(\;, w) =0
w-a.e.,

or(Nj) = / wi(2)ka, (2) doy = / / o(z,w)ky, (2)w! do = / o(\j,w)@ doy = 0.
T TJT T
Hence there exists a function 1(z) in H?(z) such that ¢;(2) = q(2)1;(z). Therefore

=Y vl =3 a@i(w’ =q(x) Y i)',

IEZ lez lez
Therefore ¢ is in q(z)H2. Since ¢/q(z) is a bounded function on T?, we have the

conclusion.

Theorem 7.1. Let Aq,..., A, be n distinct points in D and ui(w),. .., u,(w) be n
functions in H®(w) such that ||uj(w)||ec <1 for j =1,...,n. Then the quadratic
form
(1 =Ty Ty Filw), £(w) )

1= X\

1<ij<n

is non-negative for any fi(w),..., fu(w) in H*(w) if and only if there exists a
function ¢ in HP satisfying ||¢|lco <1 and (Aj,w) =uj(w) forj=1,...,n.

Proof . We define an operator as follows:
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for every 0 < i < n and f(w) in H?(w). Then A is a bounded linear operator
n (H%(z) © q(2)H?(2)) ® H*(w), where q(2) = [[;_, bx,(2). Since every Ty
commutes with 7T and
SIATkN (2)f(w) = S*kx (2) J(w)f(w)
= A*Aibi( )f(w)
= A"SIky(2)f(w)
Hence A commutes with S, and T,,. By Theorem 3.3, there exists 1) in H*> such
that A =Sy, and we have ¥(\;, w) = u;(w). Indeed,
(Sykx (2)f(w), kx,(2)g(w)) = (P(z,w)k, (2) f(w),
= (kx,(A)v(A,w) fw

~ X
Re
—~
I8
~—
<
—~
S
~
~

and

(Syhr, (2)f (), by, (2)g(w)) =

~

Ak, (2)f (w), ka, (2)g(w))
kx, (2) f (w), A"k, (2)g(w))

s () (), o, ()T oy 9(w0))

kx, (2) T, (w) f (), kx, (2)g(w))
ks (Ag)uj (w) f(w), g(w))
for any f(w) and g(w) in H?(w). Hence 1 (\;, w) = u;(w). Moreover

<(I — AAY) Z kx; (2) fi(w), Z’% (z)fj(w)>

_ o ) L) (T2, s 0). T £ (0))
S

|
o~
—~

\
T~

i

1,7 0]
<@—n«ﬂ;wwmmfw»
; j(u 1 _()\z)\j J

Hence we have ||A|| < 1 if and only if the quadratic form

<(1_T“a'(w u(w)fl( )fj(w)>
Y

1<ij<n

is non-negative for any f(w),..., fo(w) in H?(w).

We suppose that ||A| < 1. Since [|A|| = [[Sy|l = | + ¢(2)HP||« by (i) in
Theorem 4.1, there exists a function ¢ in HS® such that ||¢]lec < 1 and ¢ is in
¥+ q(2)H. Then (A, w) = (A, w) = uj(w) for 1 <3 < n.
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Conversely, we suppose that there exists a function ¢ in HZ° satisfying
lelloo <1 and @(Aj, w) = uj(w) for 1 < j < n. Setting

Z 'LLl H ﬁ and q H b)\
=1 J#l
we have p(z, w) — (2, w) is an element of ¢(z)HZ° by Lemma 7.1 and 1) is in H*.
Let A be the operator S, acting on (H%(z) © q(2)H?(z)) ® H?(w). Then, by (i)
in Theorem 4.1, we have
ANl = [1Syll = l[¢ + a(2)H [loo < ll@lloc < 1.
Further, it is easy to check that

Hence the quadratic form

(1= Ty )T ) Fila0), i) )
1-&&

1<i,5<n

is non-negative for any f1(w),..., fn(w) in H?(w). This completes the proof.
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