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Fig. 1. Typical semi-rigid frames. —If the ¢corner-joints of these frames
are assumed to be rotation free, the frames become unstable,
then, we can find no way for the structural design of them.
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Fig. 10. Simplified model of nailed gusset-plate joint.
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Fig. 11. Simplified models for the determination of
the center of joint rotation.
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Fig. 13. Structural model for the semi-
rigid frame shown in Fig. 12.
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Fig. 14. Estimation of the rotational rigidity of a nailed joint.

(a) Load-slip curve of a single nail joint.
(b) Approximated moment-rotation curve of the joint.
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Notation

Mj;: Rotational moment applied to the joint
#: Rotation angle of the joint
R;: Rotational rigidity of the joint
Bending moment
Deflection
Modulus of elasticity of the frame member
Moment of inertia of the frame member
Internal work by the joint rotation
Internal work by the bending deformation of the frame members
Total internal work of the frame
Stiffness factor
Stiffness ratio
EK/R;
hi(h+f) (see Fig. 7)
Vertical reaction force
Horizontal reaction force
Shear force applied to the i-th nail
s¢: Slip of the 7-th nail
r;: Distance between the Z-th nail and the center of joint rotation

SESe v AT ST ame R

n: Number of nails
K,: Slip modulus of the nail

Support and joint are illustrated as shown in Fig. 2.

Summary

A simple analysis was presented for the deformation of wooden beams and frames with
éemi-rigid joints. General procedure of linear structural analysis was derived in Sec. I, then,
it was applied to a portal-frame with nailed gusset-plate joints in Sec. II. The analysis was
developed to non-linear analysis, subsequently, in the latter section. The basic theory which
ensures the analysis presented here is the “principle of least work (principle of virtual work)”,
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and a “stepwise linear approximation” was adopted for the non-linear analysis. Although
Egs. (1)~(116) and Figs. 1-15. may show the procedures of theoretical derivation and numerical
analysis, brief comments are given on some essential ones of them.

I. Linear analysis for elementary structural models

I.-1. Statically determinate structure -

When the structure is statically determinate, whether the support or the joint is rigid or
semi-rigid has no effect on the distribution of internal force, because the deformation of the
joint is independent of that of the frame member. Therefore, we can simply superpose the
deformations of them on each other.

The deflection of a semi-fixed cantilever beam, which bears the uniformly distributed load
as shown in Fig. 3, for example, is given by Eq. (3) and it results in Eq. (4), where the
rotational moment Mj applied to the semi-fixed support B is given as My= — Mp=WI/2, and
in the similar way, M;= —M3z=L

Another example of statically determinate structure is a simple beam with a semi-rigid
joint as shown in Fig. 4. The rotational moments My and Mj are given by Egs. (7) and (8)
and the midspan deflection is obtained as Eq. (9).

I.-2. Statically indeterminate structure

When the frame is statically indeterminate, however, the procedure of the calculation
becomes somewhat complicated. In the statically indeterminate structure, the distribution of
internal force among the frame members is not independent of the rotational properties of the
joints, but is affected directly by them. Therefore, the determination of force distribution
must precede to the calculation of the deflection.

The first example of the statically indeterminate structure is a beam with semi-fixed ends
as shown in Fig. 5. (a). We can describe provisionally the bending moment diagram of this
beam as shown in Fig. 5. (b), although it has two unknown moment values My and Ms.
Then, the rotational moments applied to the supports A and B, and the bending moment
applied to the beam member are given by Egs. (10)~(12), respectively, therefore, the internal
work of this beam can be calculated by Egs. (13)~(16). The principle of least work provides
simulutaneous equations (17) and (18) for the determination of unknown quantities M4 and Msp,
and they are obtained as Eqs. (21)~(22) (or (25)~(28)). The bending moment diagram for the
unit concentrated load applied at the midspan is described as Fig. 5.c), and the unknown
moment values M, and Mp are determined by Egs. (29)~(30), in the same way as mentioned
above. The midspan deflection of this beam results in Eq. (31).

The deformation of a portal-frame as shown in Fig. 6 is solved similarly, as expressed in
Egs. (34)~(45).

The bending moment distribution of the statically indeterminate frame can be determined
in another way. Considering a two-hinged roof-frame with a semi-rigid joint at its top as
shown in Fig. 7.(a), and if we assume a redundant moment Mg at the joint C, this semi-
rigid frame is replaced with the three-hinged statically determinate frame which bears both the
uniformly distributed load W and the redundant moment Mg Then, the bending moment
diagram of this frame is given by Figs. 7.(b) and (c), and the figures provide the rotation
angle 0, at C as Eq. (46). On the other hand, the rotation angle #’; of the semi-rigid joint C
is given by Eq. (47). If the frame deforms continuously at C, Eq. (48) must be satisfied, and
it gives the unknown redundant moment M, as Eq. (49). For the same problem, we can
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assume another redundant force. If we adopt the horizontal reaction force H; at the support E
as the redundant force, the frame is replaced with the statically determinate frame as shown
in Figs. 7.(e) and (f), and the bending moment distribution is determined by Egs. (50)~(55).

The deflection of a continuous beam with a semi-rigid joint as shown in Fig. 8.(a) is
obtained similarly as presented by Egs. (56)~(62), assuming the vertical reaction forces V3 and
Ve at the supports B and C as the redundant forces. Another solution of this problem is
obtained by considering the single-span beam element which is applied the unknown moments
M, and M., at its both ends as shown in Fig. 9. When we consider the left side of the
support S;,1, the slope 8,1 at this support is given by Eq. (64). The slope 8y, at this support,
on the other hand, is given by Eq. (65), when we consider the right side of the same support.
The latter slope naturally is equal to the former one, and then, the “equation of three mo-
ments” is obtained as Eq. (67). Applying this equation to the continuous beam shown in Fig.
8(a), unknown bending moments at the supports are obtained as Eq. (71) and (72).

II. Application to the wooden portal-frame with nailed gusset-plate joints
II.-1. Rotational rigidity of the joint

General expression of the rotational rigidity of the nailed joint is derived as Eqgs. (73)~(77)
(see Fig. 10.), and it results in Eq. (78) where Ky is the slip modulus of the nailt1%®,

To calculate the rotational rigidity by Eq. (78), the center of joint rotation must be known.
The most simple expressions for the equilibrium conditions at the joint are Eqgs. (83), (84) and
(73), where axial force and shear force are neglected, and these assumptions give the center
of joint rotation as Egs. (85) and (86), or as Egs. (87) and (88) (see Fig. 11.(a)).

If the axial force and the shear force also are considered, the equilibrium conditions
become Eqgs. (83), (89) and (73), where the axial force and the shear force are combined into
one force W and the y-axis is set to coincide the direction of W (see Fig. 11(b)). These
equations result in Egs. (86), (90) and (91), and if the relationship between W and Mj can be
defined, the center of rotation is determined by them. When the frame is statically deter-
minate, the relationship between those two forces is given easily. For example, if M; is
expressed as Eq. (93), the center of rotation is given by Eqgs, (86) and (94). When the frame
is statically indeterminate, however, the center of rotation can not be determined definitely.
Because the magnitude of the rotational moment M; applied to the semi-rigid joint is domi-
nated by the rotational rigidity of that joint, and the rotational rigidity can not be calculated
without the preliminary determination of the center of rotation. In this case, therefore, some
numerical analysis is required to determine the center of rotation.

II.-2. Deformation analysis of the wooden portal-frame with nailed gusset-plate corner-
joints

The calculation method presented in Sec. I. is applied to the portal-frame as shown in
Fig. 12. The corner-joint shown in Fig. 12.(b) has two centers of rotation C; and C,, then
the simplified model of this frame may be presented as Fig. 13.(a), and the bending moment
distribution is given by Figs. 13.(b) and (c) and they are combined into one diagram Fig. 13.(d).
The rotational moments applied to C; and C, are given by Egs. (96) and (97). If we neglect
the energy contribution of the deformation of the gusset-plate, the internal work of this portal-
frame is calculated by Eqgs. (102), (105) and (106), and the unknown bending moment at the
shoulder of the frame is obtained as Eq. (107).

The linear analysis presented above can be developed to the nonlinear numerical analysis
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with no particular difficulty, if we adopt some simple assumptions. When we assume that the
center of joint rotation remains at its initial position through the consecutive deformation of
the frame, and that the slip of each nail is directly proportional to the rotation angle of the
joint as shown in Eq. (75), the rotational rigidity is calculated easily, considering the internal
work stored in the joint resulting from the slip of each nail®. If the load-slip relationship of
a nail is given as Fig. 14.(z), the increment of the work of i-th nail 4Uy;, which is caused by
the increment of the joint rotation 46, is approximated as Eq. (110), and the increment of the
total work of the joint 4U,; is given by Eq. (111). The increment 4Uy;, on the other hand,
can also be expressed as Eq. (112), when the moment-rotation relationship of the joint is
considered as shown in Fig. 14.(b). Then, the relationship (113) is obtained from these equa-
tions, and the moment-rotation curve of the joint is approximated by successive segments of
lines as shown in Fig. 14.(b), where the rotational rigidity is calculated from each segment as
given in Eq. (114). The nonlinear deformation of the frame can be analized stepwisely, using °
the linear equations and the approximated moment-rotation relationship of each joint.



