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Construction of the Mathematical Model of the Lower Trophic
Levels of the Marine Ecosystem and Its Stability Analysis*

Masaaki Suzukr,** Azuma Ovcmr*** and Jiro Furvoka**

Abstract

Recently O’Brien, Wroblewski, Walsh, Steele and Di-Tro have constructed
the simulation model of the flow of the biologically limiting nutrient through the
lower trophic levels of a marine ecosystem. At first, we discussed the differences
of these model kinetics (structure, formulation) and constructed a simplified
model (MODEL I, MODEL II). And then, we performed the stability analysis
of the critical points in the system to understand the basic dynamic behavior.

Concerning the results we offer our conclusions:

If the system is conservative with respect to the total limiting nutrient,

(1) If the growth rate of phytoplankton is always negative, phytoplankton and
zooplankton both vanish.

(2) If the growth rate of zooplankton is always negative, zooplankton vanishes
and phytoplankton tends to a constant value Py.

(3) Without the P<Z region, if the growth rates of phytoplankton and
zooplankton are positive, phytoplankton and zooplankton both approach,
respectively, constant values, oscillatoly or non-ocsillatoly.

(4) These characteristics(1)—(3) are independent of the differences of the model
formulation and structure.
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EFNLORE

B, VEEERADEIEREMTII 3 WEBEE S VI O'Brien)?, Wroblewski®), Walsh®®,
Steele®, Di-Tro™® 5 X HIFHCEFEIR, LI BEREY . L —-FL TS, LML,
IhbDEFNVRIE RITELUTOMEND S,

() =F10fE &Mk 522 —EBREL2 (H1, £1),

Table 1. Formulations of the model constructed by O’Brien, Wroblewski, Walsh, Steele and

Di-Tro.
Bacterial
MODEL Nutrient chﬂzzfilva:]ﬁg: Zooplankton Zooplankton decom-
uptake (Bl) B grazing (B3) excretion (B4, B5) | position
O’Brien VN D,-P B, (1-eP)Z I'R,(1—e*P)z2 DD
(1973) | K,+N +D;2
O’Brien VmN DP'P R,,,(l—e')‘P)Z I'Rm(l-—e""P)Zs
(1976) | K +N '
Wroblewski * D,.P Ru(l—eP-Fon)Z { I 4eMP-Py) D;D
(1977) 1‘+A(e“P-Po’—l)}
+D,z
Walsh VN P By(P—Py) r B (P—Py)
(1975 | 'K, +N Ky+(P—Po) Ky +(P—Py)
Steele VoV p R, (P-Py) 7 R, (P~P,)
(1974) K,+N Ko+(P—Py) K,+(P—Py)
+D,Z
DiTro |V,-fI,T).-N ,| (FZ-Dy)P | B,PZ R,P DD
—m L P r{p- z
(1973) K, +N { K,+P}
+D;-Z
e-¥NH,
*V £(1,T) [LOS__ __Z_V_]?_‘_]
K, +NO, K,+NH,

(2 VWTFNDOEFVE Y iv—v v 2ABHELEZAOT, BIMNEY Po—5 27303
ITERET Y5,
Bexid, BREEXr —ud, BH~FH, 10°~10'm DVHW3 mesoscale TD & X7 L DEE
Rt L b b U SEtatE (REts Rt IRE%) RER¥HH, LEOeFVvEREI
L, Tra7 e VR BT 3 X581,

EFLOEE
RBEREUTERE N), TS50 P), S5 202 (D), Y 22 (D) %,
biological process & U CiIREHD uptake(Bl), #H TS5 2 b+ @ collective loss (B2), g7 5
Y2 o DFER BI), B8BTS0 s O (B4, BE), N2 F V7T L B MR (B6) RREL
170
FEIRD i¥EHAER L Lotka-Volterra ROZER %, feedback-loop DEE M I L 1, ULk
L#ESRD % 7 )0 T feedback-loop DR H W D 5L —HU TR 5T, RABRESEERR L b
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Fig. 2. Model kinetics of simplified model. B1-B6 represent as follows:
Bl Nutrient uptake by phytoplankton, B2 Collective loss from phytoplankton,
B3 Zooplankton grazing, B4 Zooplankton excretion, B5 Zooplankton standard
excretion, B6 Bacterial decomposition.

bhiznigsd MODEL 1) »RefiE@h% s & £ 584 (MODEL II-A,B,C,D) A TA12 (M2),

' & {t

ERAITH 2y, Bxid

(1) SR 06 KRS ORZEMESIIERT S,

(2) biological process (B1-B6) #DIELIOMHER T 31717 —FI W3,

U, (1) RBL Tt

Fig. 1. Model kinetics: (A) Steele (1974), (B) O’Brien (1976), (C) Di-Tro (1971), (D)
Wroblewski (1977), (E) O’Brien (1973), (F) Walsh (1975), (G) Di-Tro (1975) and B1-B9
represent as follows: Bl Nutrient uptake by phytoplankton, B2 Collective losses from
phytoplankton, B3 Zooplankton grazing, B4 Zooplankton excretion, B5 Zooplankton

standard excretion, B6 Bacterial decompositon, B7 Fish predation, B8 Fish excretion,
B9 Oxidation.
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(B XREL T ZHARIE mesoscale T, BESHEROEENT /3 E:Bbhs,

(b) FxIAEPHEERCE Y IEINZIRGHEKCHEE 2R T 3,
DR 5, SREROEE P E/REL 12, 2) CBUTE, kD= ¥ % K35 & phytoplankton
dynamics DA PFEHIGILIL 128 DL 3D, Ioli—D2DEFEDRLEEED A % Eif T system 2
BORENH LS 5D T2t 2L 5 Steelel® 2RIHL T2 L 5REMW TS5 & b 2B 3
sink ¥ source & UTEH LI DT <, “animal” L UTHRBTACLELBEETHL LB,

BEBERMEUTOL ST 512, ZES AF~RONWTRE22BHEINTIIL,

Table 2. Definition of symbols and scaling relationships.

Dimensi‘ona,l Definition Scaling Nondimel}sional
quantity factor quantity
N Limiting nutrient N|N, N*

P Phytoplankton P|N, pP*
Z Zooplankton Z|N; zZ*
D Detritus DJN, D*
t Time tV ., t*
R, Zooplankton maximum grazing rate R,V B
K, Phytoplankton Michaelis constant K|N, @
K, Zooplankton Michaelis constant KN, a,
D, Phytoplankton collective loss rate Dy|V Wy
D, Zooplankton standard excretion rate | D,[/V,, Py
D, Bacterial decomposition rate DV, P
r Zooplankton excretion * y
4 Zooplankton excretion rate at P, 4V, b
A Zooplankton excretion coefficient AN, A¥
Vo Phytoplankton maximum uptake rate
N, Total amount of biological limiting

nutrient in the system

* CASE1 y=T
CASE 2 y=TIN,
CASE 3 y=T/V,

(1) ZREEIED uptake (Bl)
Maximum uptake rate Vo %7K, JeDBEEE Lize Fv b B 553, EHARICIX Michaelis-Menten
ORTHEEIN S,
: VN
R AN

(2) #H7 5> D collective loss (B2)
BTS2 VoV S L s b DBAR IS TWITE T e X, TubL, DpP
3) Eh774b0fA (BI) ’
Steele!® it grazing rate G{(P) DEEZ T & »
R, (P—Py) /8 Py P<Py+3s

(A) G(P) =

R, Pz=Py+5
(B) G(P) = Ry(1—MP-Fy))
© G(P) =—mF=lo)

Kyt (P—Py)
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DY 2RLIZ, UL, Wb GP) BEH 75> & b2 OBINIC & b 20fiL, BRI
FCThH5, BREABHTUL T (C) 2RV 1z, 5% threshold concentration Po it E 3L T
B PPy LIz h BRI,
(0) BT b0
Steele™® i kL, BT 52 2 b OPEIX grazing (TR process (B5) & grazing iCfH5
T 5 process(B4) 5B, B4 DeZ EREBILIC, BARDOWTHERDE SV Rl (1)
ToHE, HiltR F(P,2) & '
(A) I'G(P) = _Enf_
K4 P

CASE 1 (Steele, Walsh)

R,PZ

CASE 2 (O’Brien)
K, 1P

(B) I'G(P)Z=T

(C) _Lgd’_ CASE 3 (Wroblewski)
I+ 4(eP—1)
DO=ZFYWBD 5, (A) & grazing G(P)Z O—ER (1) 2k, (B) i3 grazing G (P)Z ORI &
b S B, (C) BHEHT S 2 b BEREDE MiEEERIZENY, EHSIL 2 0
e § TuPESRIEIL, Y THHET 2, R4 A), B), () OZBHIR D THRNL
72e
6 NITFVTICLBHRE (B6)
FrIERDONIF Y FTIREBHMERT VY 2 2BRIHTHEL, DgD kUi, B3,
RFEHRF R~V Vo &, Total Limiting Nutrient Ny THER 2EXRTILLY (#2),

NT A —(EDHRE

System 2R TS/87 2 F—~id a1, @z, 8, Y, Y1, Yo, Y3, 5, ADIDTH B, LNDODIS X &~
Dffitd, CUEA (Coastal Upwelling Ecosystem Analysis) /2 & THMSMICHIEIN, B3I HHHE
DY 5T a1z, F&xix O'Brien, Wroblewski D%5 X & —fEXBER L TUFDO L 5 IKERBEL 2,

4 HEMT 5> 7 D Michaelis EEIRIEE {BEIN TR, 102~10"1 O range :IEEIN
% (O’Brien)

Briz e 17002 0,05 0.1, 0.2, 0.5 D5i@b 2HEL .

a BT S5 Y oD grazing rate i35 F HPREBINTHINH

Q) #7522 O tumn over time Z—FHREH S 2 b L h BB,

(2) #EkEDEFNVTHWS NI Ivlev constant X 1~5
D2REXb, @ &1L TO.05 0.1, 0.2, 0.5 1.OD55EH PERELUI,

B B i Maximum grazing rate LfE# 7 5 > & b D maximum uptake rate O ratio G, 0<g
<12 r#Eans (OBrien), B &L TEXI2 0.3, 0.5 0.7, 1.0, 1.2 D5EH 2/EL 120

y CASE1 T FR{LHRI2 60% BELHEREIN, 72 L T0.2, 0.3, 0,35 0.4, 0.5D55@b %
CASE2 T, Bia7 5> 27 b ORBEBR LY 1-7:2>0 OF&fp#Ehbh, v LLTLO, 2,0,
3.0, 4.0, 5.0 D55 b 2EEL 72, CASE 3 Tiz Wroblewski DE% W 7=0.358 & L1z,

b, TEHT T 2 b D collective loss rate, B F 5> 2 b2 D standard excretion rate i3®
FHHEFEIN TN, UL

(1) #EFs5r2vy, 8752 2 b ® daily product D% ~%+9% TH 3,

(2) e-folding time scale i V™l DX~ —Th 3,
D2/EH Uy, ¥ £1LT 0,03 0.05 0.07, 0,10, 0.15 D55 b 2 F/EL 77,
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g5 FRYSFRBEEAORA~F~THRI2FYV7RIOHMEINBLEL, Y321 TO0.1, 0.2, 0.3,
0.4, 0.5D5FH ZREL %,

8, A Wroblewski & RILEZBUTZ, $72bb §=0.01, A=4.5 & L1z,

LB ORIEMETIZ, TN6D/5 22 —DEERIROVTHT 1%,

BB ETORENE

MODEL 1, MODEL II i3 8B CHATAICIRL C L REAEETH 5, L L system BEERETH
& Ak, RBFEXPTHESAOIDY THRENTZCEN TR,

Tkeda!) iZ Di-Tro? D E® F NV 2MFL

(1) TS5 s O BMBERBATHIE, HBHFS50 200, BHFF02 bt b TR

T3,
2 7SSy b0 HEBBATHIIUE, BTS2 FORERL, BT RR
—EECHELEET 5,
(3) WHTS5or ey, §TS5L 0 b ORFERY EO L MMREEN, JEREMIC—EHEICH
EL, BETH S,
LOSEEREATINE, Ll Di-Tro DEFAMCREHT S 2 b ORERE
rzZ+D,
g7 5L s b DEGER Y
R,P
K, +P

LUTEY, BoEFNVE L~ Zooplankton dynamics DERILIIKE (R - T 3, RARETF
LR, BERMLDERL BFAOVTRNLI,
MODEL I, MODEL II ODRIEBHFBR %2 — KW TH DT L
dx,-

at =Fi(x1lle "'rxn) (i= 132) -“,ﬂ) (3'1)
LTRSS z0,s DEDH T
X = %o, ;+0%; (3-2)
LT (3-1) KD dz; iDOWTO—KIEL % & hid
d m
Fa i>2=!1f 9% (3-3)
2L, fij =25 | (f2hE m) (3-4)

;| \i=l.2,m

BRI NITROZEREE (3 3) ROfFEHFER
det(A—Al) =0 (3-5)

OEAE () ODESETAOEAMLLHMI NG, 12170 AR £ OFFAL 1IBMTHICH 5,

MODEL 1

MODEL I Tit, $%it Zooplankton dynamics DESAL ($Mr~ 5 >~ 2 b Ot ERL) ©
ZERCEHUVUATORT 21T - 12,
Euoelb s hioRehERiR
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aN NP
W T ad N + P+ F (P, Z2)Z4+4,Z (4-1)
P (N pz
T =leaw - FlP (-2
iz _{ BP :
=< {___02+P ~F(P,2) _%} z (4-3)
(4-1) ~(4-3) X b
N+P+Z =1 (4-4)
Lz, N=1-P-Z % {4-2) R~RAT 3 LREBHFERR
P ( 1-P-Z BZ
—dT"{ atl-P-z "~ az+p}P (4-5)
4z _ 1 BP - -
a - { a,+P E(P,2) %} z @6
L3, (4-5), (4-6) & b EHERIT
0,0
(P, Z) = 1(P0o, 0)
(Pﬂr Zo)

O3FHYBDHY, ZRFNOFHELOVTHERRZRBLL, UTORT 2T -1,
(i) (P,2)=(0,0) DS
BIAE Ay 20 1
—thyeennn CASE 1, 2
Al=: 7\2::“——"
e (Bt Py) e CASE 3 @ +1
Eeb, m<0, ait (P,2)=(0,0) COMBT I 7 b OHEFERITIL 5T 3,
IhEkh, W5 s b OEMERBEDE 3, WSS o by, BTSS b BIC
T HEPH B,

) (P, 2)=(P,,0) g4
Al CASEL 2, 3 WIhOBES

~y, CASE1, 2, 3

@, Py
MN=———T 2 0
* (I“““l—‘ o)s
az i
(1-9) fff]", ~ 1, CASE 1
2 0
A= aﬂf;) — CASE 2
2 /]
pPy vt CASE 3
@ t+Py  pta(e?—1)

E5B, UL A idnhd (PZ) =(Po,0) TOBMIT S o b OHMFERRZ 5 T3,
CREOVEMT 5L o b ORERHBADE 2, BHT S0 FURERL, BRI o b
127 Py HHHES 5 b8 5,

— 223 —



& k& 2 & # 30(3). 1979,

(il)) (P,2)=(Py,Z,) DA
R

ay1—A @
11 12
=0

@21 Ao —A
L b TR I EAEIIR S &8, KEMI 5B DI 2 2 ~DER T DV TEFGEZRD
z (R3),

HERBRO—PI%E3 (CASEZ : ¥, i 0,05, D /¢ # & —(ERHIE TRL 2T TOMEE)

WRU T, EHESRUTOIEORMEINS,

(A) R,(A)>0 TREE

(B) R, (?\) <0, Im (7\) <0 fﬁ (%ﬁbﬂ(})

©) R.() <0, In(W) >0 Z&E (B8

121U, Re) BREREOEEI, Ln 2 EEH

35K (A)~(C) DEIFIZ, UTOL S EHSISNI,

(A) SBEVEBRETHY 7 5 v 2 b BMEBRE ((Pn,Zd =(0,0 Oi<) OFHR, ik
Zo> Py OEBRIZARE T D b0 TDLES72 PoZo 1 e, BI/PIL, en>ar DE XS
{RHNT,

(B) HEEMBHEBL, Po>Z, T3 EHEAELY 5 2 3 &, BB GHeEN) HEELIIM
RBUEETH 5,

(C) P=Z T, ULdbEEESHEL TOZWEERTIER, BilezE5EA603 LIREIL 25,
b & OFHERITHRET 5,

7235, CASE 2 T ¥» 2MhDE% A 12 4, EILDORZ 256E (CASE 2, CASE 3) Th Fiko

BRI R LN,

Table 3. Elements of matrix, which are truncaled after the first order terms to linear
apporoximation of MODEL 1I.

CABE 1 ot an A3z
@ @ B,
— i S, S it M l—y)——2_2Z
CASE 1 { (0‘1+;Z—‘Po—zo)z {(ﬂ1+;"'Po—Zo)-2 (=7 (@2 +Py)? ’ 0
0 P P
(“2+Po)2} ’ +¢2+Po} °
) e e,
_— SN (. S— 1-yZ, —Z PP,z
S { (a1 +1—Py—Z,)? {(6‘514‘]-—1’)0—20)2 (1=Z0) (@0 +Po)? ’ —ya—‘—’ﬁ)
CASE 2
ﬂzo }Po + ﬁ }PO
(@ + Po)? ay+P,
{_ 2! _ { @ B
(@1-+1—Py—Z,)* (o +1—Py—Zy)* (@a+P,)*
ﬂ 0 }PO + ﬂ }PO 76( ;,)e S ] o
(@2 +Py)? @+ P, {7+5(e*P—1)%)
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Fig. 3. Sorting of equilbirium points of MODEL I, CASE 1.
@ : unstable point, O: stable point (node), A: stable point (spiral)

MODEL II

MODEL II Tit, BiBNDOZE, KI* feedback loop ORIV D E R EHLUUTOMEIT2
T o1z ERTALINIDREBFERIR

N.
= P FhPHRD (A)
o | D ®)
at T NP (5-1)
et N TWPHWDHFP,2)-Z (C)
- Tf&_};v +Y3D+F(P,2)-Z (D)
a_| Nz _
; ~{.,1+N O (&), B). ©, @) (5-2)
2= [ Rz (A), B), €, ©  (6-8)
2
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F(P,Z)Z+Y,Z—,D (A)
dD _|F(P, 2)Z+4,Z+1,P— D (B) 50
dt Yo Z — 5D ©)
Y P+ Z - D (D)
ZZT (B-1)~0G-49 R+ b
N4+P+Z4D =1
t72%, D=1-N—-P-Z % (5-1) I~KAT3 &
— o WP+ (1-P-Z-N) A
NP
N ~ atP + ¥3(1-P—Z—N) (B)
o= (5-5)
NP
— N PWPHF(R D) ZH(1-P=Z-N)  (C)
i A PR D ZH(1-P=Z-N) )
Lz, REEFERRZ 5-5), (6-2), (6-3), OD3IRXELH, ThIbEHEE2RDSE
(1,0,0)
(N, P, Z) = 1 (Ny, Py, 0) (5-6)
(No, Po: ZO)
D3@EHMHH, MODEL I [Fikk, ZhFhOEEAOTD h CRIEBHFBR2HREULL LEt 2 R
L7,
ri‘L, F(P,2) 13
BPZ
Z) = .
F(P, Z) yag+P (5-7)
EUT,
(i) (MP,Z)=(1,0,0) DS
EAf#it MODEL II-A,B,C, D W' 3
A= —45<0
1
Ay = P Y. (5-8)
Ay = —¢,<0

Table 4. Elements of matrix, which are truncated after the

MODEL ass o o
MODEL IL-A - M‘::_I;;_m -4 |- mli’ o ¢
MODEL II-B - (;:Lng,,)a v |- a,if R "
MODEL II-C - (aferI)JOT)** v |- alzﬁv‘. v @i‘:f_“% oty | 2y ‘%;_1 4
MODEL II-D - @;1-—?55 —v |- aﬁ' oy (:::ga v 2y % s,
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E72D A as BEICA, 2:<0 DR, TLHOLEHTS > 2 o OHMBERPADE X3EY TSI v
by, BITS L o oLERERT S,

(ii) (N9P9Z)=(N0’Po,0) OF 37

Bt H R
@ —A G2 Gy
[2%% —A Gy =0 (5-9)
0 0 Agg—A
Zhiy
(A—a33) (A2 —ay A —ay5a5) = O (5-10)
Eizh (5-10) RO 2EFEHDFERD g(A) = A2—a;A—aq08s,
N TABE ann, —azan 2ZNF
—__mPy -
= g O G-
N, @, Py
(ot ¥s) iy >0 (A), (D)
— G1385, = N, P (5-12)
@470 0
(o ~0+h) e >0 @1
(5-11), (5-12) KLY gV OEEWIETH S5 L PHE 3,
As ROTHhOBES
P,
Ay = Qg3 = ﬁf‘i‘;)o — Yy ’ (5-13)

Lgh, ThIbLEmTS50 7 P OHMERBADE 33, 75 7 bURTEHL, R HE
WSSy il —EIECEET S 2B,

(i) (N, P,Z)=(N,, P, Z,) DB&

MEHERIZ
Gy —A Gy, @13
ag, Gga—A Gy =0 (5-14)
0 Gsa Gg3—A
Zhid
g (\) = A3+C A2 +CA+-Cy (5-15)
first order terms to a linear apporoximation of MODEL II.
2% Oz I Qg 31 O3 O3g
Py f}PoZo _ BP, 0 (1—9Zy) fasZ, ﬂP.,Zo
(@1 +No)? ('-"’2'*’1')0)2 @+ P, (st Py)? ¢2+Po
aPy - BPyZ, _ BP, 0 (l—-yZ ) BasZ, ﬂPoZo
(@1 +No)? (@ +Py)? ay+ Py * (@a+Po)? “2+Po
¢1Po ﬂPOZO _ ﬂPO 0 (1—pzZ,) 220 BanZy ﬁPoZo
(@ + ) (@3+Py) ay+ Py (2 +Py)? ¢2+Po
Py - BPZ, _ 8P, 0 (1—vZy) BasZ, ﬁPoZo
(o +No)? (@24 Po)? s+ P, " {aa+P,)? az2+P‘,
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1z1Zu,
Cy = — (8134 85+ ag3)
Co = @y1825 + 09053+ 833811 — y3lian — G100,
Cs = —n 833015+ Aayaatyy + 313821353~ B13825853
* an~ass itk 4 RT,
2 AT EAEERD 3 C LI T Y, BEMICRD Iz,
TEARDTO 438 CHES NS (H4),

Fo (A) R.(x)>0 .
(B) R, (W) <0, In(\)<0 %5E (FEiRBHIY)
. (€)1 RsW) <0, Im(\) >0 £E (IREHY)
4 , (D) RW=0, Im(W)>0 Y iyt v 4
7540 Z b
ﬁf%;A@ . S 51T (A)~ (D) OFEE UTO X5 ek
?D%::A: o, BTN,
LS4 % e L (A) #7527 b RIERET, Zo>Po
R OFERATRIETS 5.
AR T 1Y (B) HBIIIKEIBL, Po>Zo Th A
S 3, BEALIID S &HEHE (GHRBI)
S b & DPHATHET 5,
(C) K, WWToo2vy, S5
PPN BEYL 5 R ULTWBE
o ERIFILSMD S &, FECL LD
N _ L ‘ R HEET 3,
Fig. 1&0 ])S]:])guIlIg_ ];f equilbirium points of D) BTS2 FUDEBRET, YR
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