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The Research Institute for Catalysis, Hokkaido Imperial University Sapporo, Hokkaido.

Regeived 156 Mareh, 1945.

INTRODUCTION

The present paper is concerned with a method of treating eguilibrium
and chemical reaction by introduecing a set of conjugated statistical
mechantcal functions defined respectively as the factor of multiplication
of the Zustandsumme caused by increasing a certain constituent of the
assembly of interest or by imposing a microscopic constraint upon the
elementary state of the constituent.

. Okamoto, Horiuti and Hirota® have previously introdured the fune-
tions 2° and qi of this sort in their statistical mechanieal treatment of
the hydrogen electrode process. Among these p® is related, as shown
later, to the chemical potential pf, as that,

p* = —RT log p’

which was originally introduced by Gibbs® in terms of eclassical grand
canonical ensemble, whereas p® is defined here, according to Gibbs’ ter-
minology, in terms of petit canonical ensemble. The function is introduced
in ‘the latter way independently by Kirkwood® and aspplied to the stati-
stical mechanics of the condensed fluid in equilibrium. The funection
qj has, on the other hand, no corresponding thermodynamical quantity.

In the present paper we are going to introduce, in extention of the

il

(1) Okamioto, Horiuti and Hirota; Se. Pap. 1.P.C.R. Tokio, 29 (1936), 228. -

(2) Gibbs; Collected Works, 2, Part 1, “ Elementary Principles in Statistical Mecha-
nics.”’ Longmans, (1928). .

(8) Kirkwood ; J. Chem. Phys, 3 (1935), 800. **Statistical Mechanies of Fluid Mixture.”’
Chem. Rev. 19 (1936), 2756. ‘‘Statistical Mechanics of Liquid Solutions.”
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theory of p° and ¢, a complete set of four conjugated functions: and
give several examples of application of the equilibrium and chernieal
reaction:

CHAPTER 1
DEFINITIONS AND APPROXIMATIONS

§1. The Assembly and Parameters.

Our object of treatment will be a macroscopic assembly composed of
molecules of several kinds, whose set of quantum mechanical Eigenwerts
being fixed by several independent parameters. The parameters may be
the volume confining the total extension of the assembly, the electro-
statical or magnetic field within which the whole assembly is situated.
These parameters which are quantities accesible to the direct macroscopic
measurements will specially be termed external ones in distinction from
internal parameters later referred to, which, being inaccesible to direct
macroscopic measurements, restrict microscopic states of individual mole-
cules. The macroscopic assembly will be denoted by C in general.

The assembly will be termed in statistical equilibrium when its
properties are derivable from the appropriate petit quantum canonical
ensemble. The Zustandsumme (abbreviated Zs hereafter) appropriate to
any equilibrium state of ¢ is expressed by

~

_En )
QC=Ne *1 (1.1)

where k is Boltzmann’s constant and E, the n-th Eigenwert.

The molecule in the above sensz may consist in any eleinentary
particle or any group of elementary particles bound closely together,
however, not being necessarily dynamiecally isolated from the environment.
By molecule will thus be meant hereafter not only gaseous molecule in
its original sense, but also such an elementary particle or a group of .
elementary particles in a liquid phase under the strong influence of
surrounding ones or even such one bound chemically on the suiface of

a solid.

§.2. Four Conjugated Functions, p°, q°, 84s ond ) .
We define %° by,
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p = 2 @1
=00 )
where QG is Zs of our assembly C free, in particular, from any micro-
scopic constraints, and QC¢ that of C§, which is C augmented by a
molecule or a set of molecules § with fixed external parameters.
The function ¢? is defined by,

5
P = QCas).

5 2.2)
° Q (Ja(O)

where QC5n or OC, is Zs of the assembly Ci; or Coq respectively
subject to the microscopic constraint, i.e. a particular elementary state o
for a single piece of molecule § or a set o of states each for individual
piece of a set 8 of molecules is occupied by § or vacant. The elementary
state ¢ or the individual state of the set ¢ may be a small eavity of
molecular dimension confining the centre of gravity of a molecule or a
certain quantum state for the energy or the momentum of the latter.

We define further two queantities in terms of the Zs’s appedred in
Egs. (2.1) and (2.2) as that,

3
QQR(}E{

8,5y == ‘7QC'5 2.3)
and that,
0C ’
Bo) = 20O 2.4
© 20, @4)

B.s) or 8, has thus the physical meaning of the respective Drobability
that o is occupied or evacuated by 8. ’

§ 3. Extension of the Definilions.

The above defined functions may also be termed the respective factors
of multiplication of Zs caused by the appropriate operations; p°® is thus
the factor due to the operation of adding & to the assembly Cp with
unconstrained internal parameters bringing about thereby an assembly
C: of the same description but with one more constituent molecule §,
¢’ that of bringing one additional § up into vacant ¢ of C,q and 8, or
#.0, that of imposing the constraint upon the unconstrained assembly

— 10 ~
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C; or Cy that a specified state o is respectively occupied by 8 or evacuated
with eertainty.

With this interpretation above definitions may be expressed in the
forms, '

log p* = 4,5 log QCo @B
log ¢° = 4, o) log QCoe) | ' (3.2)
. 10g 8oy = do,0i l0g QG5 (3.3)
log 8oy = ooy log Q0 (3.4)
or summerized as that, |
log 2 = 4, log QC ' (3.5)

where 4 stands for p°, @, Qs or O and 4x, when prefixed for instance
to log QC, gives the increment caused by the operation appropriate to 4.
For the szke of having any meaning for the quantity with the prefix,
the assembiy of interest must however be accessible to the operation
associated with 2. It is meant by ‘‘accessible,” for instance, to the
operation associated with ¢° that the assembly Coy, Ciwy or such other’
has o free to acecept & or to the operation associated with 8.5 that G,
(® are, not being ponstrained by any preseribed condition, ready to
access the operation of filling up o« with & with certainty.

‘We define 4,P as the increment of any property P accompanied by
the operation J, upon the assembly, and the quantity prefixed with
d,.. for instance 4, ,log QC as that of log QC caused by increasing P
" alone by the amount J,P without virtual operation. '

These increment defined above will be called first order increments.
Denoting any two of these &'s by 4, and 4y we define second order
increment didzlog OC == 4y log QC(4,)— 4 log QC and £4P == 4,P(4)— 4P,
where C{4,) is the assembly brought about from C by the operation
associated with 4, and P(ds) the appropriate value of P, it being presup-
posed that both C and C(4,) are accessible to the operation 4;. Similarly
we define higher order increments. ' '

§4. Approximations.

Throughout the present paper we will be contented with the appro-

- 1n —
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ximation of neglecting increments of higher than second order or power
compared with the increment of first order or power except when the
direct interaction between two molecules each at an elementary state
e Or op respectively specified, if at zhl, by the two operations involved,
such as in the case when d==dy, ) and dp==dq o), I8 significant. If
either or both of the operation are of the sort 4, s, which specifies no
elementary state, this exception falls of course off.
It follows that,

(i) dp,s,(log QCo+ 4, ; log TCo) = 4y, 5, l0g QCo
But since according to Egs. (3.1) and (2.1), it is that,

log QCo+ 4y, 5 log ©.Co = log QCH
we have,
QC:}:’*% — 2 5:

Rgl QC, ,,

Writing p%*% for the set of molecules §+8&; according to Eq. (2.1) in
the form, -

phit = 2O OC | Qlq
QCo Qcy QG

We have,

It may similarly be shown for a set & of several molecules,
8= }_: Ppsg
[}

consisting each u, pieces of §,, that

p® = I‘} (pa,,)vg (41)
(ii) We have similarly as in the case of (i), that,

d,, ,,(5)(]0g' 1Ce+ dp log QCO) = Ay, o(2) log QC

or according to Eqs. (3.3) and (2.3), that,

- 12 -
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s .
b ) 2 ( Y
AL
60(6) = tYo(d) . ZAo(8)

QC, 2GC,
(ili) Any increment of log O C may be written in the form,

4, log QC = (4, log QC)p+ 3] dp_x log QC
2

where the (4,log QC), denotes the increment in the case when ail pro-
perties Pys of interest are arrested. Expanding AP;- 2 log QC in power
series of 4,P; and rejecting terms higher than the first power, we have,

dp_Aog QC = BlogQC 4,P; *
and henece

4108 DC = (4 1og QO)+ ¥ 3_“?5%1.)?94}& @.3)
; i ’

CHAPTER I
THEORY.

§5. Interrelation among 2°, @3, 6.4 and 6,y .
It follows immediately from Eqs. (2.1), (2.2), (2.3) and (2.4) that,

q5 = —91'—‘1’-1)6 (5.1)
6.0
If 8 consists in a single molecule and ¢ a small eavity of molecular
dimension which restricﬁs the centre of gravity of & within, the above
equetion may be written in the form,

_glial (5.2)
8ol o |
where {o| is the s{ze of the cavity o. As |o| approaches zero, so does

a
centre of gravity of the molecule of ths kind § in the cavity to its
. 8 . 4
volume or the concentration N at the point of convergence, i.e.

8, unity and %i‘ll the limiting ratio of the probability of finding the

— 18 —
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N° = Lim 1. (5.3)

18:—0 ‘ o i

Since p° should remain the same by definition irrespective of the arbi-
trarily assigned magnitude |o!, 9i/lo| tends to a definite value along
with 8,;/l0]. Denoting the limiting value by Q°, i.e. putting

3
Lim % =@’ (5.4)

We have Eq. (2.1) in the form,

« Q°
5o 5.5
P = (5.5)

§6. Egquilibrium Relation for p°.
Let the econdition prescribed to the assembly be such that 3 may .

exist in different states, &4, 8P, - - - ete., QC¥", Q09" ete. are now of
the same value, since it is immaterial for the Zs over all possible states
of the assembly, whatever state § may initially assume when admitted.
It follows by Eq. (2.1) that,

p = p3” = ete. (6.1)

The states 8%, &% ete. will be called in equilibrium with each other.
If 84, 8% ete. are respectively such sets of molecules as that,

B =Slulst 80 =S

73

i.e. consist respectively of v2, £ ete. pieces of individual molecules
84 8P, ete., we have by Eqs. (4.1) and (6.1) that,

a b
I (6.2)

$7. Force, Work and Energy.

We postulate that there exists a set of internal parameters such
that by varying the latters continuously indepsndent of each other and
of the external ones, the microscopic state of constituent molecules is
transferred from one to the other keeping the whole assembly at every

— 14 —
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instant at the statistical equilibrium. The assembly C, may thus be
converted into C,iy or Cy and the assembly consisting of macroscopic
assembly Cy or Cyq and a molecule § each situated outside the influence
of the other, i.e. Co+8 or Cyy+8 may thus be unified into CJ or Cl, .
All parameters including internal and external ones will be denoted by
a,’s. We have then according to Eq. (1.1),

— Tl %%’ Z f (:I (=11 ) dea 7.1)
where
2 BB,
n,, = TlogQl) _ % ?aa B (7.2)
Oata Ze kT

Suffix r and 77 signify two different particular state of our assembly,
and ay(I) and a, (17) appropriate values of the parameters a,. The partial
3,
Qg
th quantum state tends to increase with the parametsr a., 7, the
statistical average of the force, — /., the forece to be appli=d from the
external world to the assembly to keep a, constant, and, in consequence
the left hand side of Eq. (7.1) the work required to brinzg up the assembly
from the state I to II keeping the latter throughout at stotistieal equi-
librium. The 1/,, will be called the average force conjuzated to the
parameter a, and the work the reversible work.

In the particular case when

differential coeficient — is the force with which the assembly at »-

Cr=0Cy+8 and Cp= C(;$

the left hand side of Eq. (7.1) is —kTlog p®,® which equals the relevant
reversible work on the right. The function —%k7 logq) is similarly the
reversible work required with fixed external parameters of (7o to bring
up § from the standard state into the preliminarily evacust-d state o,
and —kT log 8, or —kT log 8, that required to force upon the assembly
Co the constraint that o is respectively vacunt or occupi-d by & with

{(#) Since (C,+d) may be factored as that R(Cp+8) = QC,-L8, we have LCp/LC)
=20 /2C, by choosing that 06 = 1.

— 15 —
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certainty. The latter three reversible works naturally correspond to no
ready-made thermodynamical quantity because of its microscopically
detsiled nature. .

These reversible works —kTlogp’, —kTlogq’, —kT log @.; and
—kT log 8, are summarized, according to Eg. (3.5), by,

—kT log 2 = d\(—KkTlog QC) (7.3)
or by .
—RTlog 2 = M(—FkT log QC) (7.4)

where #, signifies Avogadro’s number Na times the increment 4, .
The temperature variation of QC at fixed external parameter a,’s
is as well known expressed according to Eq. (1.1) in terms of statistical

average E of Eigenwerts, i.e.,

En
N SVE,e kT .
BT 9 log QC — = = E (7.5)
oT .

Partial differential coefficients with respeet to 7' without suffix will here-
afper be referred to fixed external parameters. The temperature variation
of 4 is henceforth expressed according to Egs. (7.4) and (7.5), as that,

RTta—;%%_i- =M0E (7.6)

§8. The Functions and Associated Relations in Thermodynamical Ter-
minology. ‘

Provided that the statistical equilibrium fully describes the thermo-
dynamical equilibrium, —kT log QC may be identified with Helmholtz

free energy F according to Eq. (7.1) and E with the internal energy U in
thermodynamies,

so that . F=<EkTlogC 8.1)
and = 2 8log QC )
\ v AT (8.2)

We have immediately according to Egs. (8.1) and (8.2) that,

e
1

— 16 —
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U= p_p?F . (8.3)

oT
from Exg. {7,2) -1, = 2:’; (8.4)
from Eq. (7.4) A.F = —RTlogi (8.5)
and from Eq. (7.6) AM_] = RT® 81891%2‘ v (8.6)
or from Eq. (8.3), 4,U = A!AF—:gﬁg”gi 8.7

Defining the entropy to complete the thermodynamical terminology
as that,

aF 9 ,
= . 94 8.8
o7 (8.8)
we have readily,
(Ji v

S = — 25 8.9
X T (8.9)

and from Eq. (8.3),
F=U-1S (8.10)
or 4F = 8,U—~TH,S | (8.11)

In the speecial case when 4 = p?, the reversible work — RT log p® may
be identified with the chemical potential #° in thermodynamics so that,

w? = —RT log p° (8.12)

Fas. (8.5), (8.6), (8.9) and (8.11) then assume respectively the forms, i.e.,

(*) The present argument is evidently valid in particular in the case of micro-
canonical ensemble, when, all guantum state have the same Eigenwert E,. In that case,
Eq. (8.1) reduces, according to Eq. (1.1) to the form, .

F=FE,—kTlog3>}1
. n B .
whenee we have by Eq. (8.8), S = klogS21. This is the quantum mechanical trangcription
T

of the well-known Boltzmann’s relation.
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-

(8.5) = ’ (8.13)

(8.6) RT’—EL];;"—;—i =7 (8.14)
8.7) 0’ =y %f N (8.15)
(8.9)  F= —3; (8.16)
(8.11) = oS 8.17)

where F?, U® and S° denotes respectively 4, ,F, 4,.,U =nd 4, ;S™ and
called in accordance with G.N. Lewis partial molal free energy, partial
molal internal energy and partial molal entropy resp etively.

Our approximation (i), § 4, assumes now tha form,

f"s = Dlvy u’e
g
which is taken as a matter of coursz in tharmodynamics.

§9. The 2 for the Assembly with Variable Fxterncl Parameters.

In the foregoing section s have been d-fird with vegard to an
assembly whose external parameters are kept coastont throughowt the
operation associated with respactive ’s. W2 extand h re their definition
and theory to the case when the extarnal paramet:rs of th2 asssmbly
of interest are not necessarily kept constant. ’

Let an assembly of intetest A, which exclusiv-ly subject to the
operation associatad with 2, is coupled with anothr K accordiag to the
condition that (i) each external parameter which is -xtensive property
such as volume, surface area ete. is not fixed individually with A and
K but by the sum of that, 8, of A and th:t of K. whoress external
parameters of other kind'is fixed individually (ii) no fore» corjugsted with

By’s acts upon A+K from outside and that (ili) enwrgs states of either

"assembly is individually fixed dynamically indep2ndent of each other at

fixed values of B’s.

(#) Cf. Eq. (3.1x

— 18 —
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A simple example of such an assembly is that consisting of two
gas-ous parts A and K sealed in a - eylinder and separated by a friction-
less piston l=ft free to move; the energy state of the either gas may be
taken ss d t:rmined by th2 volume of A, which is the only external
paramet:r of the lattar provzr, and no forez conjugated to the parameter
is exert:d by the externzl world. -

We have thus in th» assembly A+K the special case of that dealt
with in th> foregoing s=ctions, for which, of course, all definitions and
cons~quent theoretical develon>ments remasin valid. The same is true
with th» zss~mbly A 2lom2 provided that B’s are qrrested The latter
assembly will be denot-d by A,.

" We mey thus d:finr s either with the assembly A+K or with
A, sp-cifying tha 2ssambly C of Eq. (3.5) to be either A+K or A,.
Former 01 s will be eslled s of aszsambly 4 of variable external _para-
metsrs or simply thos: of 4+ K and lstters those of A,.

In t1~ following s ction we will first show the identity of the two
serics of s of tha alt'ra-tive d:finitions (§10) next transform A's of
A+ K with speeial reforemes to the intarestad assembly A (§11) and
finally pr thz resultiny expressions in comparison with those for s of
A, iuto th-rmodynamies] t rminology (§12).

§10. Idextity of X's of. the Assembly A+ K and Those of A,.
Toz i is @xpress‘d 2ecording to Edq. (4.3) in the form,

log 2 = J, oz QA +K) = (4, loz D(A+K))B+23 log £ 9(*4““ 1+K) 1.8, (10.1)

wher suffix 8 sign’fi s th> condition of fixed 8’s and 4,8, the increments

of By’+ 1~d r the sp-cifi-d condition of A+ K. The differential coefficient

8log QA + K)
2

to 8, muitvlied by 1/¢7, which vanishes accordmg to (ii), §9, ie.,

is howsver according to Eq. (7.2) the force eonjugated

2lor QYA + K) =0
28 ’

and hons  th2 second term on thz third member of Eq. (10.1) vanishes.
The first term (Jyloz QA + K)), i3 expressed in the form,

(10.2)

(4, 1oz QA+ K))y = d\log QA+ (4, log O K), (10.8)

—_ 19 —
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where '
(NHhlog QK)y =0 (10.4)

since A is only subjected to the operation.
We have by Eqgs. (10.1), (10.2), (10.3) and (10. 4) that,

T logd = d,log QA+ K) = d,log A4, (10.5)

" which states the enunciated identity.

§11. FExpression of 4 and Derived Quantities with Special Referenceto A.

We begin with the expression' for —kTlog Q(A+K) with special
reference to the assembly A. According to (iii), § 9, Q(4 + K) is factored
in the form, .

QA+K) = QA-QK (11.1)

and DK in turn expressed according to Eq. (7.1) as that,

log QK = ]1

C

= 3p - ] ‘
“2' f " 1K 8y +log QK (11.2)

b B8n(0)
where /K is the average force of the assembly K conjugated to 8, and

K, the assembly K fixed by a particular set of values B8x(0)'s of By’s.
We have, on the other hand, according to Eqgs. (10.2), (11.1) and (7.2),

A + 1K = (11.8)

where /14 is the force of the assembly A conjugated with 8,. Substi-
tuting /X from Eq. (11.3) into Eq. (11.2) we have,

log QK = ““’“2 [T " 114 dg,+ log me, (11.4)

b $5(0)

and substituting the latter in turn into Iq. (11.1),

log QA+ K) = or,D.A——kl,fg f "4 dgy+ log QK. (11.5)

86(0)

~

Eq. (11.5) expresses log Q{4+ K) ia term of variables appropriate
to A, log QK. being thereby a constant.
Eqgs. (11.5) and (8.5) give now according to Eq. (4.3), that

— 90 —
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}og&=J,]ogQA——~k~1~2‘f J)IIBdeb——-]—{———-E HALE (11.6)

b 84(0)

where 4/l is the increment of the force J/{ due to the operation
associated with 2.

The temperature variation of Q(A+K) and of 4 is now derived
begining again with that of Q(A +K). We have according to Egs. (10.2)
and (11.1) that, ’

dlogQA+K) _ ( 0 log S(A +K )) 2‘3198 S(A+K) 38
Vi 8 ar

(alooQA a (aﬂb_fqg!é)ﬁ (11.7)

or expressing ( ? log QK ) by Eq. (11 4) that,

dlog QA+K) _ 3 log Q4 P
7" 1)+ 114 dg,
ALK (2l L B [
, —ry " ?ﬂn_z_dﬁ,, rrt 208 (11.8)

b 85(0)

where the partial differential coefficient without suffix denotes those under
the specified condition of A+ K in distinction from those with suffix 8
at fixed Bs.

The temperature variation of i is expressed according to §4, Eas.
(8.5) and (11.8) as that,

- kj"aloj%* = kT A,\(@ng A) Zf J}1/g§db+2 140,68
b

0(0)

——TmeJ BITE, 5 TZ'_?*J!_, (11.9)

g
[ a1

Eq. (11.9) is of course directly obtained by the differentiation of Eq. (11.6).
The temperature variation of i defined with respect to assembly
A is expressed accerding to Eqs. (3.5), (11.1) and (10.4) as that,

(») Cf. §9.
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2 3logd Blog QA
AT( o )6 kT, Alom s (11.10)

Comparing Eq. (11.9) with (11.10), we see that whereas 's of the
two alternative definitions are identical as °hown in §10, their tem-
perature varigtion are different in general.

X

§12, Thermodynamical Form of Vs and Associated Quantities for the
Assembly of Variable External Parameters.

We first write down Helmholtz free energy and the internal energy
respectively according to Eq. (8.1) and to Eq. (8.2) of the assemblies,
A+K, A and K, with appropriate subseripts, i.e.,

= —kT log O(A + K) (12.1.AK)

Fa= —kTlog QA | (12.1.A)

Fg oy = —kT log QK | (12.1.A)
U = rr*2log A +K) (12.2.AK)

aT ~
(£3)

Ua = kT’(a_l‘EfTQi) 224

v ’ Ug.sor = szil_fi‘ia%_K-ﬂL (12.2.K)

Thermodynamical forms are obtained by simply rewriting expressions
obtained in the previous section in terms of F’s and U’s as follows,

(11.5) F=Fa+ 2’ f " [F&dBs + Fx. v (12.3)
[ ]

(11.6)  —kTlogd = AAFA+ZII§‘0 st ) [ ayir g (12.4)
: b B(0)

( ) External parameters of A proper must be fixed at the partial differentiation for
obtaining the internal energy of A4 with regard to the implied condition of the general
expression Eq. (8.2). .

— 29 _
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(11.8) U= F—-T—-=U +2’ f 174 dﬁb—TZ' f ﬁiLd,@wU“m,
b 85(0) 85(0)

(12.5)

11.9) i7" “’T LN UﬁZHB,JABHZf“AA 14 dgs

b t(0)

—TZ"(‘”Ma fZ‘f J["”“' g (12.6)

b $4(0)

§13. Thermodynamical Form of Xs and Derived Quantities for the
Assembly Ap.

Thermodynamical form of —kTlogQ(A+K), —kTlog2,
kT ? IO—TLQG(TA—J—CKL and &7T° 3 ;07%1 derived in the previous section with

special reference to the assembly A correspond in general to no ready-
made thermodynamical functions except when A=7p’ and A= Ap or
when only external parameter of A is the volume V4 and the conjugated
average force the pressure P4 is kept constant independent of V4 and T.

Thermodynamical form in the previous section are developed below
with this particular case that 8= Va, I/4= P4 = constant, and A==7p°
or —RTloga = p% first rewriting the expre ssions there as follows;

AF, )

4 Py=— "= 13.1
8.4) o= (2%, (13.1)
(12-3) F = FA+PAVA+FK_ V=0 (132)
(12.4) ~ w=Fji+Pa T‘/i, (13.3)
(12.5) U= F— T%l% = Ua+PaVa+ Uk v, (13.4)
(12.6) W "”;, Di+Pavs (18.5)

a

- Fx,v -0 and Ug, v -0 give respectively particular values of Ex, .« and
Uk, sy 2t B{0) = Val0) = 0, and,

Fe=N0,Fs, USi=0,Ua, Vi=1,Va (13.6F), (13.6.U), (13.6.V)
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are psrtinl molal quantities 2t the particular condition of Ap i.e. at the
constant vressure. /

Wa sea tha variable part Fu+PaV,4 of F in Eq. (13.2) correspond
to Gibby iree energy Za, that Uasa+PaVa of U in Eq. (18.4) to the
eathaipy X4, i+ P4V 3 of Eq. (13.3) to the partial molal quantity Z}
of Z4 ond T2+ PuV} of Eq. (12.5) to the partial molal enthalpy X} of
XA , i."l.,

Za= FatPaVa NG ER
Xa=Ua+PaVa (13.8)
Z5=Fi+PaV} (13.9)
and Xi=Ui+PJV}E (13.10)

1

In term of these “‘ ready-made” thermodynamieal functions previous
equations are respectively rewritten ag follows:

: 0Za) — pum 13.11
(12.1) ( = )T Va (13.11)
(13.3) ut = 7% (13.12)

(18 4) ZA~T%'—Z{*— o X0 (13.13)
(12.5) ;ﬁ‘lii - X o (3.14)

neorporating Bas, (13.11) and (13.12), we hsve further,

. o7 . - . .
(#) BExpressing |- | by differentiation of £q. (13.7) in the form
T

;074 (OFA\ (Va4 [0V
s o g 8 4 [
i oPa )7‘ kﬁVA/T(('iP,{)T—%PA\ P 4 'T+VA'
we have BEq. (13.11) from Eq. (13.1).
(#%) Substituting F’ into Eq. (13.4) from {13.2) and observing Eq. (13.7), (13.8) and the
relation
O, va-
Fg, VAzo——Twlg‘%ého =Urvso

valid as a special case of Eq. (8.3), we have the above relation.
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( Wy =y (13.15)
aPa’T
These relations are obtained in alternative forms by introducing the

entropy S, of the assembly A preper, according to Eq. (8.8), i.e.,

sa=—( @a%})m o (13.16)

We have thus from Eq. (13.7),

324 "9
S, = — 3Za ) 13.17
A AT _ ( }
from Eq. (13.13),
) Za+TSa = Xa (13.18)
from (13.17) and (13.12)
3, = (13.19
A o )

and from (13.12) and (13.18)
" W TS = X4, (13.20)

where partial differantial cosfficionts without suffix and the partiaj molal
quantity S5 are all referred to the specified condition of Ap ie. to the
constant pressure.

~ We rewrite these relations for pavtial molal quantities of A for the
sake of later applications dronping the subseript A signifying instead
explicitly the specified coadition by suffix P.

W=z (13.21.1)

(#) The external parameter of A proper i.e. the volume musi be kept constant at
the partial differentiation with regard to the implied condition of the general expression
Eq. (8.8).

0F 4 \P: (?EA,\ +(Z€1)T( Wa )P

(#*} According to the identity, < ol o7 ) \ a7
V4 :

ar !
and Egs. (13.16), (13.1) and (13.7) we have above relation, where ( 867;1‘4‘

a

) i8 expressed
I A

without suffix.
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8 #6 ) =6 <
Y = % 13.21.5
( aT P P . ( )

pe = X3 -TS? ’ (13.21.E)

Corresponding relations for Ay of the assembly A, whose only ex-
ternal parameter V is fixed, may be written down as follows as the
gpecial case of those given in § 8, signifying explicitly the constancy of
the volume, i.e,, :

ut = F4 _ ©(18.22.0)
a/"dﬂ —_ e _w6 )
(2 Ti)v 5 (13.22.9)
and = Uo—TSy (13.22.E)

The relation between two groups of partial molal quantities appear-
ing respectively in Eqs. (13.21) and (13.22) is developed as below.
It is immediately transposed from Egs. (13.9), (13.10) and (13.15) that,

Zp=Fi+PV} (13.23.7)

Xi=TUi+PV} (13.23.X)
0N ~ s 13.23.V)

(), =7¢ | (13.23.V)

It follows on the other hand from the identity of p® or u° of the
assembly Ap with that of Ay as verified in §10 and according to Egs.
{13.21.E) and (18.22.E) that,

ub = X§—T8p = Us—TS8; (13.28.4)
We derive from Eqs, (13.21.8) that,
Sso (8 _ (3 8p’ \ ( 3P
P (‘aT )p (aT )v+< apP )T( aT )V

or according to Eqs. (13.23.V), (13.22.S) and to the relation

)= v s

that,
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are the expansion coefficient and the compressibility respectivley.
From Egs. (13.28.5), (13.23.#) and (13.23.X) we have,

where

Xp = Do+ T~;—V}’, (18.24.X)
and ,
8 . s -_a—_—- == 6 . .
Uf’ - UV+(T 2 PiV; (13.24.U)
Finally we derive from Eq. (13.23.1), (13.21.8) and (13.23.V) that,
aXp o ol Vs (13 25)
( =V 5r >

§14. Statistical Thermodynamics of Homogeneous Fluid.

We call such an assembly or such a spacial part of an assembly a
homogeneous fluid that only external parameter is volume and Q° of
every constituent molecule is respectively constant all over the space,
depending only on temperature, pressure and on the compos1t10n but
not on its absolute magnitude.

A homogeneous fluid is called ideal solution with respect to certain
components if Q° of the latters are independent of any concentration of
these components. The latters are called ideal components, the homo-
geneons fluid ideal with respect to the components and the homogeneous
fluid consisting of remaining components the solvent. We may expect a
homogeneous fluid is ideal with respect to a component which is dilute
enough so that the work —kT log qﬁ and hence Q° of every constituent
is constant independent of the concentration of the dilute component.

A homogeneous fluid is called a perfect gas or simply a gas if the
latter is ideal with respect to every component.

Followings are deduced from the above definition.

Let an ideal solution A with respect to a component & be separated
from its solvent B consisting of &, -+, &, by a semipermeable membrane
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which is impermeable only to &. The whole assembly is considered as
in equilibrium at a constant volume, and B big enough so that the ghift
of the membrane practlcally makes no difference in its pressure nor in

composition.

Since Qs and hence u®’s according to Eqs. (5.5) and (8.12) dppend
only on the pressure and composition but not on the absolute magnitude
of the fluid at constant temperature, Gibbs’ free energy Z of a& homo-
geheous fluid is expressed according to Eq. (13.21.x) in the form,

Z _ Zrnai#ﬁi
and hence F according to Eq. (13.7),
F=SIn*u"—~PV. S a4y
where 2% is the number of mols of §;.
The F' of the part A or B is now respectively expressed as that,
Fa=n owo+z WiuSi—PaVa or Ep=Sn%ul—PsVa
im1

Because of the assumed equilibrium we have, however, according to
Eqgs. (6:1) and (8.12) that,

pi = pfi = p® = constant, i=1, --., « (14.2)

Denoting -the sum n%+n% by #% we have for F of the whole as-
sembly that,

FP=Fs+Fp = 1260/b6° !‘27Z5f#6i"*})4VA—PBVB (143}
. i

Differentiating F with respeet to V. we cobtain the average force
II% = P4—Pp conjugated with V4 or the osmotic pressure,

Py = (3N B’ - AP
Pa—Ps 3V >T ”%(-a VA>T+ Pa—Pat V"(\ VA)
BPA —_ 8 ‘/'a'u‘ﬁo . &
or VA( : VA)T_ e )T (14.4)

with regard to the relation that V4+ Vp = constant.
According to Egs. (5.5) and (8.12) we have that,
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® = uf+ RTlog N° where p} = —RTlogQ® (14.5), (14.6)

and hence noting N% = n%/V, that,

(3 7/:) - (3 :1’3; ) (352) —- (14.7)

inasmuch as Q° of the ideal component is the function only of pressure
at g constant temperature. ( 8—1”5’ ) iz obtained from Eq. {(14.5) as that,

dP4
Ao - s 8/11
(BPA) v = ) + RT8Ba (14.8)
where
— _(8log VA.)
Ba S

-

is the compressibility.
By Egs. (14.4), (14.7) and (14.8), we have that,

(Pa) = 0ol w
0Va/r VA{VA—TL(OV;Q + 17 ORTBA}

or by integration, remembering that 17° = P,—Fg,

1% = n*oRT ["o 0T
v, ValVa—n'Vye +noRTB4}

(14.9)

provided that PA ="Pp at VA = Q0 .

If nRTB. is negligible compared with V4—n%V and Vi is
constant independent of V,, which might be the case for a colloidal
solution, n% 17;“ being the total displacement volume of the colloidal
particles, Eq. (14.9) assumes the form with regard to the relation
N = w/yV that,

1% = -—TI;T- log (1—N% V) (14.10)

j.
Eq. (14.10) might be useful for the determination of the molecular weight
of the colloidal particles by analysing the measurement of //% at different
concentrations, whereby the displacement volume n‘SOV;f is simultancously
determined.
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If n%V%—n’ oRT ,8,4 is nesr‘lglbly small compared with V4 we have
from Eq. (14, 9) that,

%o = ot ET . (14.11)
v
If ideal components &, ---, 8, are confined tozether in the space A4,

we have by similar reasoning instead of Eq. (14.9), that,

i1 = NintRT f _AVa (14.12)
JEO V4 VA{VA—"v YL (VP RTBA)}
and instead of Eq (14.11), if Zn —RTB,4) is negligibly small com-
pared with V4, that
7 =5 e BT (14.13)
i=0 Va

In the further special case of a gas, when the assembly is ideal
with respect to every component we have according to our definition

that, <2£3)T = 0, sinece the pressure varies nothing but the concentra-

tion of ideal ‘componehts. We have hence according to Eg. (14.8), that,
RTB—VH =0, z=1,---, 8 (14.19)

or taking the fact thereby that Pp =0 or /I = P4 into account and

dropping. -subscript A that,

pv =Sty “RT (14.15)

=0

i.e. the ideal gas law. It may be noted that Eq. (14.14) is conversely

satisfied by Eq. (14.15) inasmuch as 8 = 1/P and V% = RT/P according
to the latter,

For a general homogencous fluid we define F%.;, Fp, and 2%, as

that, :

P, = F4—RTlog N* (14.16.V)

5. = Fi—RTlog N° (14.16.P)
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Z3,=Zi—RTlog N° | (14.16.2)

It follows immediately from Eqs. (14.16), (14.5), (13.22.x), (13.21.4) and
(13.23.7) that,

w=F,=Fp,+PV% = Z;,) » (14-17-#)9

and from Eqs. (14.16), (14.17.x) and (13.23.V) that,

L]

APY _ (3Zny) o
(2), = (2221) = vi-R1s (14.17.P)

remembering that, ~

N =n%|V . (14.17.N)

Sy.. and 52, are defined as follows;
Sy.=Sy+Rlog N® (14.18.V)
S,,1 = bP+Rlog N* (14.18.P)

We have on the other hand differentiating x* of Eq. (14.5) with
respect to T respectively with constant V or P that,

(g;) gz;) +Rlog N°? | (14.19.V)
)P (3“1) —RTa+Rlog N (14.19.P)

It follows from Eqs. (14.18), (13.22.S), (13.21.S) and (14.19) that,

(3”1 "’" ) +RTa  (14.20.V), (14.20.P)
and from Egs. (14.18) and (13.23.S) that, )
5. = S&,ﬁ-%if‘; (14.20.8)

U%,, U, and X}, are now defined as that,
U} = F§,+ T84, (14.21.Uy)
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Upy = Xp1—FPVp (14.21.Up)

X1 =2Z5:+TSh, (14.21.X5)

along with the expressions respectively for U¢, Up and X3 as derived
from Egs. (13.21), (13.22) and (13.23) i.e.,

Uy = Fo+TS3 ~ (14.22.Uy)
U= Xi—PV, (14.22.U,)
Xi=Z3+TS; (14.22.X,)

If follows from Egs. (14.16), (14.18), (14.21) and (14.22) that,
U, =U;, Usy=U3, X3, = X5 (14.23.Uy), (14.23.U,), (14.23.X,)

and hence from Eqgs. (14.23); (18.24) and (13.25) that,

Xoa= U5.1+T7‘; Vi (14.24;)()
/ _
Tt = U§.1+(TL—P>V; (14.24.U)
B -
(W@MT_VPm(aT P ( -25)

In the case of ideal solution for which pf is constant at constant T
and P the above quantities with suffix 1 are all similarly constant in-
dependent of N° provided that « and 8 are constant or their shift with
- N is negligible, as it follows from the above definitions and derived
relations™. It is usual to regard these quantities the properties of the
standard state of the ideal solution where IN°= 1. Here we should
rather treat these quantities as the properties of our homogeneous
solution itself, if ideal or not, than have recourse to the standard state.

. aF} .
(*) F?,l , (———’—a;" ) and hence Vﬁ, are constant according to Eq. (14.17.P) inde-
A lr

pendent of N&. Hence it follows from other relations the same is true with all quantities
guffixed with 1.
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In the ecase of a gas the indeptndency of «, 8 and hence of V3 is
strictly secured with the following particular values as derived from Eq.
(14.15),

1 1 = RT
wo= = = 14.26.4), (14.26.53), (14.26.V
7 B P Ve P ( 7), { A), ( )

Egs. (14.17), (14.20), {14.21), (14.24) and (14.25) assume now the parti-
cular forms:—

(14.17) =Foy=Fp+RT =75 (14.27.)
= ﬁﬁ) -3’ _p_ (8
(a20)  Spa=—(2) =Sngr=—(2) @z
gjgg} Ty = Ofy = Xon—RT (14.27.0)
s ;a.X?'l_ =
(14.25) ( X )P 0 | (14.27.X)

CHAPTER II1
APPLICATION—1 EQUILIBRIUM

§15. Bose-Einstein and Fermi-Dirac Statistics.

Assuming both Bose-Einstein and Fermi-Dirac gas are as a whole
describable by an appropriate petit quantum canonical ensemble, the
mean population or the distribution function f. of quantum state o, of
energy ¢, for individual molecules &’s is given by

fo= 9%00,0+1x 86,0012 x 06,00 +3 % Oa,0+ - (15.1)
60,0+ 8,60+ 80,05+ 8o 05+ - -

where 8,5 denotes the probability that v pieces of §'s simultaneously
occupy the elementary state ., which vanishes for »>1 accordlng to
the Pauli principle in the case of Fermi-Dirac gas.

8.,v5 in the case of Bose-Einstein gas may be written according to
the definitions Eqs (2.3) and (2.4) that,
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C 00C, s
Boyom = “0(0) 0500 = @, o = oie
QCO Qo0 QCs,0 Q0 a5 21-8)

QCEFY 00, s
(15.2)

DCos ... VO /QF sy L 0 s

The denominator of the third member of Eq. (15.2) simply equals
(p®)* according to the abprommat'on of §4, promded that » is not very
large.

The first factor of the numerator equals g5, according to Eq (2.2),
ie. , ,

Q u,(6) .

(15.3)
Q(Ja‘(o)

3
4]0

which may be evaluated as follows : since Bose-Einstein statistics attributes
the same statistical weight to every possible distribution of N molecules
in the gas over all elementary states and to the total energy the sum
E‘ute, of individual energies ¢’s of all molecules respectively at quantum

states o's, QC,,q is the summation of Boltzmann factors of >]wme: over
t

all possible distribution of N molecules with the constraint », = 0 i.e.
that of N molecules over all o/'s except os. QC’;,(G, is similarly that of
N+1 molecules with the constraint v, =1 or that of N molecules over
all o/'s except ¢ which holds N+1-th 8. It follows that there is one to
one corresponidence between Boltzmann factors of the two series relevant
respectively to QC:(S) and to QC,q so that every one of the former series

£
differs from the corresponding one of the latter by a factor e ® . We
have thus,

QCsy ) = QCV::.(O)Q“’:{%‘ (15.4)

or according to Eq. (15.3),

¢ = e-~-,§% (15.5)

It is shown similarly the remaining factors of the numerator equals q

or ¢ W so far as the premise of the Bose-Einstein statistics goes
We have hence in place of Eq. (15.2), that,

8,00 = (@] D)0, - {15.6)
or substituting 8,,,s from Eq. (15.6) into Eq. (15.1),
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0x1+1x(95,/p°)+2x (95, /p°)2+ - - - (15.7)

5= 1+(q) /9)+(a, [p°)+

Owing to the above approximation f. is given by Eq. (15.7) only
when the power series of the numerator and denominator converges or
(@ /p“)” for large » is insignificant. In that case when ¢ /p® <1 Eq.
(15 7) is written in the form )

f= BP0’
—4q,,/p®
or expressing q by Eq. (15.5) and »° by the conespondm;r reversible
work & = —kT logp ,

fa= (e!'i?%?—l)'1 (15.8)

Remembering, on the other hand, that 6,5 = 0 for v >1 in the
case of Fermi-Dirac gas, we arrive, by a similar reasoning but without
resorting to the approximation as above, at the distribution function,

fom= (e # )

§16. Homogeneous Equilibrium.

The equilibrium relation Eq. (6.2) readily affords the equation,

11( % ) (ﬁzz)b (16.1)

for the equilibrium between two sets of components,
84 = 31048} and 8% = 5108

in a homogeneous fluid by substituting p¥’s from Eq. (5.5), or

Ky =

b Ar3B\ B b B, ,B
H(N%)S Z(Qab) b (16.2)
aNoyE fiQdye "

where Ky is a constant independent of N¥s or the equilibrium constant
provided that 83’s are all ideal components‘*’

(*) See p. 27.

— 8 —



-

Jouwrnal of the Research Institute for Catalysts

§17. Heterogeneous Equilibrium—1.

We treat in this section the simplest ‘case of heterogeneous equi-
librium i.e. the equilibrium between molecules of one kind adsorbed each
on one of identical cites on a erystal surface and the molecules of the
same kmd in a homogeneous fluid. Our model of the crystal surface
consmts in general of small segments of lattice planes, each lattice point
or a certain set of lattice points on any one of them providing a cite

o for an adsorbed molecule where @Q° or N° in Eq. (5.5) is concentrated,
each segment bemg however big enough so that geometrically congruent
o4's on that segment are practically physically identical.

Because of the equilibrium we hdve according to Eq. (6.2) that,

A

p‘su — p6h

where 8, or &, denotes adsorbed molecule or that in the homogeneous
fluid respectively. Expressing p®+ by Eq. (56.1) and p* by Eq. (5.5), we
have, dropping subscripts a and A,

6.5 s N°¢ )
A b q — - (17.1)
6.0 ° Q&
If any cite is either occupied by 8, or else evacuated with certainty,
we have,

0= 60(5) = 1—@0(0) (%) g : (17.2)

where 8 is the degree of adsorption identified with 6, .
Eliminating 8,5 and 8, from Egs. (17.1) and (17.2), we have;

[
. 0 s s (17.8)

Introducing a further approximation that each molecule adsorbed on
a cite behaves like that in the homogeneous fluid in a cavity of the
magnitude |o}, within which the potential energy being constantly lower
than that in the homogeneous fluid by ¢,, we have by similar reasoning
as in the ease of Eq. (5.4), that,

(*) This can not be the case when & is allowed to -occupy any cite which partly
overlaps with a.

F
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— |o| @eir (17.4)

Substituting the above expression in Eq. (17.5), the latter assumes a
more familiar form,

'"i(i(? —|o|eir N (17.5)

which gives the Langmuir’s adsorption isotherm.

§A18. Helerogeneous Equilibﬁum-—z.

We proceed in this section to a bit more complicated case when &
in the homogeneous fluid splits, when adsorbed, into two parts &’s each
occupying a cite as an adsorbed molecule in the foregoing example. The
equilibrium relation Eq. (6.2) is now

P = (p"y
which gives, when p® and p% are substltuted respectn ely from Egs. (5.5)
and (5.1), the relation,

» Bar 5 — / Q° 18.1
@0(6)1 Ve (18.1)

Eliminating 6,0 and' 0., from Eq. (17.2) and (18.1) as in the foregoing
section, we have,

‘1,:@@3 = & | (18.2)

§19. Heterogeneous Equalibrium—3.

In this seetion we treat another case, when any one of 1dent1eal
mtes, is either vacant or occupied by any one of molecules of the several
components of a homogeneous fluid.

We have immediately that,

oyt 25 Boeny =1 _ {19.1)
whereas for individual §; similarly as in the case of EE{ (17.3). that,
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90(5,-) 5, N6i ¢
T e /I L’,i - (19.2)
8.0 7 Q0

and henceforth from KEgs. (19.1) and (19.2), that,

(]54'1\755/Q5i ‘ )
O = Bgs.y = — 000 L 19.3
(5;) 1+>__I‘q:;iN8i/QM ( )

where ¢; is the ‘degree of adsorption of i-th component identified with
Bs(s,) -

Substituting the approximate expression for ¢*¢ from Eq. (17.4) we
have Eq. (19.3) in the form,

|| N7 it (19.4)

6; = -
1+ o | Noig™ 4
B

where ¢,, is & for 8;. An expression identical with Eq. (19.4) is arrived

>o

at by Hiickei!® by a special reasoning.

§20. Heterogeneous Fquiltbrium—4.

In this section we develop a method of deriving the adsorption iso-
therm allowing for the mutual interaction among adsorbed molecules.

Our method will first be exemplified with the case when the molecules
8’s of only one kind from a homogeneous fluid are adsorbed in equilibrium
each on one of the identical cites ¢’s allayed on a plane square 'pattern,
the interaction being significant only between directly neighboring ad-
sorbed molecules. :

We denote our assembly, consisting of the adsorbent attached with
a definite number of §'s and the homogeneous fluid, by C with appropriate
subscripts: C, or C, ) thus denotes that with its particular cite
oo evacuated or occupied respectively, C,, or C,5 that with o, one
of four direet neighbors of g, numbered by s =1, 2, 3 or 4, evacuated
or occupied respectively, Cygq that with the set of all five cites oo and
as's, denoted by 3], are evacuated, and finally C, that without any such

constraint.
L0, is now expressed in terms of Cyqy, 2°, q:(o), £ and 7, the latter

(1) Hiickel; «“ Adsorption und Kapillarkondensation '’, Leipzig 1928, . 217.
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two as described below taking care of the mutual interaction, as that,

Ero(t1+tg+r3+t4) 7ttty ey (20_1)

QCo=OCr Z‘ (ﬁg,g

Aty tais .t

>‘0 tylgtlzti,

where % ete. denote respectively 1 or 0, according as oy ete. is ocupied

or not, 3} the summation over all possible sets of values of # ete.
ooty by, tssty
2.0
o

We see with regard to Eq. (20.1) that would give the factor

of multiplication of Zs when one of & is picked up from outside and v

fgtiytitgtigtiy

planted on any vacant cite of >}, and hence 2 ( ) the
. t t

factor to be multiplied to QCy for making :1p4QCo if the mutual
interaction were absent. -The factor & or » gives now the extra factor
of multiplication either due to the interaction of each adjacent pair of
adsorbed molecules inside 33, or due to the intéraction between one of-
them and others outside 3 respectively. They may differ from unity
except for oo and is the same for a1, oz, o3 and o4 because of the
symmetry of >3. Carrying out the summation we have,

Q0 = QCx)(1+ /) + ;)Cu(m—q—’-’ 2 (1 +4q5.mE/p°)! (20.2)
- p ’

LCo0 or UG,y is given respectively by the first or the second term
on the right hand side of Eq. (20.2), which is the part of the summation
of Kq. (20.1) respectively corresponding to # = 0 or f, = 1, i.e.,

QCu(,(o) = QCyq(1+9,0/p°) (20.3)

3
DC".(E) = QCyq q;}(l +q5 & p°)! (20.4)

Q0C,.q Is given as the part of the sum corresponding to , = 0 as that,

QC 0 = QC}:(O){(l‘i‘ q°° ) +— o, °~(1+q2,w€/p“)3} (20.5)

g

The degree of adsorption 8 or 8. is now given according to Egs.
(2.3), (20.2) and (20.4) in the form,

.,___ 09 p—
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250 q5.678 \*
) ﬂ,ﬁv, (1+,, 0,0 ‘,>
P

r (20.6
— 0.6)
8 5 4 1 4

,Q%QA(1+ qo,@:é) +<1+£‘L§_}_)

» D b

g = 990(5) =

We now deduce in accordance with Bethe and Peierls™ that QC,,O(O,
must equal QC, ), since oy and o5 are physically identical, i.e. according
to Eqs. (20.3) -and (20.5) that, ‘

(A +a5.am/p®) = (L+95,/p°) + 25.0/0° (1 + 05,07 /°) {20.7)

Eliminating » from Eqgs. (20.5) and (20.7) we have 8 as a function
of »°, ¢5o and £, : .

The p°® is given by the equilibrium relation as in §17 and §18 as
the function of the concentration or pressure in'the homogeneous fluid.

The @5 is according to the definition is given as the ratio of QM. to
QM, where M¢ is the adsorbent in the fluid with only one & adsorbed at
o and M the latter without adsorbed 8.

With the approximation that the & and the rest of the assembly are
each at thermal motion reciprocally in the mean potential field of the
other and that the height of energy levels of M proper above the
energy at rest remain unchanged by adsorhing 8, QM7 may be ex-
pressed by factors as that,

QM = QM- ¥ QS

and hence we have for «Zg,

o= %l‘]g Y 20.8)
where 228 iz the Zs of § moving in the mean potential field of M or the
sum of Boltzmann factors of BEigenwerts referred to the minimum ¢ of
the mean potential. ‘

The factor & is estimated again with the approximation that each of
the two adeorbed molecules interacting moves reciprocally in the mean
potential field of the other, the height of individual energy levels above

(%) Betbe; Proc. Roy. Soc. London A 1506 (1935), 552. Peierls; Proc. Cambridge
Phil. Soc. 32 (1936), 471.
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;the minimum potential energy remaining unaffected by the interaction.
The interaction contributes thus simply a constant term u te the Eigen-

werts of the whole assembly or a constant factor & = ¢ ¥ to the Zs.
The £ may thus be obtained by evaluating u prope%y.

Okamoto, Horiuti and Hirota™® estimated ¢, and £ after this manner
in developing their theory of the hydrogen clectrode praocess.

. The present method may readily be extended to the case when the
pattern of cites is of less symmetry and the allowence is made for the
interaction between remoter molecules than’ directly neighboring. Attri-
buting different extrafactor of multiplication 7 to every symmetry class
of &,'s appropriate to respective symmetry operation with respect to )
and different & to every pair of cites of different relative position in 3,
QC,,, QLOS(O,, Qo and QCoq are given by QCy ) multiplied by a
‘function of p°, 254, n's and &s.

The degree of adsorption @ is given as in the previous cases by
2 00(;,)/%(,0 which is expressed in terms of 254, p°, &s and »’s. But since
we have so many. different expresmonb for QC,, as the number g of
symmetry classes of o.,’s as well as' QC, ¢ which are to be set equal to
each other, we have g independent relations among u’s, p°, @50 and &’s.
Solving »’s tharafrom and substituting the latter into the expression for
8, we have 0 ia terms of p°, 45, and &’s. Since p° is in turn determined
by the equilibriuin relation, we obtain estimating ¢}, and &s properly as
in the previous case, § as a function of the coneentration of moleCfﬁe,>
- In the homogeneous flaid i.e. the adsorption isotherm.
" An actual eajeulation by the method outlined above will be presented
in later papers.

CHAPTER 1V
APPLICATION—II. CHEMICAL REACTION IN GENERAL.

&21. The Scope and Procedure of Application.

At the present stage of the chemical kinetics a reaction is taken as-
tne over-all result of a sequence of elemeuntary reactions, the sequence,
which adequately describes the experimental result in comformity with

v

(%) Okau.oto, Horiuti and Hirota; Sc. Pap. Inst. Phys. Caem. Res. Tokio, 29 (1936).
223. ’
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the stoichiometrical relation or the chemical equation, being called its
mechanism. According to the postulate is our procedure now the
statistical mechanical description of the individual elementary reactions
and hence of the over-all rate synthesizing the latters.

Another postulate underlying to the current procedure in the chemiecal
kinetics is that the rate of elementary reactions is determined at a given
temperature and external parameters solely by the momentary chemical
composition of the assembly involved not depending on the history or
explicitly on time. We might advance amplifying the latter a postulate
in its place in detailed statistical mechanical terms thus affording an
exact basis for the application of our procedure.

Consider an assembly which would be derived from the observed one
if left standing under the presceribed external condition to attain an
equilibrium. The elementary reaction will be there going on in either
direction more or less fluctuating the chemical composition.

The canonical ensemble of the assembly at equilibrium will of course
consist of overwhelming majority of examples of the chemical composition
close to the average at equilibrium, but a few, if exceptional, will have
the chemical composition of the observed assembly, where so-called ir-
reversible reaction is in general in progress. We postulate now that
the chance with which a particular elementary reaction occur to the
assembly as well as its momentary properties is given as the average
over that part of the ensemble which happened to have the momentary
chemical composition of the assembly.

We call the assembly in thermal equilibrium if thus describable and
the corresponding part of Zs that of the assembly. In terms of the Zs
we define A’s of the assembly just as in the case of those in complete
equilibrium. Taking the fixed chemical composition as the microscopic
constraint the whole theory of 1 developed in Chapter II is applicable
for the assembly at thermal equilibrium.

After we have defined in the next section the reaction of the parti-
cular type we are going to deal with, we advance in § 23 the expression
for the rate of the elementary reaction at thermal equilibrium derived
on the basis of the above postulate. ’

The over-all chemical reaction to be composed of elementary reactions
is generally expressed by}

5F = 8% (21.1)
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where & or &% denotes reactant or resultant consisting generally of
each o pieces of 8 or of each vF pieces of 8%, so that,

8= SLSE, 8% = SR (21.2.1), (21.2.R)

We call, on the other hand, the set of elementary particles involved
in the elementary reaction generally the reaction complex and that at
the state before or after the elementary reaction in particular the initial
or final complex in distinetion respectively from the reactant or resultant
of the over-all reaction. The initiali and the final complex are in general
taken as consisting respectively of each ! pieces of molecules 8/ and
each uf ones of &f so that,

o =Sl 8= 18 (21.3.1), (21.8.F)

The simplest mechanism is that of the reaction consisting of only
one elementary reaction. The reaction of this mechanism will be called
the simple reaction. In general, however, the sequence needs not even
be a consecutive one but branched, multiple one so that geveral different
courses are available for a reactant to pass into the resultant. The
type of sequences or the mechanism of the reaction going to be dealt
with is that, inclusive of the simple reaction, of the steady reaction
with ‘a rate-determining step, proceeding at thermal equilibrium.

In §24 we express the rate in terms of ’s. The expression is now
ready for various particular.applications in later sections.

§22. The Sleady Reaction with Rate-Determining Step at Thermal
Equilibrium. ' '

It is meant by steady reaction such one as that the rates of creation
and consumption of every intermediate product are practically balanced
and by the rate-determining step an elementary reaction which is neces-
sary for the reaction to proceed at all and has a negligibly small rate
in either direction compared with that of any other constituent elementary
reaction of the reaction.

The following may be inferred from thus detailed. definition.

(i) The initial complex of the rate-determining step of the reaction
is most probably transferred into the reactant rather than into the final
complex, and the final complex into the resultant rather than into the
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reactant or in other word that an initial complex of the fate-determining
step originates practically all in the reactant and the final complex
practically certainly pass into the resultant, and hence that one act of
the rate-determining step is necessary and sufficient for the reaction
complex of the rate-determining step to complete the reaction i.e. to:
pass from. the state of the reactant to that of the resuitant.

(ii) The excess of the rate of any elementary reaction in one direc-
tion over that in the reversed direction must be equal to or smaller® than
that of the rate-determining step for the reaction to proceed steadily or
without accumulation of the intermediate product. But since the rate
in either direction of the rate-determining step itself is negligible com-
pared with either of any other elementary reaction, the same must be
true with the excess. It follows that for any other elementary reaction
than the rate-determining one the excess is negligibly small compared
with its rate in either direction, or in other word both the rates are
practically balanced.

§23. The Rate of the Elementary Reaction.

The rate of elementary reaction which proceeds adiabatically inside
an assembly at thermal equilibrium is derived as follows : (0@

7 i v"*
= BT QG (23.1)

The D(J;* or QC’OBI is the classical approximation of the Zs of the
assembly C¢* or Cf' i.e. of the assembly C, of definite chemical compo-
sition augmented by the critical complex §* or by the initial complex 8’

G is defined as Gy at a particular configulation corresponding to
the minimum of QC,, where €, is an assembly consisting of Cp of
definite chemical composition and the reaction complex & within the
latter with its representative point in the conf®ulation space resting on
a hypersurface separating the region corresponding to the state of &’
of 3 from that of 8. The hypersurface thus determined is ealled the

(*) The excess may be smaller than that of the rate-determining step when the
course is branched. i

(1) Horiuti; Bull. Chem. Soe. Japan, Katayama Commem. Vol. 13 (1938), 210.

(2) Hirota and Horiuti; Sc. Pap. Inst. Phys. Chem. Res. 34 (1938), 1174.
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critical surface and § at the corresponding partlcular state the critical
complex §¥. S ‘

The transmission coefficient « in Eq. (23.1) is defined as follows: we
consider the representative points of the part of canonical ensemble,
referred to in §22, appropriate to the chemical composition of the
assembly C°. Because of the microscopic reversibility, however, thes
flow of the representative points through the critical surface is balanced
by the reversed one. The transmission coefficient « is now the ratio of
the number of representative points which complete the elementary
reaction over that which transit the critical surface in either direction.

It follows from the definition of QC¢&* and « the latters are the same for
the reverse elementary reaction. The rate ¢ of the reverse elementary
reaction is hence given by,

7 5%
5= ,CJ%{ g%p o (23.2)

The derivation of the above expression has nothing to do with some
equilibrium relation between the initial and the critical complex and is
generally applicable to the assembly at thermal equilibrium not being
restricted to the case of the reaction complex behaving dynamically
independent. Nor it presupposes the existance of the saddle point of
the potential energy and its being determinant of the rate. As shown
later the expression thus derived includes that of Eyring® or of Evans
and Polanyi® as its special case.

§24. Classification of Reaction and Different Expressions for the Rate.

Eqgs. (23.1) and (23.2) for the rate of the elementary reaction may
readily expressed according to Eq. (2.1) in terms of &’s, i.e.’

- kT p¥ kT pb oy (o 1A
B ga,, b=rt zﬂ. (24.1), (24.1.%)

where
i T ¢ b
o = [I(p%)%, pt = [1(p)F  (24.2.]), (24.2.F)

() Eyring; J. Chem. Phys. 3 (1935), 107.
(2) Evans and Polanyi: Trans. Faraday Soc. 31 (1935), 875.
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according to Egs. (4.1), (21.3.1) and (21.3.F). The function p° in FEgs.
(24.1.) and (24.1.5) may either be expressed according to Eq. (5.1) in
the form,

= Bro g , (24.3)
60*(5)

or according to Egs. (5.5) and (5.3) in the form,

. *
* 8% 3. %
p¥ = Q? , where Q° = Lim- 1o .

N 6x150 | g |

(24.4), (24.5)

and ¢* denotes a small eavity of molecular dimension housing the centre
of gravity of & within. Substituting p®* from Eq. (24.3) or from (24.4)
into (24.1), we have,

s _ KT QO . kT Qo 21 e -
|7 ,C\ "k‘_ ‘NS*’ZB(’%‘I’ ’ _ IC ”h'i Na’*’piéi, (24.6- U), (a4-6.l)
or
s+ , 5%
5= ok B I 5 (KT O T (0477 (24.7.3)
h 80*(5*) pa h 60*(8*) 736

We call along with §14 an elementary reaction homogeneous, if
Q% and hence N°®* remain constant all over the space concerned, or
heterogeneous, if Q** and hence N®* are concentrated at cite o* of the
_similar description as that of ¢* in §17. A reaction will be called
homogeneous or heterogeneous according as its rate-determining step is
either. .

Eq. (24.6) may conveniently be transformed as follows for the home-
geneous elementary reaction. N°®* being the concentration of only one
3* exsisting in the assembly™), it may be identified with the reciprocal
of volume V of the homogeneous fluid where §* is in. We obtain thus
from Eq. (24.6), that,

> a* « K
O G BT Qb BT Q7 (948%), (24.8.%)

"——-
v = = ] = = i

% hoop Vv o p

where ©; and 7, are respective rates per unit volume.

{+) Cf. §23.
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Eg. (24.7) is on the other hand transformed for the heterogeneous
elementary reaction occurring in identical cites ¢*’s of total number Z.
QCE, ¥ and @4+ involved in the expression are, now in accordance
with §23, those of the assembly containing one &* in either one of o*
It follows that GO+ =1 or 0,,*(5*, =1/G i.e. that Egs. (24.7) assumes
the form,

= ;1, - k};r G2 qo* 0 s (24.9.%)
'((/:1 = '% = *]/'/1 Gl qc* 0*(0) (24.9.5)

where A is the area of the surface and G, is the number of o*'s per
unit area. The total rate may be obtained by simply summing up
#1 or ¥, of Eq. (24.9.9) or (24.9.9) with respect to all kinds of cites.

CHAPTER V

APPLICATION-III. THE CHARACTERISTIC
NUMBER OF THE REACTION

§25. The Order of Reaction.

The order m of a reaction has hitherto been taken the characteristic
number of the reaction and the most important information about the
mechanism.

Let the homogeneous fluid of our assembly contain members §'s of

the reactant respectively at concentratlons Nal ’s but none of the resul-

tant, the former passing over into the reactant at a rate 70 per unit
_volume of the fluid. The number m is expressed as that,

m = Y ologr (25.1)

The individual term —°°870_ on the right-hand side of Eq. (25.1) gives
alog N% -
what is called the order of reaction mf with respect to &f i.e.
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mE — - 810870 (25.2

3 log N°F

We consider on the basis of rate expressions advanced in § 24, how
the order of reaction indicates the mechanism, first with the homogeneous
simple reaction®™, assuming throughout that « remains constant with
progress of the reaction.

We have,in this case according to thz definition,

Po = 1:1 .
SL=8§l, F=8F (25.8)
and pdl ==t paT == " (25.4.1), (25.4.R)

where 7, is the rate of the elementary reaction reckoned per unit volume
of the homogeneous fluid. Expressing 735[ and p5R according to Egs. (4.1)
and (21.2) in the forms,

p = @), p = 1T (955.L), (25.5.R)
we have by Egs. (25.8), (25.4.L), (25.5.L), (5.5) and (24.8.7), that.
- kT Qo

To = K& - T III(NBIL) y‘L (25-6)
h II(Q 6{‘)14{4

- - . . i 4. & .
i.e. that ro is proportional to I7(N o )”lI provided that components of
variable concentration behave ideal so that Qs remain constant in the
course of the reaction. The order is now given according to Egs. (25.1),
(25.2) and (25.6) as that,

v ' m =S - (25.7)

z
and

ml = of (25.8)

The order of reaction mf with respect to 8 hence equals the number
of the molecule 8F reacting and m the total number of such molecules.
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Conversely, if observed value of mf respectively equals the stoichiometrical
coefficient f of the chemical equation, the mechanism may well be that
of the simple reaction but not necessarily.
In the case when the simple reaction is heterogeneous the same is
true with s and mf, since # or o, is, as in the previous case, propor-
oL L
tional to l[( y-i) ! in the homogeneous fluid according to Eqgs. (25.3),

(25.4.L), (25.5.1), (5.5) and (24.9.9), provided that Q ”s and ¢5iBox In
Eq. (24.9.1)) remains constant,

Passing now to the homogeneous reaction consisting of several ele-
mentary reactions, where every component of variable concentration

behaves ideal, we first observe that 7o is proportional to 171 of the rate-’
determining step, if not identical with, as in the case of simple reaction,

that 7; in turn depends solely on p"l of the step because of the ideality

according to Fq. (24.8.17), that p5’ in turn is combined solely with pa{"s(*)
because of the equilibrium relation Eq. (6.1) prevailing, according to
§ 22, (ii), with all other elementary reactlons than the rate-determining

step, and that p % in turn depands only upon N’ r according to Eq. (5.5).
The order mf may hence be expressed according to Kq. (25.2) in the
form,

> L
mb = slogry _ alogro dlogp? dlog pal
L= 0 0; .

» alog N  8logp® giogp®f 8log N3

Both the first and third differential coefficient of the third’memb‘er of

the equation being —1 according to Eqs. (24.8.2) and (5.5), we have,
‘ 9 log pal

m{‘ = L.
3 log p

which depends on the mechanism of the reaction.
In the case of the homogeneous para-ortho-conversion of hydrogen,
if the rate-determining step is the elementary reaction,

L
32

. sl s gL sl .
(%) The form of the function p° =" (p™, P°%, .., P°l) depends on the mechanism.
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HAp-Hy — o-Hy,+ H

we have between &8 = p-H; and 8= H+ p-H, the equilibrium relation,
] - ) N
(prH)z = pH.prh

and hence

m o= mf

3
2
The number m or mf, if determined experimentarily, gives thus
a criterion for the mechanism.
The same is true with the heterogeneous reaction provided that
component of variable concentration behaves ideal and (lgi,@mg) in Eq.
¥

(24.9.7) remains sufficiently constant. ,

The above procedure of providing a criterion for the mechanism
may be useful in the case of the homogeneous reaction, when we can
often foresee the ideality on the ground of the small concentration of
variable composition, but less in the case of the heterogeneous reaction
when we can hardly be sure whether @38, is sufficiently constant
before we learn anything about the mechanism®.

§26. The Stoichiometrical Number of the Reaction.
We first define the rate of the reaction in the forward direction as
the number v of reactants passing over into the resultant per unit .time.

b may be experimentally detérmined by distinguishing reactants originally
present from those produced by the backward reaction, labelling the
reactants or resultants, say, by means of isotopes. Since one act of the
rate-determining step in the forward direction is necessary and sufficient
for its reacting complex. to pass from the state of the reactant into that
of the resultant**), we have

o = (26.1.0)

where p is the number of forward acts of rate-determining step required
to transfer one reactant completely to a resultant.

(%) Cf. §44.
(#+) Cf. §22, (i).
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The backward rate v defined similarly bears a relation to e that,

“«

uh = (26.1.0)

Numerical values of b or b hence depends, although the vproduct

1o or /MS is fixed; on the absolute value of the coefficient in the relevant
chemical equation, where only the ratio among them needs to be fixed.
We refer here for the sake of concreteness p, b and U to the smallest
possible intergral coefficjents. We will call the characteristic number -of
the reaction u thus fixed the stoichiometrical number and proceed to
express it in the form accessible to the experimental determination.

The observable resultant rate » of decrease of reactant is given by,
F=0—0 (26.2)

We see, on the other hand, that by passing of one reactant over
into the resultant the Zs of the assembly is multiplied by a factor p5R/p(7L,
inasmuch as the intermediate product of the steady reaction changes
meanwhile hardly in concentration™®. The multiplication being, however,
over-all result of elementary reaction involved, it equals the multiplica-

tion due to the rate-determining step paplpf’l, raised to u-th power i.e.
p?"Ip" = (3" Ty, (26.3)
since Zs remains unaffectad because of the equilibrium relation Eqg. (6.1)
by any othgr elementary reaction than the rate-determining step accord-
ing to §22, (ii). .
The argument pﬁp/pal on the right hand side of Eq. (26.3) equals
2/v as it follows immediately from Egs. (24.1.2) and (24.1.9), i.e.

po"
P

I

(26.4)

SRS

Eliminating now pﬁF/p‘*I, 2, v and b from Egs. (26.1.5), (26.1.5),4 (25.2),
(26.3) and (26.4), we have,

(%) Cf. §22.

— 51 —



Journal of the Research In;titu‘te for Catalysts

> > L rR,-L
r = o{l—(p /p? )} (26.5)
or differentiating with respect to,
x = pdpd" (26.6)
> I 1 > 1
B g gy L
ox ox M

or at equilibrium of the reaction when z =1,

1__ 1 (L“) (26.7)
7 > \ox /e '
VEyg

or according to Egs. (26.6) and (8.12),

1 RT

A= v .8
P Pm (8(#5L—MR) )Ea (26.8)

where the suffix Eq. signifies the values at equilibrium.

The number u is expressed in a slightly different form by differen-
tiating 7 with respect to poF : the result is, according to Egs.(26.5)..
(26.6) and (25.5.1),

> 9

1 L, 5L
(1—a® )_Bix w/ o
aptt apt #

or at equilibrium

. _“.L( aLA (26.9)
# 9 log p°:
or by Eq. (8.12),
hyj; RT _9r - .
! ( N (26.10)

Eq. (26.8) or (26.10) allows us to determine p experimentally provided
51;,, is observed for instance by a proper use of isotopes.
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827. The Stoichiometrical Number of the Hydrogen Electrode Process.

™  The fitting of an alternative mechanism to the cbserved value of u
is exemplified below with the hydrogen electrode process.
If the hydrogen electrode reaction written down in the form,

: . Hy=2H +2¢ (27.1)
has the mechanism, »
Hy—2H, HAH +e (27.2)

i.e. if H, splits first into adsorbed hydrogen atoms and then each atom
dissociates further into a hydrogen ion H  and a metal electron ¢ of the
electrode and the latter step is tne rate-determining, w is 2, since then
the step should take place twice as frequently as the total reaction.

If on the other hand, the mechanism is such that,

Hy A Hy +e, Hy —»2H +e (27.3)
or that H, splits first into the hydrogen molecule ion H, and a metal

electron defermining the rate, and H, then further into 2H and ¢, u
must be 1. ‘

The experimental determination of » in the case of the hydrogen
electrode process on platinum has been carried out by Horiuti and

Ikusima®, The resultant current b, in Eq. (26.8) was measured by the
electrode current, while i;Eq by the rate of the exchange reaction beitween-

the hydrogen gas and the solution aroqg}d the clectrode® and p@L/paR by
the relation, )
—RT log p?"jpé™ = 2Fn (27.4)

(1) Horiuti and Ikusima; Proe. Imp. Acad. Tokio, 15 (1939), 39.
(2) Horiuti and Polanyi; Nature, 132 (1933), 819,
Horiuti and Hirota; Sc. Pap. I.P.C.R. Tokio, 30 (1936), 151.
(*) Eq. (27.4) is derived as follows. For the reversible hydrogen electrode we have
the equilibrium relation according to Eq. (6.1), i.e. ’

pHy = (pH"(p§ ) -
where pg is the p? of the metal electron there. But since the reversible work of trans-
fering —F' electricity from the reversible electrode into the electrode in question is —Fy

by definition, we have
—RTlog pt | p§ = —IF%

where pf is that of the metal electron in the electrode. But since according to Eq. (27.1),
poF = p™ and poF = (pH*)(p*)?, we have, ps¥/ps¥ = (pg p° ) and bence Eq. (27.4).
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where F signifies Faraday and » the overvoltage of the electrode™. We
obtain from FKgs. (26.6), (26.7) and (27.4) noting that " = p* at equi-
librium and hence » = 0, an expression,

oy r»"" -
1 _ Rl s\,g? ) (27.5)
4 o e} n=n
/ 2( -8 7

—-

'T . . >
where 7, and ¢ are currents corresponding respectively to rates vg,

and 7.

Horiuti and Ikusima® thus found that p =1 for the hydrogen
electrode process on platinum. The mechanism of Eq. (27.3) amoeng the
two alternatives advanced thus only fits the observed value of .

CHAPTER VI
APPLICATION—-1V. HCOMOGENEOUS REACTION

§ 28. The Roie of the Homogeneous Elementary Reaction.
We define kX of the homogeneous elementary reaction in accordance
with Egs. (24.8.%), (24.2.1) and (5.5) as that,

o¥

e b KT Q (28.1)
Ny @y |

where suffix x signifies, 37v/ or the total number of molecules of the

initial complex. k¥ is thez“rate constant’’ as called usually but not
necessarily a constant inasumuch as Q%s in Eq. (28.1) may vary if &'s
are not ideal.
Denoting the quantities at infinite dilution of variable components by
suffix 0, we have, ‘
X = X IR

~0%

(28.2)

Ko

(¥) The overvoltage is defined as the electrode potential referred to any reversible
hydrogen electrode in the same solution of the same hydrogen concentration as that in the
direct neighbourhood of the electrode in question.

(1) Horiuti and Ikusima; Proc. Imp. Acad. Tokio 15 (1939), 39.
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where

. 5% b
W= Qg @ 933y 984

}’5 may_ be identified with activity coefficient inasmuch as it becomes
unity at the infinite dilution and bears the relation to p?® according to
Egs. (28.4), (14.5) and (14.6) that,

Wb = ulo+ RTlog f°N°, where u, = —RTlog @, (28.5), (28.6)

The relation of the form of KEq. (28.5) was advanced by Bronsted®
and Wynne-Jones and Eyring® by analogy to thermodynamies regarding
the activated complex as thermodynamical chemical species without de-
fining f° on the statistical mechanical basis.

In the case of a gas k¥ is independent of the pressure, Qf’s being
equal to that in vacuum. @ is hence calculable with reference to a
single reaction complex In vacuura.

829. The Rate Constont due to Eyring, Evans and Polanyi.

Eq. (28.1) or (28.3) is identical in the form with those obtained by
Eyring®, Evans and Polanyi® but not quite in its implication. The
latter authors derive the identical form of Eq. (28.3) by defining the
activated complex Sg(g) arbitrarilly with reference to the saddle point
on the potential energy surface of an isolated 3 and by assuming the
chemical equilibrium between the initial and the activated complex or
by expressing the concentration N OH9) of the latter according to the
equilibrium relation Eqg. (16.1) as that,
NOE®) Qb‘;;.(g) 11Netye!

NOEM) = X JI(N%)% (29.1)
Q%)™

Multiplying the latter by the ‘‘ universal frequency’’ k7 /h, the frequency
of transition through the saddle point in the forward direction for Sulg)
and by the chanee « ‘‘ that having once crossed the barrier, the activated

(1) Bronsted; Z. physik, Chem. 102 (1922), 109. 115 (1925), 337.

(2) Wynne-Jones and Eyring; J. Chem. Phys. 3 (1935), 492.

(3) Eyring; J. Chem. Phys. 3 (1985), 107.

(4) Evans and Polanyi; Trans. Faraday Soc. 31 (1935), 875.
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complex does not return”’®, they arrive at the rate expression and hence
at the idehtical form of Eq. (28.1). Extending now the latter form by
analogy, they go back to that of Eq. (28.2) for the elementary reaetion
in liguid, @%" there being, aceording to them, that of quasi-gas molecule
moving in the mean potential field of the enviroment.

It is implied in the theory of Eyring®, Evans and Polanyi® that the
saddle point is at least approximately narrowest pass on the path from
the initial te the final state. This may be practically true in many
cases but associated with difficulty in some cases.

Eyring assumes, for example, in accounting for the negative tem-
perature coefficient of the elementary reaction,

2NO+ 0, »2NO; @

that the activated complex consisting of the three molecules 2NO and
O: has the same minimum potential energy as the initial complex, which
corresponds to the lowest possible saddle point. As pointed out by 0.XK.
Rice® however the temperature coefficient cannot he zero or negative
if such saddle point is even approximately narrowest to pass through.
This difficulty is of course not associated with the present method where
the eritical complex is originally defined with referrence to the narrowest
configuration itself. :

Another difficulty with their method is due to the assumption of
the equilibrium relation between the initial and the activated complex.
We tonsider first the state of equilibrium between the initial and the
final complex and then that of the irreversible state brought about from
the former by removing the final complex. If the transmission coefficient
is unity or the reacting complex. which transits the state of the activated
complex forward, originate all in the initial complex, the rate of the

transition remains of eourse unaffected by removing of the final compiex. -

The equilibrium relation is then applicable in this sense which Is sssumed
by Wynne-Jones and Eyring® for general validity.
The assumption is not, however, legitimate even in this sense when

(1) Eyring; Trans. Faraday Soe. 34 (1938), 41.

(2) Eyring; J. Am. Chem. Soc. 57 (1935), 985. -

(8) Evans and Polanyi; Trans. Paraday Soc. 31 (1936), 875.
(4) O.K. Rice; J. Chem. Phys. 4 (1946), 53.

(5) Wynne-Jones and Eyring ; J. Chem. Phys. 3 (1935), 492.
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the transmission coefficient is appreciably less than unity, or, when only
a small fraction of the reaction complexes once traversed the activated
state completes the elementary reaction™. Admitting with Eyring, Evans
and Polanyi that the activated state is the narrowest pass throughout
the course from the initial to the final state, we may conclude that at
equilibrium the activated complex transiting in either direction will
equally likely reach the initial as well as the final state, and any one
there is equally likely having come from the either state. By removing
now the final complex in this case, the activated complex, which origi-
nating in the final complex transits the activated state forward, falls off,
the total number of activated complexes transiting forward being thus
almost halved. The equilibrium relation is thus inapplicable here even
_in the above sense.

This latter difficulty is, however, only formal, since fhe final rate
expression Eqs. (28.1) or (28.3), of the identical form is derived according
to the present method without resorting to the equilibrium relation. -

It seems to the present author that Fowler®, Guggenheim and
Weiss@ criticises the method of Eyring®, Evans and Polanyi® because
of the equilibrium relation with the conception of the latter case or that
of the diffusion-type as called by the present . author® whereas Eyring,
Evars and Polanyi® defend with the conception of the former case or
that of the effusion type. They both are Justified 'so far as the respective
extrerne case is concerned. " ‘

Rabinowiteh® Christiansen® and Norrish® follow a different line of
developing the theory of the elementary reaction from that of Eyring®,
Evans and Polanyi® with special reference to the diffusion tvpe. The

(*) We consider here only elementary reactions which proceeds adiabatieally, ¢f. §23.
(1) Fowler; Trans. Faraday Soc, 34 (1938), 75, 124.
(2) Guggenheim and Weiss; Trans. Faraday Soc. 34 (1938), 57.
{3) Eyring; J. Chem. Phys. 3 (1935). 107.
(4) Evans and Polanyi; Trans. Faraday Soc., 31 (1935), 875.
(5) Horiuti; Bull. Chem. Soc. Japan, Katayama Commemoration Vol. 13 (1938), 20.
Se. Pap. LP.C.R. Tokio, 34 (1938),"1174. i

(6) Cf. Faraday Society, General Discussion ¢ Reaction Kineties '’ Trans. Faraday Soe.
34 (1938), 1, 265.
(7) Rabinowitch; Trans. Faraday Soc. 34 (1938), 113.
(8) Christiansen ; Trans Faraday Soc. 34 (1938), 73; J. Chem. Phys. 7 (1939), 653.
(9) Norrish; Trans Faraday Soc. 34 (1938), 73.
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proczdure of the former group of authors seems, however, to be looked
uponn by Eyring as an alternative manner of deseribing the unique
reality®™ rather than as dealing, as actually they are, with the other
extremity of the reality. )

Experimental meterials hitherto found unfertunately fit the picture
of the effusion type, or equally well the both. It is desirable to find
examples which, fitting exclusively that of the diffusion type, lead us
innevitably to the correct synthesis of these antithesis.

830, The Thermodynamical Form of the Homogeneous Rate.

] In this section the rate and the rate constant will be expressed in

thermodynamical terminology : it is however neither claimed nor needs
to be claimed thereby that the critical complex behaves like a thermo-
dynamical chemical species or that recognized directly by thermodynamical
(stoichiometrical) procedure ; every quantity and relation here dealt with
are purely of the statistical mechanical formulation being clad in thermo-
dvnamiecal terms. '

" Eq. (24.1.5) for the rate of the elementary reaction is expressed by
substituting p*'s formally from Eq, (8.12) with due regard to Egs.
(24.2.8%), (13.21.4) and (13.22.y4) as follows,

wry i
7 e o KT TR = (KT T RT (80.1)
h , h
where
WPFy = FU—SIIFY = 2= 40 -7 % (30.2)

) Denoting the critical increment of any extensive property by prefix
4" and the associated condition of constant volume or of constant pressure
respectively by suffix V or P as above we have from Egs. (13.21.p4),
(13.22.4) and (13.23.4) that,

W Fy=4"Zp=MUv—T4"Sy = d" Xp—T4"Sp (30.3)

-

and hence Eqg. (30.1) in the forni,

(*) Cf. Eyring’s comment on the work of Christiansen; J. Chem. Phys. 7 (1939), 654.
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1Sy #Uy A*Sp_ A7Xp
D= x-l'—”iz-e R ¢ RT = K,,%T__e R ¢ RT (30.4)
. 3

Eq. (28.1) for L* is expressed according to Fags. (14.6) and (14.17.p)
in the form,

o _WFv, o W Zp
IX = /c—%?‘e RT = ,csz e RT (30.5)

where

e = ol
G Fy, = Pl —S W FY

___A*r bl - 1?8{ - &* I 6£
2abidl gy T 4 Zpy = 51’.1*24%'51:,1 B at! —ZWM
K k) t

(30.6)
Defining increments 4" Uy.i, 4" Xp,, 47 Sv,, and 4" Sg, of the ¢ standard

state’’ similarly as 4" Fy., or 4" Zpy, k¥ is further expressed according
to Egs. (14.21) in the form,

WUy, —TH*Sy,, ., _ d*Xp —T4*Sp,
EX = x.@’_z_le RT - ,C%Z ¢ RT (30.7)
1

where
Ai‘FV_; == m*Utu—Tm*SV,l = m*Z}” = AI*XP,I-‘TA[*SP.I (308)

Critical increaments and k¥ are constant at constant temperature
and pressure provided that components of variable concentration are
ideal and &, « and 8 remain respectively constant.

Interrelations among critical increments are readily derived from
the relations among partial molal quantities developed in §13 and §14
as follows,

NFy="Zp=0"Fpt PE" Ve (30.9.F)

4°Sp = 4" Sy + %A‘* Ve (20.9.9)
W Xe =0 Up+ T%Ai* Ve = M Up+ PN Ve (30.9.X)

(Eﬂl*Fv>V — _A'Sy  (30.9.FS)



Journal of the Research Institute for Catalysis

( 2 ZP) — A S, (30.9.78)

N'Fyy=48"Zps=0"Fp,+ P4 Vs (30.10.F)

3= 4 St £ 07V (80.10.8)

3 Xpy = Ai*UV,r‘rTg—J:* Vo= 0" Up1+ P4 Vs (30.10.X)

WFvy\ _ it (8

( T )V— 47 Sy (aO.lO.FS)F

(ﬁfl Zu) = N Spi+*RTa (30.10.Z8)
1 QAEZIWVJ 8[}‘ ZP]) . /1* YA o 7
(L )T ( I ) = 4TVe RIS (30.10.FV)

’ aﬁ‘%{\fP 17\ oy 31}3* Ve ) 2

(Fep™ e = a5 "), o

U Fyy= 3" Fy—RTlog N* = 8% Zpy = 47 Zp— RTlog N*  (30.12.F)

4SSy, = 4"Sv+Rlog N* (30.12.Sy)

A" Spy = 4" Sp+ R log N* ' (30.12.Sp)

8 Uy = 47Uy (50.12.7)

3 Xpy = 4" Xp (30.12.X)

where log N* = log N1 ,flog N 7 (30.13.N)

1

and K= 1 ‘_3,, . (30.13.v)
In the special case of a gas when,
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1
——— d o= _._ y
7 M PTp

(30.14.V). (30.14.a), (30.14.8)
Eqgs. (30.9), (30.10) and (30.11) assume respectively the forms,

A‘*VP:”*RI:T , o= 1

N Fy = 0" Zp = 8 Fp+ *RT (30.15.F)

A7Sp = A" Sy+*R (30.15.8)

N Xp = N Uy+*RT = 4" Up+*RT (30.15.X)

Uy = 07U = &"U (30.15.U)

(845;_7{7';/ = —H*Sy,. (@é}Zp)P: A Sp (E‘Mggv):,: aAgPZB)T___ p*ﬁgj

: (30.15.FS), (30.15.Z8), (30.15.FV)

W Fyy=N8Zpy= N Fp,+*RT (30.16.F)

A*Syy = N*Zp +*R (30.16.S)

§ Xp, = N"Uv1+*RT = 8 Up1+*RT, 4 Uv,=4"Up,
(30.16.X), (30.16.1))

QAL*FVJ = —A*S »
- )V.— A* Sy, (30.16.FS)

aAl*ZP,j Y * 3
W‘“‘)f A" Spa+ R (30,16.V8)

(M‘i&) — Efﬂiz,!u) -0 © (30.16.FV)
3P T 3P T o

?A_’;’S_'e.g) =0 : (30.16.XV)
P Jr

whereas Eq. (30.12) remains intact.

§31. The Tempemtz‘cre Variation of the Rate and the Rate Constant.

Our treatment for the variation of the rate with temperature will
be restricted to the elementary reaction of the effusion type™ for which

(*) See p. 57. Cf. Horiuti; Bull. Chem. Soe. Japan, Katayama Commemoration Vol.
13 (1938), 20. Sec. Pap. I.P.C.R. Tokio, 34 (1938), 1174.
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« is constantly unity. The temperature variation of the rate v is readily
expressed according to Eq. (30.1) in the form, :

2 Blogfg_;) * ll Zp ;
RT <_# = RT+4 Zp—T< T )P (31.1.P)
and

RT (ﬁl’gﬂ )V RT+4 FV—T( " Fy )V BLLY)

RT "’;);‘;1 = RT+4°X, (31.4.P)
>
RT* i%%)v — RT+4"Uy (31.4.V)

The temperature variation of the rate constant of the elementary re-
action is expressed in the form of the Arrhenius activation energy by
differentiation of Eq. (30.5), i.e:—

RT( "’logk.. = RT+ M Zn,— (""“ Z’”)P (31.5.P)

3100‘16 ) . _?Ar E‘LL 31.5.V
RT o7 V—RT-!—Zﬁﬁvl T( = )V (31.5.V)

and according Egs. (30.8) and (30.10)

g Alog K ) = RT+ 8" Xp—*RT% (31.8.P)
oT e

aloglc l :

RT — RT+4'U 31.8.V

( T v ( )

The difference between the above two forms of the temperature
variation is expressed according to Eq. (30.9.X) as that,

X I X ,
RT(B1BEDY gt 2108l ), = TN Ve BT (3L9)
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Assuming that 7 = 300K, 4" Vp = 100 ce, a = 107 deg™, 8= 10"*atm™
and v* = —1 which corresponds to the ordinary case of the bimolecular
elementary reaction in liquid, we find 7 Keal for the difference wwhich is
by no means negligible.

The expression for the difference is derived by Evans and Polanyi®V
raising the importance of the “ Arrhenius activation energy at constant

-al- ”” 2 3log kX s 1ot 1 ' : 1o :
volume” RIT - a7 for elucidation of the reaction mechanizm in
liquid who, however, leave out thza sszcond term *RT?% in the above

equation.

The latter term, although minor in thz above example of the ligquid
assembly, becomes so large in gas that it just cancels the first aceording
to Eqgs. (80.14). Both the ‘‘activation energies’ are now identical with
each other being given as that,

Rg?(ﬁ,}fﬁf‘f_‘ = RT2< a ]OEZ{X ) =RT+4"U
T a7 v

r al

where
' BU=8Up=4"Uy

§32. Pressure Variation of the Raie. *

Our treatment of the pressure variation iz restrieted as noted in
the foregoing section to tha casz of efTusion type. We have readily
according to Kgs. (20.1}) and {30.9.FV) that,

2 log o \ Ve '
VRV )y = &) 2.1
< 3P J/r BT 8z.1)

Similar expression for k¥ is obtained fiom Egs. (30.5) and (30.1G.FV)
as that,

3 log kX £ Ve | o x 5«
g = : 32.2)
( P )T T P #22)

Differentiating Eq. (31.8.P) with respect to P with regard toghq.
(30.11), or Eq. (32.2) witn respect to 7, we have,

(1) Evaas and Polanyi; Trans. Faraday Soc. 31 :1935), 875.
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a2logk* _ AV, 1 <aAI*Vp> +V*(i@
P

8T-3P  RT® RT\ aT T /r
or ' )
8ERY) _ gy, Il-—T(?_k)g_‘”*,K{’) |- *RTz(i’iﬂ) 32.3
(G5 ) =477 T /e T
where
. . alogkx>
; EP*RT( 3T Jr
and

. (8a)=82]ogV:_<8,8>
P /T aP-9T \ 37T /P
Evans and Polanyi® and Guggenheirﬁ‘” derived respectively the similar

‘al;f )T, the former authors, however, leaving out the

expression for (

da
3P
special case of the bimolecular association when »* = —1.

term L’*RT‘?(' )T, whereas the latter including a term valid in the

§33. Commenyy on the Controversies on the Thermodynamical Treatment
of the Rate.

As detailed in the foregoing section due distinction must be made,
for exact thermodynamical treatment of the rate, between the partial
molal quantities and the total quantities on the one hand, and, between
the critical increments at constant pressure and those at constant volume
on the other hand except in the case of the gas. Such distinction is of
course not merely the matter of the thermodynamical treatment of the
rate, but might be directed back to the pure thermodynamical treatment
of the equilibrium. '

Less precaution seems to have hitherto been paid on this respect,
as might naturally be expected from the history of the theory of the
rate developed in analogy to the thermodynamical theory of equilibrium
in a gas. The situation seems, however, to have resulted in unfortunate
confusions and controversies, which are going to be analysed and com-

(1) Evans and Polanyi; Trans. Faraday Soc. 32 (1936), 1333.
(2) Guggenheim; Trans. Faraday Soc. 33 (1937), 697.
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mented upon hereafter in the light of the present thermodynamical
theory of the rate.

Moelwyn-Hughes®™ puts forward the following expression for the
dependence of the Arrhenius activation energy E,4 on hydrostatical pres-
sure P.

y 1 *
Ea :AI*E+I"‘AJ*V{1—T< dlog iV _q(bloal) } (23.1)

. 9T P 3T /v @
where &K or AV is, as he states, the increase in internal energy or
volume associated with the change from ordinary to sctivated molecules.

Fvans and Polanyi® advance another expression,

_ R G alogm*v> }
| Ba=EPd {1 (2l V) (33.2)
for the relation, where Ej is /4 at P = 0. The latter expression may
be derived along the line of procedure of Evans and Polanyi by neglec}:ing_

RT? v*{/ —B;f—)T, identifying K4 to Ep in Eq. (32.8) and integrating the

N

%
latter with respect P, regarding A V{I—T(— a lo—agﬁl-}ix} constant.

Evans and Polanyi® claim Moelwyn-Hughes’ Eq. (83.1) contradicts thermo-
dynamics, because the latter is inconsistent, as they prove, with their
Eq. (33.2). .

Moelwyn-Hughes starts from the assumption that,

k& = const e"% (33.3)
and that '
Nop=Ad"E+PN'V-T4S (33.4)

where # g is, as he states, the critical increment of the (Helmholtz’s)
free energy. By differentiation of Eq. (33.3) he arrives at Eq. (33.1).
In oder to follow his line of reasoning exactly the critical increments
. - . - 3k . .
involved in the_ assumption, e, E, A'S and 4"V have to be distin-
guished with respect to their associated conditions. For being the incre-

(1) Moelwyn-Hughes; Trans. Faraday Soc. 32 (1936), 1723.
(2) Evans and Polanyi; Trans. Faraday Soc. 32 (1936), 1333.
(8) Evans and Polanyi; Trans. Faraday Soc. 33 (1937), 448.
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ment of the Helmholtz’s free energy, 4*p must be any one of N Fy,,
N Fp., SFy and A Fp. It must be however either A Fyq or A" Fp,
rather than A" Fy or A" Fp since otherwise, k¥ depends necessarily on the
concentrations of the initial complex. The 4" F'y,; is expressed according
to Eqgs. (80.8) and (30.10.X) as that, - )

N Fyy= 8" Upr+ P Vo—TH Spr (33.5.V)
whereés 4 Fe, according to Eg. (30.10.F) as that,

N Fp, =N Up—TH Sp, (33.5.P)

We see that for 4" Ve to persist in the expression of A*p, the latter
must be expressed by Eq. (33.5.V) which fixes the exact meaning of
notations in Eq. (33.4). Moelwyn-Hughes’ Eq. (33.1) appears now in the
form, ‘

o=t v+ ol 3log M Ve . 3log P
Ey=4"Up1+ PAl Vpll T(T)P T( 8T V} (33.6)

By Eqg. (33'3),’ (33.5), (30.8) and (30.10) we have however, either,

RT M) = N* Xp—*RT% (33.7.P)
oT. /r
or
o Blog kN> _ o 7
RT( et )Vﬂ Uy (33.7.V)

Equating the former to the Arrhenius activation energy K4, which is
according to Evan and Polanyi®” always to be referred to constant pres-
sure, and transforming 4" Xr by Eq. (30.10.X), we have,

EA = Ep = Al* UP.1+PAJ* VP“—V*RTZU. (33:8)

*
We see that differential coefficients T —QJQ%%YL

T(-g%li)v in Eq. (83.6) are here missing, the term —u*RT?®; appearing

) as well as
P

_instead.

(1) Evans and Polanyi; Trans. Faraday Soc. 33 (1937), 448.
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Evans and Polanyi, eriticizing Moelwyn-Hughes’ procedure of deriving’
his Eq. (33.1), state that the appearance of the third term T{->-—=

in the parenthesis iz due to a mistake of differentiation and by performmg
3 log P )

3T /v
in coincidence with their Eq. (33.2) is obtained. But we see above
that by carrying out the differentiation more correctly even the term

¥ .
T(ﬁl%,}ﬁ’_)}) disappears, which affords a strong feature of resemblance’

the differentiation correctly an expression without the term T (

. :
of Eq. (33.1). with (33.2). The erronous teym T ﬂ@%ﬁ#]}{)P creeps into
* %
the final expression, if the differentiation of — 4" Ur "Ef‘” Sra with re-
, . ‘
speet to T' is incorrectly taken to be ~Alle—(;f';‘~ by analogy to the differen-
tiation of _U_E%‘S_ at. constant volume, which gives exactly 7{’%;2
»accordmg to Eqs (8.8) and (8.10) or by analo y to the differentiation of
£ 3
Al WUy, —TH Sy, at constant volume resulting exactly in 4 Uy ac-

RT RT
cording to Eqgs. (30.8) and (30.10.FS).

It may be seen that the neglection of the distinction of the partial
molal quantity from the total quantity and of the associated condition of
the critical inerement is quite misleading.

Guggenheim® developed the thermodynamical theory of the rate
correctly, arriving at the identical forms of Eqs. (33.7.P) and (33.8)
although the distinetion between the’ constant pressure and the constant
volume is not explicitly noted or rather all partial molal quantities are
referred to constant pressure.

He starts thereby from the  definition of the ideally dilute solution
with the independent variables of temperature, pressure and mol fraction,
giving quite different formulations for the thermodynamies in gas from.
that in liquid, whereas here the ideal solution is defined with the homo-
geneous fluid jn accordance with Guggenheim’s particular form in liquid,
the other in gas being automatically derived as its special case. We

(1) Guggenheim ; Trans. Faraday Soc. 33 (1937), 607.
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note that the term ,*KT%, in Eqs. (30.10.ZS), (31.8.P) and (31.9), taken
into account witn its particular value by Guggenheim, takes care, as
shown in § 30 and § 31, with proper precaution on the condition of partial
molal quantities, to include the thermodynamics of the elementary reac-
tion in gas as the special case. ’

On commenting on the papers of Moelwyn-Hughes and of Evans and
Polanyi on the basis of his theory, Guggenheim® objects Evans and
Polanyi’s view that kg should be differentiated at constant pressure on
the ground that measured values of £, at ordinary pressures as well as
at hydrostatical pressure are all referred to constant pressure®, stating
that ‘‘ the correct reason of keeping the pressure constant, is that tem-
perature, pressure and mol fractions are the independent variables in
the simple formulae by which ideal systems have been defined and there-
fore also in all formule derived therefrom ’®. We see no reason why
we should to be faithful to this set of variables throughout: with proper
transformations and with proper specifications of associated conditions,
as shown in foregoing sections, we arrive at even simpler form of the
temperature variation of %X at constant volume, We quite agree with
Evans and Polanyi’s view of referring measured E4 to constant pressure
and of raising the importance of that at constant volume derivable
therefrom for the theory of reaction in solution.

CHAPTER VII
APPLICATION—V. HETEROGENEOUS REACTIONS.

834. Dependence of the Rate on Concentrations.

We see from Fq. (24.9) that the rate of the heterogeneous elementary
reaction varies proportional {0 pal or, as remarked in §25, to 1}(N 5 )”f of
the initial complex in the ideal homogereous fluid provided 8,+, in Eq.
(24.9) sufficiently approximates unity and hence qZ: remains constant
owing to the absence of interaction.

In the other extreme case when @.+(5*) == 1 or the surface is practically
covered by adsorbed molecules §*s, qii may be taken corf$tant, §* being

(1) Guggenheim ; Trans. Faraday Soc. 33 (1937), 607.
(2)- Evans and Polanyi; Trans. Faraday Soc. 33 (1937), 448.
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surrounded by definite sort of molecules. The dépendence of the rate

M. . .
~on N%’s as well as on N°ws of molecules ¥ in homogeneous fluid,
whose set,

=Sel {34.1)

is in equilibrium with adsorbed &%, is deduced as follows.
Rewriting 6,4+, according to Eq. (2.4) in the form,

00*(0) - gco*(o) == ;,,‘D,_Cd*(o) QC"*( 5M) QCaM

’Q(/O QC‘ *( 51[) Q(}sﬂl ‘QCO

and noting the relations Egs. (2.1), (2.2) and (2.3) that,

&M sM

551 v
P = NGy , g = Do and  Oo*(sy = Bonor
Q0 RC0) Q¢
we have
psﬂl
Bo¥(0) = “—Oc%(sM) (34.2)
qa* -
or substituting @ from (34;2) in Eq. (24.9),
h=etl g ¢ a5 pe Y Qs ) (34.3)

M

h q %
We see now that if @) = 1, &, varies proportional to p";‘"/pai i.e.

7\'51‘:/67-;??-:'671 (]o-* e "

(34.5
3 1(15*,, el )

It follows that (I) the rate is proportional to (]\751""' i in the ideal
homogeneous fluid accordmo to Egs. (2421) and (5.5}, and mvelsely

proportional to (N 6’") = there,.
If in latter case (II) it happens that 8/’s and 8¥'s are individually
identical to each other or that the initial complex & itself execlusively

. 51
occupies o*, the rate is independent of the concentration N%’s or of
N‘s%’s. If on the other hand (III) &!’s arc partially identieal to &é¥’s the
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conclusions {I) holds true with the remaining part of Sf s and S:,I’s.

: : M n sM M

The above reasoning about the effect of po or I/(N°=)"= on the
rate affords the theory of the catalytic poison. Rather curious conclusion
that the rate is inversely proportional to ﬁ(NB%)”% of 6%, even when
the latter nearly covers the catalyst, is correctly arrived at by Laidler,
Glasstone and Eyring®, who extended their theory treating the hetero-
geneous elementary reaction like a homogeneous one between cites and
molecules. -

$35. The Temperature Variation of the Rate.

The temperature variation of 7, of the heterogeneous elementary
reaction of the effusion type™® is expressed according to Eq. (24.9.7), as
that, '

RT* aig;{“ = KT+ A{*E;a* + Aig*(o)E- . - (35.1)
where,
B Epe = Bacs E—IB1E . dloxnE = RT’?-IB’;‘?TEW (35.2), (35.3.0)

— . 5™ _ 51
Aigr(sn B = RT‘@%%:% and AYE = RT?EI%%Z’L (35.3.9), (35.3.p)

Qo o, Mowono and A3IE arve according to Eqg. (7.6) increments due to
the process respectively associated with G , 95 and pb’, of the average
energy E or of the internal energy of the whole assembly, whose external
parameters are fixed, A E,« is hence according to Eq. (85.2) the incre-
ment caused by bringing &' from somewhere in the assembly into pre-
liminarily evacuated o* to form & there, the A4s are thus increments.
of internal energy or of enthalpy according as the assembly of interest
is Ay or Ap respectively*®,

The alternative expression of the temperature variation is obtained
by differentiating Eq. (34.3) as that,

(1) Laidler, Glasstone & Eyring; J. Chem. Phys. & (1940), 659, 667.
(%) See p. 57. . :
(x%) Cf. §13.
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BT i%’%& = RT+ 8 Egt 8Bt M g E (35.4)
where '
. _ _ _ ot
WE = MguBi— Al 5B, Mgy B = RT*?)QLBG;_@_)
) (35.5), (35.6.9)
70 3 log p?" = 2 3 log 9%
‘GHE = RTIW‘agQ._'p and Aﬁ*@M)E = RT ————~—-8T *
(35.6.p), (35.6.0)
The latter three quantities are, according to Eq. (7.6) increments due
to the operation associated respectively with @s%(s), p*™ and g5 of the

average energy I or the internal energy of the whole assembly whose

external parameters are fixed. A" "Ee« is similarly as in the previous '
case such increment caused by bringing 87 from somewhere in the
assembly into o*. These increments are those of the internal energy
or of the enthalpy of the interested assembly according as the latter is
AV or -412‘*). . )
If practically all of §”s are situated in the homogeneous part of
the assembly, 41K« is identified with the heat of adsorption at constant.
volume or pressure respectively according as the assembly of interest is
either AV or Ap. .
In the extreme case when O, = 1 or 8s40%) = 1, dixqE or Mg E
respectively vanishes according to Eq. (35.3.6) or (35.6.6) and hence Eq.

(35.1} or (85.4) for RT’ al;% Y1 assumes respectively the form,

g7t 21080 _ pry gt (35.7.1)
oT
or KT* “;;Qz = RTA+ N Bt f*Ee (35.7.10)
As to the relative magnitude of RT@};%@ at the both extremities
(») Cf. §13.

1 -



Journal %the Research Institute for Catalysis
) T

and to the temperature region of their appearance, the following may be
inferred assuming the relation of Eq. (17.2)(®

0 = 053"y = 1—Bgug) : (35.8)

Equating alternative forms of RT 27—6%;5;@‘4, Eq. (35.1) and Eq. (35.4),

with due regard to Fgs. (85.3.6), (35.5) and (35.6.6), we have,

R 0108050 _ ppe 0 Iogs%f@‘,’), ~ MME., (35.9)

or by Eq. (35.8)

RTzi"Ji’ga%:@ —«Rzﬂf’la%%ﬁ = B, (35.10)

*

Eq. (3.5’.10) shows, since —-RT’—glaoﬁe and RTH‘—Q}—Q%—%:Q are necessarily

of equal sign, that 6 increases or decreases with increasing temperature
according ss A"E,.. is negative or positive respectively. Provided that
the latter is at least approximately constant, the extreme cases 8 =0
and @ = 1 should hence respectively appear at lower and higher extremities
of temperature or reverse according as 47K, is negative or positive, as
shown by the scheme,

-

o 9 —0 6—1

-
neg. | Temp. lower Temp. higher
pos. : Temp. higher Temp. lower

«

On the other hand Egs. (35.7.1) and (35.7.11} show that RT' B}S%?L

. - . . M
= FEp is greater at # = 0 thau at § = 1 or reversed according as A",
15 negative or positive as shown by the scheme,

(*) This holds true when the states ¢%0) and ¢*(6™) are practically only possible
alternative states of ¢*, O,%s% being thereby negligible. Cf. §17.
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NEo 6 —0 g—>1
neg. ’ FEy greater E'y smaller
DOS. Ey smaller -Ey greater

‘We see readily, overlapping akove two schemes, that £y is always greater
at the lower extremity of temperature than at the higher.

log #1 may hence vary linearly with 1/RT respectively at the extre-
mities, the inclination gradually decreasing over the transeient region by
the amount |A"E..| with increasing temperature. In the case when
N E, and 4¥E,s differ in sign and | 4" Ep i < |4™E,. 1, the rate will have
‘a maximum or an optimum temperature in the transcient region. If
we exclude the possibility that @s%@sm)y = 1 at higher extremity of tem-

perature™, only possible case is that A"E, >0 and @ex@» =0 or 1
respectively at higher or lower extremity of temperature.

The two extreme cases corresponding to Eq. (35.7) are recongnized
by Hinshelwood® who treats the hetgrogeneous elementary reaction in
extension of the theory of homogeneous one, in terms of ‘‘the rate

1 !
constant &' ” and of ‘‘the apparent heat of activation RT2? *;? K of the
«® :

heterogeneous reaction.” Hinshelwood arrives by several assumptions and
approximations at the relation for the case 6 = 0 that the ‘‘ apparent

N o
heat of activation, RTzalagng 7 equals ‘‘the true heat of activation’”’

minus ‘‘the energy of desorption.” The ‘ true heat of activation’
is according to him ' the heat required to bring up an adsorbed
reaction complex to the eritical complex asnd the ‘‘eumergy of desorp-
tion” the heat required to set the adsorbed reaction complex

(*) Provided that ¢# forms a single molecule in the homogeneous fluid, we have
according to Egs. (17.5) and (35.10), ;

IMEox = Naeo

Eq. (17.5) shows on the other hand that 6 inecreases with increasing temperature, when
4B or eo is negative, but § may approximate unity only when lalN"M>1 or 3 in
the homogeneous fluid is far more Loncentrated than at saturation on the boundary, a
situation which can hardly be realized. ,

(1) *Kinetics of Chemical Change in Gaseous System !’ Oxford (1983), 354,
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free. H1s apparent heat of activation equals, however RT3 19%?3’, pro-
9

vided that the “‘ rate constant” is determined at constant N by throughout
a range of temperature as is usually done, since he defines the ‘‘ rate

constant” as the ratio of the rate to I}(N o )“1! in a homogeneous fluid.

/ 2 . .
Hence RTEG—I(-)&& or RTw—lo—gi—‘- at 6 = 0, which equals except the

minor term RT'™ the increment of E or of U caused by bringing the
initial complex to the critical state in ¢* according to Eq. (85.7.1;3%),

may simply be divided, if one prefers as did by Hinshelwood, in two
parts i.e. that due to the process of bringing the initial complex simply
into ¢* or negative ‘‘energy of desorption” and that of raising the initial
complex there to the critical complex provided that initial complexes are

situated practically exclusively in the homogeneous fluid.
For the case when @,4p*) = 1 Hinshelwood similarly arrives at an
-2 0 log ]g’ 7 .
oT

expression equating R1 to the sum of the ‘‘apparent heat of

activation” and the ‘‘energy of desorption” of ‘‘ wetarding gas.” This
conforms again with Eq. (35.7.IT) since the “energy of desorption” of
the “‘retarding gas” exactly corresponds to N"E,. of 8%,

We see, however, no advantage to force the rate ccnstant method
of the homogenecus elementary reaction into the heterogeneous reaction,
where the ‘‘ rate constant” is in general by no means a constant, and
to detail the picture so that the initial complex preliminarily assumes
the state what is called adsorbed at o* before imaking the critical complex
there. We should rather, specialize the use of the rate constant and its
temperature variation duly to the homogeneous elementary reaction and

(#) Since the statistical average of kinetic energy of the mode of motion normal to
the critical surface amounts just to RT if reckoned per mol of the critical” complex [Tem-
kin; Acta Physicochim. U.R.S.S. 13 (1940), 733.], the right hand side of Eq. (£5.7.1) gives -
the increment of # reckoned per mol of reacting complex caused by bringing the initial

over into the eritical complex transiting the critical surface.
(#) If 040 or o* is not preliminarily evacuated with certainty, the latter process

must be associated with the more or less additional increment for clearing wp ¢* which
amounts as much as to 4™Ex in the extreme case of Eq. (35.7.11) when 6 = 1.
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deal dlrectly with 1/1 and RT A“TA without introducing the intermediate

state, whlch may even be fietitious.

%86. The Rate Euxpression Allowed for the Mutual Interaction among
Adsorbed Molecules. :

We will now formulate the rate of the heterogeneous elementary
reaction allowing for the mutual interaction among adsorbed- molecules
with an example of the catalytic atomization of hydrogen on the surface
of a metallic catalyst. A

Our assembly will consist of a metallic catalyst in the hydrogen
atomosphere, where the catalysed dissociation of hydrogen molecules is:
going on, each of them changing into a pair of adsorbed hydrogen atoms.
Metal atoms of our catalyst are allayed as in §20 on a plane square
pattern, each affording one of identical cites o’s for an adsorbed hydrogen
atom whereas each adjascent pair proving o* for the critical complex
H, , which consists of two hydrogen atom. -

Expressing ps’ of the initial complex &' according to Eq. (5.5) in the
form,

s

H,
pot = ,%H. (36.1)

“and p" of 8%, which consist of two hydrogen atoms, according to Eq.
(4.1) in the form, -

ps’ = (p¥)? (36.2)
" we have according to Eq.(24.9)
Hy R
7= "T (O L TN s | (36.3.7)
b= x "nT R (36.3.)

These expressions for the rate will be developed into the form:
accessible to the numerical calculation taking the mutual interaction
among adsorbed molecules into account, but neglecting that between
latters and molecules in the homogeneous fluid and assuming that any
cite o is either occupled by H or else vacant i.e. that,
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8 = 8oy = 1—0,) (36.4)

For the first approximation it is assumed that the additional re-
“versible work®™ required to bring up a hydrogen dtom or the ecritical
complex to a cite due to surrounding adsorbed hydrogen atoms is pro-
portional to their degree of adsorption 4, i.e. that.

—RTlog ¢l = —RTlog ¢¥  + 6w (36.5.H)
' Hy , ¥ * *
and —~RTlog ¢ = —RTlog ¢+ 0w (36.5.H,)

where —RTlog ¢!, or —RT log qji%*o is the reversible work reckoned per
mol required, in the absence of interaction, to bring up a hydrogen atom
or a reaction complex from its standard state into o forming an adsorbed
hydrogen atom or a critical complex respectively there, 6w or fo* being
the additional reversible work due to the interaction taken proportional
to 6. '

Assuming further that,

00*(0) = (1—0)2 (36.6)
we have from Egs. (36.5.H,), (36.6) and (86.3.7) that,

kT qfi; LA
T = o h Q’h{e BT N1 —@)? ;‘ (36.7)
Eq. (36.7) gives the rate as a function of § and N™ .
Fxpressing ¢, on the other hand, in the form,

pH 1,}9 " (36.8)

according to Egs. (5.1) and (36.4), we have, by Eqgs. (86.8.%), (36.5.H,),
(36.6) and (36.8) for the rate ¥ of the reverse elementary reaction that,
H¥

ET 4.8 0 (@jk-gng)a 2 : 5 G
PG I SL R A (3().57)
R (@)

.
(%]

The reverse rate is thus a function solely of 6.

(*) Cf. §7.
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The above procedure of allowing for the mutual interaction is applied
to the theory of hydrogen electrode process on nickel, with the rate-
determining step of the catalysed atomization of hydrogen by Okamoto,
Horiuti and Hirota®®, who arrive at semi-quantitative explanatlon of the
process especially of Tafel’s emipirical rule®. 7

We now calculate the rate excluding the . o]
latter approximations but assuming instead that
the interaction between hydrogen atoms inelud-
ing those of eritical complex is significant only o

o
between directly neighbouring ones.
We consider our assembly Cyq at a parti-
cular state, that a group D) of cites consisting = 5

of particular ¢* and its direct neighbours shown
enclosed by full lines in Fig. 1, are unoccupied.
The cites belonging to >} is numbered as shown
by annexed figures in Fig. 1.

We now proceed to calculate, with re-
ference to QCyq) , PO in Egs. (36.3.%;) and
(36.3.1y) which is expressed according to Egs. (2.2) and (2.4) as that,

Qe :
HF o¥ (i
Oor) = - — (36.10
do% o) = ) Co )
QCi’( g is given similarly as in § 20, by

4

H By 10,4054 Bg k0 i) )
BT T g g 0,05 07 g g0 05070
3 4

HX
00, =00id, (e
3 '8

o*(HF)
(36.11)

where n’s of the cites o3 and o6 on tire one hand, and of oy, o5, ov and
os on the other hand are taken respectively identical with each other,
because of the symmetry of the figure.

04 is given by,

(1) Okamoto, Horiuti and Hirota; Se. Pap. Inst. Phys. Chem. Res. Tokio, 28 (1936),
233.. #

{2) Tafel; Z. physik. Chem., 50 (1905), 641. Cf. Bowden and Agar; Annual Report,
Chem. Soc. London 35 (1939), 90.
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g 1yt 0p 0+ 0y

g¥ o 01+ 0g By b+ g+ B+t g
fa. 7’38

80=0Cw0 3 (5
x 594n5+g7n8+_01(93 F0g P,'z teg)+ 92(5‘5 +h6—+n7) (3612)

By Egs. (36.10), (36.11) and (36.12) we have now,

T o (] ‘0 ex Byt P
(G,
qc*zo s 0 £ ) ot 6,)n4+9k+97*99 £0fs es0y
HZ* : oy Ve
(2] : e
qa* ox(0) = Tt 8
( qa 0 5*) 57)33~:-96 7):4+95+07+98 £047%5+ 00+ 0300+ 0,7+ Py +8g) + By (0 + 05+ 8;)
LR .

(36.13)

For unknown constants 7; and 7, we have on the other hand the
relation,

QCo0p = Qo0 = QC, ) O (36.14)

as in § 20, because of physical identity of oy, o3 and oy.

QCo, » Qo OF QC,,q is respectively obtained by putting 6;, 6; or
4; in Eq. (86.12) at zero. )

Q0 in Eq. (36.14) and QC, in Eq. (36.12) are on the other hand
related to @ according to Eqs. (2.4) and (36.4) by,

1-6 = 958@ . (36.15)

Substituting now qﬂ"’*&mo) from Eq. (36.13) into Eq. (36.3.%) or

- (36.8.9) and eliminating p¥, 7; and 7, therefrom by Egs. (36.14) and

(36.15), we have the expression for #, as the function of N# and 6 or
that for 3, as the function of 4 respectively. -
Remembering now two of cites are occupied anew as the result of
one act of the catalysed dissociation, the over-all .increasing rate of
adsorbed hydroger atoms is given by /

le‘g— = 2(t1—y) \ (36.16)
or by integration,

ﬁf’ 9y (36.17)

2 s th—h,

1
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where 6, and 6 are respectively the degree of adsorption at the time °
t and & . Substituting ¢, and 7; of either approximation and estimating
«, G, 'qiz_*o, q,, o*, », &* and § properly, we have the relation between
8 and t accessible to the experimental verification.

Actual calculation and its experimental verification will be presented
in a later paper.
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