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HARTREE-FOCK METHOD FOR THE INTERACTION
OF LATTICE VIBRATIONS
WITH ELECTRONS IN A METAL”

By

Tomiyuki Tova*®
(Received September 15, 1958)

§1. Introduction

It is an important problem in solid state physics accurately to
calculate the absolute value of the conductivity and the vibrational
frequencies of a metal. One of the difficulties in calculating the con-
ductivity is to formulate exactly the interaction of a valence electron
with lattice vibrations. The interaction matrix element is usually
assumed® as 2/3a,(e,q)C, where «, e, and a are the amplitude, the
polarization vector and the wave number vector of a lattice vibration
respectively, and C is the interaction constant introduced as a para-
meter. PeTErsonN and Norpuriv® have first successfully calculated the
interaction constant C theoretically, although several points of their
treatments are open to criticism®. Barpren® treated the problem along
their line by the HarTrer’s self-consistent field method, taking the
Umklapp processes into account, The theoretical values of the conduec-
tivities of alkali metals obtained by Barprex are, however, about twice
the experimental values, which discrepancy might be attributed to
the neglect of the effects of the exchange and the correlation energies
of valence electrons.

The vibrational frequencies of a metal are calculated® on the other
hand usually by introducing force constants between neighbouring
atoms as arbitrary parameters and neglecting the effect of valence
electrons,

It is now shown in the present paper that the contribution of the
valence electrons to the adiabatic potential of the normal vibrations
may be derived from first principles by an extention of the HanTrEE-

*) Supported in part by the Grant in Aid of the Fnndamental Research of the Ministry
of Education.
*#) Research Institute for Catalysis, Hokkaido University, Sapporo.
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Fock method without introducing any arbitrary parameters. The effects
of the exchange energy on the adiabatic potential and on the inter-
action constant is discussed by substituting the exchange energy with
Sr.aTeR’S simplified expression®, its validity being simultaneously veri-
fied. The conductivity thus derived is in good agreement with the
experimental value and the compressibility formulated by the present
method is found to be identical with the expression of Wiener and
Sertz except the contribution from the correlation energy between the
antiparallel spin electrons. In the following paper®, we apply the results
to the calculation of the frequencies of normal vitrations of sodium
metal,
Purther problems given below are left to subsequent papers:
(I) The non-adiabatic solution”.
(I1) The effects of the correlation energy on the interaction con-
stant”.
(III) The calculations of normal vibrations of Cu®.
(IV) Anomalous electrical conductivity and Depve temperature of
Li®,
(V) The relative lattice stability of alkali metals.
(VI) Theoretical derivation of the GrUnrisen constants of alkali
metals.
(VII) The conductivity of transition metals®.

§ 2. HARTREE-FOCK Equation for a Vibrating Metal

The Hamiltonian for a monovalent metal is given, including only the
contribution of valence electrons explicitly, as
K = (I/Zm)};;pﬁ-i-(1/2)§je"/]ri—rj[ + %vl(ri~Rl)

+(1/2) B /R, —Ry| +(1/2) Zva(R,—R.)+ D(M2)R;,

=l

@.1)

where the first term is the kinetic energy of valence electrons 4,7, -,
the second term coulomb repulsions between them, the third term
electron-ion interactions, the fourth or the fifth term coulomb or ex-
change repulsions between ion-cores [, I’,---, respectively, and the last
term is the kinetic energy of the ions; p, or r, is the momentum or
the coordinate vector of the ¢-th electron, m or M the mass of an
electron or an ion, and R, or R, the coordinate or velocity vector of the
l-th ion. The spin-orbit or spin-spin interactions are neglected here.
Let R; be the equilibrium lattice point of the I-th ion, and u, the
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displacement vector, so that
R, =Ri+u,. (2.2)
The u, are also expressed™ in terms of normal coordinates a, and a;;

ul = ? ul;qeq ?
. (2.3)
Wy, = N7 e, (g, exp (iqR$)+a} exp(—igRY)} ,

where N is the number of ions in unit volume, g the wave number
vector, and e, is the unit vector in the direction of polarization of the
lattice wave, taken in the same sense as e_, so that a,=a*, by Eq.
(2.3). It is frequently convenient™ to define real a, and @., by the
relation

a4, =12 @, iay), af =1y 2@, . (2. 4)

We assume as an approximate wave function for the Hamiltonian
(2.1),

@k, kyi ) = (N1 det|¥ (ky 558, - T Qg @), (2.5)

where k, or n, specifies the function ¥ or Q, and

(o, 5@, ) 0% (k) 050, de = 5 (k,, KD, (2.6)
{Q*@, a) Q.. a,)da, = 6(n,,n,) , 2.7)
and hence,
{o*e Mdrda, = 1 5(k, k)3(a, a,). 2. 8)
2,q 2,q

The wave equation for ¥ is given from the variational theorem, in an
adiabatic approximation, by the following equation,
8o [ [ det| ¥ (k,, t;;a,--)| - “det| ¥ (kyyr;3 G,--) dryo-dry ] = 0
(2.9)

with the auxiliary condition Eq. (2.6). In Eq. (2.9) % ” is the sum of
such terms in .% of Eq. (2.1), as to depend on the momenta and coor-
dinates of valence electrons, 7. e.,

S = (12m Dpi+ 1R D+ Dol —R).  @1E)

The equation for ¥ as derived from Eq. (2.9) is.
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{——E—- A+ V,;‘*‘ Vp+ Vex} w(kz! r; dq)

2m
= {Ey(k)+ 0B (kg; a)} ¥ (ki 5, (2. 10)
where
Vi(r) = Do (e, —Ry), (2.11)
Vo(r)=23 fera) | ¥ (ky x)) Pdrs (2.12)
and j

Vol (ky, 1) = {— 2 [ (@) ¥ (ke ) ¥ (ke ) ¥ (K, v)
ks

_ oy S (g ) e ) () Y i) U (k)T e (2,13
p* (kzri) ¥ (k,r;)

kj

The summations in Egs. (2.12) and (2.13) extend over all occupied states.
The factor 2 in Eq. (2.12) is the spin factor. The term k;=k; is can-
celled out in Eq. (2.10). V, or V,. depends generally on the electronic
configuration (k,,---,ky), and Vi on k, of the valence electron ¢ in ques-
tion. However, Eq. (2.10) is solved by simplifying the exchange potential
Eq. (2.13), as

Vee(r) = —3¢ {(8/8m) 2030 (k) ¥ (ks | " @. 14)

according to SraTer®. V, or V., depends now only on the electron con-
figuration (k,,---,ky), so that the N/2 equations (2.10) reduces to a single
wave equation, which is solved as an ordinary eigen-value problem.
The accuracy of the approximation (2.14) will be discussed in §7.

The wave equations for Q(n, G,) are readily derived by the varia-
tion theorem,

3o ¢* @ M dr,dE, = 0 . (2.15)
»q

They are ordinary harmonic oscillator equations, if terms higher than.
second order with respect to a, or af are neglected.

Non-adiabatic approximation will be carried out in a later paper
by quantizing the normal coordinates (a,, af) or (@, @-,) by usual pro-
cedure. The correlation effects” of anti-parallel spin electrons will,
furthermore, be taken into account there by starting from the wave
equation

7)
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@ = 2ck, - kp)@k, --ky; n,) (2.16)
with auxiliary condition )c*c=1, instead of Eq. (2.5), diagonalizing the
Hamiltonian matrix

((p(k{--- fv?'nq---)las”/I(D(kl---kwmq”')) ,

which is equivalent to determine the coefficients ¢’s.

§3. The Self-consistent Solution of the Wave Fnnction

Eq. (2.10) in the foregoing section reduces to the wave equation
for the perfect crystal when u,=0 or a,=af=0, ¢.e., each ion is in its
equilibrium lattice point. In this case the wave function ¢(k,r) and
its energy F, (k) are given respectively as

¢k, t) = Uyr) - exp (tkr), (3.1)
and
E, (k) = E,+(#*/2m)k*, (3.2)

which are good approximations for alkali metals except for Li metsl.
FE, includes the coulomb energy,

1.20 é/r,, (3. 2¢)
and thé exchange energy,
—0.916 &’/r, , (8.2 ex)

where 7, is the radius of a sphere of atomic volume,
The potential of ions, V,(r) given by (2.11), is expanded in power
series of @, and a} as

V, = Vit Vit VE,
where
VIie —N3 {aq-exp(iqR;’)-eq-gradvl(r-R?)Jrcomp-conj.} , (3.3)
z

and

yu— 1 5 a:-exp(2iqRY) +ala, +ao +a¥ exp(—Ziqu)}
z

2N

——

IM 7 (e — _M \ N
U e—R,| +<v (r—R,) —Rl| )cos(eq,r Rl)f’ (8.4)

vt or vy’ being the first or the second derivative with respect to |r—R,|.
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The nonvanishing matrix elements are,

Vi, = S¢*(k+q+Kh, r) Viglk, r)dr,

(3.5)
Vi = [¢*(k—a—K, 1) Vig(k, r)dr,
and
%= (¢*(k+2a+K,) Vi (K)dr,
5= {¢*k—2a-K)Vig(k)dr, (3.6)

VE = [¢*k+K,) Vig)dr,

where K, is a vector of lattice point in the reciprocal lattice space.
In the second order approximation, the contribution to the energy
from VEis {¢(k) Vig(k)dr,i.e., VI, of Eq. (3.6), which is given by Eq.
(3.4),
Vineo = (4n€/3)|a,|. 8.7

Perturbations Vi+ VI accompanying the lattice deformation uyq,
consist, besides of VI+ VI of ionic field, of Vi + VY and Vi+ Vi of the
valence electrons, and the appropriate perturbed wave function #(k)
in Eq. (2.10) is expanded with respect to ¢(k’) as

v(kr) = [1-(1/2)3 {blch+)]*+ [bkh—)"} J ¢ (k, 1)
+2 Ib(kh+)¢ (k+q+K,, 1)+b(kh—) ¢ (k—q—K,, )}
+ ’é}oc(kh)¢(k+~K,., r)
+ 2 {o(kh+)¢(k+2q+K,, r)+c(kh—)yp(k—-29—K,, 0}, (3.8

where the coefficients b’s are themselves of the first order with respect
to a, or a}, given as

b(kh+) = Vi, {E(k)—E(k+q+K,)} ", 3.9)
b(kh—) = Vi {Eyk)—Ei(k—q—K,)} ", (3.10)
with
e = [¢*(k+a+K,) Vig®)dr,
and
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Vi = (¢*(k—a—K) Vig(K)dr,

and are determined from the self-comsistency of V7§ or Vi. The ¢’s
are of the second order with respect to a, and aF, which are not ex-
plicitly given here, they falling out from the final expression of the
second order perturbation energy.

The electron density 2(r) are given by Eq.(3.8) as,

P(r) = 2 ¥* (kr) 7 (kr)
k 3.11)
= Py(r)+P1(r) + Pp(r) 4

where
Pu(r) = 25 ¢*(ke) g (kr) , (3.12)
pr(e) = D{Ph, expli(a+ K, r]+¢} exp[ il +K)r]}, (3.13)
with
Phe = 20 U3 {b(kh+)+b* (kh—)} , (8. 14)
Pi- = 2nU; {b*(kh+)+b(kh—)}, (3.15)
and
Pu=20020U; {b(kh +)b* (kh'—)exp [#(2a+K,+K,)r]
+b*(kh+)b(kh'—)exp[ —i(2q+K,+K,) r]}
+203 Uz{[e(kh+ )+e*(kh—)]exp[i2a+K,)r]
+ [e*(kh+)+e(kh—)]exp[ —i(2a + K, r |}
+2 E:Uﬁc(kh)exp [iKur]. (3. 16)

VL is given by the Pomssox’s equation 4V}=—4re’f; and Egs. (3.13),
(3.14) and (3.15) with the approximation Ui=1 as

Vi=2 (Vi exp[ila+K)r]+ Vi, exp[ —i(a+Kir]}
(3.17)
where

Vi = (8re/la+ 1K) 2 {b(kh+)+b*(kh—)} , (3.18)
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and
Vi = (8re/la+K,[) 2 {b* (kh+)+b (kh—)] . (3.19)

The contribution from VI to the energy vanishes, since VI, as well

as Pn, does not include constant terms.
Vic and Vi are also readily derived by Egs. (2.14), (3.12), (3.13),

(3.14) as
Vi = D Vi, -exp[ila+K,)r ] + Vig_-exp[ —i(q +Kor]},

(3. 20)
where
Vi, = —(26/N) (3N/8)"* 2 {b(kh +)+b* (kh—)] ‘
! ,  (3.21)
Vi = —(2¢'/N) (3N/8z)"" . {b"(kh+)+b(kh—)] ]
and
Vi = @e/3N*) BN/8) 2 { 2 [blkh+)+b*(kh—)]]
x {}k;‘[b*(kh+)+b(kh—)]} . (3.22)

The terms with coefficients ¢’s in Eq. (3.8) do not contribute to the
second order perturbation energy as mentioned above.

The coefficients b(kh+) and b(kh—) are now determined from the
self-consistency of VL and VL as follows.® The first order perturbation
matrices V) are the sum of V% V) and V., and hence, from Egs. (3.9)

and (3.10),
2 {bh+)+5*(kh—)} = { Vi, + Vi, + VE,,}
x 2 S{Ey(k)—Ey(k+q+K,)} . (3.23)
Substituting Eq. (3. 23) into Egs. (3.18) and (3.21), we have
Vo = [Br¢|a+K, )2 D{Bo(k)— Efk +a +K,)} ']
X Vi 4 Vo + Vi), (3. 24)

and
Vias = —{(2/N)BN/8x)" -2 2 { By (k)— Eu(k + a+K,)} ']

) A Vi 4 Vi + Vi), (3. 25)
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and hence,
Vore = Vo4 V5 + VL,
. (3.26)
= ViIIH- {1 +S(Q+Kh)} ’
where
S(a+K,) = — 8re¥/|q + K, [*—(2¢/N) (3N/8r)"] -
x23) {Eo(k)—E‘o(k+q+Kﬁ)}"l]. (3.27)

Self-consistent values of V},, and VJ&,, are now given by Egs. (3.24)
and (3.25) by substituting their last factor {V/,.+ V;,, + Vi,,} with Eq.
(8.26). Self-consistent V;,., V&, and V},_ are similary derived, and
henceforth we have

Vs = (3¢"/3BN")(3N/8z)"* 3} [1Viael®-2 b2 {By(k)--Eo(k+q+K,)} ™
+ V-2 DB~ Eu(k—a Ky} '] (3. 28)

The orthogonality is obvious for #(k) and #(k’), where k=:k’ and
k+4(q+K,>xk’, and the same is true for Z(k+q+K,) or #(k—g—K,)
and #(k) because of the equality,

b(kh+)+b*k+q+K,,h—)=0, (3.29)
or

bkh--)+b*(k~q—K,, h+)=0, (3.30)
which are readily verified by Eqgs. (3.9), (3.10) and V3, =V,,..

§4. The Adiabatic Potential of Valence Electrons
We now evaluate the mean value .« of .&'* of Eq. (2.1E), i.e.
f(N!)“/2 det |# (ks r;;0,) |- &7 (ND) " det|¥(k, 1y T,)] ?dri 4.1
with the wave functions ¥ derived in the foregoing section. %7 is ex-
pressed as
P = P P+ T, (4. 2)
where

= I—-k
ud ;l 2m

di+ Vi) + Vi) + V;Im)} , (4.3)
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HE=12) D (@), 4. 4)
(NI P))
and
#F=— DAVe)+ Vale) + Vi) + VA + VEE)} . (4.5)
%
with

Vo =Vi+Vo+ Vi,
v, = Vi+Vi+ Vi,
VI = VR VE.
We have hence, in accordance with Egs. (2.10), (3.7), (3.26) and (3.30),
A7 =27 (Eo(k)+0E(k, a,))
&
= 2 3(Bo+(i/2m)k’) +22 2| Vil {B(k)— Bk +q+XK,)} "
Vi {Bo()— By (k—a—K)} "]+ N(VE_,+ VE), 4.6)

and

AEP=2D7 § 7 (ke ) ¥ (ke r.) P (K'r ) ¥ (k'r ) dr dr,

— D2 [ (W) (ke )(efro) ™ (ke ) ¥ (K's) dr.dr,
= (1/2){ P (x) { Vo () + Vex(r)] dir

with the same simplification of the exchange term resorted to in deriv-
ing Eq. (2.14) from Eq. (2.13). %7 is given from Eq. (4.5) as

TE == [0(e){Vo(r)+ Vix(x)} dr, ,
and hence with reference to (3.2¢) and (3.2 ex)
I E+ AT = —(1/2)[0(r) {Vo(t)+ Vialrs)} dr,
= —0.60 Né*/r,+0.458 Ne*/r,
~2 R D[V (Vhn + Via) (B0~ Byl +a +K)}
+ Vire (Ve + Via ) {Bo(k)—Eo(k —a—K,)} |- 12 NVE.
@.7)
7 is now given from (4.6) and (4.7) as,
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AP = TP,
where

%7 = (The electronic energy for a perfect erystal including
the coulomb and exchange energies)

077 = —2 D B[ Vi, Vi (EQO— B +a+X,)}

+ Vi Va {E() —Ey(k—a—Ky)} '] + N(VE..+ VE?2).
(4. 8)

The contribution from VX may be incorporated into the second term,
by replacing V5. by V5., i.e.

Vi = Vi {1+S8@+Kp)} 4.9)
where

S'(@+K,) = —{8ze*/| a + K,|*—(5/6)(2¢*/ N )(3N/8r)"} -
x2 D {E,(k)—E(k+a+K,} ", (4.10)

which differs from S(g+XK,) given by Eq. (3.27) just in the coefficient
5/6 of the second term in the first factor. We have thus for the second
order perturbation energy as B

0% = —2 0 N[ V5L Vi (B(0)~Ey(k+a+K,)} ™
r ok

+ Vi VA Bk —By(k—a—K,)} ] +@zNe/3)ja,l* . (4.11)

§5. Electrical Conductivity of Monovalent Metals

The V%. in Eq. (8.26) is expressed, according to BARDEEN®, by the
approximations Egs. (3.1) and (3.2) for ¢(k) and E (k) as

Vire = {¢*(k+q+K,,, r) Vigk, r)de
[ AnNe' i
”q+Khlz +T(V(r-?) EO)I g(x) ] (5. 1)

where g(x)=3(sinz—xcosz)/z’, x=r,|q+K,|, and r=Ur,). V(r,) is the
Harrree-Fock potential at the surface of an atomie sphere of radius r,.
We have on the other hand for the summation in Eq. (3.27),

2 D{EW) —Eo(k +a+K,)| " = —(BN/4c)f @) (5.2)

= iN"g,(e,qa+K,)
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where ¢,=(%%/2m)-k% is the Ferwvi energy, kr being the wave number
of an electron at the FermI surface given by 1.92/r,, t=|q-+K,|/2k, and

1 1-¥ 1+1¢
= = . 5.3
V0 ST logJ T ) (5.3)

The self-consistent matrix element V},, is given, from Egs. (3.26),
(3.27), (6.1) and (5.8), as
Vore =1(2/8)N Va,-cos(e, a+K,): |a+ K, |- GOF B¢, (5.4)
where,

G@®) = {1+7(V(r)— E)(3F/3c.)} 9(3.840), (5.5)

p=eky/xt,, and

F{)= 2¢/p)+(1—3t2)f ). (5. 6)

At high temperatures, T>6 (8 : the DervE characteristic tempera-

ture), the amplitude of the vibration is given by

|l = £T/12Mo} , (5.7
where « is the Borrzmany constant, M the mass of the atom and o,
the angular frequency of the vibration. According to the treatment
of DEnrYE, o, is given by

w, = (60/%) (q/g.) (5.8)
where ¢, is the largest value of ¢. The amplitude |a,| for transitions
K,>0 (Unklapp processes) is assumed to be equal to |a, | according to
BARDEEN, t.e.

lag, |* = £T2Mw} . 5.9)

The interaction constant C, as defined by SommerrrrD and BeTHE,
is now given by

C =4[ [M{GOFO ) rat + [ {et)GOF® 0} vdt ],

" (5 .10)
where £,=q,/2k>=2"%"° is the largest value of ¢; the second term arises
from the Umklapp processes, while the factor ¢/t,, there from the assump-
tion Eq. (5.9).

The conductivity o at high temperatures is given in terms of the
interaction constant C as
o = Me*(hn) 2 k(dE,/dk:(x6*/T)C?, (5.11)
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which may be written in the form,
(Cleo)* = nomhT/ABM~6? , (5.12)
using the relation
kyAE./dk), = 2¢, .

Table I shows the interaction constants of alkali metals evaluated
by Eaq. (5.10) as well as those by HarTkeE approximation in comparison
with the experimental values determined by Eq. (6.12) from the ob-
served conductivities,

TasLe I. Theoretical interaction constants C of monovalent
metals, including exchange effects by SLATER’s
simplified HARTREE-Fock method.

' } K | R | o
@%1071 ¢.g.s. units at 0°C 10.7 ! 22.8 18.2 8.6 6.0
extrapol. from cexp at (T°K)t (250) | (150) (80) (50) (35)
rs X 10 8 em 1.72 2.12 2.56 2.81 3.13
8 1.08 [ 1.33 1.60 177 1.90
%o (eV) 472 | 316 2.06 179 1.53
0 °Kt | 330-360 ‘\ 180202 114 65 45
(Clto)exp. | 1.26-1.3¢ | 0.92-1.04 0.92 1.25 1.25
(Virs)— Eoy*eV I —08 ) 0.08 —0.02 0.03 0.00
Cl¢o with exchange effects. | 0.78 | 114 1.23 1.28 1.30
C/¢o HARTREE approx. 0.50 1 0.73 0.75 0.80 0.80

*) H. BROOKS, Phys. Rev. 91, 1027 (1953); F. S. HAM, Solid State Physics Vol L.
185 (1955). 1) D.K.C. MACDONALD, Handbuch der Physik Band XIV, 175 (1956)

As seen from Table I, the theoretical values are considerably
improved upon those of the HARTREE approximation, by taking the ex-
change effects into account, indicating an important part played by
them through the electron-phonon interaction. For Li metal the as-
sumptions of Egs. (3.1) and (3.2) are only poor approximations as re-
ferred to before; detailed discussions will be given in later papers.

§6. Compressibility of Alkali Metals

The validity of Eq. (4.10) is now examined by deriving from it the
compressibility of alkali metals, and by comparing the result with that
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obtained from the cohesion energy of the VZIGNER-SEITZ theory.
The second order perturbation energy 6.7 of Eq. (4.11) is expressed,

substituting Eqs. (5.1), (5.2) and (5.4) into Eq. (4.10), as
804" = |a,|'Ne* {4n/3— 4z 3" cos(e,, a + KGO F' (1) f@)}, 6.1)

where
F'@¢) = 2t/B+(1—1.25¢8) f (¢). (6. 2)

Eq. (6.1) is an even funetion of ¢=|q+XK,|/2k,, which is expanded with
respect to ¢?, for the case of the longitudinal vibration of long wave
length (i.e.¢=0 and cos (e,, gq)=1), neglecting terms h=c0, as

87" = |a,|*N| —4nNe'+(4n/3) Ne

+{—2(V(r)—E)+(2/3) 0+ +0.60¢%/r,—0.254¢%/r,} ¢*], (6.3)

where the third or the fourth term of the coefficient of ¢* in Eq. (6.3)
is the contribution from the coulomb or the exchange energy of valence

electrons respeotively.
The circular frequency o of the longitudinal vibration of long wave
length ¢=0 in the direction of (1,0, 0) is obtained from Eq. (2.15), as®

|a, | Mw? = {07+ 6.2}, (6.4)

where 6% 7 is given by Eq. (6.3) and &.£¢ is the contribution from the
coulomb repulsions between ions. For the simplicities’ sake the ex-
change repulsions between ion-cores are here neglected, which is un-
important for the present discussion of examining the validity of Eq.
(4.11). The 0% °¢ for the mode under consideration is evaluated as

0 ° = |a,|'N {(8r/3) Ne*—(0.368 ¢*/r)) ¢* + S (6. 5)

The circular frequency of the mode is related, on the other hand, to
the elastic constant ¢,, as

Mo* = Ne,yg . (6.6)
We have now from Egs. (6.3), (6.4), (6.5) and (6. 6),
en = N {—2(V(r)—E)+2/3)¢. +(0.60—0.368)¢*/r,—0.254¢"/r.}
6.7)
and for the reciprocal of compressibility 1/x,
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1/k = ¢, —(2/3)(c,,—cu)
= N{—2(V(r)—E)+(2/3)¢,+(0.60—0.368—0.032)¢*/r,— 0.254 €1} ,
(6.8)
where c¢,—c;, = 0.048 Neé?/r,.
The expression (6.8) for 1/¢ is compared with that derived from

the cohesion energy ¥, as follows. The cohesion energy of alkali metals
is expressed, according to the theory of WieNEr-SEITZ, as

E,(r) = E,(r)+(3/5)¢,—0.60¢*/r,+0.458¢*/r,—0.288 ¢€*/(r; + 5.1ay) ,
(6.9)
where a; is the Bonr radius and the third, fourth and fifth terms are
the coulomb, exchange and correlation energies of valence electrons
respectively. The reciprocal of the compressibility is hence given
(Appendix I) as

/5 = (1/122r)(dE,/dr?)
= N[ —2(V(r.)—E\)+(2/3)¢.+0.2¢*/r,—0.204¢/r,
—(0.064¢/r) {1+(1+5.1a,/r) | (1 +5.1ag/r) ],  (6.10)
referring to the equilibrium condition (dE./dr,)=0, and to the relation,
AB,/dr, = (3/r){(V (r)—Ey)—0.2¢/r,+0.306 éir.} (6.11) |

derived by Froermion™ and Barpren.'?®

We see, by comparing the expressions (6.8) and (6.10) for 1/s, that
the former adequately reproduces the latter except the exchange and
correlation terms. The contribution —0.264 Né*/r, from the exchange
energy in Eq. (6.8) is about 20% larger than that —0.204 N%/r, in Eq.
(6.10), which excess may be attributed, as shown in the next section,
to the simplification Eq. (2.14) of the exchange energy. The contribution
from the correlation energy is not included in Eq. (6.8) as the consequence
of the underlying wave function of Eq: (2.5) without configurational
interactions. The correlation energy is incorporated by starting from
the wave function Eq. (2.16) instead, as mentioned before.

§ 7. The Validity of the Simplified Exchange Energy

The perturbing ionic field V; accompanying the lattice deformation
is screened or compensated by the redistribution of valence electrons.
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One of the effects of the exchange energy on the screening field is
that through the density of energy levels of valence electrons. This
reduction of the level density has been ignored altogether in the for-
going treatment of simplified exchange energy of Eq. (2.14), which is

independent of k.
The V¢ depends on the wave number of an electron as

1—(k/le) log’ 144 /kw |)

1—Fk/k, I’ @1)

Ve = 1904 ¢ (14
r, |2 4k/ky)

10b)

which has the singularity
AV /dk = oo at k=rky, (7.2)

that reduces the level density at the Frnmi surface abnormally. Such
anomaly as expected from (7.2) is not, however, observed with the
experimental values of the electronic specific heat or the paramagnetic
susceptibility, which depends directly on the level density at the Frrux
surface. Serrz and Samrson® has suggested in this regard that the
correlation energy of electrons of anti-parallel spins might have ten-
deney to compensate the anomaly. Recent theoretical investigations'
have shown actually that the resultant reduction of the level density
amounts only about to 10%, taking the exchange and correlation effects

into account at the same time.
The effect may be approximately included by replacing the sum-

mation (5.2), i.e.,, 23 {K,(k)—F (k+q+K,)}", by
%
D/D,- 23 |Ey(k) —Ey(k +a+K,)} (7. 3)
k

where D or D, is the density of energy levels at the Frrmi surface
with or without the exchange and correlation effects. The contribution
from the effect is now the addend

N - (2/3) ¢, (1—-D/Dy) (7.4)

to 1/¢ of Eq. (6.8).

More important is the other effect of exchange energy which has
been taken into account by the second term of the first factor in Eq.
(3.27) or Eq. (4.10). This effect is physically interpreted as reducing
the screening field of valence electrons, which are redistributed to
compensate the pertubing ionic field of lattice deformation, by keeping
them more apart from each other than corresponding to HARTREE
approximation. The correlation energy of anti-parallel spins is also
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expected to have the similar effect by the same reason which will be
discussed in a later paper, its magnitude being about 10% of that of
the exchange effect as estimated from Eq. (6. 10).

The simplified exchange energy of Eq. (2.14) over-estimates the
latter effect by 209 for ¢<gq.,, as shown in the forgoing section.

The validity of Eq. (2.14) for ¢=(27"¢q,,=ks is examined by com-
paring the exchange energy of the deformed crystal

— L np([r @ o) pke) @) ke r ey drds,  (@1.5)
with its simplified expression,
@)l 2 enuw ey rnr))”, (7.6)
| 87 Z J
where ¥ (k) is given by Egs. (3.8), (3.9) and (3.10), neglecting the third
and fourth terms in Eq. (8.8) according to the conclusion in §4. The
zeroth order term of (7.5) or (7.6) with regard to ionic displacement

is —0.458 Neé*/r,, which corresponds to the exchange energy of the metal
without deformation, while the term ¢=%k, and K,=0 in (7.5) or (7.6) is™

~0.10 N&/r {|Vp nmo,o "+ | Vpmo -} €37 (7.7)
or

—0.17 Ne/r, {| Voo, s [ 41 Vo, - 657 (7. 8)
respectively.

The comparison of (7.7) with (7.8) shows that the simplified ex-
change energy overestimates the second term due to the lattice defor-
mation by ca. 609, which makes about 159 difference of V,,, of Eq.
(3.26) or of 6.« % of Eq. (4.9).

The simplified exchange energy is also a good approximation for
a=(/r, 0,0) (2r,; lattice constant), as shown in the following paper, by
comparing the frequency of the vibration of the mode e,=(1,0,0) or
e,=(0,1, 0), derived from Eq. (4.11), with that obtained by cellur method®.

We might, thus, conclude that the exchange term in Eq. (3.26) or
in Eq. (4.11) is a good approximation for all range of ¢, provided that
they are corrected for the over-estimation mentioned above as well as
for the reduction of the level density.

The effective matrix element, modified by taking into consideration

*) See Appendix I
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the corrections discussed above as well as the effect of correlation
interactions between valence electrons, will be given as”,

Vine = Vi {14+S(@ K} (7.9)
with
S(a+K,) = {8re*/|a+K,'—2Ba+K, eIk}
x (D/D:2 % (Ey(k+a+ K,)—E(k)} ™ (7. 10)

where the B(q+ K, is more or less independent of g+K, and the factor
D/D, is due to the reduction of the level density at the Frria surface.
The contribution from the exchange and correlation energies to the
1/¢ is now

— N{B(a+K,=0)-0.204¢"/r,+(2/3)-{o(D/Dy— }. (7. 11)

Table II gives the interaction constants evaluated by Eq. (7.9) where
B’s are assumed constant and determined by equating Eq. (7.11) with
the fourth and fifth terms of Eq. (6.10).

TaeLeE II. Interaction constants C of monovalent metals,
taking the exchange and correlation effects
into account.

‘ Na ‘ K Rb Cs

| |
Blq=0) 1 1.25 ‘ 1.21 ‘ 1.18 1.18
(D] Do® 0.90 ! 0.935 0.945 0.965
(Clzo) by Egq. (7.9) ! 1.08 | 1.12 : 1.20 1.20
(C/¢oexp. ’ 1.02~1.15 i 0.98 1.32 1.29

*) D. PINES, Phys. Rev. 92, 626 (1954).

The experimental values (C/z,)e., in Table II is evaluated by the
equation®
(Clesty = (DIDy} (momhT |43 Mr6?) (7.18)

instead of Eq. (5.12), taking into account the reduction of the level
density at the Fermr surface.

1) The conclusion of E. J. BLATT (Phys Rev. 99, 1735 (1955) or R. BARRIE (ibid., 103, 1581
(1956) is not correct. Cf. M. TSuji, J. Phys. Soc. Japan, 12, 828 (1957).

— 178 —



Interaction of Lattice Vibrations with Elcctsons in & Metal

§8. Discussion

Recently Barpeen and Pines'™® investigated the role of electron-
electron interactions in the electron-lattice vibration interaction in
metals by extending the Bomm-Pines collective description method.
They concluded that the exchange and correlation effects on the ef-
fective matrix element V,,, and on the adiabatic potential &7, which
depends on V,,,, are negligible for small wave number vector ¢, in
deviation from the present coneclusion.

Their conclusion might, however, be questioned in that the effective
matrix element of the electron-lattice vibration interaction is, according
to BarpDEEN and Pings,

Viore = Vire [1+(8ne2/|q+1<,,|2)-2§ {Euk+a+K)—E @)} 7]
(8.1)

which is given by Eq. (8.26) by cancelling the exchange term in the
S(g) of Eq. (8.27). Eq. (8.1) leads similarly as in §6, to the expression
of 1/k, i.e

/5 = N{—2(V(r)—E)+@2/3)¢,+0.2¢/r.} , (8.2)

which differs from that of Eq. (6.10) in dispensing with the exchange
and correlation terms. Numerically, (8.1) and (6.8) give respectively
1.39-10" dynes/em? and 0.72 10" dynes/ecm?®, or including the contribution
from the ion-core exchange repulsions, 1.47-10" dynes/cm® or 0.80.10"
dynes/em?, which is compared with the experimental value ~0.80-10"
dynes/cm® The effects of the exchange and correlation energies on
the ¢,=c,,+2¢,, are similarly expressed as 1/s, inasmuch as both ¢,—c,
and ¢,, do not include the effects. The value of ¢, for Na derived by
Barpeen and Pines is 15% larger than the experimental value, or even
259, larger, if one takes the ion-core exchange repulsions into account,
whereas the effects of the exchange and correlation energies given by
Eq. (7.11) just covers the discrepancy as readily be seen.

This comparison shows the exchange and correlation terms are
indispensable. The interaction constants in Table I or II also show
the important role of the exchange and correlation effects on the effective
matrix element of electron-lattice vibration interactions.

The author expresses his sincere thanks to Professor J. Horium for
his continual enconragement and interests to the present work.
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Appendix 1
Eq. (6.10) is derived as follows. We have from Eq. (6.9)
ayv dE 6 ¢ e 0.458¢° 0.288¢°
&= T = 50106 — + , (AL1
dr, dr, 5 r, r: r? (r.+5.1ag)’ ( )

assuming a(r)=m/m*=1 and da(ry)/dr,=0, or

dE 3 6 ¢, , 0458¢ 0.288¢*
e — Vir)—E)— 2 5o + , Al 2
dr, s V) ) 5 r, s (rs+5.1a,) ( )
substituting dE/dr, from Eq. (6.11). Differentiation of Eq. (AI.2) gives
d'K 3 3 (dV _ dE,)
—= - vV s —E)+ = -
drt 7? (Vird ) ro \dr, dr,]
+ 6 3z, 0916e | 0.576¢* ) (AL.3)
r:2 5 r: (ry+5.1ag)’

The Hartrer-Fock potential V,(r) is given as,
3e*  er*\ _ 0.916¢°
2r, 2 ) s

’

Vo(r)= v (r)+ (

and hence admitting that v,(r) tends to —e*/r in the neighbourhood of
r="rs,

V) = — 9916¢ (AL 4)
Ts

We have from Eqgs. (AL4), (6.11) and (AL3),
3¢, 1.8¢_0.916¢_ 0.576¢’

CE, 12y gy % I

dre 72 z 5 7 7 (r,+5.1ay)’’
and hence
1 _ 1 &E
> 1277, dr:
4 2 0.2¢ 0.102¢ 0.064 ¢
=N/ 2 (Va)—Ey+2 ¢4 020 —_OSbder; |
{ 3( ry ) 5 ¢ 7, 7, (r,+5.1a,7)

or

1 N —E)+-2
. Nl 2(V(r)—E)+ 350

(AL 5)

4. 0.2¢°_0.204¢°  0.064¢', <1 b T >|’
T 7 (r,+5.1ay) r+5.1a,/f
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with reference to the equilibrium condition dF. jdr,=0, i.e.,

2 . 2
— 5 (V(r)—E £y 01026 0.064e'r,
3 15 Ts (7',; +5.1ag)

Appendix 1I
The exchange energy of valence electrons is given as

—125 g (7% (e ) (ke )@ ) 0% (ke ) 0 (K e e dr,

Ne T e? m?
= 0458 a4 E pht + foz h +K/L)y
7, ; 4 (27[)4 724 ]q+K Iz{l I | n I} (q
(A1L 1)

where the second term of the right hand side arises from the de-
formation accompanying the lattice vibration and the h(g) is given as

h(@) = jjsm z, ) dady , (AL 2)

where
S x,y) =87 z»+S,@ ¢, —9)+S.{F, —x,v),

e 2@y (G @)
Sl(q, x, U)f (_2/4—352)((72/4—?/2) l 4 (x+y) + 4 +r?/f

(1— xz)logl—%+(1—y2)log1%y~—(l~x)(l+y) for x>y
X y

(1— xz)log;——+(1 y)log1+y—(1+x)(1—y) for z<y

and

@+2=Y" [ _o]oe| VA @+T—)+2°—
@2+ @2 | #log | 2(7 +o—y) ]

” ;/A+(zj+x—y)2—x"‘+y2]
+(1—y)log|! Ty
e R T

Sz(‘?: x, —Y) =

1 1 tay—i(z—a)— 1)
+?;/A 1+ay—qx—y) 5|

with abbreviations §=g¢/k, and
A= (q+z—y)+2(q+2—y 2—2"—9)+ @ -y

The integrand S(7, ) of (AIL2) is singular along the lines z=+4/2
and y=+q/2, it being meant by the appropriate integral that
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which converges as is readily verified. The integral k(g) is estimated
at 18.1 for q=Fk,, giving the expression (7.6).

The exchange energy in the simplified expression is, instead of
Eq. (AIL. 1),

—(32)¢ {38722 (ke )P (ke))

N Ne T e 3 Al ; .
= —0.458 — 22— Né& ) =N A

x {2 DBk +q+K,)— Ey(k)" } (A1L 3)
The term ¢=k, and K,=0 is given by Eaq. (5.2) as the expression (7.7).
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