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THEORY OF CHEMISORPTION ON
METAL SURFACE” '

By

Tomiyuki Toya**

(Received December 31, 1958)

~ Introduction

The concept of usual valency theory might not be directly applicable
to the chemisorption of atoms or molecules on a metal surface. Porrarp?
has suggested that the orbital of surface state, which is localized at
the surface, may form one-electron bond with the valence orbital of
the adsorbate. This proposition appears, however, to be open to
criticism, First, the existence of surface state of adequate energy in
a metal is in question®; second, the adsorbate should be necessarily
positively polarized with an effective charge of ca. ¢/2 (¢ : the elementary
charge), not always in conformity with observations; and third, the
interactions between the bonding electron and metal electrons might
possibly overweigh the bond.

Recently GriMrey® has investigated the molecular orbital of the
combined system of metal and hydrogen atom and found that a few
of the surface states originally existed before adsorption are localized
about two centers of the proton and the nearest metal atom on the
surface, while others remain almost unaffected being slightly hybridized
with the orbita! of adsorbed hydrogen atom, the localized orbital form-
ing a covalent bond between metal and hydrogen atom, provided that
its energy lies below the Fermi level of the metal. Similar conclusions
have been arrived at recently by Kouteck¥Y® by use of WANNIER
functions to secure orthogonal relations of the molecular orbitals.
Grimrey and Koureceky have, however, neglected the effect of the
perturbation on the other orbitals of metal electrons by the bond
electrons. This difficulty might be surmounted by deriving the effective
HaMirronian explicitly for each electron satisfying self-consistency, and

*) Supported in part by the Grant in Aid of the Fundamental Research of the Ministry
of Education.
**) Research Institute for Catalysis, Hokkaido University, Sapporo.



Theory of Chemisorption on Metal Surfuce

by calculating the net decrease of the energv of the eombined system
of metal and hydrogen atom, although this would not be at all simple
problemn for the combined system, if it be accomplished for an isolated
metal.

It might be more general and straighiforward to esleulate the
heat of adsorption without assuming surface states, by representing
the electronic state of the combined system with configuration mixing
or by configuration interactions. Porirarp® has shown recently that
a repulsive interaction results from a single eonfiguration nf homopolar
statz M-H composed of the lelfunction of o bydrogen atom and the
Bloch wave functicns of metal electrons. To de with the attractive
state of adsoruvtion, it is required in conseguence to include configu-
rations of lonic states M~—-H* and M-H-, The M -H' state is, as
shown in the present work carried forward on this line, actually more
stable than M-H state, as might be expected from an analogy to the
absorption of a hydrogen atom in a metal or heat of formation of
alloys™”, Solving the problem of configuration mixing of M-H, M-H’
and M*-H-, it is shown as described beiow that there comes out an
orbitai localized around the proton and the adjacent metal atoms, which
contriputes considerably to the adsorption energy, while other electrons
together co-operate through perturbation dpe {0 adsorption similarly
to form the bond,

§1. Configurations and Their Energies
The configurations to be taken into account are:
(i) M-H configurations {(n, k,, k,,--,ky). The wave functions are given
as,

' ¢'(nl' r")r S["(klv I‘U), ] SL'(kN’ ro) |

N oY ku-x y Ty ["kAr 3
yf'(n,,kl,u-,kl\»\}:»ﬁi——,—wu ¢y, 1), Hk,, 1) fky, 1) RTIRY

‘/(nli rN)' S‘!(kl' rN)s R ‘f&(k‘\,’a rN}’

where ¢ (n, ), n,=1s, 2s, 2p, etc., is the wave function of n,-state of an
isolated hydrogen atom, ¢ (k,r) the wave function of a metal electron
of wave number vector k normalized in the volume V of the metal,
r, the coordinate of the i+1-th electrons, ¢=0,1,---, N, and N is the
total number of metal electrons. Spin variables are not explicitly
introduced, taking only the lowest multiplicity into account, We will
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designate levels above the Frryi level &, by k with Greek subscripts
as k,, and those below by that with Roman subscripts as k,. Thus,
the configuration

(n,, k., ky, oo ko, kg, oo kzv>

represents an excited state, an electron initially in k,level being
promoted to k.-level.

(iliy M--H* configurations (k,, k,, -+, k;, ---, k), in which an electron of
the adsorbate is transferred to occupy the empty k.-level of the metal.
The metal is thus negatively polarized and the adsorbate oppositely.
(iiiy M*-H- configurations (n, nj, k,, -, k; ,, ks4y, --+, ky), in which an
electron initially in k,-level in the metal is transferred to n)-state of
the adsorbate. The important configuration is only #,=n,=1s (spins
being anti-parallel), the others being omitted in this paper.

Energies of the respective configuration will now be investigated
before dealing with the interactions among them, which plays an
important part in constituting the adsorption energy. The standard
of the energy is taken to be that of the metal and the hydrogen atom
remote from each other and respectively at their ground states.

The repulsion A(D)* between a hydrogen atom and a metal in the
configuration (1s, k,,---,k,) mentioned above® is given as a function of
the distance D of an atom from the surface and the density of metal
electrons of a given spin as illustrated by the curve I in Fig. 1 for
the density N/2V = {(47:/3)P§}—1, where £,—3.34a, a, being the Bour
radius.

The energy of the configuration (k,, ki, --+, ky), when the proton is
at a moderate distance from the metal surface is readily given as

I+E(k,)—e/AD = E1, (k.), 1.2)

where I is the ionization energy of hydrogen atom, E(k.)=—¢ (¢: work
function of the metal) the negative of the ionization energy of k,.-level
and the third term is the potential of image force, which modifies the
charge distribution of electrons effectively to shield the field of the
proton in the interior of the metal. The FE..(k.=Fk) versus D is shown
by the curve II in Fig. 1**’, As the proton approaches the metal sur-
face so that ¢(n,) and ¢(k,) appreciably overlap, electrons in the metal

*) The result for A(D) by POLLARD is not correct. A(D)=(K,—K;+2K;)(1—4% ! in
place of Eq. (7) in Ref. (5). The numerical values are given in Table I of Appendix A.
*¥%) We assume ¢=4. 5eV and I=13.56eV.

—310—



Theory of Chemisorption on Metal Surface

have chances to move to the proton or, in other words, electrons spread
out from the metal surface toward it. The wave function of the

state is represented as,
Wiouic (ka) = dow(kar ku ttry kv)
+ Z}d(’n,,kl-) ’lf(nl, ka. kp Ty ki——l! ki+1v Tty k}v)’ (1' 3)
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Fig. 1. Energies of various configurations versus distance D of
hydrogen atom from a metal surface.

Curve I : the ground state of M-H configuration.

Curve II : the ground state of M~-H* configuration.

Curve III: the ground state of M—~H+ configuration, taking into acco-
unt the deviation from the image force potential —e*/4D due
to the spreading of metal electrons out of metal surface.

Curve IV : the ground state of M*-H~ configuration.

Curve V : the heat of adsorption. The minimum at D=0 is deep
enough for adsorption of H, for metals with absorbability
of hydrogen atom Cf., Concluding remarks.

and the energy Ei.(k.) of #mo(ks) will be worked out in the next
section; the curve III of Fig. 1 shows the result for k,=%,. The M -H*
state is more stable than M-H state at smaller distance of a proton
from metal surface as seen from the curve III, The effective charge
of the proton is also estimated in §2. These features are similar to
those of absorption of a hydrogen atom in a metal such as Fe, Ni or
Cu, where hydrogen atom is ionized, giving off its 1s-electron to the
empty k,-level but being shielded instead by perturbed metal electrons.

The energy of the configuration (Is,1s, k,,--, k,_, kepy -, ky) is

given as,
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—E(kj—I+E(1s—1s)—e/AD +2A(D) = E,_(k,) (1. 4)

where the third term is the repulsive energy between the ls-electrons
given approximately as R{(ls--1s)=I®, and the last term represent the
exepange interaction of H  with the metal electrons approximately.
The curve IV of Fig. 1 shews F, (k) for k,=k, as a function of the
digtance 1,

The wave function of the combined gystem of metal and hydrogen
atam i now givep ip socordance with the confleuration mixing as,

@ =ad s, ko kg 1 20k e (k)

o

ek Pde, 1e ke kg, o kg ke, o k), (1. 5)

The first term is the ground state of M-H, the excited ones being
included in the second term (cf. (1.3)). The energy of the state repre-
sented by (1.5) is avaluated in §2 and illustrated by curve V of Fig. 1.

It is interesting to note the similarlity of the present treatment
to that of charge-transfer-no-bond binding applied first by Muriigex®
to the interactions hetween organie compound and to the physical
adsorption by Migyvorer'®, Marsey, Mareipes and Hackervax™, Xenon
and some other inert molecules adsorbed on bare Ni are strongly
positively polarized, which phenomena are attributed by Miexorer to
the charge transfer. Besides, the heats of physieal adsorption of such
molecules as long chain nitriles, esters, alcoholes and thiols are 10
keal/mol or more, which are too large for being mere vax per Waars
potential. Marsev e al. attributed ths anomaly to the charge-transfer-
no-bond binding. Eq. (1.7) leads, on the other hand, to the form, by
neglecting the contributions of metal electrons, ¢.e., ignoring the second
term of (1.3) and the third of (1.5),

¢ = aoyf (,13’ le e kN>+ Eb(k“)yf(ka’ kl’ Ty k‘v)’

which represent the state of charge transferred partially to the metal.

§2. Heat of Chemisorption

In this section, we will evaluate the energy F.u.(k.) of the state
of ¥nic(ka) given by (1.3), including the spreading out of metal electrons
toward the hydrogen ion (a)> With the values F,..(k.) thus determined,

*) For the sake of brevity, we ignore d{2s, k;), d(2p, k,}, etc. in the course of evaluation.
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the heat of adsorption is readily determined as will be seen later (b).
Some problems concering the present treatment are discussed also (c).

(a) The equation for coefficients d, and d(1s, k,) of (1.3) are given,
by the usual variation method, as,
(B (k)= Eiic (ko)) + V. d(1s, k) + V,, , d18, k) + - = 0
Vit e B (B (18 k) Buo (k)L k) + Vi e d(Ls )+ =0 |5 g9
Vi do+ Vi o d(1s, k) + (B (18, k) — Egie (ko)) d(1s, k) + - =0

........................

where E;.(k,)and E..(k.) is defined in §1, and E'(1s,k,) is the energy
of the configuration (k,,k,,---,k, ,,1s,k;,,, -, ky). The matrix elements

are given asT),

Vls,ki = JVW* (kaykn "',k.,;, ttty kN){/g{/ _Eionic} I[r(kavku "'y}gy ""kN>]Zdrj9
(2.2)

ka,l'j = j‘ ?[f'*(ka’k“ "'y}js)v “t kA){/V ”"Eiunic} llf(kdykn "'v](-is), '“’kN) I]Idl‘j,
2. 3)

where % is the Haxuarroxian of the combined system. The secular
equation for E\.(k,) is

‘ EI+(ka)_Eiouic(ka) Vv\s‘k‘ I/m,k3 }
J I/1:<,k, E(]-S; kl)"’Eiunic (ka) I/kl NA ( 0

| Vi Vi E(18,K)— B\ (K.) ‘

| |
@. 4)

or with an approximation V,,',,,Cj:»() (see Appendix A),
{EI,L<ka>—Em(ka>

—r el 1@ s ) B k) =0, @2.5)

i E(lsrki)mEinnic(kajj 7
The root FKi..(k.), which converges to F;,(k.) as |V, tends to 0,
is given by equating the fiirst factor of (2.5) to zero®™. Replacing

1) Vis,x, ete. ore evaluated in Appendix A. We have neglected terms proportional to
A= §¢* (1, 00)¢ (15,15 f iy, r5) dry, drz, wheve flry, ro) is given by (A. 9) of Appendix A.
*) Cf. Appendix B.
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| Vie,|* with their appropriate mean value |V, .|, and the summation
kp

2 {-+} with the integral NJ&|”{-}k'dk, we have

r+1
1 11, (2.6)

EI+ (kfl)_Eiouic(ka) - (NIV”,;‘IZ)/C){% log

where ¢ = (%*/2m)k% is the FermI energy and
1/2
2 = [ {AD)—(w/2m)s ~ Bune k) ]

Eimie(ks) is solved graphically for k.=ks, °,=3.34a, ¢=7.0eV, and
¢=4.5eV. The result is given as,

Eionic (kF):EI+ (kF)_ evals,klz/C ’ (2‘7)

where €=0.2, 0.42 and 08, and yN|V,,=11.3eV, 86eV and 64eV
for D=1.6, 2.0 and 2.4 (in units of ay) respectively (curve III of Fig. 1),
If we take the state n,=2s or 2p, into account, the energies will
decrease further by some fractions of those given above.
(b) We first determine the coefficients a, and b(k,)s of (1.5),
neglecting the third term or c(k,)’s. The equations are similar to (2.1)
and (2.4); i.e,

[AD) =W} a0+ Vire b+ Vi g yblkg) + oo =0

I/B*,kaa’0+ {Einnlc<ka)'— W/}b(ka)+ V/‘a»keb(kB‘)_F =0 (2 8)

Vitig @t VE 1 gb(ke) + { Bionic(kg)— Wb (k) + - =0

kg

ooooooooooooooooo . . . . . J
the eigen value W’ of (2.8) being given by the secular equation

A(D)y—W' Vi, Vg
Vf’lk,lcu Eionic(ka)_W/ Vka,kB . 0 (2 9)

V;Ik,kg V/r:,/cB Eionic(kB)— w’

where
Vi, =02 [ % (ka Ky e) (= WY1 K, oo k) T i,
+2d(n, k)* {y/‘* (ko k,, ey oY) { — W gr(ls’kn'“ykw)jédr,
@. 10)
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and
Vi oy =0 k), ky) j P (ko ey Koy [ — W7} 0 (kg K --»M)édu
+Zd*(nl,kt)dojgp‘*(ka,k”...,(%“...’kN{OZ/_W,},[,(ke’k””"kN)jI:zI:drj
+ Ddrd(n, ki)jlp'*(ka,kl_ k) (o — W B (ks K, “wg_gzv--,ky)jlzdrj.
(2. 11)
With an approximation V, .,=0, W’ is given by the equation,

—W— |VH,k Iz 1 — Wl —
(40w —5 el M Bk =W} =0, (2,12

or, observing that all factors but the first one do not vanish for the
lowest energy W, of W/,

=0. (2.13)

) , V IZ
AD)~W— Vi,
( ) g Einnic (ka)_ W;

By substituting {FEm.(ka)—W/}" with their appropriate average
{Enic — W)}, we have

Wi =1/2] AD)+ Buowe — {(AD)~ B F+4 D Vas} 7], @ 14)

= A2 Vaal'} "= AV N |Vial for AD)= Erune -

The energy decrease due to the third term of (1.5) is estimated
approximately as

DNVa- [ { B o) +c— W) . 15)

(ks of given spin)
where Vj ., is the appropriate matrix element, satisfying
21 Va4 I'=1/2)a; 2 | Vi, .

{k: of given spin) “

The resultant energy W, of the combined system is now derived
approximately with di=1/(1+¢&N|V,, |*/z), as will be given by (2.18),
and numerical values of VN |V, .|=¢€/a.(p(,)—1)q )/ N |S,.:| listed
in Table I of Appendix A. The W, is shown by the curve V in Fig.
1. The heat of chemisorption is ca.5eV. and the equilibrium distance
ca. 0.8 A,

The large density of energy levels of metal electrons favours the
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adsorption through the second term of (2.7) and through the mean
value Fine of (2.14), similarly as in the case of alloy formation or
absorption of a hydrogen atom in metals.

(¢) The |d.]>, which represent the effective charge of adsorbate ion
in ¥..(k,)rstate, is estimated by approximating (cf. Appendix A)

d(ls, k)=d(1s, k)= --- =d(Is,ky)=d, (2. 16)
and
Wisel = [Vierl = - = Vi, =1V]. 2.17)
From (2.1) and (2.7), we have
(eN|VIOYd,+N|Vid=0,

or
d = ([VI/0)d,.
Hence, |d,|* is given as
di = 1+eN|ViP/e, (2. 18)

using the normalization condition d?+ Nd*=1.
The resultant effective charge of adsorbate is given as,

di 2 [b(ka)*— X le(kd]*

being more or less neutral®.

The atomic function of adsorbate is modified by chemisorption,
spreading into the interior of the metal or being excited to higher
atomic levels. The former effect is readily seen by the similar
approximations as (2,16) and (2.17); i.e., the modified term is given,

Nd,b(k,)y(k.r)~ const. ;;E expik,r

~ const. { &k sin kr /o dk
~const. sink.r/r , (2.19)

which is localized near metal ions adjacent to the adsorbate. Fq. (2.19)
accounts for the long range character of the force hetween adsorbates
as shown in the next section.

§3. Repulsion between Adsorbed Hydrogen Atoms

It is known that the heat of adsorption of atoms or molecules

*) In rigorous treatment, contributions from n.=2s or 2p should be taken into account.
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on metal surface decreases with covarage. This decrease is some-
times ascribed to the ropulsive potential between adsorbed atoms or
molecules, which is, however, as given by the valency theory of Herrr.ug-
Lox~pox, too small to account for the observed decrease.

The pronounced interaction between adsorbed atoms or molecules
may be attributed qualitatively to the following two causes in accor-
dance with the present treatment of adsorption with special reference
to hydrogen atom.

First, the electronic state of the adsorbed hydrogen atom is given
according to the foregoing section as follows:

1s stata presents with probability |a|*+ X |b(k.)d. (s, &)]%,
(k&

a®4?

2s state with probability 2 |b(k.)d.(2s, k,)?, etc.,
kg kgD

and
(1s) state with probability X le(k))|?,
ki

and in consequence the charge cloud spreads out more than in the
1s-state, resulting in a more intensive overlap of wave functions of
the adsorbed atoms, or such exchange repulsion between them.

Second, the interaction between two adsorbed atoms is caused on
the part of electrons in metal respectively participating the adsorption
bonds as discussed in the foregoing section. The perturbed term of
the wave function in metal has been estimated approximately in the
foregoing section as

const. M ,
r

which shows that the interaction between adsorbed atoms is of long
range character. It is required for more detailed discussion to see
whether the interaction is repulsive or attractive. However, it might
be expected that the interaction is repulsive when the spins of adsorbed
atoms are parallel than when antiparallel, since the available levels
to form adsorption bonds are more restricted by Pauvri principle than
in the case of antiparallel spins, and in consequence, the resultant
interaction may be repulsive, when averaged over the triplet and
singlet states of respective weights 3 and 1.

The change of work funetion by adsorption is closely combined
with the polarization of adsorbed atoms. If the contribution of the
configuration M—H~ to the resonance state is larger than that of M*-H",
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the work function will be depressed and vice versa. The mean
magnitude of the polarization is also expected to decrease with
covarage by the interactions between adsorbed atoms caused by metal
electrons.

Dt Bogr ef al.'® have tried to explain the repulsive potential by
interactions between dipoles formed by adsorption or by the change
of work function by adsorption. However, the interpretations are not
always in conformity with the experimental results. Above consider-
ation leads the present author to the view that the double layer for-
mation, which changes the work function, is simple indicative of the
excess of the contribution to the resonance state of the configuration
either M"-H* or M*-H~ over the other, but not essentially responsible
for the repulsion.

Concluding Remarks

So far, we have been concerned with the energy of a system of
metal and atom, the atom being at distance of ~1A from the metal
surface. At these distances, energies of homopolar configurations (M-H)
and the ionic ones (M™-H* or M*~H") are nearly equal, so that the
energy decrease of the system is mainly due to interactions between
these configurations. The interactions are strong enough to give rea-
sonable heat of chemisorption.

At smaller distances D=0, however, only ionic configurations
(M~—H") including exicited ones are of primary importance, just as in
the case of absorption of atom in an ionized form, the Vi, .1, contributing
to the heat of chemisorption. The energy of the system might be lower
when the atom is at the surface (D= +0) than in the interior of the
metal, since the potential energy of Coulomb repulsion by metal ions
is less at the surface, thus forming stable adsorption.

In the case of Cu, which has absorbability of hydrogen atom (the
heat of solution is ca. 2eV), adsorbed hydrogen ion may be equilibrium
at distance D=0, and the activation energy of chemisorption may be
high because of the low density of energy levels. On the other hand,
in the case of W, with poorer absorbability and higher energy density,
the adsorbate may be stable as Dx~1A, as discussed in the present
paper. Metals such as Ni or Fe, with absorbability and high energy
density, may have two types of adsorption state, as discussed by
several authors™.
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The present author wishes to express his sincere thanks to Professor
J. Houtvrr for his profound interest and valuable discussions on the
present work.

Appendix A. Evaluation of the matrix elements

The Hayinroxian.# of the system, which appears in matrix elements
to be computed, is given by

S = 2m) 2 4,12 B ¢ x|+ Do, —~R)

i, J@=H
— e r—R,|+12 ¥ Z%/|R,—R,|+ N Z¢|R,—R,|, (A.1)
(1 D) i

1,0°(1=l"

where r;, R, and R, are coordinates of electrons (¢=0,1,--, N), metal
ions (!=1,2,---,L), and the ion adsorbed respectively, and Z is the valency
of metal ions. The first term respresents the kinetic energy of electrons,
the second the sum of potentials between electrons, the third or the
fourth the potential energy of electrons in the field of the metal ions
or the ion adsorbed. The last two terms are the sum of Coulomb
repulsive potentials between metal ions and that between metal ions
and an adsorbed ion.

The ¢(k,r) and ¢ (n,r—R,) are the wave functions, satisfying the
equations,

{—h2md+ Do(r—R)+ 3 l[ez | gk ) el dr, ) (K, ©)
= {B,+ (2m)k} ¢ (k, ), (A.2)
jc,/-* (&, r) ik, ) de = 3K, k),
and
{—#2m-d—e/[x—R,|} ¢ (0, r—R) = E@)p(n, t—R,), (A.3)

respectively.
The matrix elements V., V. efc. are computed as follows:
(a) The V, , of Eq. (2.2) is given as
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N

Vi = [0, ) o =B sy e -, W) Tl

Z 0

fl

[2e®P fotkrgtie,) - olknry)

N
X {c"g// »"Eioulc } Sb(nl’ 1'0) 5‘0(1(1’ 1'1) e ‘I”(kl\'v rN) dl’ 1? dri ’ (A’ 4)
where P are the permutations of (r,r,---,ry) and e(P) is +1 for even

permutations and —1 for odd ones.
We have from (A.1), (A.2) and (A.3),

Ve = S, k){energy of the metal+ E(,)~E . |

(oo 26 [ eDlglkun] g
0 DR TR f t—R,| d}

+ j 0 (k, 1) (g, v) | J‘ZM dr, + No(r—R) dr
{ | r—r, : J

— j‘(,/;* (k, ) ¢ (n,, rl)—ez—— f(r,r)drdr,

|r—r]
+ [or e ) <z A f(en) drdr,dr., (A.5)
where
S, k)= {¢*(k, 1) $(n,, r)dr, (A. 6)
and
flr,r)= 2 ¢*(kr)¢kr,). (A.T)

(k of parallel spins)
With the approximation,

gk, r)=1//V -exp(ikr), (A.8)

the f(r,r)=f(|r,—r,|) is expressed as
(N/2V) |3 (x cos z—sin @) /a°) , (=N/2V as x—>0) (A.9)

where z=k,r, and r,=|r,—r,|.

The function f(r,r, is closely connected with the correlation of
electrons. The probability density ¢(r,r,) of an electron atr, and
another electron at r, is given in terms of f(r, r,) as
1y

o(r, 1) = 7l

1~% Flry,ry (2V/N)2} ,
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which implies the exclusion of other electron (2) from (1) of the same
spin, as discussed by Wiexer and Srrrz.
We substitute for (A.9) a rectangular function

f(rurz):N/2V T, <P,

(A.10)
=90 T, > P,

where p,=2"r, is the radius of a sphere of volume 2V/N containing
one electron of a given spin.

Eq. (A.5) is evaluated with approximations, beside (A.8) and (A.10),
(1) |r,—R,]=|r,—R,|—7,cost, where 6 is the angle between r,—R, and
r,—r,;, and (ii) the angle between k and r—R, is equal to that ® between
k and z-axis perpendicular to the metal surface. These approximations
are admissible only when the distance D of the adsorbate from the
metal surface is large enough that the overlap integral S(n, k) is
sufficiently small as compared with 1//' N .

The S(is,k) is evaluated as

S(1s, k) — /%(6/,02)”2(1 +ik cos 0)* {D+2(1+ik cos )} -exp { D} ,

(A.11)
or as

-2

{ 2 1 ! ( a
S(1s, k)| = —— (6/0) {1+ (k cos 6
| S(1s, k)| N( P 1+ (k cos )}

x {D*+4(1+ D)1 +(kcos 0F) '} -exp {—2D},

with unit length of Bomur radius a,. Taking the average of |S(ls, k)?
over various directions of k, we have

|8(1s, K) [ =8/ N-£,°[(D*+8D+3) {(1+k%) " + tan "'k /k}
+2(1+D)(1+k)* |exp {—2D} . (A.12)

The numerical values of YN |S| for k=1.04k,, 1.25k, and 0.62k, and
P,=330a, 3.34ay and 3.40a, are given in Table I.

The first term of (A.5) is neglected as justified by the results of
calculation that y N |S| is small compared with unity as seen from
Table I, and, that the energzy in the bracket amounts only a few
electron volts. The second and third terms may be neglected, the
contents of the respective brackets being the charge of the adsorbate
ion times the potential of the double layer at most and the energy of
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TaeLe I Numerical values of v N |S(1s,k)|, p(0,) and ¢q(0,), and A(D,

(i) v’ N SkLk)

The value of A(D) is given in unit of ¢*/as, and,

0,=2"3y, D and k' in unit of aa.

k= 1.25kr
5 D 16 ‘ 1.8 “ 20 | 22 l 24 | 26
‘ ! l
3.30 02296 | 0.1989 J 01718 | 0.1479 \ 0.1271 ‘ 0.1090
3
3.34 0.2265 0.1961 0.1694 0.1462 | 01253 0.1075
3.40 02218 | 01921 0.1659 0.1429 ‘ 0.1228 } 0.1053
k=104kr
5 D ] w6 |18 | 20 22 . 24 | 26
s ! i j §
i ! . |
3.30 0.2435 [‘ 02108 | 01820 | 01567 | 01345 0.1154
|
3.34 0.2400 0.2077 } 0.1793 01544 | 0.1330 0w
o | s |
3.40 | 02319 | 02033 0.1755 0.1511 1 01298 | 01112
k =062kr
— . ‘ o
Ry \ 16 | 18 20 | 22 | 26 2.6
1 |
3.30 0.2745 ‘ 0.2374 J 0.2048 0.1762 0.1512 0.1293
3.34 | 02679 | 02317 , 0.1999 0.1719 0.1476 0.1264
3.40 k 0.2616 ‘ 0.2262 ' 0.1970 0.1678 0.1440 0.1234
({ii) p(0s) and q (0s)
03 E P (s) ' q (0s)
3.30 2.6095 1.0497
3.34 2.6645 1.0570
3.40 2.7501 } 1.0685
i) A(D)
oD } 1.6 ’ 1.8 [ 20 | 22 24 | 26
1 i
3.30 } 0.3341 ’ 0.2261 i 0.1568 0.1088 0.0755 0.0525
3.34 0.3455 { 023565 | 0.1620 0.1121 0.0779 0.0542
3.40 03639 | 02476 ‘ 0.1712 0.1177 0.0817 0.0569
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an electron in the Hartree field in a metal, with the mean value
—¢—¢+1.2¢%r,~0. The fourth and the last terms are evaluated as,

the fourth term = —(e*/ay) q(P,) S(1s, k) (A.13)
and
the fifth term = (¢*/ax) q(P,) p(P,) S(1s, k), (A.14)
where
g (p,) = 3(coshp,—1)/¢7,
p(P,) = 8(P,coshpe,—sinhp,)/p;.

The value of YN |V, for k=k, and D=2a; is approximately a few
electron volts. (Values of p(,) and ¢(°,) are given in Table I. (ii).)

(b) The matrix element V,ci_,cj of (2.1) represents transition of an
electron occupying k,level to k,-level by the perturbing field of an
adsorbate in a homopolar configuration. The interaction potential is
approximately

exp {—|r.—R.|},

(A.15)

neglecting the perturbation due to other metal electrons. The order
of magnitude is estimated as

_ 3 e exp {'_—‘D}
Vi) = ’
[Vews)l ON <’I‘s> (ri+rilk;—k,| *cos® 0)

|e;—r| lt:—R,|

—_ ez +j EZI(/}(ls'r)Iz dl‘ o
Iri_"RaI

=~ 719— {less than 0.2 eV.} ,

where # is the angle between k,;--k; and z-axis. The neglect of V,%,(j
in §2 is thus justified.

(¢) The integral of the first term of (2.11), i.e.,
(0 (ko Ky k) {8 — WL 0 (kg koo ) T dir,
or such integral as
jw*(kg,kl,-(»,b),,-— Sk {oe W (kg, ky, o, ky, o, ky) T dr,

represents transition of kz-electron to k,-level or k;-electron to k,-level
due to perturbation by the field of adsorbate ion. These interactions
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are expected to give rise, when the atom is at distance D=1A, to
the image force potential, which induces an extra charge at the
surface to make the tangential components of the electric field vanish,
and, when D=0, to the extra electron distribution, which shields the
field of adsorbed ion.

(d) The matrix element of the second or the third term of (2.11),

i.e.,
(7 (ke Ty orymyy o k) {8 =W W (kg Ky Ky Ry) T dry, (AL 16)
@)
or such as
5W*(kg,kl,---,kn~--,n,,---,kN){c)z/—W’}
w @
xW(ky, kyy kg, K, o, k) M dry, (A.17)

correspond to the transition k;—k, and k,—n, or k—k, and k,—n,.
We have for nl=1s of (A.16)

5 6 /€N 1 D(P)—3(54 8:)) kK
O(SaSB)B(SIsSi) N < {)8> [Pg(ka_ksy + P:(ka_—ki)z J S(ls,ka kB Z)!
(A.18)

where s.,s;, or s, is the spin coordinate and §(s.s)=1 for s.//s; and
8(s.8,)=0 otherwise. Expression (A.18) becomes infinite as k, tends to
k; or k;, but gives finite contribution to the energy of the system, its
magnitude being approximately 1/10 of that from the V. of (a). It
might be possible to verify the validity of the expression of (A.17) as
well as other matrix elements in this appendix based on the same
approximations, by the analysis of the experimental results of electron
emission from metals by slow ions of sufficiently large ionization energy,
inasmuch as these elements are of primary importance'® to give rise
electron emission by ions.

Appendix B. Derivation of Equation for K, (k)

Any root Eu.(k) of Eq.(2.5) can not be equal to one of E(Isk,)
in the absence of degeneracy, i.e.,

E(ls, k) E(ls, k) % -3 E(1s, ky), (B.1)

since, if a root E...(k) happens to equal, say, E(1s,k;), it follows from
(1.9) that
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(B (18 1)— Eime (W)} -+ { B8, ke )= Eione ()} Va1,
x {E(18, k) Bunie(®)} - {E(18, ky)— B ()} = 0,

or that E (k) should equal one of E(ls,k;,) other than E(ls,k,) in con-
tradiction to the assumption (B.1). Hence, the root Eiu.(k), which
converges to Ey, (k) as |V,.|* tends to 0, is given by

Viex, |
By, (K)— By (K)— | Vi, x4 ~0. B.2
1 ()= Euamel) §Em@%&m® B.2

When E(Is,k)’s degenerate, i.e.,

E(ls, k)= E(ls, k)= - =E(1s,k,)= E(1), (-fold)
E(1s,k,,) = E(1s, k) = - = E(1s,k,, ) = EG+1), (j-fold)

E(ls,ky )= E(s,ky 1) = =E(ls, ky=EN—I+1), (-fold)
we have immediately (i—1)+(j—1)+---+({—1) roots of (1.9), that is, ¢—1

roots are equal to E(), 7—1 to E(#+1),-, and [—1 to E(N—I+1). The
equation for the other N+1—{(t—1)+(j—1)+---+({—1)} roots is given as

{1 (€)= Bionio(10} {B (1) Buoe (k) } {E i+ 1) = Broue ()} -
x {E(N—1+ 1)~ Eiouie0)} + D{ED)— B} { B+ D= Eigull)} -
SR L ) L | A
X {E(N I+ 1)~ Eiue(k)} = 0. (B.3)

As E()xE(@+1)3--->E(N—1+1), any root of (B.3) can not be equal
to one of E(i+j+1) similar as in the case of non-degeneracy, so that
the roots are given by the equation

I/w,k“_llz‘*"‘“*‘ |V13vkt+jI2 =0 ,

+ k _‘Eionic k - |
Ey. (k) O 2 Ty Frowdi)

which is identical with (B.2).
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