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ISOTHERM OF DISSOCIATIVE ADSORPTION OF
HYDROGEN ALLOWED FOR REPULSIVE
INTERACTIONS AMONG ADSORBED ATOMS

By

Juro HoriuTt and Kozo HiroTa™
(Received March 14, 1960)

Introduction

OxkaMoTO and the present authors were led previously to assume in
accounting for experimental results of hydrogen electrode reaction that the seats
of reaction and adsorption were the lattice planes of the crystal surface of the
electrode, each lattice point providing a physically identical adsorption site of
a hydrogen atom in distinction from the model of ununiform sites of different
adsorption energies. The geometry of the former model has obliged them to
take into account the quantum-mechanical repulsive interactions among adsorbed
hydrogen atoms as well as between the latters and the constituent hydrogen
atoms of the critical complex of the rate-determining step of the catalytic
mechanism, 7.e. the recombination of adsorbed hydrogen atoms. They have
thus deduced the TaFEL’s law from the catalytic mechanism on the basis of
the above model of physically identical sites of adsorption on the lattice plane®®,
which could not be effected before-by means of classical kinetics**. We will
call the latter model the crystal surface model and that of physically ununiform
sites without the interaction being taken into account the ununiform surface
model.

The potential of an adsorbed hydrogen atom or of the critical complex due
to the repulsion was approximated in the above treatments, on the basis of the
crystal surface model, by that proportional to the coverage 6 of sites by adsorbed
hydrogen atoms. This approximation will be called the “proportional” approxi-
mation in what follows. The adsorption isotherm based on the same assumption

#) J. H.: Research Institute for Catalysis, Hokkaido University, Sapporo.
K.H.: Department of Chemistry, Osaka University, Osaka.

**) KEII [Ref. 6] has recently deduced the TAFEL’s law from the catalytic mechanism
alternatively on the basis of the ununiform surface model under a particular assump-
tions on the distributions of the adsorption energies and of the energies of the critical
complex of the recombination.



Journal of the Research Institute for Catalysis

was proposed later by FOwLER” in accordance with Bracc and WiLLiAMS’
approximation applied to alloys®. It may be noted that the isotherm and the
kinetic equation derived with the ‘“proportional” approximation on the basis
of the crystal surface model are mathematically identical respectively with those
advanced on the basis of the ununiform surface model with the assumption of a
particular distribution {unction of sites as shown by DoLin and ErRsHLER® and
Ken®, i.e. the adsorption isotherm of SrLycIN and FRUMKIN” and TEMKIN and
Pyzuev® and the kinetic equation advanced by RociNsky and ZeLpovicH® and
ErovicH and KHARAKHORIN'.

One of the present authors outlined in a previous paper'™ a method to
advance the approximation as far as required on the basis of the crystal surface
model in extension of the BETHE and PEIERLS’ method”. The present paper
is concerned with the actual calculation of the isotherm of dissociative adsorption
of hydrogen on nickel along this line, proceeding with the order of approxi-
mation until the resulting adsorption isotherm practically converges to an ultimate
one and with the discussion of the validity of the underlying crystal surface
model based on the comparison of the theoretical result with experimental data.

§ 1. Specification of the Model of Adsorbent and
the Repulsive Potential

The lattice plane in question was taken particularly to be the (110) of f.c.c.
_________ o nickel crystal on the ground of the con-
Q:s Fon I clusion in a previous paper” that hydrogen
} atoms were predominantly adsorbed on

! this lattice plane.
—————————— ‘ ! Fig. 1 shows the (110)-lattice plane.
E ! Two first nearest nickel atoms to that g,
! ! of interest are denoted by ¢, and ¢,, two
! | second nearest ones by ¢, and o¢,, and
¢_ ________ {#}____L___‘Q four third nearest ones by g, g6, o, and
k i”" :"2 os.  Every nickel atom gives a site of
| ! adsorption of a hydrogen atom right
{ ! above it on a definite plane parallel to
! : the lattice plane, so that the sites them-
| i selves form a (110)-lattice congruent to
i E the basic one. The basic lattice plane
! I is taken extensive enough, that the sites

O O O provided by it are physically identical
Fig. 1. (110)-lattice plane of nickel. with each other. Each adsorption site
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will be signified by the same notation with that of the corresponding nickel
atom on the basic lattice in what follows.

The calculation of isotherm was conducted in the zeroth, first, second,
third and “proportional” approximations, which were different in the allowance
for ‘repulsion exerted upon an adsorbed hydrogen atom by surrounding ones.
No repulsion was taken into account in the zeroth approximation, repulsions
exerted by the two first nearest ones in the first approximation, those by the
first and the second nearest ones in the second approximation and those by
the first, second and the third nearest ones in the third approximation. The
“proportional” approximation was that referred to in the introduction.

The repulsive potential between two adsorbed hydrogen atoms was cal-
culated semiempirically according to EYRING'® as —35% of the MorsE function
D,lexp{—2alr—ry)} —2 exp{—a(r—r,)}] with constants D,=4.73 e-volt, a=
1.98 A~* and 7,=0.7395 A®. Repulsive potentials R;, Ry and Ry between the
first, second and third nearest neighbourers were thus calculated as

RI =0.1019 N RII =0.0134 ) RIII = (0.0028 e‘VOlt (1 III)

on the base of the spacing given in Fig.1. To make the comparison of the
resulting adsorption isotherms close, the total repulsive potential of an adsorbed
hydrogen atom at full occupation of surrounding ones was taken equal through-
out all approximations but the zeroth one, by rationing the neglected interaction
potentials pro rata to those retained as follows. The repulsive potentials Rf
and Ry respectively due to the first and the second nearest neighbourers in
the second approximation were thus taken as

R{Z RI + 2RIIIRI/(RI -+ Rn) = 01068 »
R{I == RII + ZRHIRH/(RI + RH) = 001405 €-V01t. (1 II)
Similarly
R{’ = RI + RH + 2RI(I = 01209 e-VOhZ (1 . I)
was used for the interaction potential due to the first nearest neighbourers in
the first approximation and finally
Rp = 2(R1+R11+2R111)0 = 024180 E—VOlt (lp)

was taken the repulsive potential of individual adsorbed hydrogen atoms in
the “proportional” approximation. Taking the above repulsive potentials into
account, the isotherm of the dissociative adsorption of hydrogen on the (110)-
lattice plane of nickel was formulated as in the next section.

*) G. HERZBERG, Molecular Spectra and Molecular Structure, I, New York (1950).
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§ 2. Statistical Mechanical Formulation of
Adsorption Isotherm

Our system C in question is a macroscopic one enclosed in a definite
volume at a definite temperature, consisting of adsorbent nickel with active
surface of the (110)lattice plane and hydrogen gas in the dissociative adsorption
equilibrium on it. Site ¢, on the lattice plane is either occupied or unoccupied
by a hydrogen atom in the equilibrium. Let Co,, or C,,m be the system C
at the particular state specified by ¢,(0) or ¢,(H), that ¢, is respectively un-
occupied or occupied by a hydrogen atom with certainty and the QC,q or
QC;, @, be the partition function respectively of C,,o, or Coymy. The partition
function LQC of the system C without such specification is hence the sum of
QC; o, and KCs, 4, . e

QC= EQCQ(H) ‘HQCa,-(o) s (2)

while the probability of site ¢, being occupied is &C;,@,/&QC, which is common
to all sites because of the premised physical identity of sites, hence equals the
coverage 0, i.e.

0= EQCgi(H)/EQC . (3. a)
We have from (2) and (3.a) immediately

b RCem (3.1)
1—-0  QC;,w
Let now X be a group of sites consisting of a particular site g, of interest
and those around it within the range of the repulsion from g, specified by the
degree of approximation. The 3] covers thus ¢,,-+-,6, shown in Fig. 1 in the
third approximation, o, --,a, in the second, a,, ¢, g, in the first and ¢, alone
in zeroth approximation. The first, second and third nearest neighbouring sites
to o, will be called the sites of the first, second and third classes respectively.
The 6 is given by (3) by properly constructing QCj,q, and &Cs,,, or QC.
Let QCy, be the partition function of C at the particular state, where
sites of ), are altogether unoccupied as specified by >:(0). By transferring
a hydrogen atom within the system from outside Y onto a definite site g,
inside, the partition function of the whole system increases by a factor f; 5, 7. e.

Jozo = ozl

where ¢%5.,, is the factor by which &QCy, is multiplied by adding an adsorbed
hydrogén atom to a vacant site ¢, inside Y, from outside the system Cy, and
p" is that by which QCy, is multiplied by adding an adsorbed hydrogen atom
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from outside the system Cy, without any specification apart from that }](0)
of 3, being kept throughout empty. It is admitted in equating £ 5o 10 ¢ 50,/P"
as above that the factor f, 5w or ¢ 5,/p" is practically unchanged by increasing
or decreasing constituent hydrogen atoms of the macroscopic system by one.
Noting that the partition function of a system at constant volume and tempera-
ture behaves as the BoLTzMANN factor of its HELMHOLTZ free energy, we see
that g} y,, thus defined is the BoLTzMANN factor of the work required to bring
up a hydrogen atom from a proper standard state to the state of an adsorbed
hydrogen atom on ¢, keeping the whole system involved at statistical-mechanical
equilibrium throughout and p" is the BorTzMANN factor of the similar work
except that the added state of the hydrogen atom is subjected to no specification
but that of };(0) kept throughout. The latter sort of work done at statistical-
mechanical equilibrium of the whole system involved has been called the reversible
work'™. The p" thus defined is the BoLTZMANN factor of the chemical potential®,
admitted that such specification as }(0) kept constant throughout does not
virtually affect its magnitude at all, in the present case of the macroscopic system
in question. The reversible work —£7 In g5, includes that &/ due to the
repulsion from outside ), which is zero when §=0 or i=0 but positive
otherwise, inasmuch as ] includes just all sites within the range of repulsion
from a,. .

We consider now a particular state Cy,;, of C, where a certain definite set
of sites inside Y are preoccupied by adsorbedl hydrogen atoms of the population
and the arrangement signified by Y] (a) and the factor £,y of multiplication
of the partition function £Cs,,, of Cs,, by tranferring a hydrogen atom within
the same system from outside J; onto an unoccupied site ¢, inside, left vacant
by the previous occupants of the specification ) {a), which includes };(0) as
its special case. The factor f y; is given similarly as above by the equation

iz = Gzt (4)

where the relevant reversible work —47T Ingls.,, comprises, besides &}, the
reversible work €, y, due to the repulsion by the previous occupants inside
>, which depends on 7 and > (a). The p" is the factor of multiplication of.
the partition function QCy,, by addition of a hydrogen atom without any
specification, apart from that of }](a) being kept constant throughout, and is
identiﬁed similarly as above with the BoLTZMANN factor of the chemical
potential in the present case of the macroscopic system.

The partition function LCy 4 of the system Cy,, of a particular population
and arrangement };(A) of adsorbed hydrogen atoms inside 3] is now given
by &Cr, multiplied by f; »q’s respectively relevant to the successive additions
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to make up Y (A). There correspond to the state of Cs, or Cs,, different
S(A)s compatible with the specification ,(0) or o,(H). The QC;, or
QC;,m, is hence the sum of partition functions QCg’s appropriate to all such’
Y (A)s. Since &Cr, is the common factor of the terms QCyuy’s of the
summation, QCs,q, or L&C,m, is the product of &QCyw, and the appropriate
polynomial ¥,,4 or Ps,un of firw's: e

505,(0) = @Coi(o) /@Cz;\z» ’ Spaim) = eQCGt(H)/eQCZ(O) . (5- a), (5- b)

Signifying the polynomial without any such specification as ,(0) or ¢;(H) by
¢, we have

=P +Poym (5. ¢)
or according to (2) and (5)

? = QC/QCx (5.d)
and from (3) and (5)

0="%s,mle, 0/(1—0)=%m/[Pso - (6. 2), (6.D)

The polynomials are determined statistical-mechanically in the next section
on the base of the repulsive potential given in § 1.

§3. Polynomials

The reversible work —£7 In g%y, relevant to the factor f, o by (4) is
given according to the foregoing section as

—kT In q?,}:(a) = w+ 61,2(u)+ sz{ s ( 7 )

where w is the reversible work in the absence of interaction with other adsorbed
hydrogen atoms, hence of common magnitude to all sites on the basis of the
crystal surface model. The reversible work &; due to repulsion from outside
3 is assumed to be a function of 6 characteristic of each class to which o,
belongs, irrespective of 3 (a)®. The part &,z of the reversible work due
to the interaction between a hydrogen atom brought up onto ¢, and previous
occupants inside Y, is equated to the sum of the corresponding interaction
potentials between them each fixed at its equilibrium position.
The factor f; 5w is now given by (4) and (7) as

Jizw = i exp (—&, 5a/kT) , (8)

*) Exactly, ¢; of each class depends on 3 (a) besides on 6, since the population and the
arrangement outside in the vicinity of 3 depend on 3(a) through the interaction,
which reciprocally affect 7. t
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where
7= exp (—w/kT)[p", 7,=exp(—ei/kT). 9.7, 9.7)
The polynomials are deduced below first with special reference to the third
approximation, which is reduced to those of lower approxxmatlons as its special
cases. :
Let ¢#,(:=0,---,8) be 1 or 0 according'as g; is chqpigd ~or unoccupied
respectively. The 2;(A) is now defined by a set of values of #’s. - The
polynomial ¢ is given in terms of f; y,, according to the foregoing section as
8
= Z; Hf:tzw)- » - (10)
The %nm or Ps,e Is the particular part of ¢, for which t,i—l or-£;=0. The
term H f¢ s of the summation for a particular }(A) orw for the appropriate

set of values of #’s is given by (8) as
gﬁt,z(a)_ TEe. H’i" exp( iZ:,;tﬁi,z(,,)/kT) . (i;l}
The second factor of the above. equation is expressed as ‘
I[v" = ettt (12.7)

where 7;, 7711-and 7 are according to (9.7) the 7,'s respectively of the first, second
and third classes, each assumed as a characteristic function of #; 7, is unity in
particular by (9.7), since €,=0 as referred to in the foregoing section. The

Zs]ttem:(a) in the last factor is the total repulsive potential among adsorbed
il-;drogen atoms inside ), which is developed, referring to Fig. 1, as
iét,si,z(,,):{to(tl-!-tz)+t3(t5+t.»,)—i—t‘(t,-i—tg)}.RI
+{t(t+ L)+ 1, (t+ 1)+ 1ot +2)} Ry
+{tlts+ tit bt t)+ (84 2) (a+ 2)] Ru

hence we have

8
exp(— Z tiei,z(o)/kT> — E;,,(t,+t,)+tg(ts+t5)+t4(t,+t335;f(t,+1‘3+t,(ts+t7)+1,(ta+t,)
=0 -

X S;ﬁt5+1.+17+ts)+(11+i,)(t3+t‘) s (12. 5)

where -
b= eXp(““RI/kT) » u= eXp(—Rn/kT) , §m= eXP(“‘Rm/kT) . (13)
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Polynomials (oda(ﬂ), ‘/760(0), (061(0), %,(o), %‘(o)

. Exponents Factors including &,. &.. &

v l M ﬂz’ 73 o, P6,(0) Pa,0) Po,0) Pa,0
82|24/ &sisr £18:6% 0 ] 0

71|24 288688 2816383 giseseteieir 0 0

712114 sieesr 2828483 0 gieseiy sleselr ]
712234888 K3 0 0 jesesreieisr
60|24 |e&tessir & grraietar ] . 0

61114/ 48838r 48763, 283658 vosigsr 2816284 2805385 0

62|04 ¢l & 0 . shreteselr 0~ ‘
61|23 4585 +8188)r 4(816383+-636:5) 2818:83 (&A1) (148,85857) 0 816,83 (£ +1)(1+£.836%7)
62|13 4(lsiesraieisdr 4(81838%46.8380) 0 26,838 (St 1(1+£38:85r) | SuE280 (6iH1)(1+£36,537)
62|22 esiesesr (BT 0 0 3636561 (11-£385857)
511]0) 42888 283 §3+8.858 285428.8364r 0
5101428887 28 281+2638, 80 1680 0
512034828580 48 0 48348 gareissir
511|108 asia)1re)r | 4688 04618 25152&(“@&5&3)7 2elem<1+s;<)féi§i)ezegr) 5152’3(1+€1)(11Li25)152527)
5(0|2]|3] 48358 481 4(g1+8isaE) 0 a3
51212 2868l (etradtl)r A ETH4EH) 0 5 ETHEH)1+836E57) | G3E(EHH A0+ 1)(1HEERT)
51|22 2806888 (6ir48 1) 7 2856563048 1) E1E3(E5 4L, 11158 | 0 165 (E5H481)(14+6:62857)
512|2|1; afsesesr 42,684 0 0 38,85 (1+£383547)
410(0]4]¢r 1 i 1+E3r 0 ‘
41103481188 48 (§+1) 22(E+1)1+88) 46: (£ 1)(1H6.537) £2(Ert1)(1+4:85)
41013} 45 (elJélje,g%r 48,(8,41) 48, 1+1)(1+52¢37) 28, (S +1)(THE,£37) &1 Etn)ine.en)
42|02 ey 63 0 625 (1+£3237) 383 (1+£38%7)

SISRIIY 4of INPISUT Yo4DISIY 2Y3 fO pusnop
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48, (816,238,128 8,48,
1) 6182597

24242
6538355

LI HA (RN T
s e ar
I
463r
26,85(85+45,41)
28,82 (E3448,41) 7
4538.6.
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48,88
283885
28,8385
6537
48,6 (&) r
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ir
48,587

i
48,
28,
26,7
T

48, (636,48.80428, 8,18,
+£5)
682
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&

4
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2(83+4€,+1)
4¢,
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451
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283

6

4(8:+1)
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X (1+8,84£57)
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0
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1+85r
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1+67
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1+7

28, (638,48, §+25152+51+52)

X (148:£,837)
0

28,85 (6,+1)(1+628.8,7)
0

0
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284(8TE 16,5428 E0tErE,)
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38, (1+£387)

283 (14+-£38,7)
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3(1+57)
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The polynomial ¢ is now given by (10), (11) and (12) as
8
© :t Z, Tizo“ Y]il+¢zvﬁ+t‘ﬂ;gt6+t7+tsEi‘,(tj+zz)+13(t5+t5)+t?(t,+ts)

X Eto(t,+t‘)+n(t5+t,)+t:(16+t,,) Etﬂ(t5+ts+t,+ts)+(tl+tz)(t3+t‘) (14) :

The polynomlal P OF P50 Is the partlcular part of the summatlon (14),

g

for which #=1 or 0 respectively 7.e., A I

T
Pogny =T 2 T7°7 i(77151)"”2(”IIEII)Mt‘(”mfm)!s“‘*“’“s Eplfstiortltarty
Pl

2.(2 I 21 (2, +2 +25)
< Sﬁ st B)GII‘I PGSR , (15 H)
8

Lt
_ =17ttt Pt sttty B D (B, ED
SD%\.‘D Z 7 771‘ ‘771% '771;1 o 8513 P e

2ty

x S;i(lﬁ+t7)+tz(ts+IB)$§;i+tz)(ta+t.) .‘ (15. 0)

We have similarly the expressions of ¥, ., %6,y and P, of sites of the first,
second and third classes by fixing ¢, #, and ¢, respectively to zero in the sum-
mation of (14) as :

Lot 2yttt ¢ TR Y /R TRA A AT N TR TS PR AR PR 192
‘06‘(0) _’ IZ t]‘ 8 7] 2771; 405 35 3 8
arl 3y sty
< 5;%(f,+l‘)+tz(t6+ta)E;;;ts+ls+t7+tsﬁ+!z(tg+t‘) s ‘ ) (16. I)
spa @ :t ) tZt T’°+t‘+t2+"+m+t”v;'+tznifv;i;tﬁ+t7+taE;O(t‘+t2)+t‘(l7+la)
0rt1s?ztin el
2ol HE (Este )+, (2 e st (E+2 +2,+2)+(2 +2 )T
Xfﬁ‘ (s T8 +2,02, sflhs [T RE) chRE (1611)
— bod ettt HE HE L ?y+ ¢ 2o tE,t g B E FE L2 (L, +E)
‘DG(O)_ Z 7t WtEgtly aﬁIx 2771; 4vﬁ1 2 GEID 1T, TR NCE N
Zosstyslyslyaty ‘
X é‘ig(ta+t.)+tll7+tz(t°+tﬂ)EtIOI(ItE-f-t,%-ts)v-l-(tl+t2)(13+t‘) . (16. IH)

Terms of the polyniomials, ¥, s, Po,)> Ps.00> o,y and s, are shown in
Table 1. Every term, for instance, of $o.m is given by the corresponding
row of the Table as the product of 7, %, %y and %y each raised to the power of
the appropriate exponent indicated on the row and multiplied by the factor given
there under the head of ¢,,. The polynomial of ¢, x, is the total sum of
such terms each given as above by a row. Other polynomials are similarly
reproduced from the Table.

In the second approximation ). includes according to §2 the sites of the
first and the second classes only, in the first approximation those of the first
class only and in the zeroth approximation none respectively besides o, The
polynomials of each approximation are obtained by following the above procedure

— 60 —



Isotherm: of Dissociative Adsorption of Hydyogen

similarly in the individual cases with due regards to the constituents of }, or
formally by reducing the above expressions of the third approximation putting
t’s of the classes excluded from }; for the approximation in question to zero
and &.(K=I,1I,III), relevant by (13) to the neglected Ry, to unity. By doing
so, the polynomials retain, %, %y, & and &y only in the second approximation,
7 and & only in the first approximation and none in the zeroth approximation

respectively besides 7.
The &, &é; and &; of the third approximation are given by (1.III) and (13),
particularly for 50°C, as

£ =0.02555, &;=06171, &m=0.9040. (17. 1)

The & and &; of the second approximation are similarly given for 50°C as
the BoLTzMANN factors of R] and R; of (1.II), i.e.

& =0.02159, &;=—0.6038, (17.11)
and &; of the first approximation as that of RY of (1.1):at 50°C, i.e.
1= 0.01301 . (17.1)

§4. Adsorption Isotherms

The %, 7y and 7; of the third approximation are determined as functions
of 7 on the base of & etc. given by (17.1II) by equating ?,,., of different classes
included in }] to ¥;, because of the physical identity of sites in extension of
the BETHE and PEIERLS’ method™®, as

Yoy = Lo = Po,0 = Po,o - ° (18. 11II)
The similar relation
SDG.)(O) = S001(0) = SDas(o) (18. H)

determines two unknowns %; and 7 in the second approximation and the single
unknown 7; in the first approximation is fixed by the relation

‘ ¢gu(o) - SDG,U’) . ’ - (18. I)

Polynomials of each approximation are now evaluated, hence # determined by
(6.b) respectively as a function of 7.

The right-hand side of (3.b) gives on the other hand the factor of multipli-
cation of the partition function by transferring a hydrogen atom within the
system in question from outside ¢, onto a preliminarily evacuated site ¢,, which
factor is expressed as g, /p" similar to f; 5w of (4)", so that
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0 _ (19)

where g3, is the BoLTZMANN factor of the reversible work'™ required to bring
up a hydrogen atom from its standard state onto the preliminarily evacuated
site ¢, The latter reversible work —7 Ing}, is given in accordance with
the “proportional” approximation as

—kTIng;, =w+R,,
hence we have by (1.p), (9.7) and (19)

% —7 exp (—u/ET), (20.0)
where

u = 0.2418 e-volt. (20. u)

The 6 is thus given as a function of 7' at a constant temperature in every case
of approximation.

The 7 is now related with the pressure P of hydrogen by equating p" in
(9.7) to the square root of the BoLTzMANN factor p": of the chemical potential
of hydrogen molecule in gas because of the adsorption equilibrium', as

=) (21. a)
The p": is expressed as™
P = Q% N* (21. b)

where N is the concentration of hydrogen molecule in gas and Q": the parti-
tion function of a single hydrogen molecule in unit volume. The Q": is
expressed with good approximation. as
- (2zemkT)"? AzTRT < e(Hso ) '
1= exp( ———=20 ), 21.
Q X 1 P o T (21.¢)

where m is the mass, / the moment of inertia, ¢(H.), the energy of the ground
state’ respectively of the hydrogen molecule and » the PLaNCK constant. The
N" in (21.b) is expressed in terms of hydrogen pressure P mmHg as

N™:=1.360 x 980.5 P/kT . (21.d)

The BorLTzMANN factor ¢” of the reversible work w in the absence of the

*) The qg“ is associated with no specification but that of preliminarily evacuated o,,
whereas the q?,zw is subjected besides to that of X(a), 4. e. the population and the
arrangement of prévious occupants ingide X.
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interactions is given according to the previous work®¥® as
q' =exp(—w/kT) =11 {l—exp(—hu,/kT)}_ exp(—e /kT), (22)
=1
where v, is the frequency of the j-th normal vibration of the adsorbed hydrogen

atom and &, its energy at the ground state.
We have now from (9.7), (21) and (22)

4de \ /1.360 x 980.5
exp( kT> TET

T 1—exp(— L0 | /BT G TRT YE, @D
=1 kT /{ X 2
where
de = g (H:)o/2—¢&,, or (23.¢)
7 =9.603x10°xexp(de/kT)xy P (24)

at 50°C on the base of the values
k=1.380x10"" erg deg* **, h=6.623x10"7 ergsec *¥,
N, =6.024x10°*P, mN,=2x1.008 gr, I=4.664x10"* gr cm?® **¥,
5,= 417, 479, 1900 cm™ ?, (25)

where N, is the AVOGADRO’s number and 5; the wave number of the j-th normal
vibration of the adsorbed hydrogen atom.

§5. Adsorption Isotherms of the Third and
the Second Approximations

The 7, %y and %y of the third approximation are determined by solving
(18.111) graphically with reference to (15.0), (16), (17.I1II) and Table 1, hence

*) The ¢F in the absence of the interaction among adsorbed hydrogen atoms is given as
g1 =Coun,/B3Cowm,0 , ;

where &Com,0 or &Co(,0 is the partition function of the system Couny,o or Casy,o,

which has only one hydrogen atom adsorbed on a definite sité ¢ or none at all respec-

tively. Assuming that the kinetic ¢nergy of Csmm,e is separable into those of the

adsorbent proper and of the hydrogen atom adsorbed, &Cos.m),0 is written in the form,

3
RCo(my,0 = RCas),0 eXp (—Eo/kT)jHl{l— e)(p(—h,uj/kT)}'1 ,

where QCoa(0),0 exp(—¢eo/kT) is the partition function of the system with the adsorbed
hydrogen atom at the ground state. The above two equations give (22) in the text
immediately.

**) LANDOLT, “Tabellen” 6, I;, p.33-38 (1950).

**¥) LANDOLT, “Tabellen” 5, III ¢, p.2349 (1936).
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0 is worked out by (15) and (6.b) as shown in Table 2 and by the curve III
of log.f plotted against log,, 7 in Fig. 2.

Lo
-
¥
rIo
20
: = m e P “Proportional” approximation
e Z. . Zeroth approxitmation
------ I : First approximation -
~————— Il: Second approximation
e [11: Third approximation
o 10g,q 2
- - -1
? ¢ 1 ¢ 1 2z 3 4 0%

Fig. 2. ¢(r) of different approximations.

For the second approximation, we have by putting t5=t6=t7#t3=0 and
¢m=1 in (15) and (16) in accordance with §3

}‘3 74
Pocay =1 20 T (&) (Mnbu)* e = 1+ 10 (1 +774én), (26.9)

- ’n"'r’d

4

It
Py = 3 T8 Bttt = (L 101+ 1) (26. b)

IR
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TaBLE 2. 6(7) of the third approximation, 50°C

7/1.887% 103 10-2 101 1 10 102 102 104 108
7 0.9978 0.9799 0.8569 0.5514 0.2620 0.1011 0.04402 0.02533 0.02163
711 0.9989 0.9899 0.9314 0.8220 0.7500 0.6878 0.6404 0.5489 0.5130
7111 0.9969 0.9711 0.8084 0.4635 0.1998 0.0736 0.0302 0.0156 0.0122
oD 1904103 2.062x10-2  0.3746 34.58 1.924 X104 | 3.095X107 | 3.274X 10" | 1.193%10'7 | 7.199x10%
@oy(0) 1.015 1.155 2.966 80.11 2.503x10* | 2.703 %107 1.712x10" | 2.118x10% | 2.100x10%
[ 0.001872 0.01753 0.1121 0.3015 0.4346 0.5337 0.6567 0.8493 0.9717
TaBLE 3. 6(7) of the second approximation, 50°C

7/1.887 103 10-2 101 1 10 10° 108 10* 10°

71 0.9967 0.9687 0.7916 0.4226 0.1658 0.06265 0.02246 0.01097 0.008284
71 0.9960 0.9585 0.7256 0.2768 0.05355 0.007919 0.001390 | 0.0004466 0.0003015
L2680 0.001891 0.01929 0.2226 3.377 55.73 1.052X10° | 4.616X10* | 2.090X107 | 2.845% 10!
@00 1.0075 1.0747 1.7074 7.484 68.88 9.230x10% | 2.468x10* 3.841X10° | 8.192X10°
[/ 0.001873 0.01764 0.1153 0.3109 0.4472 0.5326 0.6516 0.8448 0.9720

* The present calculation was conducted earlier assuming a particular value of 4, which led to the rélation

r/1.887 =Vp mmHg by (24). The 7/1.887 in the above équation was used as the parameter here in order to

utilize the results of the earlier calculations.

uabouphipy fo uoryd.iospy 2031020088YF JO wisyl0ST
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CCI P e

= (L7 (1 + ) + 7 (14776 (1 + ) (26. ¢)
D A

= (LR (L4 77h) + 7 (14 1750 (1 + Tnéu) - (26.d)

The values of % and 7; were determined by substituting Ps,0y> Poo and Po
from (26) into (18.11) and solving the latter for them on the base of the values
of (17.1I). These values of &, &y, % and %y determine 6 by (6.b), (26.a) and
(26.b) as a function of 7. The result is shown in Table 3 and by the curve
II in Fig. 2.

§ 6. First, Zeroth and “Proportional” Approximations

The polynomials of the first approximation are obtained by putting
s=t,=t,=t,=t,=t,=0 mn (15) and (16) or #=¢,=0 in (26} as

Poan= CZt (Mg =T (1+10& )], (27. a)

Po 0= 2 (Pt = (1100, (27. 1)
tst,

Do = BT = TP+ T (14178 (27. ¢)

The 7; is determined on the base of the values of & given by (17.1) for
any prescribed value of 7 by solving (18.I) and the latter set of values of 7,
& and 7 determine # according to (6.b) and (27). The result is shown in
Table 4 and by the curve I in Fig. 2.
In zeroth approximation we have by putting #,=¢=0 in (27)
SDaum) =7, SDao(o) =1,
hence by (6.b)

o= _ (28)
1+7

TaBLE 4. 6(7) of the first, zeroth and “proportional” approximation, 50°C

7/1.887 10-2 10-2 10-! 1 10 102 108 104 10°

First | 0.001879 | 0.01787 | 0.1229 | 0.3327 | 0.4567 | 0.5264 | 0.6308 | 0.8316 | 0.9715
Zeroth | 0.001883 | 0.01852| 0.1587 | 0.6536 | 0.9497 | 0.9944 | 0.9995 | .0.99995 0.99999
Pro.p | 0.001853 | 0.01613| 0.08363| 0.2193 | 0.3897 | 0.5706 | 0.7451 | 0.8913 | 0.9753
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which is just the LANGMUIR’s adsorption isotherm as seen with reference to
(23.7). In the case of the “proportional” approximation, we have # immediately
from (20) as a function of 7. The @ calculated by the zeroth and the “pro-
portional” approximation is shown in Table 4 and by the curves Z and P

respectively in Fig. 2.
Comparison between Theoretical and

§ 7.

Experimental Isotherms

It is seen from Fig.2 that the shift of the log,6, log,/-curve with the
progress of approximation diminishes rapidly, so that the curves II of the second
approximation lies close to that III of the third approximation. Taking on this
ground the curve III practically the ultimate theoretical relation relevant to the
present model, the appropriateness of the model accompanied by the repulsive
potential by the EYRING’s rule’* was investigated as below by comparing the
theoretical conclusion with experiment. The # is given theoretically as a function
of 7, whereas the quantity v cc of adsorbed hydrogen in NTP volume per unit
quantity of adsorbent (reduced nickel obtained from 1 gm NiO) is determined
experimentally as a function of hydrogen pressure P at adsorption equilibrium.
If the model is appropriate to the experimental reults, the v/¢ must be constant
independent of 7 or P. Eq.(23.7) shows, however, that the proportionality
constant of 7 to ¥y P varies with de. The de was now adjusted as a variable
parameter to secure the constant v/f, and the adjusted value of de and the
constant value of v/6 were compared with relevant experimental data. Table 5
shows the constancy of v/f thus attained.

TaBLE 5. Comparison between theoretical** and experimental isotherms!’
Adsorbent : reduced nickel from 1 gm NiO, 50°C
PmmHg | 4.34x10°3 0.153 ‘ 0.544 ‘ 1.79 1.92 6.30
v cc NTP 159 1.99 2.08 2.29 2.26 2.47
7 1.32x10° 7.82x10° 1.48 X 10* 2.68<10* 2.78 X10* 5.02 X 10*
[ 0.636 0.769 0.829 0.872 0.874 0.907
v/6 2.50 2.59 2.51 2.62 2.59 2.72

Average of v/60 =259 cc NTP, N.4dz =123 Kecal.

The average of v/f and the adjusted value of de are shown beneath the

Table, where N, is the AvoGADRO’s number.

*)
**)

Cf. p.53.
Theoretical isotherm of the third approximation.
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The ratio v/6 gives now the number N of sites per unit area of the reduced
nickel on the base of its surface area 1.7 x 10° cm?/gm NiO™ as

— . 2N,x259 0.8x10%cm?®,

22400 x 1.7 x 10*
which is in a satisfactory agreement with the crystallographic value 1.1 x 10*cm ™
of the (110)-lattice plane of nickel.

The adjusted value N,de=—12.3 Kcal leads, on the other hand, as shown
below, to the limiting value 26.0 Kcal/mol of the differential heat of adsorption
at =0 and 290°C in perfect agreement with the observed value 26 Kcal®.

In the limiting case of ¢ tending to zero, #’s (i=1---,8) are respectively zero, so that
¢s5,m /%o, =T according to (15) or by (6.b)

=T, (29)
in coincidence with the isotherm (28) of the zeroth approximation. It follows now from (29)
and the proportionality of ¢ to v that
( 2ln7r ) _
aT /v
or substituting r from (23.7) into the above equation that

aln P
aT
,Where :RT%(31n P/3T), is the differential heat of adsorption. The first term in the above
eguation is given by the above adjusted value Nade=12.3 Keal. The last term is evaluated on
the base of the vibrational frequencies given by (25). We have thus RT%(3 In P/3T), =26.0

Kecal at the temperature 290°C of the measurement!®.

These results sufficiently verify the crystal surface model of the (110)-

3
R ( ). = 2Nude+7/2- RT-+2RT1n 1 {1-exp (—hw,/KT)} /5T, (30)
v j=1

lattice plane associated with the repulsive potential by the EYRING’s rule.

§8. Adsorption Isotherm at Low Temperature

Present model might {urther be verified by the observation of adsorption
isotherms at lower temperatures as follows.

The reversible work —%7'In g%, is expressed in general as
—kTIngq}, = w+ W/N,,

where W/N, is the part of the reversible work due to the interactions between
the hydrogen atom brought to ¢, and those on the surrounding sites. We have
from (9.7), (19) and the above equation,

W=RTIn(1—87/0, (31)
which might be called the free energy of repulsion.
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W is constantly zero independent of ¢ in the absence of interaction as
directly follows from (28).

In the presence of interactions, adsorbed hydrogen atoms assume an arrange-
ment of the lowest potential energy at sufficiently low temperature, so that W
must be zero at low @ until # attains a point, where a further increase of ¢ inevi-
tably accompanies interaction. Let the interaction range from the first to the third
nearest neighbourers in accordance with our model of the third approximation.
W is then zero, until § attains to 1/4, when sites on the (110)-lattice plane,
denoted by dots in Fig. 3, are so far occupied as signified by surrounding
circles. The latticework of the occupied sites being thus completed, a further
addition of adsorbed hydrogen atom, indicated by a square around a dot, costs
the work of 4Ry due to the repulsive interaction. Any shift of preliminarily
adsorbed hydrogen atom to an unoccupied site in company with the addition
is inhibited at the low temperature by an associated rise of potential as seen
from Fig. 3.

It follows that W jumps up to 4Ry from zero at §=1/4 and keeps constant

. '0) . ®©
= o &
. 0} o ®©
‘ ol . & .

Fig. 3. Adsorption on (110)-lattice plane.
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until the latticework of circles and squares in Fig. 3 is completed, when @
equals 1/2. A further addition of adsorbed hydrogen atom requires an additional
work 2R;+ 2Ry as seen from Fig. 3, so that W leaps again to a higher value
2R;+ 2Ry + 4Ry, which keeps constant until  attains to unity.

s B 6 ]
0°K
- 5
=
H
3
X
) N
~
RS
£
L3 &
. 2 2
-1 50°C 1 4
0K —_—
0 0.2 04 08 08 1.0
L 1 1 —l

Fig. 4. Free energy of repulsion W = RT In (1—6) /6.

The above change of the free energy W of repulsion at low temperature
is illustrated in Fig. 4 in comparison with that derived by (31) from the theoretical
result of the third approximation at 50°C. We see from the comparison that
the angular change of W at low temperatures is more or less smoothed at
higher temperatures by thermal agitation. It is expected that the crystal surface
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model would be crucially evidenced by revealing experimentally to some extent
an angular behavior of W at low temperature in accordance with the conclusion
from the model.

Summary

The isotherm of dissociative adsorption of hydrogen on nickel was statistical-
mechanically deduced on the basis of the crystal surface model taking the
repulsive interaction among adsorbed hydrogen atoms into account in extension
of BETHE and PEIERLS’ method™ as outlined in a previous work'™ in different
degrees of approximation. The crystal surface model was such that the adsorp-
tion sites of hydrogen atoms were physically identical with each other, being
located each on a point of the (110)-plane of f.c.c. lattice, which was congruent
to that of the crystal surface of the adsorbent. The potential of interaction
between hydrogen atoms was calculated according to EYRING'® as —35% of
the MoRrse function of hydrogen molecule.

Repulsive interaction was taken into account in the first, second and third
approximation as far as those between the first, second and third nearest
neighbourers respectively and none at all in the zeroth approximation. In the
“proportional” approximation the repulsive potential of an adsorbed hydrogen
atom was approximated by that proportional to the covered fraction @ of adsorp-
tion sites as in the previous works"®?,

The 6 at the dissociative adsorption equilibrium was thus worked out as
a function of a statistical-mechanical function 7, which is proportional to the
square root of hydrogen pressure P, the appropriate proportionality constant
implying the adsorption energy Je (the excess of the half the energy of the
ground state of hydrogen molecule over the energy of the ground state of
adsorbed hydrogen atom), the vibrational frequencies of adsorbed hydrogen
atom and the molecular constants of hydrogen molecule.

The result was that the calculated # at each 7' converged practically to a
constant value, as we proceeded with the order of approximation, those of the
second approximation lying close to that of the third.

The calculated result #==6(7) of the third approximation was now compared
with the adsorbed quantity v observed as a function of P by adjusting e
implied in the proportionality constant of 7 to Y P, so as to keep the ratio v/f
constant independent of 7 or P. It was found on the one hand from the
constant value v/@ thus obtained and the observed area of the adsorbent™,
that the number of adsorption sites per unit surface area was 0.8 x10* in
satisfactory agreement with the crystallographic value 1.1 x 10 of the (110)-lattice
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plane of nickel and on the other hand that the adjusted value of Je led to
the magnitude 26.0 Kcal/mol of the limiting value of the differential heat of
adsorption of hydrogen at #=0 and 290°C, which agreed perfectly with the
observed value 26 Kcal™.

The reversible work W done against the repulsive interaction by a hydrogen

atom when adsorbed or the free energy of repulsion was derived as a function
of @ from the calculated result of the third approximation in comparison with
an angular tierlike figure of W () deduced for absolute zero temperature, it
being pointed out that the crystal surface model would be crucially evidenced
by observation of an isotherm at low temperature more or less like the latter

figure.
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