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ON METAL SURFACE II”
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Summary

The energy of the system of hydrogen atom and metal with N conduction electrons was
investigated, starting from the wave functions of N+1 electrons given by a linear combination
of three kinds of SLATER determinants ; they were the SLATER determinants of N+1 BLOCH’s
wave functions of metal electrons (the appropriate state was denoted as M ~H" state), the
SLATER determinants of N BLOCH’s wave functions and a wave function of 1s-state of hydrogen
atom (M~H state), and the SLATER determinants of N-—-1 BLOCH’s wave functions and two
1s-wave functions (MT-H " state). SLATER determinants of each kind stood for the ground
and the excited states of the appropriate state. The coefficients of the linear combination
were determined by the variation method or by the self-consistent field method. It was, thus,
concluded, that there existed in general two different types of adsorption, which were called
the rtype adsorption and s-type adsorption respectively.

The r~type adsorption is the resonance state between M-H state and M -H™ as well as
MT-H~ state with the proton outside the metal. The heat of adsorption ‘was evaluated for
Ni and Cu at ca. 3.0 eV/atom, the equilibrium distance at ca. 1 A outside the metal surface.
The r-type adsorption was concluded to be associated, on account of the resonance, with
a pronouced repulsive interactions between adatoms, which gave rise to the decrease of heat of
r-type adsorption with increase of the adsorption. The negative polarization of r-adatom was
ca. 0.02 in unit of elementary charge at the initial stage of adsorption. The r-type adsorption
thus increased the work function.

The s-type adsorption is a sort of the dissolution of hydrogen atom dissociated into proton
inside the metal near the surface and electron in the conduction band. The appropriate wave
function of N+1 electrons was given practically by the linear combination of SLATER deter-
minants of N+1 BLOCH’s wave functions, and the coefficients were determined by the self-
consistent field method, when the proton was in the interior of the metal. The relevant extra
electron density around the dissolved proton was thus determined as 4%/8z-exp (—Ar), where 1
was a constant 1/0.3 A for Ni and Cu and the heat of dissolution was given by —I+g+4e¥/4,
where I was the ionization energy of hydrogen atom and g the work function of the metal.

¥} Supported in part by the Grant in Aid of the Fnndamental Research of the Ministry
of Education.
*%)  Research Institute for Catalysis, Hokkaido University, Sapporo.
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An alternative simple treatment of the dissolution was developed resorting to the expression
of kinetic energy of N+1 electrons according to THOMAS, FERMI and WEIZSAECKERD.
The heat of dissolution of hydrogen atom was thus calculated as a function of the distance
from surface, and the heat of s-type adsorption was found for Ni and Cu ca. 05¢V larger
than the heat of dissolution in the interior of the metal, at the equilibrium position 0.5 A
apart from the surface. The heat of s-type adsorption amounts in consequence to 2.5 ¢V,
which i1s smaller than that of r~type adsorption by ca. 0.5¢V. The repulsive interactions of
adatoms, hence the decrease of heat of adsorption with increase of adsorption, was concluded
practically absent on the contrary to the case of r-type adsorption. The s-type adsorption
was shown to decrease the work function slightly.

The 7-type adsorption predominates in consequence in cases of Ni and Cu at the initial
stage of adsorption, whereas the s-type may possibly prevail later, owing to the rapid decrease
of the heat of r-type adsorption as mentioned above. It was henceforth inferred that the
integral heat of adsorption at full coverage decreases with rise of temperature.

In the case of Pt with larger work function and atomic radius than those of Ni or Cu,
the heat of r-type adsorption as well as the degree of polarization was concluded to be smaller,
and the heat of s-type adsorption nearer to that of »type one at the coverage #=0, so that
s-type might predominate except at the very initial stage of adsorption.

The effect of adsorption on the work function of Ni or Pt was deduced theoretically
from the above results with conclusions in satisfactory agreement with observations by
MIGNOLT?, GUNDRY, CULVER, PRITCHARD and TOMPKINS.®

The predominant effect of scattering of conduction electrons by adatoms on the electric
conductivity was pointed out and the relevant cross section of scattering was worked out as
0.3 nri or 3~4 gzri respectivity for s-type or r-type adsorption, rs being the radius of
atomoic sphere of the metal. The increase of conduction electrons for Ni was, on the other
hand, 1 or —0.02 per one s- or r-type adatom. Consequently, the electrical resistance was
increased initially by the decrease of the probability p of specular reflection at surface due
to r-type adsorption. The increase would come to an end at the coverage §=1/4~1/2, when
the specular reflection p was reduced to zero. The total increase dRmax of resistance thus
depended on the initial value of p. It was deduced, further, that dRmax was inversely
proportional to the square of thickness of the film and independent of temperature, and that
the relative increase 4Rmax/R, was given by a definite function of the initial value of p and
thickness of the film divided by the mean free path of the bulk metal. If the s-type adsorption
did not occur, the resistance should remain constant with further increase of coverage. If
it did instead, the resistance should decrease with increase of #, giving a resistance maximum
around §=1/4~1/2. The above theoretical conclusions where found coherently to account
for observations by SUHRMAN,»® WELDLER,»® GENTSH,» HERMANN,® MIZUSHIMA®® and
SCHLIEPHAKE,> SACHTLER and DORGELO?,) and ZWIETERING, KOKS and VAN HEERDEN.®
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Introduction

A theory of hydrogen adsorption on metal has been developed in a preceding
paper”™®, suggesting that there existed two types of adsorption, 7.e. the rtype
adsorption and s-type adsorption. The adsorption of r:type is that of the
ordinary sense with the equilibrium position of the adatom outside the metal,
whereas that of s-type is a sort of dissolution of hydrogen atom in the metal
but with the equilibrium position of the adatom inside the metal close to the
surface.

The present paper is devoted to the developement of the previous work®.
Both types of adsorption are treated by first principles with some approximations.
The results obtained are coherent theoretical conclusions on the equilibrium
distance, heat of adsorption and the effects of adsorption on the work function
and electric conductivity for the types of adsorption in confirmation of the
previous suggestion®.

The state of s-type adsorption has been just briefly outlined in (I). The
theory of this type of adsorption is now developed in Chapter 1 of the present
work in terms of the wave equation

@s = bowa(l "'akN’ kN+1)+ ZZ balw(kla "'5kaa""kN+1) <I 1)
t a

[€2)

with the normalization condition

*) This paper will be referred to by (I) in the present paper.
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lbolz—i_ Zt:Z lblrilz =1

The first term of (I.1), 7.e.
‘ Q/J(kl; 1‘1), T ¢(k1\‘a rl)’ ¢’(kz\’+1, rl)

N 1 ¢k, ), o (ky, 1), ¢<kw+ L)
Y(IN+1)! eny e ’
Pk Ty @K i) @ (K Ty
(I. 1. a)

is relevant to the ground state of the system with hydrogen atom dissolved
in the metal providing N+ 1-th electron in the conduction band; ¢(k,, r;) is
the Broch’s wave function of a metal electron of wave number vector k,
normalized in the volume V of the metal, k; efc. with Roman subscripts
designate the energy levels below the FErMI surface, k, etc. with Greek ones those
above it and r; is the coordinate of the j-th electron, where j=1,---,N,N+1,
and N the total number of electrons is the conduction band of the metal in
the normal state. The terms of the summation in (L.1), e g

“ Q[/'(kl, rl)’ Tt (/)(kas 1'1), Tty Q/)(kAv_H, l‘l)
1 ! ¢(k17 1'2), T Qb(ka, 1'2),' ) (k V415 rz) |
Pl )= o ern) |

LN ey (LR s

gf (kb MY k}\'5 kN—H)

Q»/) (kD rN+1), ot "¢(ka9 rN-H), RS Sb(kNH’ rN+1) |
(¢-th column)
(I 1. b)

is the excited state with an electron of i-th level in the ground state being
promoted to a-th level, as denoted by %()L,.
(2

The constant coefficients b,, ,, etc., hence the energy of dissolved hydrogen
atom is determined by the self-consistent field method as outlined in §1. An
alternative simple method of deriving the energy and the appropriate properties
of dissolved hydrogen atom is now introduced, which leads to the results in
conformity with those by the self-consistent field method, in terms of the kinetic
energy expressicn of THomas, FErRMI and WEIzSAECKER” in §2. The heat of
dissolution of hydrogen atom is thus calculated in §3 as a function of the
distance from the surface, locating the equilibrium position of dissolved proton
at approximately 0.5 A from the surface inside the metal and henceforth its
effects on the electric conductivity and the work function are deduced in the
subsequenct sections.

The energy of 1ls state is very high due to the exchange repulsions from
metal electrons™®, when the hydrogen atom is situated inside the metal or
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just near the metal surface, so that the states with an electron or two electrons
in ls-state are practically excluded from the resonance of the s-type adsorption.
However, they have to be taken into account in general for the hydrogen atom
more or less apart from the surface outside the metal, since the exchange
repulsions from metal electrons is no more intensive.

The state of the rtype adsorption is, hence, described in the present
work by the wave function @,, 7.e.

@1- = aow (kn Tty k]\‘: 15) + Za«s,sz‘w (kn o 'skaa Tt kZ\" 15)
@
+ Zbasm‘ (kla R kN9 ka) + chiw (kb ] 15, ) kl\"a 15) (I 2>
@

where the first term is appropriate to the ground neutral state of adatom, the
second one to the excited neutral states, the third one to the positively charged

states of the adatom and the fourth one to its negatively charged states; 1s
(%)

denotes an electron in 1ls-state promoted from k; state, resulting in the excited
state of the system, the summations extending over the respective excited
states; o, Quseir Pus and ¢,; are constant coefficients satisflying the normalization
condition [@|*+ X |@us,eil*+ 210w+ Dlel?=1. In (I) the negatively charged
states and the excited neutral states were allowed for only crudely. The wave
functions ¥ (k,,--+,ky,1s) etc. in (I.2) are respectively those of electronic con-
figuration (k,,--,ky,1s) etc. given by SLATER determinant; e.g., as

glk,r), o, olky,r),  Gllsr)
1 ¢lkur), o dlker), gllsr)
Y(N+1)!
(ks Ty @ (K Tain)y 918, Er ) |

(I. 3)

where ¢(1s,r;) is the wave function of 1s-state of an isolated hydrogen atom.

The energy at the equilibrium position and the relevant properties of the
r-adatom are determined on the base of (I.2) as the minimum problem in
Chapter 2.

Two types of hydrogen adsorption have recently been suggested, on the
other hand, by a number of authors on the ground of the observed effects of
adsorption on the work function and electric resistance of evaporated films as
follows. One of these types of adsorption occurs rapidly with larger initial
heat of adsorption causing both electric resistance and work function to increase,
while the other type slowly with smaller heat of adsorption decreasing both
electric resistance and work function. The amount of the former type of
adsorption is markedly reduced by contaminating the surface especially with

w(kl’ o '>k1\'7 18)

i
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oxygen, whereas that of the latter type practically insensitive to the contamination.

Theory of adsorption developed in the first two Chapters are now applied
in Chapter 3 to the explanation of the experimental results on the effect of
adsorption of hydrogen on the physical properties of adsorbent such as heat
of adsorption, work function and electric conductivity. The above experimental
results are satisfactorily accounted for, the former and the latter types of
adsorption, experimentally recognized, being necessarily ascribed respectively to
the 7 and s-type adsorption theoretically deduced.

Chapter 1. The s-type Adsorption.
§ 1. Heat of dissolution—the self-consistent field method™.

Eq. (I.1) is written by (I.1.a) and (I.1.b) as

. (/"(ku rl)a g_[)(kz’ 1"), Tt (’_[}(kN+15 1'1)
¢ — 1 Q(kly rZ)v (_/)(kb r25 T g_b(kN+1’ r2)
$ W:ﬁf ey ey e ’
%)(kn 1'1v+1); Q_Z)(kzy Taai)s % g(kN+19 rN+1)
= '/‘T‘\'f-l_j_—*)fdetlg(k“ r)ls (1.1.a)
where**
Ok, 0) = {1=Zbul} “glko £+ Rbupllc,r). (LD

The coefficients b,, etc. are determined self-consistently in what follosws.
The perturbation potentials to the unperturbed periodic potential of the
metal are taken to be the potential V; due to the proton,

V,(e) = —&/r, (1. 2)
as expressed with the proton at origin, the CouLoMB potential V,(r) of the
extra electron density P(r) around the dissolved proton resulting from the

redistribution of N+ 1 electrons and the perturbation V. (r) of the exchange
potential due to the redistribution. V,(r) is given as**®

*) cf. Ref. (11) and (12).
*#) Tt is shown in Appendix B, that the higher order terms, not included in (I. 1. b) contribute
nil as far as the second order energy of the system is concerned.
***%) We have from (1.4) and the POISSON’s equation for V,(r)
4V,(r) = —4rep(r),
3,2
e (b RAC RS

which leads to (1.3) on integration with the boundary conditions dV,/dr=—e*r? and

or

Vo (e)=¢*r for r—oo.
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V.(r)=é[r— {ez/r+ 2e2/2} exp(—4r), (1. 3)

I

as derived from a trial function

Ple) = 28z - exp(—ir), jP(r) dr =1, (1. 4)

where 1 is a constant to be determined.
The perturbation V,.(r) of the exchange potential is given, according to
the simplified treatment by SLATER'®, as

V() = —3¢43/8) {0+ 0 (e)) — 0,2}, (1.5.2)

where ©,=N/V is the unperturbed density of metal electrons. The above
equation may be written as

Vx(r) = —5(26/2) - exp (—2r), (1.5.b)

where
— 3 /3N e+ o(r) =0 5 c
7 i <n> exp (—Ar) ) (1.5.¢

By substituting ©,=(4z/3-7%)"* for a monovalent metal (r,: the radius of
atomic sphere), we have

= L A e expl—in 1] explan), (1.5.4)

which is illustrated as a function of A in Fig. 1, for r,=4.00, 4.67 and 5.60.

[ dn=4.00
Tt r = 407
3 I s Avg = 5.60

Ar
Fig. 1. Values of 7 versus ir for Ars=4.00, 4.67 and 5.60.

For the respective values of A, the average 7 of 7
7= ao;yexp(——,b‘)rzdr / ( exp (— Ar) r’dr
o0 Jo
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is calculated at 1.32, 1.61 and 2.16 so that 7 is expressed approximately as
3=0.34 1, for 5.6>ir,>40, (1.5.¢)
and Vi(r) similarly by replacing 7 in (1.5.b) with 7,
Vex(r) = —5(2€°/2) exp (—2r) . (1.5.1.)

The resultant perturbation potential V,(r} is given by (1.2), (1.3) and
(1.5.1) as

V,(r) = Vi(r)+ V,(r)+ Vielr) = —{ jf +(1+7) AZ} exp(—ir),

(1.6)

which leads by the usual perturbation method to the values of coefficients of

(1.1.b)
bt =— Vo /(Ek,)—E(k,), (L.7)

where

V., = Y o*(k,, r) V,(r)olk,, ) dr , (1.8)

and E(k,) or E(k;) is the energy of k,- or k,level.
The value of 1 is now determined by the requirement of self-consistency
as follows. We have, according to (1.1.b}, (1.6), (1.7) and (1.8),

N41

plr) = 3 ¢k, £}k, £)— 2 ¥k 1) g ks )
Ly 2k ol 1dyN\l, 2 Aefy, 7
1% ll Ty 2< Vs A >J+ i a,1l1+ 2

as shown in Appendix A, where %, is the wave number of an electron at
the FERMI surface, and ay the BoHr radius. By comparing (1.9) with (1.4), 2
is given by the condition that the first term should vanish, as

f

} exp(—ar}, (1.9)

1/2

| zag J
which converts simultaneonsly, the pre-exponential factor of (1.9) to /8,
confirming the self-consistency of 2(r) of (1.4). We have by (1.10) and (1.5.¢)
221/0.29A on the base of 7,=1.40 A and kyp=1.92/r,.

(1. 10)

Footnote of p. 217. The third term on the right side is the same form with the result obtained
in Ref. (14), where the perturbation potential is given by lattice vibration, i.e., the first term
of (4.11) in the first paper of Ref. (14) is written as the third term of (1.11.a) by making use
of (3.9), (3.10), (3.13) (3.14) and (3.15) in the quoted paper.

—216 —



Theory of Adsorption of Hydrogen Atom on Metal Surface II

The heat of dissolution, Q, is now readily derived, as shown in Appendix
B, neglecting the potential energy of the proton due to surface double layer, as™

Q:—I+¢——;~59(r) Vi(r)de (1.11. a)

or according to (1.4) and (1.2)
Q=—I1+¢+i/4, (1.11.b)

where [ is the ionization potential of hydrogen atom and ¢ the work function
of the metal. The heat of dissolution () of hydrogen atom into Cu, for which
r,=1.40 A, is calculated at 3.0 eV/atom by (1.11.b) on the base of 1/2=0.29 A
as given by (1.10). The theoretical value may be taken to be in satisfactory
agreement with the experimental value 1.6 eV/atom for Cu™ in respect that
the SLATER’s simplified treatment of the exchange effect may be associated with
an appreciable error. Reducing 7 to 0.20 ir,, for instance, 1/1=0.325 A and
Q comes to be 2.0eV in good agreement with the observed value.**

The 1/2 and Q of Ag and Au is evaluated from (1.10) and (1.11.b) at
1/2=0.34 A and Q=1.6€V on the base of ,=158 A, ¢ =4.7 eV and 7= 0.20 ir,.
This value of Q is smaller than that of Cu by 0.4 €V, in conformity with the
observation that Ag or Au does not absorb hydrogen atom appreciablly*.

For transition metals with d-holes, such as Ni, Pt, Co or Fe, electrons in
the d-band contribute to the heat of dissolution similar to those in the conduction
band or s-band.

It will be shown in a later paper that the heat of dissolution of these
transition metals may be derived for small amount of dissolved proton, as if
they were respectively monovalent metals of the same atomic radii. With this
approximation, the heat of dissolution of hydrogen atom into Ni and Pt is
larger than that of Cu or Au by 0.1 eV or 0.5eV respectively, on the base of
ox—Poa=0.1€eV and (ri=(sou OF Pe—0a,=0.5eV and (r)ps=1{(7;)1..

§ 2. Heat of dissolution (simplified treatment).

The method outlined in §1 is now modified for estimating the heat of
dissolution. The kinetic energy as well as the potential energy is expressed as
a function of electronic density £(r)=0,+£(r), to give an expression of the
total energy as a function of 2 according to (1.4). The total energy is now
fixed as the minimum problem with 1 as a varying parameter.

*) See the footnote in the preceding page. )
#%) The zero-point vibrational energy is ca. 0.3 eV, which 'is" neglected in the present
derivation.
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The kinetic energy of N+ 1 electrons is approximated, according to THOMAS,
FerMmi and WEIZSACKER", as

@T0) =3 |k, v} (—H*/2m - ) Dlk., v) dr
_ Ajg(rf“drHBj | grad | (r)[*/ 0(r)d , (2.1)
where
_ 167 s 3\ __®
A= 5m < 8x ) B 8m 2. 1.2)
£(r) sz%*(ki, r)¢(k, r)=0,+0(r), (2.1.b)

=1

and £ is a numerical factor of nearly unity.
Similarly, the kinetic energy of N metal electrons without perturbation is

given as ,

W TY) = ZJQZ)* (k,, 1) (— 722 - A)dlkes, r)dr:Ajp;/Sdr L (2.2)
where

U=k, k- ky)=1/Y Nldet |¢(k, )] (2.2.D)

Hence, the kinetic energy of N+ 1 metal electrons perturbed by the dissolved
proton less that of N metal electrons without perturbation is written, according
to (2.1) and (2.2), as

(K.E.) = (0, T ®,)— (W TV)

~ i ppo) dr+ cB( 18RO g 2.3
A[{(es+ o= oo} dre+oB | JEETEL de (2.3)
By substituting A and B from (2.1.a), #(r) from (1.4), and 2,=(4z/3-7)"", we

have
5/3

KE)=C- . ,,,,SLJ""I (1 4 ()06 - exp(—zr)> —1} (2 d ()

10 (), |
I A ' j - exp(—24r) (rpd(ir). (2. 4)
8771 2 6 0 1+(2r?)3/6 . exp(—lr)

The result of numerical integration of (2.4) is shown in Fig. 2 as a function
of ar,. Curve I shows the value of the first term on the right side of (2.4)
and II that of the second term there for £=1 respectively in units of {,=
(B2)2m) - k%, kp—=(97/4)*r,~".

The potential energy of the system of the metal with N+ 1 electrons and
a proton dissolved less that of the metal without any perturbation is given by
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2k
/
2 |
A=}
2 Ji
g W — I — .
N 2 3 4 5
? Ars
©
&
- | -
I k=lo
(K.E)+(P.E) T .
K=,
ok 0.6
Fig. 2. Kinetic and potential energies as functions of Ars.

I. THOMAS-FERMI kinetic energy

1I. WEIZSAECKER kinetic energy
III. (KE)+(P.E) for k=10, as measured from —¢
IV. (KE)+(P.E) for £=0.6, as measured from —g
The energy scale is given in units of ¢, =7.0eV.

(P.E)=(0,V ®,)— W V¥),

where
. N+1 N+1
V=3 Solr;—R)+—~ e .1 e
& 2o el 2 4, IR Ry
T Vi) + oL
~+ A\ + s
F=1 7 IR,[
and
N 1 N 2 l 2
VeX Dol —R)r B -S4 m O
7=l “ B [r;—r; 2 PRZAoN IR,—R,/|

The quantity R, or R,. in (2.5.a) or (2.5.b) is the coordinate vector of the
Ith or 7-th metal ion and v(r,—R,) the potential between j-th electron and
a metal ion at R,; the second term is the sum of CouLoMB repulsion potentials
between N+ 1 or N electrons, the third the sum of those between metal ions,
and the fourth or the fifth term of (2.5.a) is the sum of CouULOMB potentials
of electrons or metal ions due to the proton at the origin respectively.

We have, as shown in Appendix B (ii) (¢f. (B. 22)),
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(P.E.)— jﬂ(r)vodr+jPOV,L-(r)dr+%jP(r) V,(c)dr

1

+—=— 10 V,(r )dr+2 (2.6)
2] R

where we have neglected ¢/(r) in (B.22), and replaced V,(r) in (B.22) by its
mean potential V,=—({,+¢) of an electron in the metal ; V,(r)=—e’/r is the

potential of an electron due to proton, and V,(r) the perturbation potential of

an electron due to proton and extra electron density f(r) around the proton.

The second integral and the last summation of (2.6) practically cancel each

other when the proton is situated at the centre of unit cell of cubic lattice.
The (P.E.) is now given, for the proton situated at the centre, as

(P.E)= —(Co+ ¢)+%Jﬂ(r) mmm-%f o(r) V, (r)de

= —(Co+¢>—‘—1i3;i7(2ra) i , (2.7)
since according to (1.2), (1.4) and (1.6),
Llowvima J” 0 de = — 2 (2.8.4)
and
. jp dr~____(3;;i>1€2. (2. 8.b)

The resultant increase (K.E.)+(P.E.) of the energy of the system is given
by (2.4) and (2.7) as shown by curve Il or IV in Fig. 2, respectively for
=1 or 0.6. The value of 2 at the minimum of the respective curve is 1/0.38 A
or 1/0.30 A and the appropriate value of Q=—{I+(K.E.)+(P.E.)} is 1.2¢eV
or 2.7eV on the base of 7=0.2(ar,), $=4.5eV, {,;=7.0eV and [=13.56 V.
The values of Q and 1/ for £=0.6 conforms with these obtained in §1 by
the self-consistent method.

§3. The s-type adsorption.

Surface. has two important effects on the distribution of metal electrons,
i.e., the spreading effect and the smoothing effect as discussed in detail by
BARDEEN', HUNTINGTON''?, SEITZ'®, SMOLUCHOWSKI'®, and SuGlYAMA',

Electrons must spread out of the surface created by splitting the metal,
since otherwise the gradient of their density, hence the kinetic energy, must
be infinite at the surface due to the second term of (2.1). The spread gives
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rise to positive charge inside the surface and negative one outside, or negative
double layer, which increases the work function of the metal.
The distribution of electrons is represented approximately as™

0,4+ 0,(2) for z2>0, |
(3. 1)
0,(2) for z2>0, [
where
Py(z) = —1/2 - P, exp (8z) for z2<0, | 3.1.a)
Oyz)= 1/2-0,exp(—pz) for z2>0, f

the coordinate z is perpendicular to the surface toward outside with origin at

the surface (¢f. Fig. 3), and § is a constant approximately equal to~2/r'®.

—

Surface

8+ 42)

v Az

1

wlz) |

|

0

Fig. 3. Spreading of the electron density and resulting
negative double layer on a metal surface.

—_— 2

The potential V, (z) of an electron due to the double layer given by 0,(z)
is readily derived by integrating the PoissoN’s equation d*V, [d2’= —4re’0,(2)
with boundary conditions V, (2)=0 at 2=+ 00, dV, (2)/dz=0 at z==+ oo, and
V., (2) is continuous at z=0. We have,

V.. (2) =2zé’[§ - 0, exp (Bz) — 4ne’0,/F for =z2<0, ] (3.2)
V., (2) =—2ze’[§ - 0, exp (— fz) for 2>0. I '
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The potential appropriate to the metal is expressed as

Vilz)=Vi,  Vi=—(+9)+4ae0,/5 for z<zy, )
=0 for z2z>=z2p,

where zz is assumed to be given by'™

_ 3 J T ¢ San —1 / Co — ¢ 4‘
zykﬁ‘_jl?+< 2 ——1>sm /m / 2 J (3.3.a)
We have from the above equation z,=0.29 A or 0.35 A for kp=1.92/r,, and
either ¢=5.0eV, {,=7.0eV and r=1.4 A appropriate for Cu and Ni or o=
45eV, {,;=5.0eV and »,=1.58 A appropriate for Pt.

The resultant potential V(z) is thus given by the sum ot V,(z) and V,(2)

as shown in Fig. 3.
The energy E,(8) of the surface formation per unit area or the surface
energy as a function of 8 is derived from (2.1), (3.1), (3.1.a) and (3.3),

according to SMOLUCHOWSKI'™®, as™®
07 1.2 ) A neo}
E,(8) = A=~ —1.585! +xBp,3-2In2— - exp (— Bz, + - R
) 5 2 jrEbe ng P (BT,

where the first and the second terms are contributions from the kinetic energy
and the last two terms those from the potential energy. The value of 1/8 as
determined by the minimum condition of E,(§) is ~0.7 Azr‘s/Z, as mentioned
before, and the relevant minimum energy is approximately 2.5 eV per one surface
metal atom for Cu.

The other effect is the smoothing of the electronic distribution on the
surface. This is due to the fact that the energy of electrons is lower when
enclosed in flatter surface than in such an angular surface as that of atomic
polyhedra™® as seen from (2. 1).

Fig. 4 shows (100) and (110) surface of simple cubic lattice. The electron
distribution is originally smooth on the (100) surface (Fig. 4. a), whereas the
original angular distribution of the (110) surface illustrated by broken lines
should be smoothed as shown by bold curves of Fig. 4. (b) by carrying electrons
from hills down to valleys.

This smoothing gives rise to a positive double layer which decreases the
work function to an extent depending markedly on the original structure of

*) The first two terms are obtained by replacing B, ¢ and « in Eq. (14) of Ref. (17) by
kB, Py and B, and putting 7=1 and =0 in Eq. (14) quoted above. The third term is

equal to V3 \ Ps(z)dz and the last term to I/ZSV,,& (=) 0s(z)dz.
(z>zpg)
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Surtace o Serfece
. . . . . ‘ - I
. . . . .
. . . . .
. . o . .
. . . . .
{a) (b)

Fig. 4. Smoothing of the electron density and resulting positive
double layer (after SMOLUCKOWSKI Ref. 21).
(a} Smoothing does not occure on the 100 plane of
simple cubic lattice.
(b) Smoothing occures on the 110 plane.

surface as just exemplified, in distinction from the spreading effect.

We are now ready to discuss the variation of energy caused by bringing
the dissolved proton from interior to the surface of metal. The kinetic energy
(K.E.) is given, in place of (2.3), as the sum of the two terms in accordance
with (2.1), i.e.,®

! [(L(n{(po T+ (r_r°))5/3“(too + 0, (Z))S/s} dr
" J {(‘03<z)+p (t_r°)>5/3_1035/3} dr] 4 (3 4, a)
(2>0) .

and

. |grad(0,(z)+P(c—r))[* ;  ( |grado,(z)[®
o -

00+ 0,(2)+ 0 (£ —1) Oot0,(2)
(z<0) (2<0)
(

+j lgrad(0,(2)+ £ (r—r,))|° dr_J |grad o,
S 0

2)[?
W(2)+0(r—r) 0.(2) dr-], (3.4.b)

(2>0 (z>0)

where the origin of coordinate is at the surface, z is the component of
r =(x,y,2) normal to the surface, and r, is the coordinate vector of proton ;
0,=N|V=(4z[3-r])7", 0,(2) is given by (3.1.a) and @ (r—r,)=2/8x- exp(—i|r—r,|)

according to (1.4).

*) | signifies the integration inside metal surface, § that outside it, and § withont any
(e<0 @>0)

indication that over all space.
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|1 (1.58) |
1.5 ’
- I(TF. term for A=1/0304) |
I |

I (1.34) |
=~~~ _L (TR term for 1-1/0384) |

|

1.0 '

I (. term for A =1/0.30A)

|
|
|

IV (W. term for A=1/0%84) |

_____ /T’__—__-__-__
- -
-

-

Energy in units of (.
<)
A%}
T

-0.35 4 0 0,35'5

Vli(-0.17) Distance from surface
L = 1/0.38 A
¢ s-adatom for

Fig. 5. Kinetic and potential energies as a function of the distance
of proton from surface.

I. THOMAS-FERMI kinetic energy for A=1/0.30 A.
II. THOMAS-FERMI kinetic energy for 1=1/0.38 A.
III. WEIZSAECKER kinetic energy for 1=1/0.30 A and x=1.
IV. WEIZSACKER kinetic_energy for 41=1/0.38 A and k=1.
V. P. E. for 1=1/10.30 A.
VI. P. E. for 1=1/10.38 A.
VII. Energy of s-type adsorption for 4=1/0.30 A and ¢=06
VIII. Energy of s-type adsorption for A=1/0.38 A and ¢=1.0

The horizontal lines give the respective values in the interior
of the metal.

Numerical integration of the above expression gives on the base of 1/8
=0.7 A and r,—1.4 A, the result shown in Fig. 5. The sum of the values
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of (3.4.a) and (3.4.b) equals that given by (2.4) when electron clouds #(r—r,)
and £,(z) scarcely overlap each other, or when the proton is far inside the metal
from the surface. The value of (3.4.a) begins to decrease when they substantially
overlap and decreases rapidly near the surface, as much as 0.35(, for 1/i=
0.30 A or 0.4, for 1/2=0.38 A at 2=0 (cf. curves I and II Fig. 5). As z—
oo, the value of (3.4.a) converges to

i 3\
AlVP(e—r)de—=A 2 (=2},
J{ (r—rx,)dr B <5>
The value of (3.4.b) increases when #(r—r,) and £,(z) overlap, the magnitude
of its increase being about one third of the decrease of (3.4.a) for x=0.6 (cf.
curves III and IV in Fig. 5). The limiting value of (3.4.b) at z—>o0 is

O(r—r,) 8m

B[ Lmadtleril g B

The excess (P.E.) of the potential energy of (N+ 1) electrons perturbed by
the field of the proton brought near surface over the potential energy of the
unperturbed N electrons is given by replacing ©(r), ¢, and V,, which appears
on the right side of (2.6), by #(r—r,), the electron density given by (3.1) and
(3.1.a) and V(z)=V,(2)+ V, (2) given by (3.2) and (3.3) respectively, as

(P.E) = [ple—r){Vile)+ V, (@)} de+ [ {0o40,()} Vile—rodr

(z<0)
-+-j Ps(z)Vi(r—ro)dr+%J Ole—r,) Vi(r—r,) dr
(2>0)

1 é
+?jﬂ(r——ro) V,(e—r,)dr+ Zl: R

- jp(r—ro) Vide + Jp(r—ro) v, (z)dr+JPoVi(r—r0)dr

(<zpg) (2<0)

+ jps(z> Vi(e—r,)dr +%jp(r—ro) Vi(e—r,)dr

1 J é

+—|O(e—r,) V,(e—r,)dr+ 3 . (3. 5)

2 7 Ry )

The first term on the third member of (3.5) is readily evaluated from the

P(r—r,) given by (1.4) as

Vi[o(e—r)de = 73[1—_411_ (Azp—zo)+ Z}exp(-—l(zﬁ——zo))], (3.6)

(2<zg)

where 2, is the distance of the potential jump from surface and z, the z-
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component of r,. Hence, the increase of potential energy of extra electron
density 0(r—r,) around the dissolved proton at r,=(x,, ¥, 2,) is

Vi /4- {Z(zg—zo)+2} exp(—Alzz—2,)), (3.6.a)

as compared with its potential energy V! in the interior of the metal. The
second term on the third member of (3.5) represents the potential energy of
extra electron density #(r—r,) due to the double layer 2,(z) produced by the
spreading, and the fourth that of proton, since

.= Velr—ridr =— j_LMz) dr=—"V,(z).
lr—r,] :

Hence, the second and the fourth term cancel each other approximately. The
fifth term on the third member of (3.5) does not vary with distance of proton
from the surface according to (2.8.a), assumed that 1 remains constant. Under
the same assumption the sixth term varies with distance, since 7, hence 7,
varies by replacing ©, in (1.5.¢) by (3.1), e. g., the increase of the value of 7
is approximately 50%, and the decrease of the value of the sixth term is ca.
0.5eV, when proton is at the surface. The third term gives the CouLomB
potential of proton due to metal electrons without any spreading, and the last
term the CouLoMB potential due to metal ions, hence these two terms compensate
each other, for example, for the position of proton along a perpendicular to
(110) surface. The (P.E.) is shown by V or VI curve in Fig. 5, and (K.E.)
+(P.E) by VII or VII for 1/i=0.30 A or 1/2=0.38 A respectively. The
maximum of the resultant energy dectrease is ca. 0.5 ¢V at 0.5 A inside the
metal from surface (the s-type adsorption).

The energy of dissolved proton is reduced as it approaches the surface to
decrease the TuoMmAs-FErRMI kinetic energy as given by the integral (3.4.a) of
the terms proportional to the three fifth power of electron density or to lower
the peak of the electron density around the proton™. The decrease is the
greater the lower 2 is as seen from Fig. 5. It is expected as well that the
smaller 3 favours the greater decrease of the energy.

It has been estimated in §1 that 2 and g are 1/0.34A and 1/0.77A for
Pt, which are appreciably lower than those 1/0.30 A and 1/0.70 A respectively
for Ni. It follows that the decrease of the energy for Pt is greater than for Ni.

The proton at the surface is further subjected to the following effects.
The spherical distribution 2{r) of electrons around the proton must be smoothed

*) The energy of proton at kinks or steps of dislocation, or lattice defects at the surface
is lowered by ca. 1eV~2e¢V. Hence, steps, kinks and lattice defects are heterogeneous
adsorption sites, different from other normal sites.



Theory of Adsorption of Hydrogen Atom on Metal Surface II

similarly to metal electrons at the surface. This smoothing produces on the
one hand positive dipole moment, which reduces the work function slightly
and results in, on the other hand, a further decrease of energy from that
deduced above on the base of spherical distribution. The amount of charge
protruded outside the potential barrier at z,=0.3 A is calculated at 0.08 e on
the base of the distance 0.55 A of proton from the surface, 2=1/0.30 A and
of the spherical distribution of electron around it. Assuming that half of
this amount of charge is smeared over the surface, the dipole moment produced
by this effect is 0.06 x 107" e.s.u.

Chapter 2. The »type adsorption.

When the proton is at the distance of ca. 1 A outside from the surface,
electrons in the metal protrude toward the proton, the wave function of the
k,level being deformed from ¢(k,, r) to

¢(ki5 r)+cs,£¢(15: l') >

and electron in 1s-level intrudes reciprocally into the metal, with the wave
function of 1s-state modified as

¢(Ls, v)+ 2b5 ¢k, 1) .

Hence, the wave function of the system is generally given by @, or (I.2),
taking the above deformation of the individual wave functions into account.
The resonance energy between the neutral state M-H of the first or the second
term of (I.2) and the ionic state M™-H* or M*-H" given by the third or fourth
term plays, as discussed in (I), an important role in stabilizing the adsorbed
atom (the 7-type adsorption).

The energy and the degree of polarization are now worked out with @,
dealing equally with the third and the fourth terms of (1.1) here, whereas the
third term has been just roughly taken into account in (I) as mentioned in the
introduction.

§4. The energy of r-type adsorption.

We first consider the enérgy decrease of the ground state given by the
wave function ¥ (1s,k,, -, ky) due to its resonance with the ionic states. The
appropriate approximate wave function of the system is given, neglecting the
excited neutral states expressed by the second term of (I.2), as

0. =a¥ (1st, k- ky)+ 20, ¥ (k, 1, ky, o, kiy)
a?t
+ZC§¢¢W(1ST, kh"" 1Sla"';kl\'), (4 1)
Ty (&)



Journal of the Research Institute for Catalysis

where
|as]®+ ¥|b;sf,2+ ZEIC;1¢|2:1; (4. 1. a)

the affix 1 or | denotes the spin orientation explicity in case of necessity, the
summation ), covers the terms referred to the levels a, 8,---, above the FErwmi
a’t

surface, with the parallel spin orientation to 1s electron, and 3, those referred
iy

to the levels 7,7, ---, below the FERMI surface, with the anti-parallel spin orienta-
tion to 1s electron; ¥ (1s1, k,,--+, 1s],--+, ky) is the wave function of the state,
@)

where an electron of k,|-level is promoted to the 1s|-level.
The equations for aj, &, and ¢/, are given by the minimum conditions of

(@ { o — W'} @L), as®

{Eo"— W’} a6+ ;: Vsabzzsf + iZJ Vz‘.sc.s/z'# = O ’ (4 2 a>
Vs)’;al’!“*‘;{Eq-,s—m - W’} b;s‘t =0 s (4 2. b)
Vi.;ka(;+ {E—,z’»s_" W/} C;i« = 0 H (4 2. C)

where W’ is the energy to be determined, E, E, ,,. or E_,,, the mean
energy respectively appropriate to ¥ (1s,k,,---,ky), ¥(k,k, --,ky) or
W(ls, kla"'> 157"'ak}\7)a

@)
N+1

V= gqf*(lsT,kl,.--,kN) (=W (kA k-, k) /i dr,,
(4. 3. a)
and
Vi = [0 (1s ko ke dy oo k) {2 — W) x

N+1

< ¥ (1st, ky, -, 1s i, -, ky) I dr;. (4.3.b)
@) J=1

The matrix elements of interaction such as

N+1

Ve = [0 (o K oo o) { = W (ks Koo, Keo) 1

4. 4. a)
Vsa,si:w*(lsTa kl’ Y 1Sl>"‘,k1v) {UKU/—W’} X
“ V+1

ler(knT: kl;"'9k'tl’“'9k1\’)"[z dr.i3 (4' 4. b)

*) The (4.2.a), (4.2.b) or (4.2.¢) is derived from 3(@;.{¥— W'} 0;)/3ai* =0,
30— W)0,)/3b% =0 or 3(0,{ % =W} ;) acsf =0 respectively. Overlap integrals
such as

N+1

§ % (15, ks, -+, ko) ¥ (karkes, -+, ki) J drs
=1
are neglected (cf. Appendix A of (I)).
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mﬁzwmnxw¢mmguummﬂ—ww
@

) N+t
x qf(lsT’ kb Tt lsl’ "'7ki’ 'L, ) kN) H drj, <4' 4. C)
(€3} Jj=1
and
V;.s,si’ = Sw*(ka’ k!: ) kil, Y 15 l, Tt kN) {ﬂ— 117’} X
(29
N+l
X w<ka’ kly Y 1Sl’ ] ki’ l’ '“,kN) jIY drj’ (4' 4. d>
@ =1

are neglected, since their contributions to the heat of adsorption are small as
shown in Appendix A in (I).
We have, eliminating #.,, and ¢/, from (4.2.a), (4.2.b) and (4.2.¢),

Vil | Va|®
E—~W/ — #_ﬁ_ 1 resl
g aZT E_h,_,a_ Wé '; E—,ias_ W!I,

admitted that the lowest root W} of W’ satisfies the conditions

=0, (4. 5)

E, > W,
E, . ...> W, (4.6)
E ...> W,.
With an approximation
IVsa’ = IVsﬁ! =t le,l.l4kF| = ’Vvl 3 l (4 7)
Vil = | Vel = = | Vouggu = | VI,
we have
IVWIIZ :__]'__5777,7‘{7"2_ Z I‘/rixlz :‘_l_ ZV‘VO’Z)
2B W, 2 E~W, FE W, 2E—W,’
(4.7.a), (4.7.b)
hence
Emwi— L NV 1 NIV, (4.8)
2 E.—W, 2 E_.—W

where {E,— W/} or {E_—W,}™' is respectively the average of {E, ,,.,—
Wit or {E_ ...— W}}™" over N, vacant or N occupied levels participating in
the bond formation; the factor 1/2 of the third and the fourth terms allows
for the summation over k,- or k;-levels with the spin orientation either parallel
or antiparallel to that of the ls-electron.

The lowest root W) is given by (4.8) as

E~W,=35eV, or W,=—14¢eV, (4.9)
for E,=2.1eV, D=24ayz, N,=N and r,=1.40 A, as shown below. Energy
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term E, or E_ is given, identifying it further with the simple mean of E, ..,
or E_ ., as

E,=E, o+ (h2/2m)rm et k| |~ wa,
K

kl"
=1—¢+031¢,, (4. 10. a)

or

E.=E_ ot 2/2m)j- (2 —/z)Ld/e/j Bk

0

=¢—A+2E+0.40,, (4.10. b)

where %,,=2"k, and A is the electron affinity of hydrogen atom. The image
force potential does not appear in the present approximation.

On the base of the data
{,=70eV, ¢$=45eV, A=0.7eV, [=136eV and E,=2.1eV*®,

(4.11. a)

we have
E,=113eV, E_=108¢eV. (4.11.b)
It has previously been worked out for D=2.4 ay and r,=1.40 A that*®
YN |V,|=61eV and Yy N |V,|=69eV (4.11. ¢c)

The data of (4.11.a), (4.11.b} and (4.11.c¢) yields, when substituted into (4.8), the
value of (4.9).
We have, further, from (4.2.b), (4.2.c), (4.1.a), (4.7.a) and (4.7.b)

___I_VI

pope N
ML 2 FW (4.12.b)
;e N |V, ,z
;Ic.m =W W,)I al’, (4.12.¢)
and
g = {14 VP N[V, (4.12. a)

U 2 (E,—~W)p 2 (E.=WJ)
The above quantities are evaluated for D=2.4 a, as |a;|*=0.78, Z]b <1 7=0.09
and Z lchy,1?=0.13, hence the degree of polarization of adatoms, or the effective

charge e* of adatom, is determined as ¢*= Z [Biar [P— 2| ¢l |*=—0.04 in unit of

*) See Table I in Appendix A in (I). The E, was denoted by A(D) in (I).
*%)  See Eqs. (A. 5), (A. 13), (A. 14), and Table I, (i) and (ii) of Appendix A in (I).



Theory of Adsorption of Hydrogen Atom on Metal Surface II

elementary charge.

§5. The r-type adsorption—higher approximation.

We will now take into account the contributions from the excited neutral
states as well as the ionic states in terms of the wave function

D, = al (1s1,k,, - ky)+ 2 @ (15, ks, - ke, oo, Ky

@
4+ 20,4 0 (k4 Ky, ky)+ D V(s k-0, Is L, k), (B.1)
a* Ty @)
where the second term is expressed as
Zaas,siw(lsykl’"'5kaa"'akl\'):Zaasﬁ,aﬁl[f(lsT5 ku""kaT""akN)
a @ 2

+ Zaas‘r ,ai;w‘(lslﬂkb ""kaT5 "'5kN)+ Zaasg,sixw‘(lsT’kh "'ﬂka *L’ "'7k1\‘)y
@ @
(5.1. a)

i.e., the linear combination of the terms which couple with the ground state
through ionic states, as

V{ist ky o ket k) —0 (ko 1 Ky, - ka1, - ki)

— Ukt ko 1.5Ta, 'T",kzv)?: (st ky, oo ke b, oo k)
- " " (5.1..1)
w(lsT,kb""kt L’akN);Tw(kaTa kl,"-, kzl,"‘» kN)
:i_:,qf(kaT,ku..., ésgl,...,k‘,v) = t?[f'(lsl,k“...’E‘;‘T’...’kN)
(5.1.a. II)

and

w‘(lsT5 kb"'a ki l»"':kN)_’)w(lsT’ kl; ) 1Sl’ Ty kl\')
(€]

8éy

—)w(knT3kl9"'a 13l5 "'akl\') = _;zlf(lsl, kla Tt kaT’ Tt kN)
@

ast @)
(5. 1. a. TII)
or ’w(lsTy kly Tty ka vL, "'7k1\') = iqf(lST, kl, Y kal" ) kN)
asi [$2]
(5.1.a.1V)

where arrows with ast below denote the transition, in which 1s electron with
spin orientation 1 is transfered to k,level in the metal, those with si} that in
which an electron occupying k;level with spin orientation | is transfered to
1s-level of hydrogen atom, and so on.

The coefficients in (5.1) and (5.1.a) are determined by the minimum
conditions of (@, {.% —W}®,), as
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{E—~W,}a,+ 2 Vidusr+ B Vat, =0, (5. 2. a)
{Eo e Wol Qusr sin + V;‘;bn:, =0, (5.2.b. 1)
{Eoise— Wit @usn sty + ViEbaor + Ve, =0, (5.2.b.2)
{Eoira— W} sy sis + Vi, =0, (5.2.b.3)

V;k"a0+ Z Visaashnw + Z Viéaasf,sif + {E+,s»a - ” y} bas‘,‘ = O’ (5 2 C. 1)
4 it

V;'l:'ao_'_ Z VSaansf,su + Z Vsaaa.‘u 1Sty + {Ef,i,»s_ ” g} Cszw - O’ (5 2 C. 2)
at al

where I, ,,, is the mean energy of the excited neutral state with an electron
of klevel promoted to the k,level, and W, is the lowest mean energy to be

determined.
Substituting @+ «+ efc. from (5.2.b.1), (5.2.b.2) and (5.2.b.3) into (5.2.¢.1)

and (5.2.¢.2), we have

Vis Ve [Val® \
Vst 0T *—t meee—Csg + {E+ s»a TN TR T W bas — O ’
“ iZE Eo,z'—m'_ Wg “ ' i‘AZ'“’ Eo,iaa— Wg gJ !

(5.3.a)
and

Vi’;ao—z_vﬂ‘@;.ba”_{_ {E—,M—Z [ Vel?

S AT
at Eo,z'»a_'Wg at,ay Eo,iaa_Wg gj ‘

(5.3.b)

where > or X signifies the summation over both the spin orientations of
€1,44 at,ay

the electrons on the ith or a-th level respectively. The coefficient ¢,,, or &,,.
in the above equations is approximately given as

Via,
iy = o, 5. 4.
Csiy E_,.—W, ( a)
or
Via
bpgr = — 220 5.4.b
' Espra—W, (5.4.B

neglecting the second and the third terms of (5.2.¢.2) or (5.2.c.1), which terms
are of higher order than the first ones as seen with reference to (4.2.b) or
(4. 2. c) respectively. Sustituting c¢,;, or b,,, from (5.4.a) or (5.4.b) respectively
into the second term of (5.3.a) or (5.3.b), which is of higher order than the
respective first term is, we have

Ve {l+7_ Ya+{E., .~ W}b,. =0, (6.5.a)
and

— 232 —
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VZs{l+r+,i}a0+{E(*),ihm}cs'ﬂ :09 (5' S. b)
where
Vil?
E+ zx:E+s->a_ _*L_’LL—‘a . 6.
T R W, - 6.2
Eyy=FE_ e 3 — Vel 5.6.b
(it P aél' Fov W, ( )
Tm,a = - \g,“[: . s (5_ 7. a)
oy (E RET AN WQ) (EA,t».s_ Wg)
and
Viol?
Foi=3 o Vel . (5.7.b)
i a’t (Eﬂ,t'*a— m) (E+,3—»a__ Wg)

The equation for W,, of the form similar to (4.5), is now obtained from
(6.2.a), (5.5.a) and (5.5.b), as

!VMIZ Z 1 IVisI —
—_— — F7L =0,
E(+),a_ Wg iy { i} E(A),i— Wa

(5. 8)

E—W,— §{1+T_,a}

or approximately, as

Ee W,— 1+7- :NIV,,]Z 147, _N[Vofz =0, (5. 9)
2 E(+)—Wq 2 E(*)—‘Wa

where N, is identified with N, |V,| and | V,| replaces |V,,| and | V,,| respectively
according to (4.7) and E,,,E_,, 7_ and 7, are averages of E.y . Fi sy T-..
and 7, , which are evaluated in turn as below.

The term E.,, or E_,, is given, with the same approximation of (4.7),
respectively by (5.6.a) or (5.6.b) as

N|V,J?
E+ a:E+8~>a__—-L—'7 E—, :E—,~>a"—'
(+), » Eo,a—Wg (=).2 2

NIV,
E,,—W,
(5.10.a), (5.10.b)
where (E,,—W,)" or (E,;,—W,)™" is the average of (E,,,,— W, over N
occupied k-levels or that of (E,,,,—W,)™' over N unoccupied %,levels. The

term Eo,a or E,; is given identifying it with the simple average of E,,.., as

b4

E, . = E,+ & 2m) R, —(F*[2m) kP ay
— E,+ (W/2m) EE— (72 2m) j bk / j " pdk
— E—0.60, -+ (h/2m) k2 , (5.11. a)
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or

E, ;= E+ (52m) koD ae— (B [2m)
— E,+ (52/2m) j " pdk / j"’" Bdb— (7 2m)
Xz

Ly

= E,+1.31 &— (B*/2m) k2 , (5. 11. b)

where {,=(%*/2m)k: and k,, =2k, is the maximum wave number for the
conduction band of monovalent metals. We have, further, the average E, of
E,, or E,; over N vacant k,-levels or over N occupied k;levels, as

E,= (B, Dunl=CEdn)
= E,—0.60{,+ (7*/2m) {2y
= FE,—0.60{,+1.31¢,
= E,+0.71¢,. (5. 12)
The average E.,, of E.,, or that E._, of E_,; over N vacant or N
occupied levels is expressed approximately, according to (5.10.a) or (5.10.b),

by replacing the average of (E,,— W,)™* with (E,—W,)™, as

NIV, = = NV, 12
f{ﬁ},&qzdgpmzafﬁiﬁ%

(5.13.a), (5.13.b)

E(H = <E(+),a>AV = E+_’

b

where E, or E_ is given by (4.10.a) or (4.10.b).

The average 7. of 7., or that 7, of 7, respectively over N vacant k,-
or N occupied kg levels is now according to (5.7.a) or (5.7.b) by the similar
approximation

2

[V,[*

| 1
T.=. o= = o , 5.14.
oo = B Wy B =W, o149
o 1 NIV,
1, ={d, Jaw=— ——— 1720 5.14.b
oo = B W)E ~ W) o4

The root W, for D=2.4a, is now determined at —3.0 eV according to
(5.9), (5.12), (5.13.a), (5.13.b), (5.14.a) and (5.14.b) on the base of data given
by (4.11.a), (4.11.b) and (4.11.c); we have besides 7_=0.165 and 7, =0.14.
The lowest values of W, is —4.6 €V for D=1.8a; on the base of the values
of E, |V,| and |V,| as given by or interpolated from Table 1 in (I).

The lowest value of W, and the equilibrium distance D, are increased by
taking into account the exchange repulsion E® due to d-electrons, which is
of comparable order of magnitude at D< 2.0ay as compared with E, in cases
of transition metals with d-holes and ncble monovalent metals. We have, for
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example, W,=—2.8¢eV and D,=2.2a, by assuming E{®=E, (a,/D).
On the other hand, d-electrons participate in the resonance similarly as
discussed above, the contribution being increased by the presence of d-holes.

§6. The polarization of r-adatoms.

The degree of polarization is now determined as below. We have from
(5.5.a),
Vol
I NS I I L) 6.1)
at ar (E(-H,a_—m)z
or, replacing 7_ ., E.».. and | V,.|* respectively with 7., E,, and | V,|* similarly
as in the derivation of (5.9) from (5.8),

ba?‘ 2 (1+T)2 _NIV1)|2 g' 6 1
23 [Pus-| 2 (B —Wr" oL

Similarly we have from (5.5.b),

. (1+7. )}  N|V,]? .
> lee )P = ALT) el af (6,1.b)
R T P

Eq. (5.2.b.1) yields, on the other hand, with the similar approximation to that

for (5.13.a),

k2

T dwr e = 5 WVl

rat (Eo,i+a— m)z

_N V[ bons |?
2 (E-wy <RI

hence substituting 2, |b...|* form (6.1.a),
at
5 Iaaﬁ,”‘lz:(i"_'rf)z VTiV]fVAZ . Mléag, (6. 2. a)
el 4 (E,— W) (Eq,—W,)
Eq. (5.2.b.3) and (6.1.b) give similarly
IVSHI2

2 NP = L e o [
ad 4 at

v (B gaa— Wo)

_N V] e
2 (Ego‘_ Wq)z ) ; ,CS“I
(L+7.) NIV.I® NIV . (6.2.b)
4 (Eo— W) (Ec,—W,f

We have, further, from (5.2.b.2),
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N (V;;bas? + ‘/stcsiq,)(Visb;ks% + ‘/sac.;kt¢)
B el =2 (B Wi

[Vi|? Vi Ve

= _— ba.« 2+ b‘” C‘;ki
BB el B e
Vot Vi [ Vial? 2
P LA L /5N S e 1Csiy | -
aTZ‘Hr(Emi*n_‘m)z s “;’:i¢ (Eo,i+¢v_—m)2] $‘
(6.2.¢)

The first term of the third member is approximated similarly as in the above
cases as,

'iv* ﬂ; X lba.ﬁ 12 ’
2 (E‘o_VVq')2 at
or substituting 3|b...|* from (6.1.a), as

Vall g e AHTF NIV.IF  NIV.|* .

ai.

50 (B g e — W) 4 (Eo— W, (E¢,y—W,f

(6.2.¢c.1)
The second term of the same member is transformed by (5.5.a) and (5.5.b) as
Vi Vi A+7 )V (1474 Vi a,

i By yu— W) (Ecpya— W) (Ey— W)

which is identical with the third term similarly transformed by (5.5.a) and
(5.5.b). By the similar approximation to the foregoing one, we have from the
above expression of the second as well as of the third term,

VeV, ViV,
is ¥V sa b . ;k‘ — sa ¥V 43 b:& »
"T’“(Ea,i.m“‘Wg)z s+ Csiy ‘”Z-:“<Eo,i~m_m)2 +Cssy
SQrr)ddr.) NIV <NV, at. (6.2.¢.2)
4 (Eo—= W, (Eco,— W) (E,— W)
The last term is given similarly to the first term as,
VP o OFTF NIVE NIV e
B B W T B W B 2P

Hence, we have from (6.2.c), (6.2.c.1), (6.2.¢.2) and (6.2.c.3),

:_ 1L NIV, AN|V,I*f 14T7T. 1+7.
ast st — T = = + = 0
L= Em Wy \E— W, Ec—W, “

The weight 3 |a,,:|* of the excited neutral states is given in accordance
with (5.1.a), as

(6. 3)
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Z Iaasq, 8L+I + Z laasf sz+l H (6 4)

at, i av, b

2__
Z ’aas,sil - Z |aa3f,<*i
at, it

or substituting the terms on the right side from (6.2.a), (6.3) and (6.2.b) as

e L NIVENIVP (¢ 147
Z laas,szl 9 (ﬁow W1>2 l((E‘ﬁ’_ ﬂ/g)
(147 )(L+7) < 1+7, >M (6. 5)
(Ecoy=WHE,~W,) \F =W,/ |

v

We have from (6.1.a), (6.1.b) and (6.5} referring to (5.13)

23 1 Yo, P=0.32a8, X |de,ul'=0.3854a;,
at s
and, according to the normalization condition of @, given by (5.1),
ag+21ans,si]2+2 bnﬂi‘ 2+Z‘Cu‘, P = 17
at i

la;] =0.50 for D=2.4a, on the base of the data given by (4.11.a), (4.11.b),
(4.11.¢), (5.15) and (5.16). Hence, we have finally e**Z s | — Z[C”V]Z:

0.145—0.16=—0.015. This value of e* is smaller than that obtamed in §4
ignoring excited neutral states. The dipole moment z, of a 7-adatom on Ni
or Cu surface is henceforth evaluated, assuming D,=2.4 a; as

t,=0016x244a,xe=008x10"" e.su, (6.7)

which is somewhat smaller than the observed value 0.2 x 107" e.s.u.™

It might be remarked that the effective charge €* is decreased with increase
of coverage 6, inasmuch as the contribution of M*-H~ states to the rtype
adsorption decreases relative to that of the M ™-H" states because of a rapid
increase of the exchange repulsion in the former state, which is altogether
absent in the latter, although the electrostatic repulsion is the same both in
the cases.

Chapter 3. Experimental results in the light
of the present theory.

Conclusions are now derived from the theory of adsorption developed in
the preceding chapters on the effect of adsorption and temperature change on
the heat of adsorption, work function and electric conductivity of adsorbent
metals and compared with relevant experimental results.

¥) Estimated from wi.c increase of work function at §=0 (cf. Ref. (3)). The theoretical
value €*, hence #,, depends markedly on the distance from surface, so that du./dD3»
drts/dD, indicating that the infra-red absorption of a radatom is more intense than that

of a s-adatom.
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§7. Change of the state of adsorption and
the heat of adsorption.

The existence of the two types of adsorption may reveal itself in the change
of differential heat of adsorption with coverage and temperature as illustrated
below. The differential heat of adsorption Q(f, T) is the excess of the excess
of the half of the partial molar enthalpy of gaseous hydrogen H, over that
H, of adsorbed hydrogen atoms, i.e.,

Q(ﬁ’ T) - %‘ HO—I_IH >

where # is the fraction of the number 7, of gm atoms of adsorbed hydrogen
over its value N, at the full occupation, when #=1. It follows that

N, 1 Na
( Q(ﬁ, T')dn(, - -é_ I{gz\]’q_ J szna >

or
| Q6. T)do=L H— N (o)~ ()]

where (H )., or (H,),., is the enthalpy respectively of the adsorbent without
adsorptive or of adsorbent fully covered by adsorptive. The (H,),o,—(H ).,
may be taken a constant independent of temperature, provided that adatoms are
constantly either in the s- or in the 7-state and excited vibrational states ignorable,
the energy of the adsorptives at #=1 thus being kept constant independent of
temperature. Expressing H, as

H, = ¢(H,)+7/2RT,

it follows from the above two equations that

0= j‘:Qw, T)do— % RT = SJZE —N,™ {(E,,>9:,—<Ffa>e=o} = const.
(7.1)

is a constant independent of temperature, insofar as &,(H,) and (H ,)yoi—(H J)s—s
are respectively constant, where &(H,) is the energy of 1 mol hydrogen gas
less its translational and rotational energy; e,(H,) is practically constant indepen-
dent of temperature below 1000°C.

If, on the other hand, adatoms transit gradually with rise of temperature
from 7tpye to s-type of adsorption or reversely, (H,),_.—(H .),, does not in
general remain constant resulting in a deviation from the rule (7.1), even if

& is constant and the excited vibrational states of adatoms are neglibible as
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assured practically at temperatures up to 300°C.
This rule holds satisfactorily in the case of W, where the s-type adsorption
may be taken as excluded on account of the practical absence of solubility *>.

§8. Effect of adsorption on the work function.

The increase of work function by adatoms is given as
de = Arp(6) N0, (8.1)

where £(f) is the effective dipole moment created by the adatoms, 7.e. the
weighted mean of the dipole moment g, of r-adatoms and that p, of s-adatoms
with the respective coverage as weights. The g, is evaluated in §§4 and 6
at 0.08 x107%~0.24x10"" e.s.u. at §=0 for Ni or Cu, which decreases with
increase of the coverage of r-adatoms as shown in §6, while p, estimated in §3
is approximately constant at —0.06 x 107" e.s.u. irrespective of 4.

The r-type adsorption should now predominate at the initial stage of
adsorption, while the s-type may possibly prevail later, insofar as the energy of
r-type adsorption is lower than that of s-type one, but rises rapidly with increase
of coverage owing to a pronounced mutual repulsion through the intermediary
of metal electrons™® as discussed qualitatively in (I}). It follows that the work
function increases steeply at the initial stage, but slowly later or even decreases,
on account of the depolarization of r-type adsorption referred to above as well
as of a possible appearance of the s-type adsorption with positive dipole moment.

These theoretical conclusions are in accordance with experimental results
obtained by MIGNOLET?, GUNDRY, TompkINs, CULVER and PriTcHArRD®. The
work function decreases actually near §=1 as observed for Ni” and Co”.

The work function of Pt is larger than that of Ni. This increase of work
function from Ni to Pt decreases the negative polarization of r-adatom as shown
in §6, diminishes, as illustrated in §§4 and 5, the heat of adsorption of 7-
adatoms, and increases the heat of the s-type adatoms as discussed in §3. These
conditions should cause the s-type adatom more abundant on Pt than on Ni,
hence, the increase of work function of Pt by adsorption should be less than
in the case of Ni. If the heat of rtype adatom on Pt is higher than that of
s-type adatom at very low coverage but lower than the latter at higher coverage
in accordance with the relative change of the heats of the two types of adatom
discussed above, the r-type adsorption predominates more or less at the low
coverage but the s-type adsorption does in its stead at higher coverage. The

*) Two types of adsorption of hydrogen are observed by some authors. One of them may
be attributed to r~type and the other to Hy(+) instead of s-type one.
**) cf. §9 also.
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work function then increases with increase of coverage at the low coverage but
soon decreases at higher one. This effect on the work function must be the more
distinct, the lower the temperature. Actually, SUHRMAN, WEDLER and GENTSHY
have observed that at 100°K the work function of Pt slightly increases initially
and then decreases with increase of coverage, resulting in the overall decrease
of work function at #—=1, and that at 273°K the work function remains more
or less constant initially with increase of coverage and then decreases at higher
coverage. We conclude incorporating the above cbservations that in the case
of Pt the r-type one occurs just at the initial stage and then gives place to the
s-type adsorption.

§9. Effect of adsorption on the conductivity.

The electric conductivity ¢ of a thin metallic film is theoretically derived
by Fucus®™ and SoONDHEIMER™, in terms of the thickness d of the film, the
number N of free electrons per unit volume, the mean free path /, the mean
velocity © of an electron at the FErmI surface, and the probability p of specular
reflection of an electron at the surface of the film, as

o= a®,(dJl)](d]]), 9.1)

where

Fig. 6. Theoretical go/s plotted against p for various dJfI.
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and

bl

is the specific conductivity of the bulk metal.
unity for p=1, as plotted aginst p for the different values of (d/l) according

— Ne'l

mo

to (9.1) and (9.1.a).

The value of p, of p at =0 of clean metallic film estimated in two ways,

assuming that p does not depend on temperature.

The resistance R, of a film is proportional to 1/(s-d), the proportional
constant ¢’ being given by the conditions of the experiment.

from (9.1) and (9.1.h),

or

Q§

8
S
S
TN

€= (L) {o,apyam)

l

cR(d)d* = (d|I}|®,(d]l)

where ¢ is another constant given by

¢ = (Né*)/(c'mv) .

* Bo(d/)

d/0

0.6

G4

0.2

Fig. 7.

T T T

T

T T T T T

*x < X0,

267

0.2

B 255

e
DRV S W WY I | L | | VOO W T W} L. 1 ) VS T S T I
006 oo 0l 02 @ 0 w0 2 &6 il

log (d/D)

Theoretical curves of log {(d/I? @ (d/l)} versus log(d/l) for
$=0, 0.3 and 0.5.

The crosses are observed values® at 273°K represented
with constants ¢=3.6x10-6/2 A2 and =150 &, and circles
are those at 90°K with constants ¢=3.6x10-16/2 A? and
1=270 A,

(9. 1.b)

Fig. 6 shows a,/o, which is

We have, hence,
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Eq. (9.2) shows that the curve of log{R,(d) d*} versus logd is superposed
upon the curve of log {(d/0)*/®,(d[l)} versus log(d/l) for the appropriate value
of p by a proper selection of / and ¢, so that we may determine p, as well as
[ from the observed R.(d) as a function of d.

MizusaiMa® has observed R,(d) of evaporated Ni film for d=30 A~500A
at 7=273"°K and 90°K. By comparing the experimental curves of log {R,(d)-d*}
versus log d at 273°K and 90°K with the theoretical curves of Fig. 7 for various
#, we have according to the above

IT=273K)=~150 A ,
(T =90°K)= ~270 A ,
cx=36%x107°0 A

and Po=0~0.3.

(9.3)

We may estimate the extent of “the lattice imperfection” of evaporated Ni film by the
magnitude of the mean free paths just estimated. The probability P=%/I of an electron to be
scattered per unit time is given by the sum of the probability Psib. due to the lattice vibrations
and the probability Pur, due to the lattice imperfection. Pryip, is expressed as ©/l, where [, is
the mean free path in the absence of the lattice imperfection, estimated at Jo="266 A for 273°K
and 7,=2100A for 90°K?®. We have,

Py, = P—Pyip, = 7(1/1—-1/10),
or by (9.3)
Pirr, = ¢(1/270—1/2100) = ©/330 at 90°K,
and
Pirr, = ©(1/150—1/266) = ©/330 at 273°K,
which shows that Prr. is independent of temperatures as it should be provided that the lattice

imperfection remains the same.

The value of p, is estimated alternatively according to the later conclusion
that p, is reduced to zero at 0=1/4~1/2, where the resistance attains to its
maximum. It follows that the increase 4R, of resistance up to the maximum
is due to the change of p from p, to 0 alone. Eq. (9.2) leads on the other
hand to the equation

4Rﬁmfa.xﬁ — ¢7)0(d/2) ___1 (9 4)

R, D,-o(d/!) ’
admitting N, d and / are respectively unaffected by adsorption. We have,
now, from the observed value of 4R,../R, by SUuHRMAN, WEDLER, HERMANN®,
and MizusHIMA® and from the values of d and / estimated as above, p=0.04,
which is consistent with the value of p, estimated as above (see Fig. 8).
The adsorption of hydrogen atoms affects now the conductivity, along the
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line of the present theory, by decreasing the value p besides by varying N, as
discussed below respectively in the case of s- and 7-type adsorption.

(i) The s-type adsorption increases the number of valence electrons N by
dissociation of hydrogen atom into proton dissolved in the metal and electron
in the conduction band of the metal; e. g., the number N of conduction electrons
of a metallic film of 30 atomic layer is increased by 3.3% at full coverage of
s-adatoms, hence the conductivity ¢, of (9.1.h) approximately by the same relative
magnitude®.

The probability p of specular reflection is, on the other hand, nearly un-
changed, since the cross section of the proton shielded by metal electrons is
~0.3 77, as shown below, which is fairly small as compared with the cross
section ~0.9 777 of the surface atom, corresponding to p,=<0.1 as estimated
above.

The cross section of scattering of s-adatom is derived as follows. The
matrix element V,, of the transition

y(“'u k, - K, kﬁm—x)*"y(kn K, -, b_)w Ty kN+1)

is given by (1.8) and (A.6), as*®

V., Are | 1 RN O o /S (9. 4)
VIl k—k['+# (k. k]+2)]
where 7 allows for the exchange effect between electrons.
The transition is however subject to the conservation of energy
Ek,)—Ek)<kT, (9.5)

so that k, must be at the FErRMI surface or just below it, while k. just above
the FErMI surface, 7.e.,

[k, =kpr=k,]. (9.5.a)
Hence,

glof = ]ka—ki]2:4k§vsin2% . (9. 6)

By substituting |k,—k;|* from (9.6) into (9.4), we have

*)} The mean free path [, the mean velocity © or the effective mass m¥*, identified with m

in {9.1.h), depends in general on N, but we neglect these effects in the present discussions.

**) If we replace 2/ in (9.2) by @, and put 7=0, the Vu; is reduced to the matrix element

of scattering of a free electron from the state 1/¥ V -exp (iker) into 1/¥ V -exp(ikor by a
hydrogen atom.
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v,—_ Az L (492 )
V Lqr+x  (qop+27 )
:*N—lﬁ[ 3 n 31+9)(ar) ) ©.7)

s Lg@Orf+ () {qO)n)+(arf}

inasmuch as
V = N{4r/3):. (9.7.a)

The order of magnitude of N|V,| is 4.2eV for =0, and 1.8eV for
f=n on the base of r,=1.4 A, 2:1/0.3;& and 7=0.2 r,.
The transition probability w is given as™

l RIS (9. 8)
where 0(k,) is the density of final states and is given as®®
olk) = ol = "V k.. (9. 8. a)

Let now a,(6, ¢) be the differential scattering cross section for k, of the direction
within §~60+df and p~¢+de*. We have now™*

7,0, ¢) = my w, 9.9)
<p
or
o.(0,¢) = < ;@;) V. (9. 10)

by (9.7), (9.8) and (9.9).

The total cross section ¢%° of s-adatom relevant to the electric resistance
is now the integral of (1—cos#f)a,(d, ¢)sin #d6d p, where the factor (1-—cos 6)
stands for the condition of steady current in accordance with the BLocH’s
equation®. The total cross section ¢’ depends now on the direction of k,.
Let © be the angle between k; and the normal to the metal surface. We have

¥) The ¢ is taken as the angle between the plane (k¢ ko) comprizing k: and k«, and the
metal surface, except in the case of ks normal to the surface, where ¢ specifies the

direction of (k:, ka) around k:.
Flki| _ fkr
T m

is the velocity of
m

**) We have w=gav(k:/V by definition, where v(k:)=

k¢-electron, hence (9.9).
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ggw(@ - %} — J( ”:(l—cosﬂ)o,,(ﬁ, @) sin 0 dﬂ} dp

09 (6 = 0) = j{ j (1—cos B)0,(6, ) sinﬂdﬁ} dg

I

mV %= (‘r 2 .2
) O{Jo(l——cosﬂ)lvﬂl smﬁdﬁ} dg 9. 11. a)

and

~ (;’l;ff"{ﬁ<1_-cosa)1vai|2sinedol dg (9. 11.b)
T 0 z

Assuming that

o9 (0) = a,(@: %>+c052@ {a,(@:())—o,<@ = %)} , (9.12)
we have the average cross section {a¥>y as

O CE %)+%{a,(@=0)~a],<@= l;)} : 9.13. a)
or by (9.11.a), (9.11.b)

(P a0 = 2n (;’;; ) vk, (9. 13. b)
where

G 1 {2 Ny

vor=L 2 (("n_ ,. 6d

V& 2 13 LL(I cosf) | V,,[*sin 0d6d ¢

+ %j:”j;u—cose) | V.l sin 0d0d;o} f (9. 14)

is the average of |V,[°. The [V¥| is estimated by (9.5), (9.6) and (9.14) at
V9| = N x (2.3 eV) (9. 14. a)

hence (6%, at ~0.3 zr% by (9.13.b) and (9.6.a) on the base of 7,=1.40 A,
A=1/0.3 A and 7=0.2 r,

(i} In the case of rtype adsorption, the number N of free electrons is practically
unaffected ; the decrease of N of a metallic film of 30 atomic layer at full
coverage is only (e*/30)x 100 per cent, where the effective charge €* is of the
order of —0.02~—0.04 as worked out in §§4 and 6. The value of p is however
markedly decreased by 7-type adsorption due to the large value, as shown below,
of the matrix element of transition of a free electron into the 1s-state of adatoms
or reciprocally of 1s-electron into metal. We consider here such transition of
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metal electron from one state to another say from k;- to k,-state alone, as an
electron in k;-state is trapped in 1s-state, while another electron transits from
1s- to k,-state, ignoring other transition process, e.g. a direct one caused by
a perturlation field of r-adatom not through the intermediary of 1ls-state. The
cross section of r-adatom corresponding to the transition specified above must
be smaller than the actual one, if other transition processes were not negligible.

The transition k,—k, specified above should occur in accordance with
the conservation of spin orientation in the following scheme:

(a) In case the spin orientation of k, and ls-electrons are anti-parallel,
the transition should be®

w(lsTykh ’kz l’; Ty kl\‘)ﬂwf(ls'r’kb T 1Sl> ""kN>
[“""w(lsT?kb"'9k)al’""kﬂ')i (a' I)
@
l_)w<kaT9kl7"'s 1Sl5"',k1\')5 (a. II)
. (%)
or

W(IST, kl’ Tty kzl‘y “',kAV)v";w(kaT}kl"”9kil"”9 kN)
"_’qf(\kaTakb"" 1Sl>"',k\¥) (aIII)

(b) In case the spin orientation of k- and Is-electrons are parallel, the
transition should occur as

W(IST, kl,"'akiT,"'>kN)" w(kaTa k:"": sza ""7kN)
_‘Hw(kaTakIa"'; lsTa'”,kN) (b I)

The ratio of the statistical weight of the case (a) to that of the case (b) is 1:3,
hence the average V> of the matrix elements of transition is*,
iz 1 Vis Via VisVea VVie "1, 3| ViV ")
Vo=~ + + + 2 «Vis
! ‘ l 4 l‘!E—,‘i—m _Eo E—,i»s_Eo E+,s»u"’E0 J 4 l V+,S+a_E0‘i J
WVal*| Val* | Vel | Viel? o Vel [ Viel” (9. 15)
(E—,ias _Eo)2 (EA L8 Eo) (E+,s »a E0> <E+,s >a _Eo)2

where the terms in the first bracket of the second member correspond in turn
to the transitions of (a.I), (a.1I) and (a.IlI) respectively, and the term in the
second bracket to (b.1); E_ .., E. .., and E, are defined respectively in con-
nection with (4.2.a), (4.2.b) and (4.2.c), while V,, and V,, similarly by (4.3.a)
and (4.3.b).

Taking the condition of (9.5) or (9.6) into account, we have

*) The (a.I), (a.II), (a.III) and (b.I) correspond to (5.1.a.1V), (5.1.a.1II), (5.1.a.11} and (5.1.a.T)
respectively.
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E—,i->s — E Kol — ¢~A+2EO s
and

Er..s = E Jskgy I_¢ .
Hence, the average |V|? of | V*]* given by (9.15) over the direction of both
k, and k, is estimated according to the approximations of Appendix A in (1),
as

VPl =N"{84eV}, (9.16)

since |V,|=[V,|=|V,x,] (=6.3eV for D=24ay by the condition ({9.5.a).
The cross section of scattering is similarly derived as in (i), by replacing |V [*
of (9.13.b) by [V&[%. The result is in accordance with (9.14.a) and (9.16)

(o =2 2V
T

> V)= 4.0 g (9. 17)

which is essentially the lower bound according to the above.

It is concluded that the large cross section of r-adatoms causes p to vanish
at #x1/4~1/2, and besides, it is responsible for the intense repulsion, as
remarked in (1), between 7-adatoms through the intermediary of metal electrons.

The decrease of p has now a pronounced effect on the resistance as
illustrated in Fig. 6 that the resistance increases by ca. 3% with decrease of p
from 0.04 to 0 for d/l=1/2.

We are now ready to discuss the effect of adsorption on electric resistance.
The electric resistance should increase initially rapidly due to the decrease of
the probability p of specular reflection by r-type adsorption which predominates
initially as mentioned in the preceding section. The increase will come to an
end at #=1/4~1/2, when p is reduced to zero, the total increase AR,,.. of
resistance depending thus on the initial value p, of p. Fig. 8 shows 4R ,.«/R;
as plotted against d// by (9.4), which practically reproduces the experimental
results by MizusHiMA® for p,=0.04.

The present theory leads to a further theorem that 4R ... d* is independent
of temperature as well as of thickness for films with the same p, values. We
have from (9.2)

AR ax(d)- d* = {(d[1} D ,-o(d|1)—(d]L} D, (d[1)} , (9.18)

Table 1 shows the theoretical value of the right side of (9.18), which is approxi-
mately constant independent of d/I, hence that 4R, ..(d)-d* is similarly constant
independent of 7 and d. The observations by MizusHiMA®* shows that this
is actually the case: 4R,..(d)-d? is constantly ~9000 QA: according to his

*) MizusHIMA has pointed that 4Rmax is independent on temperature (Cf. Ref. (7)).
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Fig. 8. Theoretical curves of log{4Ruux/Re} wersus log(d/l) for
Po=0.1, 0.04 and 0.025. The crosses are observed values®
at 273°K represented with [=150A, and circles are those
at 90°K with 7=270 A.

observation both at 273°K and 90°K, for d-values from 30 A to 400 A. From
the latter values of AR..x(d)-d? imcoporated with ¢=3.6 x 107°/QA of (9.3),
we have ¢ AR .. (d)- d*~0.03, which determines p, at ca. 0.05 according to (9.18)
and Table I (d/{=1/10~5).

TaBLE 1. The values of {(d/l)/®,-o(d/l)—(d/i}}/@, (d[l)}

LAy oy oy oy | 15 1 1 2 5
Po > ‘ L o .
01 0044 0044 0048 0049 0054 0058 | 0056 0052 | 0.042
02 0082 0082 0090 0095 0104 0111 0110 0100 | 0083
03 0116 0118 0120 0146 0150 0164 | 0161 0142 | 0127

|

If the s-type adsorption does not occur, the resistance will remain constant
with further increase of coverage. If, on the other hand, the s-type adsorption
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should occur, the resistance will decrease with increase of # giving a resistance
maximum around #=1/4~1/2. Tt has been concluded that® s-type adsorption
does occur in the case of Ni. It follows that the resistance maximum should
exist in the above range of # as actually confirmed by experiments by SUIIRMAN,
WEDLER, MizusHiMA, HERMANN and SCHLIEPHAKE®, SACHTLER and DGRGELO™,
and ZWIETERING, Koks and HEerDEN®. Similar maximum has been observed
by ZwIETERING, Koks and HEErDEN" with Fe.

For Pt film, however, the resistance should decrease monotonously due to
the predominance of the s-type adsorption except just at the initial stage of
coverageas concluded from the observed decrease of work function™. SthHg-
MAN, WELDER and GENTsH” have actually observed monotonous decrease of
resistance for Pt evaporated film.

When the surface is contaminated by, say 07, the initial increase due
to the r-type adsorption will disappear, while the later decrease will persist,
provided that 0~ adsorption decreases p as an adsorptive of large cross section
preferentially excluding the r-type adsorption on account of its large ion radius.
This conclusion is in conformity with the observations of SACHTLER and
DorceLs”.

Conclusion and Acknowledgment

There exist in general two types of adsorption of hydrogen atoms, i.e.,
r-type adsorption and s-type one. The r-type adsorption is rather an usually
conceived adsorption i.e., the state of the adatom situated outside the surface
of metal and bonded to it. The s-type adsorption is a sort of dissolution into
metal, 7. e., the state of adatom situated inside the surface and confined to at
ca. 0.5 A distance from the surface.

The variation of physical properties, such as work function and electrical
conductivity, caused by adsorption was discussed on the basis of the above theory
with conclusions in conformity with experiments.

The present author wishes to express his sincere thanks to Professor
J. Horiutr for his profound interest and stimulating discussions on the present
work. He wishes also to express his hearty thanks to Dr. K. Azuma and
Dr. A. MaTsupa for their valuable discussions. He would like to acknowledge
the contributions of Mrs. R. Wake, Mr. M. TakauasHl and Miss N. AsUHA,
who carried out many of the computations in the present work and helped in
preparing the maniscript.

) Cf. §§7 and 8.
##) Cf. §8.

— 249 —



Journal of the Research Institute for Catalysis

Appendix A. Derivation of Eq. (1.9).

The electron density ©,(r) of N electrons of the metal without any per-
turbation is expressed as

py(r) = z¢*<k rlolks t) (A.1.a)

and the electron density @(r) of N+ 1 electrons of the metal with proton
dissolved, as

N+1

o(r)= 2 & (k1) ¢ (ki x). (A.1.b)

The perturbed wave function ¢(k;, r) is generally developed in terms of
the unperturbed wave functions ¢ (k,, r)’s as
(k) ={1—(1/2) % .f)ba,;}z} gl )+ T bugllen )+ T 6.o(k, 1),
a(*¥e a(xi (x4
(A.2)

where b,;’s are the first order and ¢;,’s are the second order coefficients. The
factor {1—(1/2) 33 |b.:|*} of the first term in the second member of (A.2) assures
)

the normalizati(;:iconditions
[ &%k, D)@k, t)dr=1. (A. 2. a)
The coefticients 4,;’s and c¢,,’s must be determined, so that the orthogonal
relations,
(&% (ko 1) (kpry v)de =0, for ixd', (A. 2.b)
is satisfied ; substituting ¢ from (A. 2), (A. 2. b) leads to the condition
b +b,, =0 for ixa, (A.3.a)
and
i+ Copr + 205D, =0 for i/ (A.3.Db)

The extra electron density around the dissolved proton is given from
(A.l.a) and (A.1.b), as

£(r)—Py(r)=0(r)+0'(r), (A. 4)
where £(r) is the sum of the first order terms and ©'(r) that of the second
order terms with respect to b,;, b etc. expressed respectively as

P(r) = ¢ (kyysi £) (K1)

+3 > { L (ke v) @ (kys £)+ b (K, v)o* (ky, r)} , (A.4. a)

i a(x7)
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and
o'(r) = L 2 |bul’ {¢%(k,, )¢k, £)—*(k;, 1) glk,, 1)}

+2 2 X bibug* (k. r) ¢k, 1)

7 a(FEj(¥Fa,¥i)
+ 2 3 (eng i, 1)k 1)+ gk, )¢ (ks r}. (A.4b)
The first term on the second member of (A.4.b) vanishes approximately,
since ¢k, v)@lk,, r)=¢*(k, r)od(k, r)=1/V, and the contribution to the second
order energy from the second and third terms vanishes as shown in Appendix
B. Hence, we will be confined in the evaluation of ¢(r) in this appendix.
The ©{r) is written by substituting b,, from (1.7), as

o(r)= (/)*(kNH; r)SL,)(kA'H, l‘)
_ Vi Ve *(k, )]
5 2 i i et Vol )% )
(A.5)

The summation ), extends over the occupied levels inside the FErMI sphere

k2

and J; over the unoccupied ones outside it. However, ), may be replaced by

the summation over all levels, occupied or unoccupied, except for a=¢, inas-
much as )] 2, {ooeren }=0, on account of the antisymmetry of

% a(over occupied
levels except a=2)

terms of the sum with respect to the permutation of « and i.

We have from (1. 8)

x4z (1 (1492 ) A6
Vai Vaz Vv l Jka“kilz‘f‘zz +(’ka—kilz+22)zj’ ( )

substituting an approximate wave function,
Pk, ¥) = %}. Us(r) exp (ikr), | Ulr)P=1, (A.7)

where U,(r) is a function with the period of the lattice.
The energy of k. level is given approximately as

E(k,) = e+ (®)2m)k;, k= |k, (A.8)

where €, is the lowest energy of the conduction band.

Now, putting k,=k;+¢ and replacing }, >, where (a) covers unoccupied
Z ()

levels as well as occupied levels by >3 3} and the summation ) {---} by the

q(x0) %
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integration® 2V/(2z)*{{---} dk, we have, from (A.5), (A:6), (A.7) and (A.8),

e , Anet 2V
‘o(r)ﬁﬂb (k1\+u r)QZJ(k:\H, 1')+ V2 (27:)3
(| Ue)expliar)+expl—iae | 1 (L4927 g
X4§U)J‘[l (7*/2m)(¢* + 2qk; cos gk,) }l + (q2+22)2J i
or
Pr)=¢*(kys, t)P(kyss 1)
9k 72! J— [71 (Uﬂl 2K
+ Veas qm)lb o|* expligr) + exp( zqr)} 7+ ( 2+22)2Jf(q/2/ﬁ),
(A.9)
with

1 + 1—x log 14+x
4x l1—x

>

where g—|q|, k»=(32°N/V)"" is the wave number of an electron at the FErRmI
surface and az=7%°/me* the Bour radius. The function flg/2k.) is 1 for ¢=0,
1/2 for g=2k;, decreases monotonously like (1/3)(2ks/q) for g¢> 2k, and is
replaced by 2/g*+ 4* for i=2k; with good approximation except for g 2k;.
Eq. (A.9) is written, inasmuch as ¢*(ky.;, )¢ (ky., £)=|U*/V according
o (A.7), as
ol = 10 [1 2 (L 100

va,, |

2k of o (1+7) 2
+V-raH?T:I:’U‘ exp (iqr)+exp (—iqr }l 2+ i ) f q/2ky J
(A. 10)
where the summation of second term includes, now, the term ¢=0. Replacing
>[---1 by the integration
q
V - V ooI cO3 =1 2 I )

r]dg = - -1dg)d(cos0)! ¢'dq ,

(22 J1da (2n) J J(j [+ dg )dleos0); dda

and putting cos#=u and |U,|*=1 according to (A.7), the second term of (A.10),
1S now

2 kr 2z J?[‘jil(exp(iqru) +exp(—iqru))du} X

n az (2z) l

(1, (g2 :
P jf< q/2k, )}qdq,

#) The factor 2 is due to the spin weight.
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_ 2ky 1 (77 ¢q (1+7)gx
= Zkr L +- 2k d
77.'3(1;1 r J <q2 -f—/.iz (q + z) > Sln q7 f(q/ 1')

Approximating flq/2k.) by 2/¢*+ 2, the above expression is given as™
1YY g

Rk fy, 147 \
1+ 1+2 . —Ar).
271'2(111 l 4 ( r> J exp( r>

Replacing 7 in the bracket { } by its mean value
3/2:jwrexp(~,2r)r2dr/j'wexp(—Zr)r2d7',

we have 2(r) of (1.9), i.e,

ofr)— L [1—2_’“:.2fl+ 1+ffiq+ Rt (14 T expl—a). (A 11)
\% ray X 2 2

Appendix B. Derivation of Eq. (1.11.a).
The heat of disolution Q, as given by (1.11), is derived in what follows
in four steps (i), (ii), (iii) and (iv).
(i): The kinetic energy of N metal electrons without perturbation is ex-

pressed as

(WTW)EI {Z( 2/2m,-4j)}wé(1rj, (B. 1)

where ¥ is given by (2.2.b), or

=N T elP) Pyl ekt gllen el (B.1.a)

by the definition of determinant. In the above expression, P is the permutations

of the N electron coordinates, ¢(P)=1 for even permutations and ¢(P)=—1

for odd ones, and }; extends over all N! permutations. We have, substituting
£

¥ from (B.1l.a) into (B.1),

*) The integrals involved are given as

S‘” g sin gr _‘IES“’ cos (gr} ( rn
o (@ T 2 )0 (gt =

and

= — =T = - — g7

so l@+ap T 4 ) Tlg@war T oap T ¢
(Cf. WHITTAKER & WATSON, Modern Analysis (Cambridge), 1935, p. 116, Examples 1, 3
and 5).

(“’ g sin gr T S°° _cos (qr) 1+ir rn
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WTH) = (N | Se(P) Pl (ko 0) g (lu )6 (ko )}

2

xS (w2 1) 5 (PP gl ) gl )} I d,

= [§ £ (P) P {7 (ks 1)l 1)+ (k3 )|
x| S B2 ) 906, £ ) g )l e I dey (B2

or, using the normalization conditions and orthogonal relations,

[ s rj0 e = 1 for i=i'
=0 for ix7, f
WTY) = g[f*(k,, o) { =72 - 4} (ks 1) (B. 4)

The kinetic energy of N+ 1 metal electrons perturbed by proton dissolved
and extra electron density around it is expressed as

(@0,TD,) = J@*{ z hom - A)}Q)s}?];'drj, (B.5)

where @, is given by (1.1.a), or
s{(NH)I}‘é S e(P) P& lky ) ke v L lRyon eynilf,  (B5.)

P is the permutations of the N+1 electron coordinates, and > extends over
(N+1)! permutations. ’
We have from (B.5) and (B.5.a)

(@ 0) = {(N+ 1)1} D¢ (P) P{E* (ko r) 8% (ko 1)+ (R )
{;( #*/2m A)}z (P) P{e, m)d o (o)} T
= | Ze PP, r) ¥l 1) ¥ (st}
{ X (—#f2m - 4 )} (s, 1) B (s, 1) 6 (K sy Tes) :11 dr,

or, using the normalization conditions and orthogonal relations (A.2.a) and

(A.2.b),
@0 @)= T [¢lk, r) {—H¥/2m -2} lkco ) . (B.6)

v

We have from (A.2),
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(—#%2m - ) blk,, r) = {1—1/2 ) IbM]Z A—#2m - A) Pk, t)
+ 23 b (=% 2m - A)p(k,, 1)+ Z o ( w2[2m - d)¢k,, r), (B.7)

a(*x?) (¥

so that the total increase (K.E.) of kinetic energy by the first and the second
order perturbations is given by (B.4), (B.6), and (B.7), as

K.E)=(@,T0,)—WTYV)
=g (ke 1) (=52 4} G (. ¥)

+ E’ % (62§ g* v {—7/2m - 4} gk, ) e+ comp. conj.|

=1 a.¥%)
N+l

+ 3 T bl [l 1) (=2 2} K, x) e

=1 a(Fi)

— [ @ lcs ) —B2/2m - 4} 6 (K, ) dr]

N+1

+ 5 N T bhb | ¢* (ke 1) {7 [2m - 4} K, v) dr

=1 a(*%?) H(Fa)

+ Yy [enot,m) {=F212m- 4} gl1c e) e+ comp. coni. | (B. 8

i=1 y(¥%)
(ii) :  The mean potential of the metal with N+ 1 electrons, perturbed by proton

dissolved and extra electron density, is given as (@,V®,). The potential energy
V of the system ‘is according to (2.4.a),

V=X SelR+I2E T éle—rl+ 3 Vi)
FUPE 5 EIR—R,|+ DR (B.9)
We have from (B.9)
@V ®,) =T+ 1+1I+1V, (B. 10)
where
1= Jgp;k {Nz; 5 v(r,-—R,)} 0,11 dr,, (B.10.1)
= j@: 2y sz Y — |}¢6‘2ildrj , (B.10.11)
11 = J(D* [5- b Vi(m} o, ‘?ildrj, (B. 10.11I)

vV = —;— % ¢/IR—R.|+ Ze/R) ja)*@ I]drj—l) (B.10.1V)
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The integral I is developed as®

L= (N1l S elP) Pg* o 1) €% ()0 (e )]

rg

<[ E Dole,—R)| ZelP) Plgll, r)c, e lkn.s, er,) 1 drs,

= [ S e(P) P2y 2%l £ 4% )
< E D vl Rl n) 2l ) LK) 1 e
Referring to {A.2.a) and (A.2.b), the above equation is transformed as
stb*(k r) { % v(rj——R,)} (ks r,) dr,

= 2. Jf_ﬁ* (k) {Z v(r——Rl)} Sk, r)dr

¢l

or, changing the order of summation and integration, and referring to (A.1.a),
(A.1.b) and (A.4),

I— ﬁ foule)+ p(x)+ 00} {Zole—R,)| dr (B. 11)
The integral IIT is given according to (B.12.1I) just similarly as I, 7.e. as
= | {ou(e)+0(e)} Vile)dr, (B.12)

except that > v(r—R,) in (B.11) is replaced by V,(r), and the higher order
term §0' (r) V,(c)dr is neglected.
The integral II is transformed according to (B.10.II), as
3 ¢ (P) P{*K,, 1) 0% (ki 1) -8 (Kigar, £))
N+

AZ- ‘Yi:l ez/lrj I Z { (knrx)gg)(kz,rz)"'%(kl\'ﬂ,rAW1)}j]]:ldrj

1521w )

x {%NH NZH € /lrj —‘rj'l} Q(kurl)g(k:a rz)"’(‘_b(k}v«:u rz\'+1)2\};ldrj’ (B 13)
J=1j"=1(=7 J=1

or, by (A.2.a) and (A.2.h),

II=IL+1I,, (B.13. a)
where

*) Cf. F. SEITZ, Modern theory of solids (McGraw-Hill Company), pp. 236~240 (1940).
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N+1 N=+1

y 5 2 |k, el e e e )
x ¢k, v )¢k, ;) drdry (B. 13. b)
and
1 ‘\*1 \+1
IIex = j (.f.,) k]) rj .) > rj) ((32/’1'_7'—1'_7~[)
.7 =1 g
X ‘_/’(kj, r;) ¢k, v;) dr,dey . (B.13.¢)
The II, is the CouLoMB interactions between electrons, and Il the exchange
N+1 N+t
interaction between them. The summation >, >, in (B.13) is replaced by
J=17=1(%H

N+1 V+1
5 3 in (B.13.b) and (B.13.c), since the term of summation for j=j' in
i

(B.13.b) and that in (B.13.c) cancel each other in (B.13.a).
The 1I, is written as
1 N+1 N1

PDINDS J‘ﬁ*(kj,r)i/.’*(kj/, t')(e/|e—r'|) @k, £) Lk, ') drdr!

J=1 =1

zf PRI Z/Ir_r;){‘fzjg*<kj,,rf>g)<kj,«>} dede!

or by (A.1l.a), (A.1.b) and (A.4),

= ;5 [{ee+ote+o @} /e o) +ot)+0/ () dedr
= 5 [otwiese—rpee)dedr + [{oi0)+0 0] (/=) ofe)dede
+ ;, j‘mr)(eqr_rf;)p(r')dmzr', (B. 14)
where

J- {P(r) + P'(r)} (e*/je—r']}0,(x')dr dr’

= o | {0+ el —r Do) de

+ %Jpo(r)(ec/lr-—r’[) {P(r’) +P’(r’)} drdr’;

the higher order terms So(e)e)|e—r'])0' (¢)dede’ =§ 0" (r)(¢]|[r—r'|) o (x')dr dr’
and §0'(x)(¢}/|r—r'])0’(v')dr dr’ are neglected.
By putting

V,,o(r):f O] g (B. 15. a)

r—r']
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and
V,(r) = j .?f..’_)("'l) dr’, (B.15.b)
r—r
we have
1
= 3 [e) Vaterdes [{ote) +0/10)} Valelde+ 5[ 016V, (e)de
(B. 16)
The II,.. is written as
L= g 3 3 (£, o)l o)~ N2k, iy, ) drde
— =5 8 2 [0l g )€ e )¢ ey 1)y 1)’
— 2 = [{£H ka2 11— ke )l
x (¢f|r—r'|)¢* k., v) @ (ke 1) dr dr’
1
— 5 T 3 {4 002 11— (s ) g ks )
X (¢fje— 1)) | ¥k 1) Sy, ) — g (K, £) o, )} i
(B.17)
The first term on the third member of (B.17) is given, according to the simplified
tratment by SLATER', as
the first term = —Hm VVole)dr , (B.17. )

where
Vex 0 (I') =—3& (3/871')”3 Po(r)‘“ .

The second term on the third member of (B.17) is given approximately as,

the second term = j'{p(r)w'(r)} Vi) dr (B.17. b)
by making use of (B.17.a) and of the approximate relation,

— T % [ v, ne e — ) ¥, g ks ) dede

= [ {eute)+ 0()+ 6/ (0)} Vesclr)le

The third term on the third member of (B.17) is given similarly as

the third term = - j 0(t) Vilr)dr , | (B.17. ¢)

o
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where
Vex(r) = Vex(r)— Vixdlr) ,
Ves(r) = —3¢(3/8x)*(0,(x) + 0 (x))*,
by making use of the relations (B.17.a), (B.17.c) and

— 3 I | £k, )Ll x) (e — o)) ¥ (ks )b (K, 1)} didr!

Jj=1 j=1

= j {Po(r) +0(r)+ P'(r)} {—362(3/87-{)‘/3 (0,(e)+0(r)+ 0 (r) )‘/3} dedr',

and negelecting higher order terms {0'(r) Vi (r)dr as well as ${o(e)+0' ()}
x [—3e*(3/87)* {(0,(x)+ 2 (r)+ 0" (1))*— (0, (r) + £ (r))/*} | dr.
We have, thus, from (B.17), (B.17.a), (B.17.b) and (B.17.c),

L= ljpo dr+J £+ 0'(e)} Vo dr—i——Jp

(B 18)
The integration II is now expressed by (B.13.a), (B.16) and (B.18), as
=1L+ s = %jpo(r) {Vialr) + Vieo(r)} dr
[ o) +0' 0} {Vale) + Vesal)} i+ [00) [V, fe) + Visl)} e
(B.19)

and the (@,V @,) is given by (B.10), (B.10.1V), (B.11), (B 12) and (B.19),
Po(x)+0(x) + 0" (x)} | Zo(e—R,)|dr
o e Vale) Vesde)} et [{o06) 4.0 (0] { Vile) + Vesle)] e
g o0 Vi) + Vil de + [ {oufe) = 00)} Vite)de
1
2

e é
. ;lél)m+; R, (B. 20)

The mean potential (F'V¥) of the metal with N electrons without per-
turbation is readily derived from ¥ given by (B.1.a) and V by (2.5.b), with
refence to (B.15.a) and (B.17.a), as

WV = o) { S vle—R)} de

oy [l [ Vate) + Vialelj e+ 5 LI ReR B2
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The increase of potential energy (P.E.) is now given by (B.20) and (B.21),

as
P.E)=(0.V0)— V)
:j{p(r)—kp’(r)}Vo( )dw(po( JV, (r)dlr + jp( )V, (x)dr
1 A
g Jrmvimae s (B.22)
Vilr)= X v(r—R,)+ Vaﬂ(r) + Vixolr), (B. 23. a)
and

Vo(r)= Vi(e)+ V,(r)+ Vix(r). (B. 23.b)

The Vi(r) is the potential of an electron in the metal without any perturbation
and V,(r) is the first order perturbation potential, givn by (1.6), due to the
proton dissolved in the metal and extra electron density around it.

(iii): It is now shown that the sum of (K.E.) of (B.8) and the first integral
of (B.22) is simply reduced as

ol _ | Val?
(K.E.)+j{ﬁ(r)+ﬁ(r))V( de=Blkan )+ 5 5 e (B.24)

Substituting ©(r) and ©'(r) from (A.4.a) and (A.4.b) into the second term
on the left side of the above equation, we have

(K-EJ+ [ {o(e)+ 9'te)} Vie) e

= [0 (s 1) (=20 44V, 1)) @llcr v)

> [b;k,J * (ko 1) (— 5%/2m - A+ V,(x)) b {ks, £) e + comp. conj.}

Z u(=\-i)l

+ 3 3 bl j{w (koo £)(— 5/2m - A+ Vo(r)) (Ko, 1)

7 al¥x

—¢* (ki t) (=B 2m - A+ Vo(x)) (K, r) | dr
+2 0 X bubﬁjsb*(km r)(—7*2m - A+ Vi(r)) ¢ (ks ) dr

7 a(¥6) j(%a,>i

£33 l j/*(k £)(—/2m - A+ Vi(r)) & (ke, 1) de + comp. conj.}

i p(F¥d)
(B. 25. a)
or
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== E(kv+1)
+3 % {buy/;* (k,, r) E(k;) ¢ (k;, r)dr + comp. conj.}

£2 a(%:z)

£ 3 T bl | {07 1) Bl gk 1) = 7 i) Elle) g K, 1)) e

T a(xi)

+Y Y X b:ibﬂjgb:k(ka,r>E<k§>¢<k§,r)dr

& al(*) }(Fa,¥D)

iy {cﬁjg[;*(k,,r)E(ki)g[}(ki,r)dr+comp. conj.}, (B. 25. b)

7 0
with reference to the equations, e.g.
{—#22m- 4+ V()] (ke 1) = Elk))g (ks ).

By the normalization conditions and orthogonal relations (B.3), (B.25.b) is
reduced to the form

(K.E.) +j{P(r)+ o'(1)} Vo(r)dr = Elky..) + %, Zou {E(k)—E(k,)] .
(B. 26)

Eq. (B.24) is arrived at by substituting 4,; in (B.26) from (1.7), which satisfies
the condition (A.3.a). Hence, we have by (B.8), (B.22) and (B.24),

(K-E)+(P-E)=Elleyo) + 2 2 oo ey

)
1 . 1
+jp0(r) Vi(r)dr+7jp(r) Vi (x)de+ é—jm ar )czr+z;7ﬁ;

(B. 27)

{iv): The fifth term on the left side of (B.25) is rewritten by (A.4.a),
and (1.8) a

2 J“o - 7;; ng* (kN+1: l‘) VIJ (r)¢(k3’+“ r) df
Lz {bi‘ij99*(ka, £) V, <)k, x)de + comp. coni.
— (order of /N)+ 3 5 {53;. Veitb, ’;} , (B. 28)
7 a(*ié)

or by substituting b,, from (1.7) and neglecting the first term on the third
member,

1

3 [emvinde=—x g Vel (B. 29)

ol E(k)—E(k,)
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Hence, the second and the fifth term on the left side of (B.27) cancel each
other, so that

(K.E) +(P.E.) = E(ky..) +fpo(r) V,(r)dr

+i§p(r)v¢(r>dr+z £ (B. 30)
2 7 |R,]
The first term E(ky,,) is equal to —¢, admitting that the additional electron
from hydrogen atom occupies a level at the FERMI surface. The second and
the last term cancels each other for proton situated at the centre of cubic crystal
along with the approximation of replacing the atomic polyhedron by atomic
sphere, and neglecting the potential of the proton due to the potential of the
double layer at the surface.

We have, thus, finally

(K.E)+(P.E)= —¢ +%Jp(r) Vi(r)dr . (B. 31)
The heat of dissolution Q is in consequence given by (1.11).

Appendix C.

The values of d,/0=0,(d/l)/d/l)

PPN 0 01 02 03 05 0.7
130 | 10422 9.123 7987 6952 | 5112 —
1/25 9.065 7.983 7001 6115 4540 -
121 7.994 7.056 6206 | 5444 4072 —
1/15 6309 5604 4961 4376 . 3331 2.403
1/10 4782 4285 3.832 3417 2660 1997
18 4134 3726 3351 3006 | 2384 1822
1/5 3.096 2.826 2577 235 192 1545
1/4 2724 2503 2299 2108 1760 . 1445
13 2.333 2163 2.006 1858 1588 | 1342
1/2 1916 1801 | 1693 1591 L4014 | 1234

1 1462 1.406 1.352 1.301 1204 L9
2 1221 1195 | 1171 1147 101 1.059
3 1141 1126 | 1110 1.095 1066 . 1039
5 1.081 1072 1.064 1055 1.039 1.023

— 262 —
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