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A THEOREM ON ELECTROLYTIC
SEPARATION FACTORS

By

Juro HorwTl and Michiko Fukupa
(Received April 25, 1962)

Summary

A theorem S;/S;=S was demonstrated for the isotopic separation by irreversible electrolysis
in the limiting case of low content of deuterium D in protium P, assuming that the mechanism
underlying the electrolysis is one of the electrochemical, catalytic and slow discharge mecha-
nisms ; S;=(4P1/4Dy){(Fi/Dy) or Sg=(4Dy{4Dy)/(Py{ Dy) is the forward or the backward separation
factor, where —4P; or —4PF; is the rate of P transferred unidirectionally from aqueous
electrolyte to hydrogen gas or reversely, —4D; or —4Dy is the rate, with which D is transferred
similarly unidirectionally, P; or D; is the amount of P or D in aqueous electrolyte and Py or
Dy is that in hydrogen gas; S is the partition coefficient of D between aqueous electrolyte and
hydrogen gas defined as the particular value S=(DiFy/DgP)eq of DiFy/Dgly in exchange equi-
librium between them.

It was shown that the above theorem holds practically for a finite D-content in the
experimental condition of the foregoing work®, 7.e. for 8.49% deuterium in protium, of
1.34 N H,SO, over the range of hydrogen overvoltage from 0.02 to 0.55 volt under atmos-
phere of 12 cmHg total pressure of electrolyzed hydrogen saturated with water vapour. The
theorem is shown exact, on the other hand, for any D-content, provided that the isotopic
composition of hydrogen gas is that in exchange equilibrium with the aqueous electrolyte,

Introduction

One of the present authors previously advanced the equation”

SifSy =S (1)
as valid for reversible hydrogen electrode, where
_ 4P, | P,
=414 2.1
"7 4D, D, 2.0

is the separation factor of the usual sense, —A4P, or —4D, is the rate of
protium or deuterium transferred unidirectionally from the solution to hydrogen
by electrolysis, P, or D, is the amount of protium or deuterium to be electrolyzed
in aqueous electrolyte,
=Ale /Lo 2-9)
4D, D,
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is, so to speak, the separation factor in the reverse direction, —4F, or —4D,
is the unidirectional rate of protium or deuterium transferred reversely and P,
or D, is the amount of protium or deuterium in gas. .S is the partition coef-
ficient of deuterium between aqueous electrolyte and hydrogen gas defined as the
particular value (D,P,/D,P),, of D,P,/D,P, in exchange equilibrium between
the aqueous electrolyte and the coexisting hydrogen, i.e¢.

S = (D,F,|D,F))., (3.a)
or for a fixed value of D,/P,
S= Dng,cq/Dg,equ s (3 b)

where the suffix eg signifies the particular values in the exchange equilibrium
as in what follows. It is plain that (1) holds in the exchange equilibrium®,
where 4P,=4P, and 4D,=4D,.

The present paper is concerned with the investigation of (1) in irreversible
electrolysis both in the cases of infinitely low and finite deuterium content.
The aqueous electrolyte will be simply termed solution in what follows. Protium
and deuterium will be signified discriminantly by P and D or represented by H
without discrimination between isotopes.

The present theorem is stated with special reference to the electrolytic
separation of deuterium from protium but readily extended to any case of
electrolytic separation of isotopes.

§1. Theorem 8,/8,=48 for Infinitely Low
Deuterium Content

In case of the electrochemical or the catalytic mechanism, two hydrogen
nuclel are transferred from solution to hydrogen gas by every act of the rate-
determining step

Hf (a)+e¢ — H, (4. a)
or
2H(a) - H,, (5. a)

which follows respectively the formation of adsorbed hydrogen molecule-ion
H; (a), i.e.

2H' +¢ — HJ (a) (4. b)
or that of adsorbed hydrogen atom on the electrode Hfa), i.e.
H*+¢ — H(a); (5.b)
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in case of the slow discharge mechanism just a single hydrogen nucleus is
similarly transferred by the rate-determining step of (5.b) followed by (5.a).
The number of hydrogen nuclei thus transferred by one act of the rate-
determining step will be denoted by ».

The »n hydrogen nuclei may consist of different isotopes. In the limiting
case of low deuterium content, protons are transferred practically by the
rate-determining step (P), which transfers 7 protons exclusively, while deuterons
are similarly transferred by that (D), which transfers one deuteron along with
n—1 protons. We have in consequence

AP, =n%(P), 4FB,=no(P), (6.1P), (6.FP)
4D, =%{D) and 4D,=7%(D), (6.1D), (6. FD)
where T(P) or (P} is the forward or the backward rate of (P) and (D) or
(D) is that of (D).
The forward and the backward rates of a step, i.e. ¥ and 7 are expressed
in general®”, as
o= rkTIh-p*p', o =rxkT] p*p*, (7.9), (7.9)

where ¢ is the transmission coefficient and p*, p' and p" are the BorTzMaNN
factor of the chemical potentials respectively of the critical complex sk, the
initial complex I and the final complex F of the step. We have from (6) and (7)

APJAP, = p*[pt® | AD,JAD, = pF© [p ™ |

I

where p™ or p" is the p™ or p! appropriate to 7 (P) or (P) and p*® or p!®
that to 7(D) or T(D) respectively. We have from (2) and the above two
equations

_SL _ PF(P)PI(D) ;Dng (8)

s~ vl b,
The I(P), F(P), I(D) and F(D) are given by definition, as

IP)=P(a)+e, FP)=P,, (9.1P), (9.FP)

I(D)=PD*(a)+¢ and F(D)=PD (9.1D), (9.FD)
for the electrochemical mechanism,

I(P)=2P(a), F(P)=P,, (10.1P), (10.FP)

I(D)=Pla)+D(a) and F(D)=PD (10. ID), (10. FD)

for the catalytic mechanism and

I(P)=P*+¢, F(P)=Pla), (11.1P), (11.FP)
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IDj=D*+¢ and F(D)=D(a) (11.1D), (11. FD)

for the slow discharge mechanism.

We now refer to the following relations shown generally valid®, for de-
veloping the factor pF®pIP/pl™pF™ in (8). The p"™ etc. are represented by
p°, where & stands for F(P) ezc. If d consists of several statistically independent
parts d.’s, e.g. Pj(a) and ¢ as in (9.1P),

Pa — Hpﬁ, (12. a)
and if two states §, and d; of § are in equilibrium with each other®,
P =p". (12.b)

Admitting that the steps other than the rate-determining one are respectively
in equilibria, we have according to (9), (10), (11) and (12)

PO = (ppER,  PID = p© (13. IP), (13.FP)
PO = pP PP (po, R = pP (13.1ID), (13. FD)
commonly for the electrochemical and the catalytic mechanisms, and
P = pFpt, PED = plifpte (14.1P), (14.FP)
PP = pPTpt pID — pFPpr® (14. ID), (14.FD)

for the slow discharge mechanism. Substituting p*“” etc. from (13) or (14) into

(8), we have in any case

Sy _ P P / D,P, (15)
S, ™ p7 1 DP,

The p™ or p™ is now expressed as®
Prr=Q%N" = p"P=Q"IN™, (16.P), (16.D)

where Q% or QP is the partition function of a single molecule P, or PD in
unit volume respectively, which is a function solely of temperature and N*: or
N is the concentration of P, or PD-molecules in gas. Noting that

N'®/N*: = 2D,/P, (17)
in the present limiting case, we have from (15) and (16)

S, 0B

Sy pr QT D,
Eqgs. (16) and (17) assume the particular forms in case, where the hydrogen gas
is in exchange equilibrium with the solution, i.e.
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P =Q%Ng, P =Q7INS (18)
and

N;;D/M;z = 2Dg,eq/Pq,eq :
We have now from the above four equations

S _ PDV’VP;Z . Db, . (19)

E a PP+P£1D Png,eq

The first factor of the above equation is unity because of the exchange equi-
librium, hence of equilibrium of the reaction,

D*"+P, =P +PD,
for which

P =P (20)
according to (12). Hence we have (1) by (3.b).

§2. Slow Discharge Mechanism for Finite
Deuterium Content

We now investigate the validity of the theorem (1) for finite deuterium
content. In case of the slow discharge mechanism, (15) is exact even for finite
deuterium content, since (6) and in consequence (8) impliy no approximation,
n being unity in this case. We have from (3.b), (15) and (20), eliminating
P/Dand p°" [p°" from them,

Si_rs, (21.a)

fom PP’ BDy

pap™ Db,

or according to (16)
N"N;P.D,., .
o Y AN | 21.b
o7 NENEDE,., b
The B,/D, and D, ,,/P,., are expressed in the general case of finite deuterium

content, as
P, PD PD D,
F, 2N%""+N Dyeq _ Ne +2N€q (22.a), (22.b)

D, N™+2N>’ P, 2NL+NP’
hence according to (21.b)
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« PD P, D, PD
24+ N[N 1+4+2N,:[N,, (23)

H

5T T aNRNT | 2 NN

which reduces to unity for small deuterium content, where N"°/2N":, 2N/ N"P
and their equilibrium values are negligibly small compared with unity.

The f5 is calculated for the experimental condition of the foregoing paper®,
substituting the ratios N*°/N": and N”:/N"P=(NP":/N")/(N""/N":) at each over-
voltage »* respectively by (NTP/N*:),, and (N"/N":),/(N*?/N":),, ., where (N'P
JNFj™ or (NP:/N*:), are the mean of the values of N"’/N": or N®:/N": at the
overvoltage as given in Table 1 of the foregoing paper”. The equilibrium values
of N'™P/N*": and N®:/N'" in (23) are calculated from the equilibrium constant,
ie.

K= (NZ"FIN:Nz (24. a)
of the reaction P,+D,=2PD and from the equation derived from (3.b) and
(22.1),

P 2Ng:+ NP
S T N oA (24.5)
€q eq

The K is interpolated from the observations of UReY®, as
K=323 at 15°C, (25. a)

whereas the left-hand side of (24.b) is calculated from the atomic fraction .r,=

0.0849* of deuterium in the solution and S=4.13+-0.04? at 15°C, as
SP/D,= 445, 15°C. (25.b)

Eqgs. (24) are simultaneous equations for N.°/N,: and N.:/N.°, which are

determined on the base of the values of (25) as shown on the top of Table 1.

9+ N¥D/N'®. 1 +2ND /NP

1+ 2NP/N? 24 NEP/NE.

2,=0.0849, NEP/NE:—0.0446, ND:/NEP=00138

TABLE 1. fg=

Over\;f;llttage 7% i NPD/NF, ND,/NFD fy
0.02 0.0480 | 0.0105 | 1.0081
0.03 0.0473 0.0106 1.0076
0.10 0.0382 0.0083 1.0077
0.20 0.0290 0.0057 1.0083
0.27 0.0284 0.0047 1.0100
0.39 0.0292 0.0068 1.0062
0.55 | 0.0300 0.0078 1 1.0046

*)  The potential of the reversible hydrogen electrode minus that of the test electrode.
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The fs is now calculated by (23) at each overvoltage as shown in Table
1. We see from Table 1 that fi differs from unity by 1.00% at most whole
throughout the experimental condition, hence by (21.a) that the theorem (1)
holds within errors of S-measurement under the experimental condition of the
foregoing work® in case of the slow discharge mechanism being operative.

§3. Electrochemical and Catalytic Mechanism for
Finite Deuterium Content

Eq. {15) is no more exact for a finite deuterium content in the case of
the electrochemical and the catalytic mechanism, where n=2, since (6) under-
lying (15) is only approximate. Exactly 4P, etc. must be expressed as

AP, = 23 (P,)+3(PD),

4D, =3 (PD)+23(D,),

4P, = 2%(P,)+v(PD),
and

4D, = %(PD)+25(D,)

where %(P,), ¥(PD) and %(D,) are rates of the rate-determining steps, which
transfer two protons, one proton and one deuteron, and two deuterons
respectively forward; o (P,), (PD) and ©(D,) are the corresponding backward
rates respectively. The (P,) etc. are expressed in accordance with (7), assuming
£ common as

O(P,) = kkT[h-p*2[p'> | B (P,) = kkT|h p*T[pFE>

U(PD) = gk T[h-p*FD[p' | 3 (PD)=kkT[h-p*T>[pTFD) | (26)

O(D,) = kkT[h - p*P2[p'P> - H(D,) = kkT|h-p*¥P2[pFP |
where p'2 efc. are p'’s of the rate-determining step transferring two protons
etc., which are expressed commonly for the electrochemical and the catalytic

mechanism as in case of (13) by virtue of the equilibrium of the step other
than the rate-determining one, as

P = (" P, P =p",
PR =p" P (P, P =p™, (27)
P =", P =p
The p*T2, p*™ and p* P> are the p*’s respectively relevant to the critical
complexes 3k (P,), sk (PD} and sk (D,) of the rate-determining steps, which transfer

two protons, one proton and one deuteron, and two deuterons respectively.

We have from (26) and (27)
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AP, = 25(P) + 6(PD) = KL L [o 2702 PP
o (pr U ("7 p"p™ S
1 (R g
R (pipt ™ (p" 1)

4D, =3 (PD)+29(D,) =«

>

. ) ) (28)
4B, = 25(P) +5(PD) = x KL [227 7 L P70
ol ph P"
> k(P < )2
D, =5(PD)+25(D) = & KL (P77 o £707)
/I l P“) Plz J
hence according to (2)
S D+ P, D P .
oL I S A (29.2)
a 4

where
T ey
(29.b), (29. ¢)
The factor p° p"D,P,/p" p*°P,D, in (29.a) is the right-hand side of (15), which

is transformed into f5S as in (21.a). Hence we have

Si/S, =18, (30. a)

where

S=Fstit (30.D)

The ratios p*¥®D/p*ED | pkDo [pkED) PP*/PD‘?" P7/p and p™/p" comprized in
(29.b) and (29.c) are now evaluated in the subsequent sections.

§ 4. Evaluation of p*®/p*T2 and p*P2/p* ™

The ratios p*/p* T and p* @2 [p*"™ are evaluated for the electrochemical
and the catalytic mechanism as follows. We have, according to the general

theory of reaction rate®”,

PR = GFO g™ exp (— e KT

both for the electrochemical and the catalytic mechanism, where G™* is the
number of sites ¢*’s for the critical complex on the surface of the electrode,
O is the probability of site o™ being unoccupied, ¢f the minimum potential
energy of the critical complex, which is admitted to be constant irrespective
of isotopic replacement in extension of the implicit postulate of UREY and
RITTENBERG® and ¢*®? is the Borrzmany factor of the reversible work®
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required for bringing the critical complex 3(P,) from the standard states of
its constituents onto a definite, preliminarily evacuated site ¢*. Since GO
and ¢* are respectively common for one and the same electrode at a definite
condition, we have for the two ratios in question

PR PED = gD gty prO R =gF P gr ™, (3L.a), (31.D)

where ¢**™ or ¢*”? is the quantity similar to g*"? respectively appropriate
to the critical complex % (PD) or (D).

The ¢*", ¢**"™ and ¢**? were worked out for the electrochemical mecha-
7

nism, as
® (P I* - *® 1]t
gro = ¥ 2L 2(/7 - H —exp {—hv} (PRT} ]
exp{—/ z;yJ (P)/2kTY (32. P,
QT(PD) _ ﬁZﬂ'I*(PD)kT . f[‘lrl—EXp{—hu}k (PD)/kT}]"
h J=1-
exp{—hX v} (PD)/2k T}, (32. PD)
and

g = V22 DIRT. 1 [1—exp {3 (DIRTY ]

2h

exp{—h N (D)/2kT} (32.D,)
i1
where I*(P,) etc. are the moments of inertia of rotation of the critical complexes

TABLE 2. Constants of Critical Complex of the Rate-Determining
Step”® at ¥ = 0.07 volt**, 19°C

Electrochemical Mechanism

Critical - Constants
Complexes Pegemt | 5f em™ o \ b k e
\ | o
% (Py) 572%10-4 | 124 3448 1427 ’ 126
s (PD) 8.58 % 10-# ‘ 2994 \ 1126 103
sk (D) 1144 X104 1 88 2438 ] 1009 ‘ 89
\

Table shows ¥ etc. for sk (Pg) cte., whlch are wave numbers respectively corresponding
to v¥(P,) etc. Ref. 7 gives the constants of %k (P,) and 3¢(PD) only but not those of
sk (Dy). The I* of k(D,) was calculated by multiplying that of 3k (Ps) by the mass ratio
2 of k(D) and 3 (Py) and 7% of 3k (Dy) were derived from those of >k PZ\ by dividing
the latters by the square root » 2 of the mass ratio as shown in Table 2.

#%  f. footnote *) on p. 78,
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% (P,) etc. around the axis through the centres of a metal atom and a water
molecule situated against the metal atom”, between which the critical complex
is situated perpendicular to and symmetrically around the latter axis; v} (P,) efc.
are j-th normal vibrational frequencies of % {(P,) etc. Factor 2 in the denominator
of (32.P,) and (32.D,) is the symmetry number of (P,) and *<(D,) respectively.
These constants were previously worked out” as shown in Table 2.

The q** etc. for the catalytic mechanism are expressed as®

g™ = [ [1=exp {—hj PIRT|] " - exp{— LI (PY2RT},  (83.P)

g = Zjﬂ[l_exp{ _/w;'s(PD>/kT]}*‘.exp{ hvy (PD)j2k T}, (33.PD)

and

e = jf; [1—exp{—hv; DJET}] - exp{—-jzz i D)2RT},  (33.D)

where v} (H,) etc. are the normal vibrational frequencies worked out® as shown
in Table 3. The factor 2 of (33.PD) cares for the two alternative positions
of % (PD) occupying ¢*, which consists of two adjacent sites of H(a)-adsorption®.

TABLE 3. Normal Vibrational Frequencies of Critical Complex of
the Rate-determining Step*> Catalytic Mechanism

Normal Vibrational Frequencies

Critical
Complexes ‘ * em—? ‘> Py ’ ¥ ‘ ¥ ‘ ¥
. | - —_
\ / 687 | 1704 368 l‘ 626
sk (PD) J 955 510 ,‘ 1377 ‘ 323 ! 474
‘ ‘ o6 | 1205 ‘ 260 1 443
|

#) Table shows o¥ etc. for ¥ (P;) erc., which are wave numbers corresponding
to i (Py) etc. respectively.

The ratios p*®P/p*T2 and p¥P2[p* D are now calculated by (31), (32)
and Table 2 for the electrochemical mechanism as

PRV =03212, pROpFTI =4 412, 15°C (34.E)
and by (31), (33) and Table 3 for the catalytic mechanism as
PRDPRTI= 12794, pO[pXED 2886, 15°C. (34.C)

PD

[p™
The factor p°* /p°" in (29.b) and (29.¢) are expressed according to (20) and

§5. Evaluation of pf /p°, p™/p™ and p



A Theorem on Electrolytic Separation Factors

(18), as
i P, AJPD .
LSl (35)
Pz Q"N
The value of N:?/NF: is shown on the top of Table 1. The partition functions
QF, O and Q" are given with good approximation, as

e (2emPETPE SR IET o et s 11

¢ Iz oh eXp< T > (36. H,)
w (emPRTY: 82 IPRT e+ (PD)

- cexp(—SFsPDIy a5 yp

Q & X exP( BT ) ( )

o (2emPETV" 82 IET  e+e(D) 4.0

= A o P ( kT ). 186D

where m": efc. are masses of the molecules P, etc., I': etc. the moments of
inertia of the respective molecules, ¢, is the minimum potential energy taken
common to P,, PD and D? and &(P,) etc. are zero point energies of P, efc.
respectively. The factor 2 in the denominator of the second factor of Q:
or QP is the symmetry number. The moments of inertia are taken to be
proportional to the reduced mass, 7. e.

IP "0 [P =1/2:2/3:1. (37)
The zero point energies are derived from observations” as

(P, /he =2168.1 cm™, &(PD)/hc =1884.8 cm ™,
ey(D,)/hc = 1543.2cm™ . (38)
where ¢ is the light velocity.

We have from (35), (36), (37), (38) and the value of N,”/N): on the top
of Table 1
P BN I [ (PD)—e(Py) | NoY
2 () 7 =P KT N
= 0.00221, 15°C.

(39)

The ratio p":/p™ and p"°/pP: comprized in (29.b) and (29.c) are given
according to (16) and the similar equation for D,, as
PP = (Q7 Q) NTP N, pPPp" = (QP[QP) N+ [N™
or by (36) as
pro_ L mNE I a(PD)—a(Py) | N
2 < >

) PFD P I exp l T j NF-

(40. a)

and

— 83 —



TABLE 4. Coefficient = fsf,f, at 15°C of the Equation S;/S, == £

Overvole| o | e | A A Y
dgev?jl? pro PP Electro. Catalytic Electro- ‘ Catalytic Electro- Catalyti'c’ ' Electro- ‘ Catalytic
chemical chemical 7" | chemical | chemical | y

0.02 0.0024 0.0017 0.9979 0.9988 0.9956 0.9971 1.0037 1.0052 1.0016 1.0040
0.03 0.0023 0.0017 0.9990 0.9994 0.9956 0.9971 1.0032 1.0047 1.0022 1.0041
0.10 0.0019 0.0013 1.0035 1.0020 0.9921 0.9948 0.9997 1.0025 1.0032 1.0045
0.20 0.0014 0.0009 1.0092 1.0051 0.9887 0.9925 0.9969 1.0007 1.0061 1.0058
0.27 0.0014 0.6008 1.0092 1.0051 0.9878 0.9920 0.9977 1.0019 1.0069 1.0070
0.39 0.0014 0.0011 1.0092 1.0051 0.9904 0.9937 0.9965 0.9999 1.0057 1.0050
0.55 0.0015 0.0013 1.0081 1.0045 0.9921 0.9948 0.9967 0.9994 1.0047 1.0039

* ¢f. footnote *) on p. 78,

SISKpIv)) Lof apngrIsul Youvasay ay1 fo jpuinop
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o) P pl kT § N>

P, <>mﬂj AN A exp | eh(D,)—&(PD) | N™: (40. b)

§ 6. Results and Conclusion

Table 4 shows the results of calculation with special reference to the experi-
mental condition of the foregoing work”. The second and third columns give
the ratios p":/p"™" and p""/p"+ at each overvoltage calculated by (40) on the base
of the data in Table 1, (37) and (38). The next two columns under f; and
the subsequent two ones under f, show the value of f; and f, calculated by
(29.b) and (29.c) from data of (34) and (39), and those of p™:/p*™® and p*°/p":
in the second and the third columns both for the electrochemical and the catalytic
mechanisms. The last four columns give fif; and f=f5f.f; for the respective
mechanisms as derived from the relevant data of f; and f, in the foregoing
columns and those of fg in Table 1.

We see from Table 1 and 4 that fi or f is appreciably close to unity, so
that (1) holds practically in the experimental condition of the foregoing work®
according to (21.a) for the slow discharge mechanism or to (30.a) for the
electrochemical and the catalytic mechanism.

It is noted that, if the composition of hydrogen gas is that in exchange
equilibrium with the solution, f5 reduces exactly to unity as seen from (23), since
both N*?/N*: and N7:/N*" equal then the respective equilibrium values and f.#,
is unity as well according to (29.b) and (29.c), since then p*:/p™>=pl:[pEP, p*P/
PP=pEPIpR:, and pli/pt? =pEP/pRi=p" pP” by (20) and the similar equilibrium
relation p* pL:=p" pt?. The theorem (1) holds now exactly by (21.a) and
(30) not with standing finite deuterium content and irreversible electrolysis.
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