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Part 2. Current and potential distribution in a pore
By

Keiji KuNniMaTSU®
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Abstract

A mathematical treatment was given for the current and potential distribution in a pore
when the electrode was polarized by a step function of current. The pore was assumed to
be equivalent to an one-dimensional transmission line consisting of the solution resistance,
the double layer capacitance and the reaction resistance of the electron-transfer reaction
across the double layer. The expressions are given for the potential difference across the
electric double layer at the electrode-solution interface inside the pore referred to that at
the equilibrium potential, the current passing through the cross section of the pore, the
current density which flows into the electrode and the Ohmic potential in the pore respec-
tively as functions of time and the position in the pore. The distribution of the current
and potential was found to depend greatly not only on the time constant of the pore defined
by a product of the solution resistance inside the pore and the double layer capacitance
of the pore wall, but also on that of the electron-transfer reaction.

It is shown that in concentrated solutions the current density distributes homogeneously
throughout the whole surface inside the pore, while in dilute solutions most of the polarizing
current flows into the electrode near the orifice of the pore in the early stage of time and
that the current density distribution becomes more inhomogeneous with decreasing the time
constant of the electron-transfer reaction. This inhomogeneity causes the deviation of the
log (I/¢) wvs. time curve from a linear relation in the initial stage of time.

Introduction

The distribution of current and potential in a pore in steady states has
been discussed by many authors. However, there has been reported few
works concerning the problem in the transient state. KSENzHEK and STEN-
DER'™ discussed the potential distribution in a pore in the transient state,
but they did not give explicitly the analytical solution of the potential as
a function of time and the position in the pore. Dt LEvVIE® has given an
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Theory of the Galvanostatic Transient Method on Porous Electrode

expression for the current and potential in a pore of infinite length in the
transient state for an ideal polarized state, and similar relations have been
reported by BoNNEMAY, BRONOEL, LEVART, PiLLA, and d’Orsay®. Posey
and MorozuMmI® have discussed the current and potential distribution in the
pore of definite length in an ideal polarized state. Thus, it is needed to
reconsider the distribution of the current and potential in a pore caused by
applying a step function of current taking into consideration an electron-
transfer reaction across the double layer to elucidate the mechanism of the
electrochemical reaction by the galvanostatic transient method using a porous
electrode.

The time function of the electrode potential on a porous electrode caused
by a step function of a polarizing current was given in Part 1” by taking
into consideration the random distribution of pores on the electrode surface.
It was found that the electrode potential ¢(¢) depends not only on the time
constant of an electron-transfer step which is given by the product of the
double layer capacitance and the reaction resistance of the step, but also on
the time constant of each pore which is expressed as the product of the
double layer capacitance and the solution resistance inside the pore.

In the present paper, the distribution of current and potential in a pore
caused by applying a step function of current to the pore electrode will be
theoretically expressed as a function of time on the basis of the one-dimen-
sional transmission-line model of the equivalent circuit of the pore in which
an electron-transfer reaction is taken into consideration.

§1. Theory of current and potential
distribution in a pore

We assume here a pore of cylindrical form of length ! and radius r.
The equivalent circuit of the pore is given by an one-dimensional trans-
mission-line model as shown in Fig. 1 by taking into consideration the solu-
tion resistance, the double layer capacitance at the electrode-solution interface

e RRENEEE SO

-3z ~—i+4%
CaZ n/4z Ch I3

Orifice o
0 Z Z+4Z Metal 1

Fig. 1. An equivalent circuit of the pore
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and the reaction resistance of the electron-transfer reaction across the double
layer inside the pore.

In Fig. 1, =z is the distance from the orifice of the pore measured along
the axis of the pore, e is the overvolage of the electron-transfer step at z,
i.e., the difference of the potential drop across the double layes at 2 between
the reversible state and the working one of the electrode, 7 is the current
strength passing through the cross section of the pore at z. R,, r, and C,
denote, respectively, the Ohmic resistance of the solution in the pore, the
reaction resistance of the electron-transfer step and the differential capaci-
tance of the double layer, each of which is referred to the unit length of
the pore. r, and C, denote, respectively, the reaction resistance and the
double layer capacitance at the bottom of the pore.

The differential equation of ¢ and 7 with respect to # and z will be
deduced on the basis of this model in what follows. It can be seen from
Fig. 1 that the gradient of ¢ at 2 is given by

e _
P

iR, . (1)

The decrease of the current —4i between 2z and 2+ 4z is balanced equally
with the Faradaic and copacitative current which flows into the wall of the
pore in this interval 4dz. The capacitative part of the current is given by
C,4ze and the Faradaic one is given by edz/r;,, assuming that the rate of
the electron-transfer step is proportional to e. This assumption is valid in
the potential region much lower than RTJ/F. The potential in this treat-
ment is thus limited in the region |e| ¢ RT/F. It follows that

ot de e de e
w=-(agrr)=-—alg+1) (2)
where 7 is the time constant of the electron-transfer step and is expressed
as C,r. eand { are given as functions of z and ¢ by solving the differential
equations (1) and (2). From Egs. (1) and (2), we have

d’e de e

—G?L—RICI(W_'-?)' (3)
The initial condition for the potential can be taken as

e(z,0)=0, (4)

since we start from the reversible state. The boundary conditions for the
current are given as

{0, 8)=1, (5)
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and

il )= C,,{(%)zjﬂi)}, (6)

T

where I is the polarizing current and #(/, £) is the current which flows into
the electrode at the bottom of the pore. Equation (3) can be solved under
these conditions applying the Laplace transformation. Equation (3) is trans-
formed as

2
&2 _RCls+ee, (7)

where ¢ denotes the Laplace transform of e, and s is the variable. The
general solution of Eq. (7) is given as

e=A exp (VR C s+ )}+B exp {—2VR G+, (8)

where A and B are the constants. Applying the Laplace transformation to
Eq. (1), the Laplace transorm of the current can be expressed as

_ VR, C,(s+77)

R, [A exp {z«/RICI(s+r“)}

7=

—B exp {—z«/Rlcl(s-i—z"l)}], (9)

taking into consideration Eq. (8). The constants A and B can be determined
using the boundary conditions expressed in the Laplace transforms. The
boundary conditions (5) and (6) can be transformed as

T(z=0)=1Is, (10)
iz =0=Cys+rVelz=1). (11)

Introducing Egs. (10) and (11) into (8) and (9), the constants A and B can be
determined. Finally we have

1
s

~|

Cysinh(1=F Wessre 0+ Coley oo conh {15 Ve, 1)
C, sinh Wz, (s+7 )+ Cyvr,(s+7 ") cosh Wz, (s+17) ’
(12)

X



24

K. KUNIMATSU

IR,
sVt (s+77h)

C,,cosh{(l—%)x/rp(s+z-“l)}+cb xl‘rp(s+r")sinh{(l ——7—)«/1,,(S+r‘1)}
x C, sinh ¥z, (s+77)+ Cy4r,(s+7 7)) cosh ¥z, (s +77) ’
(13)
where R, =IR, and C,=IC,. 7, is called the time constant of the pore which
is defined as z,=R,C,.
The current i(2, ) and potential e(z,£) can be obtained respectively as

the inverse Laplace transforms of Eqs. (12) and (13). ¢ is given as a func-
tion of 7,5, i.e,

€ =

o IRpr
€= T,5(t,5+a)
Cpcosh{<1—-7—>~/z-ps+a}+Cb«/rps+asinh{<1——7—)«/rps+a}
x C,sinhvz, s+ a > (14)
——2—7;?2——+Cbcosh«/rps+a
o

where a=7,77". Thus, we can express

e(s)
IRpr = F(Tps) ’

where

1 C,,cosh{(l —%)Jm}—l- C,,Jﬁ-?xsinh{(l —%)4/3—4-—(1} .

s(s+a) C,sihnvs+a —
T iita +C,coshvs+a

F(s)=

(15)
We have a relation between the inverse Laplace transforms of e&(s) and F{s) as
, ¢ 1 .
12D oL fe), i, ole)=IR,fl,), (10
where  f(£)=L*{F(s)}. 17)

Thus, the problem of finding e(z, #) ban be reduced to that of finding the
inverse Laplace transform of F(s). F(s) is a single-valued function of s and
it is readilly shown that lim F(s)=0. Therefore, the problem of inverse

8—c0

Laplace transformation of F{(s) is reduced to that of finding the pole points
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of function F{(s)-exp (s¢) and the sum of the residues at these points according
to the JoRDAN’s lemma and residue theorem.
F(s) is written as

F(s)=p(s)/s(s+a)q(s), (18)
where  p(s)=C, cosh {(1——?—)¢m}+ C, sinh {(1—%)«/?5}, (19)

_ C,sinh¥s+a

Vivra +C,coshvs+a . (20)

and q(s)

The pole points of the function F(s)-exp (st) are given as the roots of the
equation

s(s+a)-q(s)=0,
i.e, s=0, —a and

C,sihnvs+a
Vs+ta

+C,coshys+a =0. (21)

The residues at the pole points s=0, —a and those given by Eq. (21) are
given respectively as
»(0) _ _pl=a) _
2q(0) ’ xq(—a) exp (—at) and
where s, is the n-th root of Eq. (21) and ¢’(s,) is the derivative of ¢(s) at
s=s,. Here, the s,s are confined to the real and negative roots, since
potential e should be a real and convergent function of time. Thus, we have

0 pl—a) = pls)
f(t) = aq(O) - aq(——a) exp (_at)+§1m

2(s)
Suls,+a) ¢’ (s,)

exp (s.2),

exp (s,2).
(22)

The first and the second term in f{¢) are given, respectively, by

p0) C, cosh {\/Z(l—%)}+ C,¥ a sinh {«/7(1——7—)}

2 q(0) ValC.sinhya +Covacoshva) » 29
2 e (—at)= oty e (—a). (24)

Equation (21) has no root in the region s+a=0, and hence s,+a should be
negative. Thus, we can put

Vs,+a =jq, ¢, positive real value. (25)
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Introduction of Eq. (25) into (21) gives
tanq=—%i—q. (26)

Thus, f{¢) is obtained finally as

Croosh{Va(1 ~Z )+ Covasinn {Va 1 ~_§)}_ C. exp (—at
= Va(C,sinhya +Cy¥a coshv a) a(C,+C,)

4

- (C+Cgh)cos <qn 7 )
2L GracCo Ga o ["@+a.

(27)

From Egs. (16) and (27), we have the expression for potential e(z, #) as

IRP[C,, cosh {«G(l ——?—)} +C,¥ a sinh {@(1 ——7—)}]
Ya(C,sinh¥a +Cy¥a coshVa)

e(z, )= —Iry exp (—tf7)

. (C+Cigt)eos(a.5)
AR, L (2w a) (o C,Cor i) P (~l@rayee,). (@8)

where 7,(=1/C) is the reaction resistance of the electron-transfer step in the
pore as a whole. The expression for the current i(z, ) which passes through
the cross section at z is obtained by differentiating Eq. (28) with 2 on the
basis of Eq. (1)

iz 0 C, sinh{«/?(l—%)}+ C,,«/Zcosh{«/?(l—%)}

I - C,sinhva +C,¥a coshVa

P4

. G+ Cigd)sin(0.5) 2
~25 GG G Cor Gy o [Tl

On the other hand, the density of the current i*(z, #) which flows into the
electrode at the point = and time # can be deduced as follows. The current
whice flows into the electrode between z and z+ 4z equals i(2)—i(z+4d2) as
seen from Fig. 1. The area of the pore wall in this interval is 2xrdz.
Thus, the current density i*(z, #) is given by

_ i i(2)—i(z+4dz) 1 di(z,9)
= 2nr 4z =T 2w  dz

(29)

i*(z, 1) (30)

Differentiating Eq. (29), we have
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e coshfia(1-5 )+ Coasinb{ya (1-5 )}
C, sinh Va +Cy,¥acoshya

. N 1
*(z, )= 2nr [

. B(Ch+Cigh)eos (0,

Equation (28) can be more simplified using the initial conditian of e(z, 0)=0.
We have from Eq. (28) at =0,

R,,[C,, cosh {«/;(1 —%} +C,¥ a sinh {JZ(I -——?—)}]
Va(C,sinhda +C,v¥acoshya)
. (C+Cigeos(aF)

—70

= 2R 2 (@) (G C,C Clgh) - 32
Introducing Eq. (32) into (28), we have
ez, £)=1Inr, {1— exp (—t/T)}
(G C) cos <q,,§) [1— exp {_(q,z+a) t/r,,}]
+2IR, 2, (@ +@)(C1C,Cot Cigl) - 83)

In the ideal polarized state, the expressions for current and potential
can be simplified respectively by putting r '=o0, i.e., a=0, as
z
. (Ci+Cigt) cos (0.7

I

RACE ) O . (C3+Cig2)sin <qn%>

Z
I =1 C T 2L g CrC,GrCy) P(—atn), (3

and
2
i*(2, £) 1 1 = (Co+Ciql) Cos(an) )
=St BT CrC,GrGg P m%n),
where C is the total double layer capacity of the pore which equals C,+C,
and S is the total surface area of the pore which is given by z7*+ 27l
In the special case where the bottom of the pore is neglected, the po-
tential e(z, £) has been deduced by Posey and MorozuMI® which coincides

with Eq. (34) in which C, is put zero.

(36)
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§ 2. Discussion

We will discuss here the distribution of current density and potential
inside the pore on the basis of Egs. (31) and (33) or (34) and (36).

The potential at z=0, e(0, #), which can be measured as the change of
the electrode potential when a polarizing current is given to the electrode, is
distributed in the pore between the Omhic drop e,(z, #) in the solution and
the potential difference across the electric double layer e(z, £), i.e.,

eolz, 1) =e(0, t)—elz, 1). (37)
We can express e,(z, t) from Eq. (33) as
. 3+ Cig){1— cos (9.5 )}

Qe ) =2IR, 5 e e Cidh |1 o [~ @ @i
(38)

It can be seen from Egs. (31) and (33) that i*(z,¢) and e(2,?) are greatly
influenced by the parameter @ when the pore size is fixed to a definite value.
We will discuss the influence of parameter a on i*(z, ) and e(z, £).

Let us consider the case when the solution is so concentrated that the

Ohmic resistance of the solution practically equals zero. We can put <,
a=0 and reduce Egs. (31) a 1¢ (33) to

Ic* 1

i*(z, t)=m =g (39)

and
elz, )= Iro{l— exp (—-t/r)} . (40)

It can be seen from Egs. (39) and (40) that the potential depends only on
the kinetic parameter of an electron-transfer step and time independently of
the position in the pore and that the current density remains constant inde-
pendently of the position in the pore, i.e., the electrode can be regarded as
if it were geometrically flat.

When the solution is enough diluted and the solution resistance is so
high that the time constant of the pore practically equals infinite, we have
a=1,/t > 1. The increase of a is also caused by the decrease of the time
constant of the electron-transfer step. We have from Eq. (33) by neglecting
¢ as compared with «
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2 =
ez, )= I{l — exp (——t/r)} {ro +2R, gl (i;ibz)éjj—%:qég }

We have also from the condition a» 1, exp (Wa)» exp (—+a) and exp
{~/7«—<1——%>} > exp {«/?(1—%—)} except for the very near position of the

Y

bottom, and hence we can put cosh+ a = sinh «/Z=—;-exp (Wa) and cosh
{H (1—%>}=sinh {JZ(l——?—)}=% exp {4/?(1—%)} Thus, the initial con-
dition of potential given by Eq. (32) can be simplified as

R, o w (C2+Cigh)cos (q,,%)
e (—ag)n=2k S e oo

Introducing Eq. (42) into Eq. (41), we have the expression for potential under
the condition a>1 as

(42)

ez, )= % exp (——x/;%)-{l— exp (—t/r)}. (43)

From Eq. (43), we have the expressions for the current and Ohmic potential
under the same condition as

i(z, )= Iexp <—«/Tx——§—>-{1—— exp (—t/r)} , (44)
*(z, )= —27-7]7,7«/7; exp(~—ﬁ—7~)-{1— exp (—t/z-)} , (45)
ep(z, t) = {/% {1— exp (—J?%—)} {1— exp (—t/z-)}. (46)

It can be seen from Egs. (43), (44), (45) and (46) that the potential and cur-
rent equals practically zero except for the very near part of the orifice of the
pore and that the Ohmic potential in the pore practically equals e(0, £).
It is thus concluded that only the very near part of the orifice of the pore
is polarized under the condition a» 1.

In an ideal polarized state, a can be taken zero independently of the
value of z,. The time derivative of potential at the position z becomes
constant in the time region #>7, as seen by differentiating Eq. (34) with
time, 7.e.,

ez, §)=1IJC. (47)

29
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It follows from Eqgs. (37) and (47)
ég(z, t) = 0 . (48)

Thus, the distribution of the Ohmic potential drop in the pore does not
depend on time. In this case di/dz equals constant as seen from Eq. (35)

di(z, ©) C,

d= ~TIC° (49)
i.e., the current 7 passing through the cross section of the pore at z decreases
linearly with the position in the pore and the current density at = which is
used for the charging up of the double laper becomes constant as given by

*(z,8)=1I/S. | (50)

Now, we will discuss the influence of the current density disitribution on
the overvoltage-time curve observed in the galvanostatic transient study on
the pore electrode. When the electrode surface is geometrically flat, the
overvoltage-time curve can be analysed on the basis of the following equa-

tion®

, i.e.,
In(Ij¢)=1In C+¢/z, (61)

where ¢ is the overvoltage, ¢ is its time derivative and C is the total double
layer capacity. On the pore electrode, the overvoltage ¢ is given as €(0, ?)
from Eq. (33) and the relation log (I/¢) and time is expressed as

= C+Ge

(52)

Thus, the relation between log (I/¢) and time on the pore electrode is reduced
to Eq. (51) under the condition exp(—q¢%#/r,)=0. It was soown in part 17
that this condition is practically satisfisfied in the region #>7,. It can be
seen from Eq. (31) that the condition exp(— ¢%#/r,)=0 is the one under
which the current density distribution in the pore is in the steady state.
Under this condition, we have from Eq. (33)

2eet) ~ L exp(—tfe) (53)

i.e., the time derivative of potential does not depend on the position in the
pore. From Eq. (53), we have the charging current density of the double

. . de(z, t . .
layer i} (z, ¢), i.e., C* % , as a constant value independent of the posi-

tion in the pore
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i¥(z, )= é exp (—¢/7) (54)

where C* is the double layer capacity per unit area.

It follows from the above arguments that the overvoltage-time curve on
the pore electrode can be analysed on the basis of Eq. (51) in the region
of time where the current density distribution is in the steady state and the
charging current density of the double layer distributes homogenoeously in
the pore. In other words, the inhomogeneity of the charging current density
distribution of the double layer in the initial time region causes the high
current density near the orifice of the pore and then rapid increase of
overvoltage. In consequence, the relation between log (I/¢) and time deviates
from a linear one.

Examples of the distribution of current density 7*(z, ) and potential
e(z, t) at definite values of time are shown respectively in Figs. 2 and 3 in
the special case where the time constant of the electron-transfer step equals
that of the pore. As seen from Fig. 2, in the early stage of time the large
part of the current flows into the electrode near the orifice, and with the
increase of time the current penetrates into the pore more deeply. As seen
from Fig. 3, the potential penetrates into the pore more deeply with the

61 t/1p
Curve 7, 001

2, 005
S5t 3, 01
4, 02
" 7 5, o0

95 T 07 03 07 05 46 07 08 09 7
JR—— Z/[

Fig. 2. Distribution of current density at the steady state.
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Fig. 3. Distribution of potential in a pore. r=7p
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Distribution of current density in a pore.
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increase of time as in the case of the current density. It should be noted
here that the measured potential is expressed by the value on the coordinate
axis in Fig. 3 as a function of time. Fig. 4 shows the distribution of the
current density 7* multiplied by the area of the pore wall 2a7/ in the steady
state at the various values of a™! i.e.,r/r,, from 0.02 to infinity. It can be
seen from Fig. 4 that at small values of a!, the current flows into the
electrode at the position near the orifice, while with the increase of a™! the
current density :* near the bottom of the pore increases and finally at a=0,
i.e, on an ideal polarized electrode, the cureent is uniformly distributed
throughout the whole surface inside the pore.
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