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ON THE
ISOTHERM FOR IONIC ADSORPTION
FROM SOLUTION

By

J. O'M. Bockris® and M. A. Hasis®
(Received March 24, 1975)

Abstract

The method of the Fourier-Bessel integral has been used to calculate the electrostatic
image energy in the solution and to examine the effect on this quantity of diffuseness of
the dielectric barrier in the double layer. The present diffuse dielectric boundary model
shows an imaging energy in solution some 40 times less than that for a sharp boundary.
The multiple energy is only 1% more than that of the single imaging in the metal.

An isotherm is deduced. The model used is the imaging in the metal; coulombic
and dispersive interaction energies for the adsorbed ions are calculated without approxi-
mation; Flory-Huggins statistics are used. The capacitance charge curve is interpreted
quantitatively with respect to the phenomenology of the capacitance hump and minimum.
The hump is not significantly affected by the variation of the integral capacity with
potential. The failure of the water model for capacitance hump is rationalized. The
multiple imaging approximation using a sharp dielectric boundary does not predict a
capacitance minimum (anodic) but predicts a capacitance hump which is in discrepance
with experiment in respect to the ionic dependence and temperature.

Introduction

The deduction of adsorption isotherms for ionic substances on metals
has been treated with two different approximations. In one'?, an isotherm
emphasizing lateral repulsion between the ions on the surface, and with the
approximation of the single imaging of the ion in the metal (imaging in
the solution neglected) has been compared with experiment. The basis of
this isotherm is the hitherto suppositional position that image energy in
solution, calculated with a non-sharp dielectric boundary, between the inner
Helmholtz plane and the rest of the solution will be negligible. In another
approximation®, the isotherm is based on multi-imaging in the metal and
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the solution. However, most of the publications on this model involve the
approximation that the dielectric boundary between the inner layer and the
solution is sharp, and therefore it has hitherto overestimated the energy
of imaging in solution.

Numerical comparison of these models with experiment has been done
too little. However, when done®, it seems to favour the diffuse dielectric
boundary (lateral repulsion) model. But the degree of discrepancy with
experiment shown by the sharp dielectric boundary model is rendered nega-
tory by the use of a constant value (for all ions) of a parameter, p, which
represents the ratio of the area covered by an anion to that by a water
molecule.

Among experimental data which bear upon the ability of the expres-
sions based on either model to replicate experiment is the capacitance hump,
where the lateral repulsion (diffuse dielectric boundary) approximation obtains
good agreement between calculated and observed charges”. On this point,
the sharp dielectric boundary model has not been tested, because, in it, the
capacitance hump has been interpreted as due to water rotation.

Two new pieces of evidence have recently arisen to affect models for
the double layer. According to ScHIFFRIN®, the fluoride ion does undergo
specific adsorption, and this removes an anomaly of the anion repulsion
model for the capacitance hump, which has been developed from the diffuse
dielectric boundary model”. Secondly, the experimental work of HiLLs and
PayNE™W, and of HarRRIsON, RANDLES and ScHIFFRINY, together with the
theoretical work of REeEVES”, and of Bockris and HaBIe", indicate that
the maximum disorder of water molecules on the electrode surface comes
on the negative side of the p.z.c. so that the anodic hump (which is always
at anodic potentials) cannot be explained in terms of water orientation.

In the present paper, a smooth dielectric profile has been constructed
on the basis of saturation of the dielectric near the electrode. The multiple
imaging energy across this smoothly varying dielectric medium has been
calculated and compared with the single image energy in the metal. The
diffuse dielectric boundary (lateral repulsion) model is given in a second
approximation which increases the applicability of the equation at higher
#’s. Flory-Huggins statistics'® have been introduced. Dispersive attraction
between the ions'¥ is taken into account and a quantitative interpretation
of the capacitance minimum is given. A numerical comparison is made
with an isotherm based on multiple imaging with respect to the properties
of the hump, and other experimental observables.
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1. The Dielectric Profile Across the Double Layer

The diffuse layer field is considered to affect the dielectric medium
beyond the OHP. The dielectric constant is assumed to rise linearly from
the first water layer to the OHP. The saturated value of six for the die-
lectric constant is assumed in the region of the first water layer.” The
dielectric constant of the first layer consists of electronic and nuclear dis-
tortion polarization of the water molecule. Near to the potential of zero
charge (p.z. c.), this is no longer true and the change of potential due to
the changing orientation of dipoles, brought about by change of electrode
charge, the basis to non-saturated orientation polarization of the water
molecule layer adsorbed on the electrode, is allowed for in a separate
equation.

The charge density in the diffuse layer is given by

15)

qq = —2nze sinh% (1.1

where 7, 2, e, ¢, are the number of ions per c.c., valency of ion, electronic
charge and diffuse layer potential respectively (for a z-z electrolyte in

solution).
The diffuse layer field, which takes into account the dielectric constant

as a function of the field, can be represented by* :

Y p——— (1.2

where ¢ =d¢/dx.
From (1.1) and (1. 2),

ve(@)+ ¢ L) 40— o (8rnze sinh 222 ) dg (1.3)
¢ 2T

Integration of both sides gives,
o
% (¢')—So Pe(d) dg — 8nnkT<cosh—z%ﬁ _ 1> (1. 4)

We apply BooTH’s theory'® for variation of dielectric constant by applied
field. GrRaHAME™ and LAIDLER'™ have shown that the variation of die-
lectric constant with field predicted by BooTH’s theory'® is represented by
the expression

€0 €

s(¢')=e¢/_.w+—;_‘b—{bﬁ (1.5)
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Fig. 1.1. The variation of dielectric constant with distance
from the electrode surface.

where ¢, is the dielectric constant at zero field strength, 6=1.08 x107% e.s. u.,
is a parameter found by GRAHAME to fit BooTH’s theory to experiment and
=€ is the fully saturated value of the dielectric constant of water.

Substitution of (1.5) in (1.4) and simplification gives rise to the de-
pendence of ¢ upon ¢/, i.e,

kT

¢ =—_cosh™¢ (1. 6)
where
1 L7 —e.) o
E=1+ Benk T [5 29[) + (501 +€b2b,§f (e Gm) 11’1 1+b¢'2]
(1.7)
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Now, the distance from the electrode surface, over which the potential
varies, may be written as

Differentiating (1.6) w.r.t.¢’, one gets,

dg ET & { (eo—€w) (l—bgb”)} (1.9

I = e @=17 | 8mkT " 1457 \1 550" -9)
Substitution of (1.9) in (1. 8) gives x=f(¢'). e¢=f(¢') is obtained from (1.5).

Thus, from (1.5), (1.8) and (1.9), the variation of ¢ with distance x has
been calculated numerically for a 0.1 N solution and is plotted in Fig. 1. 1.

2. Multiple Image Interaction Energy with
a Smoothly Varying Dielectric Constant

The dielectric constant-distance relation constructed in the last section
may be considered to be a combina-
tion of a large number of dielectric
slabs, schematically shown in Fig. 2. 1.
The interaction energy, which corre-
sponds to the energy of a single charge
in multiple imaging across a number
of dielectric plates can be obtained by
the method of the Fourier-Bessel inte-
gral.®® Since a smooth dielectric pro-
file can be regarded as a combination
of an infinite number of infinitesimally

0N —=

.thln le:leCtrlC media, we first find the Fig. 2.1. Schematic representation of
interaction energy across the first few dielectric constant of a solution
dielectric slabs, respectively and, by phase as a combination of a large

analogy to the first four expressions, number of dielectric slabs.

find out the expression representing the interaction energy across an infinite
number of such slabs.

2.1 Energy across two dielectric slabs

This corresponds to a situation where there is a sharp dielectric dis-
continuity on the solution side. The interaction energy of a charge situated
in the IHP with its images in the metal and solution (Fig. 2.1.1) is given
by (cf. SMYTHE)?



52

J. O’M, BockRris and M. A. HABIB
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Fig. 2.1.1. Relative positions of the planes of dielectric discontinuity
at the metal (r=—a) and at the OHP (z=x,).

Ey={{ ket ar+ | anlh) Je) et

1 0

+SO by (k) J(kp) e‘”dk} (2.1.1)
where J,(k0@) is the Bessel function of the first kind of zero order. In
region 2,

2 oo
E=%S G- (k) Jo(RO) e *dk (2.1.2)
1 Jo

Using the boundary conditions, the potential (E,/e) is zero at = —a and
continuous at x=x;; and ¢, 3(Ey/e)/ox],.., = & (Ep/e)/ox].-.,, the functions
an(k) and by, (k) are evaluated to be:

B Igle-ﬂ':cl (1 __e—ZIm>

an (k) = 1 ——‘Ble—Zk(z‘+") (2. 1. 3)
and
_e-ZIm+ e—Zk(z,+u)
ball) == g 2.1.4)

Where ﬁl == (52 - 51)/(52 + 51) .
Substituting (2. 1.3) and (2.1.4) in (2.1. 1), neglecting the self interaction
term, and evaluating at x=0 and #=0, one gets:
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2 o © —2kz, — a—2ka\2
Eo= S| —ermgp (T B U™ ) (2.1.5)
€1

0 0 1__‘816—2/%(11-&(:)

Eqn. (2. 1. 5) represents the total energy of a charge at x=0, =0 (see
Fig. 2.1.1.), and it takes into account the imaging energy of the ion in
the position shown in Fig. 2. 1.1, both with respect to its energy in the
metal and also that in the solution : and the energy resulting from multiple
electrostatic reflections in the solution and in the metal.

2.2 Energy across three dielectric slabs

If the solution side is considered to be a combination of three die-
lectric media, one with the dielectric constant & in which the charge is
situated (region 1) and other two with dielectric constants ¢, and &; (Fig.
2.2.1), then the energies in the three regions are given by :

co

o= ?{Sw Jo(ko) e dk +S an(k) Jo(k0) e+l + S“ b (B) Jo(0) e:"“”dk}
1 0 0 0
(2.2.1)

where E;, means the interaction of a charge in 1 with images in the metal
and with the images in the dielectric medium 2.

E, — —}{Sman(k) Jo(k0) e—“dk+g°° boa(B) Jo(0) e"’dk} 2.2.2)

where E,, signifies the interaction of a charge in region 2 with its image
in the metal and with the image in the dielectric in regions 1 and 3.

Similarly,
2 (oo
Ep= :—S an(k) Jo(k0) e~*dk (2.2.3)
1 0
where this energy is the energy of a charge situated in 3 with the image
&;
£ e,
' e
| |

-a T2 ‘ -a0n, X

Fig. 2.2.1. Electrolyte solution as a combination of three dielectric phases.
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in metal and those in 1 and 2.
Using the respective boundary conditions, the functions a; (k) and by(k)

are found to be

_ (1 — e—Zlm) e—ZIr.a:l
(k)= e~ hmta) 148 Be 2.2.4)
Bi+ Bre ™

and
e——2/c(:cl+a) (1 __e—Zka)

etk ta) _ 148, fe7% "
Bi+ Bye %

Where d1=x2—x1, and ﬁg=(€3_€2)/(€3+€2).
With (2. 2. 1), (2. 2. 4) and (2. 2. 5), one finds

2 oo o0 —2kx, — p—2ka\2
Ep= L{S —ethadh— S € Ol ) dk} (2.2.6)

o o 148 Be” 4 _24(z +a)

(2.2.5)

b21 - _e—2ka_

2.3 Energy across four dielectric plates
In this case, the multiple image energies in the different regions (Fig.
2.3.1) are

Ex= ?{S: Jo(k0) el dl + S: 1y (k) Jo (k) e+l + S: bulk) Jo(k0) e"”dk}
1
(2.3.1)

Ep— —;‘i{gw an(k) Jy (ko) e~dk + S: ba(k) Jo(20) e*"’dk} (2.3.2)

Ey= %{Sﬂ ax(k) Jo(kP) e“"’dk+So by(k) Jo(kP) e*"‘dk} (2.3.3)
€,
- 83
€
—E,
i - el
-Q X v &) v Ay -a 0 X, 1,2. X5
xr— r—

Fig. 2.3.1. Combination of four dielectric media representing the solution phase.
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and
2 oo
Eg= —;—{SO as (k) Jo(kP) e""dk} (2.3. 4)

The functions ay(%k) and b,(k) are found to be

(1—e~27) =24z .
T 1+BBe T+ B e + By B — ek
Bi+(B:+ By B Bs) €72 + Bre™ ™

where dy,=x,—x1,=d\=x,—1,=d
and

(2: 3. 5)

as (k) =

by(k) = —e P4 e 2k ta) (] _ g-2ka)
T L+(B 8o+ By fs) €™ + B Bre™** )
B+ (B+ b1 5. 133) e~ Bie

(2.3.6)
With (2. 3. 1), (2.3.5) and (2. 3. 6), one finds '

_ 6_2 o . ota _Seo ez, (1 _e—ZIca)Z }
E;= & {SO [ dk o 1 +(‘B, 192+.32 ‘33) e_”d+,31 ,336_4’“‘ —2k(x1+a)dk

Bi+(Bo+ 1B Bs) e P+ Bre e —e
(2.3.7)

2.4 Energy across five dielectric plates

When the region having varying dielectric constant is considered to
be a combination of five dielectric media (Fig. 2. 4.1), following the proce-
dure described above, the image interaction energy of a charge situated in
region 1, is given by,

4&,

] 1 I |
-Q O X v S I3 Ts

T —

Fig. 2.4.1. Representation of solution phase by five dielectric slabs.
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ez o0 ota o0 e—-2kz‘ (1 — e—Zlm)Z
E & [So eTndk So L+ (BB + PoPs+ BsBs) €™ dk]
+(BiBs + BoBu+ BiBaBsBa) e + Bife " o2z +a)
Byt (Ba+ BufoPs + BiBafs) €2
+(Bs+ BiBoBa+ Bafafs) 7 + BT

(2. 4.1)

2.5 Energy across smoothly varying dielectric medium

In reality, the dielectric constant increases from its saturated lower
value to its highest bulk value over a certain distance, depending on the
strength of the saturating field. This smoothly varying dielectric profile
may be assumed to be a combination of an infinite number of infinitesi-
mally thin dielectric media (i.e., d—0). By analogy to equations (2.1.5),
(2.2.6), (2.3.7) and (2.4.1), the total multiple image interaction energy of
a charge situated on IHP across the real varying dielectric medium may
be represented by

ez - - e—ZIczl (1 _e—tha)Z i ,87;+1 e—Zn.k(l
B = :—{S _e-tadp— S .,, n= dk}
1 0 0 1 + ‘81 Elﬁn+1 e—and_e—ZIc(x,+a) nZ=0ﬁn+1 e—Z‘nk!I
(2.5.1)
where B, =(ens1—en)/(ens1+¢,), Where n is an integer. (2.5.2)

The above integral is to be solved for a condition when d—0 (hence §,—0).
To solve this, one needs an analytical expression for 8, as a function of x
(distance) i.e., e=f(z). To serve our purpose, we represent the dielectric
curve (Fig. 1.1) by the empirical expression :

e(x) = a4, + ax + as T + a P+ asx? (2.5.3)

where a,, a, a; a, and a; are constants.
B, can now be represented by

5. = E@ytam) "€, | de(x)
» &(z,,+4) + &z, 28,,, (.T)

(2.5.3a)

where,
S(zn) = + ax, + a:;l;i + a4x31 + asx;‘l (2. 5' 4)
and

CGe,ram) = A1+ Ao(Xn+ AT) + ay(x, + AP + ay(x, + A2 + as(x, + dx)
(2.5.5)



On the Isotherm for Ionic Adsorption from Solution

Since d=4x—0, one gets, neglecting higher power terms in d,

d{a, +2asx, + 3a2l + 4asxd)

ABn = 2€n = Rnd (2. 5. 6)
2 3
where R, — a+ 2a,x, +2ia4x,, + 4asx;, 2.5.7)
Substituting (2.5.6) in (2.5.1) and neglecting 0(d?) terms, (2.5.1) reduces
to
ez - -2k = —2k: —2ka\2 < —2knd
Ey=-—\ —e*dk—\ e ¥ (1—e *Pd} R,.e dk
& 0 0 n=0
é 1 ed 1 2
= ?[“%_dgoRn+l{2(xl+nd) @t atnd)
1
+3 (x1+2a+nd)}} (2.5.8)

Since d—0, the summation can be replaced by an integral and E; is repre-
sented by

- & 1 1 (% 1 2 1
2 ZZ[_Z_—Z—S,,lR(x){ Ztz  sitatzxz T x1+2a+x}dx]
(2.5.9)

where b,—b, is the length over which dielectric constant varies and R(x)
is given by (2.5.7). The constants in (2.5.4) were determined by simul-
taneous solution of a set of linear equations representing Fig. (1.1) and the
integral in (2.5.9) was solved numerically by SiMpsoN’s rule on an IBM-
1130 computer. With a=2A, and zn=2A, we get:

e

&1

K, = (0.253102 x 10° cm™) (2.5.10)

The interaction energy of an adsorbed charge on the IHP with its single
image in the metal is:

é e

26 T &

Eg= (0.25x 105 cm™) (2.5.11)

Thus, the multiple image energy with a consideration of continuous varia-
tion of dielectric constant is {(Er— Eg)/Es} x100~1% more than the single
image energy.

If the dielectric boundary at a distance :1:1=2A is assumed to be sharp,
then the total energy (including the multiple imaging) which is represented
by the eqn. 2.1.5, comes out to be E,,= —(€/e) (0.3450 x 10* cm™")=1.38L;.
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If the dielectric boundary were sharp, therefore, it would be important to
use multiple imaging but the situation in the solution is that there is no
sharp dielectric boundary, and hence a model based on such a model will
be a less good approximation than one based on a more realistic, diffuse,
boundary. The correctness of this assertion will be tested below by a com-
parison of the abilities of discrete and diffuse approaches to replicate experi-
ment.

These conclusions have been reached on the basis of considering a
single ion and its imaging along one x coordinate. The calculation of the
interaction energy on the electrode surface involves interaction along a y
coordinate. Here, too, the only imaging energy of numerica! significance
is that of the ion imaging across the sharp solution-metal boundary. This
conclusion takes into account the fact that the repulsion energy between
the ions in the surface is reduced by imaging. The value of 1% extra
energy due to multiple imaging obtained above is in comparison with the
single image energy of an ion in the electrode. In the complete sum of
the interaction of a reference ion with all the images {in solution and in
the metal), the reference situation should be the sum of all interactions of
a central ion with the other ions on the surface and their single images,
together with the same situation using the multiple image picture. There
is no reason to think that a significantly greater ratio would come out of
this more complex situation by multiple imaging than that of the simpler
and more basic case worked out above.®

Therefore, in the next section, while calculating the image interaction
energy, we consider the interaction of a reference ion with single images
of other adsorbed ions, but we shall neglect the result of their images
in solution across the continuously varying dielectric medium. It is our
submission that this offers a better approximation than that of accounting
for the solution imaging in such a diffuse boundary.

3. Evaluation of the Lateral Interaction Energy

Consider a reference ion, surrounded by a hexagonal array of ions,
effectively in concentric rings of radii 1r, 2r, --- nr. There are 6n ions
in the n-th ring. The interaction energy between the reference ion and
ions on the z-th ring, and their images, is® :

*} An accurate calculation in three dimension with smoothly varying dielectric medium
would be mathematically impractical so that this 1% energy has been neglected.
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6& 1 *)
U.= 1 v 3-1)
[+(3)]
nr
where 7; is the ionic radius.
Correspondingly,
4 \v2 4e 7
- < nsw > - ( TQmex ) (3 2)

where # is the fractional of the surface covered with ions, n, per unit
area, which contact (or specifically) adsorbed ; and Q.. is the maximum
amount of contact-adsorbed charge, where:

e
Qumex = 7,7 (3.3)
Hence :
4r
r= n_x/zail/z (3-4)

(3.4) into (3.1) gives for the total lateral coulombic interaction of all
ions with the central ion:

1/2 291/2 o —1/2
Em=i-~——~—” et Z{1~<1+—Fi) } (3.5)

2 ) = 4n?

4, Evaluation of Dispersion Energy
NOW23~25)

Udisp.l = S ﬂ?azdv.; y (4. 1)

4 eopet

where v is the frequency occurring in dispersive coupling between two like
ions ; a is their polarisability, and s is the number of electrons in the outer
shell. In the dispersive interaction between the ions in the z-th ring and
the central ion,

3 hua26n F

T4 e (nrf

Udisp.Z = (4' 2)

The dispersion energy of one ion with the image ions of the n-th
ring is:

*) In earlier workD), this expression was expanded binomially to 3 terms, because z6/4n2<1.
We are grateful to Dr. S. LEVINE for showing us that, even though the binomial ex-
pansion to three terms is accurate to 1%, such an expansion is inadequate to represent
the lateral interaction at high coverage.
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U _ 3 hva®
w2 = T e [+ 2T

Taking Ugigp.o+ Usigp.s, and using » from (3.4), the total dispersion attrac-
tion of all ions with the central ion is:

6n+s (4. 3)

18 ma?n*Pvs = 1 1 ,
Udisp = — —47 _Tptr?i-nz:l-rl?[l +‘———;“9—? (4. 4)

5. Deduction of the Isotherm

The standard free energy of adsorption 4G, depends, amongst other
factors, on how many solvent molecules are displaced by the adsorption
of an ion. The ionic adsorption from solution can be represented by the
following quasi-chemical substitution process in the interphase :

Ions (in soln)+pH,O (ads) s lons (ads) + pH,O (in soln) (5. 1)
where p is number of water molecules displaced by an ion upon adsorp-
tion. At equilibrium,

Hi,ads _p#w,ads = Hi,soln _P#w,soln (5 2)

where g's refer to the chemical potential of the species denoted by sub-
scripts.
Using Flory-Huggin's statistics, g .45 and fy..qa; are given by

0

26)

Miags= —kRTIng,+%TIn exp[(p—1) (1=0)] (5. 3)
and
ol

where ¢; and ¢, are the internal partition functions of the water molecules
and ions respectively and ¢ is the fraction of the surface covered by the
ions. o1 and g .o are represented as

,ul,soln = #(l),soln—‘—RT h’l Xi,soln (5 5)
Pw,soln = #ow,soln +RTIn Xw,soln (5 6)

where X .1 and X, in are the mole fractions of ions and water molecules
in solution, respectively.
Substituting (5.3)~(5.6) in (5.2) one gets
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0 Xi,so n —46°
FTA=OF ~ Ku? & (5.7)
where AG® = (—kT In @;— t} so1n)— (P 2T In 1~ P15 so10) - (5. 8)

Using the site fraction statistics to express the bulk phase concentrations,
(6.7) can be written as,

0 4G°
FW = Nexp(——R‘;I—r> 5.9)
where
N = [C‘@CC?:C =) ] (5. 10)

where C’s refer to concentrations.

We separate 4G° into two terms,

(a) 4G?, which represents a coverage-independent term for the inter-
action of ion and electrode (i.e., metal-ion dispersion; partial
dehydration, etc.).

and
(b ) AG? = ULat + UDisp+ U2—1
The work done to bring an ion from the Helmholtz layer to the
electrode is given by :
U,..= “M (5. 11)

€

where ¢y is the electrode charge, x, and x; are the distances of the outer
Helmholtz plane (OHP) and inner Helmholtz plane (IHP) respectively from
the metal surface and ¢, is the mean dielectric constant of the medium
between the OHP and the IHP. In Fig. 1.1 the dielectric constant falls
greatly from the OHP to the 1st water layer but thereafter remains con-
stant at about 6. The major part of the work represented by equation (5.11)
is done in this region and this is the background of the approximate use of
a value of 6 in equation (5.11). Substituting for Uy, Upi, and Us-,, the
ionic adsorption isotherm takes the form:

9
per~H(1—6)y
. 4Gy | Angy(x,—x) 3 Ene” °°{ =f '1/2}
= NexP[_ RT 5 kT ~ 2 ankl 203|142
18 hvatr® 1

+ 5 o BT «/ s 7?__,'1 o { m}] (5.12)
n*
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Egn. (5.12) can be rearranged to give

] 4G} 1
lnm In N— T+AqM Crz{l—T—”in}
1+ 4 2
n
| 1
+D03Z1—5-{1 +———3} ~ (5.13)
n=1 M 1+ bid/4
(1+55)
where,
_ Are(x,—xy) 3 éa”
A=—"gT > =% ankl>
and (5. 14)
p-18& 18 hvdirn

ar sokarﬁ Vs

6. Prediction of Inflection Points on the 6-¢9, Curve

Differentiating (5.13) w.r.t. gy, one gets,

de
day
_ A
“1tep-1n, C L 0 -3/2} =1 ( 70 )-4}
e v A e U B et S (RE (RS
(6.1)
An inflection on the #-gy plot will occur when
d’e
g =~ ©
i. e., when,
1+7r_0 1 b
20-—1+02(p—1) C »= n* = At )|
02(1_0)2 457 nZ: ) 78 V2 —1[—6D0§1‘;5* . _71’0_ 5| =0
* e
(6.2)

Calculation of D involves a choice of the parameters v and a. The
frequency v can be calculated from:

e _ 3.581x10°
2eVMa va

(6. 3)

Y=
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Fig. 6. 1.

The displacement of ionic centre by the image field.
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TaBLE 1. The values of the parameters used in eqn. (6.2)
} Tons Raddi (Ay© | vx10-15/sec S P
) cl- ‘ 1.81 1.167 8 1.72
Monoatomic Br~ 1.96 1.035 8 2.00
I~ 2.19 0.877 8 2.52
Cloz 2.43 0750 | 15 3.10
ol ) BrO7 2.43 0750 , 15 3.10
oyatomic Cloy 2.54 0702 | 17 3.39
‘ NOy 261 0.674 13 3.58
| SCN~ 1.60 1.404 9 1.34

L

*) The radii of halides are assumed as their crystallographic radii.
radii of ClOz, BrOz, ClO;y and SCN™ are taken from the reference 32, and
that of NO3 is noted from ref. 33.

The effective
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TaBLE 2. The values of —d?y/d#* and constituent terms
in eqn. (7.6) corresponding to 6.

Ions 0, ‘ 1st term 2nd term 3rd term —d?y/de?
C1- 0.0700 —5835.1805 —1970.1657 242.0326 —3622.9822
Br™ 0.0750 —4745.7947 —1660.2041 211.0342 —2874.5565
1~ ‘ 0.0820 —3633.8563 —1302.2831 174.5468 —2157.0264
ClOg ’ 0.1000 —2008.5048 —879.0123 192.8964 —936.5961
BrO3 0.1000 —2008.5048 —879.0123 192.8964 —936.5961
ClOor 0.0950 —2341.8487 ‘[ —868.5039 193.4390 —1279.9057
NO7 0.1000 —2009.8217 w’ —818.3908 161.3795 - 1030.0512
SCN™ 0.0650 —7285.9369 —2505.0000 314.4858 —4466.4510

4.0 +—
3.0

-0k
40 +—
[N T WO TR TN OO SR A WY O NN NS N A U A O
0.0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 040 0.45 0.50
8

Fig. 6.2(c). The functions Z; (6)(I) and Z,()(II) against () for I~
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TABLE 3. Surface coverage at which capacitance of hump occurs
| i
i COKIC, | 0hump 0hump
lons i ‘ (Expt) (Present theory)
!
cl- 0.3 | 0.07 0.070
Br™ l 0.1 ‘ 0.10 0.075
1~ : 0.1 i 0.12 0.082
Clos 0.1 | 0.07 0.100
BrO5 0.1 | 0.12 0.100
NO37 0.1 0.10 0.100
Clo7 0.3 ‘ 0.11 0.095
SCN™ 1 ! 0.07 0.065
CN™ 0.3 i 0.09 0.080
I
4.0
3.0 —
2.0
— huf
1.0
g /
- 1
1.0
_.2_0 —
3.0
-L0 - -
|- | [ | | S B [ 1 f 1A | |
0.0 0.05 0.0 0.5 0.20 0.25 0.30 0.35 0.40 0.45 0.5

Fig. 6. 2(d).

8 —

The function Z; (6)(I) and Z;(6)(II) against o) for ClO3 and BrOz
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where the reduced mass M=m/2 for an electron of mass m. The polari-
sability a has been taken to be non-isotropic, because of the displacement,
[, in the position of the centre of the ion, due to the effect of the image
field, Ximage (cf. Fig. 6.1). The polarizability can be written as a=h#} where
the co-efficient ‘4’ is calculated from a knowledge of I’ given by"

2B+ 7R —Trill—ri=0 (6. 4)

From Fig. 6.1, a=a*=1.589+}.
Thus, knowing «, which determines D in (6.2), the roots can be found by
plotting the functions

2 =201 6.5)
and
Lo
3.0 -
2.0 -

i IR I VR Y Y S N [N N O I NN NOUR N N
0.0 0.05 -~ 0.0 0.15 0.20 0.25 - 0.30 0.35 0.40 0,45 0,50

g ——

Fig. 6.2 (). The functions Z;(8)(I) and Zz(6)(II) against (f) for NO3
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1+ 1—7¢
o = 2 5 1 A
Z,(0) = 1 ) PRVvE —1¢—6D¢# 3, —% 1+'———_0—5‘
L n=1 1+
4n? 4n?

(6.6)

against 6.

In Fig. 6.2 (a—g), Z,(6) and Z;(#) are plotted against # for various anions;
the radii and other calculated parameters are given in Table 1. For all the
ions examined, the functions Z,(f) and Z,(f) intersects at two points, i. e,
we get two roots #;, and @, of eqn. 6.2 and thus fwe inflection points on
the 6-gy curve. The values of 8, and 8, for the anions are given in Table
2 and 4 respectively.

4.0 -

3.0 ~

20—

0.0

-1.0 -

-2.0

-3.0

4.0

11 i i 1 L1 1 1 1 1 11 1 1 1 11
0.05 0.0 0.5 0.20 0.25 0.30

] R —

The functions Z;(6)(I) and Z;(8)(1I) against (6) for SCN™

0.0

Fig. 6.2 (f).
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Fig. 6.2(g). The functions Z; (6)(I) and Z,(6)(I1) against (§) for ClO7

7. Signiﬁcance. of 0,

The double layer capacitance as a function of electrode charge can be
represented (Appendix 1) as:

1 1 1 dgca d ( 1 )

Cor  Kionr + Kinp-onre qu +u qu Ky oy (7' 1)
where Ky.our and Kipp.onr are integral values of the indicated capacities
in the double layer. '

One may show numerically® that the variation of the first and third
terms in eqn. (7.1) are negligible compared with that of the second term.
Therefore, the maxima and minima of C,. depend only on d|gcal/dgx
given by d?6/dg%=0. The two roots obtained numerically from eqn. (6.2)
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therefore correspond to the maxima and minima on the Cy;, versus g curve.
To distinguish between the character of the inflections, we evaluate d*6/dgy.
We rewrite the eqn. (6.1) as

dé A

dgy - Y (7.2)
where

_1+0(p—1) C & ( 0 \~¥*
Y=Te0-0) T e él{l— 1+W>
co —4
—3D¢? }“_:,1;15—{1+<1+ ZZZ> } (7.3)

Therefore,

d0 A dy = Ady do A dy (7. 4)

dgt —  v* dgu  ¥® d0 dgqy ~ ¥* d6 :
Differentiating (7.4) once more, we get

d¢ d [d0 __3_y_[d20]2__£ d*y (7.5)

dgy  dou | dgk ] A [dg y' A ’

d?6/dqg% at the inflection point is zero, therefore, the sign of the values of
the term —(A%y*)(d*y/d#*) will determine the maximum and minimum.
But A%y* being always positive, the sign of —d?y/d# for 6, and 6, is the
determining factor for the maximum or minimum on the capacitance charge
curve,

Double differentiation of egn. (7.3) w.r.t.6 and multiplication by —1
gives rise to

711/ b1/
{1 +—§;17}+ 1

d*y . 60 —66°—260°(p—1)—2 3 C i 1_7
Td¢ T #(1—0) - 4 1 nf "
+ 4n?
= 1 1 3 nf 376
+6Dn§—n—5[l+—ﬁ‘r{l—*2“%2—+#)§“}] (7. 6)
1+ P

The values of —d’y/d#* calculatded from eqn. (7.6) for 6, are given in table
2. 0, for all the investigated anions gives a negative value of —d?y/dé”
Therefore, the root 6, corresponds to maximum (or hump) on the capaci-
tance charge curve.

In Table 3, the results of the present model have been compared with
experiment. Agreement is good. ,



Substituting the values of #, in eqn. (7.6), we have calculated the value
of —d?y/dé%. It is positive for all ions (Table 4), i.e., 8, represents a mini-
mum in the eqn. 6.1 and, therefore, from 7.1, of Cp in the Cp,—gx curve.

To examine the degree of consistency between the calculated values of
6,, and the observed capacitance minimum, the observed gy’s at which Cpy,
passes through a minimum were found. From experimental gcs—gy plots

and equation

On the Isotherm for lonic Adsorption from Solution

8. Significance of 0,

TaBLE 4. The values of —d?y/d6? and constituent terms
in eqn. (7.6) corresponding to 6,
Ions G, 1st term 2nd term 3rd term —d2y/de?
Cl™ 0.3100 —77.6059 —218.1215 151.6871 292.2027
Br™ 0.3200 —73.7565 —191.4286 133.5688 251.2408
I~ 0.3350 —70.3362 —158.9041 112.1764 200.7443
ClO3 & BrO7 0.2700 —117.5481 —202.1399 138.2546 222.8464
Cloy 0.2750 —113.9599 —188.0315 137.1058 211.1774
NO7 0.3050 —91.8189 —155.32567 112.1067 175.6135
SCN~ 0.2850 ‘ —93.7283 i —282.1875 197.6039 386.0631
TaBLE 5*. Positions of the capacitance minimum
471 dca

Tons at Cmin | at Cmin O, 0 Ref. for | Ref. for

Expt in Expt Expt Calc In dca

pefem? | (#c/cm?)

Cl™ 10.0 124 0.100 0.310 11, 30 27

Monoatomic - ’

Tons Br 7.0 14.0 0.135 0.320 34, 35 34,

1~ 3.0 16.0 0.192 0.335 30

36

ClO5 130 8.0 0.110 0.270 36 27

BrO3 11.6 9.5 0.145 0.270 36 27

Polyatomic|  ¢0; 115 15.0 0240 | 0275 37 27

NO3 111 15.0 0.256 0.305 28 39

SCN™ | 200 31.0 0.198 0.285 38 27

* The expt. values are for solution of 0.1N concentration.
increase of ionic radii with the exception of SCN™.
ion does not adsorb normal to the surface but adsorb flat to the surface so
that the effective radii is higher than 16 A.

Bmin increases with
Probably the linear SCN™
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e

—@gcs =0Nze= 4—rg-0 (8.1)
one can find the experimental @, (Table 5. Thus, although 8, is higher
than Omin,expr, With increase of 7, Ominexp: and 6 both increase. The dis-
crepancy may arise from the rudimentary calculation of the ion-ion dis-

persive energy which only takes into account the outershell electrons.

9. Dependence of Hump and Minimum on Temperature

The capacitance hump and consequently the capacitance minimum dis-
appear with increase of temperature® Due to the availability of experi-
mental data, the NO; ion is taken up for theoretical investigation of the

L0~ .

3.0 -

20 -

SRR N SN VRN N AN N N (N NN SN VU SO E [ SO N
0o 0.05 0.0 '.0.15 0.20 0.25 0.30 0.35 0.40 0.45 05

0 —

Fig. 9.1.  Plots of Z,(0) at temperatures 25°C (Il a), 100°C (II b)
and 300°C (IIc) and Z;(6)(I) against 6.
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effect of temperature on capacitance hump and minimum. In Fig. 9.1, 6,
and 6, are shown at different temperatures. With increase of temperature
6, and @,, i. e., hump and minimum, come closer to each other and dis-
appear, as found experimentally.”

10. A Comparison of Models

The approach used by LEVINE et al.® takes into account all possible
interactions including lateral repulsion. Several approximations chosen in
the calculation may be questioned. For example, LEVINE assumed 7,=co,
which is tantamount to assuming £=0 in the electrolyte theory. The
question of graininess at the actual distances apart of the ions concerned
is not considered. The model tends to over-estimate the imaging energy
in solution, as first stated by MAcpoNALD and BarLow,*? (See Section 2.).

The alternative approximation of Bockris, DEVANATHAN and MULLERY
neglects the imaging in solution, because it was pre-supposed that the ab-
sence of any sharp boundary would greatly reduce imaging in the solution,
and therefore multiple imaging (section 2). In the BDM" approach, there-
fore, only the interaction of adsorbed ion with the surrounding counter
adsorbed ions, and with their images in metal are considered (together with
the electrical work of transfer of ion from the solution to the electrode).
In the present version of this approach the coulombic repulsion of the ions
is worked out without approximations in single imaging; and the ion-ion
dispersive interaction is included to interpret the capacitance minimum.
The BDM approach underestimates the imaging energy by about 1%, and
LEVINE et al. overestimate it by about 40%.

Recenlty, LEVINE® and co-workers™* have attempted to overcome
the difficulties arising from their original model and the sharp boundary.
They have recently assumed an arbitrary variation of dielectric constant, as
a function of distance from the electrode, but used fixed values of dielectric
constants (termed mean values) ¢, and &, over certain arbitrary distances,
implying dielectric discontinuity at an arbitrary point in the inner region
and at OHP. This refers to an interface represented in figure (2.2.1). In
such a case, the total multiple image interaction energy of an ion on the
IHP is given by the eqn. (2.2.6). With =6, ¢,=>50, ¢&=80 and a=x,=d
=2A, we fiind from (2.2.6) E,= —(¢¥/e)) (0.3275 x 10° cm)=1.31E,, where the
single image interaction energy, FEg, is given by (2.5.11). This is to be
compared with the value of E;=1.38E; the interaction energy obtained
with one sharp dielectric discontinuity, and with E; (smooth dielectric
variation)=1.01F;. Thus, if there are fwo sharp boundaries, it is still
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important to use multiple imaging, as it is for one sharp boundary. How-
ever, in the physical situation, the existence of sharp dielectric boundary is
unknown, and the appropriate analysis for the imaging contribution to the
double layer properties should be done using a dielectric situation described
in section 2 (continuous variation) and, in that case, the multiple imaging
contribution constitutes only a 1% addition to the single imaging. The
recent approach of LEVINE et al. therefore still greatly overestimates the
imaging energy.

In the approach used by LEVINE®, the anodic capacitance hump was
interpreted in terms of water molecule capacitance which contradicts the
experimental fact” that the water molecules are most randomly oriented
at a potential negative to the p.z.c. (maximum in solvent excess entropy
passes through a maximum at gz —4uc/cm?). However, it is easy to show
that the LEVINE® isotherm does give a capacitance hump (independent of
water molecules) and this provides a useful criterion of the relative validity
of the sharp dielectric (LEVINE) and diffuse dielectric (Bockris) models.

Thus, the LBC isotherm can be written as®,

[}
In (1_‘;0),, ‘ILGT +1n +A'q“ co+ efﬁ‘ﬁ (10. 1)

where A'=4zrer[¢kT, =d—r, where d is the distance between the electrode
and OHP, C'=4nTequn., (1—71i/d)/ekT and ¢qx is the mean potential at the
OHP, and 4G? has the same significance as in eqn. (5.13).

(1) Prediction of inflection points on the 0 vs gy curve

With p=2, as suggested by LEVINE®, and neglecting ¢q« for a fairly
concentrated solution, the isotherm (10.1) takes the form

In 6:020—)2 = eonstant+1n a, + A'qu—C'¢ (10. 2)
Differentiation of (10.2) w.r.t. gy gives

de Al

dgw = 1 1 (10.3)

Y s+ C
g 1260
Therefore,
2 A" —
d*e A% (AF+40—1) (10. 4)

2z = 3
dg (%+ T +C’) 6 (1 — 20y

Using the condition, d?6/dg} =0, an inflection on #-gy curve can occur
only when
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460+ 460—1 =0 (10. 5)
The eqn. (10.5) has got two roots*),

6, = é—(@—— 1)=0.207 and 6, = —%(«/§+ 1)=—1.207 (10.6)

A negative value of ¢ has no physical significance. Using eqn. (10.5)
gca,ing does not depend on the nature of the anion which is contrary to
experiment.””’

(i1) Predicition of the hump and the minimum on Cp—qy curve

To find whether the inflection point predicted by equation (10.2) cor-
responds to a maximum or minimum on the Cpy;—gy curve we differentiate
(10.4) to get

de | 3A" (Ao A® dy

dgg =t '<dq§1> Tyt deP (10.7)
where

1 1 4 /2

V=9T1"% +C 10.8)

For either maximum or minimum, d?@/dg%=-0 and hence the sign of the
quantity —(A”%[y'")(d*y’'/d#*) determines whether the root represents delete
maxima or minima. A”/y" being always positive, the maxima or minima
is determined by the sign of —d?y’/d#®. Double differentiation of (10.8)
and multiplication by —1 gives

d%y’ 2 32

- =+ gy (10.9)

Substituting the value of 6, in (10.9), numerical calculution shows that (10.9)
is always negative, and hence the root 4, corresponds to a maximum on the
Coi—qu curve. Moreover 6, being independent of the nature of the anion, the
capacitance maximum predicted by eqn. (10.2) is independent of the anion,
and thus is contrary to experiment. @, is also numerically too high (Table
3). No capacitance minimum is predicted. Disappearance of capacitance
hump and minimum with rise of temperature also cannot be rationalized
from (10.2). ,

It is, therefore, delete clear that the isotherm deduced on the basis
of the sharp dielectric boundary is able to rationalize to capacitance-charge
dependence less well than that based on the diffuse dielectric boundary
which corresponds delete more nearly to the real situation.

*) These properties of the equations of LEVINE et al. were first pointed out by R. SEN.%)
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Appendix 1

The Effect of Integral Capacitance on the Capacitance-Charge Relation
For a concentrated solution, the diffuse layer p.d. being very small,
one can represent the p.d. across the electrode solution interface as®

Aoy qu " Ar(x— 1) (@ + Goa) (i)

€ &

¢M_¢s =

where ¢, and ¢, are the dielectric constants in the region between the metal
and the ITHP and that between IHP and OHP respectively.

Using 1/Ky.mr=4rzi/e; and 1/Kipp-our=4n{x,—21)fe:, the eqn. (1) can
be rewritten as

In dutgea [ 1 1 ] gea
— s = = + +
¢M ¢S KM-IHP + KHIP-OHP qM KM-IHP KIHP-OHP KIHP-OHP

(ii)

Differentiating w.r.t. gy, we find

d{dy—0s) _ 1 _ 1 - d [ 1 ]
d(IM Cor Ky e G d%t Kyur
1 dqm] d [ 1 ]
+KIHP—OHP [1+ dQM +[q\[+ch] dq.\{ Kiar-onr (111)

The plot of ¢y—¢s against gos vyields straight lines®™® having equal
slopes which is the value of 1/Kiyponpr for various values of gy. Thus
1/K up-onp may be considered as independent of gy; hence

d[1/Kinponr] :
dgu =0 (iv)
Then with the identity
1 1 1, (v)

KMAOHP KM-IHP KIHP-OHP

*) From eqn. (iv) and (v), one can also have

d;lM [KM»lonP] = d:IlM [Kn-lmp] (va)
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one can write (iii) as

1 _ 1 1 dqc,,_'_'d[l]
Cow Kyonr ' Kinp-onr qu In qu Kymme

(vi)

Assuming the identity (va), SEN® evaluated the contribution of
gud(1/K, onr)/dgy to the capacity by using the variation of Ky our with gy
for Cl~ ion given by GRAHAME and PaArsoNs™ and showed that the term
does give a hump, but its magnitude is very small compared with the
observed one. The type of data obtained for other ions™ is of similar
magnitude to that for Cl-. Since d(1/Ky.onp)/dgy i. e., the slope of 1/Ky.oupr
versus qy plot is very small in comparison with the term dgc./dgy, the
slope of gy—¢gcs plot, which has the values 1 to 2 in the anodic region,
one can conclude that dgc./dgy is the major term controlling the variation
of Cp, with ¢y on the anodic side of p.z. c.
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