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Abstract

A method for calculating low-energy electron diffraction (LEED) intensities is developed
on the basis of the s-wave approximation. The intensities of LEED spots are calculated by
using the value of the wavefunction at the atomic center in a crystal, which is determined
by a set of simultaneous linear equations.

The LEED intensities of the (00), {10}, and {11} beams from the copper (100) surface
have been calculated in the energy range 0-100eV. The primary Bragg peaks in the calcu-
lated LEED intensities are in good agreement with experiments, whereas the heights of
the secondary Bragg peaks are too small as compared with experiments.

It has been found that the distance between the first and second atomic layers of the
Cu (100) surface neither relax nor contract more than 10% of the bulk value.

§1. Introduction

It is one of the most important problems in surface science to know
surface structure of solids. The structure of solid surfaces can be deter-
mined by analyzing both the patterns (spots) of low-energy electron diffrac-
tion (LEED) and their intensities. The analysis of LEED patterns has
revealed many interesting and sometimes surprising features of crystal sur-
faces”, and contributed very much to the development of surface science.

It is to be noted that we can determine only the structure of unit
nets of crystal surfaces by analyzing LEED patterns. In other words, if
we wish to know the details of the three-dimentional structure of crystal
surfaces, we have to analyze LEED spectra, :.e., intensity-energy curve for
the diffracted beams®. Unfortunately the simple kinematical theory taking

*) A part of this paper was presented at the Ninth International Congress of Crys-
tallography held in Kyoto, Japan {1972), the abstract of the talk being published in
Acta Cryst., A 28 (S4), 228 (1972).

##) Research Institute for Catalysis, Hokkaido University, Sapporo, Japan.
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account only of the single scattering events is not adequate for analyzing
LEED spectra, so that a dynamical theory has to be used instead. - Several
dynamical theories of LEED have been developed. In order to calculate
LEED spectra by using these theories, we have to solve a set of simulta-
neous linear equations {(the self-consistent multiple scattering theory*~®) or
a matrix eigenvalue problem (the band structure matching method®® and
the layer-by-layer method®™), both of large dimensions, which requires
a lot of computing time. This has made surface structure determination
from LEED spectra very difficult. Hence it is desirable to develop an
approximation method which does not require too much computing time.

It is the purpose of the present paper to develop a simplified method
for calculating LEED spectra. This method is based on the s-wave approxi-
mation, in which the scattering of electrons by an atom is assumed isotropic.
DukE and Tucker?, and HiraBavAsHI™ also used the s-wave approxima-
tion in their theories of LEED. In the present method the LEED spectra
for a given crystal are calculated by using the values of the wavefunctions
at the atomic centers in the crystal, which are determined by a set of
simultaneous linear equations.

To test the validity of the present method LEED spectra from the
copper (100) surface are calculated and compared with experiments.

§2. Method

Let us proceed with the following basic assumptions. (1) The crystal
has a two-dimensional translational symmetry. (2) The primary wave is
a plane wave. (3) The amplitude of the scattered wave by an atom is
isotropic. (4) The effects of the inelastic scattering processes on the elastic
waves are taken into account by using a uniform imaginary potential. (5)
The scattering of an incident electron by a surface potential barrier is
neglected.

Then the Schrédinger equation describing the diffraction processes are:
in a vacuum,

—P*W(r)= E¥(»), (1)
and in a crystal,

(=72 + V()= Vo) ¥ (r) = E¥ (»). (2)

Here V, and E denote the inner potential and the energy of the incident
electron, respectively. According to assumption (4), we can put'¥
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The Schrédinger Eq. (2) is transformed to an integral equation,

vy =ew | g VW) do, (3)

crystal
where
K?=E+ V3+{V§, (4)

and
LK r—rt]
Zfo(’r—'r') = — —LI];‘T‘ ﬁ .
In Eq. (3) the integration is to be carried out over a
the whole crystal. Let the x—y plane be the
parallel to the crystal surface plane and let a;
and a, be the primitive translation vectors in the
x—1y plane ; then the crystal is divided into the
“reference columns”®, each with the unit net as
its basal plane (Fig. 1. Now the potential func- Lecennn
tion V() is expressed as the sum of the contri- s
butions from the reference columns, i.e., ‘

V)= T Vacr—a), (6)

az

with
Fig. 1. Reference column;

a4 =qa+qa, (7) a, and ay are primitive
translation vectors and

where ¢ is a lattice vector in two dimensions. the z-axis is normal to

Substitution of Eq. (6) into Eq. (3) gives the surface.
V()= em+§R _ Gulr =) Vi () W) dn (8)
where
Guulr—1) = T Zo(r—1"—q) s (9)

q
Here Gg(22—") is called the structural Green’s function and K is the surface
component of the propagation vector of the incident electron. In the case
of 232/, the Green’s function (9) is expressed as the summation over the
reciprocal- vectors'®,

1 ixE (r—2')
go—p!) = Z . Vv 0
Gst (’ ! ) 2 21A1<V € ’ (1 )
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where A is the area of a unit net and v is a reciprocal vector, i.e.

v = 27f(v1b1 +'Uzb2) ,

(11)
a.b; =90, (1, 7=1,2),
and Kj denotes the propagation vector, 7.e.
Ky =(K,+v, +Ky), (12)
Ky=[E+Vi+iVi—(Ky+op]”. - (13)

In Eq. (10) the plus and minus signs correspond to the cases 2>z’ and
2<2', respectively.
2.1 Amplitude reflection coefficient

The amplitude reflection coefficient C, appropriate to the reciprocal
vector v is given by using Eqgs. (8) and (10) as

Cy=(1/2iAK) SR I Vo () ) dr (14)

Let V,(») denote the potential function of the atom (g, ) which belongs
to the unit net at the p-th atom layer in the reference column. Then we
may write

anc.('r) = Z V/:i(r_R/xi) , (15)

where R,; is the position vector of the atom (g, 7). According to assumption
(3), we can replace the potential V,(r) by the Fermi pseudopotential'” ;
Vulr)=—4n.«4 (K) o), (16)
with
A 3 (K) = (2 ® —1)[2:K (17)
Here §,,(K) is the s-wave phase shift of an electron scattered by the atom

(¢, 7). With the help of Egs. (15) and (16), the amplitude reflection coefficient
Cy is expressed as

Cy=(2ni]AKy) 3 ™77 o ((K) ¥(R,). (18)

Here ¥(R,;} is the value of the wavefunction at the center of the atom
(#,7). If we can determine the value of ¥(R,), the amplitude reflection
coefficient C; is calculated from Eq. (18). It is to be remembered that the
intensity of the diffracted beams corresponding to the reciprocal vector v
is proportional to |Cyl|%
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2.2 Wavefunction

We shall derive equations for determining ¥(R,). For this purpose,
we carry out the integration with respect to #’ in Eq. (8) with the help
of Egs. (15) and (16), and we obtain

U(r)=ée*+ Z Gu(r—R,;)(—4n) A (K)T(R,,). (19)

By putting = R,;, Eq. (19) becomes a set of simultaneous linear equations
for the unknown ;

V(R,y) ="+ G(0) A, ,(K)¥(R,))

+ (Z )an,»i A (K)¥(R,) (20)
i(+7
+ T G ARV TRy,
where
Gu=—4n 2 Zo(R;—R.—q)e*, (21)
and
GO)=Y & ¢imms. (22)
%0 IQ|

In the case of z,%z, it is convenient to use Eq. (23) below, rather than
Eq. (21), as the Green’s function ;

Gy = 5 (27| AK,) T RIRD (23)

It is to be noted that the summation over lattice vector in Eq. (22) is
absolutely convergent because K is complex according to Eq. (4).

§ 3. LEED spectra from the copper (100) surface

First we describe the nature of the parameters in the Egs. (20), (21),
and (23). Since the real part of the inner potential is the space-averaged
scattering potential, it is approximately equal to the work function { plus
the Fermi energy E, measured from the muffin-tin zero. In the case of
copper, E; is 7.7eV and { is 4.5eV, so that V;=12.2eV"™. On the other
hand, the value V; can be determined by comparing the calculated LEED
spectra with experimental ones™. In the present calculation we obtain
Vi=13 eV, which is in good agreement with the value mentioned above.
Here we adopt the latter value as the inner potential because it includes
the dynamical effects between electrons.
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The imaginary part of the inner potential is connected with the electron
mean free path A, according to the uniform damping model®® :

Vi=2J E+ Vi/a,. (24)

We treat both the electron mean free path and the s-wave phase shift as
empirical parameters.

An incident electron penetrates into only a few atom layers because
both of the srtong absorption and large atomic scattering factors. The
LEED spectra from the copper (100) surface with seven atom layers (Fig. 2)
have shown good convergence. In Fig. 2 the Cartesian axes are indicated.
The polar and azimuthal angles will be denoted by # and ¢ in Figs. 3-9,
respectively.

3.1 Electron mean free path and LEED spectra

Figure 3 shows LEED spectra of the (00) beam calculated by using
three values indicated in the figure caption for A,,. Other parameters used
are indicated in the panel. The
peak near 35eV is a primary Bragg o (00) beam
peak caused by a single scattering 8-3° ¢=45"

X | 5K S(K)=m/2

® 0.5

Fig. 2. Reference column with seven atomic
layers for the copper (100) surface. The 0.0
Cartesian coordinates of black circles are 10 30 S0 eV
indicated on the left side of the reference Fig. 3. Dependence of LEED spectra
column, where a and d are 256 A and on the electron mean free path.
1.86 A, respectively. iee: 1)6A, 2) 84, 3)10A.
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and other peaks in the spectra are secondary Bragg peaks caused by multiple
scatterings. It is shown in Fig. 3 that longer electron mean free path
lowers the peaks and lifts the dips in the spectra.

3.2 Phase shift and LEED spectra

In the figure caption of Fig. 4 “Born” denotes the Born approximation
for the s-wave phase shift, where the Thomas-Fermi potential

V(r)=—©2Z|r)e?"  (Z: atomic number)

was used to describe the scattering potential. A small phase shift corre-
sponds to a small atomic scattering factor. Figure 4 shows that in the
spectra calculated with smaller atomic scattering factors the height of peaks,
especially those caused by multiple scatterings are lowered. In the case of
6(K)=n/2 the calculated spectra are in good agreement with experimental
ones. Thus we adopt 6(K)=n/2 as an approximate value of phase shift.

3.3 Angle of incidence and LEED spectra
Figure 5 shows how LEED spectra depend on the angle of incidence

15
% (00) beam

| 8=3° ¢=45

hee=8R

|OF

3

4
0.5 |
0.0 ' L L ' ' 1 - l ' !

o 20 40 60 80 eV 100

Fig. 4. Dependence of LEED spectra on the phase shift.
ds: 1) n/2, 2) “Born”, 3) #/3, 4) n/4.
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% (00) beam hee =8A 8(K)=05T
|5 ¢ = 45°
|
>
1ol
3
05|
0.0 ] | l i
o) 20 40 60 80 eV 100

Fig. 5. Dependence of LEED spectra on the angle ¢
of incidence measured from surface normal.
8: 1)0°, 2) 3, 3)6.

of the electron measured from the surface normal. The azimuthal angle is
45°, i.e., azimuth is in the [11] direction.

According to the kinematical theory based on the single scattering
events, larger angle of incidence shifts the peak positions to higher energies.
Actually the primary Bragg peaks at about 40 and 90 eV behave according
to the predictions of the kinematical theory. On the other hand the sec-
ondary Bragg peaks at about 20 and 50 eV show the opposite behavior to
the primary Bragg peaks. This sort of phenomenon was first observed by
McRAE and CALDWELL® in the LEED spectra from the LiF (100) surface.
After two years MCRAE developed a multiple scattering theory of LEED
and was able to explain this phenomenon on the basis of his theory.

3.4 Correlation between calculated and experimental LEED spectra

Figures 6, 7, and 8 show LEED spectra of the (00), {10}, and {11}
beams, respectively. The parameters used are indicated in the panel.
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EXPERIMENT THEORY
(00) beam (0O0) beam
% g=3° 6:=3° ¢=45
12 ¢ = 45° - 5(K) =057
09Ff u hee =84
o6 -
03 -
1 I 1 1 1 l |
20 40 60 80 eV 20 40 60 80 eV
Fig. 6. Comparison between the calculated and experimental
LEED spectra for the (00) beam.
5 EXPERIMENT THEORY
) (10) beam {10) beam
1.2 o — .
8=0 8=0
09 L 8(K)=057
Xee =8 A
06 —
0.3 -
x5 x5
1 1 1 | | |
20 40 60 80 eV 20 40 60 80 eV

Fig. 7. Comparison between the calculated and experimental
LEED spectra for the (10) beam.

Calculated spectra are normalized so that the heights of peaks near 35,
20, and 55 eV in the spectra of the (00), {10}, and {11} beams, respectively,
are equal to the heights of the corresponding peaks in Andersson’s experi-
ments. '

As a whole the calculated positions of peaks are in good agreement
with experimental ones. The calculated heights of the peaks in the case
of the (00) beam are in fairly good agreement with experiments, whereas
those of the secondary Bragg peaks in the case of the {10} and {11} beams
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04} -
% EXPERIMENT THEORY
(11) beam (t1)beam

03 — 0 =o° — e =O°
3(K)=05m
hee =8 A4

02} L

0.1 =

1 1 | ] i 1

1 | | | 1
40 50 60 70 80 190ev40 50 60 70 80 90ev

Fig. 8. Comparison between the calculated and experimental
LEED spectra for the (11) beam.

are very small as compared with experiments. This indicates that the
secondary Bragg peaks depend more on the details of the atomic scat-
tering factor as compared with the case of the primary Bragg peaks.

3.5 Relazxation or contraction of a surface and LEED spectra

Figure 9 shows the dependence of the LEED spectra of the (00) beam
on the relaxation or contraction of a surface. Let us denote the separation
between the first and second atom layers and the separation between layers
in the bluk crystal by &’ and d, respectively. Curves 1, 2, and 3 correspond
to the spectra from the model surface with a=0.1, 0, —0.1, respectively,
where a is defined by &'=d(1+a). It is found that the spectra from the
relaxed or contracted surface is not in good agreement with the experi-
mental one. It is also seen that LEED spectra change critically depending
on the relaxation or contraction of the surface.

§4. Concluding remarks

A simplified method for calculating LEED spectra has been developed
on the basis of the s-wave approximation. The LEED spectra from the
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(0O0) beam
A o o
6-3" $=45" 8(K)=05T
20% )\ee=85\
3
1.5}
2
1.OF
O05+F
|
I
0.0
0 20 40 eV 60

Fig. 9. LEED spectra of the (00) beam from relaxed or contracted surface.
The curves 1), 2) and 3) show the spectra for the cases in which
the separation of the surface layer contract by 10%, 0% and —10%,
respectively, as compared with the bulk value.

copper (100) surface have been calculated by using this method and it has
been observed that as a whole calculated peak positions are in good agree-
ment with experiments and the heights of the primary Bragg peaks are
also in good agreements, whereas the heights of the secondary Bragg peaks
of the non-specular beams are very small as compared with experiments.
It has been found that the separation between the first and second atomic
layers neither relax nor contract more than 10% of the bulk value.
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In conclusion the present method based on the s-wave approximation
is relatively simple and of practical value for analyzing LEED spectra.
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