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CHEMICAL POTENTIAL VARIATIONS IN 

TUNGSTEN BRONZES 

By 

Mino GREEN*) 

(Received August 18, 1980) 

Abstract 

A theoretical relation between guest atom concentration and chemical potential in the 

tungsten bronzes Mx W03 is presented. Some consequences of the model are discussed and 

compared with experiment. 

1. Introduction 

The determination and understanding of the behaviour of the non­
stoichiometric inorganic compounds called the tungsten bronzes - M",WOs -
is interesting and important for a number of technical reasons. These 
tungesten bronzes are a small but significant part of the larger class of 
insertion compounds which include the oxide bronzes (the host being the 
transition metal oxide in its highest oxidation state), the chalcogenide bronzes, 
and the graphite intercalation compounds. In this paper, we report, and 
offer an explanation for, the variation in chemical potential of guest metal 
atom M as a function of mole fraction, x, in the host solid was. The 
significance of the model arrived at for such non-equilibrium phenomena 
as guest atom diffusion is outlined. 

2. Guest Atom Chemical Potential as a 
Function of x 

The vanatlOn in the chemical potential of Na in NaxWOs (as a function 
of x) has been measured by an electrochemical method and is reported in 
a brief publicationY The experimental data are summarised in Fig. 1. A 
simple theory for the variation in LlG with x up to about 0.25 has been 
put forward!) and is summarised here because of its significance in the in­
terpretation of guest atom diffusion, which is the topic of the last section. 

Guest atoms of WOs are treated as an expanded lattice of ions embedded 
~~~.----~-.-~~-
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Fig. 1. The cell e. m. f. (Na\Na-.B-alumina\Nax W03) for five thin film 

Nax W03 electrodes of varying sodium content (at 25±2°C). 
All data are corrected for grain boundary volume. The dashed 
line is the theoretical curve. 

In a dielectric (the WOs) and the electrons are treated as a free electron 
gas. The enthalpy contribution to the free energy now comes from the bind­
ing energy of the ion to the lattice and is taken to be highly local and 
independent of x up to x~1/4, plus the average kinetic energy of the free 
electron gas which, of course, is a function of x. 

The entropy contribution is obtained from the arrangement of the ions 
over the sites of the host (here we abandon the lattice of ions and treat the 
purely random case: the inconsistency is not serious.) The final expression 
for the variation in chemical potential, or the EMF of the cell, NaINa-fi­
alumina I NaxWOs, is: 

-LIG = eEm = Lo-1.47x2/s-kTln [x/(l+x)] ( 1 ) 

(electron-volts) 

In this expression, Lo is the local ion-lattice interaction energy term, its value 
is determined from experiment by fitting the data at low x values (:;;;lO-S). 

Clearly Lo will vary from one ionic species to the next. The constant 1.47 
is obtained from the expression for the average kinetic energy, K, of a 
free electron Fermi gas, namely, 



Chemical Potential Variations in Tungsten Bronzes 

( 2) 

Ii and me are Planck's constant and the rest mass of the electron respectively, 
while n is the electron concentration for x=l, i. e. n=a(j3 where ao is the 
lattice constant for cubic WOs (=3.85 X 10-10 m). The solid line in Fig. 1 
is the fit of the theoretical expression with Lo for sodium equal to 2.78 eV. 
Divergence between theory and experiment occurs at x:;;;::O.25 which is where 
it should occur since we then start to get a significant number of nearest 
neighbour sodium ion pairs. 

3. Galvani Potential Difference as a 
Function of x 

In reading this section it is worth while to recall that the electrochemical 
potential of a species i of charge z in a homogeneous phase IX of relative 
activity ai is written as 

Pi = pf + kT In at + ze¢>a ( 3 ) 

where pf is the standard chemical potential of i in IX and ¢>« is the inner 
potential of phase IX, (see e. g. ref. 3). The Nernst equation for the cell 
potential can be written as 

eE = eEo-kTln aNa ( 4) 

or 

eE = eF»' -kTln aNa +ae (5) 

where we refer to the relative activity III the Na",WOs phase. Comparison 
of eqn. (5) with eqn. (1), taking aNa equal to x/(l + x), gives 

kT In ae = Const. + 1.47 x 2/ S ( 6) 

If there is a gradient in x in the tungsten bronze but no electric current 
flowing it will nevertheless be true that the electrochemical potential of elec­
trons will be the same everywhere so that with eqns. (3) and (6) we obtain 

e¢> = -Pe(r)+Const.+l.47 x 2
/ S (7) 

and Pe (r) is the electron electrochemical potential which IS independent of 
the spatial coordinate, r. Thus, 

d¢>/dx = (2/3) 1.47 X-liS (8) 

It follows from eqn. (8) that a local guest atom concentration gradient 
will have an associated local electric field, namely, 
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drj>/dr = 0.98 x- lIg dx/dr ( 9 ) 

That a change of "doping" concentration IS accompanied by a change m 
electrostatic potential is to be expected, it is highly familiar to those whose 
work is with the physics of semiconductors. The important physical con­
straint for eqn. (9) to be valid is that the screening length for the Fermi 
gas should be sufficiently short compared with a characteristic length as­
sociated with the local concentration and the local concentration gradient. 

4. Guest Atom Diffusion CoefHcient 

The internal electric field which we can now associate with a guest 
atom concentration gradient can have a considerable effect upon the diffusion 
coefficient, D, of the guest atom. Mott and Gurney showed that the activa­
tion energy for interstitial diffusion is modified by any external electric field 
according to the relation 

D = Do exp (e2F/2kT) (lO) 

where Do is the zero field diffusion coefficient, and 2 is the distance between 
adjacent interstitial sites (=ao). There is no difference in kind between the 
internal and the external electric field, thus eqn. (lO) with eqn. (9) gives 

D = Do exp [e2(0.98 x- lIg dx/dr)/2kT] , (11) 

where the influence of a concentration gradient is apparent. 
Weal have carried out galvanostatic studies on NaxWOg/Na-j3-alumina 

electrodes under conditions in which the sodium concentration gradient at 
the surface of the NaxWOg is given by 

dx/drls = Io/NDo (12) 

where 10 is the flux of sodium particles to the surface of the NaxWOg and 
N is the concentration of sodium atoms corresponding to x= l. In this 
way we have determined that at 25°C, DO is 6 X lO-20 cm2/sec. We have also 
carried out galvanostatic studies as a function of current density and calculated 
the apparent D, using the relation6) 

[ ] 
2l0tt 

x(t) -x(t = 0) s = ,J 7'C NDf (13) 

Some of these data are plotted in Fig. 2. 
In order to obtain a tractible relation for something like Xs up to 1/4 

the approximation (I think it is a highly valid one) is made that D at any 
particular current density is a constant independent of position. Under these 
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Fig. 2. Variation of sodium. diffusion coefficient in Nao.l WOs as a 
function of insertion current density. The solid line is the 
theoretical curve. 

conditions eqn. (12) (dropping the superscript on the D) IS inserted into eqn. 
(11) whereupon 

D = DO exp (~Io/ D) (14) 

where 

_ ( e;( 0.98 X-liS) 
f3 - 2kT N (15) 

For the experimental conditions used X-liS could be replaced by <x)-IIS with­
out serious loss of precision (fortunately for the approximation this is a slowly 
varying quantity). The solid line in Fig. 2 is the solution to eqn. (14) for 
,(=3.85 A, N=I/a& and <x)-lIs=2, Do having been previously determined. 
The fit seems good and furthermore seems to be well obeyed up to very 
much higher current densities. 
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