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Hyponormal Toeplitz Operators And Zeros Of Polynomials

Takahiko Nakazi (Hokkaido University)

Abstract. The problem of hyponormality for Toeplitz operators with (trigono-
metric) polynomial symbols is studied. We give a necessary and sufficient condition using
the zeros of the analytic polynomial induced by the Fourier coefficients of the symbol.

S
For example, if the symbol ¢ = z[T'_;(z — o) [[ (z = B)), leyl < 1, [B;] > 1 and T is
j=1
hyponormal then [T/_; |a;| x [T5-, 18] < 1.

§1. B&E

% COBEMARET D, 1<p<ocoDi&E, LPIXT LD Lebesgue Z2f, HP
Z T FoiEo Hardy 222~ T &35, P% L2 H2 ~DEXRFE LT D, ¢ € L™
(2% LC H? @ Toeplitz 1EAZ T, 1%

Tof = P(of) (f € H?)

ELTEETD, 20L& Ty XALNCAETMERAZ 2D,

Ty 2% normal 1EMIZR &3 Ty T, = TyTy BRRALT 52 & TH Y| T, % hypomormal
TERIZR L 1X, TyT, > TyT; DR THZ ETHD, Lo T normal fEAFEIE hyponormal
EM#F TH B, Ty »d H? ET subnormal 1EMZE &3, H? & Hilbert 22 £ normal
YERSE N 2> T, NI H> 2 AREEHZEEE LTED, Tyld N O H> ~DfIfRE 72D
Z L Th b, normal EFAZFEIT subnormal fEFIE CTH 5 Z LITHALATH 523, subnormal
YEFIZE A hyponormal 1EfAFR L2 2L b L<HBA TN D,

T 75 normal, subnormal ¥ 7213 hyponormal ® & &1, o 1LZ D symbol ¢ &

< 2 LITHEIRZ RO,

§2. Toeplitz YEAZHR®D symbol [T & BT T

Z D § TIE—MAY7e symbol (2%t L T®D Toeplitz YEM A subnoromal 721
hyponormal T# % & & @ symbol DHI S NVIZFFET T T EZ D,

[1]
T, 7% nonnegative Th 2 UBE+ZRMIL ¢ >0 TH D,

[2]
T, 28 selfadjoint T 2 LB+ RMIL ¢ DEEMERILTH D,



[3] (Brown-Halmos, 1963)

T, %% normal ’Cﬁ)éiﬁ%‘l‘”xﬁ:iaﬁ € CLEHBMERBE wNFEELT ¢ =
au+p EETLHZLETHD,

[4] (Cowen, 1988)

Ty 7% hyponormal T D MEF3RMEIE ¢ = ¢1 + do. ¢ € H? (j = 1,2) 3
pr=c+ T LEFDZ kf%éo::TkeH“ceC#Owaglf%é

[5] (Nakazi-Takahashi, 1993)

Ty hyponormalf%éz\g‘l"”‘ﬁ:iqﬁ kp+gltEIFIDHZLTHD, =
Thge H® 2D [kl <1THD,

BERA [4] 2 v &

[6] (Nakazi-Takahashi, 1993)

o ¢=q"?u+g. ql¥inner B, w I XEBH O gL gje H® X725 H® D
Bl 42 & Ty 13 hyponormal & 725,

o ¢=(kg+g)(/(1—|k]*). k,g € H® > |k| <1 a.e. 72 5IE T, iX hyponormal
L%,

SERR [5) % AV k.

[6] D3 d BB TRIT 5,

§3. symbol NZIEHXDIFE

Z® § Tl& symbol NEZIEAX DA IZ Toeplitz EAFE A subnormal %7213 hy-
ponormal T#H 5 & & D symbol OIS NI=HE T E2 52 D,

[7] (Abrahamse, 1976)
¢ =37 a7’ DL E Tyh subnormal Th 2 UE+DFMIT n =0 FiX
ap=aby+ f,a; =ab; PO b_j=b; E72DHTLTHD, TTTa,feCThD,

[8] (Nakazi-takahashi, 1993)

o= ,ae? LI DLE WD (i) ~ (i1) BEEILT D,

(i)Ty 7% hyponormal 725X m > n

(itym > n & D, 2" |20] > 1 &85 20 ZFERELTHDRBIE, 2"¢ I
1/2 TEVEWEBETERZ b DL T 5L, Ty ld hyponormal &72%,

(ii)ym = n &35, 2"p DERILT EICDOB B 572 51X, Ty id normal Th 5
2>, % 9 T72F L hyponormal Tid7auy,



§4. Carathéodory-Schur O##fEEE
k=3520c2 € HO D |klloo <1 & T 5, ko:=kh>n > 018 LT

T (1 = Een(0) ki (2))

BIT ky € H. |[knlles < 170

(Il <1)

kn(0) = @, (co,- -+, ¢n) (n>0)

Thbd, T T P, I& Schur Bt TH B, Schur BEDOEWID 3 SDEIZR TE 2 b,

22(1 — ’ZO|2) + Z()Z%

(1= l20/*)? = |2a]*

@o(zo) = Zo,@1(20,21) = 21/(1 - |ZO|2)\<I)2(30731,22) =

w 0 - 0

. 1 G 0
T(007"‘acn> =

Cp Cp—1 *° Co

I% Carathéodory 1751 & FEITIL D,

[9] (Schur, Carthéodory, 19177)

WD (i) ~ (141) (XFETH 5,

(1) FEED co 1,0y ECIZHRLT, g=cog+crz+ - +cpz” +2"G 725
g€ H*® T, |lglloo <1DFET 5D, '

(19)| Pk (co, €1, +yer)| <1 0<k<n,

(#89) || T (co, -+ )l <16

§5. ZIERX D% L hyponormal {ERAZEK

Z D § TIE Zhu[p] DFEREZ B~ D,

EHE 1
¢ =370 a;2’ + > =0 bjz?, an # 0
AR
Co a as o ani ap \ [ 0
C1 | a2 az -+ ap O by
- G 0 - 0 0 by
DEE

Ty %% hyponormal T D MEAZRIFIL |Pr(co, -, e)| S 1,0<k<n—1&72
HTETHD,



21

¢=ao+aiz+bz a #0
DL E
Ty #% hyponormal T 2 MLEAGEMIT |by| < |ay| E72D 2 & Th B,

% 2

¢ =ap+ a1z + azz? + b1z + by22, ay # 0
DL X
Ty % hyponormal T 2 MBS GMFIT bo[? + |aohs — arby| < |ag]? 7252 & Th B,

§6. ZIERXNDF R & hyponormal {EEHE

ZO§TH LR [4] 285,

EHE 2
gf):geH;:l(Z“Olj) ;:1(2—5j);€21,|aj|<1,|ﬁj|21&ﬁ—%)o
(22T t=0725 [, (z-aj):l\ s=0726 [z -6) =1, )
Y Do
f= Hl-O‘J H “BJ 7

TDLE X,
Ty 7% hyponormal {EFIZR THOUEFZRMIT 20 <t + s D
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&fﬁ%) Coy -, Co—1 GCﬁ’@E?é:kf&)éo

%3

FEH2TlL=1¢,TD,
T, 7% hyponormal T % B4 5L T, oj] x [Tz, 18] < 1 Th 5.

EHE2Tl=2&L72,
Ty 73 hyponormal Td 2 ME+3FME [Th, laj| x TT5=, 8] <1
D




e <1 feols
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The characterizations of the composition operators
on BMOA with closed range

Rikio Yoneda

Otaru University of Commerce

Abstract

We study the composition operators C, with closed range on the weighted Bloch spaces, the
weighted Dirichlet spaces, the Bergman spaces and the Hardy space. In particular, we study
the relationship between C,, with closed range on the weighted Bloch spaces and C, with closed
range on the weighted Dirichlet spaces.

Key Words and Phrases : composition operator, the weighted Dirichlet spaces, BMOA,
Bloch space, Bergman space, Hardy space, closed range, bounded below, the operator infimum
norm.

For ¢ holomorphic self-map of the open unit disk D, the composition operator C, is defined
by Co(f) = fop. For z,w € D, 0 < r < 1, let p,(w) = z—_w and let p(z,w) = ‘ S
—Zw

1 1—2Zw
D(w,r) ={z € D,p(w,z) <r}.
The space B, of D is defined to be the space of analytic functions f on D such that

and

|7 lp.= £(O)] + sup(L ~ 21 [f ()] < +o0

Note that By = B is the Bloch space .
The little Bloch space By is defined to be the space of analytic functions f on D such that

(=)@ =0 (2] = 17).

sup,ep(1— 12|%)@|f'(2)] is a pseudonorm, which coincides with the Bloch-norm on the closed
subspace of functions that vanish at the origin. So it coincides with the quotient norm on B,/C
where C denotes the closed subspace of constant functions. The space BMOA is defined to be the
space of analytic functions f on D such that

sup [ (1= [pa(2)P)| S (PAAG) < +00.
aeDJD



For a > —1, the weighted Dirichret space D® is defined to be the space of analytic functions
f on D such that

L@@+ 1)1 - |22)7dA() < +oo,

where dA(z) denote the area measure on D. In the case of & = 1, then D! = H? is the Hardy
space. In the case of o = 2, then D? = L2 is the Bergman space.

Let X be Banach spaces and let T be a linear operator from X into X. Then T is called to
be bounded below on X if there exist a positive constant C >0 || T'f |> C || f || for all f € X.
And the operator norm is defined by the following:

| T [lsup,x= sup [Tz |x .
Izl x=1

And we also define the operator infimum norm by the following:

| T [lint,x=inf [Tz |x.
llzll x =1

Let Ge = ({z e D, %&z—)' > e}) By Schwarz-Pick lemma, the operator C,, is bounded
on the Bloch space B. And C,, is also bounded on the space BMOA. See [3]. In [3] P.S.Bourdon
and J.A.Cima and A.L.Matheson have obtained a necessary and sufficient condition for compact-
ness of C, on BMOA. Tt follows from Littlewood’s subordination theorem that C, is bounded
on all the Bergman spaces. In [5], P.Ghatage and D.Zheng and Nina Zorboska determined the
composition operators on the Bloch space with closed range using a sampling set G for the Bloch
space. In [18] Nina Zorboska study the closed range composition operators on the Bergman spaces.
H.Chen and P.Gauthier study the boundedness from below of composition operators on Bloch
space in [4]. In this paper we study when the composition operators are bounded below on the the
weighted Dirichlet space D%, the weighted Bloch spaces B, and BMOA. In particular we study
the relationship of C, with the closed range on B, and C, with the closed range on D®.

Theorem A. ([5]) Suppose ¢ is a univalent sel f-map of the open unit disk D. Then
the following are equivalent.

(1) C, is bounded below on B.

() || @wo lsjc2 k for all we D.

(3) For any e <k, p(Ge,z) <r <1 for all z€ D, r depending only on €

(4) For any € <k, for some r, Ge satisfying |Ge N D(w,r)| > C|D(w,r)| for all w € D.

Theorem B.([5]) The composition operator C, is bounded below on B if and only if
there exists some € > 0 such that G is a sampling set for B.

Theorem C.([5]) If ¢ is univalent and Cy is bounded below on BMOA, then it is
bounded below on the Bloch space.

Theorem D.([18]) Suppose ¢ is univalent self-map of the open unit disk D. Suppose
p is a univalent sel f-map of D. Then the following are equivalent.
(1) Cy: L2 — L2 is bounded below.



(2) C,: H? — H? is bounded below.
(3) Cy,: D* — D is bounded below for some a, o > 1.
(4) C,: D* — D* is bounded below for all a, o > 1.

In [15] R.Zhao proved the following lemma :

Lemma E. Let o > 1. Let f be an analytic function on D. Then f € B, if and only
if sup [ (1= |20 = o o) PPIS (PAA() < +oo.
a€eD JD

In [7] D.Leucking proved the following result:

Theorem F. ([7]) Let a > —1. There is a constant C > 0 such that

L If@R - 12RdAE) < © [ 17ER - |22)dA()
G

for all f € DY if and only if a subset G of D satisfy the condition that there exist 6 > 0 and
r > 0 such that 6|D(a,r)| < |D(a,r) N G|, where |D(a,r)| is the (normalized) area of D(a,r).

If (0) = a and ¥ = @, o @, then C, is bounded below on B, (or D) if and only if Cy is
bounded below on B, (or D%). So we assume from now on that ¢(0) = 0 and that C,, is acting on
the subspace of functions that vanish at the origin.

Theorem 2.1. If Cy : L2 — L2 is bounded below, then Cy, : B — B is bounded below.
Moreover
| Cp llint,z2< K || Cy llsup,z2 [l Cop llint .5 -

In [3] P.S.Bourdon and J.A.Cima and A.L.Matheson have shown that compactness of C, on
BMOA implies its compactness on the Hardy space H2. Since the operator C, is bounded on the
Hardy space, we can prove the following result :

Theorem 2.2. If C,: H? — H? is bounded below, then Cy, : BMOA — BMOA is
bounded below. Moreover there exists a constant K > 0 such that

“ Csa Hinf,HzS K ” Csa Hsup,H2|| CLP Hinf,BMOA .

Theorem 3.1. Leta > 1. Suppose 18 a univalent self-map of D. If for suf ficiently
small € > 0, 3’ > 0 and some constant K > 0 such that

|D(w,r") N E¢| > K |D(w, )|



for all w € D, where E, = ¢ ({z € D, i~|z|2 > €} ), then Cy, is bounded below on D®.
T-Te()[? ®

Lemma 3.2. Let a > 1. Let ¢ be a holomorphic self-map of D. Then

‘ (12 () _ (1= [w*)*¢ (w)

A=lp)P) 1 —lpw)?)e

< Cp(z,w)

for any z,w € D.

Lemma 3.3. Let a > 1 and some constant k > 0. Suppose || ¢y 0 @ Bojc= K for any
w € D. Then the following conditions hold.
(1) Whenever e <k, p(z,F.) <+/1—€e=r, for any z € D,

1—|[2? : /
where Fe = ¢ ({z € D, (I—W) ' (2)] > e})

(2) Moreover there exist constants s and ', 0 < s < 1 and r’ € [r,1) such that given w € D
Jzy € D such that ¢ (D(zy,s)) C D(w,r") N F..

Lemma 3.4. Let a > 1. If ¢ is a univalent self-map of D and || o ¢ 8. /c= k for
any w € D, then for any € < k, 3r' > 0 and some constant K > 0 such that

|D(w,r") N F.| > K |D(w, )|

a2\
for all w € D, where F, = ¢ ({z e D, (%) ¥’ (2)] > 6})

Proposition 3.95. Let a > 1. The composition operator Cy is bounded below on B, if

1-]22 \°
and only if there exists some € > 0 such that F, = ¢ ({z €D, (r@@ﬂi) |/ (2)] > 6}) is a

sampling set for Bg.

PI‘OpOSitiOIl 3.6. Let o > 1. Suppose ¢ is a univalent self-map of D. Then the
following are equivalent.
(1) Cyp : By — By is bounded below.
(2) lewoplls.e=k for anyw € D.
(3) For any e <k, p(z,F) <+1—e=r, for any z € D.
(4) For any € < k, 3Ir' > 0 and some constant K > 0 such that

|D(w, )N F.| > K |D(w,r’)|

for all w e D, where Fe=¢ {2z € D,| ————
1 —p(z)

1- 22 \°
|2> ¢ (2)] > e}) Moreover

I Cy lling.a~ 0k | pw o llpye (@ >1).



Theorem 3.7. Let 1 < a < B. Suppose ¢ is a univalent self-map of the open unit
disk D. If C, : Bg — Bg is bounded below, then C, : By — By is bounded below.

Theorem 3.8. Let o > 1. Suppose ¢ is a univalent sel f-map of the open unit disk D.
If Cy,: By — By is bounded below, then Cy, : D* — D® is bounded below. Moreover for some
constants C > 0,
[ Co llinf,B.< C || Cop llinf, Do -

Theorem 3.9. Let o > 1. Suppose ¢ is a univalent sel f-map of D. That the following
are equivalent follows from Theorem D.
(1) Cyp : Ba — By is bounded below.
(2) Cy: L2(= D?) — L2(= D?) is bounded below.
(3) C,: H%(= D) —» H%(= D%) is bounded below.
(4) Cyp: D* — D% is bounded below.

Il Co llint, 22l Cop lling,m2= Cop llint, D2 Cp |int, B, Inf Il owo @ lB./c (a@>1).
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Isometries of Nevanlinna-type spaces N?(D)
(E¥F@ETO Nevanlinna B2 N?(D) [THEFTEHFRERICDOIT)

EFEMAZHEL SHEARRE. 18 M (Yasuo IIDA and Kei TAKAHASHI)

Abstract. Linear isometries of N?(D) onto N?(D) will be described, where N?(D) , p >
1, is the set of all holomorphic functions f on D = {z € C|Imz > 0} such that

syg%)/R(log(l + | f(z + z'y)|))p dr < +o00.

1. #fi
F. BAHK U = {z € C||z| < 1} E® Nevanlinna BIZEHOEHEE 525,

EE1-1
f2U ORI LTS, e T={2€C||z|=1} &7 %,
2w .
1. sup A log(1 + |f(re?)|)dd < 400 ZiIZT L E, feN &T5,
0<r<1

(FER) feENDEX, fr(eY) = linla_ f(re®) 28 ae. e € T THET D,

2. HDoeLlN(T),p=201ZxL log(l+|f(2)]) £Qlg)(z) (z€U) ZiWled & X,

feN, £33, ZZTHIIXT U L® Poisson FE7m = FK T,

2T .
3. p>1&¥%, sup A (log(l +f(re“’)|>pd0 < 4oo Tl L&, fe NP
0<r<1

LD, ,

4. 0<g<oo &T%, sup A |f(re?)|%df < +oo EiT-T L &, fe HI
0<r<1
L5,

N % Nevanlinna class, N, % Smirnov class, N? % Privalov space, H? % Hardy space
RS, ZHODZEMDHWEITIE, BEBER HICNPCN,CN (p>1,0<g< )
DRV LD, N &FDERGZEM N, , NP, H1 % %#F L T Nevanlinna B2Z2/] L FES,

—7% ., E¥¥HE D = {z € C|Imz > 0} T® Nevanlinna ZZEZ-DW\TiX Krylov @
FERZIZLOWVANAH LN TWS ([3, 5]) 25, LALEAIX D D Nevanlinna class
No(D), Smirnov class N, (D) Z¥&D & 5 IZEZI iz ([6]) -
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EE 1-2
f % D EoOIERIEEE L 5,

1. suIO)/Rlog(1+ |f(z+1iy)])dz < +oo BT/ T L&, fe Ny(D) &35,
y>

2. H5% ¢pecL'(R), =0 log(l+|f(2)]) < Plg)(2) (z€ D) &Wi=d&x,
fEN(D) &35, ZZTHBIE D LoD Poisson FEHEKT,

T NP SRS T D D EoZEf L LT, NP(D) Z#F72IC8AT 5 ([4]).
EE 1-3
p>1&33, D EOERIBES f 53 sup R(log(l + lf(x—i—iy)I))p dz < oo %iW1=9
y>
L&, feNP(D) LT3,

NP IZET2BEICO>WT, AFD 2 O0OEEIBAKLY O -

EH 1-4([4])
p>1&L. feENP(D) T2, TDLE, LLTHHKY LD :
(i) foUleNP. ZZTVU(2)=(2—-14)/(z+1i) (€ D) TH5.
(i) f*(z) == lim f(z+iy) 23 ae. v € R THEETD.
y—0+
(iii) 22%A(log(1 + | f(z + zy)|))p dr = y£%1+ /R(log(l +|f(z+ iy)]))pdx

= [ (tog(1 + 1" (@)D))" do

I 1-5([4])

p>1EF%. dylf,g) = { [ (log(l+1f@) ~ g @) e} (£, 9 € N(D)) &
N?(D) EomEEETH Y, BEREZER (NP(D), dy) 1% F-algebra (FIZOWTHEFETH D,
MBS IEREZER) Th D,

2. Nevanlinna #Z=HEIZH T HERERFBRICDNT
D HIIZET5AHERSE
H?! EOBRBEIRDO IS ICEREIND -

27 . . %
qz10%8: 0= {[ 15 g @rw} (fgeH)
0<q<1OBE: r(f0= [ IFE g0 (fgeH),
EE2-1

0<qg<oo &2, HI h»b HI ~D#EEH A BMEED f € HT IZ2WT

[T eyedo = [ 15 (e ao



BT &, A%k H-%REHB LS,

HI 2B 2IBERBBIZOWVTIL, UTOREN ML TS ¢

EH 2-2([1])

0<qg<©,qg#2¢T3, A: H - H BRE~DORFEEBHRTHE L X, ¢ €

T, ¢(2) = 17:_ aazb (aeU,beT) BEFEELT

(Af)(2) = c{@'(2)}7 f(p(2)) (z €U, f e H)
IR Y LD,
@ N, NP IZBI+3BHERER
N,, N* FOBEBEIKRO LS CEHRESND (ZEL N =N, £33):

-

pof 9) = sup { [ (g1 +17(re) = glre®))) a8} (7, g€ NP)

0<r<1

E& 2-3
p21 &35, NP vb NP ~D#EEH A BMEED f e NP IZONT

2 . 27 .
| (tog(@+ (4" (D) do = [ (1og(1+ 11 (e)]))” db
il &, A% N-ZEREEBLES,

EE 2-4([2, 7))
pzl&L, A: NP - NP BE~DOHRVERGBRTHD LT D, ZDL XHExHEL D
BHEH a, b BFELT

(Af)(z) =af(bz) (€U, f e NP)
L%,
@ N.(D) IZBT3#BHERTH
N,(D) EOEBIIRDO LI ICEREIND :

A(f, ) =sup [ og(1+[f(z +) ~gla+iw))dz (f, g€ N.(D).

E X 2-5([6])
A:N,(D)— N,(D) B E~DODRFEEEBRTHDETDH, ZDOL ETHIME 1 DERHK
ct aeRMBFELT

(Af)(z) =cf(z+a) (2€D, feN(D))



L7725,

X T, NP(D) LoE#IIEHE 1-5 THhx bNn, ZOEBCEL To E~DRFE
EBBIZOWTUTOREEET- :

EHE 2-6

p>1&L, A:NP(D) — NP(D) B3 E~ORFEEREFBRTHD LT, ZD L& X%t
B1OEFHc L ae RBHFELT

(Af)(z) =cf(z+a) (2€D, feN(D))

&2 %,

3. ©¥ 2-6 DI

EF2-6 DFEFHD -1, W OO RfBEEBEL T 5,

F3. HP(D) (0<p<oo)lZ sup/R |f(z +1y) P dz < +oo %729 D EOIEAIBIEK

>0

f OEAT, D Eo Hardy 2% £

#%8 3-1([6])

p>0,p#2 LT3, AW HP(D) 2» HP(D) ~DE~DRFEEBEHLTHD L X,
A TR TEEIND ¢

(AD)(2) = (@' (@))? ()7 (=)

ZZTeceT,¥(z)= i;z , Y XU 6 U ~® conformal map Th D,

2
p

f((FogpoW)(2)) (2 €D, fe HY(D)),

1

(ER) ¢=U"logpo¥ i< L, ZORT (Af)(2) = c(#(2))7 f(4(2)) (2 € D)

LRIND,

fHiRA 3-2([6])

D EOERIBEE f T, [f(2)|lz+i]? PAERLRD2EIRbOEEDEEEZ V LT 5,

(i) V iX H?(D) (1 £ p < 00) Tdense TH D,

(i) V I N.(D) Tdense TH %,

(iii) V 1% NP(D) (p > 1) Tdense TH %,

& 3-3

p>1&35, AW NP(D) 5 NP(D) ~DE~DORBERGEHRTHIEE, ARV
% V2 HY(D)-%REH L LTET,

i 3-4

p>1,p#2 &35, AW NF(D) /»b NP(D) ~DLE~DHRFEERFBLRTHD L X,
ARV % Vic HYD)-SEE#®B L LTET,



#R%E 3-5

A 28 N?2(D) 2»5 N?(D) ~DOE~DOBRFERBHBTHD L &,
1) ARV %2 Vic H(D)-%EE5HKL LTET,

(i) AIXV % V IT HYD)-EREHB L LTET,

(GERA D HRER)
I) p>1,p#2 DIFAE
feVv &35 L, MBS, 3-3, 34 FHNWT

(AF)(2) = ep(8(2))7 F(8(2)) = Cpa(S41(2) 7 f(dpr1(2)) (2 € D)
LRIND, TZThi(j=p,p+1) i D 55 D ~® conformal map, 725

qﬁj(z):% (z € D) T «j,B,7,0; € R 23> Dj := a;é; — B;7; >0
@%@%@f%é !
p(p+1) 2p+2
5 | D+
e J: p‘H- (¢P+1(Z) |7p2+ /4 — 1 kf- . l/-'c z
EY DT 6@ | Tene o L S0 S LV ERTS

BARMZ2BE (BIE f(2) = (z+1)73) ZRALT ¢;(2) DRBERESED L
(Af)(2) =cf(Bz+a) (ce C,>0,a €R)

255, E | Afllm=Ifllm G=p,p+1) &V |c|=8=1%%HE5, REIZ, *ﬁ%
3-2LV ViX NP Tdense 2D T f e NP(D) ’?QLL’C(Af)( )=cf(z+a) (z€ D)7
[P A VASH

(1) p=20tZ

i 3-5 Z HWIUE, (1) DBRE LRRRICRD b s,
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Inversion formulas for a linear system determined
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1 Introduction

Inverse problems in mathematics which are expected to be applied to practical problems will, some-
times, have weak points in the viewpoint that the background theories are not faithful for practical
and physical problems. For example, equations are the representations of some ideal models and
are not those of faithful models in the real physical world. Sometimes, boundary conditions for
the equations are involved in physical units and sometimes their physical realizations and obser-
vations are very difficult. Here, we shall give a new inversion formula for a linear system based on
physical experimental data and by using reproducing kernels and the Tikhonov regularization. In
particular, we will not assume any analytical assumption on the linear system, but we use physical
experimental data for obtaining an approximate inversion formula for the linear system L. We
shall apply the following fundamental theory for this purpose:

Let E be an arbitrary set, and let Hg be a reproducing kernel Hilbert space (RKHS) admitting
the reproducing kernel K (p, q) on E. For any Hilbert space 7 we consider a bounded linear operator
L from Hy into H. We are generally interested in the best approximate problem

(inf IILf — dllx (1)

for a vector d in . However, this extremal problem is involved in the both senses of the existence
of the extremal functions in (1) and their representations. See [7] for the details. So, we shall
apply its Tikhonov regularization.

For any fixed positive a > 0, by introducing the inner product

(f?g)HK(L;cx) :a(fag)HK +(LfaLg)'H7 (2)

we shall construct the Hilbert space Hg (L; ) comprising functions of Hg. This space, of course,
admits a reproducing kernel. Furthermore, we obtain the fundamental

Proposition 1.1 (/8,5,6]) The extremal function fq(p) in the Tikhonov regularization
. 2 _ 2
inf {allflf +l1d - L1} 0
exists uniquely and it is represented in terms of the kernel K (p,q;a) as follows:

fd,a(p) = (d7 LKL('vp; a))’]—{ (4)

where the kernel K1 (p,q;) is the reproducing kernel for the Hilbert space Hg(L;a) and it is
determined as the unique solution K(p,q;a) of the equation:

. 1. 1
K(p,q;0) + E(LanLKp)H = aK(p, q) (5)
with _ B
K,=K(,q;a) € Hx for q€E, (6)
and

K,=K(-,p)€ Hk for p€E.



The reproducing kernel K7, is, of course, represented in the operator form as follows:
Kp(,pa) = (L*L+al) " K(,p),

where L* is the adjoint operator of L.
In (4), when d contains errors or noises, we need its error estimate. For this, we can obtain the
general result:

Proposition 1.2 ([4],[5]). In (4), we have the estimate

WAMS%W%WMMw

Following Proposition 1.1, we shall look for the approximate inversion fg (p) of the linear
system

Lf=d

for the bounded linear operator L from Hp into H. Here, when a tends to zero, the approximate
inversion fg,q(p) tends to the Moore-Penrose generalized inverse of the operator equation in a good
way, when it exists, and some detailed behaviour of the convergence is examined. More in details,
for the convergence rate or the results for noisy data, see, ([2],[3]).

2 Approach looking for the inversion

Physically or by computers we can observe only discrete data, so, as a very general algorithm, we
shall consider the discrete point data case such that: In (3), we shall consider the corresponding
problem:

N
. 2 N2
55, § el + VAP P . @
for fixed discrete points {P;}; of the set E and for given values d = {d;};; that is, H is the usual
Euclidean space RN .

In order to use the representation (4), we need LK (-,p;a)) and it is determined by (5). In

(5), we operate L as functions in p and we have

aL,K(p,q;a) + Ly(LK,, LK)y = LK (p,q). (8)

Here, when we can take a = 0 in the sense of numerical, we can take, of course, @ = 0 in those
arguments.

As stated in Introduction, in many practical problems for the linear system, L is not given
analytically and so, here, we shall assume that the system may be used many times, experimentally.

However, in order to use the previous section method, we must realize some physical objects
as the N data d = {d;};, N x N values L,K(p,q) and N x N values L, LK, of real values; that
is, f and d = {d;}; are numerical representations of some physical objects in the system Lf = d.

Since the reproducing kernel Hilbert space H is the function space approximating the solution
of the operator equation Lf = d, we can take many simple reproducing kernel Hilbert spaces as in
([7]), however, from the present situation, the reproducing kernel K (p,q) must be realized as the
physical object for the present system.

3 Physical viewpoints

We see in our inversion formula (4), we use a concrete reproducing kernel K (p, ¢) through (5), but
we do not use any Hilbert space structure of the reproducing kernel K(p,q). By the theory of
reproducing kernels, for any positive matrix there exists a uniuely determined reproducing kernel
Hilbert space ([1,7]).

Furthermore, in our inversion formula (4), we are looking for approximations of the inversion
in the function space Hg, so, in general, the space Hg is a sufficient large class of functions in



the sense that we can approximate the inverse by the functions in Hg. For example, for any
characteristic function on any interval, we can approximate it by the Sobolev Hilbert space of
1 dimension uniformly. This will mean that for the input, we can consider a suitable positive
matrix, here, by a suitable positive matrix, we mean that the positive matrix may be realized as
the physical data and it will also depend on its physical system.

In connection with these points of view, for example, for the 2 dimensional Sobolev space in
([7]), we shall use the more simple reproducing kernel

1
K(zy,22,y1,y2) = 1 exp(—|z1 — 1) exp(—|z2 — y2l), 9)

which is the usual product of the 1 dimensional Sobolev reproducing kernels and its reproducing
kernel Hilbert space is the tensor product of the two Hilbert spaces of the one dimensional Sobolev
Hilbert space ( see [1,7] for this structure).

We shall introduce several simple reproducing kernels on the whole real line space. Note
here that for multidimensional spaces, we can consider the products as in (9). Furthermore, the
restriction of a reproducing kernel to any subset is again a reproducing kernel. The sum and the
usual product of two reproducing kernels on a same set are again reproducing kernels. For these
elementary facts, see, ([1,7]). On the whole real space R, the followings are reproducing kernels:

(1) Any positive semidefinite matrix.

) é(z —y) (6(0) =1 and é(z) = 0 for = # 0).
(3) For any a > 0, exp(—alz — y|).

) exp(azy) (a>0).

) exp(—a(z —9)?) (a>0).

) exp(—|z —y[)(1 + |z — y|).

) min(z,y). .
8) For any a > 0, sn(ele=v)

(1) a:+y) (q 2
() qu (¢
(3) exp{min(z,y)}.

On the interval {—1 < z < 1}, the followings are reproducing kernels:

M) g (@2 3)-
(2) log 1= -

Furthermore, note that any reproducing kernel K(p,q) on an arbitrary set F for a separable
reproducing kernel Hilbert space is represented in the form, for some functions {¢;(p)} on £

q) = Zcpj(p)cp (@)

that converges absolutely on E x E. Conversely, any function K (p, q) which is represented in this
way for arbitrary complex-valued functions {¢;(p)} on E is a reproducing kernel.

4 Exact algorithm

We shall state the exact algorithm looking for the extremal function fg.(p) in (4), clearly in the
setting (7).

1) We set
X(P,q) = (LK (p,q; ) (P),
k(P,q) = (LpK (p,q))(P) (10)
and



2) As the solution of the regular linear equations (8)

N
aX(Pj,q) + > X(Py,q)s(P;, Py) = k(P;,q);5 = 1,2,..., N, (12)
3'=1

we determine X (P;,q). Then we obtain the approximate inverse

N
faa(p) = d;X(P;,p). (13)
j=1

Therefore, for some concrete problem for its inversion, we need the experimental data (10) and
(11) of the two types in 1) and the procedure 2) is a mathematical problem.
By Proposition 1.2, we note that in (13), the following estimate holds:

1/2

N
()] < %\/K@,p) ;di

The simplest and the most typical case of the above algorithm is that the system L is any type
matrix of type m and n (without loss of generality we assume that n > m), and the positive matrix
is the identity matrix of size n.
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Complements of Sobolev spaces
Go Hirasawa (Tokyo Denki University)

Abstract

We will determine (de Branges) complementary spaces of Sobolev spaces
H™®R) in L2(R). (m > 1)

1 De Branges ZfEZTDUVT

e (H,(-,-)) : Hilbert ZZf.

o B(H): AFMIAERFE DK

e AH : operator range (A € B(H)).

Operator range AH IZNHE (, )4 ZEAT 5:

(Au, Av) 4 := (Pu, Pv), u,v € H.
72721, P ik (ker A)F ~DEZRETHD. 75L&,
(AH, (-, )a) = H (EDIAENT-E ALYV FZER).

Iz AIZE D de Branges Z2[f] M(A) := (AH, (-,)a) £ B 9. WRERL LTHKR
15T, Hilbert 22 H OESZEH M 5, 55 /LA || - ||ag B L Ciigaine
H DA E L7z Hilbert ZEIIC 2> T e b, 5 A€ B(H) BFEELT

M= M(A) (SEEHERR)

EWT-T. ZOEE AA II—BICHRED. #E-oT, A>0 DX HITBATRITIE—E
AR D ST,

2 Complement [ZDWNT

De Branges ZZfE]3 I H < 725 DiX, A & LT contraction WA TE D L& THS. ¢
bbb,
(M, ]| - [lm) = H  (contraction)
Dr—A%EZD.
ZDEE, M= M(A) (FEBER |- ||m = - ||a), AA* IF—BICHRE DD T,
complement M' ZIR CEEKT 5.

[ M = M((I — AA*)V?). j




e complement M’ i M IZFAEL TS / VA || - [|pm IKETFELTWS
o M DAESZEMDLE M = MLt L7225,

3 Sobolev ZE/® complement [ZDUT

R L CER SNz (BHREE) LB TZEOm (m > 1) BETOTTO (55) BRI
NET L2-BEIZ o TWVWB LI B EE 25

{feL*(R): DFf e L*(R) 1 < k <m}.

2T Df = %8f. <L KROL S BABEELET

(f,9)am = (D"f, D g2 = (f,9)r2 + >_(D*f, D¥g)re
k=0 k=1
T 5 &, ZOERSZERIT Hilbert 22 & 720, Tz m IRD Sobolev Z2fE & VY, H™(R)
}:i%ﬁ‘.
I fllee < I fllems  f € H™
WRILT DT H™(R) X L2(R) OFIZ contractlvely JEE&) AENTWND. - T,
H™(R) i de Branges ZZf] & L TEHTE S (137). £

Question 1. H™(R) = M(A) (5BEBERAY) & 725 contraction A € B(L?) 1357
AA* TP FET20X A > 0 13/ ?

[Question 2. Sobolev Z2f] H™(R) @ complement H™(R)" 1Xf05>? ]

DFED,
H™R) = M(A) = M((I — AA")Y/?)

Zl e g AA* I TATH?

4 EE

Question 1, Question 2 & X 57 DICETIEAREOUNALEZ T 5. ker A C ker B %
W79 A, Be B(H) \Zk LT, {EH#%EM B/A IR TEETD.

B/A: Au— Bu, u€H.
o ERIIL AH, [HIKIX BH TH 5.



o PAMERRIIMERRB DO 7 XICET.

B2, H THRBICERINT-AERARZ D & 13k D Kaufman OERBEHEN M LN T

W5,

4 I
Lemma 4.1 ([3]) T % H THEBIZEBINTMAERRL TS, 20X, —EIi
contraction B BZFEEL TKRD L 9 I1TEIiT 5.

T = B/(I — B*B)'/2.

Shi, T HHTHETHH L L, BRHCHRTHE Z LIIFAMTHS.
~ /

Remark 4.1 T & B OERIIRD L H1IZH o TW 5.
B=T(I+TT) "2

ROMEIAGRDOF—LBRDbDTT. T ELAKR L E ITFREYEHET.

Lemma 4.2 Kaufman £¥. T = B/(I — B*B)'? lZB\ T, T DEHRWMEICE
55757 7 vhE de Branges / VA& LU

|-l = 11 - myre:

T DTZ77N0EE, ||ull3 = |jul]®+]||Tul]?, (v € dom(T)) TF. (dom(T), || ||7) &
contractively (ZH®DIAENT- L~V MZER-IZR Y 7. §65 T, 2D ~L FZEfH
I% de Branges ZZEffj & L TEBETE 201 TTD, Z20ELN

(dom(T), [| - [lr) = M((I — B*B)'/?) (% BERERZ)

LS Z LI TY.
FEAA. w € dom(T) WX LT, u= (I — B*B)"?v,v e H £ BX<.
lullz = [lull® + || Tul®
= || = B*B)"?v|* + || Bv|?
= [[v|l?
= [|( - B*B)I/QUH?I—B*B)IN

”u“?I—B*B)lﬂ



Z OFfE%FIH LT Sobolev ZZf® complement %35 2. TW\WZ 9
em=1Dr—=R

LIRTNCFRFBRE EERLICHERBRTHD.
e

.
Theorem 4.3 (cf.[4]) Sobolev Z2[#] H'(R) & ThxE®IKL T2 L*(R) LD
RIS (T =)D = %a (BEE) #E2ET. NIC—EHIET 5 contraction %
B (HEH&) L5 5L, UTFRRLT 5.

(1) H'(R) = M((I — B>)'/?). (%HEHERIEY)
(2) H'(R)' = M(B). (=ran(D))

L (3) D: HY(R) — H*(R)'. (onto)

S, f e HY(R) It LT, Sobolev /v bk D DF 57 7 A& Ly

£ = 122 + IIDFNZe = [1£11D-

P> T, ML (| fllp = 1/l r_poye BB, o T fllar = 1fllg-peyrre £722DT
FTENRETZ. ZD L X

H'(R)' = M((I - (I - B)'*(I - B*)"/?)'/?)
((B%)'?)
(
(B

(BB*)"?)
)-

Contraction B € B(L?) IZLAT DX 52/ s. B=TI+T*T)"'/? (T = %8) £n,
he IX(R) Ikt LT,

M
M
M

(I +T*T)"Y2h(t) / A Y21+ A+ T*T) " h(t) dA

BRESLT 5, (cf. 2] ARED). g(t) := T+ A+ T*T)'h(t) BT, Q7 — Y =4
R

9O =1 +X+&)7h()

_ Ver 1 2a . » B "
2a '\/'2;(@2+§2)h(€), a:=(1+NY
- \gi_ﬂ-kf/\(g)iz(g), k)\(t) = e_a|t|




YT, g(t) = —\%_”(/cA «h)(t). XD

(Bh)(t) = T(I +T*T)""/?h(t)
_ T /°° ATV2(T 4+ A+ T*T)'h(t) dA
:—/ —1/2 = (kx x b)(t) dX
‘/%T/ A2+ N)” 1/2\/12_%/_0:0 kx(t — y)h(y) dy dA

~ / ATV2(1 4 A)2 / e~ WV B () dy dA

m/ \/ﬂ/ ATVE(1 4 A)TH2e NI 3y h(y) dy
:\/__27/_00 — y)h(y) dy = T(G % h)(t)

Bz, G(-) € LR) X 0RDOEFRRENLVEETHD.
em>2 D —2A
FED fe HM(R) 2t LT,
11 = 12 + D2 1D FIIZ
k=1
= lFl7: + D IFD*fl7. (F: 77—V =%5#)
= 1Fl1Z2 + DMy Fflf2s  (MyFf = EFF)
k=1
=152 + X2 [ 1€ (el
k=1

7B+ [ € FHOPdE, Qunle) = Y €
k=1

k=1
= 712 + [ Mgy F F(6) g
= IfIZ2 + 1Mpu2 Ff Tz, Tmi= F ' Myue F (B EIHE)
= 11122 + |1 FF My FFIP = [1£1132 + | F T f 13
= [I£12= + 1T 2



= 1flltr_p2ye  (FHEELD).

£oT, HYR) = M((I — B2)'/?) (%HEMRE) Leb. LLEx b L,

. N
Theorem 4.4 Sobolev ZZff] H™(R) (m > 2) IZx L T,

T = Qam(D)/? = (D* + D* +--- + D™/ (HEIR)

LB L, dom(T;,) = HMR) &720, 2D T, \Z Kaufman OFERT 1% 1 X%
3 %% 5 contraction B, (B &) BFEL TR T S.

(1) HMR) = M((I — B%)Y?). (%HEEERE)

(2) H™(R)' = M(Bp,). (=ran(Ty))

(3) T, : H™R) — H™(R)". (onto)

" J
EOT m=2DLED complement H*(R)' = M(By) 3RO THEVHDTT.

By =T(I+T3Ty) V2, (T = (D* 4+ D*)'?) &0, he L*(R) IR LT,

(I +T2)2h(t) = ;1; /0°° ATV2(1 4 X+ T2) 7 h(t) dA.
9(t) == ([ + A+ T2)h(t) LBNT, T 7 — U TEHT 5 &
9(6) = 1+ A+ +£H7'h(E)
= k()R (€)
= (kx % R)(&)

L72B X5 RB ka(t) DD Wb Th B, LT, HERE LTASE k(1) 1K
DX STkt

[ ka(t) = EI\/??(A + %)—%(&E—A)ei&(*)ltl _ &é_A)eia(w)_ J

272U, &) & &) XENENRDOGERDMHED 9 B imaginary part 23IED
DTHD.

1 3
€2 +wy =0, wo =g — 1 /\+Z

1 /3
£ +w; =0, wy =g+ )\+Z



ZOFHEE, 1+ XA+ +Y) 202 FHER L THOOBENH L LS ICEHNLD
B OSRN ERO 2 00 E VI DI T, %X, 7— ) =B Hr B EER L
o THEZLELE.

#hsm & LTI, contraction By XD L 912720 £

[ Boh =Ty(Ky+h), heL*R). (Th=(D*+D")"?) j

=72 L,

. Kylt) = —

2V/2m
o Ky(t) € L*(R).
o Ko(§) = (1+& +¢h2

LRRZINDNHRBONS.

A+ 93 bWt _ = &Mt
/0 RPNy &(A) )

[ dom(T) = H*(R) = {Ka + h: h € L*(R)} ]

ZDLE |Kyxh|g: = ||hl: THD. 2FV B K, D2 L% K, ZAREEDHE
SERFEE 22 L, LOEAIX Ky @ operator range BT 5. > T, £ZTD
Sobolev / VAL Ky 124 % de Branges / VAL > TWB b} T,

5 Overlapping subspace [ZDUNT
1 overlapping subspace (2l TR & £

[Question 3. H"(R)N H™(R) 112 ? (AL L70) ]

em=10Dr—2 (D:l.a)
]

fe H'R)NH'R)
<= f € dom(D) Nran(D)
«=f € H'(R) »> f = Dg for some g € H'(R)
<=f e DH*R)

£ o T,

[ H'(R) N H'(R)' = DH*(R). ]




o m=2Dr—2 (Ty=(D?+D"\/?)
H?(R) N H2(R)' = dom(Ty) Nran(Ty) &Y, EERAEECELZT

[ H?*(R) N H*(R)' = T,H*(R) }
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Hyers-Ulam stability problem and Cauchy-Euler type factorization
Sin-Ei Takahasi, Hirokazu Oka, Takeshi Miura and Hiroyuki Takagi

Abstract. A strategy for solving the Hyers-Ulam stability problem is to
factorize the operator, that is, to change the representation of the operator
from the summation form to the product form. This idea of factorization
was employed in the research of the Hyers-Ulam stability of Cauchy-Euler
differential equation. In this paper, we study the possibility of such Cauchy-
Euler type factorization for some other operators. This study will open the
door to solving the Hyers-Ulam stability problem for many operators.

1. Shik

19404, S.M. Ulam [HELMBEEHRDIEL ICIE (ED) HREEGNFET
AEZMEESHBEAIREIL L. 25 D. H. Hyers 7 Banach ZEfE _EDINEMNBRICEE L T
COBEER IV, FNES DORE% Hyers-Ulam stability problem &)\, D%
< DEFEICL > TZOBBEIRAREN TR,

— R ICEERESH &=/ (X, dy) HOMDERS EEEM (Y, 4) NDE/HRT RY
VETX) £T5, CDEEHLAER Tx=y, BROFHEHT/ES(E, Hyers-
Ulam stability (HUS) Z#D&EE D -

AK=20:e>0,xEXs.t.d(Tx, y)) < e=>Ax, € X 5. 1. Txy = y,, dy(x, x5) < K€.

5 (CMH A2 ICRH I B Hyers-Ulam stability problem 51 9 9 8 %, C. Alsina &

R. Ger [CL>THIOTHRZI N, TDE., &1E. =H. BEFICLX>TIDAE

DEHRDE|IE AN, 5122 0 0 35, BHFICK > TRDBRMREINIZ (12)).

Let P(z) = Z Az* be a polynomial and D = di Then the differential equation

P(D)f =0 on R has the Hyers-Ulam stability if and only if the equation P(z) =0 has no
purely imaginary solution.
B5F J.-H. Kim & S.-Y. Chung [1] LK 2 TROERMBTRE NI,

Any Cauchy-Euler differential equation kZO At f®(t) = 0 has the Hyers-Ulam stability on

an arbitrary finite interval in R*.
NS DEREIAT 2AREMZET IS VEFAZRDS resonable [CEESTRREES
MEESETAICHD. FIBEIRBFZORERTER (FTA) [CL>T
P(D) = A,(D - a,D)++(D - a,1)
LRBARTE, BEL
k§_jo At*D* = A, (tD - a,)---(tD — a,I)

CEBHPRTES, ZZICap, - a, FFNRFhOEEFEXOBTHS, £ZT
ENBIERZR LOLO HMERBOBENEESIM? LEORBMZEFD.

— R IC B (2%t L TH Hyers-Ulam stability SEETE, BEROERICEHALTRE
MIZE Y (cf. [2, Lemma 2. 1]). UL UBHORMICH LU TIE—RICFRETH S, TC
THZEBICERTAFETHHNETREEDREENSD EEZ S, Cauchy-Euler
BEMORIZFO—DDHITHY., LHHIOZEHRIIFNICH L TLHERMEBICERL
T<hb, ENMN3EID Lemma2 THD,



2. FRELFEE

A ZIEFEHFLEVERSZRER. LA) £2Z0LORBEBECEROEEHLET S, &
DEERDESEHBEEZ S,

B, BEA5NK A, A, 4, EC,a€EA, TELA) ITHMULT,

;0 AT = MaT = a,I)--(aT — a,])
Z@rET A a, -, a,EC ZRDIFBENTESZMN?

B4 ZEBD Ay e, 2, EC (1=2,3, ) LDVTHIC 3 4a'T 15 LORTH

HOREFKSBEE, T# (a, T) (L Cauchy-Euler type factorization RJRETH S ] EFEIF
S, BLAXZDLOBEDLEEZRET D LENEELETH S,

3. BEAMHE

Lemmal. Let n=2,a€ A and T € L(A) be such that
# a**'Tx=aT(a*x)+ (B, - P, )ax (1sk=sn-1)
forall x € A and some f,, B,,-**, B, E C. Then for each Ay, A,,=+, A, EC,
3 28T = 4T - a)(T - &,
holds, where T =aT + B, and a,, ..., &, € C are the roots of the characteristic equation
Mo+ 2 Mt =B )t B =0.
Proof. Suppose that ] sk <n—1 and a*T*=(T - B,1)---(T = B,I). Then
(T'_ ﬁll)"'(T_ﬁk+11)x = (T" ﬁk+11)(T_ /511)"'(T_ B)x
= (T = B D@ T )
=T(a*T*x) - B, ,a*T*x
= aT(a*T*x) + B,a*T*x — B, ,a*T"x
= aT(akax) + (B =B 1)akax
=a**'TT*x (by (#))
=qk+* ITk+ lx
forall x € A. Therefore we have a*T* = (T — B ,1)---(T — B,1) forall 1 <k <n and then
kzo Ma*T* = Al + kZl AarT*

= ol + 2 2T = BT = B

= A‘n(T1 - all)".(T— an[)
which completes the proof. Q. E. D.

Lemma2. Let n=2,a€ A and S, T € L(A) such that both (a,S) and (a, T) satisfy
the condition (#). Then (a, AS + uT) also satisfies the condition (#) foreach A, u€C.

Proof. Immediately.



4. ER

(1) Let M be a multiplieron A and a € A. Let a, -, a, € C be the roots of the

n
characteristic equation kzo At*=0. Then we have

kZO AaM* = A (aM — a,I)-+-(aM — o, I) .
Therefore (a, M) is Cauchy-Euler type factorable.

*." Take B, =B,=++=,=0 in Lemma 1. In this case, it is obvious that (#) holds and
then the desired result is obtained from Lemma 1. Q. E. D.

(2) Suppose that A has an identity element e. Let D be a derivation on A with D(a) = e
forsome a € A. Let a,, -+, a, € C be the roots of the characteristic equation

A + kﬁl Af(t = 1)--(t—k+1)=0. Then

3 1,a"D* = 4, (aD — o T)-++(aD ~ ) .
Therefore (a, M) is Cauchy-Euler type factorable.
" Take B,=k-1 (k=1,2,--,n)in Lemma 1. Since
aD(a*x) + (B, — By, )a*x = aD(a*x) — ka*x
= a(ka*~'x + a*Dx) — ka*x
=a**'Dx,
it follows that (#) holds and then the desired result is obtained from Lemma 1. Q. E. D.

(3) Let H be a homomorphism on A such that H(a) = a for some a € A. Then (a, bH) is
Cauchy-Euler type factorable foreach b AU C.
" Put T=bH andtake B,=p,=--=p,=0 in Lemma 1. Since
aT(a*x) + (B, — B,. Da*x = a(bH + M)(a*x) = baH(a*x)= baH(a*)H(x)
=ak*'bH(x) = a**'T(x)
it follows that (#) holds and then the desired result is obtained from Lemma 1. Q. E. D.

Example. Let A=C"(R), ¢(t)=1—-t tER) and Hf = fo @ (fEA). Then H isa
homomorphism of A into itself. Put f(f) = (¢t — %)2 (tER). Then f is a fixed point of H .

Proposition 3. Let A be a unital complex algebra with identity ¢ and a € D . Let M be a
multiplier on A, D a derivation on A with D(a) =e and H a homomorphism on A such
that H(a) =a. Then (a, M + AD + bH) is Cauchy-Euler type factorable for each A€ C
andbEAUC.

Proof. This follows from (1), (2), (3) and Lemma 2. In fact, let T =M + AD + bH and
then

kZO Aa‘T* = A (aT — o)+ (aT — a,I),
where a,, -+, a, are the roots of the characteristic equation
A + kz.l Ad(t—1)(t—k+1)=0.
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Some constants related with uniform
non-squareness of Banach spaces

Yasuji Takahashi and Mikio Kato

Abstract. We shall discuss James type and von Neumann-Jordan
type constants of a Banach space in connection with uniform non-
squareness and investigate relations among these constants and some

other geometric constants.

Let X be a Banach space with dim X > 2 and let —oo < ¢ < o0.
(i) The James type constant Jx(7) (1 > 0) is defined by

i B i\ 1/t
am{(Wﬂ+TMI;Hx TMI> ;|MH:“y“:1} if — o0 < t < oo,
Ixp(1) =

sup { min([lo + 7yl o = 7ol llzll = lyll = 1} i ¢ = —c0.

(ii) The von Neumann-Jordan type constant Cy(X) is defined by
Co(X) = sup {Jx(r)?/(1+7%): 0 <7 <1}
(iii) The constant C!(X) is defined by C}(X) = Jx4(1)?/2.

The following well-known constants are expressed by these constants.

James contant: J(X) = Jx,—co(1)

von Neumann-Jordan constant: Cyy(X) = Cs(X)

Zbaganu constant: Cz(X) = Cy(X)

modulus of smoothness: px(7) = Jx1(7) — 1
Recently Gao [2] and Yang-Wang [9] introduced the constants E(X) and yx(7)
and investigated the normal structure of X. Their constants are also expressed
by our James type constant: E(X) = 2Jx(1)? = 4C5(X), vx(7) = Jx2(7)*

If —oo <t < s < oo, then Jxu(7) < Jxs(1) (1 > 0),C(X) < Cs(X)
and J(X)?%/2 < C{(X) < Cy(X). As is well known, if X is an L,-space with
1<p<ooanddimX >2, Cys;(X) = J(X)?/2 = 2%""! where r = min{p, p'}
and 1/p+1/p' = 1 (cf. [6]). Thus we have C}(L,) = Cy(L,) = 2%~ for all



—o00 <t < 2, where r = min{p, p'}.

The uniform non-squareness is characterized with these constants. Recall
that X is called uniformly non-square if J(X) < 2 (cf. [3]).

Theorem 1. Let —oco <t < oco. Then the following are equivalent.
(i) X is uniformly non-square.

(i) Jx.(1) < 2.

(ili) Jx4(7) <1+ 7 for some 0 < 7 < 1.

(iv) Cy(X) < 2.

(v) Ci(X) < 2.

Remark 1. If X is a Hilbert space, then Cy(X) = C}(X) = 1 for all
—o00 < t < 2, and conversely, if Cy(X) = 1 for some 0 < ¢ < 2, X is a Hilbert
space. It is shown that if C;,(X) =1, X is a Hilbert space. However, there is a
Banach space X with C}(X) =1 for all —oco <t < 1 which is not isometric to
any Hilbert space.

The modulus of convezity of X is defined by

5x(e) :inf{l Y

2

| el =lol =1l -yl =€} (@<e<2).

The function dx is continuous on [0,2), increasing on [0,2], and strictly increasing

on [eg, 2], where €y = ¢y(X) is the coefficient of convexity of X:
eo(X) = sup{e € [0,2];0x(e) = 0}.

The function dx(€)/e is increasing on (0,2], while dx (€) need not be convex. X
is said to be uniformly convez if 6x(e) > 0 for all 0 < € < 2, i.e., €o(X) = 0. The
modulus of smoothness of X is defined by

= + 7yl + llz — Tyl

px(r) =sup : ~1 ol = ol =1},

The function px is increasing, continuous, and convex on [0, 00), px(0) = 0 and
px(7) < 7. The function px(7)/7 is also increasing on [0,00). X is said to be
uniformly smooth if px (1) /7 — 0 (1 — +0), i.e., p’x(0) = Tl—iELlo px(7)/T =0. By
the Lindenstrauss formula we easily have px (1) = px+(1) and p’y (0) = €o(X*)/2.

Now we have the following sequence of characterizations of uniform non-

squareness.



Theorem 2 (cf. [6]). The following are equivalent.
(i) X is uniformly non-square.
(ii) dx(e) > 0 for some 0 < € < 2.
(iii) (X)) < 2.

(iv) px(m0) < 79 for some 75 > 0
(v) px (1) <1.

(vi) px(7) < 7 for all 7 > 0.
(vii) p(0) < 1.

(vil) €(X*) < 2.

(iv) px-(0) < 1.

Kato-Maligranda-Takahashi [6] proved that

J(X)?
JX)—12+1°

) SI(X)? < Oy (X) <

The estimate from above was improved by Maligranda (2003) and Nikolova-
Persson-Zachariades [8, 2004] independently to the estimate

J(X)? J(X
4

) (\/J(X)2 “4J(X) 18— 2)

and Maligranda (2003, 2005) stated the conjecture:

(2) Cns(X) <

(3) Crny(X) <
Theorem 3. For any Banach space X
(4) max{€o(X), e(X")} < 2px(1) < J(X) < px(1) + 1.

Remark 2. If X is not uniformly non-square, J(X) = €y(X) = €(X*) = 2
and px (1) = 1; hence we have equality in the all inequalities in (4). It is shown
that X is not uniformly non-square if and only if 2px (1) = J(X). On the other
hand, J(X) = px(1) + 1 for any L,-space X with dimX > 2. Moreover, if
X is the 2-dimensional Day-James Iy — [, space, then J(X) = px(1) +1 and
max{ey(X), €o(X*)} = 2px(1), where X* is the dual space of X.

Corollary 1 (cf. [6]). For any Banach space X

(5) X < pe +1=px) +1< T 1y



Moreover, X is not uniformly non-square if and only if J(X*) = J(X)/2+ 1.

Theorem 4. For any Banach space X

60(X)2
4

©) 1+ < Ona(X) < 14 px(1) (VL= px (D)2 + 1= (1= px(1))

Remark 3. If X is not uniformly non-square, we have equality in the
both inequalities of (6). On the other hand there are uniformly non-square
Banach spaces X for which equality holds in the first resp. second inequalities
of (6): Let X be the 2-dimensional Day-James Il — I; space. Then Cy;(X) =
1+ ¢€(X)?/4 = 3/2. Also let X be the 2-dimensional Day-James I, — [; space.
Then Civs(X) = 1+ px (1) (\/(1 = px(1))2 + 1= (1 = px (1)) = (3+/5)/4 (cf.
1, 9)).

Let f(u) = 1+ u(y/(1 —u)2+1— (1 —u)). As the function f is strictly

increasing and px (1) < J(X)/2, we have the following.

Corollary 2 (cf. [8]). For any Banach space X

) enix) < 1+ 280 IO G —p i)

Moreover, the equality holds if and only if X s not uniformly non-square.

Theorem 5. For any Banach space X

60(X)2
4

J(X)?
4

(8) 1+ <CHX)<1+px(1)* <1+

Remark 4. If X is not uniformly non-square, we have equality in both of
the above inequalities (8). On the other hand there are uniformly non-square
Banach spaces X for which 1+ ¢(X)?/4 = C)(X) = 1 + px(1)%. Indeed if X
is the I, — [y space, €(X) = V2, px(1) = 1/v/2 (hence C4(X) = 3/2). In
this case, we also have Ciy;(X) = 1+ px(1)? = 3/2. In general the inequality
Cny(X) <1+ px(1)? does not hold. For example let X be the I, — I; space.
Then Cy;(X) = (3++/5)/4 and 1 + px(1)? = 5/4. However, if Cy;(X) attains
the supremum at z,y € X such that ||z|| = ||y|| or ||z + y|| = ||x — y||, then it
holds Cn7(X) < 1+ px(1)% Of course there is no uniformly non-square Banach
space X for which C}(X) =1+ J(X)?/4.



Theorem 6. For any Banach space X

J(X)?

9) &0(X) < Cz(X) <1+ px(1)* <14 =

Remark 5. If X is not uniformly non-square, we have equality in all the
ineqaulities of (9). On the other hand, if X is the Il — I} space (uniformly
non-square), Cz(X) = €(X) = v/2; and if X is the I, — I, space (uniformly
non-square), Cz(X) =1+ px(1)% = 3/2.

Theorem 7. For any Banach space X

J(X)+4/(2—-J(X))2+ J(X)?
W < 2RI
Remark 6. It is shown that X is not uniformly non-square if and only if

it holds
J(X)?
(11) Cz(X)=1+ ——£4—l—

Theorem 8. For any Banach space X

L)) X2 X

(12)  @(X) < Gx) < AR < RS <1 g

Remark 7. If X is not uniformly non-square, we have equality in the all
ineqaulities in (12). It is shown that X is not uniformly non-square if and only
if Cj(X) = (J(X) +2)%/8. On the other hand, if X is the I — [; space, then
CH(X) = €(X) = V/2; if X is the Iy — I, space, then C}(X) = (1 + px(1))?/2 =
(1+1/v2)%/2.
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R EAZ ROV 7 MEHAZED
q-FBERE
The g-numerical radius of a weighted shift
operator with periodic weights

B f#  Hiroshi Nakazato
CINI N IR

Hirosaki University, Faculty of Science and Technology

We deal with the g-numereical radius of weighted unilateral shift op-
erators. In particular, the g-numerical radius of weighted shift operators
with periodic weights is discussed.

1. FEHHGEHFZFOI T M ETHORRK

THEEE NV NEE H BT 5 EREHIERR LT 5, B 0<
g <1ICHLT, T 0 g3 Wy(T) 2KD & HICEET 5,

Wo(T) = {{T¢n) - llgll = [Inll = 1, (& m) = q}-

Uxka=% VIERAKLTIIE, W,(UTU™) = W,(T) BV EH, T D
BEFEVERSR T 13t L Tit, Wo(T*) = W (T) 23 3xLD, Rz, T 3T
Wy MERRDOLEIX, TORRY Mo(T) DEKXEEZ M, &H/ME%
m&TDHEE,

closure(W,(T)) = [M(1+q)/24+m(=144q)/2, M(=1+q)/2+m(1+q)/2]

DI D 3L,
—IZ, W (T) 1%, CIZBIT2EFAMES L 725 (N. K. Tsing, 1984),
g=1DL XX, W,(T)i%., (HFHAZR) BERW(T) Thd, T OHEIRE



B wy(T) BRO L S IcEHSh D,
wy(T) = supf2| : 2 € Wy(T)}.

HEAEHI (s1,82,83,...) TERIIFOL S RAMI 7 F unilateral
shift % HEFR1T5

0 0 0 0
51000
A=|0 s 0 0 ... |, (1)
0

0 0 S3

LRV EDD, T 2T, BICELSEASNTH T spim = s MEED
Q%ﬁk&lﬂbfﬁk‘OfLO%—é\%%iéo :@}:%\ E#{Sl,SQ,..‘,Sm}
EFo=KElv 7 MTHIS

000 ... 0 s
s1 0 0 0 0
0 0 0|, 2)

S: 0 S9

ZERT D,

EEE 1A %Eyﬁa@fiiﬁ {81,52, e ,Sm} 75_’%“0}#1@]“/7 k& L. S 63:5
B {81, 80, ..., 8m} BHEO (2) THADREKE Y 7 MIFIET B, 20
L% wy(A) = wy(S) 7% 0 < g < IR LTHRY 32,

2. EADIEEFEDANEZ

BB E L {51, 80, . .., Sm} H RO A RIE IR 7 b0 g-HugeE
Bx wy([s1,50,...,5m]) ERTZLICT B, ZDLE, ROERBHKY

AYASN

EH 2
(i) wy([cs1,c82, ..., c8m]) = cwy([s1, 82, .., 5m]) (c>0)
(11) 81,82, - - - ; SmyS1, Sy -, Sy FFAFEHE T D L E wy([s1,52,.. ., 5m))
wy([s1+ 81,82 + 85, ., Sm + i)

<



(142) min{sy, ..., Sm} < wy([s1,...,8m)) < max{si,...,Sm}.
(1v) wo([Smy Sm—1, - - -, S2, 81]) = wq([s1, S2, - -, Sm=1, Sm])-

(v) wq([s2, - - -, Sm, $1]) = we([s1, 82, - - -, Sm])-

FOEE2D (V) BV (v) £V EHDOAIA m =2, m=3D& x|
T 5 - FIRIFEADOW R FIEK S 20, Ll m>4DL EiE, ¢
BRI EADOWRFIEFT D, m =4 DL ZIROFERPED LD,

EE3s4>53>5>>20 ERETD, Z0LIROREFERDI ALY

AYASH
wQ([SQ) S4, 83, 81]) Z wq([81754a S3, 82]) 2 wq([517847 S2, 33])

(0<g<1)

T3 HFEAT 272 OICROME L 2 AN D, g(t) = t*+at® +bt*+ct+d
EERERERE 1 OEBRSERNTH T  ¢'(t) = 122 +6at+2b 1T 2 HD
B HDREFEOLRET D, ZDLXFHbITp > 0%HANT 302/8 —p?
DRICEREND, > THER g(t) TKRDOF L 725,

g(t:a,p,c,d) =t*+at® + (3a*/8 — p*)t* + ct +d.

HWE1ABEZIZ0THDER a BLIEDEL plIktd 5 ELEN
g(t:c,d) =t*+at® + (3a*/8 — p)t* +ct + d

(2RI 2 BABEIR

Q={(c,d) eR%>: g(t:c,d) =0 REEEFRADTAEDEREFED}

Xy v ThdH, 2T (Cl,dl),(CQ,dz) € QZ‘)VDcl < cgand di < dy
72 51X, WOREXDBAKY LD,

max{t € R:g(t:c1,d1) =0} > max{t € R:g(t:co,dp) = 0}.



X 1:

M 1 O] a BV p REET S, 0L X, 3KLER
g(t:c,d) =4t + 3at® + (302 /4 — 2p")t + ¢
0 3 DDEREFF OO DMEFI3EF 1T ¢ BB
[(9a2 — T2ap® — 32v/6p%) /144, (9a® — T2ap® + 32v/6p°) /144]

BTS2 ThD, EDOXIREMHZTIZT ciz LT, 4KkLEX
g(t:c,d) WADDEREFREFOTDDOEMIL, dBHIHARMICET S Z
LLLTREND, EZTEDLIRA (¢,d) 3B DAEKQ Z T,
QORI g(t: c,d) =03 tICBE L TEBRZFOL S 22 (¢, d) B
T ORI EICH D, ZOREHHRIL OO LT3 O>ORFEREFFD, A

(c,d) = (a(a® — 8p*)/16, (a® — 8p*)?/256)
EE 2ER (RFER) THH, 2K
(c,d) = ((9a°>—T2ap*—32V/6p%) /144, (9a* —144a%p*—128+/6ap®—192p*) /2304),
BIO
(c,d) = ((9a°—T2ap*+32V/6p%) /144, (9a* —144a%p*+128v/6ap® —192p*) /2304)



FRRTH D, BAEE QT TiERY, Tz LAY & 9 ICHEK
Q= {(c,d) € conv(Q) : (¢,d + dp) € 2 for some dy > 0}

EERD, BEEH t=5—a/AZHEITZEX gt : ¢, d) ITRD LS 72
EEKRBRH1ICEREIND,

g(s:7,8) = ' —p’s* + s+,

v = c—a*/16 + ap®/2,
§ = d—ac/4+3a*/256 — a’p®/16

TH 5,
ZZT, Ale,d) LR (7,0) DEDOTERFRT 7 4 VEBRTHY
FEIQ, wy 1T, RO KD R Q. O ICEBREND, K QT4 kil

—277* + 2566° — 144p®~26 — 128p*6% + 4p®~? + 16p3%5 = 0

IZEoTHEND, Z D4 REHE R (7,6) = (0,p2/4) IZBWTHREER %
BH. 25 (7,0) = (£2v6p%/9, —p*/12) ITBWW TR AR -, O D
BERLEBRBINT, 2 00RAEBIESLSO b OIE, K [—p*/12,p?/4]
oK

v(8) = 1/2/27(p° — 36p%5 + (p* + 126)%/2)/2

X2 Ty =49(0) EFTFREND, LEDO2O0EED S LDOEDL DI
v (8) < 0 T3 26 BB T 2,

RELY a<0,c1 < cy,dy < dy THBDLERQD 2 55 (71, 61),(72, 62)
BENEI (c1,dy),(co, do) RS T 2T DR ETHIX, AEX 41 < 9,
& < O ARV IO, FHEK O B TRV, Z O Q) ICTEA
(11,81),  (72,01), (72, 00) BRESTHBBEEND, ZOFHER EDOE
BOE (v,0) TR L TAKRZER G(s : v,0) DEARER & H/NERITEM
RTH 5,

WROEIBGEEEEZL D,

g(s:7,0) = (s —a1)(s — a)(s — as)(s — ad),



2L ar>a>as>a PO a+at+asta=075, ZDLX,
a1 >0 &5, BEREREORFEICLY, §(s:7,0+k) BEDG(s: v+k,0)
DENZENDOFRRERIT /DI k| IZHF L TENREN

1
ay — E+bok®+ -,
Y (a —an)(a1 — as)(a1 — a)
ai 9
a; — k4 cok®+ -,
Y (a1 — a2)(a1 — as) (a1 — as) 2
THEzb6Nh5,

Y/
g(s:7,0) = (s — a)(s = a2)(s* + (a1 + az)s + (a1 + a9)* /4 +1%),

75§ﬁ5 r>0¢& a; > as &:ﬁb(ﬁibﬁ/)%/ﬁ\%%iéo g(sf)/,d—{—]{;)
BEDG(s: v+ k, 0) DRKERIL, [k B 0E X, ZRER

4 -
a; — kE+byk® + -,
Y (a1 — a2)((3ay + a2)? + 412) 2
ag — 40, k+Gk?+ -,

(a1 — a2)((3a1 + a2)? 4 4r?)
WkoThExzbND, THNEVHEIIGEH I, (K1, pPP=5D¢&
XDOQDERE#NT-HLDTHS,)

25 XHk
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Extensions of Weyl’s theorem for (p, k)-quasihyponormal operators

RALERIRZ MM 5 KR8 (Kotaro Tanahashi)
(=R Wil 2 (Atsushi Uchiyama)
King Saud University Sala Mecheri

[BEZ] (p, k)-quasihyponormal operator (ZB83 % Weyl DEHZILIRT 5,

[Fi] e~V h2E H EOFRBEERFLEEL B(H) &8<, fEAFE T € B(H) 2 (p, k)-
qusihyponormal & i

T*((T*T)P — (TT*)P)T* >0
BT EEEVD (0<p<1,keN), TOEMAFITLH Kim [9] iICEoTHEASK, EE
o3 <h2d L 51T, ZiuE p-hyponormal EFZE (0<p < 1),

Ty - @TP 2 0
p-quasihyponormal {EFIZE (0 < p < 1),
T*((T*T)? = (ITT*)")T > 0

DBRRILETH 5, (p, k)-quasihyponormal {EARIZIL DRVEEEZFOZ L BFEH ST
Wb, ek SICEENRE L L QOITANCEE RO 7 MERARRE LA LI THRNA,
SHOMFEIC L o TUSHABIENR S Z L& HFE LW, ([9], [10], [12])

Z ZTiX (p, k)-quasihyponormal {EFIFE 2 Weyl DEBEZ-T 2 &, £72. Z ORI DOV
THERT %, BEZOSBFIIZ < DAPEEZ BIEL TW SO TUTOERIC OV T TICA
LBNTWAFREMERH D Z & & Wi->THL,

[1. Weyl DOEH]

YEF®E T Offlk% R(T), null space & N(T) &<, fEHZ#E T 7 upper semi-Fredholm
LiX, fEIR R(T) 23 closed T dimN(T) < oo 725 L &, lower semi-Fredholm & I3fE¥5k
R(T) 2% closed T dim N(T*) = dimR(T)+ < oo £ 7225 & &%\ 5, upper semi-Fredholm
F 721X lower semi-Fredholm fEf 5 % &t T semi-Fredholm, ¥ 7z, upper semi-Fredholm 7»
> lower semi-Fredholm fEfi#% % Fredholm &9, % 7= semi-Fredholm {Ef% T 122\ T
ind T =dimN(T) —dim N(T*) % T ® index £\, FZindT =0 D& & T % Weyl &\
5. T ® Weyl spectrum ow (T) %

ow(T)={Ae€C : T — X\ is not Weyl }

LW D, oT) PISLACEEEGROBEA L 725 K26 % mo(T) &<,
T 7 Weyl DR %W & 13

o(T)\ ow(T) = moo(T)



L7pB L&V, H. Weyl [15] iX self-adjoint operator @ compact perturbation ZF-~<TZ D
RALRIA self-adjoint operator IZDWTHN.THZ L &R LT, ZTOH, bo LIAWT T ADIE
Fi% (hyponormal, p-hyponormal, class A %) IZDWTH Weyl DEBR AT Z L ARINT
W5, ([4], [5], [13], [14]) (p, k)-quasihyponormal operator (Z-2VNTid Kim and Kim [10] 23FEA
LTz, ZZTIXEDHFEEZ T 5,

[#R8 1]([9], [12]) T X (p,k)-quasihyponormal fEFR & ¥ %,

(1) fE3% R(T*) 2% dense T2\W\72 5

Ty T *
T= (0 T3> on H=[R(TF)] & N(T**)

&5 LTz & & Ty X p-hyponormal fEfISE. T = 0. o(T) = o(T1)U{0} &7 %, 7272 L [R(T*)]
IXMER R(TF) OETH D,
(2) restriction T|yq ® (p, k)-quasihyponormal fEFZETH 5,

[#®& 2] (p, k)-qusihyponormal fEfi3 T 1% Bishop’s property (3) b2, 2%V, b L B
4 D E® analytic funcion f,(z) 3 D ERE—FRIZ (T — 2)fu(z) - 0 726 D EJRFE—KRIC
fn(z) =0 TH D, 1> T T I single valued extension property (svep) & &2,

[REBA] D £ analytic function f,,(z) 8 D EIRFE—HRIZ (T —2)fo(z) = 0 & T 5, MiE1 LV

T1 —Z T2 fnl(z)

0 T3 —Z fng(z)

(11 = 2) fa1(2) + T2 fn2(2)
- ( (T3 — ) fual2) ) B

ThHhd, ZZTTF=0RDTT31E (B) EbD0 0T fro(2) 20 LRDZDT(T1—2)fra(z) 2 0
Tdhd, —F. Ty I% p-hyponormal DT (B) b2, £oT fri(z) =0 &RV, f,(2) =0
»ELND, [FERA#E]

[ 3(Kim)] (p, k)-quasihyponormal operator T' iZ Weyl @ E#
o(T) \ ow (T) = moo(T)

=7,

[BIRE] A € o(T)\ow (T) &£ T %, T25&T—X\1% Weyl T not invertible TH 5, A # o(T) DN
BB NeG Co(T)\ow(T) &72% openset G WFET 5, Lo TdimN(T—p) > 0,Vu € G
& 729 [8] Theorem 9 76 T IX single valued extension property % 7272\, L2 LA#E 2 &
Y T X single valued extensinon property & & 2D TZIUIFETH D, LoT N it o(T) DI
RALLTEWV, 75 & [6] Theorem XI 6.8 225 A i o(T) PINSLAICR B, & 5T A € m00(T)
Th b,



W2 A€ m(T) &F5, Ey & A @ Reisz idempotent &35, ZZT
T=T|ExHoT|(I- E\H
EOPRET D LB 1 22D T|EyH X (p, k)-quasihyponormal T
o(T|ExH) = {A}

L25%,

ZIZT, bLAAORDL[12 KV T|E\H =X RDDTEHCNT -\ Thb, N(T-)\)
RE & 0 BRRTIED S T|EAH 1 compact TH b, —F., o(T|(I — Ex)H) = o(T)\ {\} 72
o (T NI —-ENHIZAI#THE, EoTT-A=00(T—\)|(I—-E\H 1T Weyl Th 5,
WoTAeo(T)\ow(T) TH 5D,

Fle, bLA=0725[12] £V (TIEAH)F =0 &72%, ZZTA=0¢€ m(T) 2D T N(T)
TERKRTCTH D, £oT

dim E\H < dim N(T*) < kdim N(T) < oo

XV E\H IXBERKIT. Lo TT|E\H IE compact THd, —F. T|(I - E\H IEA[#eDT
X € o(T)\ ow(T) Th 5, (]

[2. Generalized Weyl D EHE]

i Weyl OFEHIL Berkani, Sarih [2] 512 &5 T generalized Weyl O EBE THILER I T
ZEZobil, T 23 generalized Weyl OEBRZ 721X Weyl DEEZ 723 D T, generalized
Weyl OEEIX Weyl DEE L D IRWEHETH D, Z Z Tik (p, k)-quasihyponormal operator 73
generalized Weyl DEHEZNG-4Z & &2~7, ([1], [3])

[€%&] T #° upper semi-B-Fredholm & 1%, B R(T™) 2% closed T
T,:R(T") >z — Tz € R(T")

2% upper semi-Fredholm (R(T),) closed, dim N(T,,) < oo ) &72% n BFETH L& &2V, £
7=. lower semi-B-Fredholm & i%, ffik R(T™) 23 closed T T, %% lower semi-Fredholm & 72 %
n BIFEET D & &%V D, semi-B-Fredholm, B-Fredholm % Fredholm & FAfIZERET 5,

[ER] ZOBRICEZRITHRKILDOITHIL B-Fredholm TH 2D, —MKIZ Fredholm EFFRIZELR
RIETEZDDOPBERDT, SETOA A=V LITEMEDH 5,

[E¥# 5(Berkani)] T #* semi-B-Fredholm, 2% V| ik R(T") closed, T}, semi-Fredholm & 7
D n BEETHRE, EEDO n<m e NIZxt U THER R(T™) X closed, Ty, i semi-Fredholm
Tind Ty, =ind T,, TH 5,

[ %]
(1) ZneEindT=ind T, EEDD,
(2) B-Fredholm operator T 7% B-Weyl &iX ind T=0 D& Z%\ 5,
(3) opw(T)={A| A=T is not B-Weyl} C ow(T)



(4) E(T) : A7 T LD ACEAMEIZR D Rek
[[£# 6(Berkani)] T' ?* semi-B-Fredholm & 722 HE+SRMHIX T =TIM @ TN, T|M semi-
Fredholm, T'|N nilpotent & RDEFNE H=MON PNFETDHILTHD,
[}£Z] B-Fredholm, B-Weyl IZOWTHRKRTH 5,
[FEZ 7] (p, k)-quasihyponormal operator T' I generalized Weyl DEE, DE Y,

o(T)\ opw(T) = E(T)

Tl

[EEBA] A € o(T) \ 0w (T) £ 3%, T5& T — 1% B-Weyl T not invertible Th 2, &Ko TE
H6 0D
T—-A=(T-NMea(T-)NN

B3R TE T (T — N)|M 1% Weyl, (T — A\)|N X nilpotent & TX 5,
(case 1.) X € o(T|M).
ZDLEIHMEL XY T|M X (p, k)-quasihyponormal TH 2, Lo TEH 3 b
AE O(T|M) \Ow(TIM) = Tr()o(T|M)
ThB, LoT AIFo(TIM) DILAT TIM OEEETHS, £->TAIXT OEBETHS
%, —7J (T — \)|N X nilpotent 72225 A 1Xo(T) PR THH D, Eo>TAe E(T) THD,

(case 2.) A & o(T|M).
ZDEE (T — NN X nilpotent 72226 X X TIN PEFETHD, L-TT OEFETH
Hd, —H (T - N|MIFFHENLD N X o(T) DIMMLRTH D, LoTAe E(T) ThHD,

WIZNe E(T) &T5. MNido(T) DISLRTHDMH Ey & X D Reisz idempotent &35 &
T—-A=(T-N|ExH®(T—-N|I—-E\H

EOfRCED, M1 LY (T —))|E\H X (p, k)-quasihyponormal T o(T|E\H) = {A\} TH 5,
TIT. BLAZOARD 12 L0 TIEAH = A ERBDTEMN X A OBEBZEHThHS, i

T-A=0®(T-\|I-E\)H

T(T-N|I—-E\H IFAHENLER 6 L0 T—\ 1% B-Weyl Thb, £oT € o(T)\opw(T)
Th D,

Fl2, bLA=0725[12] LY (TIEYH)F =0 &725, Lo TZOHELEE6 LY )€
o(T)\opw(T) TH 5, [REBA#]



3. ZDHOIEE]

Djordjevic, Duggal [7] i% T* 23 p-hyponormal 72 51X T X Weyl ODEEEZF /=TT L &R L
2o TOFERITKRD & D ITHERTE B,

[FEE 8] T* 2’ (p, k)-quasihyponormal 72 51T T' I% generalized Weyl @ E
o(T)\ opw(T) = E(T)

o

Weyl DEEDILIEM T a-Weyl DEEN D, ZOEBED-DICEfRE L TBL, ZhbD
FRIZDOWTIX Aiena [1] 23SFELVY,
[E%]

(1) T € SFL &% R(T) closed , dimN(T) < oo ,ind T <0 D& & &V,

() agp (T) = (| T =\ & ST} C ow(T)

(3) 04(T) 1 T DFELURANRT bTF A, 78(T) 1 04(T) OISR CEBEEAROBEFMHEE 72
LRERERT,

[FEH 9] T* 2% (p, k)-quasihyponormal 72 HIX T 1% a-Weyl DFEH, DOF Y
aa(T) \USF_; (T) = 7730 (T)

=9,

F 72 a-Weyl OFEBDILIERR T generalized a-Weyl DEBEBH D, ZOFEBEDOT-DICHEfFEZ L
TH<

(%]

(1) T € SBFy XiE R(T™) closed , dim N(T) < oo, ind Ty = ind T < 0 &72% n BEET
BLEEVI,

(2) ogpp- (T) ={A [T = A ¢ SBF} Cogp-(T)

(3) B%(T) : LAY b T AOISLACEAMEIC A D ALk

[EE 10] T* #° (p, k)-quasihyponormal 72 51X T 1% generalized a-Weyl DFEH, DF Y
0a(T) \ 9SBF; (T) = E4(T)
) e DN

[(EE]
(1) generalized a-Weyl DEH — a-Weyl DEH —> Weyl OEH
(2) B 10 TT* & T CEEZH#EITIVNIIRATH D,
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Generalizations of Ando-Hiai inequality,
and Furuta inequality

MAsATOSHI FuJir* AND E1ZABURO KAMET**

ABSTRACT. We discuss two variables version of the Ando-Hiai inequal-
ity: For A, B>0and a € [0, 1], if A f, B <1, then

T S
A ﬁa‘;ﬁ"f_—a)—sB <I for r,s>1.

Here f, is the a-geometric mean in the sense of Kubo-Ando. In this
context, the Furuta inequality is understood as the one-sided version
(the case of s =1): If A, B <1, then

A"f_ar B<I for r>1.

ar+l—a

As a consequence, the Furuta inequality has an alternative simple proof.
In addition, we point out that the obtained inequality is understood as
the case t = 1 in the grand Furuta inequality.

1. Introduction. Let A, B be positive operators on a Hilbert space. In
[10], the a-geometric operator mean for « € [0, 1] is defined as

Aty B=A3(A"3BAT3)*As

if A> 0, ie., A is invertible. First of all, we cite the Ando-Hiai inequality for
convenience.

Ando-Hiai inequality. For A, B > 0,

(1) A#,B<1 = A"#,B <lforr>1.

Recently, we discussed in [3] some relations between the Ando-Hiai inequal-
ity and the following theorem:

Theorem A. IfA> B >0 and o € [0, 1], then
2) A7 e BP<I

holds for p,r > 0.

2000 Mathematics Subject Classification. 47A63 and 47A64
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It is an operator order version of our characterization of the chaotic order
that for A,B > 0, log A > log B if and only if (2) in Theorem A holds for
p,7 > 0. By the way, the base of Theorem A is the Furuta inequality, see [1],
[2], [4], (5], [6], [7], (8] and [9]:

Furuta inequality. If A > B > 0, then for each T >0

(A5BPAR) < AT
holds for p >0 and q > 1 satisfying (L +7r)g > p+r.

Its crucial point is the case (1 +r)g = p + r. So we recognize the following
inequality as (FI), which is expressed in terms of the a-geometric mean f,:

(FI) f A> B > 0, then
(3) A‘Tﬁl_inggA for p>1andr>0.

Based on these facts, we proposed two variables version of the Ando-Hiai
inequality in [2; Theorem 3]:
Theorem 1. For A, B>0anda € [0, 1], if Ay B <1, then

T S
A ﬁm(alr_mB <I fOT T’,S_>_1.

It is obvious that the case r = s in Theorem 1 is just the Ando-Hiai inequal-
ity. Moreover, as discussed in below, the case s = 1 is a natural variational
expression of the Furuta inequality. Namely Theorem 1 is a common extension
of them.

2. Equivalence. Now we consider two one-sided versions of Theorem 1:
Proposition 2. For A, B>0anda € [0, 1], if A, B <1, then

A"f_or B<I for r>1

ar+l—a

Proposition 3. For A, B>0anda € [0, 1], if A, B <1, then
Aﬁmﬁm B*<I for s>1.

In the section, we investigate relations among them and Theorem 1.

Theorem 4. (1) Propositions 2 and 8 are equivalent.
(2) Theorem 1 follows from Propositions 2 and 3.



Proof. (1) We first note the transposition formula X , ¥ =Y 3 X for
B =1 — a. Therefore Proposition 2 (for 3) is rephrased as follows:
Big A<I = B°fs ALI for s>1.

Bs+a

Using the transposition formula again, it coincides with Proposition 3 because

Bs «@ o

1-— = .
Bs+a PBs+a (1-a)s+a

(2) Suppose that A #, B < I and r,s > 1 are given. Then it follows from
Proposition 2 that A" §,, B < I for ay = {—;. We next apply Proposition
3 to it, s that we have

T S __ T ar S
124 ﬁ——j—j—alMI_QHB =4 ﬁmB’

as desired.

3. Furuta inequality of Ando-Hiai type. First of all, we point out
that Proposition 2 is an Ando-Hiai type reformulation of (FI):

Theorem 5. Propositions 2 is equivalent to the Furuta inequality.

Proof. For a given p > 1, we put a = %. Then A > B(> 0) if and only if

(4) A4, By <1, for By = A"1BPA"z.

If A> B >0, then (4) holds for A, B > 0, so that Proposition 2 implies that
for any r > 0

1> A7 ¢ By= A0 fu Bi= AT g A iBPAS.

Hence we have (FI);
AT e BP < A

p+T
Conversely suppose that (FI) is assumed. If A™' f, B; < 1, then A >
(A2B,A7)* = B, where p = 1. So (FI) implies that for r; =7 —1>0

A> A fi BP=ACD4 .  A3iB A3
p+r1 ptr—1

Since 5 +:_1 = Trar—ar We have Proposition 2.

As in the discussion of the preceding section, Theorem 1 can be proved by
showing Proposition 2. Finally we cite a proof of Proposition 2 for complete-
ness. Since it is equivalent to the Furuta inequality, we have an alternative



proof of it. It is done by the usual induction, and its technical point is a

ar

multiplicative property of the index ey Tar

of § as appeared below.

Proof of Proposition 2. For convenience, we show that if A=! 4, B < I,
then
(5) A—Tﬁﬁ___%r%?BSI for r>1.

Now the assumption says that
C* = (A7BA?)* < A.
For any € € (0,1], we have C*¢ < A® by the Lowner-Heinz inequality and so

A9y 0 B=A"3(A faaso ATBAZ)AT?
T=a)Fa(l+e) Ttae

< ATH(C faprg C)AT3 = AT3C°A 3 = A 4, B< L.
1+ae

Hence we proved the conclusion (5) for 1 < r < 2. So we next assume that (5)
holds for 1 < r < 2™. Then the discussion of the first half ensures that

ar
—T\T1 ar B < I f 1 < < 2 = "
(A7) ¢ —an_ B< or 1 <r <2, where g A—a)Tor

Thus the multiplicative property of the index

(5N A1 arry

I—a)+arr (1—a)+arr

shows that (5) holds for all » > 1.

4. Grand Furuta inequality. As well-known, the grand Furuta inequal-
ity (GFI) interpolates Ando-Hiai and Furuta inequalities. It is expressed as
follows:

(GFI) If A> B >0 and ¢ € [0,1], then

(AR (A8 BPATE AR| G < Al

forr >t and p,s > 1.
We note that
(GFI) fort=1, r=s < (AH)
(GFI) fort =0, s=1 <= (FI)
In this section, we point out that (GFI) for ¢ = 1 inclueds both Ando-Hiai
and Furuta inequalities.
Since Ando-Hiai inequality is just (GFIL;t = 1) for r = s, it suffices to check
that Furuta inequality is contained in (GFI;t = 1). As a matter of fact, it is
just (GFLt =1) for s = 1.



Theorem 6. Furuta inequality (FI) is equivalent to (GFI) fort =s=1.
Proof. We write down (GFI; ¢t =1) for s =1: If A > B > 0, then

[AF(A™2BPA™2)AS]rim < AT
for p,r > 1, or equivalently,
A= 1)11 _BP<A

for p,r > 1. Replacing r — 1 by r;, (GFI; t = 1) for s = 1 is rephrased as
follows: If A > B > 0, then
AT e, BP< A
p+ry

for p > 1 and r; > 0, which is nothing but Furuta inequality.
Furthermore Theorem 1, generalized Ando-Hiai inequality, is understood
as the case t = 1 in (GFI):

Theorem 7. (GFI; t = 1) is equivalent to Theorem 2.
Proof. (GFI; t = 1) is written as

A>B>0 = [AT(A"2BPA ) A5 0em < A” (p,r,s > 1).

We here put

]. 1 1
a=>, By=AIBPA:,
D

Then we have
A>B>0 < A‘lﬁ% ATiBPATE <1 & A4, B <1
and for each p,r,s > 1
[A5 (A3 BPA™3)AS)mim < A7
= AT (ATEBPATE) <1
= AT BSL

This shows the statement of Theorem 3.
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Abstract

A new technique producing hyperinvariant subspaces via extremal vectors was intro-
duced by Enflo in [1]. In this note we employ the technique originated by Enflo to study
the hyperinvariant subspace problem for subnormal operators and show that every nor-
malized subnormal operator S such that either {(S**S5")!/?} does not converge in the
SOT to the identity operator or {(S™S5*™)'/"} does not converge in the SOT to zero has
a nontrivial hyperinvariant subspace. We also discuss a structure theorem about certain
quasinilpotent operators and reduce the hyperinvariant subspace problem for quasinilpo-
tent operators to a special subcase.

1. Introduction. This is based on the joint work with C. Foias, E. Ko, and C. Pearcy
([7], [8], [9], and [10]) and was talked at the conference on Function spaces 2006, which was
held at Hokkaido University on December 23-25 in 2006.

Let H be a separable, infinite dimensional, complex Hilbert space, and denote by £(H) the
algebra of all bounded linear operators on H. According to Aronszajn-Smith [2], the invariant
subspace problem of compact operators was proved by John von Neumann (unpublished)
about 1935. Thus there has now been over a half-century of work devoted to establishing that
operators in L(H) that have a relation to some compact operator have nontrivial invariant
subspaces. In [1], a new technique was introduced for producing invariant subspaces for
compact-related operators in £(H). This technique of proof uses some extremal vectors in
a very clever way, and, as was mentioned in [3], is so new that most likely it will be some
time before one knows whether the technique will yield all the stronger theorems from [4] and
[5] as well as perhaps some completely new results in the same direction. In [7], the Enflo’s
new technique was modified as a considerably better version and the following theorem was
obtained.

Theorem 1.1 ([5]). Suppose that Q # 0 is a quasinilpotent operator in L(H) and there
exist a sequence {Dm}men C {Q} converging in the weak operator topology to a nonzero (C

*2000 Mathematics Subject Classification. 47A15, 47B20.
 Key words and phrases: subnormal operators, hyperinvariant subspaces, spectral measures, quasinilpotent
operators.



in {QY) and a sequence {Kp}men of compact operators such that lim || Dy, — K|l = 0. (In
m

other words, in the language of [5], we suppose that {Q} has the Pearcy-Salinas property.)
Then Q has a nontrivial hyperinvariant subspace.

In this note we modified and extended a technique introduced by P. Enflo in [1] involving
some extremal vectors to produce a nontrivial hyperinvariant subspaces for some quasinilpo-
tent operators in L(H) (cf. [7], [8]). Also, the extremal properties are generalized to the
spectral measure theory, which gives a contribution on the hyperinvariant subspace prob-
lem of operators (cf. [9] and [10]). In particular, we introduce a different construction that
leads to the existence of a nontrivial hyperinvariant subspace for some additional classes of
quasinilpotent operators. In particular, one proves a modest structure theorem for a special
class of quasinilpotent operators (cf. [10]).

2. Some preparatory material. If A is a compact subset of the complex plane C,
we write 9,(A) for the boundary of the unbounded component of C\A, and we say that a
subnormal operator S in L(H) is in spectral general position if S is pure, o, (S) = 0,(5*) = 2,
o(S) is connected, 0 € 9,(a(S5)), ||S|| =1, and 0,(NZNs) = 2.

Proposition 2.1. If S is a subnormal operator in spectral general position, then S
is a completely nonunitary contraction in the class Coo (i-e., both sequences {S™}nen and
{8*"}en converge to Oy in the strong operator topology (SOT)).

The following Proposition provides a good motivation to study the hyperinvariant sub-
space problem for subnormal operators in £(H) in spectral general position.

Proposition 2.2. If every subnormal operator S in L(H) in spectral general position
has a nontrivial hyperinvariant subspace, then every subnormal operator in L(H)\Cly has
a nontrivial hyperinvariant subspace (In other words, when looking for a nontrivial hyperin-
variant subspace for a subnormal operator S, no generality is lost by assuming that S is in
spectral general position, and, in particular (Proposition 2.1), that S is a c.n.u. contraction
in the class Cyp.)

Let T € L£(H)\Cly with dense range. For n € N, let E(® be the spectral measure
associated with the operator TT*", so T"T*" = f[o T2 A dE™(X), n € N. Define Eg‘") =
EM([0, ), E™ = EM™([0,))), 0 < A < ||T"|2 (n € N) and define A, = min{X € [0, ||T"[?] :
}]E/(\n)zoﬂ > 0} (n € N). Then A, > 0 for n € N and the space M, = (1y — Eirl))H =
E® (M, |T™2)H, n € N, is a reducing subspace for T"T*" such that T"T*"|r4, is an
invertible operator. Thus there exists a unique z,, € M, such that T"T*"x,, = (1H—E§‘71))a:0,
n € N. Next we define y, = T*"z,, and z, = E/(\Z)aro, which yields Ty, = E™ [\, |T™]|%])zo.
Then we have a proposition for hyperinvariant subspaces for normal operators as following.

Proposition 2.3. Suppose N is a normal operator such that o(N*N) = [0,1] and
op(N*N) = @. With the definitions and notation as above, let sq be the weak limit of some
weakly convergent subsequence of {N™ynnen. Then ({N} so)~ is a nontrivial hyperinvariant
subspace for N.

3. Hyperinvariant subspaces for subnormal operators. We begin with a subnor-
mal operator S € L(H) in spectral general position with minimal normal extension N = Ng



in L(K), s0 K = Vpen, (N*)" H, and 0,(N**N") = & for n € N. We write P = P* = P? for
the projection in £(X) whose range is ‘H, and §**S" = f[O,l] A dEM™(X\) (n € N), so E™ is
the spectral measure of §**S™. Furthermore we write (S**S™)}/" = f[O,l] v dG™(v) (n € N).
Once again there is an obvious relation between the sequences {E(")}neN and {G(”)}neN,
which yields, in particular, Gg\n) = Eg\ﬁ) and Gg\"_) = E((;,)L)_ (A € [0,1], n € N). Finally we
write

p dF™ () = / ur dF® (), (1)
0.1

[0.1]

and again it follows easily that F;E:) = F;El) and F™ = F;EI—) (» €10,1], n € N). Note that

(um)~
((N*N)'z,z) = / A dEM () = / " dGM (), zeH. 2)
[0,1] ’ [0,1] ’

Next, we define H, =H N Flsl)lC for p € (0,1).

Proposition 3.1. For each p € (0,1), H, = HN Fﬁl)lC is either (0) or a nontrivial
hyperinvariant subspace for S.

This proposition has an interesting corollary.

Corollary 3.2. If S € L(H) is a subnormal operator in spectral general position and S
has an invariant subspace H C H such that ||S|zll < 1, then S has a nontrivial hyperinvariant
subspace

Now we proceed with the general construction with S replacing T* and using (1), (2),
and the above remarks. In other words, we let zy be an arbitrary unit vector in H and 6 an
arbitrary real number satisfying 0 < § < 1, and we define

Un = pin (0, 70) = min{y : (Flgn)zo,am)lm >0}, neN,

and
Un = v (0, o) = min{v : (GM g, 20)Y/? > 6}, n e N. (3)

To continue with the general construction, we need now the following computational lemmas.

Lemma 3.3. Let x € H,0< vy <1, and r > 1 be such that rvyg < 1. Then
(1 = FS)GWa|? < (1/r™)|IGSRe|® < (1/m) |a|®,  neN,

and consequently ||(1x — F,S,Eg)Gl(,g)||2 < 1/r™ for all n € N.

Lemma 3.4. If H, = (0) (i.e., F,SI)IC NH = (0)) for every p € (0,1), then the sequence
{Un}nen = {¥n(@0,0)}nen from (3) satisfies lim, v, = 1 independent of the choices of the
unit vector g and the 0 satisfying 0 < 6 < 1.

Under the hypotheses of Lemma 3.4, for every vy € (0,1), the sequence {G:(/z)}neN of
projections is SOT-convergent to 0. We can now obtain the following proposition.



Proposition 3.5. If S is a subnormal operator in spectral general position, and for
every p € (0,1), the hyperinvariant subspace H, = HN F;Sl)IC = (0), then the sequence
{(S*"8™)1/"}en is SOT-convergent to 1.

The converse of Proposition 3.5 is also true and admits a very easy proof.

Proposition 3.6. If S is a subnormal operator in spectral general position, and the
sequence {(S*"8™) "} en is SOT-convergent to 1y, then for each p € (0,1), the space H,
is the zero subspace.

Putting together Propositions 3.5 and 3.6 we obtain immediately one of our main results.

Theorem 3.7. If S is a subnormal operator in spectral general position, then there
ezists po € (0,1) such that H,, = HOF,%)/C is a nontrivial hyperinvariant subspace for S if
and only if the sequence {(S*™S™)Y"}nen does not converge in the SOT to 1.

It is not difficult to show that the spaces H,, in use above are exactly the spectral maximal
spaces for S corresponding to the closed discs centered at 0 with radius p!/2 which are well
known to be hyperinvariant for S.

4. The sequence {(S"5*")1/"}, cn. We obtain further information about a subnormal
operator S in L(H) in spectral general position by studying the sequence {(S™8*™)1/"Y en.
We write (S™5*")H/" = f[o ¢ dG™(a), n € N, so G™ is the spectral measure of (S*5*")1/",

As before we write G& = G(™ ([0,a]). We now first establish the counterpart of Lemma 3.3.
Lemma 4.1. Suppose 0 < pg <1 and r > 1 is such that por < 1. Then

(13 = GENPFQ2|? < (1/rIIER | < (1/m)2]?,  neN, zeKk,

por
and consequently ||(1y — éﬂé)r)PFﬁ(Lé)Hz <1/r™ for all n € N.
Lemma 4.2. For every po € (0,1),
limsup [|(S"S*™)Y*"PFV 2|2 < po|| PELz||? for z € K.
n

Lemma 4.3. If for every p € (0,1), we have (PF,EI)/C)" = 'H, then the sequence
{(S™S* ™)1/} en converges to 0 in the SOT.

Proposition 4.4. For each p € (0,1), we have PF;(Ll)IC # (0) and M, :==HN (1 —
F,Sl))l(: # H. Moreover, there exists pg € (0,1) such that (PF;%)KI)_ # H if and only if
My, 7 (0).

We next wish to show that if there exists pg € (0,1) such that (PFSJ)IC)_ # M, then

the nontrivial subspace M, defined above is a nontrivial hyperinvariant subspace for S. To
establish this, we must first obtain another characterization of M,,.

Proposition 4.5. If pg € (0,1) is such that the space M,y = HN (1 — F,E(l)))lC from
Proposition 5.4 is nonzero, then N|M“0 = S|Mp0 is invertible and My, = Py, where

Pu ={z € H:3{zn} C H with x = N"z,Vn and sup(ug/2 |znll) < +o0}.
n



Finally we can obtain the main result of the present section.

Theorem 4.6. Let S be a subnormal operator in L(H) in spectral general position. Then
there exists po € (0,1) such that My, = HN (1x — F,%))IC is a nontrivial hyperinvariant
subspace for S if and only if the sequence {(S™S*™)/"} en does not converge to zero in the

SOT.

As an immediate corollary of Proposition 2.1 and Theorems 3.7 and 4.6, we have also
the following rather intriguing result.

Theorem 4.7. If S is a subnormal operator in spectral general position, then the se-
quences {S*"S™}nen and {S™S*"}nen converge in the SOT to 0y. Moreover, either S has a
nontrivial hyperinvariant subspace or the sequences {(S*™S™) /" }nen and {(S™S*™)/"}pen
converge in the SOT to 1y and Oy, respectively.

5. Applications to quasinilpotent operators. In all that follows, the notation
(Q) will be used to denote the set of all nonzero quasinilpotent operators in £(H). Also we
obtain some results of hyperinvariant subspaces of quasinilpotent operators via the techniques
of extremal properties.

Theorem 5.1. Suppose Q € (Q) and there exists a finite dimensional subspace M # (0)
of H that is invariant for (equivalently, reduces) each member of the sequence {Q"Q*"}nen.
Then Q has a nontrivial hyperinvariant subspace

If we take M = Czg in Theorem 5.1, we get easily the following corollary.

Corollary 5.2. Suppose Q € (Q) and the operators in the sequence {Q"Q*"}nen have
a common eigenvector g. Then Q has a nontrivial hyperinvariant subspace

Recall that from [11, Prop. 3.4] that the sequence {Q"Q*"},en consists of mutually
commuting operators and the finite dimensional eigenspace of Q¥ Q**0 is a nontrivial hyper-
invariant subspace for Q*0Q**o. This reduces all the commuting operators Q*Q**, k € N.
Hence Theorem 5.1 induces the following theorem.

Theorem 5.3. Suppose Q € (Q) is such that Q*Q has a cyclic vector and Q*Q com-
mutes with QQ*. Suppose also that some QFQ* 0 has an eigenvalue of finite multiplicity.
Then @ has a nontrivial hyperinvariant subspace.

Note that to apply Theorem 5.3, it is not necessary that the eigenvalue of Q*0Q**0 of
finite multiplicity be an isolated point of o(@Q*0Q**0).

Problem 5.4. Show that every Q € (Q) such that the operators in the family {Q"Q*"},en
all commute with one another has a n.h.s. In this connection, see Corollary 5.2 and Theorem
5.3.

Finally we introduce a structure theorem which shows that we can say more about the
operators treated in Corollary 5.2.

Theorem 5.5. Suppose Q € (Q) is quasiaffinity. Suppose also that the operators in the
sequence {Q"Q*" }nen have a common eigenvector wg. Then the subspace N = ({Q} wo)™ is
a nontrivial hyperinvariant subspace for Q, and there exists a (strictly) larger M € Lat(Q)



such that if we write H =N & (M N) @ ML, the corresponding operator matriz for Q has
the form

QN Q12 Qs
Q = 0 QMGN 0 )
0 0 Q33

where Qmen is a backward weighted shift of multiplicity one.
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Banach algebras and a functional calculus via
Helffer—Sjostrand formula
Shizuo Miyajima (= E&EHHE)
Wakamiya-cho 26, Shinjyuku-ku, Tokyo 162
Dept. of Math., Fac. of Sci., Tokyo University of Science

1 RREORIR

unital Banach algebra 2 A% 9B O subalgebra TH2 L ¥, 2 e A ICHLT A NTEZZAR
TRV oy(z) & B ATEZTZARY ML og(x) ZBEATNWSZ LIEEBICONS. ZLT—M
12ld o (z) C ou(z) THDH, A=CK) (K ZAXT INTARLT) v kS
HFOTFTEVDEE BICHLTE on(z) = os(x) BEDIDT EMHENMNDENDS. 2O i
ROESIC—RILEND ([1] OREROKFRIEIEE) .

Theorem 1 (Barnes [1]) 2 /' unital Banach algebra THRI#H)D semi-simple, regular T3 %
L3, 20EE YA ZFZTEEED unital Banach algebra B I LT oy(z) = on(z) (Vo € A)
A D ILD.

COEMHEEAT B5GEICRA >V b eixB00, MU Hregular] LW 5544 TH3. L L Banach
algebra 7' regular TH2 T L Z2HENDBDITZ S FHLEEVHEETH 5. HlZIE Dixmier [4]
T, EZEVY—8 G O group algebra L(G) b regular TH 3 Z L& END B 12HIC, Fourier &
WERFIALT, LY(G) Ob3BOmCH LTI [T2Ed oADK Al BAEETHS T
ERIRT T ICK 2TV 5. regularity I& Banach algebra DB 5D [T #EKRLTWS
DT, fEHEEE DIENT T ZADBEEANDORANER L7525 T A regularity ICFHETDL T &
EokbTLEERS.

A& Tlk, E.B. Davies IC &> TERE N7z, Helffer-Sjostrand formula I &% functional
calculus ZfV 3 Z £IC &> T, Dixmier DfERZ—MLL T, HBTEDOAH Banach ERD regularity
ZIH—HNORT C L2 BIRICT B,

2 Helffer—Sjostrand formula | &K% functional calculus

K EDEHSHERD quasi-analytic extension [t| <1 Tr(t)=1,[t|>2 T7(t)=0
FHBITEE e C°R) Z—DEELTHBL. TDLE, fcC®R),neNIZHLT, C LD
RE%K f, % Taylor $E=FIA LT

ol + iy) = <2nw )(W@»

CE->TEETS. TTT (2):= (14|22 THB. [, 13 f OHIETHD, 7(y/(x)) ZHNT
TWa7d, |yl < 2z) ODHTIF 0 LIE>TWAB. [, B f O quasi-analytic extension &PEEH
B, o(z,y) = 7(y/(z) & LTHD TDOROERICH S :

d/n

oz )::%@_ﬁ* Mn)

oz @t oz oy

(iy)"

= L@ o)+ L3 0@ ) i) )

r=0



% i) = l (n+1) (iy)" )
9z (z +1y) = 2 f (a:)—n! o(z,y)

L% IR ETW 0f,/02=0ThD, % zcRICBLT

=0@y") (y—0)

THb. EHIKEHELVIEHMliEES DI,
U:={(z,9) eR*|1< Jy|/{z) <2}, V:={(z,y)eR*|0<|yl/(z) <2}

£93L oy +ioy| <cxu/(z) BEDILD (c:= 3 max, |7/(t)], xv & U OEHBHD < LiciE
BT 5. ZhhS R,y WEBAGREER C HH-T, —fRIC

! =0 ’

n n wr—l
SC<|f(”“)(r)|%><v(m,y)+Z|f‘”(x)!<,>r! xw(x,w) @

r=0

3fn

5% ——(z+1y)| <

Davies @ functional calculus Helffer-Sjostrand (& H O RZEHZE H O functional calculus
A, R EDH BT T ADBE f IR L TIEZ D quasi-analytic extension 7 VT

-——[[.% O (,_ rytaacs 3)

DX, FEDTEIEEATEINDC LZRLIZ. 2T T dA(2) EFEICE 28 E O
HERZET. E.B. Davies [3] (Z#IC (3) T H IZXY % functional calculus ZEHT 5T & &E
Z, HazfED B, fEUCE 2L (3) OREUNERER DL & H #EZZNREIVDT, H
MEHEHEKRTH S L30T LEAREMN TR/, Banach algebra OJLIC—(LTEZ L RS
TbH5.

Z T, H ZHAI7t%&FFD Banach algebra A OJE, H2WdH % Banach 22/ CHRICES
INFEREWEREZEE LT, (2) BBZICANT (3) DHEADHEMNICEMER -8 5 I RDE
WaEZD i o(H) CRIPDHZ a>0 LT

-1
Pa(H) = Sup W ot <oo (z=z+iy). (4)

U ETE |yl ~ (@) ~ (2) = (1 + [2|D)Y2, V ET |y, (2) & (z) DEBELUTEDOT, (4) BRI
T HIHLT, QIKED n>a+1%5KE

] 22 1= 1A < Gt | {ZW ) do

DO IIDT EHH D GHIELIZHE y IOV TORAEFIT) . TTT Cho ldn, o (n>a+1)
(& 7) CDORKETZER. DD o %

8fn

n+1

1l —/ZW Y1 do

WERZ f e CP(R) KD || fllnr1 & & B5efb e UTROFEIEAIHTE .



Theorem 2 (Davies [2], [8]) H 7 unital Banach algebra 20 DJT (resp. Banach ZEf#] X THi
BICERENHREWERR) T, &M 4) ZHELTVEHEE, n>a+1 2HfcdneNE
BAUE, FED f e Ay IKRHLT B)Ic&oT f(H) € U Gesp. f(H) € L(X)) BERTE
TIf(H)| € Cpllfllnsr BRDIID (Cp BEED . n<m DD f € Hppp1 £T58, fe
TEHDHH, B)IKBVT nZz m IKEZATEHAPEIARELED, f(H) & f2EDI SRR
TRLEZDMICEETEES. ZLT f f(H) & dhr1 DD A (vesp. L(X)) D algebra
homomorphism &7%%.

YEDOHMICE>T, RO ENBEETHS.

Proposition 3 A %ZA[#i/x unital Banach algebra & U, ¢ & 2 0 multiplicative linear func-
tional £ 9 %. TOLE, zeAMN o(z) CRDDEM 4) ZHTzL, n>a+1 2Bz n it
LT fedpn ETNE o(f(2) = fp(x)) DELDIID.

proof. FEFEX (3) DEME/ IV LIERZEZDT

-— [ % 8f” — o)) dA(2) (5)

B DID (22T z 1d 2 OFHTREVT LICER) . ZOROEAD ||f|lpe1 /IVLTH
IR LICHETR L, fe CPR) DRAGIFHTNI IV EADNB. TORE, f, OF
HEND f, DELERLZZDT, (5) ODEDDOENEFHIE o(r) € R ZRENICETH D L LTk
V. ZLT o(z) ZHRiDET2¥E e >0 DA% D, LT, D\ D. LTOER fa\swo)t%
f@) KRS B2 LICEET 3. (5) ORAOHAN% D\ D, FORMHY TEERAZ L, 7)—
OEHICED

-~/ O12) (, _ oyt dA(s) - =/ In®) g, @) (€10)
D\D. )

82 271 Jop, z — p(x)

MDD, £oT o(f(z) = flplz)) HESNS. 1
&t (4) ZATTEBEETDRGLE LTRROEDHH%.

Proposition 4 (1) {T(¢)}ier »* Banach 2] X 1D Co-group T, % ke N &iEHH C It
LT IT®)| < CQ+ [t (vt € R) ZRATzLTNE, {T(t)}er DEBIERAER iH & o(H) C R
EHTEL, a=k & LUTERHE (4) B 1.

(2) A NHATAFFD Banach algebra TH e A £95. CDLEDHB ke N LEH C HHo
T, D t € R T ||t < C(1 + t]f) DD IDEBIE, o(H) CR T, a=k & LTEH
(4) HELD T D.

proof. (1): ReX > 0 ZHITHED A € CITH LT [T e MT(t)dt HNEMZRE (A —iH)™
%52%. ¥z Red<0DEXE [[°eMNT(—t)dt WEKRERD, (-A+iH) P =-A—iH)"
52%. XoTo(H)CRTHB. £/ Red>0 T

o © A 1 T(k+1)
At < / Re)At(] 4 4k c
/0 e MT(t)dt]| < C A e (14+t%)dt = Re)\+—(Re/\)’°+1

am5/wA%ﬁﬁ&Djo:mx<0@&%uifm&@@wﬁmﬁiéﬁﬁ@ﬂm&mm%
E, a=k L UTFHE (4) BWEDILDT ENTN5B
(2) OFFBIZE -7z ARkIcTE 3. 1




3 Banach algebra M regularity "D

ME3ICL- T, Banach algebra @ regularity ICBHT 2RO+ DEUEIESND. T OFERIT
AHEMIC Dixmier [4] DXL N ZEA TS

Theorem 5 2 & unital Banach algebra T semi-simple £ 9 %. A OERMIE 20 T, HBEHR C
L ke NITHRLUT et < C(1 + |t|F) (vt € R) 2H =T EDOBBHNUE A & regular TH 3.

proof. 2 ® maximal ideal space oA 1% a(zp) LEHENS. RE L Proposition 4 XD o(ze) C R
WD a=k & UTENEF (4) ZATLICERLES. A D regular THB I LT DI, o(xo)
D GEEDEKD) TEDOHES F L X €o(z) \FICHLT 2 € A T, ZD Gelfand £
TWIp=0DDT(\) =0 LEZEDNFETEHILZEARLY. LTAD feCPR) T
flr=0, f(ho) =1 ZRTEONEFEL, IXNTD n WL T f € App1 72D 5 Proposition 3
IE&D fzg) € U DHHEL, HEED ¢ € AIEHLT o(f(z0) = f(p(wo)) B D, ko,
F(@o)lr = 0 DD flmo)(No) = 1 BHDIIH, AWM DS. I

Proposition 6 k€ N 2 LT, wt):=1+[tF (t€R) T3, TDLE LR, w( )dt) w &
weight &9 2 ABEZBBOZEME TS @ LY (R, wt)dt) :== {f € L*R) | [z|f(®)|w(t)dt < oo},
WL N flly = fglf@)|wt)dt. LNR,w(t)dt) & EREZRE LT commutatwe Banach
algebra 7250, & 5HIC regular &7 5.

proof. Step 1: %A := L}(R,w(t)dt) £ 3L, A=R LRATLATES. Thid A — L(R)
&, Fourier K 3 IT@E) =R 2VIA—BICL>TWV3. & e A A Fourier ZHTHE
nsc EODiEEHﬂfJ“‘F]’:/f‘/]‘T‘Eéﬁ LY(R) DFELFAKICTES. $hbb, dICHLTHS
F e L>®(R) = R F(t)g(t)dt (g € A) LIxBLDMFEL, & A multiplicative TH % T
LB, (S );éo 72(%) s Mﬂ,f ae. t T F(t) = B(f(-—1)/B(f), DD Flt+s) = F(t)F(s)
(ae. (t,8) €ER2) xBT WM D. Ko T F(t) EFRTHEER F(t+s) = F()F(s) ZHiz
LTWBELTEL, BREEHNICEKD F(t) =M EIBD, |If(-—)]a < CO+ 0| flln
LV ZEAEREORFINS A iR L&D, &I \/i ZXREghid i,

Step 2: Step 1 THFESTUWS, A LD translation group {T'(t) hier MRICILD : (T(t) f)(z) :=
flz+1), (f e, x,t eR). REMD T(t) I& Proposition 4 DIREZZFHTz LTS LHHH
5. £oT, FEOHEAFCR & N eR\FIIHLT he CPR) T hlp =0, h(X) #0 %
BT EDEWB L, {T( Vher DEBIEHE HICHLUT h(H) € L(A) DEXS. BB
fo € A % Fourier & fo DEEAERFERNEIREDET B L, h(H)fo ® Fourier U F
ETO0, M TIE#0 £&KZDT, A D regular THBT M35 (Proposition 3 DIEAZ S
. i

4 f#sC
Fadanga [5] I & % &, Theorem 1 IZE SICRD K S Ic—{bENns.

Theorem 7 (Seferoglu [6]) 2 {EA[#27% unital Banach algebra T, semi-simple /"D regular
£33, TOLEMFEED unital Banach algebra B N\OHEFF/ unital algebra homomorphism
I: A - B IEH LT

Vae?d o(li(a)) = a(SpIl)



MDD, TTTalX a D Gelfand B, Spll:={a"'(0)|acker I} THS. A N unit
EEIRVGAE, G EEICEE A TeXH D LD,

T OFEHIX, I A injective ZIHEICIE o(a) = o(ll(a)) (a € A) LWVD AR MVOREMZR
LTW3. COEEEHWS L, SpIl £ Arveson spectrum & DERICE ST, RDK S HAX
7 MIVOREM LT E 5.

Theorem 8 Xi, X5 I& Banach 2T, X1NXo & X1, Xo DA THELTS. COLE X,
Xo TZNTNRBERERE 2R OMIEHER A1, Ay BENTIND LT Gy BREML, [le| <
CA+|tF) (i=1,2, VtER) BHIETER C, ke NDBH-7L T3, TDLE Co Bf {et}ier,
{et42},cr B consistent, DED

6tAll)(ll’\)(a = etA2|X1ﬁX2 (Vt S ]R)
BHIZLTVIUE 0(Ar) = 0(A) DD LD

Theorem 2 DERNCEE LTz o1 BRI L OREIC X o TA[H7% Banach algebra & 72250,
TN regular THBZ LICK> TROEREBELNS.

Theorem 9 X;, X5 l& Banach ZZM T, X1N Xy & X1, Xo ONATHELTS. ZDEE X,
Xo TEFNTNHBLERERFOMIERE A1, Ay DART MUDNEEICEEN, 5 o > 01K
LTEBICEM (4) ZRIZL TR LTS, SHIKEED N e C\RIZHLT (A— A1) Hxinx, =
(A = A2) Yxynx, DD IS TV B 5IE 0(A1) = o(A2) THS.

FMCDWTIE [5] ZRTWIIZERW.
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Three dimensional Commutative Operator Algebras
and @-Algebras (II)

Takanori Yamamoto (Hokkai-Gakuen University)

This is a joint work with Takahiko Nakazi (Hokkaido University).

Let A be a uniform algebra on a compact Hausdorff space X. If I is a closed ideal of A,
then the quotient algebra A/I is a commutative Banach algebra with unit. In this talk, if
a Banach algebra B is isometrically isomorphic to A/I, then B is called a Q-algebra. (Bon-
sall and Duncan called B an IQ-algebra.) (cf. [1, p.270]). We consider the case when dim B = 3.

Cole’s Theorem (cf [1, p.272]) Let B be a Q-algebra. Then there exists a Hilbert space H
which is not necessarily finite dimensional, and an isometric isomorphism of B to a commuta-
tive algebra of bounded operators on a Hilbert space.

It is interesting to consider whether every commutative closed algebra B of bounded operators
on H is a Q-algebra (cf. [1, pp.272-273]). It is clear that a 1-dimensional commutative operator
algebra B with an identity operator on a Hilbert space H is just a (Q-algebra. It is proved by
Drury (cf. [4]) and Nakazi (cf. [8]) that a 2-dimensional commutative operator algebra B
with an identity operator on a Hilbert space H is just a ()-algebra. At the end of this paper,
we will introduce the Holbrook’s counterexample which shows that there is a 4-dimensional
commutative operator algebras B, with an identity operator on a 4-dimensional Hilbert space
H which is not a Q-algebra. Hence, a set of all 4-dimensional algebras of the form

{A/I; Iis a closed ideal of A}
is smaller than a set of all 4-dimensional algebras of the form
{span{Ty, T, Ts,I} ; T1,T>, T; are mutually commutative bounded operators on H}.

Both the ideal of A and the identity operator on H are represented by the same letter I. By
this fact, if n > 5, then this implies that the set of all n-dimensional Q-algebra A/I is smaller
than (and not equal to) the set of all set of all n-dimensional commutative oparator algebras
with unit on a n-dimensional Hilbert space. Therefore, it is interesting to know whether a
3-dimensional commutative operator algebra B with an identity operator on a Hilbert space H
is just a @-algebra. It seems difficult for us to solve this problem. We wil consider the more
simple probrem as the followings. Let T denote the unit circle, and let A(T) denote the disc
algebra.

Problem. Describe a set of all 3-dimensional Q-algebras B of the disc algebra A(T) in a set of
all 3-dimensional commutative operator algebras with an identity operator on a 3-dimensional
Hilbert space H. That is, discribe a set of all 3-dimensional algebras of the form

{A(T)/I ; Iis a closed ideal of A(T)}
in a set of all 3-dimensional algebras of the form

{span{Ty, Ty, I} ; Ti, T, are mutually commutative bounded operators on H}.



What kind of a 3-dimensional ()-algebra can be represented as a 3-dimensional commutatative
operator algebra with identity on a 3-dimensional Hilbert space? As above, the 2-dimensional
case is completely solved by Drury and Nakazi. In the 3-dimensional case, it seems to be known
only trivial ones which is direct sum of thee 1-dimensional operator algebras:

1 00 000 0 00
0 0 0], 01 0], 00 0],
0 00 000 0 01

direct sum of a 2-dimensional commutative operator algebra and a 1-dimensional operator

algebras:
1 00 0 00 000
(x 0 0), (—x 1 O), (0 0 0),
0 00 0 00 0 01

or -algebras of A(T) (cf. [12]). Therefore, we study the structure of the @-algebra of A(T).
We introduce some operators and spaces to show the Sarason’s theorem which is used to solve
this problem. Let H? be the closure of A(T) in L? = L?(df/27). H?>NI* denotes the annihilator
of I in H?> = H?(df/2m). Let P denote the orthogonal projection from H? onto H? N I+ and
for any f € A(T) put

Sy =8P =P(f¢), (peH*NIY).
Then Syyp = Sy for k in I and ||S¢|| < ||f + I]]

Sarason’s Theorem (cf. [2, p.125]; [10, vol.1, p.230]; [11]) If f € A(T), then ||S¢|| = || f+I||,
where the norm on the left is operator norm on H? N I+ and the norm on the right is the quo-
tient norm in A(T)/I.

By Sarason’s theorem, we consider the Q-algebra of A(T) as the 3 commutative matrix algebra
with identity, that is, as the 3-dimensional commutative operator algebra with identity. Let

1 1 1
]{71(2) = 1— az, kg(Z) == = k’g(Z) = 1— EZ.

Let

— |al? zZ—a — ]2 zZ—a zZ— — |c|?
N P i L S R el Y byl

1l -—az T l—az 1—bz Cl—azl—bz 1—éz

Then 11,1 and 13 are mutually orthogonal in L?, and span{ky, ks, k3} = span{ty, 19, 13}
and let f € A. Let

—db

McCullough and Paulsen [7] consider the following 3 x 3 matrices in more general settings.
In the followg propositions, dim H? N I+ = 3.

Proposition 1.  Let a,b and c be distinct points in D. Let f € A. Let [ = {g€ A ; g(a) =
g(b) = g(c) =0}. Then



f(a) 0 0
(ai;) = ( z(f(a) — f(b)) f(b) 0 )
yf(a) —zz2f(b) + (zz —y)f(c) 2(f(b) — f(c)) flc)

1 00 0 00 0 0 0
=fla)l = 0 0 [+f(b)| —2= 1 0 |+ f(c) o o0 0],
y 0 0 —zz 2z 0 zz—y —z 1

where
_ —(ka, k) /1= lalPy1— o2
Va2l = (R, ko) P a=b 7
_ _<k3> 1/)1> - <k37¢2>$ _ \/]' - |a’|2\/]' - |C|2 1-— CLE
ks — (ks 1)1 — (ks, Y2) sl a—c a—>b’
and
L — (ks ¥2) TR
ks — (ks, ¥1)vb1 — (ks, a)iball b—c

(2) There are 3 x 3 idempotent matrices Py, Py such that span{Py, Py, I} is not isometrically
isomorphic to A/I. That is, a set {A/I ; a,b,c € D} is smaller than {span{Pi, P,, I} ; P} =
P (1=12)

Proof. It is sufficient to calculate as;.
asi = (S, v¥3) = (fhr,1)3)

. Jbﬂd¢rﬁw/'< 4_E NEEW
T z—a

271 z—b z-—c

B SIS . 1—|b)? 1—be .
= VIR (G e O e =)
= f@) = 2 f 1) + (22— 1))
where _ ) _
po_ t=aeb o 1-PF L 1-be

(@="b)(a—c)’ (b—a)(b—c) (c—a)(c—b)
Proposition 2.  Let a and b be distinct points in D. Let f € A. Let I = {g€ A ; g(a) =
g'(a) = g(b) = 0}.
(1)

f(a) 0 0
(ai) = z(f(a) - f (0)) ] A 0
V1= laly/1= [ (£ (F(a) — £(0) = L P (0) (L= ) (B) £(b)
1 00 0 00 0 00
_f(a)(x00)+f(b)(x10)+f’(b)(1—|bl2) 0 00),
y 0 0 -y 0 1 10




where

= —(kg, k1) _ \/1 — |a|2\/1 P
IELIIE22 = [k, ko) 2 a—b

)

and

(ks tn) — (ks o)z /1= a1 = b1 — ab
lks — (K3, 1)1 — (ks, ¥a)1ho]| B a—2>b a—>b"
(2) There is a 3 x 3 idempotent matriz P and an N such that span{P, N, I} is not isometri-
cally isomorphic to A/I. That is, a set {A/I;a,b € D} is smaller than {span{P,N,I} ; P* =
P,N? = 0}}

Proof. It is sufficient to calculate as;. By the proof of Lemma 1,

_ 1—ab 1— [b? 1 — be
oo = IR (04 e 0+ G )
— ti T YT o (e () = JO) = oy
1P

5 5 1—ab _ /
— VISRV (=@ - fo) - o)

Proposition 3.  Let a be a point in D. Let f € A. Let I ={g € A; g(a) =¢'(a) = ¢"(a) =
0}.
(1)

f(a) 0 0
(aij) = ( . 91 — lal?®) f'(a) f(a) 0 ) .
(el ") G(1 — |a?)f'(a) (1 [al?)f'(a) f(a)

100 0 00 ] 000
:f(a)(O 1 0)+f'(a)(1—[a|2)( 1 0 0)—|—§f”(a)(1—|a|2)2(0 0 0)
001 —a 10 100

(2) There is a 3 x 3 matriz N satisfying N* = 0 such that span{N, N2 I} is not isometrically
isomorphic to A/I. That is, a set {A/I;a,b € D} is smaller than {span{N, N? I}; N*> = 0}.

Proof. It is sufficient to calculate as;. By the proof of Lemma 2,

an = &2¢1—MP¢P—WP(éiz;ﬁw*—ﬂ“V"%i%?f“O
(1 . |a|2)2f"(a)

5 —a(l — |a*) f'(a).




Example.  We construct a 4-dimensional semisimple commutative matrix algebra B, with
unit on C* which is not a Q-algebra. Holbrook (cf. [6]) proved that von Neumann’s inequality

(D)1 < lIplloo

can fail for some polynomials p in 3 variables, where T' = (T}, 75, T3) is a triple of commuting
contractions on C*, and T}, 75, Ty are simultaneously diagonalizable. Then we use the Craw’s
theorem.

Craw’s Theorem (cf. [1, p.271]) B is a Q-algebra if and only if for all n,

¢j € A’ H¢JH <1 (.7 = 1) ,Tl) = Hp(¢1a a¢n)|l <1

whenever p is a polynomial in n variables satisfying |p(z1,...,2n)| <1 (|z| <1, j=1,...,n).

By Craw’s theorem, it follows that Holbrook’s example shows that there is a 4-dimensional
commutative operator algebras B, with an identity operator on a 4-dimensional Hilbert space
H which is not a ()-algebra. Then we can construct a 4-dimensional commutative matrix
algebra with an identity matrix on C*, which is not a Q-algebra. By the example of J.Holbrook
(cf. [6]), if

0100 0 —1/2 V3/2 0 0 —1/2 —v3/2 0
r_|0001 ] [0 0 0 -1/2 | . |0 0 0 —1/2
“loooo |2 [0 o0 0 V32| o o 0 —v3/2 |

0000 0 0 0 0 0 0 0 0

and p(z1,22,23) = 2 + 22 + 22 — 2(2122 + 2123 + 2223), then ||Tj|| = 1,(j = 1,2,3) and
\lp(T1, T, T5)|| = 6 > 5. He proved that if

Q= ) Tl(g):

O O OO
o O OO
oo O
o= O O
o O O O
SO M =
S oo M
SO M = O

and p.(z) = etz +e7%2% — (673 +&£7°)2% for € # 0, then Q = p.(T3(¢)), and

1 V3 1 V3

Ty = —§T1 + —2—Q, T3 = —‘2‘T1 - TQ'
! V3 V3
1 3 1 3
n(z) =2 @z)= —5%t TPE(Z), a3(2) = —5%~ ~§—pa(2),

and TJ/ = QJ(TI(g))v (.7 = 1a2a3)7 then

T —Ty(), T)= —%Tl(s) + ?Q, 7! — —%Tl(s) _ ?@.

Then Tj — Tj ase — 0, (j = 1,2,3), and hence there is an ¢ > 0 such that ||p(T7, T3, T3)[| > 5.
Let 77" be the perturbation of 7] = Ti(¢) such that T has distinct eigenvalues, and let T =



g;(T1), (j = 2,3). Then there is an invertible matrix Z and diagonal matrices U; (j = 1,2, 3)
such that T} = ZU;Z7' (j =1,2,3). Let Ey, ..., Ey be 4 x 4 diagonal matrices such that

E, = diag(1,0,0,0), ..., E;=diag(0,0,0,1).

Let P, = ZE;Z~' (1< j <4). Then P? = P;, P,P, =0, (j # k) and P\ + ...+ Py = I,. Let
B, = span{P,, P,, P3, P;}. Then B, is a 4-dimensional semisimple commutative matrix algebra
with unit on C* such that 77,7y, Ty € By. Since T} is a perturbation of T} (j = 1,2,3), it
follows that ||p(T7, Ty, T3)|| > 5. By Craw’s theorem, it follows that By is not a ()-algebra.
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On solvability of certain algebraic equations in commutative
C*-algebras

Takeshi Miura (Yamagata University)
Dai Honma (Niigata University)

Abstract. Let C(X) be the commutative Banach algebra of all complex-valued continuous
functions on a compact Hausdorff space X. We will give a necessary and sufficient condition
for X in order that C(X) have the following property introduced by Karahanjan: For every
a € C(X) there exist f € C(X) and positive integers p, ¢ such that p does not divide ¢ and
a? = fP. We shall also consider the property to square-root closedness, or algebraic closedness

of C(X).

1 EA

C(X) & =237 b Hausdorft 22/ X _EOBEREBIEER BT EAD /2§ A # Banach TR & 3
D, 7ol L 2 VB || flloo = Supgex |f(2)] (f €C(X)ICEVEDD. Py(z,2) % 2 B
L L, BREE C(X)IZbDnRO monic ZHER.E T 5. 2FY, HDag, a1, ,a,_1 € C(X)
WX LT

Poy(z,2) = 2"+ ap_1(2)2" 7 + - + a1 (z) 2 + ao(2)

Thd. FELneNETH. ZD Pz, 2) & C(X) ED monic ZIRXE S Z LT
5. L X B—REATHD LI CX) TERBEKCLRA—HTE DT, REFEOER
FHELTESHONTWD L IIZ, EBD Pz, 2) (6 L TREFEX P, (2,2) =01
C = O(X) 1ef% bo. ST, X B—EEAThiuE OX) A LT
H5DTHD. TZTUTDERITIARTHAI.

EE 1 CX) BPREMICEHAT TWS &1, C(X) LOEED monic 2K P, (z, 2) X L
TPy(z,2) =0 C(X) ICEE L DI L THS.

ToEE TOX) X (WD 2) REMICBACLTWE 2 ? ] LWH RMENBRIEZS. 20
FIREITHIC O(X) 720 T <, K0 —RICEBER L bERITEEL TS, 5B 1966 4F
i2Cika ([3])) FKROFERERLTND.

EE A X ZRPTER =37 P Hausdorff ZZM &35, X EORBEER A BRDEMH (O)
EAHIEIEA=CX)ThH5.

(C) HEBDac A LTa=f2Lh5 fec ANFETS.

EEAICBITHEME(C) 1L, EDae AR LT Py(z,2) =22 —a(z) =008 AIZff%
Ho, EWVWH T EHH¥KD. K (C) BV IIOE & ATEFBICELTHAL TS L
9. Karahanjan ([13)) 1% 1979 4£12Cirka OFERZ KD K S I1HEE L=,



EE B X % RpTERE =237 F Hausdorff 2 & 55, X EOBESER A BROEH (K)
EHI-HIEA=C(X)ThH5.

(K) fEBDac AT LTal=fre72bfecAtpqgeN: q/pg NBEET .

S (C) BRI T DL, EARGe AITH L Tha=f2L7d fec ABBET
BD, ZHUIERHE (K) BT p=2,q¢= 11T LTHRY IO &I b, o
(C) 1E4tE (K) £V B3N Z EASHS. ZOBEKCTERBILERA OIRICR-> TN 5.

EHEB LY, bLEMH (K)BEYETECX) BERZ 02 AR S il b
W2 iz B, OFE VRN Y L.

) EBEDaecC(X) IR L Tal=fPLid feC(X)&EpgeN: q/ngN?ﬁT?T‘i?’é.

AfmTiE =737 b Hausdorff 22 FEEJX#F'JFﬁLn‘é, HOWIE—FEHTHD & & (x) B
FRY DT D X DM %, X OMAHOSEIC LY AT 5.

2 EFE
HREBRDENT, MAHZEREICELTC2O0EREMVLELTS.

EE 2 FABZEM T 23 hereditarily unicoherent T 5 L1, CAREEHEES M, N C T:
MAN £ LTh MON BERE L5252 L ThB.

EE 3 MAHZER T 23 almost locally connected TH 5 E1X, T BIRDFM% HT=d HOITE
RABEBOBESC, (neN)ZEERLNILETHD !

%{71Umﬂk®%@ BIFBBEAT, M n, Y € Cp BIETEL T {20 }nen,
{Yn nen FAHE R B SITIRT 5.

Countryman, Jr ([4]) DFEZEHAT 22 LI12X D, UTOMERESIIREND.

R 1 X 22" h Hausdorff B & 5. 2D L & C(X) D&M (x) ZAH7-FIE X 1
hereditarily unicoherent 7>-2 almost locally connected T& 5.

EHE 2 X #FE—"Ha /"7 b Hausdorff B &5, ZOL XLTIXREETHS.

(x) EARa e C(X)ITHLTha?l = fPLid fe C(X) &pqgeN: q/p & NBFLE
T 5.

(a) X X hereditarily unicoherent 7>-2 almost locally connected T#H 5.

(b) C(X) IFREBHUTFAC TV 5.

(c) C(X)ITEHFBICBEALTHALTWA.

EE 212X X BE—FHETHIX, Karahanjan DEA U725M: (x) 1, L D RWGAE
[C(X) IIRBICEACTWD | 28, FAROFRERD, B—rIHELIIRO2WD, RETE
fhi7e X TR LTHEDY L.



T 3 X ZArERKE 2 %7 k Hausdorff 221 & 95, ZD L XLUTIXRETH 5.

(x) EAZRa e C(X)IZRHLTHal = fPLi2d fe C(X)&pqgeN: q/p & NWBFE
T5.

(a) X IZ hereditarily unicoherent T 5.

(b) C(X) IZREAENZAL TV S,

(c) C(X) IXFHRICELTHLTWS.

EH 2, 3 %77 72912, Countryman, Jr ([4]) X T Miura and Niijima ([16]) DFEFR % A
WD,

FE C XZ2F 0B a7 FHausdorff 22 & 5. D& EUTIXEMETSH 5.

(a) X IZ hereditarily unicoherent 22 almost locally connected T 5.
(b) C(X) IFREANTEA L TV 5.
(c) C(X) ITFEHRICEALTHAL TV S.

EE D X ZRpTERi =737 b+ Hausdorff ZZM & 975, ZDOLELUTIIRETHS.

(a) X 13X hereditarily unicoherent T 5.
(b) C(X) IFREAITFAL TV S,
(c) C(X) IXEFBRICEALTHAL TV S.

TE2OMHE ETHELLY (+) = () IRENG. HIC (a) = (+) BT EHEC LY

(2) = (0) THY, ELICEBELY (c) = (x) THEDD (a) = (+) BRENT. B
TEIDER EPHELLY (1) = @) BO05. EEDROEELY (a) < () = (%)
THBENMD (a) = (+) BRENT. =

SEE &M (x) 2 X VEICHEANS 2 LIC LD, X ARETERE IZUU T o4 b EHE 3 0
Kb L RETH S = L BHND. HME [12] BB S,

() expC(X) = C(X)' 22 C(X) X C(X) THRICFETHH. L OX) I
C(X) DFHFTEETHD, expC(X)={e/ : feC(X)} TH 5.

() EFBDpe NIZKLTEA{fP: feC(X)}IXCX) T—HICHFETH 5.

) HBpeN: p>2ICH LTEA{fP: feCX)}IFCX) THICHHBETH 5.

VEEDae C(X) LEBDpe NI L Ta=fP &5 feCX)BFETS.

YREHTZT p e Nt p > 20FETD EEDa € CX)IZxLTa = fPLi?

feC(X)BFETS.
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Relative operator entropy and operator divergence

JuN Icui FuJir* AND E1ZzABURO KAMET**

1. Introduction. This note is an intermediate report of our discussions on relative
operator entropies and operator divergences. Throughout this note, we use A and B as
positive invertible operators on a Hilbert space.

Our relative operator entropy introduced in [1],[3](cf.[1],[11]) is given by

— Looa—ln 1y 1
S(AIB) = lim Afe B4 ANATEBATE)Y - DA

a—0 (% a—0 (6%

= Azlog(A"2BA"%)As3,

where
Ao B=A3(A"TBA 7)%A3

is the generalized geometric operator mean established by Kubo-Ando [7].

S(A|B) is a generalization of the operator entropy H(A) = —Alog A introduced by Naka-
mura and Umegaki [9](cf.[10]). If A and B commute, TrS(A|B) coinsids with Umegaki’s
relative entropy [14] which is a noncommutative version of the Kullback-Leibler relative
entropy.

Recently Furuichi-Yanagi-Kuriyama [5] introduced Tsallis relative operator entropy
which is given by

1 1 1
AT(A"5BA 3)°A% — A
1, (ap) = ZAZEA A A
that is,
Ata B—A
To(A|B) = MT

The first purpose of this note is defining a generalized Tsallis relative operator entropy
from a view point of paths, that is, parametrized operator mean, between A and B. The

second one is giving an interpretation for Bregman operator divergence introduced by Petz
[12].

2. Paths. In [4] and [8], we compounded the geometricoperator mean, arithmetic
operator mean and harmonic operator men by the form

Amys B=A3(1—t+t(A"2BA )7 A2, 0<t<1, —1<s<L1.

This interpolates A = A mg s B and B = A my s B, so we call this form the paths between
A and B.

In the case s = 1, the arithmetic path; A my; B = (1 —t)A+tB = A V; B, the case
s =0,



the geometric path; A myg B= At B
and s = —1, the harmonic path; A m; 1 B = ((1 —t)A"' +tB~1)~! = A l; B. Moreover

had sh that
we had shown tha Amy, B—A Af, B-A

lim
t—0 t S
and
. Aths B—A A4 B-—A
lim : = ,
s—0 t t
that is,
A B-A A B-A
fim A B=A 0 41B) and im AR BA g am).
t—0 t 5—0 t

So we may define a generalized Tsallis relative operator entropy by

(¥ Sy(41B) = e =2

The following is shown in [8].

lim M — lim é_ﬁi_B___ﬁ =8
s—0 S t—0

(A|B).

Using the Tsallis relative operator entropy, the following is given by Yanagi-Kuriyama-
Furuichi [13]. \

Theorem (Yanagi-Kuriyama-Fruichi). Let {Ay,---,A,} and {Bi,---,B,} be
sequences of strictly positive operators. If X 1 A; = X7 B; =1, then

(X0 A;B7TA) s~ T

0> 2\ T(Al B) > .

As a corollary of this theorem, they give the operator version of the Shannon inequality
and reverse one given by Furuta [6].

Corollary (Furuta). Let {Ay,---, A} and {B1,---, Bp} be sequences of strictly pos-
itive operators. If ¥ | A; =37 B; =1, then

0> %1, S(Ai|B;) > — log(Si, A; By 1 Ay).

Imitating these, we have the following:

Theorem 1. Let {Ay,---,An} and {B1,---, By} be sequences of strictly positive
operators. If X7 |A; =X B; = I, then

(1—t+ (5P AB 7Y A) ™) — 1

i1 Ses(AilBy) > .

The following relation holds.



Theorem 2. Let {Ay,---,An} and {By,---,Bp} be sequences of strictly positive
operators. If X7 A; =X B; = I, then

0> SIS (Ail By) > TI Ty(AilBy).

Rényi’s relative entropy had beeb given by a simmilar idea to Tsallis’s one. The defi-
nition is the following:

1 _
Lo((@:), (p) = T——log Xi'qf'p; "

for (g;), (p;) probability distributions.
We give an operator version of Rényi’s relative entropy as follows:

Definition. For ¥ A; = ¥ 1 B; = I, we call the next form Rényi’s relative
operator entropy,
1
La((42), (Bi)) = —log X" 4; fa Bi.

Then the following can be easily obtained.

Theorem 3. For ¥} (A; =% B, =1,

lim 1o((A2), (Bi)) = 'S (Ai] Bi)-

Theorem 4. For X7 (A, =% B; =1,
1,((4s), (Bi)) < EiTa(Ai| B;).
3. Operator divergence. Recently, Petz introduced Bregman operator divergence

[12]. For operator cocave function ¥,

Dy(A, B) = U(A) — ¥(B) — lim

If U(x) =Trn(z); n(z) = zlogz, then for density matrices A and B
Tr(Dy,(A,B)) = TrA(log A — log B)

which is the Umegaki relative entropy. Petz gives also an operator divergence as a slightly
modified form of S(A|B) as follows:

Sri(A,B) = B— A — S(A|B).

Our proposal here is to point out the Bregman operator divergebce is given by the following

formulation.



Theorem 5.

. AViB-A4 B
lim

=B — A— S(A|B) = Srk (A, B)
t—0 t

d
an _ AV,B-A# B
lim

t—1 t—1

= B — A — S(B|A) = —Srk(B, A).
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