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Configuration of the central streams
in the moduli of abelian varieties

Shushi Harashita

Talk at the 3rd COE conference for young researchers
Hokkaido University, February 13, 2007

Abstract

We study the structure of the moduli space A4 of principally polarized abelian varieties
in characteristic p. Oort defined the central streams in Ag. We determine the configuration
of the central streams. As a corollary of our proof we obtain a new proof of the dimension
formula of the central streams.

1 Introduction

We fix once for all a rational prime p. Let A, be the moduli space of principally polarized
abelian varieties over fields of characteristic p.
We have two main stratifications on A,: the Newton polygon stratification

Ag=UW€
3

and the Ekedahl-Oort stratification
Ag=| |5,
7

where £ is a symmetric Newton polygon and ¢ is an elementary sequence. We shall give a brief
review of these stratifications in §2.2 and §2.3.

In [Oor04] Oort defined central leaves and isogeny leaves in the open Newton polygon stratum
Wg for a symmetric Newton polygon £, and showed that a central leaf and an isogeny leaf give
an “almost” product structure on each irreducible component of W§0 ([Oor04], (5.3)). Clearly
this result tells us that it is important to investigate these two leaves in detail in order to know
the structure of A,.

For each symmetric Newton polygon &, there is a special central leaf

ZgCWgO,

which is called the central stream (cf. §2.4).
Our main theorem is Th.3.1. This theorem produces a couple of corollaries. First we can
determine the configuration of the central streams {Z¢} in A, (Cor. 3.2):

ZiCZ = (=€



As another corollary we obtain the dimension formula of the central streams (Cor. 3.4), which
has been obtained by Oort and Chai-Oort (see [Oor]). Also we give a contribution (Cor.3.7)
to Oort’s conjecture (Conj.3.6) on intersections of Newton polygon strata and Ekedahl-Oort
strata.

2 Stratifications and foliations

We start with reviewing the definition of the stratifications and the foliations, and some facts
that we shall use later on.

2.1 Dieudonné theory

Let K be a perfect field of characteristic p and W(K) the ring of infinite Witt vectors with
coordinates in K. Let Ax be the p-adic completion of the associative ring

W(K)[F,V/(Fz — 2 F,VaP — 2V, FV — p, VF — p,Vz € W(K))

with the Frobenius automorphism p of W(K). Note Ak is not commutative unless K = TF,.
A Dieudonné module over W(K) is a left Ax-module which is finitely generated as a W(K)-
module.

The covariant Dieudonné theory says that there is a canonical categorical equivalence D
from the category of p-torsion finite commutative group schemes (resp. p-divisible groups) over
K to the category of Dieudonné modules over W (K) which are of finite length (resp. free as
W (K)-modules). We write F' and V for “Frobenius” and “Verschiebung” on commutative group
schemes. The covariant Dieudonné functor D satisfies D(F) =V and D(V) = F.

2.2 The NP-stratification

A pair (m,n) of non-negative integers with gcd(m,n) = 1 is called a segment. The slope (o)
of a segment o = (m,n) is defined to be n/(m + n). _ ‘

For a series (o1, . ..,0;) of segments p; = (m;, n;), putting P; := (3_7_;(m; +ni),> 01 ni) €
R2 for 0 < j < t, let L = L(o1,...,0;) denote the line graph in R? passing through P, ..., P,
in this order. The i-th slope of L is the slope A\(o;) of p;. The height h of L is the integer
S _i(mi + n;). Naturally £ is regarded as a continuous map from [0,4] to R. For a point
Q € [0,h] x R, we say Q < L if Q is not below £. We say, for two line graphs £, L’ as above
with the same end point, that £’ < £ if Q < £ for all Q € L. A line graph £(o1,..., o) is said
to be symmetric if A(9;) + M(o1+1-i) =1foralli=1,... ¢

A Newton polygon is a line graph of the form L(p1,...,0;) with A(o1) < -+ < A(o1). We
usually write this Newton polygon as ¢; + --- + 0;. The symmetric Newton polygon with
A1) =+ = Xo) = 1/2 is called supersingular and is denoted by o.

For a segment (m,n), we define a p-divisible group G, ,, over I, by

D(Gmn) = Ar, /Ap, (F™ — V™). (2.2.1)

By the Dieudonné-Manin classification ([Man63] and [Dem72]), for any p-divisible group G over
a field K of characteristic p, there is an isogeny over an algebraically closed field {2 containing



K from G to
t
P Crmins (2.2.2)
i=1

for some finite set of segments o; = (m;,n;). Thus we get a Newton polygon o1 +- - -+ o, which is
denoted by NP(G). For an abelian variety X, we have its Newton polygon NP(X) := NP(X [p*°]).
Note NP(X) is symmetric.

For a symmetric Newton polygon £ of height 29, we define its NP-stratum by

We = {(X, p) € Ag| NP(X) < ¢},

which has a natural structure of closed subscheme of A, by Grothendieck and Katz ([Kat79],
Th. 2.3.1 on p. 143). We also define the open NP-stratum by

W¢ = {(X,p) € Ay| NP(X) = ¢},

which is a locally closed subscheme of A,.

2.3 The EO-stratification

The main reference for the EO-stratification is [Oor0la]. Also see [Moo01] and [EG] for the
beautiful formulation in terms of Weyl groups. In this note, we follow the notations of [Oor01a].
Let K be a field of characteristic p.

Definition 2.1. A finite commutative group scheme G over K is said to be a truncated Barsotti-
Tate group of level one (denoted by BT1) over K if

Im(V : G®) - G) =Ker(F : G — G®),
Im(F : G — G®) =Ker(V : G® - Q).

Definition 2.2. A final sequence of length d is a map + : {0,1,...,d} — {0,1,...,d} satisfying
$(0) =0and (i — 1) < (i) <P(i —1) + 1.

Let G be a BT, over K. For any subgroup scheme G’ of G over K and for any word w of
V,F~1, we define w - G’ inductively by V - G’ := VG'® and F-1.G" = F‘l(G’(p) N FG). Then
there exists a unique final sequence 1) of a certain length d such that for any word w of V, F~1
we have 9(length(w - G)) = length(Vw - G). It was proved that there exists a filtration over K

0=GoCcGiC---CGyg=G (2.3.1)
with length(G;) = i such that
V.G; = G¢(i) and F71. G; = Gw(d)+i—w(i) for 0<:<d. (2.3.2)

A filtration as in (2.3.1) satisfying (2.3.2) is called a final filtration of G.
Thus we have a canonical map

FS : {BT; of length d over K'}/K-isom. — {final sequence of length d}.

The following theorem was first obtained by Kraft [Kra75]:



Theorem 2.3. If K is algebraically closed, then FS is bijective.
Assume k is perfect.

Definition 2.4. A polarized BT; over K is a pair (G, (,)) of a BT; G over K and an alternating
form (,) on D(G) satisfying (Fz,y) = (z, Vy)*.

Definition 2.5. (1) An elementary sequence of length g is a final sequence of length g.

(2) A symmetric final sequence of length 2g is amap v : {0,1,...,2g} — {0,1,...,2g} satisfy-
ing ¥(0) =0and ¥(i—1) < (i) <P(E—1)+1for 1 <i<2gandp(2g—i) = g+(i)—i.

Let 1 be a symmetric final sequence of length 2¢; then the restriction of 1 to {0, ..., g} defines
an elementary sequence of length g. Conversely for an elementary sequence ¢ of length g, we
have a symmetric final sequence 1 of length 2g defined by (i) = ¢(i) and (2g—i) = g—i+¢(i)
for all 0 < i < g, which is called the final sequence stretched from . Thus we have a canonical
bijection from the set of symmetric final sequences of length 2¢ to the set of elementary sequences
of length g.

If (G,(,)) is a polarized BT}, then ¢ := FS(G) is symmetric. Hence we have a canonical
map

ES : {polarized BT, of length 2g over K}/K-isom. — {elementary sequence of length g}.

The following theorem was proved in [Oor0la], (9.4):
Theorem 2.6. If K is algebraically closed, then ES is bijective.

For each elementary sequence ¢ of length g, the EO-stratum S, is defined to be the subset
of A, consisting of points y € A, where y comes over some field from a principally polarized
abelian variety X, such that ES(X,[p]) = ¢, see [Oor01a], (5.11). As shown in [Oor0Olal, (3.2),
S, has a natural structure of a locally closed reduced subscheme of A,.

There are two partial orderings on the set of elementary sequences of length g.

Definition 2.7. Let ¢ and ¢ be two elementary sequences of length g.

(1) We say ¢ <pc ¢ if ¢'(1) < (i) for all i = 1,...,9. This order is called the Bruhat-
Chevalley order.

(2) We say ¢’ C ¢ if S, is contained in the Zariski closure S, of S, in A,.
We shall use the results of [Oor0la]:
Theorem 2.8. (1) S, is not empty and is quasi-affine for every ¢.
(2) Any irreducible component of S, has dimension |¢| := Y 9_; ¢(i).
(8) ¢' <pc p implies ¢' C .
(4) ' C ¢ is equivalent to Sy NS, # 0.
Also recall the result of Ekedahl and van der Geer ([EG], Th.11.5):
Theorem 2.9. If o(|(g +1)/2]) #0, then S, is irreducible.



Remark 2.10. Oort proved that (| (g + 1)/2]) = 0 is equivalent to S, C W, (cf. [CO], (3.7),
Step 2). Also see [Har07] for another proof and a generalization of this result of Oort.

For two polarized BT1’s G and G/, the direct sum G®G’ becomes a polarized BT canonically.
Let ¢ and ¢ be elementary sequences of G and G’ respectively. We denote by ¢ & ¢’ the
elementary sequence of G @ G'. Clearly S, x Sy C Sygyr-

Definition 2.11. Let ¢ and ¢’ be two elementary sequences. We say ¢’ < ¢ if there exist
elementary sequences o, . .., ¢; for some [ with 0 </ < oo such that

(1) ¢’ = and ¢ = ¢y,

(2) for each i (0 < i < I), there are elementary sequences ¢, ¢1 and ¢ with ¢; <pc P2 such
that ¢; = ¢ ® ¢1 and @11 = ¢ D ¢2.

Lemma 2.12. (1) ¢/ <gcp = ¢’ <.
(2) ¥ <= ¢ Co.

Proof. (1) follows immediately from the definition. (2) It suffices to show that ¢; C o for
p1=¢® ¢1 and p3 = ¢ ® ¢ With ¢1 <pc ¢2. Clearly

S¢XS¢1C5¢XS_mCS¢XS¢2C—S—¢:.

Here we used Th. 2.8 (3) to see the first inclusion. Since Sy x Sy, is not empty (Th.2.8 (1)) and
is contained in Sy, we have Sy, NSy, # 0. Then @1 C 3 follows from Th. 2.8 (4). O

Remark 2.13. (1) ¢/ < ¢ does not imply ¢’ <pc ¢. Indeed put ¢ = (0,0,1,2,2) and
¢ =(0,1,1,1,1). Since ¢ = (0,1,1) & (0,1) and ¢’ = (0,1,1) @ (0,0), we have ¢’ < .
However obviously ¢’ £zc .

(2) Quite recently in [Wed] Wedhorn determined when ¢’ C ¢ in terms of Weyl groups. In
this paper we do not use his result.

(3) Question: does ¢’ C ¢ imply ¢’ < ©?

2.4 Central streams

We shall review the theory of minimal p-divisible groups [Oor05] and the definition of the central
streams [Oor04], (3.10).

Definition 2.14. For non-negative integers m,n with ged(m,n) = 1, we define a p-divisible
group H, ,, over F), by

m+n—1
D(Hmpn) = @ Zpx:
i=0
with F,V operations:
Fz;=2iyn and Vz; =zit, for VieZsg (2.4.1)

where z; (i € Z>m+n) are defined as satisfying z;1m4n = pz; for i € Z>o.



For a Newton polygon £ = 3°_, (m;, n;), we denote by H(¢) the p-divisible group

B Honin:- (2.4.2)

Note the Newton polygon of H(£) is equal to £.

Definition 2.15. A p-divisible group G is called minimal if there exist a Newton polygon £ and
an isomorphism from G to H(£) over an algebraically closed field.

For any symmetric Newton polygon &, we set
Ze={z = (Ap, pz) € Ay | A[p®°] Q> H(§) ® Q, for some O = Q D k(z)},

which has a natural structure of a closed subscheme in Wg by [Oor04], (3.3). We call Z, the
central stream of Newton polygon &.
Recall [Oor05], (1.2):

Theorem 2.16. Let G be a p-divisible group over an algebraically closed field . If Glp] ~
H(¢)[p]l ® Q, then G ~ H(§) @ Q over Q.

Let £ be a symmetric Newton polygon. By [Oor04], Prop. 3.7, there exists a principal quasi-
polarization p on H (&), which is unique up to isomorphism of H(¢). We set

we = ES(H(&)[p], u[p])- (2.4.3)

Then Th. 2.16 implies that the central stream Z, coincides with the EO-stratum Spe. By Th.2.9,
Z¢ is irreducible unless £ is supersingular 0. Let o be the ordinary Newton polygon; then we have
wo = (1,...,9); hence dim Z, = |¢,| = g(g +1)/2 by Th. 2.8 (2). For the supersingular case, we
have ¢, = (0,...,0); hence the dimension of any irreducible component of Z, is |¢,| = 0.

3 Main theorem

For two Newton polygons ¢ and ( of height 2g with ¢ < &, we set

o(&0) =2 ) (G) — &)

1<i<g

and c(£) = ¢(§;0). Note ¢(¢; () = ¢(¢) — e(C)-

Our main result is:

Theorem 3.1. Let £ and ¢ be two symmetric Newton polygons with { < £. Then there exists a
series of elementary sequences p; (0 <1i < c(&;¢)) of length g such that

Y=o <Y1 < < Pe(gye) = Pe-
Let Z¢ denote the Zariski closure of Z¢ in A,. Then

Corollary 3.2. Z; C Z; if and only if ¢ < €.



Proof. Assume ¢ < £. Th.3.1 says in particular ¢ < ¢¢. Then we have ¢ C ¢¢ by Lem. 2.12
(2). The “only if”-part follows from Grothendieck-Katz ([Kat79], Th. 2.3.1). O

Remark 3.3. Cor. 3.2 was expected in [Oor04], (6.10).
Corollary 3.4. dim(Z;) = ¢(£).

Proof. Let o be the ordinary Newton polygon. We know dim(Z,) = g(g + 1)/2 = c(0) and
dim(Z,) = 0 = ¢(o). By Th.3.1 we have dim(Z;) — dim(Z;) > ¢(¢;¢) for any symmetric
Newton polygons ¢ < £. Applying this to o < ¢ and £ < o, we have c(o) + c¢(§;0) < dim(Z;) <
c(0) —c(0; €). Since c(o)+c(§;0) = c(€) = c(0) —c(0; £) by definition, we get dim(Z,) = ¢(¢). O

Remark 3.5. As Oort showed in [Oor04], from Cor.3.4 we obtain the dimension formulas of
central leaves and isogeny leaves (Rapoport-Zink spaces).

In [Oor04], (6.9) Oort conjectured
Conjecture 3.6. If W2 NS, # 0, then Z; C S,,.

For an elementary sequence ¢, let {, be the Newton polygon of the generic point of S, if
Sy, ¢ W, and the supersingular Newton polygon o if S, C W, (see Th.2.9 and Rem. 2.10).
Clearly ng NS, # 0; hence Conj. 3.6 implies Z¢, C S,. Let us show that the inverse holds:

Corollary 3.7. Z,, C S_w implies Conj. 3.6.

Proof. Assume Z¢, C S,. If W2 N S, # 0, we have & < £, by Grothendieck and Katz ([Kat79],
Th. 2.3.1); then Cor. 3.2 implies Z; C Z_&P, which is contained in S_¢ by the assumption. O

Remark 3.8. We shall prove Z¢, C S, in the forthcoming paper [GNP].

References

[CO] C.-L. Chai and F. Oort: Monodromy and irreducibility of leaves. Preprint.
See http://www.math.uu.nl/people/oort/.

[Dem72] M. Demazure: Lectures on p-divisible groups. Lecture Notes in Mathematics, 302, Springer-
Verlag, Berlin-New York, 1972.

[EG] T. Ekedahl and G. van der Geer: Cycle classes of the E-O stratification on the moduli of
abelian varieties. Preprint: math.AG/0412272.

[Har07]  S. Harashita: Ekedahl-Oort Strata and the First Newton Slope Strata. J. Algebraic Geom. 16
(2007) 171-199.

[CCS] S. Harashita: Configuration of the central streams in the moduli of abelian varieties.
Manuscript 33 pp. See http://www.math.sci.hokudai.ac.jp/ harasita.

[GNP] S. Harashita: Generic Newton polygons of Ekedahl-Oort strata: Oort’s conjecture. In prepa-
ration.

[Kat79] N. M. Katz: Slope filtration of F-crystals. Journ. Géom. Alg. Rennes, Vol. I, Astérisque 63
(1979), Soc. Math. France, 113-164.



[Kra75]

[Man63]

[Moo01]

[Oor66]

[Oor01a]

[Oor01b]

[Oor04]

[Oor05]
[Oor]

[Wed]

H. Kraft: Kommutative algebraische p-Gruppen (mit Anwendungen auf p-divisible Gruppen
und abelsche Varietiten). Sonderforsche. Bereich Bonn, September 1975. Ms. 86 pp.

Yu. I. Manin: Theory of commutative formal groups over fields of finite characteristic. Uspehi
Mat. Nauk 18 (1963) no.6 (114), 3-90; Russ. Math. Surveys 18 (1963), 1-80.

B. Moonen: Group schemes with additional structures and Weyl group cosets. In: Moduli of
abelian varieties (Ed. C. Faber, G. van der Geer, F. Oort), Progr. Math., 195, Birkhiuser,
Basel, 2001; pp. 255-298.

F. Oort: Commutative group schemes. Lecture Notes in Mathematics, 15, Springer-Verlag,
Berlin-New York, 1966.

F. Oort: A stratification of a moduli space of abelian varieties. In: Moduli of abelian varieties
(Ed. C. Faber, G. van der Geer, F. Oort), Progr. Math., 195, Birkh4user, Basel, 2001; pp.
345-416.

F. Oort: Newton Polygon Strata in the Moduli Space of Abelian Varieties. In: Moduli of
abelian varieties (Ed. C. Faber, G. van der Geer, F. Oort), Progr. Math., 195, Birkhiuser,
Basel, 2001; pp. 417-440.

F. Oort: Foliations in moduli spaces of abelian varieties. J. Amer. Math. Soc. 17 (2004), no. 2,
267-296.

F. Oort: Minimal p-divisible groups. Ann. of Math. (2) 161 (2005), no. 2, 1021-1036.

F. Oort: Foliations in moduli spaces of abelian varieties and dimension of leaves. Preprint.
See http://www.math.uu.nl/people/oort/.

T. Wedhorn: Specialization of F-zips. Preprint.
See http://www2.math.uni-paderborn.de/people/torsten-wedhorn/.

DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY,
Kita 10, Nishi 8, Kita-ku, Sapporo, Hokkaido, 060-0810, Japan.
E-mail address: harasita@math.sci.hokudai.ac.jp



The dynamics of a holomorphic map in some
small neighborhood of a fixed point

R THERERARGTE T AR EIK
LRI 2 SHYEE

SR 1942 H 13 H

Abstract

In this talk we survey the dynamics of a holomorphic map in some
small neighborhood of a fixed point. It is known that the first deriva-
tive at a fixed point plays an important role in the dynamics near
the point. Thus we can classify the dynamics near the point into
cases using the derivative. Most cases are now well understood, but
a few cases still present extremely difficult problems. We introduce a
topological technique which can be used to study these cases.

1 BEEZORYOHEZR

HERTPERBRPES 2R U TR 0 IR LR E S8 TZ ORF 25
T2 THD. TOHDOHMBEERDULL TZDIRSFNEBBEHIC
NI BLETHS.

1.1 E&

f R LT 4. BRBIIHLT % f7% nBIRIEEKLZERE
9%, HHLE, fOREFRBEFRLTHEL. HHEREm HMFELT,
F™(20) = 20 DD IID K D 75 20 ZFAHAR (periodic point) & 9. TD
KOLBERE m OPFTERNDEDZHT M EN T LICLT, Tz 2D
FEER (period) &5, R, M B LICFE LWV E &, i 2 ZEER (fixed
point) &5 . JAHR 2o DFEREF (mutiplier) 2 A = (f™)(20) TEFKT 5.

C DOFERTFII AR 20 DI B f™ DSIERDIRDEFRN NS H
BIEETH D, KFONTHEDRDE S ICMLTHEL. AYRICBT 3
RABFNIEERICB T BIRBFFODFEICKR BIAL I ENTEBSDT, LT
TIREEROFZEMT 2.



1.2 E&H
fRFSTHNTH D, D, FUREERTH 2 L3 5.DF D, Hanik

LT fz)=Xz+ Zanz" DELT 5.

n=1

o N <1DLZE JFRZWRIIEER (attracting fixed point) &1 5.
o N =10t &, FRZPIEESR (neutral fixed point) &1 5.
o A >10D¢E, HRZREEER (repelling fixed point) £ U5

2 HEIRURHEERDEAY DHFR

C DD HIIEWRS | N U R FEEE R D D DSR2 MR DU %
ETHB. ZTNIATHONHTER L ICAHIOHk 2R TS L TLH 5.

2.1 EH

fRIERTRINTSHD, b, FRREENRTHZ LT 5. DF0, FHED

LT f(2) = Az + Zanz" DL LT 3. FEEMUEIE |8 (topologically
n=1

attracting) T % &, R DHZE65 U MFAEL T, o BMERICU F—

IR B L ThHB.

2.2 tp# ([Mi] Lem 8.1)

fEERTHTNTH D, h D, FRIIEERTHZ LT 5. DFD, FHHED®I

STf(R) =X+ ) an" DLT B, TOLE, N <1THBT L LFUI
n=1
PRSI TH B T & LIRAETH 5.

2.3 E&
fRIEETHRFNTH D, b, FAIREENTHBZ LT 5. DFD, FED

LT f(z) = Az + Z a, 2" DL LT 5. JRRMUERFEN (topologically

n=1
repelling) TH 2 L&, JFRDOH ZUk5 U DFEL T, UNDEEDK 2 # 0
KL THEEBREn DFELT f7(2) ¢ UDBKDIIDT L THS.

2.4 8 ([Mi] Lem 8.10)
[IRFER TN TH D, D, JFRIEEERTHS 5. DD, JHRDE

KTfR) =22+ apn" DHLT . COLE, N >1THBT L LFM
n=1
WK FENTH B T L LIZRETH S,



2.5 IE

PUETE, %5 | RO FEFEE S DNE D D)2 DA HEE Ubh bRz h->
Tehy, EREE B 5D UIERER AT E 2R > T\ 5. Bl Z21E, [Mi] D 8 i
BXU I HiZHA.

3 HIBEERDRAY DHFEHR

COHITIEHNIEERDRE D DSR2 H TN ZDS)FERZELICHHA
T BIDIEROBEHIBEL LS.

3.1 E&
f RIS TRTNTH D, b, FUiEh i EEmTH 3L 3% . DFD, JH

ROEL T f(2) = )\z+Zanzn, A= tc ROIELTS. fHRR
n=1
THRITBERAZ{L ATHE (analytic linearizable at the origin) Th 3 & I&, JFm

0,07 tofod(z) =Xz (VzeD,) WD DILTHDB. EHICETDKI K
HOESMEIK U € C TRAGEDR S &0 <.

3.2 XX

EOERICBOT f OEZEHICOWTRITHRXRTWRWD, [R5 Z Tk
T fIMRNTINC R 2 K BRERKE 55N TV 5. JRADIEE U 4R f
DEZBHATL>TNBDTHB. IEHh5, S LhVIEHNZNIEZ 5N
f DERBIMKIFL TS,

3.3 &
fIRFSETHNTH D, D, FrlET I EERTHZ LT 5. DD, JFH

D T f(z) = )\z—i—Zanzn, A=e tcROWETS. tecQDEZE,
n=1
Rz BEMAIIEIE R (rational neutral fixed point) &1 9.

3.4 EH
fRESTHRNTSH D, D, BRGNP EERTHD LT3, DOF

D, FURDBL T f(2) = A2+ D _an2", A=€"", tc QDL TS, f IR

n=1
BDEL THRMETH S (finite order near the origin) &1, &2 HARE m
PMEAE LT fm DBFUONE THERBICAZ T L ThD. fAFHDEL
THIBNME TRV E E, FRZBYIEE = (parabolic fixed point) &9



3.5 fipRA
f RFSTRNTH O, D, FR3 AN I EER THD LT 5. DF

D, HRDIEL T f(2) =Xz +Zanzn, A= teQDKLTS. zHL
n=1

=, RS TR RETH B T L LIRAOIEL THIBMNETH %

CEERXAMETH S.

[FERA] f DR CRTIRRIELRIRE T D 5 LARET 5. TD L &, R DU
U, FR 0D, BRUEARR ¢ : D, - UMFELT, ¢(0) =0,¢97 1o fo
#(2) = Az (V2 €D,) BED D, A= tc QTHBMND, \™ = 1%z
THABMDNEND. §5L,¢7tofMog(2) = (Lo fod)™(2) ="z =12
L%, w=d(z) LB L, frw) = w (Y € U) B DD, b ZIC, f I
MO THIBMETH . Wi, fHFEMDEL THENETH S EIRET
5. LIzh>T, 55 BREm DMFAEL T f™ WERDME L THFRBICXS.
FHC, A = 1TH 5. TBIIC 2 = (w) = L(w+ L2 4 L@ 4.4 1772
EBL. Y0)=0BXTY(0)=1&0, JRmDIL< T OWEE ¢ WNFIE
95.0F0, T/ E 0V r >0 LREDEFEU Z UL, ¢: D, — U IXEMA
AT ¢(0) = 0 Z2iii729. 7z, 5IHICK D Yo f(w) = Mp(w) (Yw € U) B
5B DT, KR, 7o fod(z) = Az (V2 € D) KD ITID. BRI, fIER
R CHRINTIIRRIELRIRE T H 5.

3.6 EE

T E S DJE D DFFEZROWEIC DN TG & ITEREND, 77 by BB
#& (Fatou coordinate) 2> TR DN GNEZHNS Z LN TE 5.
Bz E, [Mi] © 10 fiz S8R,

3.7 B
fRESTHRNTSH D, D, FE I EER THE LT 5.DFD, JFH

D T f(z) = )\z+2anzn, A= tcRDFLTB. t¢ QDL X,
[ SRR T L R 1(irraxtional neutral fixed point) £\ .

3.8 E&H

[ BTN T H O, 2D, IRIZ PV EERTH B L35 DX
D, FZERDIEL T f(z) = )\z-%-f:anz”, A= tcR\QDELTS. f

n=1
DR TRENTIRRIEALRIRE T H % & Z, [ 2 Y — T IVEE R (Siegel fixed
point) &, S; 2T —45 JVARR (Siegel disk) &S . f AV CREATHIRR
ALRIRE TR & ¥ fimz Y L——EE R (Cremer fixed point) &5



3.9 F# ([Mi] Th.11.14)

FEALRTDte RICHLT, 2RZIHK f(2) = Az + 2%, A =¥ [T
THENTIIRIEALATRET 5 5.

3.10 ;X

JiR R 2 SR R A [ E SIS B DT IEBEF N ED K 5 effz2itilc g & &
VR R CHATRIRRIEALTRE T H 2 b & S [ Z 4R AL RE (Linearization
problem) &5 . BHETEZRRICIEMRREN TV, 2 RZHADLHIE T
IR LTz, BIZE, [Yo] 220, COEEE H> T, I 1994 FIC T+ —
W AB G L.

4 HPIEERDEAY DAEES

FIYZFEE S DJE O DJIERIZEIEALRIEZ E U, BIHETH#H LW @R Tz
CEABATVS, LI, 7 L—<—[EERDE D DJ1FRIFTIFEAEME
DHo> TRV, FT T, ZDX S EH LW IIERZ2EO /12 R TS %
EWVIFRENKYNC IR > TL %, ROEHIZORMEDE L TitlHE Nz,

4.1 F¥ ([PM] Th.1)
fRIFERTHRNTH D, 1D, JFRBHIEER THS LT 5. DD, iR

DiEL T f(2) = )\z+2anzn, A=e tcRDEELTS.UcCCERFEM
-1

B EUEREY VAR U, fIz T OV ¢ C THIETH 2 L4 5.
COLE R TES HIMHAET 3.

o HIZHKHATHD, ZTOMESC\ HITEAETHS.
e 0cHCU

e HNOU # ¢

o f(H)=H

EBIC, fOFER TS ERTRETH S C L LERD IntH ICfEd C & &
BFRETH .

4.2 IE
HE fLUWKEFELTWED, ZOX53 b DDENTE—RIC—EN LI

BRS7ZW. &z, HRIFRRN S U OERE THO TV 2 DO TIFHHAZERHA
TH5.
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Geometry of toric stacks

=K B

1 F

UTEHEOKETHFEL LET. EXY MZEHRNOEEN 77 S 2E2FET. 20t
E, M=V v ERBEEVIREEHEE Xy ZXESEDLZENTEET. RTINS 20 0H)
BEEBAND, 77 (ERIZIEIAZyXR—T72) b, b—U v 7 ZXZ v 7 (toric stack) &
WOHORMAZ v 7 HEZBLELZ. b=V v 7 AZ v 7%, FEER M=V o7 ZRREOIE L
HBREET. EE b=V v I AZ v 7 IBONRARAZ I THY , b=V v I REZ v I D
BUIERFR N v 7 ZREOEZBERWHHIE L LTS AET. =Y v 7 BRIk
BR NV v 7 ZBEOIEREE AREETH, b=V v 7 X ¥ v 7 3ZhEFRHFmM~D (R
L—RIRREEAF v 7 NTO) JERIZIR>TWET. ZIERY TR, b=V v 7R FZ v 7%
HHA R b=V v 7 L ESBERLTHT, HlR b=V v 7 ZRREZT 2R TV T
OB NE S BN OPOHEL, b—U v 27X Z v 7 ETIIHRAICHATLIZ LN TEE
T, =0, FE b=V v I REZ v 7 FEL DI ERDLNRoTVD EIEFVRT, FRT & Z LT
2 BHEIOCHLBEIET. THERATHEEZFS TWEEZT 7205 LWTT. BUTIEFL
OFBEOMEL TR TT. FLITRAOHE 2] B AT S,

2 b—=UwYPRXB YYD (toric stack) DEE

¥ 2.1 N=27% M =Hom(N,Z) £ 8. L2 N @z R NOBEEKHFEEAOFRY 7 (LA
T, BBIAER 7 7D T7 7 0nHZ LT D) THY, XONR T OLUTFOLEMZHT
F L RIBHES (free net(B B LIER) Tho L&, “oM (5,30 2R Z vX—T 7
Ly,

(&) BEDa—r o e TICH LT, onX0 i, N EAEZRYERHEZR L (2720 r = dimo) ,
B2 o NN OEZEDOTIIME»TIE o N Ot/ s.

(B, 20 T 554N D, Fa—r o € DIEXLT, o DE—KRTHTT—> p LIZ, B
ep EPNNBHoT, TR ERE o NI 2 N DAERITICR>TND I RPN D. KHHE
W) &, REoF—T 72X, 77 VOFE—RILE T — VICIEDEE (VLAIAVTERL
WHZ LT D) BEIVYETONERENTZ 72N ZENTED,

2B =77 D8 (5,20 = (A,AY) %, 77008 12— AT (20 c A® &
THOLLTEETS. BANTZ 7 22525, FEDa—voe X XL, oNTY, B0

I ARFH PR #1332, e-mail: iwanari@math.kyoto-u.ac.jp T DFEFIZ2 0 0 74F 2 A 0JbHER
% COE % 3 HfF A A FMAEROTROIDDO LD TY,




DEHE—RTEHI—D pC o PE—HTRIZHLTERIND L5 RIZEH¥HE (cNN D)
THdEH% " BARABRE XY, PEETDI. T LA ERHBRY VLU, S5 ART
COREFHE, CREHRICAZ v E—T 7 VO (5,50, ) = (A, AL ) IIER S 1S, {8
L, X0 &AL ZEKRLABELETS. o T, HRET 7 VOB, A¥ X —T 7 VD
IR EFREHE & L THRICHEDIAEND.

T, AF v ER—T 7 (5,50 I LT, b=V v I RH v 7 Xgpo) kEELED . EHET
5 (F-EHEERETICBVTL) DIZEEZR DI, Fontaine-Illusie DEM T log structure
Thb.

E& 2.2 (Cf. 3]) hk ETHEEZTDH. b=V VI RI YT Xsgyo)lE, b-AX—LOE LD
LIF D X 57 fibered category TH 5. k-AFX—A X IZX L, Znyoy P X EDOT 7 A/3—
P30y (X) OHEIL, S0 (18 = Ox,a: M = Ox,n: 8 — M) TREWRT L5 7%
Ho

(1) S 1%, M = Hom(N,Z) bR E 2 EHE DM EHOTF — VB TEED R z € X I
L, Sz &Sz AL S; (resp. Sz) 1EV U X% —(resp. =& —/) X b—7.

(2)7:8S — Ox 1%, ¥HOBOH. 22T Ox IRIECLVEHOBLTD.

B)EBEDSDEI v aysiZHL, n(s) PAHTHIUEFTFRFIT s PAIFTHHZ & T
H5.

(4)FRzeXITHL,Ss=0"NM L22L5%a—v o e L BHFETD.

(5)a: M — Ox 1%, X E® fine log structure.

(6)n:S > MiE, 7 =aon ZWIzT LI R¥FOBOH T, FRMTENR T - X ITHLT,
7 : Sz = (8/(unit elements))z = Mz/O% ; 1%, Sz @ (X, X°)-B B4 :

Sj‘—)F,

EREL (22T, (B,80)-BHSME: S; 5 F&1X, S C M EX DT —2nbREDH
T, ¥ Fi%, N (1 =1k SP) L MAVRERETH 5. EMLERITIERPLER T2, K
DEFELHVRLEERLZATHIN,, BT 5. [2/3] L)

Xz (X) BT D (1:8 = Ox,a: M= Ox,n:8 = M) b (' : 8" = Ox,d/ : M' =
Ox,n : 8 - M) DHROERIE, (S,r) = (S,n') L&T pon=9:8=8 - M &
% & 9 72log structure RS ¢ : M - M Zn & T2EEL L, (S,7) # (§,n') DEZ
EALTS. BRICBIERLEERT DI LICED, Zpyo) i3, k-2 % — LDME EDfibered
category L2V, EHILAFZ v 7LD (k-AF— LD Z—NAHEZNNT) ZEHE
GZon5b.

EREVIEIVE TEBLEX] IZR->TLELER, (WWFRIZAR-STLEI D) 200
NDHWREDHHEDLEDRE L log structure & Z D DH 725 DFD moduli stack & LT
b=V I RAZ I REREINDIEZAETTHHALIEP 072D THD. ZOZENHE
LizbohdZ &L LTHIZE, BRI b—F 2HW0IAL Speck[M] — Xz yo) DERTE
20 (M — 0x,0% — Ox,M — O%) DO REEZD) , BRZR =7 Z{ERAEF
Z 3,50y X Spec kM) — Z(z,50) R b=V v 7 ZERIEK Xy ~D BRRE (5,50 Z(x,x0) = X%
BHFEETDHZ RS, EIZ, M. Olsson & Illusie IZ & 5 log structure DEY = 7 A (B



TOMREAND I LICLY, Zis 50y 238 D022 Deligne-Mumford stack (2720, 75 50y
sy = Xp WHEY2 54 ThBZ LAFES, 22T, Xy i, SHFERT 72 TR
TR REZFOOIIX L, Z(ppo) FEONTH D I LITERELTZLY. Zhi, HHlA
F—U o 7 RMELERTROREREBENVWEEbNDS. BRICEEFLRE LR, FEOK L
T pyo) B, Artin stack Th5H = LITFTZERTES, LALERD, —RICHELAT
R, ERICHIBE N OO TH S, £, T BHEBRY 7T #ZOBERR
BEMET DL Xgso ) 13, A h—1 v 2 BBk Xy Th 5.

AB X —T 7N b=V v IRy 7 EER LR, HbERPURBNO—DEFRAF v
X—77 OB E MYy RE 7 DEOERETH 5. Log geometry 25 Z LIC LV R%E
B%5:

EE 2.3 (Cf. [3]) #EE M=V v I RFZ v reh, 1—HE =Y v I RZ v 7O -7
AFES, 2 5% 1 —FHEORBEOELSLTI2—BEZ (F—V o7 RZ v 7 DY 2-B)
LELZ LTS, oL xBRRERE

(b= 97 RF 7 DRT2-B) 5 (RZvF—T77 0T 1—H)
BEFETS.

b=V v 7 ZRREITT 7 VIPHERTE 2130, BAIFHIHEAGITND. RFZvF—T 7
MHBEREIND b=V I AZ I 1=bIX, o ATENRMENREFHFICEVFESTHZ &N
TERVWTHASIN? (5, 20)-BHLMOEY 2T 1 DFER log geometry DT DFER ZH
HEDLEDLZ EIZEDERPTRES.

EHE 2.4 (Cf. [3]) AF v F—T 7 UNbERSND M=V v I RZ vy I biE, (A7 y
B FP=FREMREHRAZ v 7 ELTER, EDM—FZADBEZAF~DIERANAS v 7 22k
WIET Bivd & 5 72 52372 Deligne-Mumford 2% v 7 (+0R0EMH e 5efh) & U CREEAS
Tohs.

CORRDEFESTE F—Y v 7 RFZ vy 7 DERIZLTH LW, b—FR&2EFH F—F R E
% b 5572 Deligne-Mumford 2 & v 7 7= bid, AZ v ¥ —7 7 OB L REZRE % 783
ZERLMY, ZOZLIEFMAAEDERFEREFEBICERHEKRENAZ v I D7 TANRHE
N LERLTVWDERS.

HHAZR b=V v 7 B L ORBMREBEICEKR T L 720, ROFRKIAEZ R Y. Tovst=( ~h—V
v 7 AZ w7 DI 2-H), FRRIZ Smboric=(FEFFR b —Y v 7 ZRED 72§ 1 — ) |, Simtoric=(H
EEF—V v 7 ZREDRT 1 —B) ERETDHILITTD.

Torst = (RE v F—7 7 D)
L ) a
Smtoric - GERE 7 7 DHE)
i b
Simtoric = (BiER 7 7 o OH)



BL, FHR7 7> DI LT a®) = (3,5%,), b(E) = 3. BF ¢ and i 1 ZHAREDIALT
5. BF 1,4, a0, blE, TXTERERBEFTH Y, KEFMOBEFIITXTCREZE EFFET
b5,

3 F—=UvOREAYY LOXREH

UTEHFEORKETEZS.

=YV I REy 7 LDV A INVDORXEGwmEEZ RV, FIZ Chow REFHE L2V, h—
Vo7 ZREICBWTH ZD X 5 7208 (variant $5< O T) IFZ DAIIHREEINTE ., &
T, b=V v 7 ZEED Chow ROERZEE L L 5. BIEMN T 7> 2 iZxt LT, X @ Stanley-
Reisner it '

SR(X) := Z[D,,p € (1)]/(Is + Jx),

LLTEHIND. ALE) IR O0—Ra—roEaEdbbbT. In IHRAERLZD
L(m) == Xpexa)(m, vp) Dp (v, 13 p DEFE—AEFREZRL, miE M Om) TERSHTZ (mik
M%#ESOT) ATTNLVT, JglX, p1,...,pr THEONDI—U R BIZAS TRV 5 ZRHIEK
Dy, -+ Dy e bTHEREINDA T TNV THD. ZD L X, Fulton-Sturmfels, Danilov, Jurkiewicz
WX DRDODBARTERNE D D

RE 31 77V S BEBRRT VLT 5. AN(Xy) & b= v 7 B Xy ORI Chow
BT, 0L XBFAR

A*(Xs) 22 SR(D)
WEFET 5. b L, S RHEKGT 7o Th 4 b1, BRAK
A*(Xx) ®2 Q = SR(E) ®z Q
WY 5.

EDOREIT D, 1% c1(Ox5(V(p))) € A*(Xz) WCHIETD. AEL V(p) X p BT D b=V »
JRTFTHD. 77 v 0 BREFRORE Xy EIZ homological 72 LRI DARZ X EFHNRH 508,
DEIZHEEBHRIGA T Xy X5 R A% b b Stanley-Reisner 88 & O REI LK E T >V
NLBWEBLNRY., 2 Xs ITERERZ b0 L &, RYPFHEFRH TRV EELNRW
TERHICIHBEL LTTHZE DTS k-IRT v VEE AF(Xy) 23 Stanley-Reisner B2 k K&k 5y D
RIS —MRIC—HLRWZ LItk D, F7z, bivariant (cohomological) %2 Chow 8§ (ZiUid#
RETEHRTEDIZH 2D 5HF) IE Stanley-Reisner B8 & 1T —IC—F % LV, —fROHEE
B7 7 et LTI, b—U v 7 K0 T8MF) ET77 o0 MAGbEOT—#]) 1K
BRECDZOTHD. ZZCHRBICHBRHZATHEY. 77V D2 REOHPO—DDa—
Y R0 (2,-1)+Rxp-(0,1) &35, M52 b—V v 7 LK quadric cone THD. T D
7 7 v ® Stanley-Reisner Bj1% Z[t]/(2t) LA TH 5. ZOHE LOEHIT A*(Xs)@2Q02Q
EWVIDELRNILELMERLTOHRY, BICEBRETRE RO Z[H]/(2t) 1IHMEREO BRI



WX UL REE S DRI Z/2Z ERRETHDZETHD. AF—LbR0b o & —RICREZE
® Chow ##%, ZDZEMORITL YV REVWKRETIIETH LI LE2ERD L, ZOBKRIT (B
R¥ Chow BFE B 2D LWV O Kb RT) RAMET, K

A F— DRRBZER OYAEA TH D 2 bR VWEBR PG DEROMALER N TN D

ERBHZENTES.

b=V v 7 2% v 7 ® Chow BROFADKEREZRNT 5. 1857 Artin stack (+EHTHR
E) EOBLHARXEFIL B. Totaro DEIRR DT A T 7 5B T 5 T Edidin-Graham <°
A. Kresch IZ ko THEFE Iz ([1[4] #2). Z Z TOELRI Chow BRI b DRI XHRIZ X
5bDTHD. —RICZOELHE Chow REZFHET 2LV 5 ZLIFFFICH LWHETHD.

EH 3.2 (Cf. [2]) 77 v S 2HEHN T 7 &L, 2o (5,80 )22 b TEHHARRA
FoFx—=T70,5. A Znyxo,)) Zb=V Y7 RZ 97 Xsso ) DEEHEChow BRET
5. ZDLEHRRER

A*(Z(s50,,)) = SR(X)

can

BIEET 5.
4 mREIC

DI RRDIZDDOPV IS WTFRRLE RO TLEL LI L EZRBFER L. FACHF I DMK
BORE., ENRCHMNTZWGEERN S T2 THAINTERP o7, BB —V v 7 %7
WCROBPRZREL TRERD D 720,

77 U OERO TELW] STEHERIIN—) v 7 28 v 7 Th Y, HrdbY
i (REvFx—T7r) ERMFEHNEF=F—V v 7 XFZ o7 OEKMELOIEN
FTERMCEN, BER =Y v 7 ZREZ50THEBH b=V v 7 &M% (8
ICHLBA DR & OXPE) 11X, 20 TR Ths.

RPN

(1] D. Edidin and W. Graham, Equivariant intersection theory, Invent Math. 131 (1998)
595-634.

[2] I. Iwanari, Toroidal geometry and Deligne-Mumford stacks, preprint (2006)
http://www.math.kyoto-u.ac.jp/preprint /preprint2006.html

[3] I. Iwanari, The category of toric stacks, preprint arxiv: math.AG/0610548.

[4] A. Kresch, Cycle groups for Artin stacks, Invent. Math. 138 (1999), 495-536.



A7 A=\, BA4<—, READHI - T5—0THE
COAMOEBA, DIMER AND
HOMOLOGICAL MIRROR SYMMETRY

HlHE A

BN TA—ROBHTHDAT A—REEHR L, ¥4 ~v—ET/NVOMEORE, &
WIEARET I T — A~ ORS I DWW TR B,

1. 7)‘—/\‘&37}—/§

72 LoMFLAT A 2EZLX S, 20L&, A O Newton ZER W(z,y) €
Clz®,y*) 23, RO XD CEHSND,
W(z,y) = Z C(i,j)fﬂiyj
(i,7)€A
72l TITeuy IERBMEEZB<, 20 W(s,y) OERES WH0) OXEE
% Log \2 X B2BDZ & %7 A—s% (amoeba) &IFES!:
Log: (C*)? — R2.
w w
(z,y) = (log(z),log(y))-

7 A—/31%, Gel'fand-Kapranov-Zelevinsky[1] i & > CiB & BI%k % DI
HELTEASNEbOTH DD, RRECEM (e L F 0% 16 fE) . haed
IR B e & L B BMR LT B RN E R F O,

TA=NDERMAERIZK 1ITR LT,

L. A OPIEXIES DT A=D1

T A—NONEDOFIL. Newton ZHEADRIIC L > THEMEICE(LT A0, T A—
N M), DF D WERIE. A DEREFRICHEE Z2ESOIENRRTERNDTEAS 9,

Ly —fic ()™ THRBEICERTE SR, Z2Clkn =2 DHPHADHERS,



27 N

—J5. TOHEWPE LT, =7 A= (coamoeba) & W HHLEN, WHEZEEICL-
T 2005 FICEA SN 2% a7 A—A"EEHT DI, EOEFT, log DEDE
RAICERY B2 TRnE kv

Arg: (C*)? — T2 = (R/Z)?
w w

1) = o (arg(@), arg(w).

SED, a7 A=A iE, Arg(WH0) DI Th B,
Fle LT, ABEAFOROHEZ Ty b LEORE 1 Th B,

X 2. A O EXET BT A=D1

AT A—ROEEYL, TA—ORE LR, BREORY H2ELXHZ LICLoTHE
ML T 208, 1-E 9 <8BS, BIRE Z LIZEANRENWARERIZZ2-T
WAZ ERRTEND, — RIS, A R=ZAWOFEITIE., ROEBERT I ENT
x5

FE 1. BT ZAK A K L, ZOEAICHET 5 BEROfE Wa L5, Z0
rx,
o ADHEED2ME% N £45&, Wt oa7 A — \idEEo =A% {UY, .
VAN, L Z20TEE {L)13Y, ofES > T, BL, U; EH L, £
Vi £ LIRdbE T 5 TEAE R0,
o A5 Arg XN ENOBZATICHIRT 5 L MR THY, U, ET
A& 2EL, V ECRAE WY 5, F, £EOi=1,2,...,3N I
LT, Arg ™ (L) EBIXRE & R TH B,

Fio, M1OERERD L, a7 A—"OEFIEREZRLTBY., ZTOMHEEIT
HEDADERIHELTNWA Z ERRATRND, ZOZEnD, ARGz
EEIZ, MISTBHaAT A= "EE DO EEEZHED Z LA TE 5 (Hanany-Vegh
DT LY X5 [3),

—MREVRFIEZHAT 5 L RELRDT, RIXV D A DA, BEFITHBAL
X9,

Zay x—skid, [2] BARIC Passare < Tsikh %10 Lo TO BREARTH Y [2] TR, [ UHES:

DERERLEShE (aga) LIFEN, ELLOAMMPERT 200, B TIRELZSNLR, Eiz,
AT A=ARDOFGFEE LTE, RT A—ARET A—"BEZLND,



AT AN FAw— RERIHN - I T =%

X 3. Hanany-Vegh ®7 /L= ) X A0, £ XA, FEXZE 0
HaFyA—=nN HFEhiZ2®ar77, ETE2G7 77O, AT
I TH 5,

FT. ALEREES (W3EL), B2, ZOERCEENRFECICR D L5 RE
Br b= 20 EicELS (W3FE), ZhICEY, b—=F 23V OIS
FS D, FHBROE Y ORED, T XTREFFHEIY & HVIEREFEIY O L 22D
FBYVORTILIZLEY, T LTEBYOEEINT-ERIT, BIZEOaF7A—1D
KN 72 5720,

BB, M1 OAMO XS, BRER—ROGEITIE. a7 A—"05EREEhn
REAUCRS TRV, UL, ZOHAICH, BRI BaEEETHZ L
WREROEMRAY T2 N TE D,

2. AT A—N\DHHEALT—, BB~

27T 7LIE, ST 7 ThoT, HADEENZOOHHES B & W L oif
MCET, EEOLLBOIERAE W OERZHEA TS b DO %Y, Hanany-Vegh
DT NIY AATHE, a7 A—NORNLEIZT? Lo 2677 7 2#EkT 5 (K3
k),
ERINCS I
o ZEZABIIXH L, Arg RZD A LTHE 2RO X (HicT5) KT
A (B) oESZAET 5,
o RIZ, ZOD=ZAENRKREFFOL &1L, MGTHEAZLTHES (Zhvz
] BT EITATI.),
IHoLTHELNE 2607 T 71X, WETIET L—Il L5 A4 ViED  (brane tiling)
LT TS,



521N

ETC, ZHoLTHELNEZ2607 T 7N, SLICHERIZLENTED, TN
X, 267770 ERIVUEIY (R3AET), 72720, BEAICEROWTNEZ
WIS LT, B 7 7ICREIZEL Z W TE D, 2%, A (B) oEADA
D CIEREIDREEHE Y (KEEEHEIY ) 1I2E12 K 5 ICREIORE 2 EDIUL LN, 29
LTELNZ T2 EORWMZ T 7036, b—F A EIZERIN TS Z L E2ENLTH
BT T 7 L BolOBRHTH B K3ET), 2L, 22T, fiEid, Bl
BRI Z77DZLTHD,

ET, 20X, WEENEERFTIEZL>TAPLEEFICANLZD, FEiX
ZOMITRIGHOICEE D McKay iR RI—TH A Z EBRIND @

SEE 2 (W - L [5)). A AT SRS L. A% SLy(C) OREREARETH Y.
C} /AN, Ax {1} ZEERITOHEL LTRO L) RENOBRIND b=V v/ %
Bk —%+25L35, ZoLE, Adb Hanany-Vegh D7 L3 Y XA L > THE
LIS BMRAT & OffiiX, A © McKay e — 5,

Fio. FHMITART A8, 202687 F 70 b, Kasteleyn 1751 & ) 5 flAaGo®
MR FREAERDZLICL T, HIC A DFEHREMYHTZLHTE S,

3. REATHILIS—x#E

ST, ZZFETRRTELZ L%, APHTILROEAICEAT 5 Z & T, PLxP!
T BRERTINI T —FMEERT I ENTE S, HEIZ, 2O L LR
X9,

2 T—HFEEIE, EBEREME T TV T v IR E ORERE IS E ERT
B5LDTHD, ZDIT—HHEDO—>DERAIZ, Kontsevich 12 & Y #2E S izk
TR VHNI TR H D, UTFTIE, b=V v Z7OBACINEHAL L I,

TP ERATIE, ADSEYBRFETEED bV v 7 ZHE X OEREEOE
Sk Db coh X #E 2 X9,

—F. YUV T 4y 7T, A © Newton ZHERX W (x,y) 5. ARIES
B Db Jue” W CMEINA b DEEXDZ LN TE D,

IDZOR—HTHLEVWIDORRER I T—RHEDOERETH D, SHEFx
. PLxPLBIOFEOT —_ABICL A A —E T 4 — IV ROBFEIL, RERT IV
TRV SEOZ L ER LT

EH 3 (IEM-ILIF[4]). A% (C)2 OFRENEL T2, Z0Lx, LT LT 1y
7 Lefshetz 77 A 7L —3a > W: (CX)2 5 CHFAELT, PLx P! Lo A-[FZH
B8 D72 DY coh® P! x P! & W OAFEAE D Jut™ Wik, ZABE L L
T—¥7%:

Db coh? P! x P' = D Jut™ W

39, kY ERICIE, BIRH X OMc > TS, MiEBELENC, T2 LICERShTWD &)l
BEENTLE-D, CNRHOMERES X5, 22Tk, ZOHMIEM L,



AT A= B w—, RERTHN - T —5 TR

ZOFEATCHRE 2D DX, MR ENEI, BMRAE OO EE 2 EORE CQ
DOEBRKRTTAMBED 729 EKE DP mod CQ IZELWZ L E2RTZETHD, B,
P! x P! OFER T IV I T7 =TI, Seidel 12X o THRANIREN TS [6] 23,
ZOFETHE, BIZ—RIZ, A—E 7+ — NV FOBEHITL A LRROFRCTRT T
LR TEBLIABRKRERERTH D,

BB, TTETRATE I LICHRE AL, KVELVRHHRE LT, [7]
LR TR IR,

2 % 3K

[1] I. M. Gel’fand, M. M. Kapranov, and A. V. Zelevinsky, Disrciminats, resultants, and mul-
tidimensional determinant, Mathematics: Theory and Applications, Birkhduser Boston Inc.,
Boston, MA, 1994.

[2] B. Feng, Y. H. He, K. D. Kennaway and C. Vafa, “Dimer models from mirror symmetry and
quivering amoebae,” arXiv:hep-th/0511287.

[3] A. Hanany and D. Vegh, “Quivers, tilings, branes and rhombi,” arXiv:hep-th/0511063.

[4] K. Ueda and M. Yamazaki, “Brane tilings for parallelograms with application to homological
mirror symmetry,” arXiv:math.ag/0606548.

[6] K. Ueda and M. Yamazaki, “A Note on Brane Tilings and McKay Quivers,”
arXiv:math.ag/0605780.

[6] P. Seidel,“More about vanishing cycles and mutation”. In Symplectic geometry and mirror
symmetry (Seoul, 2000), 429. World Sci. Publishing, River Edge, NJ, 2001.

(7] MR —A, ¥ ~— & s, BRI ek sk iR T E
http://www.kurims.kyoto-u.ac.jp/ kazushi/rims_kokyuroku2006_8.pdf
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)—T =GB, NIV — 1 BERE
VRLIRER DS RESR

Riemann zeta function, Bernoulli polynomials and
the best constant of Sobolev inequality

B fefm, (LA 5h3 (BORERET. D3), B KRR (FiFK)
KH B (HREET), BN —# (RETRXR)
V=B — X ((z) =D n7* (Rez > 1) DEKICHI BME ((2M) (M =
1,2,3,---) DESSHIRIRG BT Tz
FE1 M=1,23,-- 9% B

Hy = {u(m) ™ (z) € L*(0,1),

uD(1) —u®0)=0 (0<i<M—1), /01 u(z)dz = 0}

KBS AEEORB u(z) ICHL, uw(@) KEBRWVIEER CHAH->T, VERLTAR
F

2 1
(o 1u1) <0 [ |u9@)" do
0<y<1 0

MDD, C DS BREDEDIE
_ 2¢@M) _ By
(@em)2M T (2M)!
TH%. TTTBy ENIVA—A8T, EOEHETHS.

FOREXTCZCy THEENZADLE, 0<y<1%2IEDy L, TEOK
FEclcl, u(z) = choy(|z—y|) KRHLUTESHEDIILD. bi(z) Ik i X)L
2—AZIHNTH 5.

EER1 WX —AZHEK b(r) (6=0,1,2,---) &

Cum

bo(x) =1 .
bi(z) = bi—1(z), / bi(z)dz = 0 (i=1,2,3,---)
0
WKE->TEDLNS.

bo(z) = 1, bi(z) = z -

1, 1, 1 1, 1, 1, 1
b3(z) = 635 4:1: +12£U, by(z) = ﬂaz ﬁx +ﬁx 0

N —
o
[ V]
~
8
N—
Il

|
&

|

|
8
+



1 1 1
b - 5 __ ~ .4 i B
5(2) = 150% ~ w8 T7® " it
— 1 6 ]' 5 1 4 2 1
b6(2) = 7567 ~ 220° Ta2ss® ~ Ta0” T 30240
1 . 1 41 . 1 5, 1

() = 5020 ~ Taa0® T1a0® " 320" T 30240°
1 1 1 1 1 1
b _ 8 _ 7 6 _ 4 2
8(%) = 10320° ~ To020° T86a0° ~ T7280” T 60480° — 1209600
Ths.

HRERDZEMITENOENMEREZZ R 5.

1

TE 2 AL / fW)dy = 0 BBEFKE 0 <z <1 FOLEOH RS
0

B f(z) o LT, B

BVP
[ (—1)MuCM) = f(x) (0<z<1)
< u® (1) —u®(0) = 0 (0<i<2M —1)

1
/ u(z)dr = 0
 Jo
EHE—DDRZE L, R u(z)ld ) —VEG,y)Iic&k>T

u(z) = / Gloy) fw)dy  (0<z<1)
EERREINS.

G(z,y) = (1) ban(|z —yl) = 2 ) (2mn) ™ cos(2an(z — y))

n=1

0<z,y<1)
Ths. &I
Glu9) = (<11 bu(0) = 2 3 (2mn) ™ = o C(20)

TH5.



X3 JU—VBEI

G(z,y) = ()" bou(lz—yl) (0<z,y<1)
IR U TROFEDKD LD
(1) G(z,y) =Gly,z) (O<z,y<l)

@ 86y = ()" (sgn<x - y>) banr—i(|z — )
O0<z,y<l, z#y, 0<i<2M)

(3) (—1)M82MG(x7y) = -1 (O <z,y< 1, T 7é y)

=0 (0<i<2M -1, 0<y<1)

z=1 =0

(5) /OG(x,y)dx=0 (0<z<1)

(6) 9:G(z,y) — 0,G(z,y) = { 0 0<i<2M—2)
v=eo y=eo (-)M  (i=2M-1)
0<zx<1)
(1) 8:G(z,y) — 8iG(z,y) = { 0 (0<i<2M—2)
R =0 (-)M - (i=2M-1)
0<y<1)

ZTT, WD 8, =0/0z BHES0<z,y <1, z#yllBOTHMNZEKD
M TH-oT, 0<z,y< 1B SEEBOERDMS TlEiTL .

EE 4 BEBZEM Hy 1S/ LT
1
(w, V) = / ™) (2) 7™M (z) dz
0

ERREE R0, Hy ETORBEICE D eIV REE LS. G, y) BB B
Ze Hy ERE (-, ) KB LEERTH B, $abb, HED u(z) € Hy LT

/ u00(0) MG, g)de = uly)  (0<y<1)

AN AIRVASR



FEA45A 0<y<1%%yZEETS. Bu=u(z), v=o(z)=G(z,y) Xt
ERCE =

M-1

/
u®) M) _ gy (=1)My@eM) = (Z (—1)7 uM~-1-9) U(M+j)>

=0

DMAZXE <z <y, y<z<1LETHEITS.

[ @ aae i = [ w1 80w, e+
Z (—1)7 uM=1=9) (z) GM+i G (g, ) { } _
— uM-1-9) (0) 8£4+jG(x, y)

- Y
Jj=0
z=1

+
0

| —

/0 (@) (1M MGz, ) da +

-1

=

(1Y [u“”-l-f)(l) MG (z, y)

} 4
=0

] = u(y)

E?
NS

— 0 G(x,y)

J

CTTREMIEB), (), () Rfiol. (- ) uHNHTHS T LD, BTRE
ns. %

(— 1)1 (y) lai”“ G(z,y)

Il
o

z=y—0 T=y+0

Z DM ORHTH B 1 RT3,
T ALY u) e Hy IiL, BASR

/01 W (2) 0 G(z,y) do = uy)  (~1<y<1) (+)

MDD, FC0<y <1%%yZREET 2EIC u(z) =G(z,y) £T5& u(x) €

1
/O 0¥ G(z,y) [P dz = Gly,v)

N AIRVASR
Y a TV DARERZMES T, HEEFX (x) OmdZFHiid 5.

1 1 1
| u(y) |2 S/ |8£4G(x,y)|2dx/ |u(M)(x) |2dx = G(y,y)/ ‘u(M)(x)|2dx
0 0 0
ZZT

sup G(y,y) = Go, %) (0<y <1)
0<y<1



LIdk
( sup IU(y)l>2 < G(%0, %) /01 |[u®(2) | de (%)

0<y<1
L%, 1
SUBREICZNE >, ©OFR%R / 1w () P dz = 0%5 u(z) =0 (0 <
5 < 1) BEWRL TS, 4 TRAMELE (, )y O EEESRENE. v ay

VY OAERR S ERFE T IEEEEFIETERE N TV RN LICEEL K S.
R u(z) = G(z,y0) € Hy I, LEDOAFERX (xx) ZH#HT 5 &
2 1
( sup |G<y,yo>|) < Glunsto) [ 10:Go,w0) P > = Glun, o)
0<y<1 0

2135, HIEAFLR

2
G0, 10)? < ( sup |G<y,yo>|)
0<y<1

CHEDES L
2 1
o, 1o)? — ( sup |Gy, yo)|) = Gluntw) [ 10:6a,10) s = Glaow)’
0<y<1 0
E3. EH GRS, ]
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1. FOLD MAPS AND IMMERSIONS FROM THE VIEWPOINT OF COBORDISM

We establish a relation between fold maps and immersions and obtain geometrical
invariants of cobordism classes of fold maps in terms of immersions with prescribed normal
bundles. We show that these invariants are complete invariants of the cobordism classes of
simple fold maps of oriented (n-+1)-dimensional manifolds into an n-dimensional manifold
N™. As a corollary we obtain that the oriented cobordism group of simple fold maps of
oriented (n + 1)-dimensional manifolds into R™ is isomorphic to the direct sum of the
(n — 1) th stable homotopy group of spheres and the (n — 1)th stable homotopy group of
the space RP*. We also describe the natural map of the simple fold cobordism group
to the fold cobordism group by natural homomorphisms between cobordism groups of
immersions. We have the analogous results about bordism groups of fold maps as well.

Fold maps of (n + 1)-dimensional manifolds into n-dimensional manifolds are the

simplest singular maps and they have the formula

f(:l:l, cee ,.’I)n+1) = (1’1, cee ,xn_l,x% + $721+1)

as a local form around each singular point. Let f: Q®*! — N™ be a fold map. The
set of singular points of the fold map f is a two codimensional smooth submanifold in
the source manifold Q™! and the fold map f restricted to its singular points is a one
codimensional immersion into the target manifold N™. This immersion together with
more detailed informations about the neighbourhood of the set of singular points in the
source manifold Q™! can be used as a geometrical invariant of fold cobordism classes
of fold maps, and by this way we obtain a geometrical relation between fold maps and
immersions via cobordisms. However, this invariant of a fold map f: Q"' — N” can
be quite complicated because of the complexity of the possible singular fibers [28, 29, 40],
and a way of making it simpler is restricting ourselves to fold maps with additional special
properties.

Simple fold maps are fold maps with at most one singular point in each connected
component of a singular fiber. From this definition it follows that the only possible indefi-

nite singular fibers (whose singular points are indefinite fold singularities) are the disjoint
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unions of a finite number of “figure eight” singular fibers, provided that the source manifold
is orientable.

Simple fold maps have been studied for a long time. Levine [18] classifies the vertices
of a Stein factorization of a fold map into “simple” ones and “non-simple” ones. Saeki gives
necessary conditions for the existence of simple fold maps [22], proves that there exists
a simple fold map on a given 3-manifold if and only if it is a graph-manifold [25], gives
constructions [23] of such simple fold maps obtained in [25], and uses simple fold maps for
studying links in 3-manifolds [24]. Sakuma [31] obtains relations between the homologies
and diffeomorphism type of the singular set of a simple fold map and the homologies and
homeomorphism type of its source manifold. Yonebayashi [41] proves theorems about the
number of crossing points of the immersion of the indefinite singular set of simple stable
fold maps of 3-manifolds into surfaces.

If we have a simple fold map f: Q"' — N™ of an oriented manifold Q™*!, then
the immersion of the singular set has trivial normal bundle in the target manifold N™,
moreover there is a canonical trivialization corresponding to the number of regular fibers
in a neighbourhood of a singular point. Hence the geometrical invariants in hand are less
complicated.

The main result of this paper is that our geometrical invariants describe completely
the set of cobordism classes of simple fold maps of oriented (n+ 1)-dimensional manifolds
into an m-dimensional manifold N™. By this way we prove that the cobordism classes of
simple fold maps of oriented (n+1)-dimensional manifolds into an n-dimensional manifold
N™ are in a natural bijection with the set of stable homotopy classes of continuous maps
of the one point compactification of the manifold N™ into the Thom-space of the trivial
line bundle over the space RP*°. As a special case we obtain that the oriented cobordism
group of simple fold maps of oriented (n + 1)-manifolds into R" is isomorphic to the
nth stable homotopy group of the space S'V SRP>®. We also describe the natural
homomorphism which maps a simple fold cobordism class to its fold cobordism class in
terms of natural homomorphisms between cobordism groups of immersions with prescribed
normal bundles. In this way we obtain results about the “inclusion” of the simple fold
maps into the cobordism group of fold maps. We have the analogous results about bordisms
of fold maps as well.

There exist several methods to study singular maps and their cobordisms. Much
of these methods are based on the h-principle for singular maps established by Gromov
[7], Eliashberg [5, 6] and Ando [1, 2]. By h-principle it is possible to reduce the prob-
lem of studying singular maps to the problem of computing homotopy groups of spaces
but usually these spaces are too complicated to describe their homotopy types in detail,

furthermore to obtain complete geometrical invariants is an additional difficult problem.
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Pontryagin-Thom type construction is an elementary method to build a classifying
space for cobordisms of singular maps [32, 20]. The basic keypoint of Pontryagin-Thom
type construction is to prove that a singular map can be considered as locally trivial
bundles with given singularity types as fibers glued together and the structure groups of
these bundles can be reduced to nice groups, see [11, 38]. In order to make a Pontryagin-
Thom type construction for negative codimensional singular maps we need theorems about
fiber-germs analogous to the theorems of [11, 38]. In this paper we show these analogous
theorems for —1 codimensional fold maps (if we have a map f: M™ — PP of an m-
dimensional manifold into a p-dimensional manifold, then the codimension of the map f
is the integer p — m). The Pontryagin-Thom type construction and also the geometrical
manipulations are possible by virtue of the existence of this kind of “bundle structures”
on fold maps. The first theorems about this kind of bundle structures were developed in
the works of Szlics [34] in order to give the basics of the Pontryagin-Thom construction
for positive codimensional singular maps.

Some results and ideas in this paper already appeared in the author’s master’s de-
gree thesis and his earlier works [13, 14]. The purpose of these works was to develop
a Pontryagin-Thom type construction for —1-codimensional fold maps with prescribed
singular fibers in order to obtain results about cobordisms of negative codimensional fold
maps with prescribed singular fibers, in a way analogous to the positive codimensional
case (32, 20].

2. FOLD COBORDISMS AND STABLE HOMOTOPY GROUPS

We prove that for n > 1 and ¢ > 0 the (oriented) cobordism group of fold maps of
(oriented) (n+ g)-dimensional manifolds into R™ contains the direct sum of |(¢—1)/2]+1
copies of the (n — 1)th stable homotopy group of spheres as a direct summand. We also
prove that for £ > 1 and ¢ = 2k — 1 the cobordism group of fold maps of unoriented
(n + q)-dimensional manifolds into R" also contains the nth stable homotopy group of
the space RP*° as a direct summand. We have the analogous results about bordisms as
well.

In the study of singular maps one basic approach is classifying singular maps under
the equivalence relation cobordism and describing cobordism groups of singular maps [3, 9,
16, 20, 32, 33, 35, 36, 37].

This paper is about fold maps of (n + ¢)-dimensional manifolds into oriented n-
dimensional manifolds. Fold maps of (n + ¢)-dimensional manifolds into n-dimensional
manifolds have the formula f(z1,...,Zniq) = (z1,...,Tp_1, 222 £ & ac?H_q) as a local
form around each singular point, and the subset of the singular points in the source

manifold is a (¢ + 1)-codimensional submanifold. Moreover, if we restrict a fold map to
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the set of its singular points, then we obtain a codimension one immersion into the target
manifold of the fold map. These properties give the possibility to define simple geometrical
invariants of cobordisms of fold maps via immersions of the singular sets. And by [39] these
geometrical invariants show a strong relation with stable homotopy groups of Thom spaces
of vector bundles like the circle S' and the projective space RP* . Furthermore, it turns
out that these geometrical invariants detect an important torsion part of the cobordism
group of fold maps, namely the stable homotopy groups of spheres and the space RP*.

In [3] Ando showed that the cobordism group of fold maps of oriented n-dimensional
manifolds into the n-dimensional Euclidean space R"™ is isomorphic to the nth stable
homotopy group of spheres. In this paper we are looking for similar results in the case of
the cobordism group of fold maps of (n + g)-dimensional manifolds into R", where ¢ > 0.
The case n = 1 (i.e., the cobordism group of Morse functions) has been computed by
Tkegami [9].
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APPLICATION OF GROBNER BASES AND COMPUTER CALCULATION TO LS-CATEGORY
OF ORIENTED GRASSMANN MANIFOLDS

TOMOHIRO FUKAYA

AsstracT. Until these days, there are a few applications of Grébner bases and computer calculations to algebraic
topology. However, they have been applied to algebraic geometry and given us many results. In this paper we apply
them to the cohomology of oriented Grassmann manifolds and obtain the Z/2 cup-length of them, which is a lower
bounds of Lusternik-Schnirelmann category.

1. INTRODUCTION

In [7], Lusternik and Schnirelmann defined the LS-category of a space X, cat(X), by the least number n
such that there is an open cover X = |J}_, U; in which each U; is the contractible in X. In particular, one has
cat(x) = 0. The original result of [7] shows that cat(X) provides a lower bound for the number of critical points
of a smooth function on a manifold X. The LS-category now appears in various areas of mathematics, not
only in geometry, and it has been studied by many mathematicians. Especially, homotopy theorists have been
trying to develop the theory by finding invariants estimating the LS-category. One of the most well-known such
invariants is the cup-length as follows. Let M be non-negative graded ring, the cup-length of M, denoted by
cup(M) is the greatest number k such that there exist aj, ..., a € M\ M satisfying a; - - - @ # 0. We simply
write cup(H*(X; R)) by cupg(X) for space X and a commutative ring R. Then, by definition, one can easily
deduce that

cat(X) > cupg(X).
A longstanding problem in topology is the task to find LS-category for familiar manifold. However, this is very

hard even in the case of well-known homogeneous spaces. The aim of this paper is to estimate the LS-category
of the specific oriented Grassmann manifolds

Gp3 =850 +3)/S0(n) xSO(3)

by calculating the cup-length of the mod 2 cohomology of 5,,,3, here 5n,3 is, of course, oriented 3 dimensional
subspaces in R"*3. A good plenty of computer calculation for cup, 12(Gr3) gives us the following conjecture.

Conjecture 1.1.

2m+l 3 when2™! -4 <p<2™l 42m _6
cupg@s) = 2ml 14k whenn =2m1 £ oM _ 5 4+ k, st52
’ ol yom g whenn=2m14+2m ... 421 24k
$20+ 4 21 4k 0<k<2 -1

We will employ the method of Grobner bases to calculate cupy /2(5,,,3). Grobner bases, discovered by
Buchberger and Hironaka in the 1960s, allows us to solve problems about polynomial ideals in an algorithmic
or computational fashion. This made it possible to investigate complicated examples that would be impossible
to do by hand, and has changed the practice of much research in algebraic geometry. This should make a same
change in algebraic topology, but a few application has been known in algebraic topology. Then, one can say
that this paper provides a new method of a cohomology calculation.

Actually, we will solve the above conjecture affirmatively in the case that n = 2! — 4 as:

Theorem . We have C“Pz/z(an,s) =n+1whenn=2m1_4,

2000 Mathematics Subject Classification. Primary 55M30, Secondary 57T15,13P10.
Key words and phrases. Cup-length; Lusternik-Schnirelman.



By the standard argument of the obstruction theory, one will see that:

Theorem . We have cat(gn,3) < %n when n = 2m+1 _ 4,
Corollary . Especially, we have cat(54,3) =5.

2. CoHOMOLOGY OF G, 3

Let 5,,,3 and G, 3 denote the oriented and unoriented 3 dimensional vector subspaces in R**3, respectively.
There is double covering map
) p: Gp3 = Gy

and induced homomorphism p*: H *(5,,,3; Z[2) — H*(Gp3;Z/2). It will be shown that cup, /2(5,,,3) can be
determined by cup(Imp*). Then we shall investigate cup(Imp*).

Borel [2] showed that

H'(Gn3;2/2) = Z]2[w1, w2, w3]/In
where the ideal I, is generated by the homogeneous components of degrees n+1, n+2 and n+3 in 1/(w;, ws, w3).
Then considering the Wang sequence induced by the double covering map, we have
H'(Gn3;Z/2) = Z/2[wz, w3]/Jn

where the ideal J,, is generated by the homogeneous components of degrees n+1, n+2 and n+3 in 1/(1+w, +ws).

Let N be the unique integer which satisfies 2§ < n < 2M*1, Since dimG,3 < 4n < 2¥*3, we have
(1+w, +w3)®™” = 1in H*(G,3;Z/2). Then it follows that 1/(1 + wy +w3) = (1 +w, +w3)?" ! and hence J,,
is generated by

s S—r  J—a8
@ o= (3s_,)w3 wi

forn+1,n+2andn+3.

3. INVESTIGATING GENERATORS n+ 1,n+2 aAND 7 + 3

In this section, we investigate generators gy,+1, gn+2 and g,43 of J, by exploiting the binary expansion.

Let us prepare notation for the binary expansion. To a non-negative integer x with 0 < x < 2%, we assign a
sequence &(x) = (X_1,. . .,Xo) € {0, 1}¥ such that x = Z?’;BI x;2'. This is, of course, the binary expansion of x.
To calculate (3 o r) modulo 2, we use the following well-known result from elementary number theory.
Lemma 3.1. Let n and k be non-negative integers such thatk < n < 2' — 1 and e(n) = (ni_1, ..., np), a(k) =
(ki_1, .., ko). Then we have (;) = 1 (mod 2) if and only if k; = 1 implies n; = 1 for each i.

In the rest of this paper, we assume that

ln=2"1-4(m>2). |
Applying Lemma 3.1 to the coefficients of g1, we have:

Proposition 3.2. ( ) is even for all integer s with (n + 1)/3 < s < (n + 1)/2, that is gp+1 = 0.

3s—(sn+1)
Proof. Let the binary expansion of s with (n + 1)/3 < s < (n + 1)/2 be €,(s) = (Sm-1,..-,50) and that of
n+1-2sbeeu(n+1-2s)=(t,,...,1%). Since s < 2™ — 2, there exists an integer i such that s; = 0. Let i be
the least integer satisfying s; = 0, that is €,(s) = (Sm-1,. .-, 8i+1,0, 1,..., 1). Then it is easy to show that ¢; = 1.
Hence it follows from Lemma 3.1 that (3s_(sn +1)) = ( s ) =0 (mod 2). m|

n+l-2s

Next we investigate g,.,. Coefficients of g4, are well understood by considering their binary expansion as
in the above case of g,.;. Let

k)+2 k) +2
n(k) <s< Q,;—, &(s) = (St-1, .. ., So) satisfies that if 5; = 0, then s, = 1}

Sk = {SGZZO

here n(k) = 2¥*1 — 4. Note that "(k;ﬂ <s< "(k%*"z implies that s;_; is always equal to 1 for each s € S; with
&(s) = (Sk-1, .- ., So). There is a one-to-one correspondence between non-zero coefficients of g,42 and S,, as:




Lemma 3.3. (3s—(sn +2)) =1 (mod 2) if and only if s € S,

It is convenient for calculations in section 4 to index coefficients of g,.» by exponents of w, in (2), that is,
35— (n+2),notby s € S,;,. Then we define a set P by Pr = {p € Zoolp = 35 — (n(k) +2), s € Sg}. P is
expressed by the binary expansion as:

Proposition 3.4. Let
A= {(Pets-- - p0) € 00, 1Y Uf pry = 1and pr = puas = - = puiae = O, then puzus =0
here we assume that p_1 = 1. Then we have P,, = {p € Z>o| en(p) € An}.
We list, without proof, some properties of A which will be needed in the following sections.

Proposition 3.5. The set Ay has the following properties.

(1) pr € Ay implies (1, px) € Agsa-
(2) pr € Ay implies (Px, 1) € Agsa-
(3) Am ={(1,pPn-1) €{0, I}"|Pm-1 € Ap-1} LU {(0,0,pp-2) € {0, 1}"| P2 € App-2}.
Sketch of proof of Proposition 3.4. It is easy to show that S,, = {s +2" s € Sp.-1}U{s +2" 1|5 € S,,_2}. Then

we have P, = {p + 2" Yp € Ppn_1} U Ppm_2. Thus, for P, = {0,3} and P3 = (1,4, 7}, by induction, we have
established Proposition 3.4. O

For the last of this section, we investigate g,.3. Coefficients of g,.3 can be well understood by using the
binary expansion as well as above. Let

;t={s, €Zo0 nk)y+3 , nk)+3

<s <
2

» &(8") = (S-1,..., 51, 1) satisfies that if 5; = 0, then 5,1 = 1}.

Lemma 3.6. (3 s,_s('n +3)) =1 (mod 2)ifandonlyifs € S,
We give an explicit description of the set P, = {p’ € Zolp’ = 35" — (n(k) + 3), 5’ € S;}.
Proposition 3.7. P, = {p € Zso| 6n(p) = (Pm-1,0), Pm-1 € Am-1}.
4. GROBNER BASIS AND CUP-LENGTH

4.1. Grobner basis. We first recall the definition and some facts of a Grobner basis by restricting to our spe-
cific cases. In order to clarify our discussion and simplify notation, we shall make a convention of identifying
a two variable polynomial ring with a certain set as follows. Let X = {(p,q) € Ziolp > 0,q > 0} and let P[X]
denote the set of finite subset of X. By assigning F € P[X] to ¥, »er whwi, we can identify P[X] with a
polynomial ring Z/2[w,, w3] and we shall make this identification throughout this section. This identification
translates the operations in Z/2[w,, w3] into P[X] as: For F,G € P[X],

F+G=FUG\FNG, F-G= » (p+nrg+s).
(P.g)EF, (r.9)eG
This translation enables us to handle the following polynomial calculations easily.
The order of X is given by the usual lexicographic order. Namely, for (p, q), (, s) € X,
(p,q) > (r,s)ifandonlyif p>rorp=r,q>s.
By employing this order, we search for a Grobner basis of the ideal J, c P[X].

In order to define a Grobner basis, we prepare some notation and terminology. The leading term of F € P[X]
is the monomial LT(F) = max{(p, q) € F}. Choose Fy,...,Fs € P[X] and give them an arbitrary order. Then
it is known that there is an algorithm to provide the decomposition of F € P[X] as F = A1F; + --- + AgFs + R
such that A,,...,A; € P[X] and R is a linear combination of monomials, non of which is divisible by each
LT(F1),...,LT(F;). The above R is called the remainder of F on division by (Fy,...,F;). However, this
decomposition depends on the choice of an order of Fi,...,Fs and F € (Fj,...,Fs) does not imply the
remainder R = 0. We can overcome this difficulty of remainders by choosing a Grébner basis defined as:

Definition 4.1. Let I be an ideal of P[X]. A finite subset G = {G1,...,Gs} is a Grébner basis of I if
{LT(F)IF € I}) = (LT(Gy),...,LT(Gy)).



Theorem 4.2. Let I be an ideal of P[X] and let {G1,...,Gs} be a Grobner basis of 1. Then the remainder of
F € I on division by {Gy, . .., G} is zero.

Buchberger gave a criterion for a set of polynomials being a Grobner basis of the ideal generated by those
polynomials as follows. For F, G € P[X], the least common multiple of F and G is the monomial LCM(F, G) =
(max{p, r}, max{q, s}), where LT(F) = (p, q) and LT(G) = (r, s). The S -polynomial of F and G € P[X] is
LCM(F, G) F4 LCM(F, G)

LT(F) LT(G)

Theorem 4.3. The set of polynomials {G1,...,Gs} C P[X] is a Grobner basis of the ideal (G, ...,Gy) if and
only if the remainder of S(G;, G;) is zero for each i # j.

S(F,G) =

4.2. Search for a Grobner basis of J,. The author found the following polynomials experimentally by a
computer calculation. For a non-negative integer ¢ with £ — 2(2™ — 2/) = 0 (mod 3), we define a polynomial
P(t,i) by
i
. t-2p "
P(,1) = ((p, 552 € X|e(p) = (B0, .., 0), Pmi € Ani) € P[X]
P; = P2 + n+ 1,i).
We shall prove that {Py, ..., Py} is a Grobner basis of J,,.
In order to investigate P;, we define the following sets which will be useful for expression. Let A(, j,[) and
A, j) be
f .
. P /_J; m
A(l, Js l) = {(Pm—j9 Pj—i—b 1’ ey 190, ey 0) € {O’ 1} |(pm—ja Pj—i—l) € Am—i—l: Pj—i—l # (lv ceey 1)}
f .
- . —— f—’lH m
A(l9 l) = {(pm-—i—l——Z, 0, O’ 1, ey la Os o ,O) € {0, 1} |pm—i—l—2 € Am—i—l}-

Lemma 4.4.
AG, j, 1) = AG, D) U AG, j,1+ 1).

Let us begin investigating P;. It is straightforward to verify that LT(P;) = (2™ — 2¢,2/ — 1).
Proposition 4.5. We have Py, ..., Py € Jpn3. In particular Py = gpy2, P1 = Gna3.
Proof. For Proposition 3.4 and Proposition 3.7, one has Py = g,42 and P; = g,43. Fori < j, we have
S(P;, P;) =(0,2' - 2)) - P; + (2 - 2,0) - P;
——
={.41) € X|e®) = ®n-5-Bj-5:0,-.,0), sy Pj-0) € Ami}
J-t l
+ {(P; qi,j) € XIE(P) = (pmfj, 1’ ceey 1909 e ,O)v pm—j € Am—j}
={(7.41,(P)) € X|e(p) € AG, 1,0)}
i +n+1-2p

where g; ;(p) = % By definition of Ag, one can easily see that A(7,0,i + 1) = Ap—;». Then it
follows that S (P;, P;+1) = P;4» and hence we have established Proposition 4.5. ]

We calculate the reminders of S (P;, P;) on division by {Py, ..., P,}. Using Lemma 4.4, we have:
Lemma 4.6. The reminder of Q; ;1 = {(p, qi, j(p)) eX | e(p) € AG, j, l)} on division by Py, is O j1-

Theorem 4.7. The set {Py,..., Py} is a Grobner basis of J,.

Proof. For Proposition 4.5, we have J,, = (Py, ..., Py). As in the proof of Proposition 4.5, we have S (P;, P;) =
Q(i, j,0) and then it follows from Lemma 4.6 that, for i < j,

. . Py, .. Pi3. Pj, e e . . Pj,
S(P;, Pj) =0G,j0) — 0G,j1)— ---— 0G,j,j-i-1)— 0.



4.3. Cup-length of Imp*. Using a Grobner basis obtaind as above, we can find all (a,b) € X such that
(a,b) ¢ J,. Therefore we have obtained:

Theorem 4.8. cup(Imp*) = n.

5. CuP-LENGTH AND LS-CATEGORY OF G, 3

According to Poincaré duality theorem, there exists y € H*(G,,3; Z/2) such that wiUy € H&™ Gr3(Gp3: Z/2)\
{0}. To obtain the exact value of the cup-length, we need the following lemma.
Lemma 5.1, ForO<g<n, Hq(gn,3;Z/2) c Imp=.

Assuming that y decomposes into the cup product of two elements y = y; U y,. We may assume that
deg(y1) < deg(y2). Since deg(w}) = 2n, we have deg(y;) < % = 5. It follows that y; € Imp*. Then we have
w, Uy = 0. This contradicts the definition of y;. Therefore we have cupz/z((?,,ﬁ) =n+1.

Theorem 5.2 (Main theorem). Cupz/z(a,,g) =n+1whenn=2"1_4@m>2).
The Whitehead definition of category uses a particular subspaces of the product called the fat wedge, as:
T*X) = {(xl, ..., %) € X¥|at least one xjis the base point *} .
Let j : T*(X) < X* denote the inclusion and let A : X — X* denote the diagonal map, x - (x,..., x).

Definition 5.3. For topological space X, the category of X, denoted cat(X), is the least integer n such that
there exists amap A’ : X — T"(X) which makes the following diagram homotopy commute.

1
X g T

A J

Xn+l
This definition is consistent the definition stated in section 1. Following James [5], we identify the first
3
obstruction to the deformation of the diagonal into the fat wedge with wgn = 0. Thus we have:

Theorem 5.4. cat(G,3) < 3n whenn = 2"+ — 4 (m > 2).

Corollary 5.5. cat((~}4,3) =35.
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On Hamiltonian deformation of loops *

Yoshiro YABU f

Department of Applied Mathematics and Physics
Kyoto University, Kyoto-606-8501, Japan

Problem 1. In a flat torus 72 = R?/Z? with the standard symplectic form, take two
loops 7o and v; as

'70(t) = (ta 0)7 '71(t) = (t, €)> mod Z27

where € € (0,1) is a constant. A question is if there exists a Hamiltonian diffeomorphism

¢ such that Y1 = ¢ ° Y-

Problem 2. Suppose that a four-dimensional torus T%(z1, T2, y1, ¥2) = R*/Z* is endowed

with a symplectic form dz; A dy; + dzo A dys. Is it possible for two loops
70(t) = (ta 0,0, 0)1 g (t) = (ta €0, 0)) mod Z47

to be deformed into each other by a Hamiltonian flow?

1 The Poincaré invariants

A cotangent bundle M = T*N of a smooth manifold N carries the Liouville form
6 € Q' (M) defined to be

0,(X) = a(mX), aeM, X eT,M,

where 7 denotes a natural projection from M = T*N to N. A symplectic form w is a
two-form given by w = —df. (See the remark below.)

The Poincaré invariant for a loop v in M is an integral of § along ~, that is,

Aw) = [ 7o

*This note is for the 3rd COE Confernce for Young Researchers, Hokkaido University.
te-mail: yoshiro[[atmark]]amp.i.kyoto-u.ac.jp




On Hamiltonian deformation of loops

The derivation of the name “Poincaré invariant” is invariance under Hamiltonian iso-
topies. In fact, for a Hamiltonian isotopy ¢s € Ham(M, w), the equality A(ps0y) = A(7)
holds true for any v € LM. Parenthetically, we note that it is not true if v is not con-
tractible and ¢ is not Hamiltonian but symplectic. Conversely, the following theorem

is known as a special case of Cartan’s principle in classical mechanics:

Theorem 3. Suppose that ¢, is a family of diffeomorphisms on M with ¢g = idy. If
A(¢ps o) = A(7) for any v € LM, then ¢, is a Hamiltonian flow.

2 Hamiltonian deformation

Let (M?™, w) be a symplectic manifold. Since the symplectic form w is not always exact,
the Poincaré invariants for loops cannot be defined directly. If a loop < is contractible,
there is a smooth map v : D? — M such that v|gp2z = 7. Then the Poincaré invariant

for v is replaced by a symplectic action of a bounding disk v;

A(y) = /D2 v*w.

However, this definition is ill-posed because .A(7) depends on the choice of bounding
disks. Thus A is a multi-valued functional on the set £LoM of contractible loops in M.
By lifting A to the universal covering space EO\J\//I of Lo M, we can obtain a single-valued
functional, which is denoted by the same symbol A. Here the covering space ZO\J\//[ is a

quotient space of the set of pairs (v, v) by an equivalence relation like
(y,v) ~ (7,v) <= =4/, and v is homotopic to v’.

The covering space EO\]\//[ is equipped with the structure group mo(M).

Lé and Ono proved the following theorem in an appendix of [LO].

Theorem 4. Assume that dim M > 4, and that vy,v1 € LoM are embedded. If
A([70,v0)) = A([71,v1]) for some bounding disks vy and v; of vy and ;, respectively,

then there exists a Hamiltonian flow ¢4 such that ¢y = idys and ¢1 0 y9 = 71.

In this talk, we will show the same argument for embedded loops with a non-trivial
homotopy class, following the discussion by Lé and Ono [LO]. The set of loops in M
which represent a homotopy class a € 7 (M) is denoted by £,M . Since loops we consider

are not contractible, the Poincaré invariants for them cannot be defined even though we



On Hamiltonian deformation of loops

allow the invariants to be multi-valued. However, we can define a difference between the
Poincaré invariants for two loops. For a cylinder u : A = S* x [0, 1] — M which connects
Y € LoM to v, € LM, we put

Aa([707717u]) = /U*wa

A

where [y, 71, u] is an equivalence class by the equivalence relation
(Yo, 71,u) ~ (¥, 71, w) <= vi=9,1=0,1, and wu is homotopic to «’.

Theorem 5. Suppose that dim M > 4, and that 9,71 € L,M are embedded. If
Ao([70,71,¢]) = 0 for some cylinder u connecting 7o to 3, then there is a Hamiltonian
flow ¢, such that ¢ = idps and ¢, 0o = 1. Moreover, the trajectory of yo by {¢s}sepo,1]

is homotopic to u.

3 Loops in an oriented surface

In the previous section, we have obtained the condition for two embedded loops to be
deformed into each other by a Hamiltoniah flow if dim M > 4. It is expected that the
same assertion would be true even if a symplectic manifold is an oriented surface. The
assumption dim M > 4 seems to be a technicality in the proof, but may be essential
from a viewpoint of Hamiltonian deformations of Lagrangian submanifolds.

In the following, we consider Hamiltonian deformation of non-contractible loops in a
connected compact surface ¥ with an area form w. Because it is a subtle problem what
homotopy type of loops we deal with. As seen below, the choice of a homotopy class
of loops makes a crucial difference in our discussion. For instance, in a Darboux chart,
disjoint small circles with the same radius can be deformed each other by a Hamiltonian

flow. In general, the next result has already known.

Proposition 6. For embedded disks Dy and D; in ¥ with the same area, there exists a

Hamiltonian diffeomorphism ¢ € Ham(3, w) which maps Dy onto D;.

For contractible loops, the point in our literature is only areas of bounded regions by
them. In non-contractible case, however, it does not make sense. Further, we must take

though for intersections of non-contractible loops:

Lemma 7. Let a € m(X) be non-trivial. If 49 € £,% is deformed into v; € L£,X by a

Hamiltonian isotopy, then they must intersect.
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This lemma means the inequality
#(yN (7)) > Y rankHi(SHZ), ¢ € Ham(Z, w)
k

for a non-contractible loop 7 which transversely intersects ¢(7). More generally, we have

a Morse-type inequality
#(LN (L)) > rankH(L;Q), ¢ € Ham(M,w),
k

provided a Lagrangian submanifold L transversely intersects ¢(L) under appropriate
assumptions. To show this inequality, Floer cohomology for Lagrangian intersections is

applied.

Observation 8. Consider a flat torus T? = R?/Z? with the standard symplectic form
w = dx A dy. Two embedded loops illustrated in Figure 1 can be deformed each other

by some Hamiltonian flow if |A| = |B].

71 ’)/0

Figure 1: Two loops in X = T2.
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C! Approximation of Vector Fields on the Renormalization Group Method

FUERACAIEIREATTIER B T2
THERA !

Abstract. 8 0 ABRBEDFELE Chen, Goldenfeld, Oono [1,2] 12 & » TEREN-EMH HERICHT
ZRBRBHO—ETHD. 52 5NEAEROBERZECRHHTELT 2ELUMEZHERT 5T LNT
X%, ik, BORARBOHER 1 D1 DOMEREALTS 1D 1 DOBEMEEEERT 21T Xk
Molzhh, BEBRIINSELMEOBRNELL R MUBEEZET BT L AERLE, o TRDIAR
HORFERBOELHERENS KD EANT MUVEOEMUERTH O, THICK D IERERORL GE
HAEMES T LAAREL 25, FHCTEO AR T 2T ELHAEDEERZ DRIEN &V > AT E
B, BOABRBAER LTINS EXNOBETILERTILNTES,

1 BYUAHREDORE
F9, $BDAREOTIEIC X O EMD HEROELREZEBRT 2FREZBNALELS,

fREBRAM FORBICKELZD O MARNT FVBEL, ¢ :RXM - M%ZZ0D flow £ 5%, §4b5
0:i(x0) = x(O) WFHEWH AR % = f(x) D xo ZHBETH O, ¢ 1 @1 0 05 = @ras, o = idyy 2729, TTT
idy 3 M FOEEEGEERT, BELEZteRICHLT, ¢ M > MIiZ M LOWHEHBZEZ %, KL
AN MBI TH S, T4505 ¢ IFERED te RIEHLTEREIND LD ERET %,

M EOEFRNCARTET X7 MVIG f(t, x) I LTk, x(1, 7, &) ZEMDHRER x¢) = f(t,x) DRl r =71
BOWTx=¢REMMETHEE, lowp : RXRXM - M 7% ¢:(8) = x(t, 1, ) I X > TEET 5, EELE
LTERIEHUT i M - MIE M EOWMAEHETHD.

Pty OPrr = Prrs  Prr = idy. (LD

wiEted, W FREMI I MO RO ¢ : M - M 525N &, M LORRICEKET 57 b
% f(t,x) % J
ft,x) = e T=’som(x)- (1.2)

ICEDIERT BT LRTE B,

ft,x) & gt,x) ZZNFNI—271) v RZEM R LD C4 C3HR7 bIVIGE T B (—ROZRAE_EADHRR
BARBTHZNCT T TRITHLEY), ROMDFER

x(1) = f(t,x) + eg(t, x) (1.3)

BLUZDOIEEER
Xo(r) = f(t, xo)- 1.4)

Z#EZELD, TTTee RBMNGINTA—ETH %, KA 0BV TR A € R ZESBRED—REE

xo(2) 1= x0(t,0,4) = P (A), (1.5)

1 E mail address : chiba@amp.i.kyoto-u.ac.jp



L&, 3 flow THB, TDxlcH L. x DV TOHEMHTER
0
010 = 2L 6, 2+ 806, 0) (1.6)
X
BEZ D, TO—RRIROE S ICEIND,
t
x1 = (Dlo)a © (D)7 h(T) + (Delp)a f (Ds0)7' 805, ¢0(A))ds, (1.7)

TTT T IXAIHAREAL h(r) HIIA. (Delya & 0 D ALK BMOTH B, TO xq IH U TRFEEZLT
DESIERT %
Definition 1.1 (Dg?);'8(t, ¢%y(A) & t e RIEDVWT—HRICHRTH B L%, TOLE

1 t
R = fim 7 [ (DG s(5.20(A0ds 19
> TERENDBHR : R - RN ZAERLILE, &5, HLOMEOIRE—HERORES DiES.
K (1.7) D x; DR SKEEZRET BB, RA) ZAVT x ZRODKX S ICERT 5,

x1 = (Dg)p)a © (DEY )3 h() + (Dglo)a f (DL )" 8(s. 20 (A)) = R(A)) ds + (D )aR(A)(t - 7).

T T THIAME k() %2
h(r) = h(z, A) = (D¢ ) f ((DL2)3 8(x, P20(A)) - R(A)) dr, (1.9)

LiEET g bR
x1 1= x1(1, 13 4) = (Do) f ((DLl0)3'8(t, 975(A)) = R(A)) dt + (D) aR(ANE = 7). (1.10)

CEXEING, TOHLE2ENMEIHRMICB 2 0Vh B KFHTH 5,
D x(t, T A) LT

x(1) :=X(t, ; A) = x0(8,0,A) + ex1(t, 7; A)
= go(A) + egy (h(T, A)) (1.11)

IC & D EZEX NS R X() IR EBEERIC X 20 L MEND, TTT e i (1,1 A) OEFKT 5 flow
THb. TOMIIFRET AKEEL2ELSD, —RICE D vl HmbEn el Uhitd AR (1.3) DB
BRI L 7R $RDIARBEOTEE T OKFRZRET B 1DICE LI TOFREZ LS,

Definition 1.2.  (D¢);'8(t,¢%(A) i 1 e RIEDVWT—RRICHERTH D LT 5. TOLE, f+eglchid s
BVAHEHENE
a _ eR(A), A€eR" (1.12)
dt
TREHT %, EIALONRYT MV eRA) & [ +eg 1T 2R VIAHBENY VB EIFT, Z0 flow % 9

LR,



WA 1 1S BT & BB IR D ABRESEXOME A() = ofS () T B L&,
X(t) = X(t’ to; E) = —-f(t: t;A(t))9 (1'13)
I & o TEFEE NS IR X() HTEOHTER (1.3) OMERERVEHA T — VRS 5. &1 5 OB DA

BEOBEDFETBELECATHB, EE. HABT>0MNH->Tte[-Tle, T/l 755 & & ORER X@) hi
BIRO+IECH B T £ DeVille B [3]1 I K> TRE N,

2 BUIAHBICKBNYT FIVEDEL
TREEBND DI, Rx R _EOBEL £t %), g(t, ), x0(t, 0, A), h(t, A) = x1(2, 5,4) T BISHT BRD /)b
LZEF (N) 27889

JIVLEREN) KcR'EIEOIVNRIMEELT S, LUTOEKD /)WL RXK ET—HRICERTH
% LRET %,

(N1) (D27 8(t, #04(A)), h(t, A)

(N2) 8%f10x2, Of |0x, dg/x, xo(t,0,A), dxo/OA, 8*xo/A?, dh/DA, dW? |OA?

(N3) £, 2 f |oxot, 8 f0x3, P foxPot, g, Pg|ox?, gldxdt, P xg|dA3, FPh/dA3

BlxE. A 25 A{LRTRES n X n fTHI TEAEZ E# LICOAFEDE D, g1, x) 2 t KDV TIZAIBEET x
KDWTRZEATHEEDLETHEE,

X =Ax+eg(t,x), xeR", (2.1)

A AR U TE / VLAESE (ND)~IN3) IXEEIMNICEZE N5, A DR ELNCEREZE D L &id
FLZEEE FICHIB L TERTUTVOOT EROZ A FICHIBE L T3 R A,

FEDteRICHLTER o, :R* >R %
a(A) = x¢(2,0,A) + h(t, A), 2.2)
TEZELTHEL,
FEHIIRD X S IBRENS,

Theorem 2.1. £, g, xo(1,0,A), x1(t, 7; A) % (1.3),(1.5),(1.10) TERENE DL T B, f+eg T H#D
ABFENYT F U7 eR(A) & U, FIHIREZ] 10 1BV THIE £ € R 258 % T OFTHIRRZ A1) = At 10,€) =
ROE LET, TOLE, H5B e >0 THEED le] < g I U T FHED VDL S HEDVEET S ¢

—to

() /WL (ND) DD IDERET S, DL E

Dy =10 pfS 0! :R* > R” (2.3)

T RXR" kD flow ZEET S, AN ICKD D flow M HFEEXNBZARY M VG

F.(1,x):= —‘z— Dy /(). 2.4)
dala=t
THEZ 5N, ZOREERRIE
X(t, 105 &) := X(t, 1, A2, 10, £)), (2.5)



TH5ZbBN%, §74bB Chen 5D DIABRBEDHFEIC K o TH L IELR (1.13) ThH 5,
i) /W LEME (N, (N2) DD I DERET %, DL EHBIFEER L MEEL TR 24) TEEINS
N7 MV Fo ldRE T2

sup |If +eg = Fell < €°Ly. (2.6)
RxK

CCTKCR'IIFEDOV IS VEBTH B,
(i) / IV (ND)~N3) DO DERET S, COEEHBIFATH L, WEEL TR 24) TEEIN

BNY PV F 3R ZH T2,

sup ||Df + eDg — DF,|| < £*L,, 2.7
RxK

CTTEKcCcRBIEEDOaAVINT NEETHD. Df = (0f/0t,0f/0x). IDFI = 6f/0x|| + |6f /0] TH %,
Liehio TH D ABEOAE TR L ISELROKIEE L SNy MU F, #EEL. F, @207 kLS
f +eg 12 CAAHT L,

ETEBLIGEUNY MU F, ZEFERTAETH D, ROABBOSE, BLULLOEHMEED
ZEK ETRDIDC ERBERBICIDS
Ric, ZREM ED Eiﬁbﬁw)?’j‘&ﬁ

x=f(x)+eg(x), xeM, (2.8)
BEZED, TTTL g3 FNFNAM LD C, CPHROFHHENY MV ET 5, TOLE, EH2.11cmA
TRAELD 7D,

Theorem 2.2. T (2.8) I /IVLEH (N) Iz L., gl 3 +0/hE0WET 3, &L f+eg lHT38DAR
BN Y RV eR(x) WENEIFIARZEZRA N ZHD4A 513K (2.8) & N L0 MR ENEIRARE LA N,
2D, FHC N & N, ORZEEIE—HT 5,

Liehio T, BIZIEEDIABBEARRLN) I M A7)V 2FDELIE, TOABERL TS THAHT LML
5, FERTIE T OEHD IR FNBEAD SN 2T LTz,

3 BRYAHBHEADHEE

180 ABEAEXDTTORERE D SEEICK > TOWRIFITER 2.1, 2.2 BEHERICIZR Y, IO 2
DOFRIFEDAHBHELNTONEREI O E “WMEOTV TEZRFRALT %

LR M _EOBIFROER
X = f(x)+eg(x), xebM. 3.1

BEZ XS, TN VLG (N Zifilz U, 8 0ARBERY BV
¢R(A) = ¢ lim — f (D)3 g(p2(A))ds (3.2)

DEHZRINZEDLLTHL, TTTE L, =00l ZiiTzd f(x) D flow TH 5,



Lie Bt G W EHA M IEAL TS 9%, £ L M EOXRT BV f 9

(Da),f(x) = f(ax), VaeG,Vxe M, 3.3)

Wil 251X fl1E GOERTARETHSD LV, TTTDaylda: M > MORXICBIBMAITH %,

Proposition 3.1. X B.1) ICDWT, N7 MU f & g D Lie B G DIFFITAZELLWE f +eg KT 2180
AR ML ZS TH 5,

Proposition 3.2.  f + &g IcH T 25 DIARRENRT MV sR(A) IF f & Lie fHlETRMT %, S0 AN
2. RA) WHEEDOYIeREAe MITHLT
(D) AR(A) = R(9Y(A)), (3.4)
Zii=d,
Proposition 3.1, 3.2 &, & LAY MU f & g B Lie B G DIEFA THRELR 5 IERE DIABEENT MV eR(A)
3G, BXU f D flow BNED S 1357 A— 2 EHEE {()er DIFFTAETHZ T L ZEKRT 5, TOEK

EBNWTHEDABRARENL f+eg L0 1 DECHMERFDOD T, f+eg X0 LMERALBERZF > TV
BEEABo

DLEOEH 2.1,2.2,3.1,32 ZEXICR L TEHEI 5,

SFFE
m

ROFER | [RURHEAER| ) [EEAESR

f(JC)-i-Eg(x) FEZHEK ER(X) (R Fé(l‘, X)
AL
Reference

[1] Chen, Goldenfeld, Oono, Renormalization group theory for global asymptotic analysis, Phys. Rev. Lett.
73 (1994), no. 10, 1311-13

[2] Chen, Goldenfeld, Oono, Renormalization group and singular perturbations: Multiple scales, boundary
layers, and reductive perturbation theory, Phys. Rev. E 54, (1996), 376-394

[3] DeVille, Harkin, Holzer, Josié, Kaper, Analysis of a Renormalization Group Method for solving perturbed
Ordinary Differential Equations, J. Math. Phys, (preprint)
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Abstract

We briefly review the recent developments in the study of the inhomogeneous O(1)
loop models. Many research areas play important roles: alternating sign matrices in
combinatorics, the XX Z spin chain and the six-vertex model in statistical mechanics,
and the representation theory of the Temperley-Lieb and the Hecke algebras. We also
discuss the loop model on a cylinder associated with the affine Hecke algebra of type A.

1 Introduction

1.1 Alternating Sign Matrix and Six-vertex Model

We briefly review how the integrability of the six-vertex model appears in the context of
alternating sign matrices (ASMs) in combinatorics. For this purpose, let us recall the known
facts about ASMs and six-vertex models.

Alternating Sign Matrix A n X n alternating sign matrix is a n X n square matrix which
satisfies 1) all entries are 0,1 or —1 and 2) non-zero entries alternate in sign in each column and
row. ASMs first appeared in the context of evaluating determinants, the Dodgson’s algorithm
(see [1] for interesting stories about ASMs). Mills, Robbins and Rumsey conjectured (proved
by Zeilberger [9]) that the total number of n x n ASMs A, is given by

1)!
|| Bit DYy 5 749,400, (1)
(n+5)!

There are some classes of ASMs with a symmetry. An example is a half-turn symmetric
alternating sign matrix (HTSASM). A HTSASM is invariant under the rotation by w. The
total number of 2n x 2n HTSASMs is

AHT _ H?’J+2 = 2,10, 140, . ... (2)

The sequence of numbers (1) appears also in the context of plane partitions. Actually, this
coincides with the total number of the totally symmetric self-complement plane partitions.

Six-vertex model and Fully Packed Loops Let us consider a square lattice of length n.
There are four edges at a vertex in the lattice. Arrows are placed on the edges. Although
there are possible 16 arrow configurations at a vertex, we consider only 6 configurations which
satisfy the condition that the numbers of incoming and outgoing arrows are equal. Let us
introduce the weights for configurations around a vertex with a spectral parameter z (see
Figure 1).

The weight of a configuration on the lattice is the product of weights at vertices. The
partition function is given by the sum of the weight over all allowed arrow configurations.
2n spectral parameters x = (z1,...,2,) and y = (y1,...,¥Yn) run along the vertical and
horizonotal edges, respectively. The boundary arrow configuration with 2n outgoing vertical
arrows and 2n incoming horizontal arrows is called the domain wall boundary conditions



vertex <_I_, % »{—> =

weight | o(a?) o(a?) o(a/z) o(az) o(a/z) o(ax) VI ‘
ASM | -1 1 0 0 0 0 o(z) =z —1/z

a : parameter

Figure 1: The weight of the six-vertex model

(DWBC) (see the middle picure in Figure 3). Korepin and Izergin showed that the partition
function with DWBC is written as a determinant of the form (see [5])

(a? = a=)" [T 4 (@iy;)"* [Li s (oo} — a~'y?)(ay? — aa?)
[Tic;(@3 — 2)(W7 — 93)

1
(az? — a71y?)(ay? — a~12?)

Zik(x,y;a) =

x det
1<i,j<n

This determinant is expressed as a Schur function when a = exp(mi/3).

We consider the bipartite lat-
tice on the square lattice of the vertex |
six-vertex model. Vertices are }
classified into even and odd ones.
We replace an arrow configura- even
tion on a vertex with a red/dotted FPL
line (see Figure 2). We call a odd
red/dotted line configuration on
the lattice fully packed loops (FPL).
A FPL configuration is charac-
terized by a link pattern (see sec-
tion 1.2).

The R-matrix associated with six-vertex model is the one for Uy(slz). The property that
the R-matrix satisfies the Yang-Baxter equation plays central role in the above discussions.

Figure 2: Six-vertex and FPL configuration

Kuperberg’s observation

Kuperberg [6] showed an al-
ternative proof of the ASM the- 0 1 00
orem by the usage of the inte- 1 -1 01
grability of the six-vertex model 0 0 10
with DWBC. We put 0,1 or —1 0 1 00

on a vertex with an arrow con-

figuration as in Figure 1. This is )

a bijection between a configura- Figure 3: ASM/6V-DWBC/FPL correspondence

tion of the six-vertex model with (DWBC) and an alternating sign matrix. Roughly speaking,
the total number of ASMs is equal to Zrx with a = exp(7i/3) and all x = 1.

1.2 Inhomogeneous O(1) Loop Model

Surprisingly, alternating sign matrices appear in the context of the integrable spin chain.
Razumov and Stroganov [7] conjectured (RS conjecture) that the total number of ASMs and
FPL configurations appear in the ground state wave function of the X X Z model at A = —1/2.
In this section, we recall the facts about the X X Z/O(1) loop model and the proof of the RS
sum rule by Di Francesco and Zinn-Justin [2].



The XX Z/O(1) model Let us condier the X X Z model of the length L. The Hamiltonian
Hxxz is given by
L-1
Hxxz = Z (oF0f 1 +0Yo? | + Acfof,;) + (boundary term) (4)

i=1

where & is the Pauli matrix, A = —(¢+¢71)/2. At A = —1/2, Hxxz is the leading term of
th Hamiltonian of the O(1) loop model

L-1
Hivop = Z(l — e;) + (boundary term) (5)
i=1
1 1 3 1
where e; = 5(afa;f‘i‘_l +o¥o? | - §Uf”z'z+1 - 3—2£(af —oi)+ 5) The operators e;’s satisfy

the defining relations of the Temperley-Lieb algebra: e? = e;, e;e; = eje; for [i — j| > 1 and

e;eir1€; = e;. A eigenvector of the Hxxz is also a eigenvector of Hjoop. We focus on the case

where the total spin is zero (resp. one) with L even (resp. odd).
The generator e; is graphically depicted as in Fig-

ure 4. The Temperley-Lieb algebra naturally acts on the 12 U B S

space of link patterns locally from the outside. Let us ¢ = I... I \J |...

consider a circle with L (L even) points on the circum- M

ference. A link pattern satisfies that L/2 pairs of points

connected by links and any link does not cross each other. Figure 4: TL generator

We denote by (%,J) a pair of two points ¢ and j. A link

pattern with (7,7 + 1) is invariant under the action of e;. After the action of e; on a link

pattern with (4,j) and (i + 1, k), we obtain a link pattern with (4,7 + 1) and (4, k). Other

pairs of points are unchanged.

Observation by Razumov and Stroganov Razumov and Stroganov observed that the
ground state vector of the XX Z model at A = —1/2 is related to the total numbers of the
alternating sign matrices (ASM) and fully packed loops (FPL). Let 7 be a link pattern of
length 2n and ¥ = ¥ |7) be the ground state vector of XX Z model. They conjectured: 1)
the sum of the entries of ¥, > ¥, is equal to the total number of ASM and 2) each entry
U, is equal to the total number of FPL with a link pattern «.

Inhomogeneous O(1) loop model Di Francesco and Zinn-Justin proved the sum rule for
the inhomogeneous O(1) loop model by the usage of the integrability of the trigonometric
R-matrix (for the six-vertex model). The solution of the quantum Kniznik-Zamoldchikov
equation is the eigenvector of the transfer matrix. The crucial point is that the sum of the
solution of ¢-KZ equation at the Razumov-Stroganov point is written in terms of the partition
function of the six-vertex model with DWBC. Together with the Kuperberg’s observation,
the sum in the homogeneous limit is equal to the total number of ASM. This method is also
applied to the O(1) loop model on a cylinder (directed link patterns) and the total number
of HTSASMs appears. This is £ = 2 case in the section 2.

2 Aj generalized model on a cylinder

In this section, we consider the Ay generalization of the O(1) loop models [8] (see also [3]).
Below, we restrict ourselves to the case where N = nk and n > 1,k > 2 are positive
integers. The Hecke algebra is generated by {e; : 1 < i < N — 1} which satisfy the defining



relations
e = re;,
eiej = ejei, i —j| > 1, (6)
€i€i+1€; — € = €;+1€;€i+1 — €+1
where 7 = —(q + g~!). We introduce the cyclic operator ¢ and the additional generator
eN = o ley_10 such that e; = 0~ le;_j0 and the relations (6) become cyclic. The gen-

erators satisfy the vanishing condition Yx(e;,...,e;1x—1) = 0 where Y} is recursively de-
fined by Yiti(es,..-,eirr) = Yi(ei, ..., €irk—1)(€itk — tr+1)Ye(ei,. .., ei4k—1)where pp =
Ui-1(7)/Ug(7) and Ug(7) is the Chebyshev polynomial of the second kind. Yj is called a
g-symmetrizer. Furthermore, we consider an additional vanishing condition

e When N = k, we have

Yi-1(e1, - ,en-1)(en — 7)Ye-1(e1, - ,en—1) =0. (7)
Obviously, Yx(e1,- - ,en) is non-zero.

e For N =nk withn > 2

n—1
Yq—sym . H(eik - Nk—l)(enk - 7') : Y—sym =0, (8)
i=1
where Yy gym = H?;ol Yi—1(€ik+1, s €@6+1)k—1) is the product of the g-symmetrizers.

Below we call these vanishing conditions as the cylindric relations. We call the affine Hecke
algebra satisfying the cylindric relations Hj(\f)
The Baxterization gives us the trigonometric R-matrix, namely
_qz - g lw zZ—w

E(Z,’W) - 1 +

€;.
qu—q~lz°  qu-—g 1z

9)

States In the case of k = 2, the Temperley-Lieb algebra acts on the space of link patterns
(or Dyck paths). For the case of a generic k, the affine Hecke algebra acts on the set of states
labelled by a path. An unrestricted path 7 := w7y - - - mpx, of length nk is a set of nk integers
satisfying 1 < m; <k for 1 <i<nkand §{ijlm; =j,1<i<nk}=nfor1 <j<k Ifan
unrestricted path 7 satisfies §{i|m; = j,1 <¢ <[} > #{ilm =7+1,1<i <} forall1<j<k
and 1 < I < nk, the path 7 is said to be a restricted path. The set of states labelled by
restricted (resp. unrestricted) paths is considered in [3] (resp. [8]). We consider unrestricted
paths. Let |7) be a state labelled by a path. A state |r) is a natural genralization of a link
pattern with a puncture point.

We consider the representation on the left ideal I:T](\;C)Y_sym. A path correspoinding to
Yysym is 7t = Tpk+q = q for 0 <p<mn—1and 1 < g < k. A path is identified with a line
graph. All the other states can be obtained as a thombus tiling over the path 7% (see [8] for
the construction of states).

A state |m) satisfies

(P1) If 7 satisfies m; > m;11, the state is invariant under under the action of e;, i.e. e;|n) =
T|m).

(P2) If 7 satisfies m; < w41, the action of e; is given by e;|n) = >, Cirn|n’). If the
coefficient Cj r n # 0, 7’ is obtained by adding a unit rhombus or a path below .



(P3) If m satisfies m; = m;t+1, the action of e; is given by e;|m) = >, Cirn|7n'). If the
coefficient C; .+ # 0, 7’ is a path below 7.

(P4) In the properties (P2) and (P3), let us consider the case where e;|7) = 7|r) for j # i+1.
Then, for a path 7’ with non-zero C; it satisfies e;|n’) = 7|n’).

¢-KZ equation and the sum rule We want the eigenvector of the transfer matrix of the A
generalized model to obtain the eigenvector of the spin chain. Instead, we solve the system of
difference equations for ¥(z) = ¥(zy,...,2n), the quantum Kniznik-Zamoldchikov equation,

Ri(2i,2i41)¥ (21, . .. 2n) = 10 (21, .., 2N) (10)

for 1 <4 < N where ¥(z) = ) VY.(z)|r) and 7 f(2i,2i41) = f(%i41,2). We have the
solution of the Eqn. (10) when ¢ is the generalized Razumov-Stroganov point, i.e., ¢ =
—exp(2mi/(k + 1)). Hereafter, ¢ is on the R-S point. Roughly speaking, the solution is
determined by the existence of the highest state and of the minimal degree solution. This
solution can be viewed as a special solution of the ¢-KZ equation considered in the context
of the representation theory of the (double) affine Hecke algebra [4].

Let v be the simultaneous eigen covector satisfying ve; = 7v and vo = v. By using the
recursive relation for the solution of the ¢-KZ equation, we obtain that the weighted sum
W (z) = v - ¥(z) is written in terms of Schur functions s)(z) as

k-1
W (z) = (const.) [ | svz, (2). (11)
1=0
Here, the Young diagrams are Y}, = & (nt,n — 1571 with
d(tn—1"Y=(,...,n,n—1,...,n—-1,n—2,...,n—2,...,1,...,1). (12)
—— \ iy - ~— > N——
! k k k
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An Elliptic Analogue of the Generalized
Dedekind-Rademacher Sums

JEHEERZERZEGEEAIERCA . D 2
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1 &

e(z) =¥ &9 %, 7 & YT FOEREE T 5, 7z, Bernoulli
2 Bpn(z). Bernoulli B4 B, (z) ZRDK S ICEHT S :

e

e£_1=z m(x)gm 1

m=0

(x € Z)

B, (z) := Bn({z , = ’
(z) ({z})), Bi(z):= { Bo((z), (z42).

rerzl. {z} & z ODBED ZERT %,
Dedekind (& Dedekind @ n B%

n(r) = e(57) [1(1 - e(nr))

D 7K BZEEREROWFE%20 LT, Dedekind # s(b, ¢) I L7z -
s(b, c) ZBl )B1 ), (b, c: positive integers)

Z LT, ROMAEFEHIZFER U,

1,6 ¢ 1, 1

s(b, c) + s(c,b) = 12( - -

+3+ E) T
C N7z BRIk < 7% Dedekind MIDHEEMNE Z 5N T E 7z, Apostol & 7

Bt Db vic, BEERIZRDH D Lambert HiiEERT 2 Lic K
» Apostol-Dedekind & FEE N 2 XOFDOHEERZ157z ([Apo))s

ZBQB ?7



F 7z, n BIEOEEIIEH L T, Dedekind FIOHALRZHMIFHC Bernoulli
B DER L A% 9 T Lic kD, U. Halbritter [Ha] & R.R. Hall et al.
[HWZ] & (Rademacher FFDWIZE2#E% C &I K D) KD generalized
Dedekind-Rademacher IO B EHIZ 5 A Tz,
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%, 7545, Dedekind A1 BV L LT RG] ZEFTH L,

2 Kronecker —ER#K

Kronecker —HMKEL B (2!, z;7) ZEFKT B TeDICT — XL 6(z; 7)
ERAR F(x,&7) RN T B -
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meZ
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lim B, (z',z;7) = §~1 —e(z) 2 (5)
T B.(x) (otherwise),
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EARES B, generalized Dedekind-Rademacher F1D#EFFE{EL (elliptic
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HOMOTOPY NILPOTENCY IN LOCALIZED LIE GROUPS

SHIZUO KAJI
JOINT WORK WITH DAISUKE KISHIMOTO

1. R E MY —HDEY

AFRD HINE, AAHHEDKRE M E—ARZL T TH S homotopy nlpotency %z, KE7x
FHCTRAHEE NI 8T bk Lie BHCDWTIHRET 52 & Th 5.
X9KRE ME—mROERNZZ EHHHEMNT 5.
TTTH/HEMOAT IV —TRZUTOED £33,
o T OXRIFHLEKE THRE (FXRTORMANERME) © CW #HIADKE b
Y —H R DR D T ZER.
o T DHIFRFEREDEMHRDKRE N E—HA.
RE b U—H Tl hom(X,Y) % [X,V] LB RE b U—RZRIZEIC [X, Y] O
EICRT A AERE LTHNS.

Example 1.
e K(G,n)’ Eilenberg-MacLane 2 £ 9 % &, GO R ED I—F H*(X;G) =
[X, K(G,n)]
o i3 K M3 Ki(X) = [S'X, BU x 7]
o KE FU—B m(X) = S, X]

—fRICTNEDAERZEZFDEEWRS DIFIFFICHL L, 1ZFL A EDFAERARET
H%. 2T, RMLE VS EENL S HWSNS.

FHpITHUT Ty C T %, BEHOREQ Y — H*(GZ) B Z/p O FVZE
M7z 522D 7% 9 full sub-categoy &9 5 . ZEMD /AT & I3%EE Z DJRF{ED
TFIAY—T, ~EIl—DDERIZIEEZ DT LEARRICTET Iy I ThH5.
Theorem 2 (Bousfield-Kan[1]). RFH{EBIF EMHIND, T — Ty %57 LV HE
DEFENEET 3. FHICY BMHHEDO L X, [ X,Y] 3B LR 2M, ZOHLE LTOR
Fikid [X, Y,y &S 5.

2. HomoToPY NILPOTENCY DEFHR

NAEBEDIEHUEZ 5T 5 R E F E—FZE & LT homotopy nilpotency &FHIN
5ED0H5H. TTTHMHBEDORE NE—FAEE LI, TICBWNTHEEAHGZHRER
E—AEICT T 2 AEEZEKT 5.

Definition 3. G:IfHEHIC DUV T nil (G) = sup 4 nil [4, G] TED 5.

LoE&EIZ, MAHEEEL D —K17x (homotopy associative) H-ZEfEDRE b E—F
BRI TV, MEROBAICE, FeREZLDERNTEREZGZ 5T LD
Tx3%.

Definition 4. G:HEHCDWT, R E557%
(725 GxG —G
(@,y) = oy =aya™ly™

Date: 2007 £ 2 A 13 H.
T Tk, H*(;Z) ORHYIC, Hu(3Z) R () ZRAOTAMICERL TE—HT 3.



S. KAJI

TEDS. ERZETHTE o = o1(1 X pp_1) : GXEH) & G TEDB L E, o
NEMEBRERENEY Z LR BE5/0D k 7% nil (G) £hK.

COELEDS, LFNDORRIWPSNTH 5.
e 1nil (G; X G2) = max(nil (G1),nil (Gz)).

o INRTDRMpICTcVWL T, nil (Gpy) < nil (G).
e GHHREME—AH & il (G) =1.

BEEET 287 b Lie BHIHH Lie BEIC ORI A T EHNVHISNTWVWB DT, LDHEE
Mo, ARBOEMTH 3 EbENiza> 737 b Lie #0 homotopy nilpotency DR
B, i %7 b Lie BEOABEEZEZNX XN ehbh S, ThbBLTOH
#3787 b Lie OO ZNZNOHEEITH U TR X 0.

Definition 5. G Z>/87 b Lie Bf L 9% & &,
H*(G;Q) = N(®2i,-1) (deg(22i,-1) = 2in — 1)

LB T ENHBENTNS. TODLE iy BT VIR (g, .., 0) & G O
EWVW, I ERERE NS,

Theorem 6. P OEFERKT /%7 |k Lie#f G L Z DRI FICH T 5 & DIC
[Bohs.

A =SU(l+1) |(23,...,1+1) Gs | (2,6)

By = Spin(2l +1) | (2,4,...,21) Fy | (2,6,8,12)

C, = Sp(l) (2,4,...,20) Es | (2,5,6,8,9,12)

Dy = Spin(2l) (2,4,...,20—2,1)  Er | (2,6,8,10,12,14,18)

Es | (2,8,12,14,18, 20,24, 30)

3. INFETICHMSBNTWBRZ L

Homotopy nilpotency DIREDRHKEIGE TH S, FE b E—AHEDRE, 37%
PBil(G) = 1755 GOV TE, LFDXS 5T EAMBNTNS.
ROFEHEI F—F AEHEMEIN2 G4 XEHTHS.

Theorem 7 (Hubbuck([4])). ##& THIE CW #1AD KR E b ¥—HZ2EFDAHMHEFT,
RE M E—AHEYNE N —F X (1 RIcEREOER) ICE5N 5.

SWVHRZ L, HEERARERTH 5 & 5 AR R T IR TH 2 Lo Ik
WISHRWEMTSH 5.

HREERDAAR ORI TETEZ 5NZDIE, Atz Lie#TH 5. D
HICDWVWTE, LT X S IR E M E—m#HEOMEIRZRICREEN TN S,

Theorem 8 (old theorem). G ZHMMIHAREL T 5 &, Gy ldHE FE—ATH#L
Theorem 9 (McGibbon([7])). G % 3> /87 hEfEHM Lie Bt 95. G OH%
(n]_,.. . ,nl) }_’3‘5 a%f,

(i) p>2n = Gy IFKRE FE—AJH
(i) (G,p) = (Sp(2),3), (G2,5) D& ¥,G(p) IFHE b E—TTHL
(iii) p < 2n; = G(p) TLALUANDHGEIZRE b E—AHRTRN

Homotopy nilpotency iICDWTIE, BEARMZAFREAIZIEL A LHSNTHEND,
RD K 5 Ix—RAEHRDM SN TN 5S.

Theorem 10 (Hopkins([3]), Rao([8]), Yagita([9])). G 7= /%% hEiER i Lie B
&9 %. nil(Gy)) < oo THBBETIFEMZ, H.(G;Z) H p-torsion ZFI /x>
TETHB.



HOMOTOPY NILPOTENCY IN LOCALIZED LIE GROUPS

4. EEHER

FEIIRR Tz McGibbon DEHE D, p > 20y %51 nil (Gp)) =1 T, m < p < 2my
%513 nil (Gp)) > 1 TH B M, BEDLEICEANIC homotopy nilpotency 7 IR
Uiz, ToE, 387 MEfEE Lie B p-torsion ZFflzAWEMNANLN TN
%723, WiERI%IC H1) 7z Hopkins OEH ([3]) &, nil (G(p)) FHARTH 5.

— %A IZTE$E homotopy nilpotency ZFIHE T 5 Z LIXIEBICHEETH S D, R
Bp BN ERLOHPHDE S ICHBRERENVE ZLITFHNELD LD, T OMmENEEHD

AEAOIEE L 75 B .
Proposition 11. GEITTEAENARRE G D (ng,...,nm) ZRDEE, p > ni—ny+2
TBEMp /LT,

nil (G(p)) = nil (74 (G(p))-

ZT T, RE ME—EE m(G(p)) 1& Samelson i (m4 (1)) i€ & D, Lie BROMIEZ 5 X
LbNTN5LT 3.

Remark 12. it DKRE FE—fmN—RILTH 5 H-ZERD 7 S AICH L TE,
homotopy nilpotency ZILIRTE 5. p = 0 DGHE, LaTEHAKE FE—m@mZHNT
FRED R AR LTz ([5]).

o TIIJET %, (BIRITL IR S AW) H-220] G 1o L T nil (G(oy) = nil (m+(G(0))
LIFICHN T 2 DONARROTEEHTH 5.

Theorem 13. G % 1>/37 Ml Lie ¥ T2 95%. G D% (ny,...,m) &
5.

(i) 2n; < p = nil (G(p)) =1.

(i) 2m <p <2 =0il(Gy)) =2.

(111) (G’,p) = (SU(2)a2)a (F4> 17)7 (E67 17)7 (E8741)7 (E8743) = nil (G(p)) =2

(iv) m <p < m 2D, LRLHDBEA = nil (G()) = 3.

Proof. (RERADHERE)
(L5 OFHE) _LDiE, IEMICIE p > ny — ng + 2 DRF, Kumpel([6]) 12 & D, FEMGEZ =
nsLzEfe LT,

G(p) ol 5(2;)1”1 X oo X 8(2;)‘_1
EHERICORT 2 EIRENT VS, BREORE F E—RHICBT 2500 5,
fEARITIC DWW T OBERIC X > T EM B OFHEN B SN S.

(FH 5 DOFHM) SU(n) D homotopy nilpotency D FIEDOWT I, i< M SHLN TV 2 4ER
NH3 ([2]). o OHHA Lie BHCEAL T, LT D &K 5 RO DAL
L LTORE NE—AEERMHES . TR p LT, LIFHEDIID.

Sp(n) ) SU(2n) (p)
Spin(2n+1)p) =~ Spin(2n+ 2)y,)
Spin(2n+1)p) ~  Sp(n)(p)-

(14

B4 Lie #£1CBH L ClX, homotopy nilpotency & 77¥HZZ[M D mod p 17k
EnY—IiR H*(BG;Z/p) D Steenrod REU#HE & DRAFEMEZ % . Steenrod
REFEE, B P VS R B V—FHEN S ZEERE T T L.
SO TR FROMN BEDE, 20, HINEIY —RoaREnY—{F
MEEFETEL/Z0THS.

O
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Ergodic Theorems for Random Sequences

Masahiro Nakamura (Osaka University)
February 13, 2007

Abstract

In this paper, we study some properties of Martin-Lo6f random sequences from countable-
alphabet stationary ergodic processes. we show some extensions of two ergodic theorems,
Shannon-McMillan-Breiman theorem and Wyner-Ziv recurrence time theorem, to individual
Martin-L6f random sequences. Moreover, in the case of finite-order Markov processes, we have
the ultimate extensions of these theorems.

de=
1 B=

BHBT—RARIBEZ SNz X, TNANTUVELTHSEHEDNEEENCERCHIES 5 HiED
—D& LT, Martin-Léf DERUL [4] BBEFENE. ZhUuE, T—2FHD [FES VX L) ZiH
TBEIEMEANT AR E7 )VTY ALIC K> TEREL, EOTAMERAWTLEMS ZRDNX
MolebDl SUEL] LERLES, LWVWSEDTHY, TORBIRNCBNTREKEEKL
FEBTVEEDODO—DTH%. Martin-Léf T2 X LIxRINOEARDESIIHELRE 1 ZFON,
ZNTIE, HER 1 THOLY 214 OMRENIZ, [ XTO Martin-Léf T > 2 LIxRFNCxt UTHK
VT3] EWHSTEORBICHIRT 2 LIFRIRETH A 5 H. EEE, HNIFEDMARICBITS TAE
OFREAI > TEEMNEDOZEA] K TR OWREIHRNEZ TH 2D, —ROMERBRICHENY
TIREZMETH 5 [3]. V'yugin [7] 1F, EHEIILVI— FBRRICBT % Birkhoff DIV I— R
EEICH LTI Y Z LRIINOHLRZ /R UTzhY, Shannon-McMillan-Breiman (SMB) DOEHICH L
T, ZO—EWACDOVWTOIIRICHEE D, ZOALEMZEDTH>Tz. ARETIE, Vyugin
I & % Shannon-McMillan-Breiman FEH ORI U TR ERGEIAAZ 52 5 L L &1, 13—
YOV T — & [EAiE DR 7% 753 Wyner-Ziv-Ornstein-Weiss D FHRRRERICDOWT &, EEMERY
KBENWTT Y ELRINNOILRWTRETH 5 T L ZRT (BHE 2,4). £z, SOMRRICTHE ST
W5 LD 2 DDFEHIZDONWT, ARX)ILVITERETHNIYEMRE D2 L RAEETH L &
g (EH 3, 5).

2 #fm

HAMOES N BLUZOERE N™ Lo (&5) B> 5, Turing machine FTEETE %%
DEIFABEE L VS, FELLES &, UTOFRZICELTHUTWAEBD IS A C DS bR
INDEDICET BB, IRIINEEE W S,

o HHEMI S(z) =z +1, FECrn(z1,...,2m) :=0(m e N), UL, (z1,...,Tm) =
zi(i<meN) % C legis.

o (BABODOER) n-ZEEE g1,...,9m €C & m- BB heClc{HLT
f@1,. . 2n) = h(g1(z1,. ., Tn)s ..o, Gm(T1,s - - o, Tn))
5B f R CICED.



o (JFUAIRHANE) m-Z8B ge C & (m+2)-ZHBEE heClcHL T,

F0,z1,...,2m) = g(z1,...,ZTm)
fE+1,21,...,2m) = ht, ft,T1,. ., Tm),T1,...,Tm).

%% f % Clead.
o (B/ME) (m + 1)-ZEEIE f(21,...,2m,y) €CIHLT,

g(wla' . .,.Tm) = Hy[f(@'l, coe )xm’y) = 0]

5% f R CICEE. TTT, FE, f(@1,...,0my) =053 y MEETZ L EZD5 B0
BMERER, 25 Th\EZ3IETELT I THS.

£EH ACN X, ZOFMRBAEMNEEMNE (N 2R TERINL) NN TH S L&, IRMNNE
BTHB LWV, T, H2LENTRNVBEROERTHS L&, RNNTIEEETHE L0,
GHH2EDES Q I,
Q> (—1)S§ — (p,q,5) €N®

BHMGIC L 5T NG LA 5. %k A* &, EHERLFKICKD N LRA—HT 5.

N™ m5 RU{+o0,—00} "D f(z) I LT, HBIAMEEE g : N™ x N — Q DMFEL
T limp—eo g(z,n) = f(z) &2 L E, fIITHSFIHAREE (lower semicomputable) TH 5 &\ 5.
e, fBIU —f N THLEIREVETHS L E, fIIFHHEAIEE (computable) THB LWV 5. f
ZE, INEEERRPNEE, 188, W, AR EIRETIOERD FCRIERRERBENTH 5.

A ZE R REFEREAOERENSELEG (TN T 7y k) £T 5. A, A*, A® BZZNTH, E
En, BRE, FAEE, OXFHNOEELTS. we A UA® KL, Z0iBHOEEY w; TE
L, ¥l w] =wiwiq1...wj (1 <j) LFEL zeA* D we A UA® DFBHTH AL Z2zCw T
£, RRLCIRAE IR (A, B, P) #EZ 5. TCT, BIRES Ty = {w € A® |7 C w}
(z € A*) THRRENS o-algebra, P & A* FOFHEAGELTHELRNETHS. A LOFEEHREL
f(z) = P(T,) WEIERRETH S & &, P IIFIEARERIIETH S & 3.

MM P LRSS My (k=1,2,...) BUUTFOZDORMEMRT L&, 5 M = (M}, %
Martin-L&f P-test & PES.

o FiMEEES
ch(M) := {(k,z) e Nx A* | T, € M (k=1,2,...)}

NIFATRESTH 5.
o P(U{T: | (k,z) € ch(M)}) < 2% (k=1,2,...).
i, “HHOZXMN®

NgE

P(HTs | (k@) € ch(M)}) < oo
k=1
B MR T &, M % Solovay P-test LFES. x5, AT T My % U{T: | (k,z) € ch(M)}
DigFLE LTEHAWS.
w € A® M, fEED Martin-Lof P-test M X LT

oo}
U M
1=1k=l

il g & ¥, Martin-Lof P-5 > XL THB LWV S, Run(P) C A® % Martin-Lof P-5 > & Ik
Sl kDEE LT S, Solovay P-T ¥ A LINCDOWTERKRICERE L, Rson(P) Z#ZFDRUDES
L9 5.

Martin-Lof D5 ¥ Z LR AIZDNWT, U TFOEENHIT 5.

D}

w ¢

1



@iRE 1 [1] Run(P) = RsoL(P) .

fhd 2 (universal test) % Martin-Lof P-test {Up}n WFELT, w ¢ RuL(P) &< w €
limsup,, Uy,. 1<, PRumL(P)) =1.

@8 3 we Ru(P) %513 P(w!) #0 (4, j € N).

AREFBELT, WHOEZ 2 &L, FEL 0logd=0 £3%. £/, @HORD, POTY
ro¥—L—Fh

, P(z1)
H(P):= lim Z —_
oo (ET’GA" P(xl )

BARETS.

3 I)d—FEHE
3.1 {@EpT)Ld— FEE

Birkhoff DR L)L I — REHIZ V’yugin I X > T Martin-Lof 5 >/ &% L3 ARICHEE S Nz,
B, BETZNVT 77Xy NORED FTAHEHEN TSN, AJBERET7 VT 7 Xy fOBRE %ﬂﬁknﬂi
BHT&%.

EE 1 [7, Theorem 2] P 7z A FOFtEABERERTIVI—NEL TS, £, T ZEVT L,
f 72z, $ixldt Run(P) ETEES N, A° LOFIERREZAESERETS. DL E,
BOD we Run(P) I LT

lim 1 Zf (T91) = / f(w)dP(w) = E[f]. (1)

n—oo N

3.2 Shannon-McMillan-Breiman Theorem

SMB EHIc D\ Tl V’yugln I & o TIEEIHTE D DILENZ E NIz, AFRETIE, AIET7IVT 7
Ny FOBEEICEBEHABET, M OEREHNFRIAEEZ 5.

EHE 2 Pz A° FLOFEARRGERTIVI—FlELTS. ZoLE, fED weRun(P) Ikt
LT,
limsup —— log P(w?) = H(P). (2)

n—oo

Eljll

Bl CZTRRDOAFAZTRT.

limsup —— log P(w}) < H(P) (Vw € RmL(P)) (3)

n—oo

PDERNVATEL Py ZROXSICEET 5.

n

Py(wl) = Pw}) J] Pwilwizy),
i=k+1

TTT, Pwjp|w!) ERICKDEETS.

P(with)

P(wj+1|w‘i7) = { OP(wi) if P(wz) >0

otherwise.



Fiz, B ke NICHLU fi(w) := —log P(wkt1|wk), Hy := E[—log P(wk41|wF)] £ T 5. fi lZ51E
ATREZ I RE YIS T, WRE 3 L Ry (P) LERINTWVWADT, EH 1KY, we Rup(P) %56

n—k—1
1 1 1 .
—;long(w{‘) = —ElogP(w{“)—i- - E fe(T'w) — 0+ Hi (n— o). 4)
=0

T, Uy :={Ts |z € A", Pi(z) > n?P(z)} £BL &, PU,) <n~21c&Y {U,}n & Solovay
P-test THBDT, weRuL(P) %5

. 1 Pr(w?
hff;ip ﬁlog Pr) <0 (5)
Z213%. Hp \  H(P)(k — 00) THBDT, (4) & (5) £ (3) Z2155. |

&L PVARR~ILVATTHNUL, T REZEICHLT P & PIE—HT 5. it-o7T,

EFHE 3 P % A FOFEMVERERASNVITEREINVI—RUELTS. cOLE, F£EOD
w € Rmu(P) LT,
lim —2 log P(w?") = H(P). (©)

n—oo N

3.3 HIREHETEE

FRERREEEE, 22\ —)L T —ZEREOSIRT Wyner & Ziv ICK DEA T4 [8], Ornstein &
Weiss I & > THINGRA A E N7z [6]. < OFEHDIEEIEAER/C DUV T Martin-Léf & > & LRIC
R TX % & RIRT.

EE 4 P % A LOFTRARGERDIVI—FlELTS. COLE, FED we Ryn(P) ITx
LT

1mm%mmw=mm 1)
WAL T 5. T T, Ry(w):=min{l>1]|w} = wfi';‘} X, weA® O (EE n OFEBERDICH
3 5) HIRIFHERTSHS.

R 2 T TRROAEFERERT.

Hmwp#%RAWSH@)OMEmu@» (8)

n—oo

HP)<c<c+0 5BHEEM c,6 € Q ZEETS. neN L ye A ITHLT

n+ (200497
Da(y)={T,| €4 ’
n(y) { T | y=a? £ m%i? (1 << L2(c+5)nJ) }

EBE, Ty = {y € A" | Ply) > 2}, Un = Uyer. (Dal)) £5<. P(Un) < 2757 n 9%

{Upn}n & Solovay P-test TdhH%. w € Run(P) £95&, T KA nicLT, EH2 &0,

—Llog P(w}) <c, 1B wP €T, THBDT, w¢ Dp(wf), BI5 LlogR,(w) < c+ 6 BHRILT 5.

AEY ¢, 6 DEREMEL D (8) Z215%. ™
LTAT, PHERXTIVITDGEICE X DBVBEZES LN TES.

EE 5 P % A FOFIHEAAER kXN ATEFETINI—RHAELT 3. ok, fEDwe
Ryw(P) e LT

lim > log Rn(w) = H(P). )

n—oo N



EI_I{I

Bl CTTRINET LR
w € Ry, (P) = limin %loan(w) > H(P) (10)
DHATH%. £, ADEARTIVT 7w hDFEICDWVTRT.
§ := min{P(a}) | P(a}) > 0, a% € A¥} LB, E/z, d<c< H(P) %% d,c € Q Z[EE
L, Tp:={Ts | P(2}) < 27"}, Uy, := {T; | log Rp(z) < dn} £ 3. P(T,NU,) < s 22-(c—dn
WZ, {TnNU,}n I& Solovay P-test Tdh%. &L w € Run(P) %51, +0KREE n LT
w¢ Uy NT, THBN, EH3ICLD weT, THBDT, (10) 2155.

Ric, A[EMEET VT 7Ry NOBERRT. TTT, AR N LFA—#HTE. TEOMeN
R UT, BR7 VT 7Ny s OMEREE (AM), P ZRD X SICEDS.

A(M) = {{1}>{2}3 ,{M}>{l | l> M}}
pwxm”ﬁ“;zzzn.X:p@y”%)

Tr1€a1 Tn€an

T3 &, PM) IR k RNV ATERTIIVI— RHETHS. 22T, (AM), pAD) 2, 4
ICEFL72BRR7 VT 7R MROER 5 Z#EA LT,

w € Rvp(P™) = lim inf %logRgM)(w) > H(PM))
n—oo
135, Rn(w) 2> RgLM)((U), RML(P) - RML(P(M)) THBDT,
w € Ry (P) = liminf %log R,(w) > H(p(M))
n—oo

Z1§%. £TAT,

HPUO) =L S pon(ak)log PAD(ak) / H(P) (M — o0)
ake(AGD)k
THBOT, (10) HELN-. m
References

[1] G. J. Chaitin, Algorithmic Information Theory, Cambridge University Press, 1987.
[2] T. M. Cover and J. A. Thomas, Elements of Information Theory, Wiley, New York, 1991.
[3] M. van Lambalgen, “Random Sequences,” Ph. D. thesis, Universiteit van Amsterdam, 1987.

[4] P. Martin-Lof , “The definition of random sequences,” Information and Control, vol.9, pp.602—
619 (1966).

[5] M. Nakamura, “Ergodic Theorems for Algorithmically Random Sequences,” in the proceedings
of IEEE ITSOC Information Theory Workshop 2005 on Coding and Complexity (2005).

[6] D. S. Ornstein and B. Weiss, “Entropy and data compression schemes,” IEEE Transactions
on Information Theory, vol. 39, pp.78-83 (1993).

[7] V. V. V’yugin, “Ergodic theorems for individual random sequences,” Theoretical Computer
Science, vol. 207, pp.343-361 (1998).

[8] A. Wyner and J. Ziv, “Some asymptotic properties of the entropy of a stationary ergodic data
source with applications to data compression,” IEEE Transactioins on Information Theory,
vol. 35, pp.1250-1258 (1989).



Hyperscaling in the Ising lattice model on a surface with

negative curvature
~ahEm bAoA O TEFER DA R—=R =T T I~

WhE B B Bh3E
AeifgE R TR ER ISR EEH K
E-mail: sakaniwa@eng.hokudai.ac.jp

20074 1A 11 H

1 FiR

ARFFEO BHYIL, Akl Bl Z 2MKMEBEBEEICBW T, im0 KM FAY iR RO
REEIZ B2 AR EFAOLNCT AL TH D, LTI, EDOER LB AER~NS,

ZNE TOLERROMER IR I T, EACHN Y OBNES R ZEM TR Z 2 B8 A 0%
WL LTz, L LI, M TEFOZE LWRERRBICHEV, ROBREN E ZOEARYM LN
EHED 7757 &R (77 —v 1] B BER (2], A B U R [3] 2 E) B
KFEREND LI ThoTe, TOLI BRIV T v 7 RBMEEEFOROHL L L THEKEND
N, ZRITROMBEBHRTH D, ZRTFREIE. ZERORF1A U7 ZZM o CHRAEMFEMRZ RIE
LHHIBOZETHY, WEEMH (BE, FTRE%) oIS CTUX UL “Bisg"éns <
yalBhBigs =", ZOLRFROBINZZRNEROKMZNMELZ AT 5. HEE
FIBICRBIT 2R OEREER ED X S ICET 20T EATIE R, FFiZ, A -72ZEMNT
IR R O BEAERATEOBFHRBNE L REMOGE L IIARERICRR 5720, EHRZEM & T
BRAZFHNBREND L EZOND, ZOMN - ZZZREA O R 3E8) 2 BUEFHE & BT O
MENSELR L, MEBICBT2HERODREZEENICHALNIT I ERKRFREOANTH D,

2 tHERLBREH

MR 13, DHEOEESHENY)—REaThs THH] 23, IRE - £ - B3R & DI
EHRNZ L > THIOHMA~ENT 2B EIET, MIEBIZIE HO OKIBMREBEO X 5 ICEZERES
Bo— ki L, ERERELZFFZR2WVWIKBEERH 5,

BEDEA . RITEBIREL ETEVIFMEE FFONEBIEE LT Tz o FER ., LY
IRV R 2 oM~ S BT 5, “RMBEBE TR TRENZYEIL, SRo=v LR ETabh
AMEEASB TH D, TNHWEIX, BB THEBRES = 3 X —NRFF L OBSHEEER = 3L
F—L D HREWED, BTFOMKE—A L FORIXIEINTI AT TRALIIFEAE L2V, L Likx
WWIREA2 TIFTn EBRBI = R X=X LR FJTOMKRE—A Y MIREBIZFRI LM%
ML £ 91225, £ LTCHRMNRE T, 252, RIIBMLE o OFEHERD D B RBBHML % 3 5 i@k
PHEHA~EBT 5, ZOLICHEEROD 5 LEFTIE, BlZRF RO A EIERE Th -



Th, T, L0+ KR TITRIEHICE > COBRFRENHAT I L 212725, £ L CRIEHKF
H~EBT A AEE T, #x OBRNFEVERRESZICHETIR2EHEL T, Z0ORE
HREARETH D, Bl X R OBMEBREDOGATE L. BRIRE T, B8B83 RO HHEL
C. Wit m, BAbsR x OB EKFMERIX

C o [T-TI™® (1)
m « (T,-T)? (T<T.) (2)
X « (T_Tc)’y (3)

DEITEKDLT LN TED, TDLED, o,fyy ZERFIEE LS, FEAEEOMEITROMER
HHE (BFHEECHRETF OB ICERFLZRY., TRbbBAMERIIRO2="—%1 T ¢
(@) ZRdHRIREE X5,

3 HEkmEA T UIBFER

AT AL BRE— A bOREN up( k) & down(F) O FROHREFEE L
KPR THY | BMEOBSHESE 2Ll 2R BERRERET NV TH D, A PV 7 HFERITH
EOR~DWRIEVEHADRAIREAL Z & LT Z RO 25 Z L BRARER Z LB EZIEIZE > TR S
T& 7z, ZREFR EOA DV VBRI OW TR REROMEMRI RO bhTRY (X128
), ZOMEI=AKF. AAKT. SAKBTE VB FOBRITEFE LW L350 > T
5. [4, 5] SEIDOHIFE TH A IZERFAMEEI ST 2 #MENMEODREALNICT 5720, i
EITRE LA P T AR (K1, 2) ORKABERR 2 BUEICR~,

il LOGRAFIEIL, A0—EMELEOMME Ch 2EIKE [7, 8] Th 5, T TENR
ghild [7) DR FoHE 2> +y? —22 = -1 (2> 1) L LTEEIND, ZHIIEED AL OERED
TERN -1 ERDIEEEAZRLTRY, TRWIEREIENIC i = /-1 OFREFFoTLHEEKE VD,
BEKIILLTOI v a7 2AF—5t&%2MH- L5,

ds* = dz® + dy? — d2* (4)

UTFCIHET b, BIlhE CTH 2 HRE (2,,2) > (135, 125) &V 9 EHlE b > T RTEDEH
BICHE LERT LT 4 Z7FETFAL (K1, 2) WA LITTE, Z0OLXEEIFLTO
EOTEBmEIND,

4
2 2 2 — -
ds” = f(dz* +dy ),f—(l__xz_yz)z (5)
RTAVT 4 27 IHBEROBERERTHY . EE
1,082 o2
= “F(—amz + —3y2)109f (6)

LEBENDIRT L AVT A RA7 LAY ZAWME 9 1E, EFEORTr=—-1&7%5, MHEOHIX
FEROERRICKHE L TWD, LoT, M1, 20NEEOK FIZT—REATRASR, WIhd
EZAKTHD, ZONBEOKRFHFEITENGFE (T AMENREF) CTIEEBRAAAMETD D,
TROLINODESAHBEEITRT VLT 4 270 (4) ROFFEEZHZ L TN BH720IZ8H T
EHRATREL > TV D,



X 2: KT B VT 4 A7 EOERAKRT (EX) & ENARKRT (FX)

7B, BARELTIIROMBERAERT 5720, BAREICET 28ERFERICIL, ERXO
REExHO% BFER) NHEITR 5, Bz, BRmo & 5 2B i3, BU2a0MR
TEKEOHENFITHEILL TLEVHMROEENHRLTLES, —F, BEKEOBEIThERE—
EICRFF LR O TFROTA XEYET D ENFARETH D, ORI REKRTS, HBEREIXA
DU BRF B ORRIE ST 2RO ELTLhEm L L TRELEEE XD,

4 FHEFZE

WS THR o TOBBEINEA 2 TR TR NINVE=T U H =3, . sis; Creik &b,
ST X i BHOKRFRICEINIEA DUV T AL DET 1 Thb, <i,j > TRIERTA
DRIZTFIZONTIE & D Z L %R, ERACCHOLBMEERIT—EHE (J=1) ¢35, =
IR LT FRESATRBELA L TR, B © U MOBREE fhimaEkicbizoT—
ETHDHZLIZxET 5, J/kg & JIFENZTNIRE L ZXNLVF—DBEMATHY, —AE U HZY
DHRRALOKRE S (BFARTA—F—m) Em=L13N s L&,

B FUREICBE 3 2 BB 0B I X IRIB KR DO U AT Ao ARMBEROIEN, Tz BERICE Y
HZLIEIARFRETH D, T I CTEBEOHETIE, ARV A XORNOH/ONET -2 %1 LT
RIGBAFIET DHERY A XA 7=V 7 [6) LW FEEAVWE, A7r—) U 7RHICL S &,
BB AIE T AT LAY A AN OHBHT R LX— f(T,N) IZUTOR T —Y » ZANZHES,

F(T,N) = NG/ Fe), (e=|T~T.|/To) (7)

SRICHEG R AN & BB m(T, N) =< |m| > LBHLS x(T, N) = N<2==Im>” o)



(a) : — (b) s

10rassaans, ® N=315 att
3 e o 847 Lot
~ 08} . 2240 ot
E o 5887 2 N
& 086 A 15435 - Dol o e,
i E Y
& o4t 3 e,
g .
g 0.2} G L. E 'A”p-A

4 II!
0. . P 045
80 05 10 15 20 25 V0 1 6
Temperature T x=|T-T "

3: EEAKT; BboBEEL (ER) Lo r—1 7 (FX)

(a) 200 (b) o5
ad O emong e
£ 150} a Py,
¥ 4 a . 04 \
= A ~
3 100 . b
.-% A00g = "r‘*
2 20 %o X kY
c%, 0 A’:"...“'OOD:‘ *
¥ooono ° 1‘3:‘7 0.01¢
pathisieiianszaiesitee, .
olef=xErr i r mmeet 22580 0.005 L :
10 11 12 13 14 15 o 1 8
Temperature T x={T-TjL"

4: EEART ; BEROBELZLL (ER) LEMERORr—Y 7 (HAK)
2= TRIFEAENRD L HICET D,

m(T,N) o« N7P/*. my(z)
X(T,N) o N/ xo(a)

(8)
(9)

ZITC.z=eNYr ChB, LoT. EWHED N KEMEEFAD Z LT, BRESMEOIHEIC S
BB RIE 8 By, p DIEZE RAE L 5 Z L NWREE 22 5,

5 R

X 3(a) iX#EERE FOEEAKRFIZRBIT DR m(T, N) DREKRFEEZTRT, 2T A% A4 X0
K& ZDICoN, BEBIRELHE COBLOARNKE L 25 L) MBI AR 204R 5
WNERDIERTE D, S5I2(8) RUCESWERML m DR — Y v F T ORE %K 3(b) i
RLTc, BRDBVATAYVA AN, BEORETICHT 2T —Z AR TR—O/REICESD
NGB, Ko TZOm#RE Mz B A IR/ RIEICL VRO DI LIz kY, BRAAE
FicBT 2R A BT 5 LN TE D, AHHROFBR B~ 061 LW I BERIEHEEZ, 0
IO ZRIEA P TR OBEMR = 1/8 LHARIZER 5,

WIZH 4(a) IZIEEL AT ORISR (N, T) OIREERFEOR TH 5, BBRTHET ~ 1.2 TO
BlbBEE =213, AT AT AL XOPEKE L HITHL Lo TRBY, BERKDO AT AV A X THEK
THIERTRSND, ZIERSRE L TRIEEEFSHBIT 2 MRRBARAEET ) MRt
BOEME LRLTWS, B4(b) 1k (9) REAVWERMEEOR Sy —) V7 F—2Thy, ==
DOEEFIEE v ~ 221 287, ZOELFROA Vv THBOBERME v = T/4 LI1XR 2> T 5,
B O=FEEOKFIZHONTHERICHERY A XX — U o7& AWCEERMEREZEH L, &



® 1 \@ERmEA OV VIR OBRIER
B ¥ 7 Te

heptagonal  0.61(2) 2.21(4) 3.44(6) 1.26(1)
triangular 0.73(3) 2.25(2) 3.6(4) 3.34(4)
pentagonal  0.74(2) 1.98(2) 3.5(1) 1.68(2)
square 0.74(4) 1.96(4) 3.4(3)  2.13(1)
planar|ref.2] 1/8 7/4 2

RERLCELEDD, ZZTHEATHIRESERIL, 1) 2TOHEKEA Vv VBT OBRRIEROM
WEHEA PV T T OBERERp-oT0D A, BLY i ) MEEOKTOBRMERITIEE LV
EEZRLTWAHRTD, T70H, K LICEE SN/ v Z7BAT, B EEIC L R0
==Y (FBH)) REZ LD LB GND, I DT, ZOMENFEREA V2 TERIOME L TR
RBZ NG, Y - HEZTNENIIERINTE SO Py THRNIR 2= =T 4 7
TRZBT D LFEmSLD, BB, BRTOBEBICETOERRALND DL, ARFRIZH L THE
EIRREREEEZAWIZZ ERRRIZEEZ NS, EBE, T FEL2BE L TRAODRLZEE L
=%E. SRAMEROMEIZS HIZRW—FK% A7, [10, 11]

fhwm e LT, ZRTEER OB E OAFEIL, ZRTEOKTEHIMEROFEIILE U TE
bT2ZEBALNTRoTe, THUE, MHEMEZHITIEVEDTED T2 L THHRELT S 2
LETRETHLDOTHD,

BET2REBEHREL LTUL, "M BV T AV VRRPETFAE U RARE, LRz
RICKIT HHMEDHROMPANRFT 61D, T OMIRERIL, EEEEZET 5L OF ) fEED
WA~ E ST 2 LR TE B,

ZE 3k
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UNIVERSAL LEXSEGMENT IDEALS
SATOSHI MURAI

ABSTRACT. Universal lexsegment - 7 7" )l & IZ Babson-Novik-Thomas [1] 51
KXo TEAETNIRFk7% lexsegment 7 7 )V T . T T Tld universal lexsegment
ATTIVHNEDX 574 T 7 )V TH % ZiukX]-1%, universal lexsegment 1 7 77 )l
ERT BNV FEEZER DA TV IVEETRETEZ LV I BREBNLET.

1. EXNGEERICDOVLT

EILN)L HBIEIE T T =HER OB TIFFICR AR E N T E Io5RO—DIC
HIFoNsTLES. ZOHEITEDOND D TN, HlZIEILN)L BRI
RETZ T Tl {HEE T EDRBUNDO ST TOAMESHL NI K> TEZT
R, FBEBORECKID b))V FEBZBRICEHTRETES K5 Ikl b
ENBITENETLLS.

fth 75 lexsegment -7 7 7 )V OHERIE, ©IL)L b BEEIC RIS 5 Macaulay DA H %
R [3] TEAESNIZEDTY. BHICHENS XS, Macaulay DFERIEED K 5 7%
BB ZIHEAEREDERA T 7V (B LR ZERRZFRA T 7 IVTEHI- IZE) Ok
NIV FBEIEUCTR D 5 2DV ESERICHE LTIz WS £ DTT . FRIC, Macaulay D
RIFZHEAIRDEEDFRA T 7 INCH LTS R U e )b\)L - R DRk
HMIEXA T 7 IV —EICFET 52 L2 REL TWT, TOHIERA 77 VS
H lexsegment 7 7 7 )V EPHENTNB EDTY .

Macaulay DEF DS EH 5, lexsegment 1 T 7 )W LIV b BB % B
ROMARZRETHNET. Xz, REWEI5EH S lexsegment 1 7 7 )V EHEH DM
BERHARE VWS X5 MBI TIIAZI NS XS IcEk>TEE L.

T T T, 1] ICBVTEA XNz universal lexsegment 1 7 77 )b & FEIX N % Kf5k
7% lexsegment 7 7 7 NC X O IRWHEfEZ 5 Z 5 L ZHNE LicnEBWET. C
DI ERI 7 SHE I AR B ([CALE S 2098 TY . CONTDOFHSZ
DLED LD S TWRFNEENTT.

2. Lexsegment 1 777 )L & BV FEEBITDOWT
T DE Tl lexsegment 7 VIV ED K S HERTHNS Z LIk Tz EHE
YA LG DI L Tcn E N E T
2.1. )NV MR ER A LT

BTNV NEBEERELELLS. K ZEEDK, S = K(zy,...,1,) ZK
KEOnZHZHAIRMELET. ZHIAIRS OLTaPaes?---22»(HL K o; 3 H
KB Oz LI DZBIER L W0 E T, BIERDORE L 1 deg(25 232 - - - 220) =

The author is supported by JSPS Research Fellowships for Young Scientists.
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m+a+-+a, THALNZEBEOT L TY. (HL 0 DXREUI LT O EAREZHL
DIE2LLET.) ZHEHR fHAFRTHS LT fICHNZ L TOHFERORENEL
WERICEWVWE Y. EHFRELZHN f O deg(f) &id fICHIN S HIFKDORED
TETY. BRI, f =22 +2120+ 22 IEXE2 DERZHATIN, g=2+ 23 &
BERCIHRVZIHENTY.) FRELZHEANTCEREINZ AT T IVEBRATTIVE NN
X9, AT TIVINERATT7IVTH B, FEHAEte NICHLT

I,={f €I:deg(f) = t}

CEDTRD &, LIk K FOFRIITANT MVZERICIZ S Z EWNHRICT v 7
TEET. BERATT7IVIDEIVNIV M H(I,t) : N> N &

H(I,t) = dimg I,

TEBINENIS NANOBEBOC £ TF. HL, dimg L& I, D7 FVZERE L L
TOXRTRET L LET.

R )N)L B HEE RIS S FHEC DWW TEBRm L TEE A
9. HIERTERESNBAT7IVOZ L 2BERSAT7IVEVVET. (B2
I = (22,23) DBIERA F 7V TT.) BHOMCHIARA 77 IVRFRA T 7V T
TR, HIERA 7 7IVICBIT 2 A EREZ DU THL T LicLEY. (REH
WBZAZIZDOTHRIKERRET))

(a) BIANXA T 7V I OB SR 24 MR THEZAGRTRIIOEDIE—EN
CEES. (Lgchz GUI) bBELCLICLET)
(b) IHHIERA 770V 5 H(I,t) 1& T IS EFE N2 K8t OHFEROMEEIC—3L

B, Eo (b) OFEKE % & T 313 “BHIERA FTILD LIV FEERERSITIE
AFFIVEEENBHERORERZ FFNEEL " L0532 LTTH 5, Thid
HIFR A 77 VD L L)L S BISR AR RIS FERIREL TSN TVWET
ELICADT EAHBNTVET.

I8 2.1 (Macaulay). HEEOBERATT VI C SIEHL, 53 HEXAFT7 IV J C 8
W > TIEDBAEt € NICH UT H(I, ) = H(J,t) DR D 1.

DED, EARBFRATTNVDIVN)L MBI T H 2 HIEXA 77 VD)l
ANV MRS —T B VI DT TY !

2.2. Lexsegment £ 77L&l 2.
Lexsegment 1 7 7 )VINE Z 6Nzt A DERIERD K 5 KRETEDRIRDZTT .

FIRE 1. BISH : N > NDBHBFRA T 7V D )ILN)U FBIEIC —E T 2 /D RE
TSR ?

1927 4F Macaulay &8 1 ICDWTREHEEA 25X £ Lc. T T Macaulay
DEHDFEEIZBIC DOV TIR RN LI UT, FRAT 7O )L B
h BRI HIERA T 7 VIC K> TR SN el Z2EF N THBL T i
LET.



UNIVERSAL LEXSEGMENT IDEALS
EE 2.2. ZHUR S LOWRENIBF <iex £ BRTERI NS HAXLKOEED
Eo&lEr T,
.’1761"1 e xzn >lex xlil ce xzn
& NY MV (a1 = by, ..., an — by) DRELECH B 0 TIHRVRIHE
B2 &, KEL 2 DHIAKE <jex ’C“ilff\’f’@% &

2 2
T >lex L1T2 >lex T1T3 lex * * * lex L1Tn >lex Ty Slex L2T3 >lex *** >lex L2Tp >lex * *°

DRRICIED X9
HIEXA 77 )V I Y lexsegment ThH 5 &1 I WROZEMZHEZTHRICE N ET.
(%) x4 € I T deg(z®) = deg(z?) b D 2B > 22 25 2B € 1.

) EOKMED Tz4el) % Tz e GUI)) KEZTERALTY.

Bl 2.3. BIZIX. I = (2%, 2122, 2123) C Klz1, T2, 73] I lexsegment T H, J =
(z3,23) C K[z1, 22] 1& 122 >1ex 23 7D T lexsegment TldH D XX A.

% 7z lexsegment 1 7 7 )V LI HFRERSY I 1B £ NS HIEXSEROESHEERX
EFF TRENE DO SIAFRICE > TERBEDICES>TWVWAHIERA T 7IVIDT &
Thd, LEVHA2TLETEET. 5RO ENEBICOID T

(¢) I & JHRUC eIV SBEEERD S LD lexsegment 1 77 )VIx5 I = J.

ELZDE LN, B 11T % Macaulay DEIZED—DMNRDEDTT.

FE 2.4 (Macaulay). {FEOFERAT7IVI C SICRL, I £FRUC L)L SEIEL
ZHD S LD lexsegment 1 7 7 )V (LB T Nk Lex(I) L EFEL) B —EMICTFEET 5.

LD (c) 15 lexsegment 1 T 7 IVIZZ LIV FEIET LI —BICIRET %D
JTINS, EOBBEAEMIHERA T 7 VD ILN)L B ORE T 25 %
TWET. i, “HEREZ > 726 - L BRNGERHET I O R EEH 2D TITHT
CTREETRZ LI LET. EkAHNL (2, §4.2) FESIHMLTRFIL.

3. Universal lexsegment 1 777 Jb & 1& ?

T DT universal lexsegment 1 7 7 JWICDWTHERT LICLET.

E& 3.1. LA K[z, ... ,2,] LD lexsegment 4 7 77 )L I 7\ universal TH 3 &
&, RO m > nici UT, HIEXOES GI) TEKENS K|y, ..., 7m] L
DA T T IVIIRIE D lexsegment 1 7 IV THBRICETNET .

DLOMDICK VD THIZEBEFTTBEEL LS. I = (22 2129,22) C Klz1,70] I&
KEH 2 FOHEXELTELT LI D I H S5 lexsegment 1 T 7 }1/"("3‘ L
ML, (22, x12q, 22) 22 K[wl,xg,xg] DATTIVELTHBIED, 3173 > 2 T 1173 &
(22, 2129, 22) TITMD DA T 7 I Kz1, T2, T3] LD lexsegment W7D AL
K> TId K[z, 3] I lexsegment TlddH D X9 A% universal lexsegment TldH D F
¥ /. 7z, universal lexsegment 7 7 7 )V DK & U TIEBIZIL T = (22, 2129, T173)
ENEKITENET.

ETC, TEE 55 T universal lexsegment TH 2 EHRHETZDTLIIM?
RIERD X S HfH AR I N TEET.
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R 3.2 (M-HIt [4)). I % K[zy,...,z,] EOBEXAT7VET 5. RIZFEHE.

(i) I H'universal lexsegment;

(ii) I ' lexsegment THD #G(I) < n. (# THEBEXRT T LICLET)

DX D, universal lexsegment 1 7 77 )b & I ERTDEHH ZIEXNERDEHRDE
YDz lexsegment 1 77 IVTCHBE VWS T ENTEET. CTETHREK
& LT U ZEAJ universal lexsegment 7 7 77 )V 72 BAANC 2 TElib T 5 L b L
B FERA. FEE ROmBERHERIETDOEREL SEHICENNET .

8 3.3 (Universal lexsegment 1 7 7 )V OFEEEHE). R [FAE.

(i) I» K[zy,...,z,) D universal lexsegment 1 7 77 )V;
(11) %%%%%&1 S S Sn&ﬁbl,bz,...,bs ENb\iaé‘DT,

_ b1+1 _ b1 ba+1 _ b1 b2, b3+l b1,.bo bs—1_bs+1
I'= (27" 20tz ot wg oy’ oty g T ).

AERAWE (1] 0 (4] ZBRE L TR IV, T, SHEDH 2 DIZ e V)L ST .
1%\ universal lexsegment 1 7 77 JVDELD 5 % & )UN)L B O#HiFH &R D TH
T kicLET.

78 3.4 (M-H!LL [4]). S = K|x1,...,7,) £T 5. RIZFEME.
(i) B3 H : N —» N S L0 universal lexsegment 7 7 77 )LD & )L\)b +EE%Y;
(i) DRI <s<nl1<a;<a < <, BHY,

_(t—a+n-—1 t—a;+n—2 t—as+n—s
M H(t)—( i >+( it )+ +( o )
HLa<bDK (8 =0 LET. 51, INLIAL MEED (1) OB TEZ5h
% universal lexsegment ¥ 7 7 IVIX 5, ay,...,as 1& T DERRITOREE /NS WIEIC
W7z & DIC—3.

EH2.41CBWT, EREOFRA T 7))V IS LA U e )b)b b BIEE D lexseg-
ment 7 7 77 )V Lex(I) B —EINIFIET DL 0D T 2T UE LIz, T Lex(I)
M universal lexsegment & 7% % K 5 XFRA 7 7 )V I 7 critical 1 T 7 IV EFERT &
IKLELEXS. (T TOE)VN)L FEED (1) DX THIT 5 2 LICHEETT.) X
Dt aVTIETODcritical £ 77 DN TESRT LICLET.

4. Critical ¥ 77 IV

FIDIT, R DILAR DREESEZHEN L TBEVWERWET. AT 7IWVINE
RATTIVTHBE, Z0D (AFBHRT) NZERROTTOERIE—ETHB T &
MHLNTNET. (ARTHEVRHIRD AN L HDET.) LTAT, Rid
lexsegment 1 7 7 )V DA RITOMEENX[E U )L~V SRR DA T 7 VO T
L2V EMHLENTVWET. KIKDEEE lexsegment 1 7 77 VO TTOEUT D
72 D RIS Z OO T, EHE 3.2 TRz X 5 IC universal lexsegment 1 7 7 )L & 1
3 DIFEBITTO DN IE U lexsegment 77 VIV TT. THDT eZ2BEFA T, FTkid
BREBRSRDES BT eZEZE L.

F18 2. I W critical £ 77 )V7& 5 I & Lex(I) OWvINERRRDOTTOMEE T 3.
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famm b5 2 &, FOPRITEENICHRENT Uz, Rid, THOMREID T >
Lii<, critical 1 77 IV EEFHICLERRET S LW IERMESNE L. I
FCREMZHEN TR LICLET. S=K(zy,...,2,]) ELET. FRATTIVICS
M canonical critical 1 77 IV TH 2 X, HEEH1I<s<n&ZHAfi,....f,
NH->T Q) FiICDNT f; € Klziy...,x,) THD, WD (ii) deg(fs) > 0 Ziiiz L,

(2) I= (f1$1,f1f2$2,-~,f1f2 o fom1Tso1, frfo "fs—lfs)

ETEBRICVWS 2l LEd. fIZL, &8 3.3 2 2 1X42 T D universal lexseg-
ment - 7 7" )V canonical critical 177NV THBZT LHOHLDET. (i < s DEf
fi=ak LU f, =%t L3 HUTEL.) Canonical critical £ 7 7 )V critical
ATFTIWCES>TWVBRNESDIEETIES D AN, BEARBOMFH#IZ T T+
AT E X Y.

FiF, WU AT K > TR T D critical £ 7 7 )UAS canonical critical £ 77
WICTED LWV DHELDHERTY. MROZARNZHNAEEHE 2 ZBALE
ZLTBEELLS. n KEANTH ¢ = (ai;) € GL,(K) W& - 1z, LR DL IAK
f(z1,29,...,2,) € SITHRL

n n n
o(f(z1,22,...,2,)) = f(z a1;%5, Z A2 Ts, . . . z Ani ;)
i=1 i=1 i1

EEDET. T5LIDpld (PITHITIIRICRZDT) ZIENIR S OACHAREE S L
BOET. COHCHEEG o2 S LOREREMT S LIcLET.

IR 4.1 ([5]). ERED critical 777V I C SIEX L, HEEIEEH ¢ € GL,(K)
Ho T, p(I) = {p(f) : f € I} & canonical critical £ 77 )L £ 753,

WAL WD DEIARENCA T7IVORERAIBEZ TAND, FE 41132
TD critical 1 77 IVERELTVWB LWV S TEELZARVEDTY. RKlcEH
4IDSTRE2NELWT LB BEARITENSEINET. £z, BRA T 7V I O
INE R DTTOED Lex(I) DRUINEKFRDITOE L —E L T 3K I 1Z Gotzmann
TH5LEONET. 75 EHALIEBITOMMNZHEREREDEZHOMEBLLT L
7% Gotzmann 1 7 VIV EETHELTWVWAREHTHE L RE T L HKET.
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ASYMPTOTIC SOLUTIONS OF HAMILTON-JACOBI
EQUATIONS WITH STATE CONSTRAINTS

RREREREG TR M2 =T KF

1. HAMILTON-JACOBI HFERICDWNT

E£9, AFEHETHD b % Hamilton-Jacobi A2 (HI AFEX) ICDWTHIAT
%. HI 7N e,

us(x,t) + H(z, Dyu(z,t)) =0 in Q x (0, 00), (1)

DI TEMNBRMD RO L THD. 2T T, QCc R IFMHEE, H: OxR* - R
52 5NTHEHREL, u i Q - R IR L 5. £/, vy = 0u/dt, Dyu =
(Ou/0zy,...,0u/0z,) £T 5.

BTHICHLTIREZGZ %D, 2OHAERE, EEEZ —YRES KW IER
BURMAD R TH Y, — RN SRR RIS LI L.

—HINC, T DK S FRM D AR LT VWGEE, B4 Eobaz —RbL
Tz, S92 RIS %.

SR L TR ELEDIX, L. Schwartz Ic X D 1930 £ AE A X W =R
AW TH 51259, THUTFDEERD, HEDICH DN TS 18, BETE O
FREAFLTENTHSH, IEREFOHFERITH LTI D E O BRI TRV,

Z T T, 1980 it M. G. Crandall, P.-L. Lions 54" HJ AU U TREE
fREFENZ S5fRZEA LTz, Z0D1%, TORHMRIE 2 B2 IERALE bR, i)
YR RS L TENITH S 2 e nh> TV 5.

KPR DOBEMIC DWTHIRD H 57513, [4], [14] FEBE I hizw.

C T T, MR OERZEN L THL . RICHERMEZHREL LEVWERL D 5D,
C TR DD, dilikt DI EZ 5.

EE L u:Qx(0,00) —» RZHGHHIETS.
(1) u (1) ORISR (FEEBR) TH2 L1, [LED ¢ € CHQ x (0,00)) It
LT, u—¢h(z,1) € Qx(0,00) THRAME (FvVvE) #HS 7% 51X,

¢u(2,1) + H(&, D(#,8)) <0, (¢u(&,%) + H(%, Dg(,1)) > 0)

R THRES
(2) u (1) DRERR & 13, KB OMM BT H2 L ERES .

FEE 1. ue CYQx (0,00)) A (1) ZfiTz LTV B, b u AV RO RS, Rk
ROZE®RTEIRTH 5. ERE, AED ¢ € C(Q x (0,00)) LT, u—¢ B (&,8) T
WA (BU)MiE) 2% & ¥, 0,(u — ¢)(2,1) = D(u—¢)(&,) =0 TH 3. 2h&D,

(3, 8) + H(2, Dp(#,1)) = uy(#, 1) + H(#, Du(&, £)) = 0.

LUR, #5fik, B¢, X, TnTn, KtEHmg, i, Rtmzsnkd 260l
93%.



2. AR DOWT
HJ RO YIHERE

{ u(z,t) + H(z, Dyu(x,t))
’LL(-, O)

0 in Qx(0,00), :
U in Q, (2)

BEZD.

T Z DRIE DR D RERIERE RIS T T B WA ZEENC DOV T DOMFEAEAIL > T
W5, ERRZHITENS &) FOYIIHERTEDOME u(z, t) I LT, HEEH ce R
MMFEL, E¥RE H(z, Dv(z)) = cDH 5 v e C(Q) I LT, t — oo & LT
IZ, Q FRpT—IC

u(z,t) +ct —v(z) =0 (3)
LUNRT %, 2T T, v(z) — ct & wlc S Bl & PES,

DK S fADOKFIEE RIS B Z2UCRD, a7 S 2R ETIED R0 —f#%
DHICHLUTEAB I O h>TXT .

WA AR DFRDIFERE Z B, ROMENEAEREE 721E, wVRETE LM Nn
5 REENIEFICBEEL TV 5. AR

H(z,D,u(z)) =a in {2 (4)

BEZD. TTT,ueCQ),ae RIIKAEE, KAEHTHY, (4) DL =55
(u,a) Z3RDB LV DN DORETH 5.

2T T, MMARESRN D v(z) —ath (1) DIRTH BT L &, (v,¢) B (4) DIRTH S
CENEMETHZ T ENThB. 3455, FHERNABRNTNS T &Ik, InENESE
(BRI IR (2) DRD “EHRIRAE BB ZTNB T LD 5. (1) DD v(z) — ct
DI TET L =, 2k H FEROWIE L PES.

Z DR, [16] I IBWT, H AV 1 2800 U TRIINRIGEICROIE TR E
nTns.

I 1 (Lions-Papanicolaou-Varadhan [16]). Q=R" &9 5. H € C(Q x R") ld5#
FERT, 1 ZRICBE L TN TH 2 L35, CORf, FEDp e R*ICXHL T,

H(z,p+ Dyu(z)) =a inQ
NiEue C(Q) ZRDE 57K a e RO 1DFET 5.

RICHHBERITEDFERIC DN TN S . IRENEAEREX D & LRFRIEE 0
X 20, HI RO EOMZEE, Kruzkov [14] DIFRICIAE 5. I, fifx ¥
MBI D 7 5 A TEZ, HEXOMRZIZ L A LR 2 R THEXD Tz SN BRI R
TH5E LT3, RICHMERRZ T, Lions [15], Barles [1] 5A'Z OO
e 25D TN 5.

W HIEXFIT wy(z,t) + H(Dyu(z,t)) = 0 DIED HI FREXZR-> TS, EHIC,
[15], [1] T, fEREDp € R*ICH LT, H(p) > H(0) = 0 AARD VD EREL T 5.

H h z, p BBUHKAE L T BRI, Roquejoffre [19], Namah-Roquejoffre [18] 54
C OWREEDWMTZ DTN S,

CDE S EEEND B LT, Fathi 4 [6] 105U T, 275 b —Hi7 HI Ffeatic it
LT, MBI Uizgs KAM BEGR ([7]) ZHWT, T OWRERMEARD X 5 Ik Uiz,

EE 2 (Fathi [6], [7]). M ZEERZ LD T " 2kAE TS, H: M xR* - R
BRI LT, C? K, lim, . inf{H (z,p)/|p| | (z,p) € M x R*\ U(0,7)} = o0,
R L9 5. O, (2) Dffu Q=M £353) I LT, B cHE
TEL, w(z,t) +ct Dt — oo IS ZMRHFEET 5. Tz, TOPCRIE M E—kT
H5.



Roquejoffre [20], Davini-Siconolfi [5] 51 T DFERZ & SIcHEB I Tz, [5] T,
HOWBELMEICHT BIREBIET ENT N 5.

g5 KAM BIERIC BV T, Aubry 25 EMEEN S, EHEFEDROMIEZTIIETS % 1z
DICKYIREEDFRR I N, Aubry EBICDOWTOFE LWERR, ZOMHHEICDOW
T, [7), [10], [18] ZBBE Nizw. H51E Aubry 5 ETRO—RRIGRZRL, &
B, OGNS 2ARTO—RIEKL TWVWEZ L Z/RLTN5S.

Barles-Souganidis [2] l&, Fathi b & 1357x > 77T, RIMOMRZETNS. &
ZU, (REREZ D, MEDNTWIEE BN TN 5.

TTT, Z2THOHIABRRKICONWT, EORENK OO &R NT W o
TV eEFELTHEL. B2, [1, [2], 8], FI&BIHH DTSRI Nz,

DA R TRWIEAIC DUV T, Fujita-Ishii-Loreti [9], Barles-Roquejoffre, Ishii
[11], Ichihara-Ishii [12] SAHFZEL T 5. [9] TREFRIEED HI HRENRICTDONTHE
AHTHD, [11] TIE, Aubry EEH T80 MTR2 XS HED TN TS, [12]
G, BRI H HRRICH L TEZ BNT 3. 7z, Fujita [8] 12 & - TUH
DREIICDNTEHRENT VS,

3. A

—7 T, FIER IR 2 A T REICH L TiE, HFE OISR E T
TV, EEM - TWABIRD 2 &, [1, 20] I T Dirichlet FENE Z 5N TV 5
RITH%. :

AT T, IREEHIRSEM & S BERSM 2 in 2 72 HI /5RO EDWTHE
Z 5. ARREEHRIEMF IS RE I OB R B JIRFIC, BRICHTL 3%M4-T, HI /3
FEROBERZM L UT Soner [21] IC K D EA TNz, EREICIE, 4l

ug(z,t) + H(z, Dyu(z,t)) <0 in Q X (0, 00), (5)
(C) ug(z,t) + H(z, Dyu(z,t)) >0  on Q x (0,00), (6)
u(-,0) = ug on Q, (7)

EONTEZ 3. (6) THMCBI 2EHHERENTVS. £/, B TEETEL
ST (11) Y (C) DERAMC > T 0B, COENARDTY FO— VESH O
CHBRS NTWS T LD D, TO S HEMAREEHE LTSN 5 T LIk AK
THBESIHbNS.

LU, REAGET 5.

(H1) H € C(@ x R").

(H2) %z € QA UT, B8 p — H(z, p) BHEMRTH 5.

(H3) 55 1 250 H LT —BEIC, 55 2 280 B L TRIEINTH 5. $75b b,

lim inf{H(z,p) | z € Q,p € R*\ B(0,7)} = o0

AL ARVASR

(uo) uo € C(R2).

(B) Q&A% Holder #IKTH 5. T T T Holder Fi¥l o X, o > 2/3 Z{iTz3 &
DEY 5.

XS UEDICRD LEGE T 2R NS .

EE 3. T>0CLT,ueC@x[0,T)),veLSCQx[0,T)) EZNnZh

us + H(z,Du) <0in Q x (0,T), v+ H(z,Dv) >0 on Qx (0,7),

MR OER T3 L92.208E, u <von QA x {0} &5, u <von
Qx[0,T)TH5.



&Y, M (C) DRED—E MDD H S, RO EESEEIC DOWTIE, STk [21],
Thoerem 2.2 IC, Lipschitz fHEIC BT 2450 H 5. < T Tld, Holder 5551 2/3 &
D EIC K Z V> Holder S E > T2 728, Sk [21] DFERKI DD L—RINTH 5.
ThUE H ORETN (H3) I k26D THS.

RIC, IREEHIRZEA; DO T OIERIEA (ERTRE

S H(z,Du(z))<a inQ, (8)
© H(z,Du(@) >0 on®, )
ICDWVWTEZS.
ﬁ%& Cy %
cy :=inf{a € R | H(z, Du(z) < a X% & D} (10)
LIEFHRTS.

FE 4. B (S), I, a B ey ICHE VDR € OQ) BHD.

A2 2. H=H-cy,Lo=L+cyg bBEXBI LT, H OMEMNEAEIZ 0 &7k
%. TNEKY H LOKROYIC, H,, L. 25X 5T T, eg=0LT&W. LIFTI
ey =0 LRUET 5.

R, Bfu: Q x [0,00) = R%Z
u(z, £) = inf / L(v(s),4(s)) ds +ua(3(0)) | 7 € Clz: 1)}, (11)

LEET B, CC T EED (1,6) € O x RMCH LT,
L(.’E, é-) = Sglap{é *q— H(CIJ, Q)}a
q n

C(z;t) := {y € AC([0,t]) | FED s € [0,t] ICHK L TH(s) € Q@ D(t) = =}
EEWVWTWVS.
5. uld Qx[0,00) LHEHET, (C) DIRTHS.
&I, uw ORFIMERRRIC B BRI DWW TEZ . RO _DOfi#ER HEd .
W 6. (LD z €0, (S) D p € C(Q) ITHL, % v € C((—o0, 0], Q) HIFEL,
7(0) = & 2, {70 [a,b] C (o0, 0] X LT,

b
v € AC([a,8],Q) 2D / L(v(s),7(s)) ds = ¢(v(b)) — ¢(v(a)) (12)
Tz g .
(12) %3572 9" HiAR 72 Wi R & PR3

e 7. Eﬁ%_ﬁ_%‘iﬁ(d € (0,1), B w € C([0,0)) FEHDMD w(0) = 0) BWEEL, {F
D uo € C(Q), (S)o DI ¢, MEERIR Y, t > 7 >0, ;7 < SIEH LT,

t—1

u(1(0),) = u(r(~),7) < $3(0)) ~ $r(~1) + - —w(;).
DD ILD.

N5 OFHE SR [11, Theorem 6.1, Proposition 7.1] DFEREZEERNH % 56
WIKEZBELEZEDTHS. L LEOMEREK D, ROMBOICRICEET % FHERZ215S.




TR 8. (FEDYIIHE uo 123 LT, (C) D% u e CQA X [0,00)) LT % &, 5l
iR (v,c) € C(Q) x RABFFEL, t — oo & LIzHFIC, Q _E—HKIC,

u(z,t) +ct —v(z) — 0
AN AVACIZSY
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The characterizations of weighted function
spaces by wavelets and scaling functions

Hisk Yek  EHRER AR ZEGELETZERD

B=E

We explain the basic theory of wavelets associated with a multiresolution analy-
sis and some classes of weights. We also state some interesting results on the charac-
terizations of weighted function spaces by means of wavelets and scaling functions
with suitable properties.

AR ZE LT, s ZIEORL, 158p OFIIZ 1 < p <o, p' i p DHEE
B, skbb, pl& 1/p+1/p =123 DLT 5. £z, AEETIIHHED
BICR ED 1 BHOEBDGEIC DNV TENSE N, R LOZEHOGEHICDONTE
ﬁﬁ@%ﬁ%h‘ﬁiﬁ’é’%%k&a LTHL.

1 Wavelet & scaling function

Definition 1.1 ¢ € L2 R)ICX LT, yu(x) := 2'%(Vx — k) (k € Z) LTEDS.
Wik j ke Zy D LAR) I B IEHESIHEEZ I W, (Wk : J.k € Z} 72 wavelet 1k
S, 7% wavelet £ =9 .

Definition 1.2 L2(R) DEAER 241 (V) jez DY MRA (multiresolution analysis, % Efi
BIEMNT) TH2 Lk, UTD6&2micdHrrD;

@EEDFeZIIHLT, Vc V.

(b) UV i [2R) ICBVTHETH .

© ﬂ V; =10},

O IEED jeZIH LT, fe v, L fQx) € Vo RIAETH 3.

© FeVh b, D ke ZICH LT f(r— k) € Vo B D 11D & EFIETH 3.
D¢ e VT, {px— ez D Vo lCBT B IEHEREEZKT EDOMEET 5. ¢ 2
{V;}jez D scaling function £ =5 .



Scaling function ¢ Z¥fD MRA {V}}jez D52 SNTRE, By %2

() = > (1) <@ =D, p(/2) > pQ@x+1+1) (1)
jm—t
WKE>TEDSD. TTT, <> L2-AERZET. TOKy X wavelet THD, H
IZ% j e ZITHUT, {Yuhez & W) DIEMESILEZ LS. HL, W1 Vi lcBY
% V; DERMZERTH S ([4,9,11]). §75bbH, wavelet HIE (Y : k€ Z) BXT,
EREICEELem e ZITHUT, BB {omlrez U Yjx 1 j 2 mkeZ} &, £BIC
LXR)ICHBT B IFRESHEER KT, £z, scaling function ¢ AV Y D ERNE S
NE, BOaV7 M MEREDOWERFEDOR, (1) T X 5% wavelet y & [RIERD
HEER OB L A2 HELERELTBER.
T T T, fR&KM7x scaling function & wavelet % 2 f|251F T <.

Example 1.3

(a) Meyer l&, Schwartz class S(R) ICJE 9 % scaling function ¢ 2R L7z. Z DI, (1)
THZ5N% wavelety & SR) ICJET BB L 72%. T D ¢ 72 Meyer scaling function,
% LT ¢ % Meyer wavelet & "5 ([9, 11]).

(b) BRI N > 2 1% LT, Daubechies i scaling function ¢ T, ¢ € C™M(R) hhD
suppe = [0,2N — 1] ZH/z g L DMK LTz, 5, By %

8

Y(x) = (1) < @(- =D, ¢(-/2) > p(2(x = N) + 1 + 1)

i

1

= (-1 <o(- =D, 0(-/2) > pRx —2N +1+1)

1=

TEDS. TTT, r(N)>01 lim N'r(N)=1-1og3-(2log2)™! ~ 0.2075 %&iijz

THTHS. TORFyld wavelet TH D, ¢y € CVR) HD suppy = [0,2N — 1] Z7ifi

129. T ¢ % Daubechies scaling function, % L T y % Daubechies wavelet & FE.5
3D.

(=

2 A4, weight & AY° weight

Definition 2.1 w > 0 a.e. HhDw PV e Ll (R) Ziifi7z 3 Bi# w e L]

| R)EERD.
(a) Weight DV 5 A 4, R 7%=l d wRIKTED B,

p-1
A,(W) ;= sup I—II—Ij;w(x)dx(l—}—l fw(x)"l’@"l)dx) < 0.

Iinterval



T CT, MEID Lebesgue ME2KT. B wed, %= A, weight L5
(b) Weight D7 5 A A T2 R7zHiles w RIKATED S,
1 1 Pl
AZ(w):= sup = f w(x)dx(——- f w(x)‘”(’"l)dx) < 0.
i J; 17l J;

[1<1,
I:interval

B w € Ax° 72 A weight L5,
3 The characterizations of LP*(w)
Definition 3.1 w > 0 ae. TH5 w e LL R)ICH LT, BEANE LP 22/ LP(w) :=

1/p
LPR, w(x)dx) %, PIHEE f T, 1w = (f |f(x)|pw(x)dx) < oo 2tz H D
R
PIRIC K> TEERT 5.

Definition 3.2 w > 0 g.e. MDw /D e Ll R)Zfhi7zd we Ll (R)ICHLT, EA
i} & Sobolev ZE[E LPS(w) := LP R, w(x)dx) =, FIHIKEL f T, LPw)ICEL, »D

BED1<a<sIKRHUTHEMA D f & LPW)ICET 2EDREKICK> TEET 5.

LP’S(W) Ci, VLN ”ﬂlLW(w) = ”ﬂILP(w) + Z”Daf”LP(W) bCE@ L/T, Banach %FEEE
a=1

55.

FHEROFENT DB, LUTOFSZEMERHL THL. j ke ZIZH LT, dyadic interval
% Ly = [2‘jk, 277k + 1)) TEDD. Fiz, A[HIESE c R ORMEEE vg TEL,
Xjk =2y, EEDD. B, ROKS REHDY T AEEEHELTEL.

Definition 3.3 r e NICH UT, BEL f D r-regular TH 5 L1X, FEDOmeNICH L
TEBO<Cp <o BMFELT, BTDxeREL<a<rICRLT, |fX)ID*f(x) <
Cu(1 +|x)™ ZHTzdHZEED.

T T, LP(w) DRI T 2 T NETOWMFUCE L TA LN T E /20,
Lemarié-Rieusset I3, w € 4, DI Calderén-Zygmund fEFHZED LP(w) FIc BT 3
A5 VT, Daubechies wavelet Ic & % LP(w) RS I &5 X 1z ([8]). ZD
%, FEREOTIEIC X D5 MDY, 1-regular TH % wavelet %2 U T1H 5 N5 HH
Aimar, Bernardis 35 & U Martin-Reyes BEIC &> TRENTZ ([1]). —75, we Ay DY
B D LP(w) DR IFICT DOV T & Lemarié-Rieusset 1< K > T Daubechies wavelet 72
WEIENENT WS, T DA, Daubechies wavelet 7213 Tldx <, Z DDA



T3 % Daubechies scaling function & fV % I K o TR DR 5 B HAHGEA
XHTWVB (8)).

FCHRATZOE, TN LP(w) OFMHH YT 25552, weight D7 5 X
I A, & A DEFAEDNT, TN L) L LR TH S ([6)).

Theorem 3.4 w € 4,, ¥ %Z&H 2% MRAICEDNTHER E NIz (s + 1)-regular 7% wavelet
3%, TORE, p AW, s BET ¢ DARIUKIFIC LTEE0 < ¢ < C < o0 BMFLE
LT, fEED felP W) I LT, RO,

LZ Z (1+2%%) |< Sk >Xj,kl2

j=—0c0 k=—c0

1/2
C”f”LP-S(w) < < C”ﬂ|[,p,s(w).

LP(w)

Theorem 3.5 w € 45°, ¢ % C**'(R)CJ&Y % Daubechies scaling function, < LTy
7z o SN E 1% Daubechies wavelet £3%. T DR, p, A2(w), s BXKT ¢ DH
WAKIZ LT8R e, C,. !, C" > ODMFIEL T, EED fe LPSw)Icxf LT, RMBAL

o0 1/}7
P
cllfllzesey < (Z |< S0k > ||<Po,k||Lp(w)| )
k=—oc0
. o 12
. 2
* [Z 2 1 < ik > xid ]
j=0 k=-c0 LP(w)
< CllAlzesewys
00 1/2
2
NAleswy < ( Z |< S eor > 900,k| )
k== LP(w)
0 o 1/2
- 2
+ [Z Z |2js < filjk >)(j,k|
J=0 k=-o0 LP(w)
< Cllflzesew)-

INBDE S EHEZEMORHEMNFICET HHERH S, wavelet (35K U scaling
function) IC X > T, ZDEEZERINC I 2 MEMEIKZHK T 2 HENTE S (1, 8)).
BRBISHE LT, TOMEFREZIERET 5HIC KD, greedy B ([7]) &ML
NZENMEE R ZREMEENS ([2, 5, 6]).
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M-matrices of the ternary Golay code and the
Mathieu group Mis

A5 B
HAR AR B T AR SR AR

1. [ZCHIC

2 6 AFEET 2 HUERBAIREED 1 DTH % Mathieu Bf My, &, Ternary Golay
code Cip D H CLFATEFOFEREE Aut(Crz)/(—1) LA TH ST L3 RWCHIS
NTW5. ARFTIX, Ternary Golay code Cio I M-17%1] (Binary Golay code @
BEagE K [10) Z22R) G5 D2EERL, TNZHWT My DEARNEEZ
fREEd % L HIT, Mathieu Bt Myy, My, KT 200803 Dtk 5252 L 72HW
95, ik, AW LA RECZIR (HAKRY) LOERMETHS.

2. #fa

BB Q= {w,wy -, wn} &L, QIEKDERENS F; EOXT MVZERV %
RDKXIIEET : -
V= Z ]F3wi.
i=1

V OEEDITY =Y, aw IR UT, supp(v) = {w; € Q| a; # 0} LEHKL, v
® support ML, E 7z wt(v) := |supp(v)| EEE L, v D weight FL5.

N7 MVZERV O d Rt 2E C RO Z#iTz3 &£ ¥, C 3 ternary
[12,d,w] code &5

w =min{wt(v) | v e C — {0}}.
w % C O minimum weight & L5,
N7 MVEMVICHRE - ZLL RO X S ICEERT %:

12

12 12
veUui= Zaib,-, (v= Zaiwi,u = bw; € V).
i=1 i

7

ternary code CIcXL, Ct={ueV|u-v=0MWeQO)} &E&EL, C=Ct%
Wilzd &% Cldself-dual TH5 L1 5.



Mon(12,F3) ZHIE T8 (T2 BERITRIID 0 TRV Fs DI OH 1 DH 51T
H) 2ROEAL TS, X7 FVEM VYV O ternary code C, D ICDWT, KD
a9 CEDRERTHD LV

C™ =D, (3Im e Mon(12,F;)).

N7 MVZERV _EDOIED ternary code C I L, C DECRMEZLLFDX
) Luﬁﬁj%.
Aut(C) = {m € Mon(12,F;) | C™ = C}.

3. Ternary Golay code, Mathieu®, M-175ICDWLT

C 7 ternary [12,6,6] code £ §%. TD&E C D weight 6 DJL v D support 2
hexad & FLSN.

#78 1 C 7 ternary [12,6,6] code £ 5%. TDELELITDT LHKILT 5.
1. C & 264 1D weight 6 DITLHEFD.

2. u,v & C D weight 6 DL T 5. TDE X supp(u) =supp(v) AS5I u=+v
ThHB. FT C D hexad DIEENL 132l TH 5.

3. B%Z CDhexad Z2THEDIER LTS, TDELE(Q,B) & Steiner system
5(12,6,5) Ic 72 5.

Remark Q DEED 5 SES T = {t1,ts, -+ , s} LT, TZEZL BDILBH
—BEMCFEET 5 &%, 5D (Q, B) % Steiner system 5(12,6,5) £ 5.

B¢ Fy x {1,2,3,4} — Q= {wi, - ,wp} ZEHF L TB. TED (c,0) €
Fs x {1,2,3,4} I LT, m(c,i) %2 V O 1 RILEHDZE Fag(c, i) ICAENS 0 Tk
VR MLETB.ZDEE3 X417

m(0,1) m(0,2) m(0,3) m(0,4)
M = (m(c,i)) = m(1,1) m(1,2) m(1,3) m(1,4)
m(—1,1) m(-1,2) m(-1,3) m(—1,4)

KRLT, LFDGHDORT VR CICEEND L&, 178 M 7%Z C D M-175]&

W,

m(0,1)  —m(0,1)
1) A= m1)  —m@) |, 2<i<4
m(-1,1)  —m(=1,4)



A4 = m(l, 1)
m(—1,1)

[ m(0,1) m(0,2)

As=| —m(1,1) m(1,3)

\ m(-1,1) m(—1,4)
[ m(0,1) m(0, 3)

Ag=| —-m(1,1) m(1,4)
\ m(-1,1) m(-1,2)

)

—m(0,1) m(0,2) m(0,3) m(0, 4))
\
) )
\
/

Remark VICEENS 6 HDORT bV A 1 E Fy E—RIENITHB T EAEBICD
5. LTzh>T A; (1 <14 < 6) 1 ternary [12,6,6] code C DEETH 5. EHIC
A Aj=0(1<4,j<6)ZHALTNVBDT, Cldself-dual THSZ LMD

FFE CZ2V LOMEED ternary [12,6,6] code & L, X := {—z1, T3, T3, T4, Y1, 21}
% weight 6 TH2 CIMEEDILELT 3. TOLELUFERZT MATHIH—EN
ICIFET %!

r1 X9 T3 T4

U1
21

% 2 C,D%V _EDIED ternary [12,6,6] code £ 5 5. TDE X C & DId[AE
TH%.

Remark ternary [12, 6, 6] code l&%R 2Ic KD —EMTH D, —f%IC ternary Golay
code EMEENS. AFITIXLLT ternary Golay code % C1o TR C &ICT 5.

Ci2 DHCFRTRE Aut(Cro) 13 Q EICEHIST 2D T, LUNOHRRIERZ21G2 T
EMTES:
f . Aut(612) — Sym(Q) >~ SlZ'

fEiE 3 ﬁ%ﬁﬂg{%f DI (—1) Thsb. CZT-11k Ciadx+— —x €Cpo Tﬁ
FEIND Aut(Cro) ICEENBNE2DITTHS.

EE 4 S := {(a102a30405) : 5RNEY] | a; € Q} £ T 5. TDE TFEREE Aut(Cra) /(-

i SICIFANCIERS 3. K512 |Aut(C)/(—1)| = |S| =12-11-10-9-8 TH 3.

1)
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D My 13 Q FOBERITHS. QOITi BEEL, My OLERIEEM,, = {g €
My, |if =i} EEETS. TOLEFHAICEKD, iDELHICEDT My, DR

Liii% M11 7& Mathieu ﬁMH (1_)_[1\[/\ M11 Ti’%‘a‘
4. Mathieuﬁ M12 0)1i7_§5( 3 @;E‘:DL\—(
I =(m(c,3)) %2 Cia D M-ATHIL T 5.

oo —8 0 -1
(m(c,i))=| 7 =X 3 -9 (X = 10).
6 -2 4 -5
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7 0 -3 -1 5 -3 X -1
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6 X

oo 3
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-8 -1
-0 -9
-4 -7
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8101 0131 31X]|1 X|8]|1
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21415 21416 214 |co 21417

N5 4DDHR— R, N.Chigira [1]) THZ 5N /zh— FIHSEL TV 5. N.Chigira
[1](cf. Th.1) Tl&, TD4DDR—RZHNT, Myp,My; Z4EKT % S DAEL2 D

TLE LAY MCBEZTWS.

HE 5 i, DILED MATINCH LT, Aut(Cra) 1A RO 3 DIEAEENS:

=

Cio D MATH TS B4 5 DItk 61,1 £ BL:

i1=(801)(X 39)(245)(6)(c0)(7), 12 = (8 X 2)(0 3 4)(1 9 5)(6)(c0)(7).
CDEEL = {i1is} LEFETS. MATHI J, K, L ZHWVT, [EHIC J3, K3, Ly %

EERT B,

LUF O, N.Chigira [1] THEALNIEH 1%, #i#5 TH5A N3 T

fToTEHRILT BT EZERLTNS.
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(1) <I3, J3 <I3,K3) ~ <I3,L3) ad <J3,K3> <J3,L3) <K3,L3> L2(9) ~ Ae
(2) (I3, J3, K3) ~ (I3, J3, L3) ~ (I3, K3, L3) ~ (J3, K3, L3) ~ Mj;.
(3) (I3, J3, K3, L3) ~ M.
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CROSSCAP NUMBERS OF KNOTS AND LINKS
GENGYU ZHANG

ABSTRACT. The crosscap number of a knot (or a link) is defined to be the minimum
first Betti number of non-orientable surfaces bounding the knot (or the link). We will
review the known work on crosscap numbers of knots and links. Then we define the
concordance crosscap number of a knot as the minimum crosscap number among all
the knots concordant to the knot, and study the gap between the concordance crosscap
number and 4-dimensional one of a knot.

1. INTRODUCTION

We work in the smooth category. An (unoriented) link L of m components (m > 1)
is a union of m pairwise disjoint, simple closed curves in the oriented 3-sphere S3. If
each component L; of a link L is assigned a direction going along the circle, the link L is
oriented and called an oriented link. By a knot we mean a link of one component. A link
bounds various surfaces in S% or the 4-ball B* with 6B* = S3.

The genus of a connected, orientable surface is an integer representing the maximum
number of cuttings along closed simple curves without rendering the resultant manifold
disconnected. It is equal to the number of handles on the surface. The genus of a knot
K is defined as the minimal genus of all orientable surfaces for K. It has been shown
that the genus of a knot is related to the degree of the Alexander polynomial. Namely,
the degree of the Alexander polynomial for any knot K is bounded by the twice of the
genus of the knot. The genera of many families of links have been already decided. For
example, the genera of alternating links and arborescent links were decided by Gabai
[3, 4] by using geometric techniques. The evaluation of the genera of 11 crossing knots
was done by Rasmussen, using a computer assisted computations of the Ozsvath-Szabé
knot Floer homology [12].

Correspondingly the (non-orientable) genus, the crosscap number, of a connected, non-
orientable closed surface is a positive integer representing the number of crosscaps attached
to a sphere. The crosscap number for a knot was defined by Clark [1] in 1978, and followed
by the first concrete calculation for the knot 7, by Murakami and Yasuhara [10] in 1995.
The crosscap numbers of torus knots are determined by Teragaito [14] in 2004. In 2005
that follows, Hirasawa and Teragaito [7] present an algorithm to determine the crosscap
numbers for all the 2-bridge knots and show a table for crosscap numbers of 2-bridge knots
up to 12 crossings. In 2006 Ichihara and Mizushima [8] determine the crosscap numbers
of pretzel knots. The concept of crosscap number defined for a knot is generalized by
the author in her master thesis. Some results on the crosscap numbers of two-component
links can also be found in [16].

This draft was written for the 3rd COE Conference for Young Researchers held in Hokkaido University
13th—16th February, 2007. The author is a Research Fellow of Japan Society for the Promotion of Science.
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2. PRELIMINARIES

Let L be an oriented link embedded in S3. A Seifert surface for an oriented link
L in the 3-sphere S® is a connected, orientable, compact 2-manifold F' in S® with the
boundary the link L. The genus of a link L, denoted by g(L), is the least genus of
all its Seifert surfaces. Associated to the Seifert surface F' for L is the Seifert pairing
f: Hi(F;Z) x H(F;Z) — Z defined by f(z,y) = lk(z,y"), where z,y € H;(F;Z) and
y* is the cycle carried by y x 1 in the bicollar F' x [0, 1].

For an oriented knot, we can choose a basis ej, e, ..., and ey, for Hi(F;Z) as a Z-
module. Then define the associated Seifert matriz V = (v;;) to be the 2g by 2¢ integral
matrix with entries v; ; = lk(e;, e;'). For a genus g Seifert surface bounding a 2-component
link, the associated Seifert matrix should be a (2g + 1) x (2g + 1) integral matrix with
entries defined similarly.

For an oriented link in S% with Seifert matrix V, define the signature of L to be
o(L) = o(V + VT) where o(M) is the difference between the number of the positive
eigenvalues and that of the negative eigenvalues of a symmetric matrix M. Note that the
signature of a link is independent of the choice of Seifert matrix but up to the relative
orientation for each component.

For an unoriented (orientable or non-orientable) surface F' bounding a link L, let
{oa, 02, , 04} be a generator system for Hy(F'; Z). Then the (3, j)-entry of the Goeritz
matrix Gp(L) is defined as lk(oy, 7o), where Ta; is the orientation double cover of «;.
Then for an orientable Seifert surface with Seifert matrix V/, the relation between the
Goeritz matrix G for this surface and V is that G = V + VT. Gordon and Litherland
[6] has shown how to define a quadratic form related with Goeritz matrix by using any
spanning suface, and related the signature of this form to the signature of a link as follows.

Lemma 2.1 ([6]). Let F' be any surface bounding the knot K. Then the signature o(K)
can be calculated out of the Goeritz matriz Gr and the normal Euler number e(F'). Namely
we have

o(K) = o(Gr) + %e(F),

where e(F) := —1k(K,K"). Here K' := ON(K) N F and N(K) denotes the regular
neighborhood of the knot K.

3. KNOWN RESULTS ON CROSSCAP NUMBER OF A KNOT

The crosscap number was first introduced only for a knot by Clark in 1978, but it can
be generalized to links. Let S be a connected, non-orientable surface which bounds a link
L. In the case of bounding a knot, it is the boundary connected sum of some Mobius
bands. Define v(S) to be the first Betti number of S.

Definition 3.1 ([1]). Let S be any non-orientable surface bounding L in S®. Define the
crosscap number for the link L in the way as y(L) := min~y(S).

A necessary and sufficient condition for the crosscap number 1 knots is known as follows.

Proposition 3.2 ([1]). A knot K has crosscap number 1 if and only if it is a (2,n)-cable
knot.

Here a (p, q)-cable knot (see for example [13]) about some knot K is a satellite knot
which runs p times around the meridian of K, a non-separating simple closed curve in
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ON(K) that bounds a disk in N(K), and at the same time runs ¢ times around the
longitude of K, a simple closed curve in ON(K) that is homologous to K in N(K) and
null-homologous in the knot exterior S® \ N(K).

Clark also proved the inequality v(K) < 2¢g(K)+ 1 and asked whether there exist some
knots for which the equality holds. Until in 1995, Murakami and Yasuhara [10] brought
forward the first eaxample for which the above equality holds by showing that (7,) = 3.

For the behavior of the crosscap number of a knot under the connected sum, Clark
gives the following inequality:

Proposition 3.3 ([1]). We have
V(K1) +7(K2) — 1 < y(KifKa) < v(Kq) + v(Ka).

Murakami and Yasuhara [10] gives a necessary and sufficient condition for the equalities,
which is stated as:

Proposition 3.4 ([10]). Let K; and K, denote any two knots, then we have y(K1§K>5) =
Y(K1) + Y(K3) if and only if v(K1) = T'(K1) and v(K3) = I'(K3), where T'(K) denotes
the minimum first Betti number of unoriented surfaces, including orientable and non-
orientable ones, bounding the knot K.

In general, it is hard to determine the crosscap number for a knot. However, Teragaito
[14] had the solution for the class of torus knots in 2003. The main theorem in [14] is
stated as follows:

Theorem 3.5 ([14]). Let K be the torus knot T'(p,q) (p,q > 0). Then y(K) = N(p,q) if
pq is even, and ¥(K) = N(pq — 1,p?) if pq is odd. Here N(p,q) is the minimum genus of
closed, connected, non-orientable surfaces contained in the lens space L(p,q).

According to [14], the crosscap numbers of torus knots are additive under connected
sum, namely, we have

YEREY - - 1K) = v(Ky) + 7(KR) + -+ +7(K),

where K; (1 =1,2,...,n) is a torus knot.

In April 2005, Hirasawa and Teragaito [7] present an algorithm to determine the cross-
cap numbers for all the 2-bridge knots. Here a two-bridge knot S(p, q) is presented by
a pair of coprime integers (p,q). Given a fraction p/q, consider a colntinued fraction ex-

by + —t
bt —"1
...+b__.

algorithm to obtain a shortest continued fraction expansion is presented in [7], and the

crosscap number of the 2-bridge knot S(p, q¢) can be determined in terms of the length n
of this shortest continued fraction expansion.

Theorem 3.6 ([7]). Let K be a 2-bridge knot denoted by S(p,q). If a shortest expansion
of p/q contains an odd coefficient or £2, then we have y(K) = n. Otherwise, we have
Y(K)=n+1.

Note that in [7] they give an infinite series of 2-bridge knots with v(K) = 2¢(K) + 1.

Let K = P(p1,pa, -+ ,Pn) be a non-trivial pretzel knot. In order to make itself a knot,
either of the following conditions must be satisfied:

(a) one and only one among p;,ps,- - , Py, is even and other are odd,;

pansion, p/q = r + [by, b, ..., by, of it. Namely, p/qg = r + . In fact, an
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(b) n is odd and all of py,ps,- - ,p, are odd.
The result by Ichihara and Mizushima is as follows.

Theorem 3.7 ([8]). Let K = P(p1,pa,--- ,Pn) be a non-trivial pretzel knot. When the
condition (a) is satisfied we have Y(K) = n — 1, and otherwise when the condition (b)
satisfied we have y(K) = n.

4. CONCORDANCE CROSSCAP NUMBER OF A KNOT

Two knots K, and K; in S% are called concordant if they cobound an annulus in
$3 x [0,1] with Ky and K; in S® x {0} and S3 x {1} respectively. Concordance is an
equivalence relation and the set of the equivalence classes forms an abelian group, the
so called concordance group. From this point of view, one can define the concordance
genus ¢.(K) as the minimum genus in the concordance class of K. It is easy to see that
9*(K) < g.(K) < g(K) where g*(K), the 4-genus, is the least genus of orientable surfaces
in B* bounding K. In response to the question asked by Gordon [5], Nakanishi explained
the gap between ¢*(K) and g.(K) in [11]. The relations among these knot invariants are
also investigated by Livingston in [9]. Here we define the concordance crosscap number
from the viewpoint of concordance group.

Definition 4.1. The concordance crosscap number of a knot K, denoted by v.(K), is the
minimum crosscap number among all the knots in the same concordance class as K.

Remark 4.2. By convention, the crosscap number of the unknot is defined to be 0 for
completeness. So if the knot K is a slice knot, we define v*(K) = v.(K) = 0, where
v*(K) denotes the 4-dimensional crosscap number, the least first Betti number of non-
orientable surfaces in B* bounding K.

Clearly v*(K) < 7.(K) < v(K), and the inequalities are known to be best possible due
to the following proposition.

Proposition 4.3 ([15]). Let K be a (2, p)-cable knot withp # £1. Thenv*(K) = v.(K) =
V(K)=1.

Then we ask whether some knot exists such that all knots in its concordance class have
crosscap numbers bigger than the 4-dimensional crosscap number of K, i.e. whether there
exists a knot K with y*(K) < 7.(K). The following theorem gives the question a positive
answer.

Theorem 4.4 ([15]). There exist infinitely many knots with the 4-dimensional crosscap

numbers smaller than the concordance crosscap numbers. Precisely speaking we have knots
K satisfying v*(K) =1 < v.(K).

In actuality we give the following necessary condition for pretzel knots of type P(4 —
p,p,2n—p) and P(—1—p,p,2n—p) to have concordant crosscap number 1 by calculating
and comparing the signatures as in Lemma 2.1 and knot determinants, the values of
Alexander polynomials at —1, of those pretzel and (2, p)-cable knots, because the product
of determinants of two concordant knots form an odd square according to [2].



CROSSCAP NUMBERS OF KNOTS AND LINKS

Theorem 4.5 ([15]). A. If v.(P(4 — p,p,2n — p)) = 1, there exists some odd number !
such that the equalities

p?—8n =12 when 8n — p? < 0,
3(8n —p?) =12 when8n—p? >0
hold; '

B. If v,(P(—1—p, p,2n—p)) = 1, there exists an odd number ! such that (2n+p?)(2n+
1) = 1?2 when n > 0.

One will see easily that this necessary condition does not always hold, which means
infinitely many of them have concordance crosscap numbers bigger than 1. On the other
hand we know that pretzel knots of these two types at least bound a Mdbius band in B4
so that a gap between the concordance and 4-dimensional crosscap number is detected.
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Stability of standing waves for the
Schrodinger-Poisson-Slater equation

SIHELI (RS RZE R EEBER 22T SERE)

RO Schrodinger /RO EER RO LEMICDNTHEZ -
iy + Au — (|27 * |uP)u + yulf~tu = 0, (t,z) € R x R®. (NLS)

CCT,1<p<by>0,l, xldEpkiELd%5. ZDEKIT Schrodinger-
Poisson-Slater 720 MHEN % (DI#% (NLS) & #<). (NLS) & Hartree-Fock /512
N2 5 LIc KRN, FEERPOEFEFOIRZ IR 2R T 2YEHET )V
IR > TV (REIC DWW T [2], 18] 2B E iz,

(NLS) DFEEZMHEE LT, BB E,QZROKLSICEET S &, TNEHE
GFREESTWVA.

— l 2 l -1 N 20 / +1
Bu) = [ VuPdo+ 3 [ (ol wuufde - -2 [ puptias
QW = [ e
2 RB
TR E, Q MMERTH B L I, u(t) BN up £ 35 (NLS) DL 3%
Y, E(u(t), Q(u(t)) MZ 2NN A7 L 7 WS B (uo), Q(uo) 10755 T £ T

B%. WHE BTV —, FEE QIR B L ZhZhEh 5. 22 Tt ult)
DJET % BEEZER & L TlE XD Sobolev ZE[4

HIE®) = {o] ol <o}, ol = [ {1V + o} do
R

TEZBDNEHIRTHS. Sobolev DIHEDIAREHNS 2 < ¢ < 6IIHL, HBE
BC>0WFELT
lvllze < C|lv||gr for allv € H*

MRS BDT, 1 <p<bDRHIRER E, Q& H L TEKEEFD. XD propo-
sition TZ N X TOiEE T bA L BHANTIENS.

Proposition 1. 1<p<5&95%. FEDu € HHICHL T, $5 T =T(uy) >0
PMAEL , u(0) = o £ T3 (NLS) Dftu € O([0, T); HY(R®)) b — I HES 5.
B u(t) ERE W=7

E@(t) = E(w),  Qu(t)) =Qu)  for allt € [0, T).



Z @ propositon DFEAIC DV TIE, B2, Cazenave [3] ZSH D &.
TEFERER L 1T w(t, z) = exp(iwt)d,(z),w € R LW SRR E% L 7z (NLS) D
R CTdH 5. DR, ¢, EROFEMR TR Z T2

~A¢+wo+ (|z] x¢")d — 7o' =0, z€R’ 1)
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Definition 2. (i) EEHM u(t,z) = exp(iwt)d,(z) WEETH % & ITEED
€> 0L T, % § > 0WFIEL T infper yers ||uo —exp(10)du (- —y) || <
§ 751X, w(0) = up &L 7T (NLS) DRI R KNS FEEL T, 51
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RS, fEED e > 01U T, 5% up € H DFAEL T infpeg yers [Juo —
exp(i6)du (- — ¥)||lm < e D u(0) = up £ 72 % (NLS) Dfith 4 FRRFE T 15
THLEERANLETHB LS.

Remark 3. ZEMDEET IR ylIc DWT FRZ LB LIFHEARARTHS.
BIZE o7 (1) DR, [y =1872%y e R EHEED e > 01U T, ¢e = exp(iez -
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HB BITONTEIARE).
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Su(u) = E(u) + wQ(u)
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T ‘|‘ p+1 Jgs

5L, EHREE () IZPLEIE S, D Euler-Lagrange HFEXTH 5. D D, (NLS)
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= {v € H,a(R%) \ {0} | S;,(v) = 0}.
L#FEB. T T, & Frechet 57, HL,(R3) = {u € HY(R?) | u(z) = u(|z|)} T
%Za (1) DIFEWZRROHPT S, DEFEFUEN /N & 7% 5 i BEIRREE 5 5. (1)
RICIRRERADESGZ G, LB DED

Gw={w € X, | Su(w) < S,(v) forallv € X,}
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ThHbd. CNETODFEALE DLZEMICET 28HKIE G, DITIc K> TEKEN S
AR DV T DEDTH >, SHIFRD & 57% (1) DROEATERE N
BEMEDZENZER %:

M, = {w € X, | S,(w) < inf max Sw('y(t))} .

Y€T' t€[0,1]

ZZT, T ={y e C(0,1],HLY) | v(0) = 0,S,(7(1)) < 0} TH . mountain
pass theorem & PFEHIN 2 EHZHWAZ 2IC KD ESENT (1) DEDERFAEI
inf,er maxeep,1) Su(Y(t)) THA SN S (BIAE, Willem [14] ZZHD &). D
£ D, M, ¥ mountain pass theorem TS5 N S EFFELL FDEEFEZ £ D (1) D
fRRRDEETH S, EENMD M, #0455, G, C M, THET LW 5.

CNETIKETEREDFAEC DV T L TDO T EWNHIGN TV . D’ Aprile and
Mugnai 4]IC&D 0<p<2FKlEp>5DFITARTDw > 0IZDNT X, =10
TH D, Kikuchi [10], Ruiz [12]Ic XD 1 < p < 2DKHT T2 KEIZ wy > 0DFE
LT, w>wiAbld X, =0Ths. G,ICDOWVWTIE Ruiz [12)Ic&kD2<p<5
DFZTRTDw > 0IEHLT Gy AV THY, 1 < p < 20K H B 5/
Rw > 0DMFELTw e (0,w) B, G, #0THB. M, ILDNTEAIBKIC,
Ambrosetti and Ruiz [1], Kikuchi [10[I1Z KD 2 < p < 5 DFHITRTD w > 01
HLUTM, #0THY, Ruiz 12 ICXD 1 < p < 2DRHIH % T/ NE7x wy HTF
HLTwe (0,w) ZBE M, #DTHD, EHICG, TM,TH5.

RIS TEAEWIRDLENEC DNT, £, (NLS) 1< B L 7= I IR X9 % BEAN
DFERZIENT 5. XD K 575 IFYE Schrodinger ARERICDNTHEZ %:

iug + Au — f(u) =0, (t,z) € R x R3. (2)

(NLS) D 3THAMS LTz f(u) = [uflu (1 <p <5 DEAIEE, 1<p<T7/3D
FHIZETH D, 7/3 <p < 5 DRI ALETHZHENENTWS (3] KU ZD
References # I N2\, &z, [5]Iic & D, (NLS) O 3IHAERANC L1z 2 &
Hfw)=uflu—|uT e (1<p<g<b)ODFRE, 1 <p<7/3, ™D, w>0MN
THNECRFHILZETH BT EHNHSEN TN S (LD —EREDLEMICD
WTId Ohta [11]) Z2MD T &). SR ROMERZ1ET:.

EE 4. 7>0,9, M, LT 3.

(i)1<p<2kdb. Hdw, >0MWFELT, we (0,w,) EBIX, ETENIE
exp(iwt)P, (z) EZETH 5.

(i) 2 <p<T7/3L3%. HBwy > 0DFIELT, w > wy E5WE, ELENESR
exp(iwt) g, () X LETH 5.

EE5 v>0,4,€6,8L,7/3<p<bkd 3. TXRTDw>0ICHL T, EIE
Wi exp(iwt)d,, (z) E WAL ETH 5.

R, p =2l DNVTDRERZARR B =l it 52 HET 5. & u > 0lxL,
IM = 1nf {E('U) | ’U\E\Hl, ||’U||%2 = /.L}, E/J = {’U S Hl | E(’U) = I'u7 ||'U||%2 = 'u,} }:
T5.95L, OO ID.
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TE6. HDv>0WBFELT, v> % &5, FED > 0L T, 8, #0T
H3. EHICATED e > 0IZxL, $5 5 > 0WMFAEL T, infyex, [[uo — @l <
6 7Z 5L, supyginfees, ||u(t) — @llm <e £7E%. TIT, u(t) i uo ZHHHEL
9% (NLS) DR TH %

Remark 7. (i) ¢, 7% (1) DL 35. FEDO u > 0ICHL T, H5—EHNE
wu(= 12/ (161]|72) BMFHEL T, bu, € Z() THS.

(ii) L(p) D—2ZMN CEITBEI L MHOZHZERNT) DREhnd, S(u) =
{exp(i0)¢u, (- —y) | 0 € R, y e R¥} &7 %. DED, EIEHK exp(iwt)du,
MWEETHD NN 5.

(iir) p=2 DK, +/NEx 4 >0ICFIEL Ty e (0,m) %5 X, =0TbH%.

FEPE 4 DFEAATIZ Grillakis, Shatah, and Strauss [6, 7] 1 & % XD proposition
% % (Fukuizumi [5], Iliev and Kirchev [8] & BB E N iz\Y).

Proposition 8. y>0,1<p<5&l,d,€X, &T5. RDFEMN (A ZEZS:
(A) 3 6 > 0MFEL TRZHT2 T :
(Su(du)v,v) > 8]Jv]l3n

for any v € HY satisfying (@u,v) = (idy,,v) = 0 and {(8/0x;)dw,v) = 0 for
1=1,2,3.

T D, 26 (A) DK D AL T ETERR exp(iwt) @, 1T ZETH 5.

DED, KM (A)RLZETHRDDTIEMNITHS. & (A) 2D BIC
WWRDEFEEZHNBENRAY N THS. ¢(z) =w/P Do, (w2x) & THUZL, ¢,
BROFTERDFETH 5:
(el e oPs -l e =0, aeR (@)
Jeanjean and Le Coz[9] D7 A7 7 % H\ T, mountain pass theorem T/H5N %
ERHHROI ZFIAT 5 L, @u, (- —y;) — ¢ in H as w]g(z_p)/(p—1) —0 &z
BUI {pu,} & {y;} CREDFET B, TTT, ¢ 1& (3) D 3WAML L Tz,
JHME N BRI D B0 5 75 2 FE MR 52

—Ap+od+w

—Ap+¢— P9 =0, reR3
DIFERTH 5.
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Asymptotic Expansions of the Solutions to the Heat Equations
with Generalized Functions Initial Value

KUNIO YOSHINO f and YASUYUKI OKA §

T 1 Department of Mathematics, Sophia University, Tokyo, 102-8554, Japan

We will drive the asymptotic expansions of solutions of the heat equation with
generalized functions initial data.

Keywords: Heat Equation, Asymptotic expansion, Tempered Distributions, Distributions of exponential growth
and Fourier Hyper functions

1 Introduction

In[4], T.Matsuzawa characterized tempered distributions as the initial value of the solutions to the heat
equation .

Theorem 1 Foru € §', U(z,t) = (ux E)(z,t) satisfies

(% - A> U(z,t) =0,

U(z,t) € C®(R? x (0,00)),
M, AN, Uz, t)| < CtNA+z)™ , zeR?, 0<t < 1).
Moreover,
Uz, t) = u, (t—0)in S'(R?),
i.e. <u,p>= %im Uz, t)p(z)ds , (Vo € S(RY)), ()

—0 R4

d 2

where E(z,t) = (4nt)"%e % , (z€R? , 0 <t < +0) .

We analyze () more precisely. Namely, we will drive the asymptotic expansions of solutions of the heat
equation with generalized functions initial data in this paper.

Main Theorem 1 Let U(z,t) € C®°(R?* x (0,00)) satisfy the following conditions :
(1) Q—A U(z,t) =0
6t I - 7

(ii) 3C >0, v >0 and 3k > 0 s.t. |U(z,t)| < Ct="(1 + |z|)¥,
(zeR, 0<t<),
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Then U(x,t) has the following asymptotic expansion :

U(z,t) ~ ,:0 Z—k!A’;u , (u € S'(R%) such that u = th_% U(z,t)) .
i.e.
. LA % Y p
tgrgl+|<U(:v,t) , <p>—k_0E—! <Aju, >|t77 =0, (p e SR,

where Ay =82, + -+ + 02, .

Corollary 1 Foru € S', Put U(z,t) = (ux* E)(z,t), then < u, >= }irr(l)/ Uz, t)p(z)dz (Vo € S).
— Rd

We obtain the similar consequences with regard to distributions of exponential growth and Fourier
Hyperfunctions by using the results of Suwa[5] and K.W.Kim et al [3] respectively.

e This is a joint work with Professor Kunio YOSHINO.

2 Preliminaries

We use the multi-index notations such as

la] = a1+ +aqg fora=(ay, a4 €L,
where Z is the set of nonnegative integers and

9 i=1,---,d).

oT =0 0= 5

Definition 1 We put E(z,t) = (47rt)"%e‘%§ , (zeRT, 0<t < +00),
E(z,t) is called heat kernel and have the following properties :

' E(.’L‘,t) ES(]R%) ) (t > 0) P
/ E(z,t)dz =1, (t>0),
Rd

. (%—A)E(m,t):o, (zeR, 0<t<o0),
02 0?
U)hCTGA—EE%‘++5l.—3

Definition 2 S(R?) = {p € C®°(R?) | Yo, VB € Z2 , sup |z*0°p(z)| < 00}.
z€Rd

Definition 3 S'(R?) denotes the dual space of S(R?).

Proposition 1  Let u be a linear form from § to C. Then the following statements (i) and (ii) are
equivalent.

(i) ue S'(R?),

(i) AC >0 st | <u,p>|<C Z sup (1 + |z[>)*10Pp(z)| , (Vo € S(R?)).
18]+ <m =R
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3 Asymptotic expansions of the solutions to the heat equations
with the tempered distributions initial data

Theorem 2 Let U(z,t) € C°(R? x (0,00)) satisfy the following conditions :
(i) Q—A U(z,t) =0
at b - )

(ii) 3C >0, v >0 and Ik > 0 s.t. |U(z,t)| < Ct7"(1 + |z|)*,
(zeR:, 0<t <),

Then U(x,t) has the following asymptotic expansion :

— tk k ! (od 1
U(z,t) Nk_o HAmu, (uES(]R ) such thatu-%gr(l)U(ac,t)) .
i.e.
N
. =t k _n d
Jm [ <U(z,8), 9> =) 55 <Agu, p>[t77 =0, (p € SRY)),

_ 52 2
where Ay =0, +---+ 0, .

Lemma 1 Let ¢ be in S(R?) and ¢ > 0. Then

/Rde—zzza {/01(1 — )Ny + V4izt) de} dz

is in S(R?).

Proof: )
e lypyief [ e { [ - ooty + Vi) s} aa
0

€
Rd

=(1+ |y|2)7]/Rd e 2 {/01(1 — 0N AP oy + V/AE20) da} dz)|

<1+ |y]2)7/Rd e |2 {/01 11— 0[N0+ |y + V/AE20))| dé’} dz. (3.1)

Since ¢(y) € S(R?), we have the following estimate,
L+ [y*)185 e (y)] < C 0.

So we obtain
105 P oy + Vat20)| < Cy p(1+ |y + V4t26]>) 7.

Thus,
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(3:1) <Cop U+ ) [ e el (0 + Iy + VaEa6P)
R4
<Cyp- 2"/ e_z2|z|"‘(1 +|V/4t20|?)"dz , (by Peetre's inequality)
R4

<Cyp5- 27/Rd e~ |2]*(1 + |22[2)dz

0,02 Y (7) [ el a Vs

<
<Cyp- g (}) <%)djljlr (%(%’ +2(y; —6;) + 1) :

Hence we have

/Rd e 2 {/01(1 — )N o2y + V4tz0) d0} dz € S(RY).

This completes the proof of Lemma 1 . [

Proof of Theorem 2 : By Matsuzawa’s result[4], There exists u € S'(R?)
such that U(z,t) = (u * E)(,t). For any ¢ € S(R?) ,
<U(z,t), p >=< (uxE)(z,t) , ¢ >

=< uy, El@t)xp>

=< uy, / 7T_%e_zch(y +Vatz)dz > .
R4

By Taylor’s formula ,

d 2 d 2 ||
/Rd T %e (p(y+\/4_tz)dz :/ T ze " { Z (\/4—? 2%0, p(y)

Re jal<v &
LAY % /0 1(1_0)Na;*ga(y+mz9) do}dz

|aj=N+1

Lt WEN T YD M/ o= 50 {/1(1 — )N o p(y + VAtz0) de} da. (3.2)
R4 0
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Then we obtain the following equality :

N
I, tk N+1 !
(35) = 3 L akp(y) + -t vaN T Y : )/Rde—fza {/0 (1 - 6)V 02y + VAiz6) de} dz |
k=0 |a|=N+1 '
where A = 331 + +6§ g
Thus ,
N
z 4k .
<U(z,t), p>= <uy ,ZHA o(y) >
k=0

1
+ <uy, ﬂ-_%(\/E)N"'1 Z (Na—i'_ ) / e 2 {/ (1- G)Nag‘cp(y + V/4t26) dﬂ} dz >
: R4 0

la|]=N+1
Therefore we have the following equality :

N
Tk

|<U(z,t), o> —Z%<Aku,<p>!t_%
k=0

1
= |<u, , m 2 (VAN > (NC:'“ D[ 25 {/ (1 —0)No%p(y + V4tz0) do} dz >|t~%
. 0

la|=N+1 R
(3.3)

We obtain the following estimate by Proposition 1 and Lemma 1. For any n € N,

(3.3) < Capryat > t7% = Copyat? = 0 (t = 0).

This completes the proof of Theorem 2 O

Remark 1 We obtain the similar result for the distributions of exponential growth and Fourier hyper-
functions in [6]
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Classical and Quantum isomonodromic deformation
with affine Weyl group symmetry of type C’l(l)

YR Al [RERZER B RPERIEAT TR

1 Introduction

ALUR—FTRE, CRONIEZR DT/ RaI—REER L Z0R HEEHNT 5.

./ Fu I —(REETE ORI A1 Painlevé JTREIADEN S T LAY 20 HHFHIEAIC R.
Fuchs I K> TIRENTz. D% 80 FAUCRIAFIKIE Painlevé FFEXMNT 7 ¢ > Weyl
BEOVER 2R I 2 E L TEDO T & &R LTz, 90 F£RUICHHE - 1LIMIE Painlevé
FHRXONIMER T 7 ¢ > Lie BaZz O THRAINCHIHT 2 2 LI LTz,

Painlevé SRERENINV =7 VR E L TEMN Poisson FHlZ S FICEZTHZ 5
BE®RTOEHEIEZEZENS. LML RICZFOEHLE BN ELZSHNDED,
ZFDERFLDOHRTT 7 1~ Weyl HERFMERFFDE DOWNFIET 5 2 EDNEZICK > TRE
niz.

—75, B/ RaI—REEEOR HUICBEL T, 2 LY U H—FREMEN SRR
B DEHICITZ DR AN HEERIC B 2 HBEBIR DM 72 WM n e, KZ 75
I, & HEE S T & Reshetikhin IC K > TRENTZ., a2 LYV H—RORHREGS
/S Painlevé TR TH S T L5 Painlevé TR OB LI ILIEG G S HEfR
INZEEHIWEFL TS, FHRDODLR—=FTHRS E/ FaI—REEEOEFL
B &S EHEIHEmTHEEN TV AGEE X DIREN TV A5G LR TS, DX
D, BEMLNTVWAHERMICEENZVHI LORRTHZ VS T ETHOHIIANEEZ
W5,

2 O\ BRHHER OMOLERR
O TIXHIRDGEZHNT 5. EftLxs ) —RIEIRTHS.
Cn={X € gi(n,C)|XJ + JX* =0}.
FELn=4,6,.. . LT N=n/2LL

0 Eu

EszEi,N—H—ia J = _Ey 0

i=1

freZldn=40LZ

(@)

I

—
S O = O
O O O =



TH-o>T,

b =z y
d z =«
u —d —b
s —c —a
B 5 G HBEBAZER L XS5, C LOBRHBEKIA Chyn (m < n) ZEFITD ¢,
fiiri (@=1,...,n,5=1,...,m) TH> TROEHFK

€ = s(t,9)e1—, fij =800, 5)fimiizjs  Sovipti = fij (2.1)

ZWilzdTEDET D, TTT, 8(3,7) & Z/nZ x Z/nZ LD s(i,5) = s(34,1) =itz B
TRTEEXS.

Cy= € Mat (4, 4)

S »® O 8

S(i,j):{ -1 (1<ij<N or N+1<ij<m)
1 (1<i<N, N+1<j<n)
RICEZD Crnlz, 271 DILTH S nxn 75 L ZRTEDS.
Li=¢ (i=1,...,n), (2.2)
Lij=fiz (0<3), Lij=2fijm (i>7). (2.3)
Z D L 7% Lax operator EM5. L1 ¢ Z)NTA—X, f, BB HILE, C, ®

Conl2, 271 D E=AESIMEZ LS. T5DE g=C®Cnnlz,271] £ L, 9= 950D 9<0
K&%%Kﬁ%%ﬂ 9>0, 9<o0 %lﬂl“(ﬁ&bf:c‘:%,

* % * - -
* * * *
0 = *
g>0 = B S B + 22 : + ? (2.4)
: C * * * *
0 - 0 - - ]
0 0 0] - - )
* * * *
*x 0 .- 0 . .
go=9q| - - | FE R i+ (2.5)
_* .o * 0 L J )

Lid g lCBFEND. X eglllWL T, X=X, +X_ 2 g=g50 D geo iCHDETFE
IRET S,
Bl LT n=4 DEEZETLS.
€1 fiz fiz fua
zfas €  faz  fou
2fss 2fss € fa|
2fis 2fss 2fur &

L=

WA A DT TEL &,

€1 Ji2 fis f1a
zfs € Ja3 fis
2fss 2fss —€  —fia|
2fas 2fss —z2fis —€
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RIC Poisson fEilERTED 5.
1
{fijs fu} = 5(5j,kfi,j+z~k+5j,1—13(k, D) fijsi—k— 613 fr jri—i—01-k,i8(k, 1) fi—i14j—i—k). (2.6)

—s(i, k) = s(,5)s(j, k) »5 LOERBEGRIEIFELRIERENS. X7, 6 &

)1 (j =k (mod n))
i {O (j #k (mod n)) (2.7)

£95%.
Poisson fEIMDOHIEIAXRK 5. {a,b} D a Z—FIHIC b Z _ATHICE WV, fiu, fos, fo6
5134 T & Poisson A TH 5.

fiz f3 fis fis fas
fiz 0 fis —fss 3fu —3f3
fas —fiz 0 0 0 Jos
fais  fas 0 0 —fs O
fis —3fu 0 fas O 0
fis 3fss —fs O 0 0
ORI S EHERE NS K 51, Poisson #illlld Lax operator DFELEN SR SN TS,
Te b 2103, {fi2, fo3} & [1/2(Erg — Es4), Bag] ERISL TS, T T T, Ey; W& (4,7) W
1 THIDE DD 0 DITHITH 5.
C LD derivation 9,4, s,k € N (k 1Z7%#1) % Lax J7FExX

Os k(L) = [L, Bs x| + £20,(Bs ) (2.9)

CihB. FFL, By = (L), k € C L, 8, & Cnp L0 2 % 1 ICBIHT

derivation £ 9 %. k WA TH B L OEBNREZE I g DILTHRWVWT &5

{3 kDM THENE (2.9) DEUIE ¢ KEEFNEDTEBENTCES.
RICHRREZRER LK S. Gieg (i=0,1,...,N) ERTED .

{ Eiy1i— Bny1-in—i :
G; = exp [ i Zitli T Pntloin G=1,...,N 1), (2.10)
fijit1 2
o -1 ay
Go = exp 7 +1E1,nz , Gn=exp v Eniin |, (2.11)
n,n )

72120, 0f =2(6—€41) (i=1,...,N = 1), af = —2€; — K, o =2enx £T 5.
O G ZAVT Cpyp LOMERM 5, (1=0,1,...,N) ZRORXTED 3.

k20, + s;(L) = Gi(k0, + L)G;*. (2.12)

ZDE& ¥, Lax JFREAMN

[k20, + L,0s % + Bsg) =0 (2.13)
CEIERBZILL LOELRMND, s; & 05y FAIIATH B EDDND, §75DD5 5 &
Lax /IR D ZIRGF S 2R TH T D%, Tz s IZRIFRIN

=1, sis;=s;8 |i—j|>2, (2.14)

(3
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8iSi+18; = Si+1S5iSi+1 1= 1, cee ,N - 2, (215)
80815081 = 81805150, SN-1SNSN-1SN = SNSN-1SNSN-1 (2.16)

Zlt L, CW MDY 7 ¢~ Weyl Bi% /59, 20T &%2E 5T, Lax A (2.9) & P
TR R D VNS . DT T ¢~ Weyl BEORBIDOK AT E T « ILFHO—#D /R
VT 2 AR 2 0FREDHRIC K 28 DTH 5.

KNIV =T VERELES. LK b € Cuale] IEH LT hy 2 s ROTIDHS
EXEHE. TDEENI )V IZT VIE Lax operator L DFED L —ATED BT &H

Z %‘5-
k 1 ? ( )

CNEDNINW T VU THBDIERDGENK D I DONS TH 5.
Proposition 2.1 HA s, s, Ak, k' I U TRHRLD VLD,

(1) Osi(fij) = {Hsk, fij} + (K20:(Bsk))i s (2.18)
(2) {Hyp, Hyp} = 0. (2.19)

C OMEOFIHIXEEFIC K> TEAIRT T ENTES. COMELNDL k=0DEL X
LW ARERETTHEIZRTHE EHDHNS.

Lax operator DD b L—AMNZ DZRDMRIFRICIE S LW D FHITAIFEARICBNT
KLHBNTZFHETHS. LHLEEDOHBIRED LRl O ITIEZFIERTZF T C
ROLEIZRV. A BOLER [2].

Example 2.2 fl& LT, n=4, m=3,5=2 k=3 DETREXITRZS. COLEEM
REHETHODIEARZERIIDOBTH O, B [1] 12K D Coupled Py TH2Z LHHIS
NTW53. & Coupled DEWRIZ DD Py DIV T VK> TThhHEETF
FHRIDONINW T UHETBT L EEKT S.

AHIREEUA Cp e DERITIE

€1, €2, f12, fa3, fus, f13, fa5, f1a, fos, fae (2.20)

THY, Poisson FHMEE (2.8) IHB LBV TH%. LITTE, fBHOEZD fi = fio,

fs="fo, fo=fus, 1= fi3, 92=fas, fru=1, fos =1, fas=1 &9 %.
Laz 175 L &

s,k —

a fL ¢ 1
z €2 fa g1

L= 299 2z —€ —fi
zfo 290 —z —€
Eixs.
Laz 773K
023(L) = [L, Byg] + £20,(Ba3) (2.21)
et
g -1 0 0
Bys = 8 o _912 (1) (2.22)



ThHBT LN OBRMUBEEL f;, 9 1T DM 8,3 DIFHEEETT L,

O23(f1) = figo — 1 fi + €2 — €, (2.23)
023(f2) = —fa92 — 92.f2 — 263, (2.24)
02,3(fo) = fogr + 91.fo + 2€, (2.25)
3(g1) = —fi+ fo— q192 — 93, (2.26)
023(92) = fi — fo+ gon + &2 (2.27)
Eix-oTV5.
7T 1Y Weyl BEOEHBEZTZ 9. EXTTWKIEROXZES OHLEL.
\/ 2
(fkl)‘fkl+{fzz+17fkl} +{le+1>{fm+1)fkl}} ( ) +oeee (228)
fz i+1 fzz+1
FERXERNTT 7 4 > Weyl BEOVERHIEZRD K S ICEZTES.
fo fi f2 o3} 9o
so |fo f1+g2°}—g fa gl_%c% g2
Y ay 2 ay¥ aY 2 a aV¥
s1 f0—92°}—i+}1(f—1) fr f2+g1f—i+i(7§‘> gl+éf1 92— 35
sz |fo fl_gl% fa (Y1 92+%
£ of LTI
oy o oy
So oy af +20) Vv
s1 oy +af —af ay + of
sy oy of + 208 —ay

LIED, oY Rb— b EREEE T EDDIS

3 O BN EROWNHERRDEFL

C OETTIERIE TR LIz 3V R 27 VRORTALRITS . Wil £ AR SR,
RTLENEER SR f, Bk LEL )
HEC Rk EEEL LS. C FORMA Gy (m < n) BRTEDS.

iﬁifc'hq,ﬁiﬂ- (i=1,...,n,5=1,...,m) (3.1)

BIRRK © & = s(3, Z)el iy fii =8G9 fiminisgs  Farines = Figy (3.2)
[fzj,fkl] (ykfzg—{-l k:+5jl lS(k l)fzg+l k _5lsz]+l i — 01— kzs(k l)fl —l,14j—i— k)

(3.3)

NSO GERBIKRID 1FRTHID Poisson L {,} + 1/A],] EXIEL TS
COLR—=FTOEMEEIF FREOBEZMZICKZEDDT ETHD, & & D Poisson 18
B 5185 N5 IE KR Z D Poisson KA D E T LEWVS.
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HHZR LIRS Crplz, 271 DIETH S nx n {75 L ZRTED 3.
i — € (Z: 1,...,n), (34)
j=fiy (<3), Lij=zfijmn (>3). (3.5)

Fl, §= Cn®é\m,n[z,z ] EL,g= 950 D J<o L% B4 9>0, 9<0 Z R & ARk
EDS.
Lax S %2 T derivation ZEFZEL L 5.

I

Proposition 3.1 s,k € N, ns > m(k—1) I LT 5m,n D C-derivation 855 2RT
EDDBTENTES.
8.<>',k(L) = [L, Bs,k] + H/zaz(Bs,k% (36)

72720, Byp=(L*2*),, keC &3 5.

derivation O A é\mn DEZBARRZIRIEFET D V5 Db 3.1 DFRTHS. iz,

BTOBRAETEIBRER® A,Be§ THo>ThHMUC [A, Bl € § LIFRSRWM L, B,i] € §

THEOTERDTES. ¥ 3.1 FEEFHE TS LICK > TURT T ENTES.
RICT T 4 Weyl BESFIEZREL & 5. HLDIGE L HATICERT S LN TES.
Gieg(i=0,1,...,N) ZRTED?.

A i{ Eiy1i — Bpyi-in—i :

G; = exp (fa anty 2n+1 = ) (i=1,...,N—1), (3.7)
7,5+1

A o -1 A o

Go=exp| ——FE1n27 |, Gn=exp| = Entin |, (3.8)
n,n+1 N,N+1

elZl, of =2(6s—€11) (i=1,...,N = 1), af = —2¢; — K, afy =2exy £T 5.
2D G ZRHWVT Cun L@“Q’@H’_fé si(i=0,1,...,N) ZRDXTED%.

k20, + si(L) = Gi(w0, + L)G“ (3.9)
HHER & [AIRRIC Lax AR
k28, + L, 05 + Byx] = 0 (3.10)

CEIEREZILL LOEERMND, s & 05y BAIMATHE ENOMD, T4DE 5 1
Lax J7#5\ (3.6) ODffiE 72{%(?'9’”%)7??“*'(373% b, Xz s IXBIFRK

s2=1, si85=s;8 i—j>2, (3.11)
SiSi+1Si = Si+1SiSi+1 1= 1, .o ,N - 2, (312)
$0515051 = 81505180, SN-1SNSN-1SN = SNSN-1SNSN-1 (3.13)

B L, P BMDT 7 4 Weyl BER T, CDT L%2E 5T, Lax /552K (3.6) 1& P
B REZ R D WS . TDT T« >~ Weyl HEOERFIZEE - 1LEDHRER U7z Poisson 1t
BEOEREEB LS5 E {|} — 1/h],] DBEBTEEMZZEDICE>TVS.
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NIV =T VOMKRE HHEFERTH 5.
tr (Ek+1)

HHLOW A Hypy NIV T VU THBT EDREHEEG TH -1, Dixl e d
BIEEClX, EEGTR DN DG ED IR E N TV Wz a7 DA HE R 2 Meb 5 .

Theorem 3.2 A% s LWk T ns > m(k — 1) Zii7z 3 DI UTRADLD
YID.

Hs,k =

ol 1re -~
[Hs,kf, L} =2 [L, Bs,k] . (3.15)
T I XHAITHTHS.
NIV =T VOISO L T ATRTHS.

Conjecture 3.3 B s,8' LFE k, k' T ns >m(k—1) HD ns’ > m(k' — 1) Ziifilz
FTEDICR LU TREADED LD,

[H,yp, Hy p] = 0. (3.16)

SE XA

[1] Noumi, M.: private communication

[2] Nagoya, H.: Quantum Painlevé Systems of Type Agl_)l with higher degree Lax oper-
ators, preprint

[3] Nagoya, H.: Quantum isomonodromic deformation with affine Weyl group symmetry
of type C’l(l), in preparing
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The lower bound of the w-indices of surface links
via quandle cocycle invariants

1 4y) H2% (MASAHIDE IWAKIRI)

JRERZ RGBSR A I
HACE MR SR RTS8 (PD)

1.

42— V) v RZ2 R I RATPERICERSA £ N Fof & (1 B - RAhE % dhiE
BIHABELVWVET, 2D0HIEAH F, F' BEBITH S L1k, (54 A : R* — R?
BEIEL T, h(F) = F' BEDNIDT L TY, 2 D0 2 RTMROER Dy x D, I,
TrR—ICRFTERICHDIAENT= 28 PR E DDV HIE S WRE m D
BRE T LA K (13, 20) TH 5 LlE. RO 2&MEHTZTLERVVET; (1) HE
7 : Dy x Dy — Dy OFIRRER 7| S MNEHZ m RONEHEEIRTH B L. (i)
S DEIFIX 08 = P, x 0Dg k755 T &, 12121 P i& Dy ® m ABDPNERD FEE 5
TT, 2DDMMET LA RS & S HEHETHSLiE. Dy LD D, KELTDT 7 A
IN=72{R#D Dy x 0Dy %1k 72 Dy x Dy DET AV "E—DEFEEL T, S%& 8k
FTLEREVWET, HHITTOLE LAMKIC, 4 TZEMICBWTET LI A—
DEH—FRXTOIHIFRETHE FIZHL T, ifi7 LA K SBWEFEEL T, S Oan
F LABM—PEOIBET, (HaoEHid. [13] 20)

7 LA R S D 3EADER/NZ S D w-index &\, w(S) TELET, &
fo. HAMGHHE FISR LT, BQN F LAEV2pE 7 LA RO w-index D&/ NUE
F O w-index &\, w(F) TXULUZXJ, S.Kamadalckb, HiEAHE F MV
RUBBETHBTL L, w(F)=0TH3T LRBBEFTNEGTHZLIREN
% L7z ([11]). 1. Hasegawa Ic XD, URY THRVHIE#EAHOD w-index N4 LLET
BB L, VRYTEW S2AEHH (HRERR T MNT T 2 RILEKif) O w-index 7Y 6
METHB&ZRLELK ([5]). /. T. Nagase, M. Ochiai, A. Shima Ic XD,
w-index H 5 TH B KA EDFIEL RV ERFMSNTWET ([15).

J. S. Carter, D. Jelsovsky, S. Kamada, L. Langford, M. Saito 5. A F)b3a
YA OIWREE LTINS /1> RV 3-0 1 7))V Wz EE» H DAL R 7 E
HLELEZ(2) AV ROV A ZINVAERIZZD 3-0Y A JIVOEHDOTTN 5%
% multi-set Z{HZHD £3 (cf. §2), S. Satoh, A. Shima Ic kD, 2-V A1 A k A%
VEERUCHD SEAED 4 THD ([17)). 3-VA AP ANRVZERTHD 3 Bl
A6 TH5T & ([18]). E. Hatakenaka iC kD, 22V A A+ A/ 8 DFHETHD 3
FEMA 6 LLETH BT LARENE LT ([6]). ZRDDFJRICBNT, AV R
YA ZIVABENAVSNE LT ((19])). T2 Tld, #F#KHAEHD w-index I3 L
T. FAKOERMESNE LTz,

I 1.1, FzMifigH»rHET %, QR zrxy=c=z=yZM/iz3Th> RLE&T
%o QD3-AY A7)V OIKBET B RVaAY A 7 IVAZEE Og(F) BEAITTTH
TERELEE, w(F) > 6 R T,

¥ 1.2, VRV THRV S48 HD w-index 7' 6 LLETT ([5]). EH 1.1 DIEIR,

VRV THRWC EEEKRTZDT., EH 11T SHRAED L I IIDT L35
BNTWE L, TTTIE BEICKSTHDIIDTEEFELTWVWETD,

liwakiri@hiroshima.-u.ac.jp
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Q_AF:W;X = =

¥ \WI

1

% 1.3. TEOBREn &, FED OLILEDER g1,...,9, X LT, n B BRI
HEF=FRUFRU---UF, T, F, DK g; D w(F) = 6 TH3 L DOMNEE
T3,

2. iR AEDA Y F)vay A4 2 VAL E

RD I DDEMERI-T 2IHER « H5EZALNTVAREAQEZAY RILELW
79,
(1) EFED ge QT LT, gxg=g MDD,
(2) FEED ¢1,020 € QICH LT, g3 € Q W—EMNCHFEL T q1 = g3 * g2 BED
iASK
(8) EED q1,92,93 € QITH U T, (g1 % g2) * g3 = (q1 * g3) * (g2 * g3) HKY
iyASH

Bl 2.1 p2TERELET, Z, 2 Z/pZ 3. 2THER axb=2b—a DL ETAHY
FVTY, TOAY VDT Lz 2EEAY FIbEWwy, R, TRLET,

HERUCHORER & E, READY L2V v I EFHICXBRICBNT, 2ESA
HFRDRE D TTFADGEYINT % L TRRD L TOBEHRZ ANTZE DD L2V
9 (K1), HEROBRERDZY— bWV, HEECHE F 08K D OY—
DES% (D) TELET, FER3OMELL, B¥— FOERARERDET,
FEK DD Q-FERLIZ, AV RIVQANDERC: (D) — QDT & TREWIZT
DL LETR2EMMBEOEO DO LY — D% u, FHY—rDS3 B EFY—
FOFERRATICE L TERICHZ TAHY— otk N, RlllchbB THY— ot
A & LIZEE M*xp=X t%%5% (K1), DD Q-Efafi{k% Colg(D) TEL
%9,

i 2.2. D zEAETH F Ot E Uik &, |Colg(D)| XS T HOAZE
BTY,

QEAVRENVELET, n>0IcHLT, Q" ZHKL T % HEINE CE(X) .= ZQ"
LEEET, . CRQ):=Z LBE. n<0IcHLTCRQ) =02 LET, &
fo, BR¥ERAL G, : Q" — Q™1 &

Onlar, - 1 an) = (~1)" S {(-1)lar, - i+ 1)
=1

—(—1)Z(Q1 *Qiyt ot 3 Qi—1 * Qi Qit1, 0 ,Qn)}
LEELET, DL E, CEQ) ={CE(Q),0,} BF = A VEKTT, . n>1
KN LT, CPQ) %, {(q1, " ,qn)|@ = giy1 for some i} ZEJK & 3 % HHMMEE L
L. C2(Q) := CE(Q)/CP(Q) £BE, n<0ICHLT, CQ):=CEQ) L%
T, TOEE, CQ)={CP(Q),0,} &F = A VEKTT, cOLE, FAUHE
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KCOUQ) 5. AV RIVRERY—ELAY FIVAKREQY—BZERLET, T
OFETY—H, IFEOYV—BUIL, [2] TEEISNI LI, AV FLRERY—#
3, [4IEBI BTy 7 RERY—HOEBELIZLDLARBZILETEET,

AT —NNVHDEE RD2DDERZMICTERI: QxQ xQ — Al
HARIC 3-aT A V)V 28 L KT

0(z,y,2) +0(x * 2,y * z,w) + 0(z, z,w)
= (B(z*y,z,w)+0(z,y,w)+0(z*w,y*xw,z*w),
b(z,z,y) = 0(z,y,y) =0

B 2.3. (14 1cBVT, (EFHPABEMTSH S 3 XL REDT— H3 (R, Zp) 2 Z, TH
. ZTOHERITLL RS K S 7% Mochizuki’s 3-8 1 7)1
_y) P+ (22 —py)i" — 227

Op(z,y,2) = (=
MEALNE Lz

QEAEMRAVENVEL, 07— VEAIKEEZLS QD3-aY A7)V ELE
9, D ZHmEECH FOSEKELET, BOCIKH LT, 3HELAtDORIVYTY
JIA %

B(C,t) = ¢(t)0(z,y,2) € A

TEELET, L. = b A\p,vd, SEEALtDEALDY— hOFERAMICEEL
TR 2DNEBICHBEE, —F \p,v DEEBEZTNTN 2,y,z L LET, THIC,
et) Z3HERtOFELLET, TDELZE,

@p(F) = {D_ B(C,t)}cecolq (D)

N DOEOYAHICEBRNT ENNENTEY, A FILaABYA7IVREEL VN ET
(cf. [2)e TTT. 3,3 DDINTDIERAZMDET, Pg(F) l& M O multi-set
DILELTEZET,

Bl 2.4. H123 THEZ BN 3-TVA V)V 6, 1T S, WAVWALRHTIEHE F O
AV RVITA JIVAZER B, (F) WRHEENTET ([1,2,7,9,10]), HIZIE, FN
-V A ARV BERTHDO L %,

®y(F) ={0,0,0,2,2,2,2,2,2}
LD ET,
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E 2.5, WY RV AV A VIVAERIGHRA IR B OMEZ NS DICRICTD
9, FR2VAANANRYIERTHE L, F emEA¥oimETtHEzZ —F &
ERCRN

®(F) = {0,0,0,1,1,1,1,1,1}

EEDET, 2O kI, VA AR SERUENIERMTH ST L EEKRL
TVET ([1,2,7,10), EMCE, §1 THBNE 5% 3 TSR, v— Mk VR
YAy VRV A ([3]). 3 EaAMFHE ((8]) T EOMEN, AV FLadA 7R
BEFHAVSZ ETHXRGNTVET,

3. i 7 L1 FOSEX

2 XGTFIR Dy 2K Iy, I, DEFE L x Io LRA—HAL XS, po: (I X I) X Dy —
Il XD2 &plt.[l XD2 —*.Dz %E%&Eﬂ‘%ﬁ}:’é‘%& T = DP1°DP2 &t(bgf—é—o S
ZHEAT LA REBE, po|lS B#EZD L, REELHNL S EDL (AEDOERT) B
NI T ET, FREAN2HAMIR, 3 E A, branch point DENMCTEE T, TD
L, HmRAED L & LRKICHTYREERTEXET, £z, REAESC D,
ICkBBrEZDE. 2XTHR Dy D 16757 T3, TDE&E, 3EAI6M
DTEMIC, branch point (& 1 D TEMICHIELE T,

4. Fy¥y—FER

§3 TNz 7T 71cld, MEL TNV EEZ BT ENTET, Fr—FERRET
BN2e0IczbET, CORTEFv¥— FERRICDVTEHL BNz EEVE
ED

2 RICHR Dy RiCiZdirENnz 1-6 liGE T 57 (ZTEW) T, UFD%EMA%
%723 & D%, m-chart £\ 9,

(1) TRTOWEAE LI {1,2,--- ,m — 1} KBTIV BDNT NS,

(2) TRTD G HDTER W ICBWT, WATE 3 DDLE W DFHICHEMPNT
W, D 300 W hSHBHFICHEENMINT NS ;6 DOIIIIEEL
i+ 1 TRARINVHIEN TV,

(3) IRTDIFDIAHDFFELUIMMINZ 2 HRT, TD 2 DDLICFDTNS
FNVDEF 2L EETES>T N5,
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i j i j
______}. %
J i
«—® j i
i j 1

li-jl=1 i-jI>1
black vertex white vertex crossing
X 4
: i R BT AN
X A . . o I + ]
N T N T
ey positive negaitive
middle edge
X 6
B 5

313 4-chart DHITT, 1{fiDIES%Z black vertex £\, 6 fliD]E~R%Z white
vertex. Ki¥isi% crossing £\ E T (X 4), white vertex W ICHBWT, W IZH
S —HBERODDOEDTEIC * «* THIZ{HITHBEE T, white vertex W ICHEE
THBAREDELC 3DOADS B, BEAHD% middle edge &\, FHLUSN DA
% non-middle edge LWV WET (K 5), W DTNV L i+l DEE, WiCH
MDD S BED middle edge DT NIV i+1DE X, Wik positive LW\, D&
& negative &9 (K 6), m-chart T I LT, T A white vertex D%X. crossing
D¥E, ThZNnw(). c) TEJ, S. Kamada lc XD, m-chart TIZxX LT, X
Bom O T LA K ST) 2S5 hE25X £ Ui, 23, AEAEKRT—
HENTY, §3 TuhRX7zXL 31, white vertex, black vertex ¥ Iy x Dy NIC$B1} % 3

HhE 7 LA RO, MmmigAE & LTid, 2=V 1 X b AV 3ERKUTHTT,
7 TR ENTz m-chart ODRIFERIEZNFN. Ci-. Crr-. Crrr-move WO

FL¥HT C-move EWVWNWET, 2 DD m-chartl’ & IV BWER[ED C-move & Dy D

TYEIVRT7AVIE—TEBOHS &E, T & IViZ C-move BHEE WK T,

T 4.1 ([12, 13]). 2 DOHE T LA R ZET m-chart B C-move FETH B Z &
. ZTNOMNRTHET LA FIEFETH S C L B3BETNFNTH 5,

E 42 Fr— FRRZHAVT, HHEHAE F O w-index FRD KX HICEK T ENT
EEXE
w(F) := min{w(T)|S(T) AN F #%&7 }.

5. Fvy— EREAY ROV A I INVALEE
Fy—bRRZAVT, 2 TEBINLAY RV ZEARN RVad 4y
WAEBRERTCENTEET,

T % m-chart & L. D,\I Dbk GEED MWixdEe%Z (1) TRLET, B
C:%(I) — Q™M T D Q-coloring L. ROFM 2Tz & VNS | ERD
Welcf LT, e DTNV T, e DEAIEGARIOMEEEZNFNN E X £T5E

—120—



C- II} -
:><i //ﬁi //;g
7
o i| Cw)=
( 1)—(3’1,- ' -7Ym) (yla- o YinsYit19Yi*Yit15Yi429. - -1ym)
A A2
€
8

ELCOM) = (W1, Ym) DD C(A2) = (Y1, * s Yie1, Yit 1, Yi * Yit 1, Yik2s " ** > Ym)
L% (K 8), I D Q-colorings DEAE% Colg(T) TEKI T LIcLEXT,

QEAEBAVFIV, 2QD3-aY A 7)Vbd 3, C% Q-coloring £, CIc
B89 % %% white vertex W DRIVYI VDI A b=

Ws(W; C) = 0(yi, Yi+1, Yir2) ™) € A
LT B, L. WOEDDHEOEHEADEE, CO) = (U, ym) &
LET, We(C) =X Wy(W;C)e A &BEEXT, AD multi-set
Sp(T) = {W(C)}cecolor)
EBEEXT,

X 5.1 (cf. [2]). m-chart TICH LT, S(T) DEAQMNRTHmiEHEZ F £B<,
O ZBRAY RO 3-TF A7)V ET B, TDLE, Bg(F) = S(T) Ziszd,

X5.2. COFvy—rERREAVEAY RV A ZVAEBOERIZ, [2]1cB)3
LEDDF VRIS TVET,

6. FH 1.1, £1.31cDOWVT

3 TEZ 5Nz 4-chart ZRITHIE T LA ROBEIE, 2-V 14 A b AV 3R

HHFTY, w(F)=6TH5 ki3, I Hasegawa ICKDHONTNE T, EH 1.1
=8 w@3_6®%ﬁwk&91miﬁwm24xbég@quOTﬁmﬁ%ha)
IC gy HOBAKX 1NV RIVEEET S L TE Bh%%EFUEFEEL.ﬂk@
W ogoy...,gn ODEWLHE Fy, ..., F, 2. 78T 5 L THONSHMEAE F/
1 g, (F') 3 2 # 0 Ziflife LEF, F 129 D (2n+3)-chart &S HHE T LA KD
AT, COTELEEM1IAL, w(F) =64k, R13EHITEILHD
Mo XY,
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4 >e 6 > L. .... 20t2e—>e
4 >e 6 >e 2n+2 e—>e
4 e——>a 6 e——>e 2n+2 e——>e
A
En+l B

g+ 1@ g2 +1 &

X] 9

REFERENCES

[1] S. Asami and S. Satoh, An infinite family of non-invertible surfaces in 4-spaces, Bull. London
Math. Soc. 37 (2005), 285-296.

[2] J.S. Carter, D. Jelsovsky, S. Kamada, L. Langford, and M. Saito, Quandle cohomology and
state-sum invariants of knotted curves and surfaces, Trans. Amer. Math. Soc., 355 (2003),
3947-3989.

[3] J. S. Carter, M. Saito and S. Satoh, Ribbon concordance of surface-knots via quandle cocycle
invariants, J. Aust. Math. Soc. 80 (2006), 131-147.

[4] R. Fenn, C. Rourke and B. Sanderson, James bundles and applications, preprint.

[5] I. HasegawaHa: The lower bound of the w-indices of non-ribbon surface-links, Osaka J.
Math., 41 (2004), no. 4, 891-909.

[6] E. Hatakenaka: An estimate of the triple point numbers of surface-knots by quandle cocycle
invariants, Topology Appl. 139 (2004), no. 1-3, 129-144.

[7] M. Iwakiri, Calculation of dihedral quandle cocycle invariants of twist spun 2-bridge knots,
J. Knot Theory Ramifications 14 (2005), 217-229.

[8] M. Iwakiri, Triple point cancelling numbers of surface links and quandle cocycle invariants,
to appear in Topology Appl.

[9] M. Iwakiri, Quandle cocycle invariants of pretzel links, to appear in Hiroshima Math. J.

[10] M. Iwakiri, Quandle cocycle invariants of torus links, to appear in the the proceedings of
the international conference “Intelligence of Low Dimensional Topology 2006”, World Sci.
Publishing Co..

[11] S. Kamada: Surfaces in R* of braid index three are ribbon, J. Knot Theory Ramifications, 1
(1992), 137-160.

[12] S. Kamada: An observation of surface braids via chart description, J. Knot Theory Ramifi-
cations, 4 (1996), 517-529.

[13] S. Kamada: Braid and knot theory in dimension four, Math. Surveys Monogr. 95, Amer.
Math. Soc., 2002.

[14] T. Mochizuki, Some calculations of cohomology groups of finite Alezander quandles, J. Pure
Appl. Algebra 179 (2003), 287-330.

—122—



[15] M. Ochiai, T. Nagase, A. Shima: There exists no minimal n-chart with five white vertices,
Proc. Sch. Sci. Tokai Univ. 40 (2005), 1-18.

[16] L. Rudolph: Braided surfaces and Seifert ribbons for closed braids, Comment. Math. Helv,
58 (1983) 1-37.

[17] S. Satoh, A. Shima, The 2-twist-spun trefoil has the triple point number four, Trans. Amer.
Math. Soc. 356 (2004), 1007-1024.

[18] S. Satoh, A. Shima, Triple point numbers and quandle cocycle invariants of knotted surfaces
in 4-space, New Zealamd J. Math. 34(2005), 71-79.

[19] K. Tanaka, On surface-links represented by diagrams with two or three triple points, J. Knot
Theory Ramifications 14 (2005), 963-978.

[20] O. Ya. Viro: Lecture given at Osaka City University, September, 1990.

—123—



Classification of behavior induced by noise

in a spatio-temporal intermittency model

BB 4858* (Osakabe Yasushi)

abstract

It has been reported that a spatially extended model of the van
der Pol oscillator shows spatio-temporal intermittency. Recently the
influence of external additive noise on the model was investigated,
where a re-entrant phenomenon was observed. In this study, we
present a phase diagram of the model to review the behavior of these
dynamics.

1 FCHIC

HIAR TR EINEI LD /A R ELENTVE. TOLS /A X
REETELINCES DX BREN DB D155 . IFFERD/ 2 —
VERICBI B ) A ANEZ BB BRAREDOND 5. BilES 13H2ER
RM%ZRT Coullet-Kramar(CK) €TV (11 /A A5 2, ZORE%H
RNBWFEERITo 1 [2]. /A REExR B Tn< LR, /A X
RO OIRREICE D, S5/ A 5B xR BT % & BURZERRENENS Y
IV IV MNEBRR LN, BEDORBRIEDH S35 A—2—IcR5 Nz
EDTHoTM, HRBINTGA—Z—TRKEDI I aLb—arziitolzk
Th, HBBNRFGA—2—HHICB> TV TV NIV MEBNRSNS T &N
bhrotz. GEICK ETFWVCEIZ VIV TV MNEBEHIRT B A=A L
R AZXNEZ B E DV THIAT 5.

2 Yzalb—rav

VIal—vaYicwiz CK E7VIE,

ou

E = v+ §u> (1)
ov OV (u)

5{ - 7(“‘)’0 'W + Ugy + Vgz + €v, t>0. (2)

*JLHRE KA RE I
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ZIZU, o, Ae R IBINTA—R—T

yu) = 1-ou®+ul, 3)
w2 ut

9%,
Vg lb—Ya VIZAREREEOT, A=01TEET 3. ERHOKEII
L =200, FFOEEIZT =200 & U, ZARIZNZFN dzr = 0.2,dt = 0.001
& U7, WG j =R BOELVES LT L, ujv € [-1,1] D5
VELKCHEZTWS. £z, &, & R TNFNuvIcBIS /A X%EKL, [
CiEL 3%, /A REFEN0 T, RIS & 22/ & MR 7% &(x, t)
EMABT LT, ZOME & & (E(x,t)é(x + dz,t + dt)) = £26(dz)d(dt)
TEETS. a bk &EFNTFNE(LI I TORFZERNZ—VIFFICK 1
~K8ICHB 8/)\2—tixD, HNICELDHIZE DN I THS. KrZER
REDY TV v T Y MEBIEKFRT (A)— (B)— (C)— (D)— (E)— (F) &
ZELTWBIRETHS. £z, TORDEBKI T T/ 7EHIZ o > 2.69 T
E&ky, HF ANEEZEMSZ— R d. K7 IRz RS ik
WA, [EEBDEFZEAHZAANADIREL572/83Z2—2ThHD, X8 TldhZEh
F AT TRV 2—2 b5 TN 5.

3 fEmETRORE

CK ETIVIC BT BIFZERIREDY TV b5V MEBIZIEREICE D N8
I RA—=RZ—HATULMEEI NN, Thlda> 2.0 DERICENSY I v b
A 7 IVHIERICKREVGA TRV ERZERRENR S N2V TH S, B
ZERIRME R IR E TRV ST A—2—Hiffl (2.69 < a < 3.4) TE /A X5@fE% |
FTWL ETDRNHED (0,0) DY R)UEZLERL, VIV bT Y Mgk
WCIERIC IR 2 — 2 DR T, TNbDT & KO BFERA A A %R
TI8T A—2—Hffiffl (o > 2.69) TIE/ A RAEEZ2 5T 23y FMIVELERE
B2 LW BIALDFREFIAV/RT A—2—HFHTHRT 5T &N TER.
AT CK ETINVDH %837 A—Z—HFIE > T/ A LEEIC K-> T
Zb g ARFZEM/ S X = DWT LD, TTTRONE /A AR5
5T TRZEMREDY Y TV MEBER T RELIZETILENS
EDIXEZTETVERY. EHICENZED, TOERENMRKICEENSET
WEESD T LIZKEEREORETHS. £z, CKETFICBWT a > 2.69
THRZEMAA A Z R LTV, A XIcixs £ TOEMRICBEEL TIdRZD
MO TWRW. ZDZ LIDWVWTEETHICANERENDH D L ER 5.
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[1] P.Coullet and L.Kramer, Chaos, 14, 244 (2004).

[2] Y.Hayase and H.R.Brand, Europhs.Lett. 66, 881 (2004).
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Anisotropic and weighted total variation for image restoration

(B & - BHFMEEEBNEER/MEEZ AW IZERER)
JIMR BME (CHBREE B RFPHETFERH

Fa0E 2LEBRBEHKOKR/IMEE AV 72 Rudin-Osher-Fatemi 12 & 2 BBEEE TV [7] OBERAY - &
FHE - BEAMEEEBNEEA~O—ILEE X, &hle LOR/MERIED O | $ili0f S/MERBE O 2 E < .
EBI, TOFECLIEBREEDOT-DO Hybrid BB TEEZAWEZTALITY XAEZRT.

1 #lF
1.1 E{RZER, SO - FE

NZEOEKLL, X=RVV, Y =XxX £B. X0&Tu= (u;;) N1 ODEBRERT. HEE

ZER X L FOERBERY ONEE / NVAERDEIIZERTH.
N

<u,v >i= Z ui i, |ull=v<u,u> (u,veX)
iyj=1
N
<p,g>vi= Y. (pi;a; +054), lIply =v<pp>y (=0, ¢=(d",¢") €Y)
ij=1

72, peEY WL |pi,j| = (pf},g)2 + (pzz,j)z (Zv] =1,... >N) LERTD.
ZIZTC ueXITHRHL, BERIARL V: X 5Y 2ROXIICEETS.
(vu)i,j = ((VU)}J, (VU)ZQ,]) (7’7.7 =1,2,- "’N)

u'+1,'—ul,' ...i<N u.y.+1—u’5‘
(Vuig=y " 7 sy (Ve "

Fo, BERREBIEAR dv: YV - X 2RO XD ITERT 5.
divi= —V* HAVEMFE)
BEIZIE, FEOpeYIZHLKDO L1245,

e J
: 0 e g

pij —Pi_1; o 1<i<N pi;—pij, o 1<j<N
(div)i; = pi; ei=1 4 Pi e j=1
“P}_Lj . i=N “Pz?,j—1 v j=N

(’l:,j:].,Z,"',n)
N
¥z, X ={veX: Z v;; =0} &R div(Y) =X ThD. (BEXK[2))
ij=1
1.2 2EEAEK

¢ : R*> — R ZE{Ehr o2 BT, ROEM (A) 2= TE%E 5.
(A) (1)  ¢lz,y) >0 ((z,y)#(0,0)) 2> ¢(0,0)=0
(i3)  positively — 1 — homogeneous  (i.e. ¢(tz,ty) = td(z,y), (x,y) € R%, t>0)
ZIZC, a=(aj), ai; >0 (i,j=1,---,N) &L, EHM BEHOSHERELENELZ KDL 5 I
ERTD.

N

(TV) J(w) =Y eij¢(Vu)iy), ueX
ij=1

ZoLE, J()IkEkE, N, 22, positively — 1 — homogeous IRLBIETH 5.

BEHEY ELBH o= () 1, O TCHBRER g = (gi;) € X PHEDD.
1

yi=—————  §,j=1,2-,N
R T IO [
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2

1 l
o B ()
L, me—a. Gm)£(00) VI +m? m

o (TEE g DTy COEETIINE L, FHRWHT ij(?—.’f REEZES.
Wulff & &M (A) 272 TEE eIt L, KDOXSICTEELZES W, & Wulff-Shape & FES.

Wy = {(z,y) € R? :zu+yv < ¢(u,v) Y (u,v) € R2}

¢(z,y) = sup zu+yv, (z,y)€ R
(u,w)eWy

(1) ¢lu,v) =vVui+2D&E Wy={(z,y) € R?: /22 +y2 < 1}
(2) d(u,0) = lul + |o| DEE Wy = {(2,) € B : max{lal, |y} < 1}
(3) ¢(u,v) = max{lul, v} D& Wy ={(z,y) € R?: |z[ +|y| < 1}
Legendre-Fenchel Z i J*(v) == sup{< u,v>—-J(u)}, veX
u€eX
WmE1 J & JICOWVTRMED L.
(1) J(u)=sup <u,v>, ueX (K DXIFEK)
veEK
K :={div(p) :p€Y, pij € 2ijWs , i,j=1,2,--+,N}

@ I =xxw) ={ " USE (k ommmm
oo otherwise

1.3 Hybrid 2T

E& H % Hilbert 22, <, > &2 Z0ORHELL, | | ZZ0oNENOFEINTZ/ VELTE. B
T.H = HiZktL, Fie(T) TT ORBEDEE¥RDT.

(1) ITw) - flly < llu—=flly, f€ Fiz(T)#0, ue¥Yn (Fiz(T))® &Wl-TIEREL T %
attracting nonexpansive 72 58 &V 9

(2) <Tw)—Tw),u—v>>0 (u,ve H) 2, <T(u)—TW),u—v>=0726FT(u)=T{) »
F Y S.D & &, T % paramonotone 72 5 &\ 9.

Hybrid 28 Ti& [4) H ZARKTHilbert ZZ# &3 5. B4 T : H — H IX attracting nonexpansive
2EBRTHY, Fiz(T) #4032, £, FR V:H R 1315 _Iﬁx‘%k L, ¥ :H — H iX Lipschitz

HfeH>D paramonotone REH LT 5. {y,} T Z Ym)? < 00 D3O Z Ym = 00 ZWT=TIEALKF L
=1 m=1

T5. ZoLi, ?ﬂ,ﬁﬁﬁﬁpoeY%Eﬁlkék%,
(T) Pm+1 = T( m) - fym-*-l\ll,(T(pm)) ,ym=0,1,2,...
&Y 2L b= mF {pn} ik, ¥(p) = ezi«“nf(T) U(v) 2727 p € Fiz(T) IR T 5.

2 EREE

o>0&L, BHEE g piecewise smooth Z2JRER u e X &, FEMR0 (7 = N2 Z n;; = 0),

1,j=1

baN:1d N2 Z nij—n)?2) DEGHT IR )L XohbRbBbDETH. (e g=u+n)
1,j=1

Bore BN g 1D/ 4 XEWE UEET HIE, KOROMEEREE LR 5.
(VP1), min{J(v) : v € B}

ZZC, B={veX : |v-g|P<N2%?%} Ths. 0B:={veB : |jv—g|?=N2%?} LB<.
L%, u & niCIIAEEBEN L TE, ThRbb, <un>=0:T5L,

(H) lg = glI*> > N?o?

MRV SEo. L, ZhEEET 5.

FE1 (VP i1 20 u%i bbb, ROFMHERTZT
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(1) llu—gll=No

() a=g
KIS, N> O REEL, 7 LORMEME (VPY), 6525,
Py, mip I )

FHE2 (VP2), IXME— ﬁw_g—/\PK@g) ZHD. 22T, Pg: X — X IHEERARZETHS.

EFE3 ((VP1), & (VP2), OERK)
o> 0ICH L |Pag(g)|| = No &7 A > 0B HFHEL, u=g— Pxk(g) 13 (VP1), DETH%.

3 HEBZREET7ILIYXL
BBEEADRKRDAE  f(s) = ||Psx(g)]| (s>0) £BZE, M} EFUTOX S ITFBHHICED .
(i) f)#0LBDED7 X >0 ZEEIZED, v = Py,x(9), fo= f(Xo) = |Jwo]| £F<.
(ll) >\n+1 = —]}%’-An y Un+l = P/\n-l—lK(g)’ fn+1 = ”Un—l—lH, n=0,1,2,-.--
D EE RDBALY L.
EE4 lim A =X B2 ABHFEL, lim fr = f(X) = No, 22 lim g—va =1 (4% (VP1),
DME—Fi)
Pk (g) ®RHFH  Hybrid &AM TiEEZ AWT 8 Pak(9) = A\Px(Lg) 2#tHT 5.
W = {p S Y:pi,j S ai,qug, Vi,j=1,2,-- N} XY OFAMESEATHY, K dlv( ) Thb.
1) = i _ -
Px(3g) =arc min [lv — +g||
W (p) = [div(p)—Lal? £ 3<. W (p) = ~2V(div(p)-Lg) THB.
Uy Y - Y IR ERT.
®) %) — i (@lly <2IV]lidiv]lp—glly, p, g €Y
(ii) W) i% paramonotone 2 EBRTH 5.

X, ¥ Pw @ Y — Y I attracting nonexpansive R 5B TH 5.

Eo7T, T(p):=Pw(p), peY & L, T L ¥, 1T Hybrid &K FEDREL ML, T/ATY X
L (T) 2L > THELND S {py} DIERp € W I ||div(p)——;:g||2 = viélva |div(v) — +g| &M= F. ¥
i2bb, Pk(1g) =div(p) TH 3.

(VP1), DELEERDBIFTINTV XL e, e0>0 &T 5.
fO)A0ERBE97 X >0 ZERICEDS.
(1) A BEESTZEE, A1 FROEIITED .
i) po= (p},p2) =(0,0) € Y &B<.
(i) {pm}CY ZED L5 LTRMHIZRD 5.
Pm+1 = Pw (pm) — ym+1%y, (Pw (Pm)), m=0,1,---
(i) |pmi1—pm| <e1 &% m BBLIELEILL,
Un = Mndiv(Pmt1), fa = [lonlls Adns1 = F2A £BX.

Mntt — Al < 2 72 BIFHRT.
UEDTAVITY ZRCEVEONT 4 =g— v, & (VP1), DELFEE T 5.
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4 EROEES

u=(ui;) ZERER, f=(fi;) ERERE TS,
PSNR(Peak Signal to Noise Ratio)
B DOEE, BEFEDORY 5 5&KEEZHAWZPSNR AL AVWDLI, Bifii2 T v~V [db] & L, RORAT
EREND,
2552 1

N
— 2
PSNR:=10logyy 3o, MSE:= i;(ui,j — fij)
PSNR OERRKEWIE EREBICTVEERN SN TWS LA END, —MRIZ PSNR > 40 72 & JRE#
CEEEBDOENEZRBTE RN,

KERDI
Wulf REDEWNCLLHEEDE
Z SUBRISSIAK (256, 400, 900) DL A X EMRI=E B D

[Eated FREEASR & SIS @ R U/ XEiR & ORID PSNR

53 8- 256 400 900

Wulff & 1 M

- @ & =D PSNR
Wulff $£& @ IE

BERDEED 37.2180 35. 3593 30. 9369

PSNR

RERE /14X

E# & DRID 24. 1001 22. 1232 18. 5975

PSNR

37. 0655 34.9932 30. 6958

FRAERIZ 2T AL (256. 400. 900) D/ «« X EMA 1= & =

[Eaged T e s e sm e R U A XS & ORI PSNR
S EN 256 400 900
Wulff & : [
@ & =D PSNR 37. 9862 35. 8976 30. 8662
Wulff &  IE
HRDEED 38. 1660 35. 7404 30. 8552
PSNR
PRERE S A X
E{$ & DD 24. 0622 22.0720 18. 5899

PSNR

[FE# & IEEEBROLE
d(u,v) = Vu? +v2 | Wy = {(z,y) € R*: /22 +y2 < 1}

X

o2 =900 D&%, PSNR = 27.9956
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¢(u,v) = ul +[v| , Ws ={(2,y) € R* : max{|z], |y} < 1}

o2 =900 D& &, PSNR =28.3376

5 F&EOH

Kiwsr TIXEBRIEE D72 12 Rudin-Osher-Fatemi €7 VEZBEELZETVEREL, EBICYV I 2
L—va v E{To T,
anisotropic function ¢ (2B L Ti Rudin-Osher-Fatemi &7 /v OIE % JAF 7228, S B AW =FEEHD ¢ T
TRBIC L DEEREGOBEIZ R 1o SREBEDROD D ¢ ROT D LREL ro Tz,

Xk

(1) Antonin Chambolle, ” An Algorithm for Total Variation Minimization and Applications”, Journal

of Mathmatical Imaging and Vision 20:89-97,2004

(2) J.F.Aujol, G.Aubert, L.Blanc-Feraud, A.Chambolle, ” Decomposing an image: Application to tex-

tured images and SAR images” INRIA Research Report 4704,to appear in JMIV , http://www.inria.fr/rrrt /rr-
4704.html ,2003

(3) Stanley J. Osher , Selim Esedoglu, ”Decomposition of Image by the Anisotropic Rudin-Osher-
Fatemi Model”, Mathematics Department, UCLA, July 24 ,2003

(4) Nobuhiko Ogura, Isao Yamada, ”Nonstrictly Convex Minimization over the Bounded Fixed Point

Set of a Nonexpansive Mapping”,Numerical Functional Analysis and Optimization,
Vol24,No.1&2:pp129-135, 2003

(5) V.Barbu and Th.Precupanu,University of Jassy(Romania)” CONVEXITY and OPTIMIZATION

in BANACH SPACES”,1978

(6) Y.Chen, T.Wunderli, ” Adative total variation for image restoration in BV space”, J. Math.Anal. Appl.272
,117-137 ,2002

(7) L.Rudin, S.Osher, and E.Fatemi, ”Nonlinear total variation based noise removal algorithm” ,
Physica D, 60:259-268,1992
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Geodesics on Sub-Riemannian manifolds

FOBR R ZPHEHT2E PD, Jb)ll &£+ (Yumiko KITAGAWA)
Department of Mathmatics,
Tokyo University of Science

1 Introduction.

WBODPREHEEEDESRE, TOLDO) —< 2 T 7 A N—HEDOHMEZY T —
Y UERRELECET. ZDY =< T s A N—F iiﬁW/ HTTAHRY —
FEE LT, TZEOHRA CIIHEERICE T 2 REHENCECBEBRLTVE
T FIzIE, T —LRENZHOED X 5 R D THORBNIZ ZODEE D
& - BEINHIEOREREZHEwRT 52 A THWLNS L9 TY.

T TIEBICESTHN, TR a DTS5y NEETELERAKEIES
EWVIEGERT-TEORBDEZXET. ZDOFKMIL, bracket-generating F 7z
FIERr ) I —LIEENRNTOVWET. 0L IRV 7Y —< U BREEOR HKR %
~FE L7

SRR EOBESA OREEIX, TV —~ U ZRREICBEICER L TV TR 722
MEZEZ25 ETCOHBERLERVETOT, DLEMZLTRBEET. HFhn
I—Thd LI REAMORENL LD L LT, Martinet /577, #filtErE, Engel
W1, INE DR EREET bIVE . Martinet 047 1d 3 RTTDZARED £
D2WRTFTEDHBAATT N, FEIEZLOLD, 2BOT 77y FETR- & 3IRTD
BEMEZRD ZENTEET. ZHITEFITRWIC S WA TY. SRS, &
KEHMBNTWETR, KRKIL1 THRERBDOTY. ZT1BOT 757y ME
T 1RITET ORI EB> T EWNHELWVEESZ L TWET. Martinet 7577

WCHARTHIEFITROLT VRS TY. Engel &1L 4 RITOZEEE LD 2K TD
BHOMAT, TRH1BIOT7 77y MEILKX > TIRITETHORIEB ENRY 9. oF
v, 2BI7 Ty FEBRVIRT L ARTOHEZEMEIRY £9. Engel #E1%, #fih
ik & RRICRITHRAEEEZ LRV B LWSOHOOESTY. £LT, v
B DA END DI, S5IRTTOZRE LD 2IRFTOHAT, 1BIOTZ 7 v ME
TIRIEENY 2EIB &2 T & 5 IRTOFEZEMZ RS> TLE D L 57, FFEEME
EEF-oTCWVWET. ECartan IC XV ZOBHERARETXI4KRTUTTHY, %jﬂk
E%ﬁO%OD&ifﬁJ%F”@)Hﬂi Gy ICRBL L 725 Z AR ENTWET. fEIC
HE, TNHOHAEIT ~<%K774/““+5%}JWL%®ﬁ%‘ﬁ7)*“?/§
BRATT.
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U —< UEREIZBWT 2 REBSEERITRHBRICL > THE 2 60, HIHR
XRFTENCIIRE L 725 Z E RO TOET. WIHRIT, B, RETEEZ A
T2MDOEMO FBRRTERINE TS, YUV I T v 7 OEEEZAVD L,
NIV bR MV ORES iR AR & L2 b DA HIHIER T

Y7V —= UEMIBWTIE, 2 /2 /ESRERE RO 2L —< v &o
BELIVEELRRBEL RV ET. V-~ B TREMESNAVLN, HREE
BT LICLoTROONETN, 7V —< 8 TIXBEE 2 FF S 72 i
BBTFETDIZENHY, BHETIHELS ZERTERI RSO TT.

BOMEEDLEDY =< T 7 A N—FHENOREDIZRLF—% LY, ZhIC
KIST DT MO R E ZHREICHE L b0EBE X ET. 2% normal
geodesic EVNNET. ZiuE, V—<URMOGE ERERIZ, RATMIZIIREL
BRYET. B, Y7V —< U EBMIBTARHBIIINETEEREbTnE
L7273, 1990 44%IZ, R. Montgomery DIZ &> TRATMIC b HRE L 2 bRV E D
R L ORERINE LTz, ZNiX abnormal geodesic & FEiEh, V—<
BANITHANLRNY T ) =< VRAFHEDOH DT, EATREMEMLTT. &
BREIE, HEZRLLOTICESAOLANLOREIFEFERANDEREINL, Th
T BT TR O MR E ZREBITHE L2 b D% abnormal geodesic & MFUVE
3. Optimal Control Theory 2R HHRARNEFRIIZ LV Y 7Y —< U ZREDE
%881 normal geodesic T 54>, abnormal geodesic D EH L TH D Z & 34N
BNTWET. 22T, INVZUOHGMITENT YT Y —< U ZREEIZRBNT,
normal & abnormal DERFZFE L < FAE L7z, RIRTEH 2 KD /S WESAMIT
%L TiX, abnormal geodesic IZELNRWVD T, RIKIE2 UL LD & RZIT L
TINbDBIENED Z L REHORETT.

2 Nonholonomic distributions.

SR M EO®ESA D A, FEdR v ) — A F 720 bracket-generating TH 5 &
X, MOBESU Lo DOEE{X,,..., X, }IZWLT, X;07 77y MiE
THEREND Y MBREEOES (X, [ X, X,], X, [X;, Xi)],.. . } R TU %
BDHEEEWND.

M 233855 T, D 23 bracket-generating ThH 5 & &, M OEED 2 8 p,q #HES
D OESHBBNTHEET D ENMLNTWS (Chow DEH) .

3 The Sub-Riemannain distance.

M ZROPRERE, DEXTOLOESMLL, g D EDY) —< T 7 A /3—
FELTDSLE, (M, D, g) 2V 7Y —~ U BRELES. (M,D,g)PDRpe M
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EveED, I TIWLTovDEE v, %,

1
”ng = gp(Ua v)?

TEDD. £72, v:[a,b] = M % D OESEHRLETIEE, yORS %R

Ile = [ oot

CEDB. EEL, v SESERTRNE X, [y, = 400 ETB. Sbic, B
Bdy: M x M - RU{oo} &
dg(p, q) = inf{||vlg; 0y = (p, 9)}

TEDD. ZZToy=(y(a),y(d) TH2.

M H3EEFEDD D A bracket-generating Thbd L&, B d,: M x M - R X
M EORREERESR L2, M OMHEZSIEEZT. ZOBKdEIY 7Y —~
FRIN I ATTARY —EEEERIENS. D OFESEHR v : [a,b] = M A
dg(v(a),7(0)) = IVllg ZHT=T & &, v & minimizer & /5.

4 Normal geodesics.
(M,D,q) 97V —~ > S8EET B, (p,A) € T*M IS0 LT |All, & Aly,
DINEETEH., ZOLE (D,g) D=FXAVF—FEHE:T"M - R »
1
E(z,A) = =3I\l

THzZLND., ZOTFAF =W LT, normal geodesic RO X H IZERH S
nb:
r:-1—-TM T

(i) I'(t) = Brg
(i) BT - THARW.

BT D% MIZHE Lcb D% normal geodesic & X.5.
9T normal geodesic % local minimizer TH 25 Z L BEHIL TV S.

5 Abnormal geodesics.

(M,D,g) %7V —~o&kke L, {X1,...,. X, }2UCM EDODDELT
5. ¥z, B Hx, : T*M - R % Hx, = (\, Xi(p)) TEDD. ZDLE, DD
abnormal geodesiclZLATD X S ITERS LD *
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Hi#RT : I — T*M\{O} T

{ (i) Hx,(T(2)) = forallt € Jandi=1,...

(i) I'(t) € ((Hx )() ., (Hx)r) for almost all ¢ € T

BRI 0% MIZHE Lib D% abnormal geodesic & X 5.

6 The standard Cartan distribution.
(z1, 22, 23, 2%, 2%) % RS DIFHEEIZE L LY MV X,.., X &

Xi=g i 3% s~ (T 3750
8 1,0 s 1, ., 0
X 357 g~ (@ T )50
8 o 8
Xo=gm X4= g0 5= 55
TEDA.
THRBDRY MABIIKROBREEZ LTINS
(X1, X5] = X3
[XlaXB]:X4
[Xo, X3] = X5

The others are trivial

Ere, Xi,..., Xy OBRHEE O, . W FTUTTEZBNS:

,

\

ZDEEUTOMEFBAP/LND !

([ dw' =0

dw? =0
 dwP +wrAw?=0
dw* +wr Aw? =0
[ dw® + W AW?=0.
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£z, D% X, & Xy, TELOND K IITHS. DFD,
I'(D) = (X1, X,) = {w® =w* =’ =0}

LD, Z0LE, DOV =774 —Ft&Eg & {X1(p), Xa2(p)} 28 D, DIE
HEREERDE2I1CED. ZOLHI RV TV —< U B4KEK (RS, D,g) 5%, =
@ £ @ normal geodesic & abnormal geodesic Dk F %7 L FAFE L7z,
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MathML-Lirary for Ruby, and its applications

HE
1941 H11 H

1 MathML &%

MathML[8] iZ XML J&fSRED—DTH b, % XML Ic & > Tidilhd
B1DEDTHB,

Web R—Y %G 3 DD EBD—DTH % XHTML I MathML % &
W3 TR=YHICHRELRT 5T EHHRDE, TOR—IENIET S
Web 75 U9 THET S T, ELLHHENZEAEELLERFRT
*%, UA113HMAZ MathML OFITH D, X

z+1=0

#R LTV B,

MathMLIZXfI5d % Web 7578 & L Tld. Microsoft @ Internet Explorer(5]
i7" A >0 MathPlayer([1] ZfAEHE Tz & D, Mozilla Firefox[6] A
HBd, INHDTITUY TREBAOMBIC AT —5 TNV T x>V M 2HWS T
B, MNEHRA TR E2FTEEE BRICHERU TR REE S T LK S,

2 MathMLZ>A4 75 JIlcDWT

FEDBAF LTz MathML 4 75 V&, A2V 7 538 Ruby[10] IC X %
V7 b TRIFICBO T BIEX OREICHE-> 7280k MathML Ic & #d
LZNEHERHETZI5 4TIV TH B, RDX S HRHEERD,

BIEM array IREEICE VT \hline P& EIC KB EHMEY R— T 5% L,
BTEX DA ZREARO HHT A2 K5I LT3

S MD BIEX BHEDTSHADIEN, amssymb 73w — B XK U amsfonts
=TV —Ah brtEmDzZ Y BRI U THARAA TV S,

{i3EM \newcommand. \newenvirommentic X370 R—kL T3,
iz, 5475 OMFHEDH L BTEX O Ruby THEEL TE
MTEB3X5I1C API ZBLTW3,
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4 N\
<math xmlns=’http://www.w3.org/1998/Math/MathML’>

<mi>x</mi>
<mo>+</mo>
<mn>1</mn>
<mo>=</mo>
<mn>0</mn>
</math>

DA b 1: HifliZs MathML O fl

Bz T 55l5%2. TonzRT 2L LbicadidL T
%, TT TR, X DAl T (Identifier), '+’ &’=' HEFET (Op-
erator), ’1’ £'0’ B (Number) THZ T &%, X T Fio>T
EZLTW3,

BEARNZENTIERDEL 51755,

1. ZHERER L9 5 775 A MathML: :LaTeX: :Parser D1 VA X VA
ZVERR

2. (BREKILUT) ¥ 7 0z¥Eeg
3. A—YP— AN Eh 5 WIEX O EE
4. MathML: :LaTeX: :Parser & ffi> TZH:

BRI REREIZY Xk 2131 5,

Fiz, Web R—T% 119 % Wiki RERIRIZED CGI 7155 LicBlr
BEBROMERICEL TR

1. 7F A MEROED S EEE 5 7% i

2. BB OTF A FxrER HTML I

3. it LU7=8E0% MathML i< 24

4. MathML % HTML |2 H3ATs

EWV S TEFIEMNRENC IR B, COUMZ B A DT T )V—F
MathML: :Util::SimpleLaTeX ZfEft L T\ 3%,

fiiic, Ruby OX 757 5 X String ZHkik U TEE: MathML \OZ ik
175 AV v K String#to_mathml ZiBHIY % E 2 —)l MathML: : String %
RHELTVS, hzfva eflZiEY X b 2 LAFONHZY A~ 30X
S ICTEMLT BT LN TE S,
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#!/usr/bin/env ruby

require "math_ml"

# ZHRRERIRILT 2 0 S ADA VAR ARIERK
mlp = MathML::LaTeX: :Parser.new

¥ v runy—AEHE

macro = ’\newcommand{\test}{x}’

# <7 ORWG

mlp.macro.parse(macro)

# LaTeX O¥%ZEHE

src = ’x+1=0’

# B FAT

math = mlp.parse(src)

# Hh

puts math
o )
\

\

001 : <math display=’inline’
xmlns=’http://www.w3.org/1998/Math/MathML’>
002 : <mi>x</mi>

003 : <mo>+</mo>

004 : <mn>1</mn>

005 : <mo>=</mo>

006 : <mn>0</mn>

007 : </math>
N\ %

A+ 2: MathML T+ 75 Y ORAR 758 F B

L Hiiilc \newcommand Ic X B~ 70 &EEER L. 52 bz BWIEX
DEEE MathML I ZH L TW5, F: X2 S sOETH, &
1% MathML BTN TWVW5B, R=YRNICID B F-8, H
B 1 FITEDOBRHP TEITZ2IT> T3, ZITOLEMOEEIZS
BEODIERL LIATES TH O, EEOHEEZENT,
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#!/usr/bin/env ruby
require "math_ml/string"

puts "x+1=0".to_mathml

) A+ 3: MathML::String Ic & % String 27 5 XA Dk

XFHN) T F)V R EHE MathML ICETE 5 K51k 5,
HRIZVAF2LRAUTHSB,

3 MathML >4 73> DIHA

KA TS5 EEBIMHAT H & LT, tDiary & Hiki THXEZHW%
7DD T ST A VK - WL TW5,

tDiary[7] i& Jz 727272 L7 I K % Web HEZMEK Y — )V TH %, Web 7T
YIS DI TA Y Z—2w b L TRT 2 HREEIERT 5 T L AVARE
THH, TAV b (tDiary TIEXY v a3 LA TV D) B2 % HEEE
TrackBack Dik%ZEk 707 LTHEHAT 5D DBEL ZHA TV 5,

Hiki[2] ¥ ‘Hiki BIHF— L 1L B Wiki TV VY TH B, WikiTo Ik
BRRETE BRICR—YDBINRRELRTTD T AR E VAT LOEHTH
n. H%7%ELDTIE Wikipedia[9] 5% %,

TNBEDV 7 bz 73EB5E Ruby o TERENTE D, FMEBDR
FEEDEERHIET BT2DD TS50 A VR TE S X5 1Ck> TV, 2T
T, KA TSV RBALTERZWS 12D TS 51 EER LT [3][4].
TDTSTAEFEHT ST LT, HRL® Wiki XR— I HIC BTEX DRI
L ABAREADB MRS X5 1chB, BEBEORICRHEHRINE TS
IS U C MathML I K 2N FRE NS D, JT0 BIEX BHANER
ENBEHEEHFWCETIDEZ S X 5ICE>TWVWA,

BE R

[1] Design Science. Mathplayer.
http://www.dessci.com/en/products/mathplayer/.

[2] Hiki BFF— L. Hiki.
http://hikiwiki.org/.

(3] HH#h. Hiki xhtml {bF v k.
http://www.hinet.mydns. jp/~hiraku/hiki/?x-hiki.
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[4] EH#h. tdiary xhtml {bEFw .
http://www.hinet.mydns. jp/~hiraku/20010102.html.

[6] Microsoft. Windows Internet Explorer.

http://www.microsoft.com/japan/windows/ie/.

[6] Mozilla.org. Mozilla Firefox.
http://www.mozilla.com/firefox/.

[7] 7zf27z72 L fth. tDiary.
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[8] W3C. Mathematical Markup Language (MathML) Version 2.0
(Second Edition), 2003.
http://www.w3.org/TR/2003/REC-MathML2-20031021/.
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Boundary element method applied to the equilibrium analyses of nuclear fusion plasma

bvE RFERFRE T e &3 T
T HE R (Hiroshi Shimoda)

Abstract. The boundary element method has been applied to solve the Grad-Shafranov equation
that governs the magnetohydrodynamic equilibrium in tokamak plasmas. The above equation is
transformed into two types of boundary integral equations (BIE), i.e., the standard and the
hyper-singular ones, respectively with the fundamental solution and its derivative at a singular
point. Numerical calculations demonstrate the high accuracy of magnetic flux solutions attained by
each formulation for these two BIEs.

FC®HIC
N~ 7 BIEGRAEE T, F— T RAROEZEER
PRI T IR RIC B & SV THEDIEE N B D

W7 A<EHLIAD S, T X< EHERT D
DOWIIRE OB ZWONCT D Z ENRIFREAL

B %
55

ADDOWRDFELIRD.
F—Z AW PHica A VA2, F—F AMEIC RO4 4 ILEES
Bo TUHRTEREZRT LB DAL VOEATEIR U Y HNHR bOA LRSS

DIRIT D R—FYIBOBAOMBTES. TR D
fkeA ZNESETHD. —F, 77 AXAYAFIZERE
wL, 77 A~EREBATPLOIC—ATHrHRe AL ZL
W ZES. QOB NAR S, K1IRT X
I b—F AR > CARBIT 20R Y BEHENTE 5.
Z DOREFIREME DR 2 3R O R & BER U & FEOY,

1,

7T A= P ER OBSE S AN FIRICELE S
i & 72 (1]

1EvEHTcE s L9512, SRLEMCEINT
=7 27T A= [ J R R & AREDOT, Lk

ROBKEEEE 2 RITO rz (KR THITT 22 212 7522\
TEEITAeV. ZOX D RERITR T T XA~ OMKIRAENTE B rAROREEICSTIMBOHLEL
(MHD) Vi 3m#R w (23 % Grad-Shafranov AT ek (1] & Y 8&5)

s Ensl2l. ZOFBEKXKOEEMREZRDDZLITT T ADORKERNL L THEHETHD.
ZOHBREML 12 DIZIA L FHb T D HUEAREITZEMECA RERIER L OBEBRRETH S
N3, 4], T, BREREAZEATIRAALINL TV S[5-8]. ERAEREORKOFAITHRDOH %
BERULTIUTER Y 22 L12h D, ZORRITIIRT — 2 OERR L IEIEEA MY RS X 5 Z2fi#fric v T
RO TEEL RS, Thbb, ERMAEEDEIRIZBNTT T X< IROEBIC > THREIZER S

N5 T A~ HRITICRERERIEPE L TV EEXDBND.

Grad-Shafranov FERAERES HRRICEHRT DB, 7T X~ ERICBE 2 IEFRIEA HotJ, DR
7 ehB. LEDERL SNV, ZOEOFSNEEBSOEEERY, BRREREORN AN ELRD
n%. Lo L, Grad-Shafranov SRR ZHAERIE TR READIT LA LI, EXFRBE OB %
BEREDICERT D Lo o8], Tx X RBEDOENEZERSFIZHEM L2 b OIZR BT
7=[5-11.

Itagaki HITIHEFRIELZ LENXER L, ZOMEBMEDIZ Green DF 2 AXEZEMT 22 LI2X- T,
Z DIEFFURIENT N 5 (ESAE Y & S M7 B R AT 5 Z L ICB LT2[9]. oz TE
BAREEZE L5 DIE, ZHEXEIIEFRIEIZED Grad-Shafranov TR OFHiETH 5.

[EE AR L& LT Grad-Shafranov SRR EZE< Z &1, 77 A~ EREENRM O OREAE L
BB, FERICEGHEMEE 2. ZOMOBEAERRIIZSEEIOREFRE L2508, 2FITHIER
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D7 DERFESY OFFEITEARNC L CTRBITIEEFOMLE TR, ZHEKXBROREO AR KEIZ X
STEHEIND. BEBRKEZRETD-OICBERL ) =2 b REICESFTAETHD. LN
> T, BEHAMEKEDREIL N —ZLOFHERMIIIRE S FELRY. ZOBAMHEERD D =OIZHIE
OB NME L2250, T OFEERE S bERESICEBRATRER Z LN RIS, KXo TZZTRY
FIEIXO DR D EEES OB L HLE L LW

Grad-Shafranov F12=
7 o R— VDR j=VxB & b — 7 Rl Br(e-z) RICHEE B L 72 Rfy HRERE LT

_ r_?_(li)ﬁ; i (1)
or\ror) oz V= Hllo
BEMNDI2]. 22, 1377 A~EREED baA VRS, p TRZEFOFEHRE, yidT 7 X~
BRICER L TERENDIMRTHD. N7 PVRT v D buAg 2oy A, # Ty =4,
Ehhinb. EZATT T A~ EHBEUL L 272 80E p=nkT OES E2FFOD T, BRHE LADERKT
377 A~ B OMENEN@EKE) L LTER L, 77 X< LA LIADEY & OFET)

jixB=Vp (2)

PRI=NZ2F R B0, K@) &2 bl FRRIEM T2 &, RKOOFDTEHIZHE LI EZES R,
o(190 o’ ,dp d (F? .

D Sl N IS Gy A B Il () P 3)
{r 6r(r 6;’)—'—622 }l// ad dl//+dl//( 2 HolTo

nkowrslel. iz, FldRaA ZVERBELIFENGETHY, EHp L& bITHERYy O
OB EmEE) TH 5. R3)IE Grad-Shafranov TN EMEIENS. 72770, AfETIxER E, K
Q) @)D FH % & H 12 Grad-Shafranov FREEMESZ L1275,

BEDRERESHEX(SBIE)
HONHE S/ T, i(a,b)ICHAL b oA FOVERB BN & SITERT 1 — N A (r,z)Ic B0
DRER, ThRbbEKRMRY %52 2 /BN

2
_{rgz(%é%j+é%;}w*=r@ (4)
BHATH. ZZI6138(r—a)d(z—b) R L, EAM w 118 1 L E 2MOTLMEMMS K (k),
E(k)ZAn,
. ar k?
=ZK1—7JK(k)—E(k)} (5)
THExbND. T2EL,
= 4ar ©)

(r+a)2 +(Z—b)2
Thd. RO EDOWHEATE T 7 AEAETE2E0RICETET L&, XH@IXTENER,

1 )
—r (VZ —7) (%) = Hol], (7a)
—}’(V2 ——12—][—"” J =rd, (7b)
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Lies, 22T,y xR (Ta)—y [ x (D) &8Ik Q(r, 2) ICDT o TR L, SHIZ, Green D

52 A
2 2 op 0
[(vvg-4v'y)ac= rj[w5—¢5f—)ﬁ ®)

EEAT 5. dQ=2xrdrdz 3 L 0L =27r\dr* +dz* THDHN, &%, WED2r NEFETX B30T,
Ej(&')f dQ=rdrdz, dU =rldr* +dz* L EZ%, o, r#80rdQ'=drdz & dTU' =\ dr* +dz* 72
HEEEHRTIL,

y oy woy v
= [ LY dr+ (£ do 9
CIWI Ij( v an r an j I (IUOU(p) ( )
B5. ZZi20/onit b—TF ZAOWHEICRB W THRE ZIEE LIRS 2&bDT. RS

A= cAXFEKNERT 1.0, WEOLRERETIR &5,
fz(%@ﬁ:&%zrﬁ VIR HEBES O b TEENTWS., 22T, RO)OAFB%E
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I,m
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D X D IZERFED ”ﬁ?ﬁ’(é" DT, ML LT- Y — AIH % FFD Grad-Shafranov 52 %

* * (1, m) (1, m)
Csz_J.(l//_ﬁ//—"Kaijdr‘:zal m{cﬁﬁ,(l m) _ J.(l// 6@ (D al// )drv} (14)

s r  On r On
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fiiﬁﬁli#?é:ﬁ*ﬁb—lﬂ?(DRM) [10] L IFIEREEAR D DO TH S.

Hyper-Singular IR B9 HER
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@U@'@Fﬁﬁ% MBEVVRFRE ] LD X HIZHRVY “hyper singularity” % 2 L, B @R LIZIEME 42 0T
RIS CCH e TREET 5.
K(14)ZRi THR T L,

2 (1 m) (I,m) (l,m) 2. *
oy, 181// oy y oy Zalm 1a¢// o™ @ ow rl as)
om ¥ Om On r Omon r Om On r Omon

—146—




NELND. ZZTEmEEBEOHMN AR MLET5.

4, RAB)ZHER EORIHEET 5728, AR THIRixHPLE LY ReORBIIELEHT-
INSIRBER T, 21ED, &0 OMBIBEIEEZITS. Z ok, K(15) ZAi BV THEEDH B m THST
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LOGARITHMIC DERIVATIVES OF CURVATURE OF CURVES
AND ISOMETRIC IMMERSIONS

TADASHI SUGIYAMA

An isometric immersion f : M — M between Riemannian manifolds is called
isotropic in the sense of O’Neill if at each point £ € M the norm of the second
fundamental form ||o(u, u)|| does not depend on the choice of unit tangent vector
u € T, M. We call the function Ay of M showing this norm at each point of x the
function of isotropy. It is clear that totally umbilic immersions are isotropic, but
not vice versa if dim(M) > dim(M) + 2. It is well known that the k-th Veronese
embedding f; : CP*(¢/k) — CPY(¢) is constant isotropic with isotropic constant
As = c(k — 1)/2k. More generally, we can easily find that every G-equivariant
isometric immersion of a rank one symmetric space G/K into a homogeneous
space is constant isotropic. These examples show that isotropic submanifolds
are important objects in submanifold theory. In this note we can characterize
isotropic immersions in view of logarithmic derivatives of curvature of smooth
curves.

1. LOGARITUMIC DERIVATIVES OF CURVATURE OF CURVES

For a smooth curve v : I — M parameterized by its arclength, we define a
positive function &, by £, = || V7| and call it the (first) curvature function of .
We say this curve v does not have inflection points if k., does not vanish along ~.
For such a curve 7, we define a unit vector field Y, along v which is orthogonal
to 4 by Y, = (1/k,)V4%. We then find it satisfies

Vit =kyYy, ViYy=—kyy+ 2,

with some vector field Z, along v which is orthogonal to both 4 and Y,. We
say a smooth curve v without inflection points is of proper order 2 at y(t) if Z,
vanishes at this point. When &, is a positive constant function and Z, = 0, this
curve is called a circle of positive curvature. We say a geodesic to be a circle of
null curvature.

We here give relationships between curvatures of curves and their extrinsic

shapes. Let f: M — M be an isometric immersion. We denote by V and V the
Riemannian connections of M and M, respectively. Their relations are given as
Gauss and Weingarten formulae

VxY =VxY +0(X,Y), Vxé=-AX+VZE,

for vector fields X, Y on M tangent to M and a vector field £ on M normal to
M. Here, o is the second fundamental form, A is the shape operator, and V¢

denotes the normal component of v x&. We define the covariant differentiation V
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of the second fundamental form o with respect to the connection of TM & T M+
by
(Vxo)(Y,2Z) = Vx(o(Y,2)) —o(VxY,Z) — 0(X,VxZ).
For a smooth curve v on M we denote by k., the curvature function of the
extrinsic shape ¥ = f oy of 4. By use of Gauss and Weingarten formulae, we
can obtain the following by direct calculation (see [5]).

Lemma 1. Curvature functions of a smooth curve v on M and its extrinsic
shape f o~y satisfy Ts',zy = n?, + |lo(¥,%)||?. Hence f o~ does not have inflection
points if v dose not have inflection points.

For a smooth curve v without inflection points, we denote by £, the logarithmic
derivative of &, that is £, = &/ /k,. For its extrinsic shape ¥ = f o+ by an
isometric immersion f : M — M, we denote by 577 its curvature logarithmic
derivative.

Lemma 2. For a smooth curve vy which is parameterized by its arclength and
does not have inflection points, we have

(1.1) H?Y(Z’Y — &) + Zvlld(ﬁﬁ)lf = ~2(E —4y) +4 ”a(%w”z
=2I€7<0'(’7,’.)’) ’Y, 'y)>+< 70‘ 777) (777))

The reason why we stick on logarithmic derivatives of curvature of curves lies
on the following Nomizu Yano’s Theorem. We denote by h the mean curvature
vector for an isometric immersion f which is defined as

1 n
- iy Ci M,
Max»—»n;a(e e;) € v(M)

where {e;} is an orthonormal basis of tangent space T, M and v(M) is the normal
bundle of M. We say M is umbilic at a point z if o(u,v) = (u,v)h holds for
orthonormal basis u,v € T,M at x € M. We call M totally umbilic when all
points are umbilic. A Riemannian submanifold is called an extrinsic sphere if
it is totally umbilic and has parallel mean curvature vector. We here recall a
characterization of extrinsic spheres due to Nomizu and Yano [4], which is a
foundation of our study.

Nomizu-Yano’s Theorem. A Riemannian submanifold M is an extrinsic
sphere in M if and only if all circles on M are circles on M.

For a standard sphere S? in a Euclidean space R3, geodesics and circles on
52 can be seen as circles in R?. Nomizu-Yano’s Theorem shows such a property
holds for general extrinsic spheres. We can generalize their result in the following
manner.

Theorem 1 ([5]). An isometric immersion f : M — M is umbilic at a point
x € M if for each orthonormal pair (u,v) of tangent vectors of M at x there exist
two curves 1,7, : (—€,€) — M parameterized by their arclength which satisfy
the following four conditions:

i) 71,72 do not have inflection points,
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11) ’YZ(O) =2z, 71(0) =u, V’Yi’yi = (—l)i_lﬁ”)’i(o)vi
iii) their extrinsic shapes f oy, and f o~y are of proper order 2 at f(z),

iv) £4,(0) = £,,(0).

In our study for immersions which preserve the order 2 property of curves,
curvature logarithmic derivatives of curves play quite important role. So we
shall concentrate our mind on this quantity and study isotropic immersions.

2. CHARACTERIZAITON OF ISOTROPIC IMMERSIONS

For an orthonormal pair (u,v) of tangent vectors of M, we denote by G(u,v) a
family of smooth curves defined by the following condition: A curvey : (—¢,€) —
M parameterized by its arclength is an element of G(u,v) if it does not have
inflection points and satisfies the following conditions;

i) 4(0) = u and Y,(0) = v,
i) the logarithmic derivative of curvature at z is preserved by f,
(i.e. £,(0) =2,(0)).
We consider curvature logarithmic derivatives of such curves. We put
B(u,v) := {£,(0) | v €G(u,v)},
B(u) := U{B(u, v) | v is & unit vector orthogonal to u}.

We can characterize isotropic immersions by the property that some curvature
logarithmic derivatives are preserved.

Theorem 2. An isometric immersion f : M — M is isotropic at a pointx € M
if and only if B(u,v) N B(u, —v) # ¢ for every orthonormal pair (u,v) € T, M X
T, M of tangent vectors.

Proof. “Only if” part. We take curves v € B(u,v) and p € B(u, —v) satisfying
that £,(0) = £,(0) € B(u,v) N B(u, —v). By Lemma2 we see

£5(0)l|o(u, w)[|* + 2, (0){o (w, u), o (u, v)) + (Vo) (u, u), o (u, w)) =0,

£,(0)[|o(u, w) || — 26, (0) (0 (1, w), (1, v)) + {(Vu0) (1, u), o (w, u)) = 0.
We hence obtain (o(u,u),o(u,v)) = 0.

We now consider a function ¢ on the unit tangent space U, M at = defined by
o(u) = ||lo(u,u)||?, we see its differential is given as v(p), = 4(co(u, u), o(u,v)).
Thus we find f is isotropic at x if and only if (o(u,u),o(u,v)) = 0 for every
orthonormal pair (u,v) € UM x U, M.

“if” part. When f is isotropic at x, for every v € U, M we see by Lemma?2
that

75(0)(2,(0) = £,(0)) + £, (0)lo (w, w)|I* = (Vo) (i, w), 0 (u, w)).

for every smooth curve v with 4(0) = u. If o(u, u) = 0 we find Z,(0) = £,(0) for
every 7. If o(u,u) # 0, for every smooth curve with

€5(0) = ((Vuo)(u, u), o (u, w)lo]| 2,

we also have Z.(0) = £,(0). Thus we obtain the conclusion. O
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Theorem 3. An isometric immersion f: M — M is geodesic at a point x € M
if and only if the following two conditions hold:
i) B(u,v) N B(u, —v) # ¢ for every orthonormal pair (u,v) € UM x UM,
ii) B(u) contains at least two distinct numbers for every u € U, M.

3. KAHLER IMMERSIONS

If we restrict ourselves on Kéhler immersions between Kéahler manifolds, we
can weaken the conditions. We put

B.(u) := {£,(0) | v € G(u, Ju) U G(u, —Ju)}.

Theorem 4. A Kdhler isometric immersion f : M — M is geodesic at x if and
only if the set B.(u) contains at least two distinct numbers for every unit tangent
vector u € U, M.

As an application of Theorem 2, we can characterized Veronese embeddings.
We define a Kihler full isometric immersion f; : CP"(¢/k) — CPN(¢) of a
complex projective space of constant holomorphic sectional curvature é/k into a
complex projective space of holomorphic sectional curvature ¢ by

[elosicn = | VR (hol - Tal)2f? - 2

where N = N(n,k) := (n+ k)!/(nlk!) — 1 and [*] denotes homogeneous cood-
inates. We call this the k-th Veronese embedding. It is well-known that it is
constant isotropic with isotropy constant A; = &k — 1)/(2k). We denote by
M™(¢;C) a complex space form of constant holomorphic sectional curvature ¢,
which is a complex projective space CP™(¢), a complex Euclidean space C" and
a complex hyperbolic space CH™(¢) according to ¢ is positive, zero and negative.

)
] k0+"'+kn=k

Theorem 5. Let f : M — MY (& C) be a non-totally geodesic Kihler isometric
full immersion of a Kdahler manifold M of complex dimension n > 2. Then the
following conditions are equivalent:

1) There is a positive integer k satisfying that N = N(n,k), the ambient
space M (&, C) is CPN(C), the submanifold M is locally congruent to
CP™(¢/k) and f is locally equivalent to the k-th Veronese embedding fy;

2) For every orthonormal pair (u,v) of tangent vectors of M, we have B(u,v)N
B(u, —v) # 0.

Since every holomorphic curve on MY (¢; C) is isotropic, the same result does

not hold when n = 1. But we can say the following (c.f. [2]):

Proposition 1. Let f : M — CPY(C) be a full isometric immersed holomorphic
curve. The set B(u, Ju) N\ B(u, —Ju) contains zero for every w € UM if and only
if there is a positive integer k satisfying that N = N(1,k), the submanifold M is
locally congruent to CP'(¢/k) and f is locally equivalent to f.

We should note that in these results in this section we only need the ambient
space only to be of constant holomorphic sectional curvature.
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Particle Orbit Analysis in Heliotron Type Nuclear Fusion Device
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ABSTRACT The charged-particle orbits are analyzed in the Large Helical Device that is the
largest heliotron type fusion device in the world. Particle orbit characteristics are clarified in two
types of magnetic fields. One is a vacuum magnetic field (plasma pressure = 0). The other is the
plasma equilibrium magnetic field which configuration has been changed by the finite plasma
pressure. The particle orbit characteristics are almost the same between these two type magnetic
fields. The charge-exchange between the charged particles and the neutral ones in the peripheral
region is investigated. The number of the charge-exchange reactions in the plasma equilibrium

magnetic field is larger than that in the vacuum magnetic field.
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Abstract. Quantum-mechanical properties of electrons confined to a deformed cylindrical
surface are theoretically investigated by the Schrédinger’s approach. The quantum confinement
of electrons normal to the surface induces a curvature-dependent potential energy, which results
in a drastic change in the electronic structures of the system at low energies. Our finding
suggests the possibility of controlling the electric conductivity of low-dimensional nanostructures
by inducing a local geometric deformation.

1. Introduction
An electron moving in a conducting solid (e.g., a metal) exhibits two distinct properties — of a
particle and a wave. Which property among these is dominant is determined by the condition
of the system. For instance, when temperature of the system is typically less than 1 mK
or when the volume of the system is reduced to less than 1 pm3, an electron can no longer be
considered as a classical charged particle, since its wave nature possibly begin to dominate. In the
latter quantum-mechanical condition, the motion of an electron is described by the Schrédinger
equation:

)

—5-V°+U(r)| ¥(r) = E¥(r), (1)

2m

where m is the mass of an electron, A ~ 1.05 x 1073* Js is the Planck constant, U(r) is
the potential, U(r) and E are the eigenfunction and eigenenergy of the system, respectively.
It is noteworthy that this equation holds under the assumption that an electron can move in
three-dimensional space. The rapid developments in nanotechnology, however, have made it
possible to manufacture quasi one- and two-dimensional nanostructures with novel geometries
[1-8]. These experimental achievements naturally pose theoretical problems with regard to the
effect of structural geometry on the quantum-mechanical properties. In fact, thus far, several
attempts have been made to formulate the motion of quantum particles whose motion is strongly
confined to low dimensions [9-19]. These studies suggested that when the electron is strongly
constrained to a smoothly curved surface, the quantization of the motion perpendicular to the
surface results in an effective potential energy whose magnitude depends on the local curvatures
along the surface. This implies that an alteration in the local geometric curvature induces a
novel change in the quantum transport properties of the low-dimensional nanostructures. In this
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Figure 1. Schematic illustration of deformed cylindrical surfaces. The parameter o determines
the spatial extent of the deformed part along the u-axis, and § determines the extent of a bulge
or constriction.

context, thorough understandings of these geometric effects are crucially important to develop
new-generation nanoscale devices.

The current work concentrates on the quantum properties of electrons confined to a cylindrical
surface with a variable diameter. We have found that the local deformation of the cylindrical
surface significantly affects the electronic structures in the lowest-energy region. This indicates
the occurrence of a curvature-induced alteration in the electron transport along nanoscale
surfaces with cylindrical geometry.

2. Schrédinger Equation for Curved Surfaces

In what follows, we focus on a specific situation in which electrons are constrained to move along
a curved surface. Let (z!,22, 22) be a three-dimensional curvilinear coordinate that allows the
parameterization of a curved surface of interest by r = r(z', 2). Then, a point p in this space
can be determined through the relation

where n(z!,z?) is the vector normal to the curved surface.

We now introduce a confining potential V' (z!, 22, %) that confines the electrons within a thin
layer of constant thickness d, By taking the limit d — 0 [10], the potential becomes V' = 0 if
23 = 0 and V = oo otherwise. This allows us to separate the 3 dependence in the Hamiltonian
of the confined system and eventually provides the Schrédinger equation for curved surfaces:

R [1 o ; .
- 3 2 _ -
5 { VL (ﬁg 5 J) (H D)] o = Eo. (3)
Here, o(z!,2?) is the wave function of the confined particles, g;j = dr/0z* - 9r/0z’ are the
components of the metric tensor, g = det[gi;], 9" = [g;;]7}, and H(z',2?) and D(z!,z?) are

the mean and Gaussian curvatures of the surface, respectively..The most striking feature is the
occurrence of the non-trivial potential term, —(H?2— D), in Eq. (3). This is a direct consequence
of the quantization of the motion normal to the surface. It is noteworthy that the resulting
potential depends only on the local surface geometry and not on the mass or charge of the
particle.

3. Model and Methods
Equation (3) has a broad applicability to general curved surfaces. Among various choices, we
restrict our concern to locally deformed cylindrical surfaces depicted in Figs. 1(a) and 1(b).

1 This limiting procedure was initially suggested by da Costa [10], and has been successfully applied to quantum
mechanical problems involving novel geometries [20-25].
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These surfaces are parameterized by
r =r(u, ¢) = [R(u) cos ¢, R(u) sin g, u], (4)

where the radius of the cylinder is assumed to vary with u as

R(u) = Ro l1 + Bexp (%%)] . (5)

Due to the rotational symmetry of the surfaces, the Schrodinger equation (3) can be further
simplified by means of the variable-separation method. By substituting

)= ol E . with f(u) = ©)
into Bq. (3), we obtain the reduced Schrodinger equation for 7(u) as
P Vi) = enw), )
where
Vatw) = (@7 [ 5 ~ T2 + H@? - D) - s ®
and
Plu)=- 2R(u1) 110 d(fsz) : )

In actual calculations, we numerically evaluated spatial profiles both of the potential V;(u) and
the ground-state eigenfunction n(u) belonging to ¢ = epin. As demonstrated below, the presence
of the term Vj turns out to significantly affect the static and transport properties of the ground
state of the confined electrons.

4. Results and Discussions

Figures 2(a) and 2(b) depict the spatial profile of Vg(u) and that of the square amplitude of the
ground-state eigenfunction |(u)|?. In the language of quantum mechanics, the latter represents
the probability of finding a electron at a point v with m = 0. The parameters are o = 1.0
for (a) and a = 1.5 for (b), and 8 = 1.0 for both the figures. Figure 2(a) shows that Vj
provides a steep potential well in which the ground-state wavefunction is strongly bounded.
The occurrence of the potential well is attributed to the fact that for certain values of a and
£, the term f2(dI'/du — T'?) involved in V; (see Eq. (8)) assumes a considerably large positive
value at u=0. As « increases, the magnitude of this potential well monotonically decreases; in
fact, when o > 1.5, V; gives only slight contributions that are no longer sufficient to bound the
ground eigenstates of m = 0, as shown in Fig. 2(b).

Interestingly, the spatial profiles of |n(u)|? (as well as V;(u)) change marked by depending
on the values of o and 3, and also the quantum number of the angular momentum m.
This is illustrated by Figs. 3(a) and 3(b); these are contour plots of the localization length
¢ = ( fOL [n(u)|2du) ? of the lowest-energy eigenstate with m = 0 (a) and m = 1 (b). The
localization length ¢ provides a measure of the spatial extent of the wavefunction in question;
¢ < L if the eigenfunction is spatially localized, while ¢ ~ L if it extends over the whole system.

Hence, by examining the dependence of £ on the geometric parameters oo and 3, we obtain an
understanding of the geometric effect on the electron system on cylindrical surfaces. Figures

—161—



X 107 X 10°

1.5 T
(@e=1.0,p=10 } 2.0[ (b)a=1.5,p=1.0
10} i ] :
e < At
§ it \:% 10 T R p
>° 05f i 1 > oy
?, ' \§; 00
=00 = =
vd
o5l v, 1 1.0} ]
-10.0 -5.0 0.0 50 10.0 -10.0 -5.0 0.0 5.0 10.0
ulR, ulR,

Figure 2. Spatial profiles of the potential V; (solid line) and that of the squared amplitude of
the ground-state eigenfunction |n|? (dotted line) for m = 0. The scales of the vertical axis are
(a) 10~2 and (b) 1073.
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o

Figure 3. Contour plots of the localization length ¢ of the lowest-energy eigenstate in the a-3
plane: (a) m = 0 and (b) m = 1. The eigenstate is strongly localized in the dark region and
extends over the entire system in the light region.

3(a) and 3(b) show that the ground-state eigenfunction may be strongly bounded (the dark
region) or may extend over the entire system (the light region) depending on the values of o
and (.

Importantly, in both the cases m = 0 and m = 1, the a-dependence of £ is completely
different between the regions 8 > 0 (bulgy deformation) and 3 < 0 (constricted deformation).
With m = 0, for instance, £ for 8 > 0 tends to increase with «, and eventually becomes equal to
the system length L at o ~ 1.5 (followed by a slight decrease at o > 2.0). This indicates that
the ground-state becomes extended (¢ ~ L) when reforming the bulgy part to be more stretched
in the direction of u-axis. On the other hand, £ for 8 < 0 is almost invariant with regard to
changes in «, and its value is always smaller than L. In short, (i) the crossover behaviour of £
from bound to extended states is observed only in the case of bulgy deformation (8 > 0), and in
that case, (ii) the magnitude of ¢ for a fixed 3 rapidly increases at o ~ 1.5. These two findings
suggest the possibility of controlling the ballistic electron transport in cylindrical nanostructures
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by introducing a subtle geometric deformation.

It is to be noted that a similar crossover behaviour of £ was observed in the case of m =1
where, in contrast to the case of m = 0, the crossover occurs for negative 5. In fact, we have
confirmed that when m > 1, the extended low-energy states occur only at # < 0 which is in
contrast to the case of m = 0 where the extended states occur only at 5 > 0. This difference
as well as the global behaviour of £(«, 3) depicted in Figs. 3(a) and 3(b) can be accounted for
by considering the contribution from each term in the expression for Vy(u) (see (8)); detailed
analyses will be presented elsewhere [26, 27].

5. Conclusion

In the present study, we have investigated the effect of local geometric deformation on the
electronic states strongly confined to a thin cylindrical surface with a variable rotational radius.
The spatial profile of the deformation-induced potential and that of the square amplitude of the
lowest-energy eigenstates were numerically evaluated. The localization length of the eigenstate
was calculated as a function of the geometric parameters o and 3; the results indicate that a
subtle geometric deformation could induce a drastic change in the ballistic electron transport
along nanoscale cylindrical surfaces. We hope that our findings prove to be a fundamental basis
for further fruitful studies on the development of quantum devices based on low-dimensional
nanostructures.
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Localization-delocalization transition in a flat band disordered electronic system
[LE R

B RT3T: W w2l A B 2y SR TN L 7/ (N

We propose a disorder-induced localization-delocalization transition of one-electron states.
We first make a highly degenerated localized states by constructing a three-dimensional periodic
system possessing only flat dispersion relations. When we introduce a disorder into it, a finite-
size scaling of the level statistics shows localization-delocalization-localization transition for a
wide range of the energy, with increasing the degree of disorder.

KEYWORDS: flat band, metal-insulator transition, level statistics, disordered electronic system.
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Ric&Iot 2 0EEGGE R X 3. FC T OEBMEOMING
CUARIEE G EREERICE DX 5 J(R,R) LOF GHEEZ %. 5D
B, TOBEGIERD Lie BHICIT 5.

G =

oW

0 0
C 0|| A=CE (6)
0 E

TDEGHREMD HFENAIRET % GG LR, X TS ETOFDR
NS, M AERNGZ6N5 L, THUCH LU THRIC GREEDNEE %
DT, TORIEH 5RO RO EEREII IS % G & D[R
FRRET AMEICEEMA Z2ENTES. LIzD>T, 2O GHED E
THRSHD (T V) @i 2110, AEE () 21582 %H T, 2O ([FfE)
RIS 2 E21E X S5 LW D DD Cartan DEETH S, T DHiIERER
»BFE L LT, Cartan B EICEZ L 7z Cartan’s equivalence method
EMENEFENDS. COFEERHVS L, 5RO G #hEICEET 2%
ERDEDICITS:

1(d? d d
K1 = fyy + 6 {%fzz - 4E£fzy + fz(4fzy - ﬂfu) - 3fyfzz}
KZ L= fzzzm

fztzL, 2 C T i of of of

% = % + Z—ag + f&
L7z, 93%¢ GREED RN S, TOMROMEHIC X » ROFEENE
5N5.
Theorem 2.3
CREOE M RO IERE (1) DEEZGRER & Mo FEHOEA) 7 -
DELETHBDEZS (METHS ) b ORE 55 Ky = Ky = 0
EIRBHETHS.
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BEe I A~ ~D=a2—FNVxy hU—27 OHEH

Application of neural network to the fusion plasma analysis

el K K FpE TSR & 78 T3 H I
EReA I (Arimitsu WAKASA)

Abstract. A neoclassical transport database, DCOM/NNW, has been constructed using the
neural network (NNW) method to analyze the plasma in Large Helical Device (LHD). As the
"training data" used in the "learning" for the NNW, the mono-energetic neoclassical transport
coefficients were evaluated using a Monte Carlo code, DCOM. The database has been
prepared for two typical magnetic field configurations in LHD: the standard and the inward
shifted configurations. The neoclassical transport coefficients for the thermal plasma can now
be given quickly by the DCOM/NNW.

HR

h—Z 2 BEEIGEA UA O ERENA R Cix, BTE, G 2 vz b~
JRNEFRE > TEY | EERPEEE EBIFATER)[1]2Y MU~ 7 B4 E & U
SN2 L FEROBMEIFICHITEMENED L TWD, —J7, EF, FHizk
h— T ZBUEEE L UC, Rl RREIBEROAL 2 A W~ D VIR S E I B 5
B L OHEGRMIEREA TETND, ~U IV BEBORK#ME L TiX, 4=
ANVIZEVEALIADEEZERT D0, 77 XA~NMEREZLE LTS, EiE
AR THY, £, 7T AXAHOEBZRVF—RN/AI NI, JFRECHEED
WHEBEEZ 277 XA~OMBRBLOEREN BN EBBITF LN D,
&@éﬂiﬁ%%@k@«yﬂwiﬁﬁﬁ@mgmeDwmuﬂmmm\ﬁﬁ
BRBDONY VR EAEBRIEE CTH D, LHD 77 X< TR0 EIZ L > T
KELSK AL ZDRFESCTZ X

CORERERNEET S, I IRT I ]
LHD T, RN E Ry=3.75 m .

i
DIEWERGIB B & FRIE N 2 B & . //<i
WS AE Ry = 3.60 m DN l - P-S 4Ei

WEHEAL & FEIE N D BN D 2 DD / \ ______________ -
B & 12 R DL TV B, vajﬁjﬁfiﬁ?j 7 bR
75 R o R RLT L

Frhi e Uk EGHE T > T Fig 1~ 2 0B A 4RO I i 5

V. ZOWMETZ —u RIS d MR, B o iRE5 I K3 D Bl LR
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ShlcInb TIEMHATERY, XY REREFIBOL#HB L L &L, 7
TAOHLADERET D, ~V I ABERMALEE T, Figl 2R3 X o, i
BB NG AT L BTl MR BRSO 8 28 SRR B R Bl L TR TS 1/ v 1E
WANFIET D, ERBAKRBITIRED 3/2 RICKKFAITL20T, @IBOT T XA~vi%E
ZHA. BB E SR REBEEE TRELI AoTLEY, BMETT A<D
LA EZLHLSEDIRE LR -oTLE S, TDD, ~ Y B VBEEE C3og i
W OERAEREE L 25, |

L, KFo RY 7 MEBHFBRRAEE T B0 kTR TR E 2B L
JEBUR & §H 59 % = — K, Diffusion Coefficient Calculator by Monte Carlo Method
(DCOM) [3]1Z # 72 \ZPA%E L7z, DCOM [T —= XV F—hF DO v FARELIZ L D
RFT 2 L8RS BT 22— K Th o, DCOM IE, DK T % B LZ DH
DIEY DO IEHRB A AT 20T, KRERFREMALEIC /R D, Rl Z2 0 K
DF VKT 22 R B T, LERK T OB LELS LY, ZokoIciE
M X DEHEBB OGRS 5, ERT — ZMTCHERMT 21T 2 BAIT, BEx o
IR MES . DNIEEMEEZEET 570N DCOM THEZT 5 OILE
EHTIERV, EZTMONDFETIHMBEROT — 2 X— 22 LT L2LER D
D, fEk., ZORNHFE L L TX, BB Mme, @2eE RS Uk sk
DFFFR AR LN R TN TE e, ~ U VB OB G % E OISR HIT.
22 E BRI B, INERNE R E OIFRIBEK L - TRV, BEMHMT
FELS N EITO ZEBRTE R, £, ~ ) DVEILRENS 3 E Oy R Bux,
HREBEBORE SIS CTRRTEIRDI BN ET 5720 IVEBL T b —#Hk,
P-S fEl e ¥ OFKEIICIE L C, MR ERBR LNHFEZTOLERNDH D, &8
Ik M DR IR BV TIIRIT A FE LR WD, MERRNFEITI LN TE
20N,

HHE, =a—FFxy hT—Z7NNW)[6] & FEIEN 2 FENFKERE L TE 72, NNW
AR ORI 2B L 725 T, SRV IERIBHE AR - TR Y | ME ORI E
KRB TEDZENEHINTWAH[T], &I TARBFIETIE, DCOM DOFRtEBERON
I NNW ZFI A L, Bl k2 oo 7 — 7 X— 2 2 Mg L,

Sa—INRy NI =2 ERWEHHRAET — ¥ X— 2 DEE

AW TIE, Fig. 2 1234 X 5 @R NNW 245/ L7z, RO NNW X, A
WMeBEZITRY, tho=a—v v ~MgBE2RETIANH=a— L HER~
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HAGEEZHTHA=a—ny BEO, ZOFBTEEOEELZITIHH=2
—urO3EHO=2—arpbEREND, TREROEEE ANE, TRE.
WAk EMES, Fig. 2 IZFEEN 12D, 3BNNWAEEXRLTWS, 2O NNWIZE
WT, ADE i & B h 28T 2B % whin, THE b & HARE y, 28T
HELE W, ETDH L,

Ya (xl’x2""’xl):f(iw:mf(zw;ﬂxlj] (D

m=0

TERTILENRHESL, 22T, blas L THAW I D=a—a%EEL, TOEH
woNF=—a—a OBt lo TS, FBEH S L LT,

X -X

—e

f(x)=tanhx = ¢

et +e” )
ZEHA L, K5 BEER NNW
WEBWT, BEAwEIELSRETH
. AES T 2 5 B 2 i &
BL2TENTELT ERDND,
NNW DOFEORE#H LD, HDHA
JHMEFIZXT 2 NNW OZFE LW iHy
NEPEE S LIPS, W onoA PR O intput layer
NeEFLFBEEFOMEHAELTE % X1 X x
S ANBRIT Bk by e e e
OHEAEZN. HEEZRL LB LS used in calculations of normalized D".
W&/ =—a—a  OELEVET S,

AHFZETIL, LHD OEERIGENL, N GENLZ N E NI 2T, i 288
Yo', BEMES G, INEERME rak AN, WEHEEE D RO ET 5, PRIE 1
J& OFEETL D NNW Z AR HEREIGENL & W FHEBGELAL O 2 D OBIG B E N Z i
WE L, Xy N —27 OB IMERAT 587 — % 121X DCOM THE L7724 (v,
G, r/a, D) OMEME LI, BEBBRAICOVWTIE, sST4MOHET—2 %, A
THBANLIL SIS MHOFRET—F 2 HEL, BT —4% & LTHEN L, BFGS #i E
AK[BIEFM L= — FUERBIEZHWT BEAwEZEH L, BEE NNW
E. FREoa=y MRICk o CEOMERRESNS, Hio, TRENO2 =y b
BNLTEHL, X2y NU—27 OFB IR0 2 7210 i, @E¥E[10]&
WORMBENEL D, TREZET 272010, LEBE/NMEO2 =y MIEZERIRT 54

output signals (D*)

output layer

hidden layer
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BERH D, Fig. 3R TIOCHHEOL=y MZHCT L ROITRBUIIRE
BWH L. HEBOBMPK 15 BELTICZRD &, METESHIZED LTV,
FREO=y MMiE 100 & LA, ZERBEITEFIS/NIRMEICIR > TWT,
BENSIKLONDEN, ZOBADNNW LD HiERIL. Fig. 4 DXL 510, #
fi 7 — 2 Db D RIZBNTIE, EFHICELS —ELTWDR, AT — & o ik
DORFFITIEL ATV, ZHEPHEO2=y FMOBMIZEL>Txy hU—
7 OBABENERY, BEHOMENRBELELZDTHS, AFETIT, BEDOM
OW A HENENT D HMEE 15 EERA L, EERGERAMA. NFEBEERALICD
WTCENEN 1S BoPHBEEZRWExR Yy FU— 7 ZREE LI,

EAREEIBEALICBT D r/a=0.5 TO NNW 57— X X—201 5O DHiER% Fig. 5
2R Y, Fig. 5(a) D& RIINNW OFEICHEMA S DCOMIZ L 2FHEBERTH Y |
X OMRIE NNW 25D DFERTH B,

4
NNW 76 O 1%, 1/v 8l D> 5 Plateau 10 /
H 4
I A % T P-S Sk E CAFEIch-o 1&fﬂ\ //
T DCOM OFERL L< —H LT3 hlwnﬁu&‘ e
. v oy ey . NI Ve —G=9.86e-4
LWy, £ 72 DCOM DFHH RN ook o —G-312e3
LV —G=9.86¢-3
ELR Wy S E RIS, v<10” DfE 2 I B I G=3.12¢-2
O O O e G=9.86e-2
WL NNW & P33 BV AT e
RICBA L CTH ﬂ‘?ﬁ S Bz T o 10—6 10_4 10\.)2‘ 100 102
TV 5, Fig. 5(b) OMHRIL, NNW O Fig. 4 Overlearning of NNW when number
U N P N of hidden unit is assumed to be 100.
FRIZHM LD o 1o BHIZI T 5 I The open symbols are training data
(G A NNW 5 — 2 N— 2 % W TH and the lines are NNW results.
LR %EZ/RL TWD, Figs5b) Iz ix,
DCOM CHE MR % & 7H 58 L 7= i SR (IEfiR 10°
B) bhb¥ETHELE, 2O, NNW g 10"
o
WEDT—2_—=2%, BHICBALTLE Ewa
kS
BERLSAFEZT-TWAEIERNbN5, §w4
g
NNW % VT, BRI, M %R 3
P 2 10
BN, TN ENOIEBREE D (v, G, z
5
)l WO BB TRTZIENTE L, Th 10 0 N2Ob 40fh(613 80 100
L LY EBOV, G ra o BT B UMER piberotiddenunits.
Fig. 3 Averaged relative error as function
HBREFIC/E S D L NAREIC Y | RN O of number of hidden units of NNW
} for two magnetic configurations;
EHBREBOT —F N—APHEETE L Ra=3.75 m and R,,=3.60 m.
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2725,

o)

NNW %FH L. LHD OEHERZS BN I & OV W BE5 BOAL o Fr il sk i 3 oo
F— B R—Z DL E1T o7, DCOM THHE L7Z(V, G, r/a, DYDI 2 28T — 4 L
L. EHERGSEENL & W HEERBBELALD 2 D OBBELIZ DWW TT — F N— Z % HE 4
L7z, NNW OZE |21, BFGS AR EZFM L= — M EAEH Lz, PRE
D=za—v oI, BFEOMBEEZET 570, 15 EICRE L,

ARHFZETHE LT — I _N—2A b DM AE L DCOM DFHEFMER L L, 7 —
ZR—=2DFMEATo bR, MBEFT LS —FK L

ZO NNW ZFH LB ERET - _X—20EICEAL TiX, W
[11-12]lc AR STV D,

10* @ 10* ®)
)
; ~ /
10 / ...... ] 10 //
- - 3‘3’3‘% z{gf
* 0 4. 0f s SLL
a 10 A B o] oo 10 Rt
AxL * G=2.99¢-3 Ly O G=4.43¢-3
14 /" A G=9.40e-3 2K A G=8.87e-3
10 / v G=2.99¢-2 10 ‘; vV G=1.77e-2
A G=9.40e-2 N G=2.97¢-2
) Vi G=z,99:-1 4 G=3.55¢-2
10* ™ arvre v 10 T—T 1
10 10* 103. 10° 10° 10 10* 103. 10° 10

Fig. 5 (a) Diffusion coefficients evaluated using NNW database (solid lines), which is
trained using DCOM results (square symbols) in R,=3.75 m configuration. (b)
Diffusion coefficients obtained using NNW database, which is NNW
interpolation of electric field G and DCOM results (open symbols) calculated
to evaluate interpolation.
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=S XAZELEDRRITO T3 1 OFEERFDIV/INY FMEHERDSDE
(CLASSIFICATION OF COMPACT GROUP ACTIONS ON TORUS MANIFOLDS
WHICH HAVE CODIMENSION 0 OR 1 ORBITS)

A EAKER (SHINTARO KUROKI)

ABSTRACT. 2n JITDZHIAE M TZDHFRLD b —F AT Wb %572l L TEI LT
WBEDE =T ALEHA (M, T) 55, TOMIETIE. D (M, T) WE#R (M, G)
NLERATREMD E D MC DV TS %, T TGIEMAKF—S XL LTT ZEDa /s b
U—REEe Uy 28U (M, G) IZRIUT 0 DfuEZFiD HEBMICIEMT %) MRKIT 1 Offul
ZFio TIFd 26089 %,

The torus manifold (M, T)is a 2n-dimensional manifold M and has some n-dimensional
torus T acion. In this talk we study the question of what torus manifolds (M, T) can have
an extension (M, G) with codimension zero (transitive) or codimension one principal or-
bits and classify such (M, G), where G is a compact Lie group which has T as a maximal
toral subgroup.

1. h—F AZHAK

M ITTDREDIF SNz MHfEZRHAM & ZD RIET 2 n koD b—F ZIT
R (M, T) & EL, (M, T)DRD=DDEAM 72112 3 KR b —F AL kA [Ha-Ma03]
EE 9

(1) T OERNIZEED DI SN TH S,
(2) TYEFIC X B2 ARTEES MT 2Tk (HEIMIC MT ZERRESICE D),
(3) M A omnioriented.
TOVEHDZIR E 1M O T DEZIN TN T OITHHNITTOR (Neem T ={e}) D&
TRV, WEEDEREHZERTEEHR T x M - MDA R 55%2 55 (B
BAATIR) —HEDTHONGEZ T Th M ZHARONEE > Tnd), £z, ~
WEEA LI MT ={x € M| T(x) =x} %3 T CEINEL M DSDEADRTH B, it
BIC T DIYEHZFDZHER M A omnioriented Th % C L EFHR L THL, FT M ORISR
DERIAEM; EIERD=DDEMN 2T ZRIADZ & TH B,
e dim Mi =2n—2.
e M; = (MS)°, DFED TOERIHEE C(~ ST I X B AT SHEADEEE KD,

The author was partially supported by OCAMI (Osaka City university Advanced Mathematical Insti-
tute) and the Fujyukai fundation.

IMITED F—F AL E 5 DOERE S' D nHOBEROHF, DED n JGTDa /87 M) —HD T LT
HB,

2EAM BEHREINZERIT - DIff(M) B2 L EWHZ 515 (Diff(M) Lid M _EO#S RIS
Bk,
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e MiNMT #£10.
MITHT B A& &2 TORMERDZHA My I3 2 EDEE TN TV 5K M IE omnior-
iented L FEIEN D, S RIOWIZE TlE omnioriented DZEFIIAE M TRV D TEA (1),2)
i TEDR F—SABRRE LR LICT B, L FICW L DOMIEBHIT S,

Example 1. T DJT (ty, -+, t) ZHEEGE2ER CP(n) ORI [zo: 21 1+ 1 2] DIEAD
NIADEPCHENT B (201 t1z1 1 -+ - s taznlo TNTEERESNTAFHT (CP(n), T)IEF—F A
ZRIRICTR B

Example 2. b —1 v 7 2Rk NH 85] 0%t F—V v 7 ZHk{k [Da-Jadl], [Bu-Pa02] i& h—
T AZ kIR,

TTT MM b—=D v I ZRAS LI, MBEEn JUTIERIREERRAT (C) 1FHZ T
L. ZOEHBPBEEERFFOLE (DX D (C) D (C) D AN M ALK
LTW3EE) DT ERFS, (C)" DMK ST N TZHDT. TADHIBREHIC K
D F—FAZHKIZEEZ 5,

e, MBBEF—VD v Z72RHALIZ. MIE 2 JITDZRHAK T n Xoed b —F Z/EH %
Fib. ZOVEHOWEZER M/T WHHGNZ A TARE RS MT OB R DR TO T /EH]
M Iocally standerd (C™ ~D & TIEH &AM ORZE 54 COTIEHICK > THEF—
Uy ZERKIE b —F RABHRICE D, SR b=V v I ZEKEE ) v Y 2RAE DD
T (D PV IBRALIERT LICT B,

I ZAZHAE (D) b=V v 7 ZHERE DBHRIZLL TOMISR LK S5 ICE> TV,

FRICBIFZ FHD b=V v I ZHEAROEMEEIC A B 2K DN TIE [Bu-Pa02] ICFFL
{HENWTH B, ROFNEFEHIZFITZD b —F AZRRADEELEHITH %,
Example 3. 2n XotDBKI $* € C* & R(~ RV ICH LT, T 72 C NOEHERNZZENT FH
CHSTTOS™ FAOERZERT S L (S, T) I b—F ALK, n > 2512l
D b=V v IZHIARTIERWENCIZ> TV 5,

SPI% >R N CIERE BRI D R EZ B

IMICHHERIBE N A S LIRS AN LICERET %, DED. FP—U v I SREKLIIRZZL DL —
DIRZE 25 3N o s
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DLEXD b= ZZRAIE (D b=V v I ZRRDNAHRMNE—RIETH 2 T &hD
M55 S D =5 AZHAKICDODNWTROEICH B & 5 &% X Theorem A &
Theorem B #1517z,

2. [l & KGR

Demazure I 1970 I b —V v 7 ZHA MICEHT % Aut(M) ORGSEICBI L THIZ R 1To 72
[De70], & BAA MITITTREH LTV (CH™id Aut(M) DHICEEN T3, Demazure
OMFEERDEL S EfEE LTRELTAK S,

Problem 1. b—V v Z7ZF{AM ED (C)™ OVERIX E AJSEE G DVEFICHRES 5 ?

Demazure DFFHIREGEAANC R B )L G(= Aut(M)) DFHEZZEL TW0WD WA %,
=S ZAZRKICDWVWT T ORI E 5525 TH A 5D 2 8N x h—F A (C)™ DRk
VR T =S x - x STHMMINIE b —F RS2 THBDT, RDXSICE
WHLZ BT LN TES,

Problem 2. b —5 ALK (M, T)D THYEANZ EALTE G DIYEFIANPEES %0 ?

NAHRA AN I B IRV G IFIMHER 2K Homeo (M) TH AN ZOMGEZNEZDEZ S
DIFHE L VDT, S OFHHTIEIZE LT WK S ITHIBRZ DI T RDREZ % 2 TH %,

Problem 3. 1>/ 7 bV —E G X T MK 0H K h—F R) & L TEAEEE
(M, G) ZHEBNE Aot —DTMEREDED LT3, GIEHZ T AHIE U -2 Hut
(M, T) D b —F AZERIC TR B K 5 BREHEE (M, G) ZoRiE X,

T T THEBREH L1 GIEHIC K o T—ROENM & —HT2RDT L Z2F S, C
DFEHBHOTHEHTM = G/H EERDZT EAbI B, REIT—DEIEZFD L Id KT
MnbEnilipE (EE) ool dimM —11c—HT 23D 2S5, ThENOEE
\C DWW T Problem 3 2TV S,

2.1. HBWGEIEE. COYRRROMERI S Y —HamDiiRIc A2 MEICE 5, VU —fFmic
BIL Tl [FH-=N] 23D &,

Theorem 2.1 ([Gu-Ho-Za06]). M Ic G BHEBIIC/EH 3 % & Ed 5 & RIEIFAMH,

(1) M, T)YDGKM ZEK (TIZGOMKN—FZXE93),

2) x(M) = Y _.rank H'(M) # 0.

(3 M =G/HTHIZGCDEHHEFEOHTTZEZE (ZDOXS Ik HERRFBEEGR L
596

Sh—S ZZREDERENDDONB LI b —F AZHKITIINEADIRED H S DH T, REBVEHHER)R
Az REE R IE L A EIREL TWVWiERY, T TREEENS XS LARIC—bd % T & NIRRT —
UL ETEATVWS, FTARBOIEIC LD AT D F—F AL 5L HR (multi-fan) £ 595 &EONE
FTX% [Ha-Ma03], LHELZOA—VAEEEF > TEXWESICEZ— LU THE, F—I v o%
DR & —H—lcifind 3 T & &8 i b h—F ALHMAKR L LHEFEIT MG L T, h—5 X%
FERIC DWW T [Ha-Ma03] & [#tH 06] Z& Bz &
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GKM ZHA L I3 AT i & —otiE DA OWuEZE D, AiMZTEHM, ZORZES
—RITHOEDEEEINE AT LT, T TICHRDEI3EYDT L HRES, h—FAZkE
ElE GKM ZHARIC IR > TV A D TZ ORI LTV, Lo THEBINALSIEROM
BB R I K,

Problem . 1287 Maiki) — G & Z D KBEEGR> T H O (G, H) ZofE X, H
L. GOMRKF—FATICHLT (G/H, T) D F—FAZHKRICEZZEDET S (DED
n=dimT = $dimG/H = }(dim G — dimH) Zifi7z=3 &3 3),

) —BEmOfE 2> T ORERRT 5,
Fact2.2. GO 87 FU—L T2 L. ARBEZIR->TG =G x - x G x T' DFEIC
FTHLNTES, £/ H C GARABEEI O MES A =H; x - x Hy x T £ TE 3,
T CC Gy I3 HOHASHAE ) —PEC HUZ Z DR KRBEGROEE. T E b —F &,

ckﬁféj\igbfib\ (G/H, T) & (G]/H] X X Gk/Hk, T] X X Tk) @ﬂ;bzig%: &75“7}9
M, CTTTIRG EHICTENAIMARN—FATH 5, ROMEDRILL TN 5,
Lemma23. £ L& (G/H, T) D =5 AZKKEZE, ZNTFND (Gi/H, T) i=1, -+ ,k)
E = ALK (OF D 2dim T, =dim G;/Hy) 1l %,

HHE L TE LD, XDV —BEam D IR K E A2 2 10 FIE T <IS5ekd %,
Fact 2.4. G; 2 HUlE ) —E. H, 272 OERKBEEGED LT 5 L. (G, Hy) &2 THHM
TNTWVW3,

BLEDSROEEIDR D LD,
Theorem A. G227 bt —FL L, TEZOMAKN—FAL T3, b—F ALk
K (M, T) D HEBRYZZHTE (M, G) IKHERET 25, ME GIIRD XS &Y%,

a b a b
M=]Tcr) x [[s*™, Ga]]swl+1)x]][so@m+1),
i=1 j=1 i=1 =1

HU., =~ TY—EAFE L5 5 Ek, CP(L) & 21 Kot DHERGHEZEM. SP™ 1 2my XotdD
B

72 GO MADIEHIFEHERNZEDTH D, Y o L+ Z;’:] my=n=dimT = ;dimM
Ziilz 9,
2.2. RRT—DEFHEERFDHFE. HIBNELESRIEEALE Y —HmOREMEHNE T b
THENER Uz, W25 LTHIHL B3 DRIt —DEWEE R DL EN S ThH 5, T
DEEE ) — a7z TR 720, 2R B IR %, ZHHamIC DWW T [Br72] &
[IALR8T] ZHHRDC &,

RANCEEF R BV T b AN Z D AT 4 A z4ET 5,
Theorem 2.5 (A[f43 A5 A A&, G #2827 b g —F, MZbH K& GIEHZHRD
AL T %, TORHTLED x € M DOIE G(x) = G/K I UTHAZERIIEE X P
L. UTDOZRAKEL GO RMIICTR S,

X = G xx Dy = (G x Dy)/K
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HU Dy B ot dimM —dim G(x)) TKOHATA ALK o: K — O(Dy) 2L
TYEHI LT3,

ROEHZEHNZ DI h—F AZRAEO I REOQ Y —NH (M Z,) =027k 52 &K
ELTHI I,

Theorem 2.6 ([Br72], [Uc77]). G #2287 FHitE) —E. M E 22N a2 HAKT
H'M; Z,) = 0 Z%i7zL. GHAIMICHEBEMHEHILTWE LT %, & LE GIEHMNER
Kot—DEZEFFTIE, ZOWE G(x) = G/KiFFfuE sz, (GM)IEbxs E DD
FEELE G (x1) = G/Ky & G(x2) = G/K, Z2FiD. Tz G(xs) DEIAZEIEL X, (s =1,2)
WCDWTLLRAE D LD,

e M =X;UX,,

e X3 N X, =0X; = 0X,.

DF D Z DO T K AWHEDTNIRIT 1 OFEIE G/K & —DORHIE G/K;,
G/K, D=FFIC TR B T &b 5 GREuE & 3 FiE X D 8 ot EWiipED c &), %
FIIRHRIPEICDOWT ESI R ZDOhEEZTHK S, ROMWEMNHAIT %,

Lemma 2.7. TEIC K 2A8mp € MT Ol i3 R 8iEIc 7 %,
Proof. p LOWLE G(p) DAY FHE—RZEZNET C G, IKE> TV, &> TG, ldi
KBEBCH R DT G/Gp, DRITTIIHENC 72 % O T T ISR ELfE, 0

CDFEN SRS,

Lemma 2.8. Rfifip € MT Difjiii%x G/K, £33 8. THAHAEETIC K> T (G/Ky, T/T")
& h—=F AZHIKI TR B,

DF D, D EE—DDREINE G/Ky 1IZx U TIFHER IR G& D75 (Theorem A)
EHWSZ EWNTET, WHEMNERICDON S, T2 ROHEDNENTT 5,

Lemma29. G=G'xG" Ky =K|xG"&fi#TE T, Lemma2.8 D T"l& G" DMK F—F A
Ci b, £72G"1E G/Ky OMIAZERIAED—DD T 7 A )3— D OEEF 0D = K, /K
ICHERBINCHEIT S %,

&5 T G" ORI HEBINCVEH S % a8 7 M) —FO0H [Hs-Hs65] hh 5 bbb

DT, G/Ki ZHRZT L TG &K DERZRATHNB T ENTE D,

RDOATY T TRB L. G/Ky M —F AZHKICIEEZNES D THLEDIRELTE
ATV T ThHb, BHDOIZDIIATHTIEG/Ko DN F—F AZIRICER D5 E5DHREEZ
5, 5LE (M, T)D G b=V v 7ZEAEESIE. (G/K)/TH M/T DRITORN (%
RBHTEHREEITNLG/K, 8 h—FAZKA LD T DD B,

Ko T, TODOREILE G/Ky, G/Ky i U TheDikimz e % &0 RDKSIix %,

Lemma 2.10. (G, K;) G =1,2) iZXDOWVIT Iy,

(G’ x Spin(2k;), Kj x Spin(2k;))

(G’ x SU(Kk;) x T', K! x SU(Kk;) x T
AL, G'/K!Z Theorem AICT< 2 ZHIKICIZ %,
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i=1,2¢ Lemma2.10 05 4 DDA B T Ehbh s,

RDAT TTRBT LG 4 DDLEHICH LT, AT7A4 AEB 05 : K; — 0(2k;) &5t
"L (2k; = dimM — dim G/K;) BAREEWREEX, 22Ty I 7 v T35 L TH5B,
ZLT Xy, X DEROERD EbEf2EZ T G ZHAK X Ur X = M(f) ZFBRICHERR T %,
RERRE U T2 2 RAD G A IR £ 5 DIERDHE TR Z Z LN TE S,

Lemma 2.11. XKOWITNHDBATT UL M(f) = M(f') (G 53R o
(1) fAH¥f'1C G-diffeotopic
(2) f'f' A G-equivariant diffeomorphism on X, \Z L3R AT HE
(3) £ ' A G-equivariant diffeomorphism on X \Z L3R AT AE
LRI K O ROERZ1GS,

TheoremB. G Z>/37 M5 —HE L, TZZDMAKM—F A, H'(M;Z;) =0&7
%o b= AZHAA (M, T) BRIIT 1| OWEZFFDOZEHNE (M, G) ICIEET 2755, M &
GIERDKSEWNCIE B,

M=GxuP(CY @C2), G=G' xS(Uk) x Uka)),
M=GxyS(CEPR), G~G' xUk), k=k =kyor
M =G xy S(Co @ R*2 T G~ G’ x U(k) x SO(2k,)
AL, G/H = G//H' = [, CP(L) x [[}_; $*™ T HIZT 7 A N—ICAT A AKBIN Sk
X2RBIZE L TIFHT %,
Theorem B D& DLEMN G/Ky D b —F AR SRWEETH S,
HEJINIC R DRDET 5,

Corollary B. Theorem BOGED T (M, T) & () b=V v I7ZKAEL T2 MEGIE
RDOEKSIET 5,

M = (J (€ —{0D)™) x(c)e P(CE & C2),

h=1

G~ [ SU(li+1) x S(U(ky) x U(kz))
i=1
Gld MICEHERICERIIL Y0 i+ ki + ko, —1=n=dimT T %,
fHL (C)* i P(CY @ C2) D CY (= C) [AICRD C NDOERBIZM LU TAHT— 4T
EH9 %,
(C) (b, ,tg) m T - e e C*
CTTa= (o, -+, &q) €Z%

Corollary B TH T & 722 kk{kld Hirzebruch i O—fk L H2 2 L £ TE S, KKk =
kz =a=1= 11 @i&%/ﬁ\b\ Hirzebruch EH@T% ZDO
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b

1]

3. FEROHRE
BRICFBOREZ RN TRD DI LW,

3.1 KRR 2ULEDEHEZEDIBR. SHIOWIIIHERH (BT 0 DiuEERD) . &
Kot 1 OWEER DL EODETZ > T2, TNEOBED Y Uz HIXHEZER M /G DR
ENKEB R > TeRich b GEBIR S —1E. Rt 1 E5HEMXRD.

RIGL2LLEE7a3 L, WEZER M/G ORGED K D EHEICA S (RIOT 2 12 L Z2MIEN
HTL %), 2oL, BIREFERLOED G e EMR DI IS 2D LUV,
EARLEHERIIT 2 DHEEICEZ,. (M, T)D dimM =4 DIGEOFIREGTHERIC K
%, TNDEKT S LIX, HTL % MIEBki & R 2R L ZHAEDETN RV
ORGSR TR ENWEESI T TH B RIT 2 EDLEEEZBMMMAEH S EE-T
W5,

32. () F—VvoZREDONE SETHELTERCT LBV LEOANE DD, XD
Problem #7532 12D DRYID ATy T LT, () b=V v IZRADODRBNT S5 A%
RO &S &5 5L SROWNIICIED %,

Problem ([Ma06]). —D®D (&) +—V v 7ZHAM, M' DO FRM =M ThaT &
E. TN ER YA H (M) ~ H*(M') Th 3 T L I3 E+9h ?

LEBEAARDEZRAIEHL TIT DX S RHFIFT 550, LU (BB M=V v 72k
thE 557 ATEZNE, (GHEDOERIIENT 5D ROEHZTHE LTI D Problem
DEZIL Yes THAHEMEND B,

Theorem 3.1 ((Ma06]). —D®D &) F—VU v I ZEK (M, T), (M', T) DEZEMEIHH
M, T)= (M, T)ThsZbkl, ZNSDOREIREQ Y —H H*(BT)(~ Zlxq, -+, xn))
algebra & UCIAMY HE(M) ~ HY(M') TH 3 T LIdE+5TH %,

. REBIHEEEETH S S? x -+ - x S? % Hirzebruch il DU T & Problem (& 15
EMNCh N TS ([Ma-Pa06]) , F7z b —F AVEFNC & 2 HuEZE % RO R L e L
TR 5NN N TS ([Ma-Su)),

ShltGiz G F—V v I ZRAIERGEE 2R O ER O _FOEEFEE 2N RIVOIE
FLBDTRERTRNRTV, HlIZIFarEad—RIIRDLS LEFRICK S,

Proposition 3.2. () +—V v 728K My = ([Tr_; (C —{0D)™) X (c+)a P(CY & C*2) D
IRET VI,

H*(Moc) ~ Z[Xh )XQ»XJ/<X§1_H)"' )XLQ_H)XkZ(X"*_OﬂX] +"'+OCaXa)k‘>

bSERR 4 RITTDE F—V v ZEZRHKIZ S THEEINTWS, Fhid CP(2) & Hirzebruch gl & OV DOh
O T AL EFEF & 755 [Bu-Pa02], #iEfI%E7TZ SAE S TWHENRY RLofgdEEFbERVWESs T &
EA A 9—8EFEINETDOH B,

Wz IE CP(n) (n>3) ERIULKEFEAERED (D& EIREOI-RIZAER AR TRNZEHK
MER 5 5 T EDNEITTERRO TR RN DMSNT WS [WaT0], F72ERif & [FAFH7Z Mo R chuvno
FVF v 2R (FEZOTaREDI—RIZEE) & ZFo0f [Mil-St74],

8Z AT Theorem4.1 & Problem D7 7% bR T A3 L iV, Hirzebruch fiifi oD [RIZE M50 R AHY 13
R (Z45) HTL 2D b—F AMEAZENMARMIIE S £ 5 E2DS? x $2 & CP(2)#CP(2) Ic7x%,
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k&%o 'fﬂ[-/(x: (O(‘])“' )(x'(l)o

Problem Z5¢RIfRIRT B7zdD UNETn) b LTSI T E 22RO M oy [RIFHEE
Z, « DEETENTEBL L. SEOWED LT SHDEINI DD T ERWHE -S>
T3,
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F—U— L BARNER, n— LY R, RRERME, i

i
SESERARRE  HEBFHRBII N T ANEZRTRR, EF/MELEND. I A ATFRITIE, —RICEZORELERH
BENHEDIAEN TVAZ ERMBN TN, UL, TNHIIREETH D8I, BEIIESF RO CRETE R\
DIZHMERIIC O BRHEEETH D720, ZNETICEL OFER 2SN TV D DI Ty, A — KTk, 1A AHERE
LTCHBICELRr— L Y REFNCET T, 1 AROEAHNE %, HEMICHRE SR EREEZE L RS

5.1 WA AR, BEHRESEERREE R L TRY, BEHAFECZORYMHICE L THRBRATD.

1 HhARAER

1.1 AFREF

H A A LIE, FHERCIE, RIERORICKE S - IHE
BUEMEE b OBEMRB AR TSRS TH Y, BT
X7 A (B b D& LTV AT Tk, 4R
Wi, — RIS DOBRFENEDATN TR Y, EE, 74
AHBOHMA L B A2 K[BHLUT, BHRIRBOETRTH,
WL OND BB AR EREOEBEMNH D Z LT, bh
ORLLREHEL TV 5.

BEFESBTIX, WART NF 78, BARNER, hAR
HMAREERS LV STESENERIN TS, 272, b0
EHITRE Y POTENREL TS, 2L, WTFhoE
HEHLAONDOERTRENESTVWAZLDERLTHS.
LrL, #FAABEBIZBNT, REEEEEIREE VD =D
OHWHEIIARFRTH Y, IFFETXTOIARIZBDO 5 HFED
EHEIC, ThH ZHEIIM OO THAAERTVS. &
ZEMEITEME SIS L, BEURERBRFICHE L TCnd &5
2BHTLHTES.

A A NEFEROWIEE, K - - RiFY - T%%H
LA TITRONTREY, OB, S EIETHS.
B 20T, BEETIET b T 7 &, WHEY - RFFE IR
W, TEETIEH ARG & Do 72 b DT ST
WBT—<DREFTH D (Ott (1993)).

1.2 fHiE

A — NTI, BB REFESRR T Rblni), S¥ED
EHEFTBWRICL-TEEREEDDZENZ V. 7272, A%
WCHAWDHEEICBE LT, A A—V%E2x 5 BT, @Y%
T EZEZMBAT 5 (Robinson (1999), EFF (2000)) 2.
I OEICIXRICHW R,

TR, EfE (FER) 5% & BERL (FERD) R H
5. BlZE, M BHOTTRESAEA L LT, M Lok /1%
FLiE, M PbENBE~D 135 A 5B ¢ her, T7H2D
LIEED t c RICH LT, MAyRHEER {¢'}: M — M 23
526N TEY, RN,

p'og®=¢", ¢ =idu (1)
ERI-TZETHD. SN, B FRIE, INER
R DEZHEE M ~DRES REEEREE X TWA Z IR
5. Z LT, ERE Z OZEEE M ~OR#My B ER%Z M
LOBEBIFERLE VD INDDEBOSKMEN D, AIHHESS
WA FTREMES M 2 RN T2 JE AT R 1R - ARSI R E Vo
bob LIFLIZAVWSNS.

WIZT NS 7 2 %3MT5. Thb %R hOEBNEE
TBN, 778 2R, NFERORBERKICET 5 ‘HHIRE
B EENRTDS. BL—RALEDNDERITKOLDOTH
L. BEEOFER M —> M ODHREEAGANRT FF 04
ThHLIE, A DFREU T

fO)YcU »> A=) f1U)

n>0

)

LEERL, AR, SRR RCRATAFZEAT (L B R & OIRFRICES <. i, BB O —H03, RRRFR AR

MRt PC 7 7 A4 — (40CPU) 12 & 5.

27 A AN RS B HEORT EOERIL, LIZUIRIRENRLDERNTEY, WL ODDOFERTFET 58, ZnThOHGE
IR LT, IR E O TIRIEIEEDA A=V RFEL TV DL EWIREERH D, £ 2 THEHFUNDSIFIZBT 50 AR NFRHHT

i, FFEOERIBKAAEEEREZED DL L HE.
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LB LOREET BT 2D, AL, f(A) = A ThB
LE NG, fOREEETHDEND.

RIZ, —BHFROKMNH B L B b AR T155% (B
HER) DEHBERNTH. T ZTHRNANT 5 H DI, Devaney
WEBbDTHD. ¥R M — M BPREELEA AN LT
Devaney DEMTH A AN TH D L 1T,

1. A ET fIIiFBHERHTH D
2. f ODRAPAEEDOERITANTHETHD

3. Guckenheimer & CHIHIMEIZXT T 2BURR N
H0

BRSO Z L&D, BL, 1. X, EROBES U, V(C A)
ERILT, ffUONV £0 72D BRE n PENDZLEE
WL,3. 1%, FED o e M EZNICEKSTHIIVVA yo 13,
REEIHNE TIE—E LA EBEN D & D S,

3C > 0, Vo € M, YU : 2o DT,
Jyo € U, 3N > 0, d(f" (z0), f (y0)) > C

Bkt 5.

A ROEE Z TS D201, LIELIERT v h v
Bl WHI bOERBELTELS. R™ LO#EfHEREZ
OWERE- 2 bz & &, ZOEMBEIHEE D (n — 1) RITLD
i X 2 &0, ZhaEZ oWl O & S S 0Rz %
H2EENR Ry THOSICRD L TDHE, R by~
OFRIE, ¥ Lo FEREE X, TOX O REGERT
VHVEAG LR, N EART h VI &S,

2 O—LYY%k

2.1 O—LYYHREFE

B—L V% (b LI, FER, ET) IR TWD
NFERIL, KETROMA % RET 273 (Lorenz (1963))
KBWTRESNE SRTOEKENFRTHY, Kb ALK
HAANZRTHD EEZDND. 2 RTLLLT O A ihRER
FNFERIZBWTHE, 7 b7 2742 L LT, BERD»ERELE L
PEELRNZ ENDRoTND (of RT VB - _UF g
7V DER). EDRD, 3IRITLDOR— L Y RIE, WA A
7 b7 7 2 EARZHL O DERIKKITO B FSROERE ) FR T
BT, L EAC T 2D TE - (Sparrow (1982)).
7B, BT RLEA IR OER I EROBFE, 1 KT T
bHART T2 ZRHBL S % (Li and Yorke (1975)).

n—L Y ERIE, R} EICERESNEEMOFTERRZTH
D, EEH z,y,z TR LT,

dz

L oty -, 3)
&y _ rr—y—cz (4)
dt ’

dz

LEESTWA. {HL, o,r, b REEMKTHS. (HST 2
B1%, 0=10,r = 28,b=8/3 ThH Y, K/ — MBNTH
ST RS ERRAT )

Rk, m— LYY RIE, UTIORT RS HERRE AR
CHH L TR LRE LD THS. UTORE, ERICEN

KA 2 TR B B U7 BRI 345 2 Bk VS %,
TR DEEES v(x, t)(€ R?) O BB Bl DR & R
1 0(x,t)(€ R) ORI THEHEDRE T VLD T THE

KTALLTHLDbLEbDTHS.
prt (?9—: +v- Vv) =—Vp+0A+V’v  (6)
V-v=0 (7
Bl )
-5t—+v~V9:Ra)\~v+V9. (8)

ZZTp(x,t)(€ R): §KIE, A(€ R?): EHHFHMDHEALA
7 WV, Pr: 772 "V Ra: VA U —3 Tho.

2.2 EAXMEH

THR
72— LY RICHE, TR (b L <L, BER, FRALD
ML D),
O = (0,0,0)
By = (£+/b(r —1),£/b(r —1),7—1) (r > 1)

PEETD. ZRODEEEIIn— LV Y ROREEAETH
HH00, HHART A ZITBWTIEIRELETH D720, FIH
B %R EICEDRWRD - EDEL Z 23R, T T
7 B TR,

2.2.1

2.2.2 Xt#E
27— LY RITE,

(i,y, Z) - (—.’.B,—y, Z)
LW RBRERNIEL, 7 R T 7 Z OFSIRFITERT 5.

2.2.3 BHRM

02— LY YROEZMTHEPERICBSIEDZ L EMHR
+5. f:RE->R%

2 2 2

fay) = +L+ 5 -0+Dz—p

20 2 ©)

(BL, p BEEER) LEHEL, f =0 CEXHdhmm (FEAHE
) 25x5. ZOWMEOERGFBRONT hLEFNORT
rVD AT T —FEIZ,
Df=dfe +yfy+ 2f-
=2 —y® — b2+ (r + 1)bz

(10)
(11)
LY, IEDFA XEED B p REAREF VL X

Df <0 &7y, EREFIEIHDPEIZRNVT & 03D
M5,
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2.2.4 B4

0— LY RITERATH D Z L E2TERT D,

di , dj  di

htd [ 12
R i AR CR R O8 (12)

ThHDDOT, t =0 THIERD Q0) DL, KZl ¢ T

Q(t) = Q0) - exp(—(o + 1+ b)t) (13)
L72Y, t — oo THEFIEICNEKT S, $obbT b
77 ZOEBIIEeTHD.

2.3 HAARBEEHFART LS54

2.3.1 HAREE

M1k, n— VLo YRENSAT 7 v ZETHEHRE LTS
LNTHEOK A % ¢ R~ LT b D TH S, 3 2DF)
HEDORBIEEEL IR L TR Y, UL 12D 0 4 RH#,
H(EE 1) &, ZOYHIEE © BEOH d, = 1074 BEIS
T BE (B3E 2), de = 1073 BB S8l (808 3) 2R L
TW3. ¢ = 10 B THLE 3 BS8LE 1 22 bKE < TV E,
t =15 B ClLE 2 b#LE 1 D RE CEELCW BR8]
BINS. ZRHOEDEE VI, n— LV YRNB, hA A
NFERDORHRTH D HESEEEZA LD L Eextin L
TW5, ERPEESEEZ o2 2 X ViE< FRT
BT, VT 7 7 E I D EEM R A SR ERNCE
B, FOBENETHHZLICE>TERMTHZ EHE.

25 ' basic chaotic ofgi't + i
perturbation (d,=1 0-3) ........... |
perturbation (dfﬂo ) e

L: ARIEEFE I e A AR (B 2 725 o
R & E (2 Z550) \HBB) (dy = 107%,107%) %
B2 = a0 % 4 ABE)

2.3.2 HWARTLZU4

K 2 1% ERBOHKEHECI-TELNET b
Sy EDOHEKTHD. T hRIr7ZIE BEEATHAE
HE THRL, AUREEREL VDD, AL
VUTRTIREETR TS, DT RNIFTIED

BRIE, v—VLVrYRPLOMHELZRIRL TV 5.

2 BEFHETHEONIED A AT N5 7 % O

2.4 Dk

W FERTH D — LY RO IR EE 2720,
n—L Y ROEEWEEFRERO LB IO — L V&Y
T IVOFMNT T/ TE 7= (Guckenheimer and Holmes
(1983), Hirsch et al.(2003)). % LT, f&iff, HEREO X $
EHEEZERTAZLICE T, a— LUV RERMET L
DEDBIEIHIB L (Tucker(1999, 2002)), 11— L > ZA
HART b7 2 &L DO EREFENICHALNI o7, &
7=, AR, 0— L VAR TV, JENH RO TR
W FR LTINS 7 T A0 L L THEER I TW
% (Bonatti et al.(2004)).

HAgnaE

oH|

3 AELE
3.1 FREFHEEL (X

RRAREE, § 72 bRUMEBINC R L TREERNFRO
B HIR % A RRIR & RO, Zd i3 nE 2 R EE
B & W)L ER I EROAYED BTRERE, 7S
FRHCREST b b, REERAY#EE (Unstable Periodic
Orbit) X, LIZLIX UPO LT, A/ —FTHAWS.

HART B 57 I, (—HIC) TEREO T L R
B (BWHEEZ S ORICE U TERAEIC) BOAENTND.
Z D=8, MRS ERNIRIZBN T, FHHE IR EER
ENTEIE VS THIRME TIEAY (Smale (1967)). —7,
FEHTES S L < ISRz T, B BEE 2 B RAgIC A
DMENRHTL D, LA L, FEAIC S R —RICREEZR
2%, R SND Z LB ipnoT-.
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3.2

3 0%, BEAERH Nr(~ T/0.78) 28 3 d 3 FEEDOR
REBRYNEOMIKTHD. Np ik, S Ex DAL %
b EMEZERL, B LY ROBEYRRT N VE
B (213 2z = 27,dz/dt > 0) DEARICHIESE B Z &M
TED. PELETERORAMEEIL n— LV YRBbO
BEIC > TBYEDLD. REERYEE L, #4205
EH SRS R S B 7-BICIE, ERLRVIETH I H B
5T 1,2 LRIERDBZEICEHST, A REEDE
BERMEEARMLTWDZ ERBEBTE S, B, T
Ei,E_- DAY % “FbD EFNZ L - T, AH#EIT—FIC
EED, THRLOLEUHESZ b OBHEEL, R—Th5d.

20

10 z

x 0
AT

20

15 2 25 3
t

0 05 1

2

-20

0 05 1 15 2 25 3
t

20

-10

H——
0051 15 2 25 3
l

3: BUEMICIRH SN RN EZER IR D © ROk
1% &

3.3 [FEHiEEDEL

BRI S - B RIEE 2, BEEEE N s T
SELTEEEEA ETFDE, K4 1ORTE DI N L
TR RBMRERT I ENbns. Z oL, fifixy
k& ' — (Bowen(1970)) &FRIZI D, HERMN b OBEHES
ERTEELBERLTVS. W ONDHEEZ S FRIC

®LT, HER f OB ha v— hy L JEH#ELE O @K
DI,

log (JAH N o J& #1i3E DR %k)
Nr

hy = limsup (14)

Np—oco

BRSO Z EMRFHITVWD (cf. Bowen(1970)). IEEDAL

Ty brE—X, WAAZHEOT D0 L ODEREL 2o

TRY, IAADEBITHAAENTVWDIHELH D, 0B,

AR OEHEA AN U THRERIE L v B @Y 53R/

HB T ENEEHIA LT3 (Kaloshin and Hunt (2007)).
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4: BUEAYITRH S 307 A 22 7E 8 HE O B A
1 (Nr) BloEE (FBHHNE 1.8N" DELKLE)

3.4 RTF7UHhLEE

AT, BEHEROMEZHEICESE L TEET 5.
5 1%, HEAICEE S h A RE0E, SO EE
B &N 728 1000 BoORLZERBMEICEL, N7
YHUVEE (z = y) BT 5 (z,2) EEZ vy bLED
DTHD. VR ELZOWMETRBBRY, IAAT b
575 ERIZEAYMBENREL TV AHEFIHEIRTE 5.

& br—
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kil kil kil
N NS L]

2 2 2
15 15 15
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DHAN5 05N B 2 ABN5 0506 DHEN5 05006
1) X 1)

5: T VW (z = y) O (z, 2) B (B4R (),
R EFBEIE (UPO)(H), Wi Ok (£))

61X, R SN A LERAYOEL W (z = y) 218
BT DD 2 JEEE, B L TFry hLZbDTHD.
71, R SN ARLE B HE 2 R EEY Nr ick-o
THEL T, SALERYHENEE (z = y) Z@iET 55
D 2 EEOSBMOBBELSHTH D, 2L ORI, BWE
oo B HIghE % FHEIC LC, MZERIC T T 7 2R IZRWD
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7 BEEEE Np(Nr = 10,---,13) Z b OREIE
JEHEEDORT A VT (x = y) OBIBRALE (2 2
) O5yH o BB

3.5 f#Eit=

ARFITIL, Nusselt # (= 1+ 2zy/br) &R 5 &I
DFEHEE BT 5. X 8 1%, BEANHRE Sh R EE
(A# T) LD Nusselt AR L TNWD. A4 Al LD
) Nusselt $13, 2.682 Th 523, T OIWBICHIEL TV 5.
9 1%, EHImE 2 BRERY Nr 2k > THEL T, AY
Bl £ Nusselt OB EZ N2 bDTHS. K
102X 2 &, B—VL 2V RD Nusselt BOFRE D A4 A8\E
LOFEHEE, UEREZ R SEDIZ LA > T, —EJITED
SIEBERETNE < R0 TV, ZHUCHERT 2 & & HEL
EOHEE, BOEE TH - Thok VIEERFEZEI NSNS
LMD, L, BYIEGEIL, HERBESLHT I A AE
REFEVOFORFEELHE LS ILARATRELTNWDHZ L%
FRLTNDEBXbND. ORI, WEELROARL EE
HIEEREHT OIS (Kawahara and Kida (2001), Kato and
Yamada (2003)) IZBWTHE LN, I 2EW 1 KD
BHETYT D, VA ADHIMEEZRGEPUTE S 805
REREFR—FL TS, thONFRIIETIHRLEDT,
FEAB7 AL, Saiki and Yamada (2007) (ST 5.
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10: HHEE T 2 b 2ZBOFREN A AHEO

F¥) Nusselt BOIEMERZE & BEIEEAH Nr(Nr =
2, -+ ,13) OFRZEJEHEE D) Nusselt FOIZEHE
RZEDHE (#FIX, Nr # TICBEZEL T2y )

3.6 i

TERONMFETERNT 70 —F THAFRANERDORE
TE B BWGERRNT 21772 O BRI, @, JEEEES L iEh
D7 M7 ZIFE—ETHEE LOFERICRET 22 &0
%<, BICHBEITEZ 2VA, K — FOERRAZ VA TR
L E R BEGERRT 21772 5 BRI, W ART hT 7 X ITHED
RENTEAPBENG N NS ZERMEE 2D 2 LITHER
SNz (Ishiyama and Saiki (2005)).
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RIS O OBRTRINTE . (Eckhardt and
Ott (1994), Franceschini et al.(1994), Wiklund and El-
gin (1996), Zoldi (1998), Viswanath (2003, 2004), Gra-
trix and Elgin (2004)). @KL A A NFERICBNTS, R
L E A B L2, AL O FE ThE -
TR, BIRICBIT 2B HELE R 5 B THZICH <
Z MBI TE T (Christiansen et al.(1997), Zoldi and
Greenside (1998), Kazantsev (2001), Kawahara and Kida
(2001), Kato and Yamada (2003), van Veen et al.(2006)).
7272, BRI FRORLERPEZ RS 5 2 L3, #5)
THEELS, EBREORHD Z<AKITBE> TV D720, 3l
HRICETITEL WY, F, BRIFERThLbbINS
REABBRET VTR LT, 1000 EFREE DRZTE FHIHE %4
BN L, 4T X7 ZDRBEEATROIMEL H D
(Ishiyama and Saiki (2005), Saiki and Ishiyama (2007)).
—7F, REERBNE LT O NDOFETEENL, I A4 Al
WEATRd LWwd Z&id, T¥ESHEPLICAATRbh
T&E TS (Ott et al.(1990), Pyragas (1992), Kawahara
(2005)). Z0fth, FFRICEIT HHFEOE - MO B (R
(1996)), EFHFEICBT D EH MDA XA DEM ARSI BT L
F A DS (Cvitanovié et al. (2004)) T & L E & HIEL
HITAVWLBRATNS.

FIEFZRB S OB DB (B 21E, Bl F755% & IR
HFR) IS Ko Th, REERMIBED RT3 H&EFIN, K&
BR2LEBZDNTEY, ZOBROTFRLEAIIT bR
T3 (Zoldi (1998)). FSFISEOMETIE, B% % XRT
DNFERPARBEMOMICENMT D &b H Y, RERERK
D HMBRES THDOT M7 7 & LITRRDAREMIZBIT
LDEBHNSEDENBEELRD. ThbE T Vxm e
O, A ARRENE SO R T YV NEIF ATV
Yx. k, Chaotic no-attractor LFESZ &R HB. ZD b
F v Yxy MEEEANZERBIEIC L > TR X DR BT
RHIUZL®H TS (Chian et al.(2006)).

4 HEHE
4.1 NLWH - wARik

Moy R A F R A AV CTRERES T 2 720121, 1R
LT AMENR D D, ARONLVT - 7y BiE (B LL
7Y XA F857) (Parker and Chua (1989)) & FEEH
5, UFIORTRER, KAV TH .

N RITHE o ek

dx

7 =, xe RY (15)
% x(0) =xo ROWMFHEDOT TS ZLEBRD.

BEfE t =t ISR D x OENBEM & &,

ki = hf(Xn,tn), (16)

ke =hf <xn+%k1,tn+g>, (17)

ks = hf <xn—|— %kz,tn—i—g), (18)

ka = hf(xn + k3,tn + h), (19)

Xngr =% + ¢ (ka4 2ka + 2ks + ka) + O(A%),  (20)

EWVWIHITNNTY XAT Xy DD Xny1 ZEDDFHiE %, 4
WDV e 7y ZIELFES. 22T h 1L, BEBYbIZ R B8
BA Y aZ2BHRLTWAS, ZOBEBILIZEE S #8213 O(h*)
Thd. ZOFHE ZHHME x(to) = xo ZEEITNEZ 1Y
b

FHEBICRE AT, h NSBE DEEITIE, —ER
BOEMCEL OHERAT v 72 E L CHERMEZRES Z &
s, £, 1 AT v THEICIT LY @EOREREL 5
729, h(> 0) 2SI THIETHIEEREN LN ZDITT
IERW. 22T, MR EERS Z1TR O -0, [ OF
W U7l el A v 2 h ZREZENNREL D (F
I - FREF (1985)).

4.2 FREFHHEORE

A — MBI D LEOREEEHEEOBEIRHITIE,
Za— kv T77Y . I—X (Parker and Chua (1989))
A L. BT T, £0EFEICONTIERRS. n ik
TLIHFR (x € R™)

dx

E - f(x)a teR
DEt=0DLFx ZBIHEE {¢:(x)] t € R} &L T,
FEHEE O,

(21)

H(x,t) = ¢e(x) — x. (22)

DERR (x,t) = (X,T), T74bb, AHfiE ELOo—RX &
BT On+ 1 BEORMEKEZEDDZ EITHHET D, BiE
BRstB 7 AT Y X AT T ORISR 5.

y = H(x,t) ##B35 L,

Ay = DxH(x,t)Ax + DeH (x,t) At
= {®:(x) — I}Ax + f(¢e(x))At.

(23)
(24)

L. BL, ®u(x) 1, due(x) & x KL TEN %R LT
n X niTHl, I 1Zn xn OEMITHITHD. Z I T, BEHMm
BIC LD H(x4+ Ax,t+At) =0 &85 5912, Ax & At
WXL T H(x,t) + Ay =0 72 25281 &,
{®e(x) — ITAX + f(¢e(x))At = —H(x,1). (25)
b 72, ThiEn KOFHETH Y, n+ 1 EORMK
Ax & At X, —BIEE LRV, ZZ TEMOHIEML: L
L TIEERY ML Ax BETEICERT 5 &0 5 &AF
< f(x),Ax >=0. (26)
ZHT (Mees(1981)) Z & T, n+ 1 EORFFIZH LT nt1
AOFEMRETD. ZOEEERET S Z LI2 &> TEBHL
HOBRMZEATRD. Thbb, %V%“z FREEHE LT, M
LRPETFR (x,t) = (XD, TOD) D F,

(‘I)Tu) X =1 f(bre (X(i)))> (AX@>
f(X(i))t 0 AT®

B (X(i) — rei) (X(i))>
— 0 .
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EFRENT,
(X(i+1),T(i+1)) _ (X(i) + AX(i)/m, T® + AT(i)/m)

LT OMEEERVIBRBLITRD.

7238, m %, BoEAETH Y, B L &9 & LTW2 AL
BEOREEER LOEPNIE U m 2RAT2 22035
K OEYEEZER KD D ETHROTEEL 725 (Saiki
and Ishiyama (2007)).

Z LT, AMBaEONRCHIESR M & LT,

o [HX®D, TO)| = |ppw (XP) - XD| (EHEE)
o [(AXO ATO)| (FExtFEZE)

BN EL 2D LD bOEEMAT S, ABFEICRE N
ThE, FERBEN 1078 LUT THr oMt s 107° LT L
W BDEIRGEHE LTS, ZOTNAVTY AAKIZE-T
AR EE-ORO 72 TE#IENE] 1%, 20+5mEED
A TEMEE ) OFEEZED &5 BER CRERICR
URHETHDLEZDZ LNTED. i, PIHTRIDAE
S TEABREISEN SR EZBRWT—RRIZT b T 7 ZIZHEDIA
FNAYEDOLREZMET D LWV O RMER > TV5D.
28, AFETHRI L 5 2 RZERPIEEL, R##uED
BT, 7 v ek (RLEMRK) N\, SHEROIDRE §
LLT,
dexp(\T) < 1

EHRIETHDICRD Z L ICER I,

(27)

4.3 HEHEOZRLME

SERHEICIT, BRE (32 By b)), FHE (64 By 1), 4
SR (128 B b)) S0 5. A/ — OB, £X
FICESE TITR > TV 5D. BT TIE, r— LY RICHED
RENTHELEVEAEICET AHEREOBRELITR
5. LTFOXIE, BEMS TR\ F - 7 v ZIEIZBWD
T A v ¥ adt 2RV TEBRICEERNICRE SN REE
FEHEED AR (T(dt)) ® B ORMBED AR (To)® »»
bDOR#E errr = |T(dt) — To| 2777 0.0001 < dt < 0.01
OFHFTIL, B2 erre (IR v ¥ adt O 4 BT S
TEMNbNS. ZHUTARDONUT v BERRANVTND
ZLIZHRT B, dt < 0.01 OFFATIX, ARDNLYT - T
ZIEOBEFRIZK LT, RBAEIIRE A v ¥ adt D 4 FTIZHAI L
RIRBM, UL, HHERBEICHETS. ZhbEESE
iE4L'C, A — N OBEHEDOZYIEEHERT D Z LNk
5%,

B, BEHEIC LD RFRHON A ABIEL, HFERBD
ORBIARLEE L HEBIARBE CHDZ LITLY, #L
BEELTOBKRIIRL BB ZLICHEESREW. 2770, £
DFETHIER D A AEE T, ERERD A APEDORE A
bR LEZDZLENTRETHY, HhEEOKHER L E22Y
IZEHET 2 2 LIITRETH 5.

B, ARKEMARbDOTH Y, HEEMEANTVS.
UKD Z LR D, B L L TOZRSMIIRITE S .

1

UPQ
170dt* L
1e-05 | ,9”"”
**‘)
+¢_y‘

1e-10 o
£
E ‘H‘* * +- 43 +

1@-15 [t A gt B

1e20 |

1e-25 L ) ) .

1e-06 1e-05 1e-04 0.001  0.01 0.1

dt

11: Vo e 7o ZIRICBW TR A v > a(dt) %
AWTBICRH S - A EE QA 0 B D EE )
b ORE errr = |T(dt) — To| (AL, Ty i%, ‘B OJF
HI#EDAH) & 170dt!

4.4 Tt

REEBBEEORHDI-DDEE T V=Y X LD
FEEHY, =a2— b UERRFEOM, REEREE
ZELS R TRET 2 FIE, EOEMITRD 5 RIER ENRF
T 5B, 22, =) VEHRE, W OhD0ERICH LT,
FEFEIENZT LT XABEFBEINTND HOD, B
ZRICH LT, BEETTOL A, REMRFENSEES
nTns LiFs 0.

BEFABICBWTL, 7077 50F 2—=2 708K
CPU IZ X2 WP L @& E b EET VY X AH
RIZBITDRERBEDOOLOTHD. WHHLEITR7<
&b, FHEBNOBEDHMAIZ Y B LHE v S
T LAEEIDENIE ST, ¥, BAICL oI ERZD
HWEENELHIND (FIL (2004)).

O— L UYRNEICHFARAT T 7 E 52 LDV HER
OFERIC b AWV b, FBERIES X HUEFE & FFIEh 5,
BEFENRE R A RS A EMERTE IR A T bt Ty
5. BERIES S HEF R, #ET VT Y X AdkDEZE
GEFNF R OBERLE) L HHEBBREDORES & b IZFHE
LT, BFNCEBE R 2 5 X D HEHEFETHD. B
FROREESOFEESY FE 0 O—BF AV EK A
U CRERAS 5 2 & BILERAICR D D085 5 (Kaczynski et
al.(2004)).
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On the Congruence in a Finite Group
BRSPS NG 275 S

AHIREGRRICBWT, #EOFBRRXOMOMEEIZET 25 RRCH 2O RO
BT 2B RROMIIREVEL R H 5. EoREOEEICE T 5 4R % Sylow Y
ARXE WV, B LEOZEXOBOELHICEET 5 A F=R% Frobenius AR & X 5.
Frobenius ! DA RIZUZ BT 2 HF501%, 19 ke sREH S 20 ikl R & TRAICHIZE S
, S TIEHRENLE BbAbLER, 22 20FIEETHLVARER, R
SRR FHECHAADEROFEZ AT LWRAND O ER RS TVAS.

Frobenius DA R E L TRFER L DD —D1Z, Frobenius DEENH 5.

EHE F (Frobenius DEH) GZHARE, neN&T5H. ZoOLE,
#HreGlz"=1}=0 mod ged(n, |G|)
N A/ASH
Frobenius D EED—fix{k. & LT, Philip HaliZ X2 ROEHENRH 5.

®HE H (P.Hall [3]) G%AWBE, HExZOWNEE, neNLTE. GOEENTIC
LT,

#{r € HoH|z" =1} =0  mod ged(n, |H|)
D3RR Y SO,

SEIOFHEHTIE, W< 22D Frobenius OERADIEMN &, £DOHTEILKD &
9 72 Frobenius B DA R DWW TR R 5.

GaHRHLL, HZGODMWMAHE, neNETDH, 20L&, ROXIRESEE
2B,

3=

H» :={z € G|z" € H}

COERICHETIARRE LT, ROTHEND 5.

LR 14, E-mail:kamijo-a@mail.sci.hokudai.ac.jp
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EH I (Iwasaki [1]) GZAMREE, H% GO, neNETHL X,
|H»|=0 mod |H|
DSFL Y SO,

Iwasaki D EH % Frobenius DEEH D TEL &, kDO L OB,

%21 GrHREE, HEXOHSH, neN&T5H. ZoLX,
[H»|=0 mod ged(n, |Ca(H)])
MR DD, 22T, Co(H)iE, HOHLLE.

DT END, Iwasaki DEHIL, Frobenius @ EH % & A T2V, Frobenius @
EHEET X 9 72 Iwasaki DEHDOLENES DM EOBREO—2>THD. £, ZD
Iwasaki D EHIIFHEOREOIEEEZ AW FiE L, BEBENEIRO 2 % — D5k
TREA SN TWS. I Braver[2] DIROFERZ ANV VDT & bbholz.

GEHER, HE GOWABLTS. EBOGOLalH LT, Hy=() “HE
i20
EETH. 277L, “H:=dHa '35, ¥7, G DEED SOty Tk LT,
TRTOEREriZHL, o7"ry" € HBWRVMNDE IR HDOTLT PHEETDHEX, o
&y I XFEMERRZT - LTWad. ZDOFREBEM%EE, H T weakly equivalent TH 2D &
VW9, Z D weakly equivalent IZ X 5 z ZFREEE W, TKT. Z0OL&EZROM
REDSEL D SED.

iRl 2(Brauer|2]) G2 AR, H% GOEMOEL TS, FEDOGDOTzITH LT,
WD Z LAY L.

()6 % H,®7, T2 HDOLETHEE, W, DTyld, y=1"'aér LET5.

(2) W] = |H|

zeHn DL X, W,NH» =W, &720, Brauer DAL I3 &, |[W,NHx| = |H]|
L. i, s ¢ HaDr X, WoNHre =@ L7220, [WonNH»|=02%5. ®X
2, Iwasaki DEBRIIL D DT EBDND.

Frobenius D EHDO—#&{k.& LT Hall DEENRH B DT - T, Iwasaki DEHD
WD LD IpYRREE 2 7.

EE 3 GEARE, HEZOHDE, neNETH. GOEEDToIZXLT,
|H0HHH%] =0 mod |H|
DIV 3.
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= DEH L Braver D HEE AWTIEHTE 3. 2 € HoHN H» X LT, weakly
equivalent I & 5 z G FEEEE W, L Lzt %, HrHNH= DW, 5. Wi
ICEHR 3IIR D 0. TN L IIRNC BRI U CEE 3 RIS 2 L Sk
%,

W 4 GZ=AREE, HEZOEORELTH. GOEEDToIZX LT,

H]

1 1
HoHNH»|=|HoNHn| X ——F—
|HoHN H»| = |Ho N IX’HﬂHq

BV N>, 72721, H° =0 'Ho.

EomELY, B3 LROARXIIFMETH 5.

|HeNH#|=0 mod |HNH’|

IOz Ehb, [HoNH=|/|[HNH| OEZKRDO LI ICEVHRZ, FABREKTH
HILHEMEATDHZ LI TER 3 ZRT.

EE 5 GEARES Q EOFRIBERIL L, nZ 20 LOEROBREL T5.
a€QEERIZ—DLY, a°#4alBRDoeGEERIC—DLE-THEHETS.
Gy ={9€Gla? =a}, Gaur:={9€Gla?=0q,(a”) =0’} LT DL,

1
|Ga™ N Gyol| c

Z
|Ga,a" |
N ARVASR

Iwasaki D EHOIERAIL, BHEEOIFHDIENCEHOEELY AW EEARH A, &
H 3ORBABGEHAR S ORETHS.

S5 2

[1] S.Iwasaki, "A Note on the nth Roots Ratio of a Subgroup of a Finite
Group”,Jounal of Algebra 78 (1982), 460-474

[2] R.Brauer,”On a theorem of Frobenius”,American Math. Monthly 76(1969),12-15

[3] P.Hall,”On A Theorem of Frobenius”, Proc. London Math. Soc. (2), Vol.19(1935),
468-501.
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1. FCHIC

KR TIE, WOV RZHRAROFRICET 5 HRZZOZHAE LD 2 XV »
IR BBOEFRT 7 AN—2HNTHESDITHFICOWTERELES. T T, |EH
M ZkE M, N OOBGENRI Ry 9 THB Lid, G52 C~(M,N) O
FI T Whitney C* HHICEI L TR DB LN ERICET 2D L TT. &H
Mo EoIC, EAREH{TEDLEHNTNI 2R v VRBRICTEEXT.
—HT, YV ZEEROFEE S R A P ERFE S 1ICBIT 2 NG HISRET
HEBEMSDOMDET. FLLIE, £F 2] ZBRLTLIEEW.

AWZETIERRIC n TOTEZREER M X0 8 OTO/NEWERE B2 R A
DY 3w Ik EHREEZET. TOXSRRTIE, —HOMRIE—IIZED
KRB ES. EHIC Figure 1 Hh5Hoh 3 K SICH R EADMHEORET T ZREAD
Bl RMLUTWED. LML, HROATEMILEE L LTI +0TlEEVD
T, EDLODEFERLIADIZEDE LTI 7AN—ZROLIICEALET. Wmbhix
ZHk M, N OROWEOIEER f: M - NIZRLTqge N LD Z741\— &
X, g€ N D% f~1(q) IR - T2 5%

[ (M, £ (q)) = (N,q)

DTELTY. TDLE, ge NN f OIEAHETH % L X IERIT 74 /\— LT,
FOTHVWEERI BRI 7A4N— EMLRCEICLET. WO REHRICHLTT 7
AN—EEHZL, TOMHGRENE> IzOEMESRE 5] TT®.
TREBOFRT 7 A N—F VTR T, ThETHLNTVSERERNL
FL XS, FTRIC, ERATREICKDORD 2DO0F A5 —HNAIEENE LTz

EE 1.1 (k[ [5). () Bhi S EoY o2V v ZHBEHEf: S 5 R 2EZE
T. ZOLE, S DAATHEB f ILHDDND 2 DR T 7 1
N—12 O L IMAHZFCICT 5.

1O 3V v IV BRBGELE= 27 VADEDTREER LMEh2 20850 ET. Vi) ik
B REBRIE, AMEOER L LT3 XD BEREORTHOBMOBZIH LTIREA L&D TT.
LA L, Mather Ik h# 57z nice dimension FHSHNBZEHRICHLTIE, ThdD22F—HL
BN LICHER. #ULIE [4) 2BBLTL X,

2ZBODHEG f: M > NICHLTpe M B f O EUNE THo LI, plcBF3 f oYL
3| Df, DEEEHLHA N ORTEHELL LB EETHY, 75 ThVE XX BRE LIUET. %7z,
qENM f O EBHE THZ LI, q DMWR F~1(q) DEAD f OFRIETHZ LETHD, T3TH
WE R BRE CMUET.

SO B f: M — N OZERRALIE, BRAES S(f) ¢ M O f(S(f)) C N DR
BEDC L EBSTLIEE .

Litg F-1(q) IR o TSR I, W% £l (q) OEIRELE U KBS f BRIB LY fly £BoT
X

SENLANCEE NIIZE [1] 2 [3] OHRICBERT 7 A 8—% R 5T L hHKET.

65757 Morse IS L 2 SV, B ARIBRLA LD (RFETH

(z1,22) = +a? + 23

LI BE0) Lhked, SRERRZhTNOEZEEZEDL LET.
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2,000 R T 7 4 )N—D#RIE Figure 2 1I2H D %9

RICEME 1.1 (2) ZMEHIAATRETHEHATE S L3R L2 RO EHNE DS
NE L.

EE 1.2 (Y [9)). PH4JTCZREE M h 53ifs 7 3 OTE A N ~AO 2 fuffir T h

1720 V22w 25 (f,(R,B)): M - N ##Zz%. TDLE, M DX A5—8
2,7

L& (f,(R, B) 1edBbha I 00, T, Ty, Ty, 00 & i
K57 7 A N1 OB I MEaH ZR CIcT 5. 22T, HRT7 74 R—04%
HIDTICDWVTWVS AR o XEEN 2 fFIF5NTVE EEIRMEDT, R »
AN—ZAN L DF LIRS TT. RERT 7 A 3—0D#IE Figure 2 1I2H D £

FE 1.3, 40T kiA M 2 5ifli7a 3 RLZREND D 221U v 7 75514
fiM— NZEZ3LE M HPAZMFIFETHNL f Lizﬁéﬁw‘_lﬁbgtﬂ)

£9. Ebic, M b*ﬂ%ﬁﬁﬁ.[ﬁ‘éf“%%i&:b‘%"‘tWUDIII DNDFET 7 1
N=3H5bNTVDT, TH 1.2 Hh56EM 1.1 2) HME5NET.

COBEDY 3V v 7R BIGOFE S 38851, Fold, Cusp, Swallowtail O 3fETY. /-,
%Eﬁ%A S(f) C M & 2 RITEIERD SREKIC I D, 2O f(S(F)) DRFTIEHETIE, HHRAR, 2
B QKOEHSEIRNCTD T , 3ES (3KOEI BB D AT , B AT, H 2R
TR & AR DTN 3T BREF D AT 1Y 7 A VHITIOW T hh ORI A D £, FRADED
D f DRFFRCRRIEES F(S(f) DRFHLEEE [5] Z#BRLTLEE .

8[5] Tld 3 DIIER T 7 £ 3— [T % 1118 LMEA TS T L ICHEA.

SBOMEEG f: M — N (dimM + 1 > dim N) D2 &84 Tha &3, N\ f(S(f)) O
I 2DDETHELARDLEVHESR R, B T

N\ f(S(f)) = RUB »> RNB =9dR =3B = f(S(f)),

EHEETLONDZLETHY, 20N THESE f: M - N L5E0X S KBER (R, B) LO#
(f,(R,B)) % 2@BfHFENLER LFEUET. EESHAE R® L3358, EALY 3V vV kE&
&2 @fRITTREL D Fd, FL I [10] ZBRLTL EEL.

Oz b 6 lDRKRT 7 A4 N—E & THEMEES f(S(f)) P3EHNET 26D k> TVET.
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FIGURE 2. "X OKE T 7 A )\—Hl

ERE 110 R 1.2 oftuc d “raE ) 5Tz 4 K2R B RN [6]7,
“IENF DNTPAZRADSE—R Y bV v —F VFAK [7]7 R “BHiiRDZE— MMM
FINK 8 Ne—fbkIhTVET.

RFPFROMBIZLLFO X 31D £ 9. 28 TIRTNEDNRNOKR T 7 A )3—
EDFEOHFNS EDLSICHDOFITL 2D0hDEHEL, EIBERT 7 4 )R—DEE
BAROHGROBIS ZAAN L ET. 3BT, BARHIE LT5XRTh D 4Rt \DY <
2V VIR UTHRR T 7 A N—DWEE AR E R L, Z Th 5 ROEHAHE
bNAT LEHFHLET.

EE 1.4. A4 028D S5 3 RITSRAEND Y = ) v 7 in AR O
T 7 AN—ZHW A A5 —8nRE, GBI 2 1D X 5 I KRS %2 5 %
TV ETFFE LRV,
B, RiHHTHG L TALHARREHRIETIHLD (C° ) o LET.
2. KT 7 £ IN— DY K

COETE, KET7AN—DHHDOH 5T Ui LET. sFLLI 5] 25K
LTLEEW. Y, HODNEEBRORRT 7 A /\—ORICAEREFZEALET.

Definition 2.1. {§OM0EEM fi: M; - N; & ¢; € N; (i =0,1) o TX£9.
TDLE, q FOT7AN=L ¢ LT 7 AN—MC° EETHB L1E, ¢ € N;
DBBEES Ui & 2 DOMHHRRBERY @: (£ (Uo), f5 (20)) = (fT7(U), £ (@)

(fo= ' (Uo), fo~*(a0)) 2, (A7), i (@)
(2.1) fol lfl
(Us, q0) — (U1, q1).

ZNTRE, BRI 7 A N—D S EEAERZHELEL X 5.
Step.1 XA, Bk ZEEL, RO2DOFHEHLET.
T: n RILERADND n+ k RILEHEANDW S WA BRDORRT 7 A /3 —
DHDOED. (TD k ZEHBDRITALVNET)
p: T DILOMDEMHEI .
TTTC, 7i&, 1 ICBTARR I 7 AN—DEAVICHBZT 7 A=t FlrICETS
Kot Del, pld COAEK D £H L 77 A N—DED O DRI EHFEDED

Heng, 2200774 13—H C0 AfETHIUE, ZhDIEE-FERG p THRMHICE2 L5 RE 0.
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B C(r,p) EHBDOLET.
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OY—MN r BAR f: M - N* B0 1 ARNVTF 4 ALARERZFET S &
WD £ 51T 1 NETOWOLIEBBEALUT B 5V RENY S
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3. SHTLBHRMAN D 4 RTLBRAEND Y 2 2w V55

CTTE Rgua® k=—-1 L' S5JUh b ARTTERENDY 22V v Uik
GRICH UTRAR T 7 A N—D i@k 2B Z £ 9. ZORNCKITA k= -1 LD
WRDTF, ROFERIFZEAL &

RRigure 3 Ieh3 X3, &7 7 A N—DF> T BESIIERSREDP TEHAOSREKICZ D £4.
T DIRABREDRRTTE T 7 A N—DRRTTE LET. F L [5] ZBRLTLFEN

BREa2ERLETH, ChHEEAELONEERLEOMEC OMETEDD LAENT LICHER.
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Definition 3.1. {50 E4 f: MM - NP & ¢, € N, (i =0,1) ZFi>TL 5.
TDLE, q LOT7AN—=Fg & q LEOT 74— F HDIED S* finEEs
LT CORBUETH B LiE, B8 ko, k1 >0 T Fo & kol D EMIL ST & DIERL
e Fi kL kil oA ST RE DI E DN CO AfIcx % & X T, T ODRIH
BfRE () & EXET.

T =8%(5,4) % 5 WTEEMHM B A JTESHKAND T TA—TY 2 3w I 55
O T 7 A R—DRtkE Lp= (1) £ LET.

R 3.2, MBI C(S2(5,4),0°(1) D 1RE 3RAFERI—HIILLTDOLSIC
%%,
H' =7,0%y SR +0] =0+ = =0 +1,]
EB+B+---+12,
H3 =0.

T =852(5,4)°" 2 E DAL 5 RITZHAN B 4 RITEHRIKND T 18— T
TV VIREBRORRT 7 AN—DRKE Up=p°(2) LLET.

e 3.3. mtifik C(Sg2(5,4)°™, p°(2)) D 3RAFRETI—FHILLFD LS 1T78 5.
R —~12 —~12
H? =7, ATl (I, + 110, ).

—7, FRT7 7 AN—DaF 2 A4 VEED I RET Y —HHICH LTRD T L H
Mo TWVWET.

W& 3.4. HBAF AV ec=Fi+Fot--+F € C*(Sx(5,4),0°(1)) TH (k+1)
RITEHE M Dk RITTERREAG N NOFEDY 23V VIR f+ M — N
LT (1 <Kk<3), MODALT—HE flcbbbhd F,Fy, -, F B
T 7 AN—DOBEME BT ZR CICT 54561, c DIAREOI—HiE H OF
TIEHRAICIZ 5.

TR, ERI A TTTEERAZ NI AIRER E DICE- Tz e Eid, & 1.1 (2) T
A TGS 2 L OHME 3.3 DHFICRZ T EMNTEETL, @H 1.1 (1)
DF A T—ERRTHS T2 EONME32 O H ICAENES. —F, mE 3.2 h
5 H=00bhoTWADTEN 1.2 NbhhET.
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THE EARLIER-ON SUCCESSIONS OF THE CONSTRUCTIONS OF THE SOLUTIONS ON
THE NAVIER-STOKES EQUATIONS

B % (MR D2)

ABSTRACT. We introduce the successions of the constructions of the solutions on the Navier-Stokes equations
earlier on in the history until 1950s, summarizing with the following 4 types of these successions.

0. EARLIER-ON SUCCESSIONS OF THE CONSTRUCTIONS OF THE SOLUTIONS ON NAVIER-STOKES EQUATIONS

For convenience’ sake, we summarize the successions of the constructions of the solutions on Navier-Stokes
equations, earlier on in the history until 1950s, with the following 4 types of the successions :

1)

2)
3)

for the classical solutions, to construct the formulation or rediscovery or re-derivation® of Navier-Stokes
equations,

for the fundamental solutions, owing to Newton’s potential theory, to construct the invariant tensor ¢;;,
for the Cauchy problem/turbulent solution/weak solutions/ to construct the conception/notion of the
solution.

for the generalized solutions?/strong solutions?, in using the functional analysis, especially, directly the
Sobolev’s tools, to construct the proof and regurality.

We show four earlier-on successions of the constructions of the solutions of the Navier-Stokes equations in Table
1, and the successions of the invariant tensor : t;; in Table 2.4

4)

1. THE SUCCESSIONS OF THE FORMULATION OF THE NAVIER-STOKES EQUATIONS

1.1. Euler’s formulation. In ”Sectio secunda de principiis motus fluidorum” ( The chapter 2 on the priciple of
the motion of the fluid ) [10], Euler shows the Euler’s equations of the incompressible fluid what we called today,
in modern vectorial expression :

ou/ot+u-Vu+ %Vp:f, divu=0. (1)

We show Euler’s text [10, pp.94-95] as follow :5

[Problem 23] §33 If the fluid of the arbitrary nature is moved by the arbitrary force, under
the stable initial condition, then from which, determine this motion clearly.

[Solution] Considering (fig.22), the stable fluid, in which the arbitrary temprature = ¢, suppose
it is smooth, and the 3 dimensions of the fixed axes : OA, OB, OC, to those the normal
directions, we consider the arbitrary particle of the fluid at the point of Z, which is fixed by
the 3 coordinates : OX =z, XY =y, YZ = z, determinated and which is consisted of the

TABLE 1. Four earlier-on successions of the constructions of the solution of the Navier-Stokes equations

1.formulation of equations 2.construction of tensor 3.notion/conception of sol. 4.functional analysis

classical solution fundamental solution turbulent /weak solution generalized /strong solution

formulation & rediscovery invariant tensor : %;; Sobolev’s embedding theorem

potential theory potential theory potential theory potential theory

I.Newton[33](1643),[34](1687) A.Cauchy[4](1828) A.Cauchy[5](1842) S.L.Sobolev[41](1950)

D.Bernoulli[2](1727),[3]("38) S.D.Poisson[38](1829-31) S.Kovalevskaya[21](1875) A.A Kiselev[18](1955),[19](°56)

J.L.d"Alembert[6](1752) G.G.Stokes|43](1845) G Darboux(1875) K&L[20] (57

—1

L.Euler[10](1752-55),[11](55) C.W.Oseen[37](1927) J.Hadamard[16](1932) 0O.A.Ladyzhenskaya[22](1959)

J.L.Lagrange[23, 24](1788)

L.Lichtenstein(1928),(°29),(’31)

T Leray[26](1933),[27, 28]('34)

G.Prodi[39](1959)

M.Laplace[25](1798-1805)

F.K.G.Odqvist[35](1930)[36] ('32)

E.Hopf[17](1951)

J.L.Lions&G.Prodi(1959)

C.L.M.H.Navier[30]("22),[31, 32]('27)

T Teray[26](1933),[27, 23]('34)

J.L.Lions(1959)

A .Cauchy(1823)

0O.A.Ladyzhenskayay[22](1959,70)

J.Serrin[40](1959)

S.D.Poisson[38](1829-31)

V.A.Solonnikov[42](1977)

Saint-Venant(1837)

G.G.Stokes[43](1845)

Date: 2007/01/19.

We owe to O.Darrigol [7] in view of the rediscovery or the re-derivation of Navier-Stokes equations.

2:f. We cite below the definition of the generalized solution with Kiselev & Ladyzhenskaya[20]’s formulations in §5.

3There is the theorem on the strong solution by the modern definition in the following :
Theorem ( Kato, Giga ) : a € L?NL%, n< g<co=>T >0, '1u: astrong solution of the Navier-Stokes equations on (0, T) in
the class : u € C((0,T); L™ n L2) n C((0, T); W) n C*((0,T); L2)). The word : “strong” means p =2 > 1 in WP'1,

4n Odqvist[35], he uses ”Der in der Fliissigkeit wirkend Spannungstensor”, which means the stress tensor operating in the fluid.

5This English version of L.Euler[10] is translated from Latin by Shigeru Masuda.
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accelarated forces P, @, R, the following direction Zz, Zy, Zz by the axes of the given and of
the parallel.

e To the motion of the fluid we mention, the stable, initial density of the particle, here in
Z, supposed as = ¢, which we observe is expressed by such as the function of the four
variables z, y, z and t.

e Now we put the pressure in Z the given value = p, which is permanent with respect to the
material, uniformal gravity, of which density = 1 and is given; we write this p with the
function of the four variables z, y, z and ¢.

e Every motion of the particles in Z, which we employ and observe here is determined by
three directions Zz, Zy, Zz, of which velocities in accordance with Zz = u, Zy = v and
Zz = w, we explain considering of which velocities passing the space a little such as time
t in the sequential time.

Now, this situation is observed by the velocities and the density ¢, and this relation is determi-

nated such that :© (1‘1) + (t_il;ing) + (d—;’f) + (d—f}) = 0. Therefore, in the above problem,

dt
we deduce the element of the fluid in Z, now this accelarated force as follows :
_ 1dp _ 1dp _ 1dp
next.Zx = P — 1z’ next.Zy = Q qdy’ next.Zz = qdz (2)

From itself another motion of this three elements in problem 20, each accelaration of the each
sequential direction, deduces in this manner, the expression :

next Zz = u( %) + v(% )+w( )+ (%2),
next Zy = u(L) + v(2 )+w )+ (L), (3)
next Zz = u(%2) + v(%2 )+w( ‘:)—1—(%"

Here, we get (1) from (2) and (3).

1.2. Navier’s formulation. Navier cites the Euler’s equations by Cartesian coordinates ([31, p.399]) :

P— —E—p d’:+ug—+v +w )
» _du dv dw
Q-&=p ¥+u’3‘5+va§+wa>, == = (4)
d; w dw dw dw
R - Ezz:p dt+ua+vﬁ+wd—z),

Here, Navier says his paper’s purpose as follows :

But, owing to the notation state as follows, it is necessary to admit the existence of the new
molecular force, which is developed by the state of the motion of the fluid. The study of the
analytical equations of the force is the main object which we have intended in the composition
of this paper. ([31, p.399])

In [30, p.252], owing to D’Alembert and Euler, Navier used his own equations published in 1821 ([30, p.250])"but
which seem not to be the formation such today’s equations as what we called Navier-Stokes equations on the
incompressible fluid(6). His equations are as follw :

ldp _ d?v _du_du . du o du ...
pds = X+5(3d:c2+dy2+dz7+2dmdy+2dzdz dt de YT dy VT a Wi
1dp _ Pu | gddw) _dv _dv , _dv . dv ..
pdy — Y +e($ dzﬁ +3_2+ 2+2dmdy 2dydz) dt dz YT Gy VT @ W (5)
ldp _ d?u _dw _dw . dw ., dw ..
pdz — Z+e(5 2+dy2 +3dz2 +2d:vdz+2dydz) at " dz YT gy VT g W

and the equation of continuity (4) where ¢ is sensibly independ of the force which compress the partial diffrential
of the fluid. In modern notation, the kinetic equation and the equation of continuity are conventionally described
as follows :

ou/dt — pAu+u-Vu+Vp=f£f, divu=0. (6)
Navier ([31, p.414]) had described the equation samely as today’s vectotial expression (6) above stated as follows

from (4), after operating in such a way as, at first by j";, and by diy, and at last by %, then® therefore (5) turns

SIf, q is constant, this equation means div u = 0.

TNavier cited his paper as follows : dans un Mémoire sur les lois de I’équilibre et des mouvemens des corps solides élastiques,
que j’ai présenté, le 14 mai 1821 (sic.). This title is none in Graber’s citation [13].

8[31, p.413)
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TABLE 2. Expression for hydrodynamics by the invariant tensor : t;;

[name&reference source of ¢;; [problem [definition , where v; is the velocity vector ]
A.Cauchy[4, p.225](1828) ti; = Aok, k0i5 + p(vi,; + vj,4)
S.D.POiSSOn[38, p.140](1829-31) t,:j = —p5,;j + A'Uk,klsij +ﬂ'(vi,j + ’Uj,i)
'|G.G.Stokes[43, pp.90-91](1845) [the Stokes equations tij = pdij + (6 — 2u(vk,k)ds5 — p(vi,j + vj,5)
Sk (z-—m(.o))(a:k—-z(o))
C.W.Oseen[37, p.26](1927) the Stokes differential equations tje = -4k + 2 ps k
K.G.Odqvist[35, p.332](1930) |[first Stokes boundary problem: pAu; = ;,f, 3—::’[—:— =0 |Tsk = —pdik + u(uri + wir)
J.Leray[26, p.22,p.55](1933)  [(25) pAu; — $2 = —pX; (1=1,2,3), T3, jjk =0|Ti;(z,y) = gL; [LL + ng:z_’]
0.A.Ladyzhenskaya[22](1959) [linearized N-S system:Au — Vp = £, div u = 0, u|g = 0|T}; (z,y) = [T?‘ﬂ + i‘ﬁ.%l‘iilﬂs:iﬁ]
linearized N-S system: k d_'u&
0.A.Ladyzhenskaya(1970) DALk (o) — Oa* (2 ) = 5(z — w16k, div uF = 0 Tin(v) = —5Fp + v( 52 + 5ik)
) y q b y y )
9G4 G, Gij=-22L5,; —12% _ L 5530(t)
Zoig _.’L = 3 Z7id Dz ™ Bz T Dx j3 ’
V.A.Solonnikov[42, p.48](1977) | ot — AGii + 52y =0, 3 5 =0, Y 1) =8, g Ao 5,](:)[ )
where G’LJIE.?,—O = 51J5(t)5(x1)8(32) P; = 5= mﬁ + ”2???3?: - -—zTﬁjam
out :
dp d?u dzu d2y
P—Z=p(%tugs gy +wi) (G +5F+5F
dp __ dv d2v d?v )
Q- ay = P\a +’LL +’U +w ) E(m"l‘@g a2 (7)
dp _ (dw _ fPw . dPw dzw
R—E=p(5 +ui +of +w ) € (d—zf & T wT

and the equation of continuity which is the same as (4) Here, if we take f = (P,Q, R) and /l)f = f, then this
means : 2% — fAutu-Vu+ 7 Vp f. If we put p = £ then (7) equals to (6).

1.3. Poisson’s equations. S.D.Poisson[38, p.151-152](1829-31) proposed his equations in 1829 and was issured
in 1831, which reads :

d?z _ d
‘3‘;‘12;: +u +'U +wdz’ ¢t=p, %2 +u +U +wdz, _ d¢t E+Eldxt
g_éi_——+u_ +wd” , %—‘: +u +vd"+wdz, wEPT T xt dt
=R +” Y W
p(X =) = G el + G+ ) =0
p(Y—%@)— +e (m+—f+d—zf>—o ®)
P2~ %) = 2 +e(Gh + 5+ 58 =0

If we assume p and p are constants and put —< = v and f = (X,Y, Z), then Poisson’s equations (8) are equivalent
with the kinetic equation of Navier’s equations (7) of the incompressible fluid : %—‘t‘ —vAu+u-Vu+ —;Vp =f.
Poisson contains both compressible and incompressible fluid.

1.4. Stokes’ equation. Stokes proposes the Stokes’ approximate equations in [43, p.93] :

Du_X)+ P —p(ty+dutduy=no,
p——Y))+ —u((——,dz+—,2y+dz =0 du dv dw_
P udz ’ dez ' dy  dz
pﬁ_Z)"_d _N(m d—zr)—o

These equations are applicable to the determmatlon of the motion of water in pipes and canala,

to the calculation of the effect of friction on the motions of tides and waves, and such questions.
By the modern vectorial expression, if we take f = (X,Y,Z), then these equations are turn out as follows :
p(22 —f)+ Vp—pAu=0, divu=0.

2. THE SUCCESSION OF THE WEAK SOLUTIONS

2.1. Leray’s introduction to construct solution turbulente. Leray[28, p.195] says : °

If I should succeed to construct the solution of the equations of Navier which become irregular,
I shall have the right to insist that there exist effectivelly the solutions turbulentes marely no
reducing, in the solutions regulieres. Similarly, if this proposition should be false, the notion
of solution turbulente which will play no role any longer in the study of viscous liquid, will do
no harm to its interest : it must well present the problems of mathematical physics for which
physical cause of regularity is not sufficient to justify the hypothesis of the regularity made in
setting of equation.

9This English version from French was made by Shigeru Masuda.
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2.2. Hopf’s comment to Leray. E.Hopf[17] comments on his own lemma 5.1 to the J.Leray[28] in [17] : °
In the Rellich’s theorem, the convergence of the x-integral on the quadratic of the derivation is
presupposed. Our convergence presupposition relate even to the (z,t)-integral and is therefore
better adapted to the situation in our problem. Leray prove and use Lemma 2, which is
even near to Rellich’s lemma, operate like this theorem, only with (z)-integral. Our proof of
convergence is more direct.

3. THE SUCCESSION OF THE GENERALIZED SOLUTION / THE STRONG SOLUTION

3.1. Kiselev. Kiselev([19] is one of the pioneer of the generalised solution and the strong solution as follows

Lv = % +Zz=1vk—6@§; —vAv = —grad p+£--- (1), div v = 0---(2), V|t=0 = a---(3),
vls = 0---(4), where f = f(z,t) and a(z) is the given vector, v is the viscosity coefficient,
which, for the brief description’s sake, (we) deal as the constant. (We) call the vector v the
generalised solution of the problem (1)-(4) on Q, if v € L*(Q:), exists generally in the sense

of S.L.Sobolev[41].

Theorem 1 (Uniqueness theorem). The problem(1)-(4) have in Q: not more than a gener-
alised solution

Theorem 2 (Existence theorem 1). Supposing a € Wz(z) and satisfies the conditions (2) and
(4), £ € L2(Q+) and 2 € Ly(Q:) and satisfies the condition ||a| { ||f+Lal|+||f|| }t=0 < —g; where
B : a constant, depending on the domain Q, and the symbol ||-|| means the norm in L2(Q). Then
the problem (1)-(4) have the generalised solution, in any cases, for allt € [0,T], where T : an

arbitrary number < 1, satisfying (uan + [T ||f|]dt) (||f—La1|t=0+maxogtg e gudt) <
3
'2'7‘ O
3.2. Kiselev and Ladyzhenskaya. They say in [20]:
In (our)!! paper, (we) study the problems of the incompressible viscosity:

3
ov ov .
Frie vAv + kélvka—:rk = —grad p + f(z,t), divv=0, v|g=0, Vji=o=a (1)

Formulation 1. (We) shall call it a generalized solution of problem (1), that is the vector
function v(z,t), having the generalized derivatives € L2(Qr) of the first order, summing to the
power of 4 in a plane of t = const for an arbitrary profile Qr, [, Y, vi(z,t)dz < const, and

satisfying the conditions: div v =0, v|s =0, v|i=0 = a and the equality: fOT Jo [%—‘{@ +

Vo B — v i — f@]dmdt =0---(3) "® € La2(Qr) such that 2% € L2(Qr), div® =
0, ®s=0. O

Formulation 2. (We) shall call it a generalized solution of problem (1), that is the vector
function v(x,t), having the generalized derivatives € L2(Q7) in the form of oft’z‘r’i and its all
belongings satisfing the same condition as in Formulation 1. [

(The Theorem 3,4 and 5 are new contents in [20] in comparison with [18, 19]. The following
theorem is same as Kiselev([18, 19], about a strong solution which is already in [19].)

Theorem 6. If a ¢ Jo,1(Q) N WZ(Q), and f and f; are € L2(Q:), Q¢ = Q x [0,1], then
the problem (1) has the generalized solution in the sense of Formulation 2 on the cylin-
der Qr = Q x [0,T], such that T : no-smaller than an arbitrary mumber, depending on
v, lallwzyr Ifllza(@u)s Ifellza(qu) and the scale of the domain €. 012
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Properties of Additive Models in
Multiobjective Optimization Problems

Felipe Campelo and Hajime Igarashi.

Abstract—1In this paper we discuss the ability of additive
models to adequately map the full nondominated set in multiob-
jective optimization problems. Traditional techniques such as the
Weighted Sum (WS) approach present severe limitations when
the nondominated set is non-convex or non-connected. These
limitations are presented, discussed, and compared with the
Compromise Programming (CP) technique, which is able to find
solutions on concave regions of the nondominated set, as well as
effectively exploring non-connected sets. The CP technique is then
coupled with a stochastic optimization algorithm for the parallel
search for multiple solutions of the multiobjective problem. This
hybrid approach is tested on analytical and numerical problems
for demonstrating its effectiveness.

Index Terms— Multiobjective optimization, artificial immune
systems, compromise programming.

I. INTRODUCTION

In many optimization problems, particularly in engineering
design, one is usually faced with problems containing many
conflicting requirements. For instance, performance and cost
are usually conflicting for most systems. Such problems are
usually characteristic for presenting not only one, but a set of
solutions representing the various possible tradeoffs amongst
the objectives. This set us commonly known as Pareto Set,
Pareto-Edgeworth Set, Nondominated or Noninferior Set, with
the word Front sometimes replacing Set in some contexts.

Popular approaches for solving multiobjective optimization
problems include dominance-based methods (direct multiob-
jective optimization, where the objectives are taken sepa-
rately); constraint-based approaches, where one objective is
chosen as the most important and the others are transformed in
constraints; and objective aggregation (or additive) methods,
where the objectives are combined into a single function to
be optimized. Each of these approaches present a number of
advantages and disadvantages, concerning the simplicity of
implementation and use, the efficiency on mapping the Pareto
Front, or some other criterion.

In this work we analyze the characteristics of the function-
aggregation methods in generating solutions for multiobjective
optimization (MOQO) problems. After some discussion on
various aggregation techniques, we describe the compromise
programming (CP) models, in particular the C P (o<, W) model
[3]. We then introduce an approach coupling an evolutionary
mono-objective optimization algorithm to a CP formulation,

This work was supported by the Ministry of Education, Culture, Sports,
Science and Technology: MEXT, Japan

F. Campelo and H. Igarashi are with the Laboratory of Hybrid Systems,
Graduate School of Information Science and Technology, Hokkaido Univer-
sity, Kita 14 Nishi 9, Kita-ku, Sapporo 060-0814, Japan (e-mail: pinto@em-
si.eng.hokudai.ac.jp, igarashi@ssi.ist.hokudai.ac.jp)

in order to look for diverse solutions in the Pareto set using a
parallel search scheme.

Section II introduces key concepts about MOO; in Section
I, the WS and the CP approaches are described, and section
IV describes the optimization algorithm coupled to the CP
for the solution of MOO problems. Section V presents some
results obtained by the proposed technique, and Section VI
ends the paper with some concluding remarks and ideas for
future work.

II. MULTIOBJECTIVE OPTIMIZATION

A general multiobjective optimization problem can be de-
fined as the search for a point (or points) contained in the
feasible part of the variable space of a given problem that
present the property of Pareto optimality (defined below). The
feasible portion of the variable space is defined by the equality
and inequality constraints of the problem (if present), as well
as by the upper and lower limit values for the variables.

In order to define Pareto optimality, we must first define the
concept of Pareto dominance (or simply dominance):

Definition 1 (Pareto dominance): A vector in the variable
space @ = {uy,..., U} is said to dominate ¥' = {vy,...,v,}
(denoted by @ =< ¥) if and only if ¥ is partially less than 7,
ie,Viel,...,n,u; <vy;AJiel,...,n:u; <v; [S]

Definition 2 (Pareto optimality): A vector in the variable
space @ = {ui,...,Un} is said to be Pareto dominant (or
to belong to the Pareto set) if and only if A7 e Q with
F (9) % F (i), where Q is the feasible search space of the
MOO problem.

Definition 3 (Pareto front): The Pareto front is the projec-
tion of the Pareto set onto the objective space.

The field of multiobjective optimization is of great interest
in many areas of engineering, science, and economics. This
broad applicability has motivated a great amount of research
on various methods to find Pareto optimal solutions for a
variety of applications. As mentioned in the introduction, these
methods can be usually divided in some well-defined groups:

A. Direct methods

Direct methods are in the vast majority evolutionary MOO
[6] algorithms. These methods rely on the evolution of a
population of candidate solutions through a number of iter-
ations, with a selection function that rewards nondominated
solutions over dominated ones. The objective functions are
treated independently, without aggregation or transformation
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of objectives into constraints. The main advantage of this
approach is the ability to obtain a good sampling of all regions
of the Pareto Front, regardless of any considerations about
convexity or connectivity of the front or differentiability of the
objective functions. On the other hand, the implementation of
direct methods is usually more complex than other approaches
such as constrained and aggregation methods.

B. Constrained methods

Methods such as the e-constrained approach [10] deal
with the MOO problem by converting all but one objective
function into constraints, and then solving the mono-objective
constrained problem. While this problem has the potential to
find points in all regions of the Pareto front, it presents the
disadvantages of greatly reducing the feasible space of the
problem (through the introduction of more constraints); also,
choices made during the transformation of the objectives into
constraints have the potential to greatly affect the performance
of the optimization algorithm.

C. Function aggregation methods

The simplest of the three approaches mentioned here, func-
tion aggregation schemes (sometimes called additive schemes)
work by combining all the objectives into a single functional,
and then using this resulting functional as the objective
function in a mono-objective problem. While simple, many
techniques in this category can only converge to Pareto optimal
solutions that are located in convex parts of the Pareto front,
which can greatly limit its applicability in real-world problems,
where partially or completely nonconvex Pareto fronts occur
frequently. Also, the choice of weights for each objective
function during the production of the objective functional is
difficult and many times essential to the good performance of
the optimization algorithm used.

ITI. FUNCTION AGGREGATION: WS x CP

Consider the multiobjective optimization problem (MOP)
defined by (1):

Minimize: F (&) = {fi( @), fm (@)}

1
Subject to: x € QO C R )

where ) represents the feasible parameter space, defined by
both the range of the design variables and the constraints of
the problem. As mentioned in the previous section, a classical
way of solving the problem defined by (1) is the use of
additive models, the simplest of which being the Weighted
Sum approach, where the objectives are combined in a single
function to be minimized (2):

Minimize: w; f; (£)
; 2

Subject to: z € Q C R"

where 0 is a vector of weights, and >~ ; w; = 1. By solving
the mono-objective problem defined by (2) for different weight
vectors, it is possible to find different points on the Pareto
front (PF). This approach, however, suffers from a number of

serious drawbacks, the most important being the inability to
reach points on the nonconvex parts of the PF [9].

If we reformulate the problem 2 in the objective space [10],
it becomes 3:

m
Minimize: Z W;Ys
=1 ©)

Subject to: y € Q,

i.e., determine the point §* in the objectives space (defined as
a projection of the feasible variable space) that minimizes the
inner product wWy*. If we define the minimum value of this
product as o*, then we have the equation 4:

Wy = a” “

representing a support hyperplane to 2, at the point 3*. Since
a given vector W defines the inclination of a given hyperplane,
the minimization process in 3 searches for the hyperplane
with such inclination that presents minimal distance to the €,
space. This hyperplane is necessarily the support hyperplane
for some point. Therefore, only points that admit a support
hyperplane (i.e., points in convex parts of the Pareto front)
can be found by the WS approach.

f,

A°

f;

L

Fig. 1. In the WS approach, only points that admit support hyperplanes can
be found. (figure adapted from [3])

Another additive model is the Compromise Programming
(CP).[3]. In this model, different metrics are used to calculate
the distance between a given point on the PF and the so-
called Utopia Solution, a theoretical point composed by the
individual minima of each objective of the MOP (in practice, a
dynamically adjusted pseudo-Utopia Solution can be used). A
particular case of the CP is the weighted-Thebycheff approach
or CP (o, w), which uses the Tchebycheff norm for measur-
ing the distance mentioned above. When using this metric, the
definition of the problem becomes (5):

Minimize f' (Z,%) = max [w, (f, (Z) — u,)]

zer=1....m ®)

It can be proved that, by varying the weight vector ,
it is possible to reach any point of the PF, independently
of any convexity assumptions [1]. However, this requires
the solution of several mono-objective problems in order to
sample the Pareto front with more than a few points. The
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high computational cost of solving these several C'P (cx, ;)
problems (with r = 1,...,n,) can be a severe impediment on
the use of this technique for the solution of problems where the
evaluation of the objectives involve the solution of complex
numerical models (e.g., electromagnetic design).

The use of the Tchebycheff norm in the C'P (,w;,) ap-
proach is the key to its capability to find Pareto optimal
solutions in the nonconvex parts of the Pareto Front. Recall
the support hyperplane defined by the WS approach (which,
incidentally, is also an instance of the CP model, when a
Manhattan norm is used instead of the Tchebycheff one) in
the objective space. If we use the Tchebycheff norm instead,
the formulation in the objective space becomes 6:

Minimize: max {wy; — Ui};—1  m

, (6)
Subject to: y € )y,

The minmax operation means that we are trying to find
a point ¥* that minimizes the maximum distance between
Q,, and the farthest axis of the coordinate system defined by
the Utopia Solution #. Figure 2 shows this concept, which
illustrates the ability of the C'P (c, «7.) approach to find points
on the Pareto front regardless of any convexity considerations.

u £

>

Fig. 2. In the CP (,w,) approach, the points do not need to admit a
support hyperplane in order to be searchable. (figure adapted from [3])

Let W be a matrix composed of all the weight vectors
needed to define the different CP (o, ;) problems mentioned
above:

wa

W= @

W,
The projection on the objective space of a given point z €
is given by the performance vector F' (1). From W and F
we can assemble a vector composed by the values of each
(@ ):
F (@ W) =[f (@d1),....f @da,)]  ®

where each element of F” (z, W) represents the performance
of z for one of the CP (c,w,) problems.

As mentioned before, the usual approach for mapping the
PF is to run a mono-objective optimization algorithm n, times

(once for each line of W), with the disadvantage of requiring
a large number of objective function evaluations.

In this paper we use a different approach to search for
all the ny PF points in parallel, i.e., in a single run of
the optimization algorithm. By using a subpopulation-based
algorithm for mono-objective multimodal optimization, it is
possible to map the several “minima” defined by each w;, on
the aggregation function. This approach has the potential of
greatly reducing the computational cost associated with the
search for the Pareto solutions, without the need of big changes
in the optimization algorithm.

In the next section, we present an adapted version of the
m-AINet algorithm [2] for solving the multimodal problem
of finding the minima for each of the CP (o, ) problems
defined by W. The m-AlNet (modified Artificial Immune
Network) is an optimization algorithm based on the Artifi-
cial Immune Systems (AIS) paradigm [7]. The goal of this
algorithm is to find not only the global optimum, but also
to identify all local optima in mono-objective optimization
problems. This ability to search for multiple points in parallel
is used here to solve the ng problems defined by W.

IV. THE M-AINET ALGORITHM

Figure 3 shows a schematic representation of the algorithm
developed for solving this problem. This algorithm is based
on the Artificial Immune Systems paradigm [7], and includes
explicit operators for local and global search, and diversity
generation. In addition, a special selection operator allows this
algorithms to evolve a population of candidate solutions in
which each individual represents a solution for one of the n,
CP problems.

1) Define W « {1,...,Wn,};
2) Initialize Abyem — 0;
3) Initialize Abo, «— {AbW), ..., AbM)};
4) Evaluate Ab,,;
5) While (- stop criterion) do:
a) C « Clones(Aboy);
b) Apply local mutation on C;
c) Evaluate mutated clones;
d) Select the n, best points from (Aby, |J C);
e) Update Ab,,.,, Wwith stabilized points;
f) Remove stabilized points from Ab,,;
g) Complete Ab,, with new random points;

Fig. 3. m-AINet Algorithm

The algorithm starts with the definition of a matrix of
weights W (that defines ns C'P (o<, W) problems, which we
call here selection criteria or simply criteria), the generation
(random or not) of an initial population of points in the
variable space (called online population, in opposition to the
memory population), and the evaluation of these points over
the objectives of the problem. The points are then copied and
subject to local mutation. The mutated copies are called clones
of the points.

After evaluating the clones and reintroducing them into the
online population, the better point according to each of the
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selection criteria defined by W is selected for survival, and
the others are deleted. This step reduces the size of the online
population to n, points (the user-defined population size must
be smaller than ng). Also notice that the same point can be
represented more than once in the online population, in case
it performs better for two or more criteria.

After that, the online population is checked for points that
have stabilized: if the better point according to a given criterion
has not changed for a number of iterations of the algorithm,
this point is moved to the memory population, and removed
from the iterative cycle.

Finally, the online population is completed with new random
points, in order to keep the global exploration characteristics
of the algorithm. The iterative cycle is then restarted, with the
cloning of the current online population and so on.

After a given stop criterion is met (e.g., maximum number
of iterations, maximum number of function evaluations, size of
the memory population) the algorithm is stopped. The points
in the memory population are checked for dominance, and
the nondominated ones are returned as solutions of the MOO
problem.

V. RESULTS

In order to compare the performance of the proposed
approach (m-AINet + CP (cc,w),.)) with other approaches,
a number of analytical test problems was considered. These
problems have been chosen for characteristics such as non-
convexity, in order to better illustrate the characteristics of the
methods employed. The proposed approach will be compared
to the WS method (also using the m-AINet as the optimizer)
and to the NSGA-II [8], a state-of-the-art direct method based
on a genetic algorithm.

A. Problem 1

The first problem is a 2-objective, 1-dimensional problem,
with a highly nonconvex Pareto front. This problem is defined
as the minimization of 9:

fil@)=1-e @00
fa(z) =1— @0 ©)
-10<z <10

Figure 4(a) shows the projection of the feasible search space
onto the objective space for this problem. The Pareto front,
represented by the curved part of the objective space, is clearly
nonconvex.

The parameters of the MOO algorithms used were set as:

« m-AINet/CP and m-AINet/WS:

-~ Population: 60
- ng: 50
o NSGA-II:
— Population: 60
- Memory size: 50
- P: 038
- P,:0.05

The stop criterion used was 360 function evaluations of each

objective. From Fig 4(b-d) we can observe the performance of

1 1 o smmmroney
e,
o o

b 3 5 1 T % 0 03 g W
(a) Objective space () Results for the CP
15
1 oo mesemiiy 1 PR
05 \ o5
] H 0
% g o5 0 g % 3 3 g s

(c) Results for the NSGA-TI (@) Results for the WS

Fig. 4. Problem 1: (a) Objective space; (b) Results obtained by the m-
AINet/CP; (c) Results obtained by the m-AINet/WS; (d) Results obtained by
the NSGA-II

the algorithms used. NSGA-II and the m-AINet/CP approach
were very successful in finding a good sampling of the
Pareto front. On the other hand, the WS-based optimization
found only the two extremities of the front, confirming the
predictions about its performance on nonconvex fronts.

B. Problem 2

The second problem consists on the minimization of 2
objectives on a 2-dimensional variable space. This problem
presents a partially nonconvex, discontinuous Pareto front, as
shown in Fig. 5(a). The objective functions are 10:

fi(@) =z
fo (%) = (14 10z2) *

z 2
1_ 1
1+ 10z4
0<z <1li=1,2.

The modified parameters for the optimization algorithms
were: ng = 150 and Population = 175 for both the CP and
WS; and Memory size = 150 and Population = 100 for
the NSGA-II. The stop criterion was set to 12,000 function
evaluations.

Figure 5(b-d) show the results obtained by the three ap-
proaches tested.

It can be seen from the results obtained that the m-AINet/CP
was again able to find solutions with a reasonable distribution
over the Pareto front. The NSGA-II was also able to find
solutions in all the four parts of the front, but with a slightly
lower quality and precision. Again, the WS approach was
unable to find a significant number of solutions, most probably
due to the specific characteristics of the problem chosen.

A possible source of the good performance of the m-
AINet/CP approach for this problem is the local search nature
of the cloning procedure. By refining the solutions locally,
the m-AlINet algorithm is able to evolve the population of
points to the vicinity of the Pareto front with good precision.
In contrast, genetic algorithms (which are the basis of the
NSGA-II) lack such local search capabilities, and therefore
face greater difficulty in placing the points precisely over the
front.

. I sin (871‘(1,‘1) (10)
1+ 10$2
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Fig. 5. Objective space for Problem 1. The Pareto front is shown in black.

VI. CONCLUSIONS AND FUTURE WORK

In this work we have discussed the ability of generating
optimal solutions from two function aggregation schemes for
multiobjective optimization. An approach combining a mono-
objective multimodal optimization algorithm (m-AINet) and
Compromise Programming (CP (o<, w,)) was introduced, in
order to provide a way to find several Pareto-optimal points
in a single run of the optimization process, independently
of any convexity assumptions. The results obtained on two
benchmark problems show the applicability of the proposed
approach to problems where the Pareto front is nonconvex
and/or discontinuous. While the performance obtained in the
two problems used was similar to the NSGA-II, a more
extensive testing of the m-AINet/CP approach is required (e.g.,
by using a larger number of benchmark problems, analytical
as well as numerical) in order to validate the technique.

Future work includes not only the validation of the method-
ology presented, but also the expansion of this technique for
dealing with more challenging MOO problems, with higher-
dimensional search spaces or a larger number of objectives;
the adaptation of the m-AINet/CP to deal with robust mul-
tiobjective optimization; and the fine-tuning of the operators,
in order to reduce the computational cost of the optimization
process.
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On Perfect Isometries

Whleg 55 CRIRRZERZEBEE2ARTER)
Ryo Narasaki, Osaka Univ.

Abstract

In the representation theory of finite groups, there are some problems which deserve
attention. They are some conjectures on characters and Sylow p-subgroups. In this talk,
we consider correspondences of irreducible characters which is called “perfect isometry”.
A perfect isometry is a reflection at the level of character theory of an equivalence of the
derived categories of two block algebras as triangulated categries.

1 Introduction

Z OEE T, AIRFED modular I B> T perfect isometry & MEIFN S, 2 ODEED
70y 7 EOBREEORIGICOVTEZ S, GEEEDOERE, p2EHEL, GO®
KB EO2EKO L THEA% Ir(G) TERT. Irr(G) 1213 p 2B L T H 2 FAfERIRDFEE
L, ZOREE% 70y 7 LIPS, 7uv 21tz Zzn L ECBERZ R p-iioiids G-
BEBROTRE—DFEL, ZNE2 70y 7 OREH LS,

D% G p-Eait L, DO GIZBIIBIERLE%E Ng(D) TERT. DL E, GO7
0y 7 CDERRBICEObLDE, Ng(D) D70y 7T DEFBEICHS b DDRICIE
HAZ 1N 1 OREPHELET 2 I EXMoNTED, 2k GoOEBLE ZD p-Ey
PO IEBULRE No(D) ORBUCIZAD BRI H 2D TR EEZ NS,

1988 4EIZ M. Broué 1¥ XD & 9 L FHEE R L 7.

FHE11L.B2GO7uy 7V TARBED ZRH2bDE L, b% NegD)D 70y 7 THRER
D%FOLDET L. DA TH S L X, B L bDMEITIZ perfect isometry & W 24
HHEDBHFELET 2D TId 0D ?

Broué 3£ 72, MBEDOBICET 2 X D FEVFEEIZOVWTHERLTWBY, SEIZED
KHEORIGIZOWTOARAEZ L ZLIZT 3, (1] 22H.)

2 HER#EO7AOvY

COETIE 7y 7oHmBE LT, REELZIER, BREFLDODTEL, 22T
i, £ FR1ICZE S,

R z5efiiftEERR & L, ZORE K ORI 0 L §5, £72 (1) Z RDBKA 77V
EL. FIRRF=R/(n) 3EB p Dk THB LTS, COLEKRF)% p-EP27—%
P BN
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GRILE L T2 R-AHNMRG = P, Re2FE A, GIeBIT 2 RIKEMIVICIRL T
RGIZBIIBFELRERT DL, RGIFRLIUIRICKESD, RGEZ GDOR EDFIRE VI,

RGIZBWVWT, GOWNESXDILDONZ X TET : X = exx.

Gox,glcRLglxgZx® &M L ITIE, BGIRIOEATGHAIEALT
VW, I GORBIZEBEREVD, oL E G-I GoBE T, 20o2k%
CI(G) L £7T,

RGIZBWT 1IFERT 2HLNFEHEREETOME LT

l=¢g+&e+ - -+¢&

L£I 5,
B; = &(RG) £ BIT1E. RG D (RG,RG)-INE & L T DEBEKIE

RG=Bi®B,®---®B; Y]
MEoNDE, COLEHGD(p) 70y V7 ERDEHICEET %,

EFE2L HGIHL, KO IKBIZEBZGD (p-) 7uy 7L XU, Z044% BIG)
ERT, $hg 2 BD7 Ry JNZELLELIL, Tk e ERT,

oI, WSOV EEDEEET 2, BeBIG) LT3, RG-MEEVIZH LT Veg =V
DEDIIDOEE, VIZ7uy 7 BIZETRL 0, VeBLEL, VHEGDOREEHXDE
WM THh2LE, V27U 7 BRLETARLIEXHIVEZORE yx X BIET 3
En), ZDLELEBEEALT, XeB, yxeBirk EEL,

EE22. BHGIINL, GORNER IgOETA2 70y 22 G0oE7TRy 7L 0n), GD
FE7uy % Bo(G) FIFHI By En K,

70y 7 BT % G OBEMNIREO 6% In(B) L XT., DL & I(G) IFRD &
JIEH I NS
i@ = | | m(B) .
BeBI(G)
ZIT, EDL) BEAIEENEL 7uy 2IZ®/T 2D00ID20WTEZ S, Ir(G) 3
¥, CAD>CoxITHL. w, : ZRG) > RERD &I ICEHET S :

o IGk®
MO = o @

¥/, GO p-TuDEkE Gy ERL. GO p-Iuhr s k2 HBEO2K%Z CI(Gy) ERT
LTS, ZDXIREFDDH ETRIBHD LD,

EIE 23, Ir(G) > ., ¥’ BRI 70y 7 ICET 270 DBBE DR FMERBEY IO &
ThH 5.
(€)= wy(€) (mod (1) (YC e CUGp)) -
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RIZ, 709 7DARRBICOVWTERT 3%z L X 5,
Gog-tRGaxITRLx®:=glxgtnl 2ticT2E,. GIZZDEATRG IZERAL
TWw3, GOFFHHIZH L, HDETHOILTEE XN RG DILDOLEREE Invvy(RG) &
£7:
Invg(RG) = {x € RG | x" = x (Yhe H)} .

GLHIZXNL, Ha(ae G) DD GDERmEAZ. GILBIT2 HOEFIRELE LY, G
B S HOERKREO2KE H\ G TET, Invg(RG) » 5 Invg(RG) ~DER

¢ . vg(RG) — Invg(RG)

ZRDEIICERT 5 :

X — ng

geH\G
INnEFL—RAERE LR, FL—RABRTE 0B%E Tr9RG) LML

RGS = Tt%(RG) + nlnvG(RG)
LB, COLE, ROEHIKY IO,

EIE 2.4. Invg(RG) = Z(RG) DIFIERE %0 e 12X L. RD 2 &2 i3 G D p-ERo#E
DM G-HBEMEL BNk E S .

(a) e€ RGS.

®) e eRGG = D3 H ORI IZ% 5,

70y DARBPBRDE I ICERTE 2,

EFE25. BeBIG) L ZDREFTneg N L, EM 24 2/ § p-HafE D% 70y 7
BOAREE, Fldepg DAREEE X X,

BzZiE, GOETu vy 7 DRRHIX G D Sylow p-EkoH#TH 3.

3 Perfect isometry

Z Z Tl perfect isometry D7EF &, Broué D AU DWTIRR S,

G, H¥HRML L, e f%ZNZNZKGHEKG OHhib) & ZKH DR~ 35555 &
T3, Re(G,e) % HIERE KGe-MBEDIEIED 5 EIR XN 3 ZMBE, (G, e) % Rx(G, €)
DEXIHEEDEL, Re((G,e), (H, ) % (KGe, KHN)-TiIMEE DI & 4 5% X L5 Z-0
Hed 5,

Ri((G. &), (H, 1) DTG p 2K L, R(H, ) 1 5 Ri(G, e) ~DUEFRTYE G I, % KT
5

LO© = 7 LS g B,

heH
CITRIFKIMEZFD H OB TH 3.
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EFE3.L phiperfect THBLIF, BTNDgeG, he HIZRHLRDBED DI EZF .
(@) (g n/ICe(@)l €R, u(g h)/|ICc(h) € R.

(i) u(g,h) #0772 51F, gDMNEDp LRTHIDIE, hONEp LETHD L EDD
ZDLEICRS,

EE 3.2. Re(H, ) 75 Ri(G,e) ~D isometry %3 perfect TH % & 1%, phiperfect TH 3 I,
=1}

1988 £E1Z M. Broué 1Z XD &k ) PRI L 7.
FH33. B2GO7uy JTARMD ZFR>bDL L, b%Z Ng(D)D 71y 7 THRE

D%FHOLDLET D, DWHHATH S L ZE, BL bDREITIZ perfect isometry & W2 4
HEHBEET 2D TIER LD ?

X5z, ZOTFPHOLDEWBIZTO®ED TH 3.

FHE34 BZGO7uy VTARED ZFK2bDL L, b%Z Ng(D)D7 1y 7 TAR
HDZEROLDLET S, DOVAHATH S L Z, B L bD derived category B]\Z triangulated
category &£ L CORMEVHELET 2D TlER\WH?

L derived equivalence 23FE T #UE, perfect isometry 2SFEAET 5 2 LIFHISNTED,
Yo TPHE3ADEY LTI FE33IEIHD I,

Z D & 9 7z derived equivalence 23FFES A6 & LTI, KEIREHEZR> 70y 7, CxC,
EAREICE 7 uy 7, p-AlfB o 7uy 7w o»HonTw3, £/, perfect
isometry 284S 4 & L T, R.Rouquier I & 2 BifERIBHIEE D e AR B2 RO+
70y 7DGE (B %RE, wWOPHoNTWn3,

SE X
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Word theory and its applications to knots and plane curves

Noboru Ito

1. INTRODUCTION

The object of this note is to introduce the definition of word (Sect. 2), its
application to knots (Sect. 3) and its application to plane curves (Sect. 4).

In [Tul], Turaev constructs word (Sect. 2) and homotopy of word (Sect. 3) using
idea in Topology. Word is the universal object for knot, curve, etc. For example, we
can regard isotopy classes of knots as homotopy equivalent classes of words , ([Tu2],
Sect. 3) ; we can also regard pointed curves on a surface as words (Conventions, Sect.
4). In [Tu2], by using word, Turaev constructs knot invariant, for instance, Jones
polynomial or a-kei which is similar to kei. Using Turaev’s word, we will reconstruct
the Arnold’s basic invariants ([Arl], [Ar2]) which are systematically reformulated
by M. Polyak [Po] and we will construct some invariants which are independent of
that of Arnold.

Conventions. A closed curve is an immersion : S' — R? where all of the
singular points for the immersion are transversal double points. A base point is a
point on a closed curve except on the double points. A pointed curve is a closed
curve endowed with a fixed base point. Winding number (rotation number) is called
indez in this note. All surfaces, closed curves and knots are oriented.

2. TURAEV’S WORD

We follow the notation and terminology of [Tu2]. An alphabet is a set and its
elements are called letters. A word of length m > 1 in an alphabet A is a mapping
m=1{1,2,....m—1m} — A A word w: m — A is encoded by the sequence of
letters w(1)w(2) - - -w(m) in a natural way. Two words w : 1h — A, w': [ — A’ are
isomorphic if there is a bijection w(1h) — w'(I); w(j) — w'(j).

A word w is called a Gauss word if each element of A is the image of precisely
two elements of 7. For an alphabet «, an «-alphabet A is an alphabet endowed
with a projection | | : A — a. A nanoword over « is a pair (A, w) where A is an
a-alphabet and w is a Gauss word . — A. An isomorphism of a-alphabets A;,
A is a bijection f : A; — Ay endowed with |f(A)| = |A] for all A € A;. Two
nanowords (A, w;), (Aa, ws) over a are isomorphic if there is an isomorphism f of
a-alphabets A;, A, such that wy = fw;.

When we treat surface curves, let o be {a,b}. Then, the following theorem is
established by Turaev [Tu2].

Theorem 2.1. (Turaev) Every pointed closed curve is represented as a nanoword.

Proof. For a given pointed closed curve which has precisely m double points, we
name the double points Aj, As, ..., A, along the curve orientation from the base
point. Each point precisely corresponds to either a or b in Figure 1. O
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a b

F1GURE 1. Two patterns of the double points correspond to two let-
ters in a.

For every pointed curve I" on surfaces, every nanoword (A, wr) over « correspond-
ing to I" defines the mapping g : I' — (A, wr) naturally. For every pointed curve on
surfaces, the mapping g is a surface isotopy invariant.

3. APPLICATION TO KNOTS

For knots, a theorem similar to Theorem 2.1 is established by Turaev [Tu2]. Let
a be {ay,a_,b,,b_}, and let S consist of the following 12 triples:

(a:t, at, a’i)a (G':Fa a4, a:i:)a (a':b Ay, aZF)a (b:i:a bﬂ:a b:l:)) (b41> b:b b:i:)) (b:iza b:i:) bZF)

The involution 7 : @ — « is defined by 7(ay) = b_ and 7(a_) = b,

Definition 3.1. Two nanowords over o are S-homotopic if one nanoword over o
is transformed to the other by a finite sequence of the following (1)—(3) moves of
nanowords over «, the inverse moves of (1)—(3), and isomorphisms:

(1) replace (A, zAAy) with (4 — {4}, zy),
(2) replace (A,xAByBAz) with (A — {A, B}, zyz) for |A| = 7(|B|),
(3) replace (A,zAByACzBCt) with (A,xBAyC AzCBt) for (|4],|B|,|C|) € S,
where A, B, C stand for letters and z, ¥, z,t stand for sequences of letters.
The following theorem is fundamental.

Theorem 3.1. (Turaev) There is an injection from the set of isotopy classes of
knots into the set of S-homotopy classes of nanowords over c.

For the proof of Theorem 3.1 and further detail, see [Tu2].

4. APPLICATION TO PLANE CURVES

In order to construct invariants C LI, and C'LI3, we compose a mapping {, ).
For every A in an a-alphabet A,
if |A|=b

sign(|A) = {1_1 if |A] = a.

When a nanoword (A, w) over « is given, we consider all sub-words of length 2n

of w. For each sub-word v we can naturally consider the nanoword (A,,v) over «
such that A, C A,. Then, sign(v) is defined by

sign(v) = H sign(|A|).

A€A,
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Using this sign(v), for every nanoword (A, w) over a and for every Gauss word v,
we can define the mapping

(v,w) = Z sign(v’).
sub-word v’ of w isomorphic to v

Let W, be the Q-module generated by the set of all of the Gauss words of the
length 2n. Let N, be the free Q-module generated by the set of nanowords over o
{(A,w)} such that cardA is equal to n.

Expanding (v, w) bilinearly, we can make a bilinear mapping (,) from W,, x N,
to Q.

For an arbitrary surface, let wr stand for a word which is determined by a curve
T on the surface.

Theorem 4.1. The following {I,,} is the sequence of surface isotopy invariants for
pointed curves on a surface.

L) = <Z xkvk,wp> (n € N)
k

where {vy} is the basis of W,, and each xy is a parameter.
Proof. By using Theorem 2.1, the way of constructing (, ) implies this theorem. [

For every curve T', let 7 be index, n be the number of the double points, and we
define CLI; by

CLIy(T;s,t,u) :=sn+ (¢(XXYY —tXYYX +uXY XY, wr) + % - %i?

M. Polyak proved that (XXYY — XYY X, wr) and (XY XY, wr) do not depend
on the choice of a base point (cf. Theorem 1 proof in [Po]).

Therefore, invariant C LI, is well-defined. C'LI, is also not depend on the orien-
tation of the curve I' because this formula is symmetric.

CLI,(T;s,t,u) is substituted by CLIy(T") if this means CLI(T';s,t,u) clearly.
Similarly, for CLI; we admit the abbreviation like this if its meaning is clear.

Theorem 4.2. (Polyak) CLI, is invariant of plane curves which is as strong as
the triple of the three Arnold’s basic invariants (J*,J~,St). (The definitions of
Jt,J, St are in [Arl], [Ar2], [Po]. )

Proof. By using Polyak’s formulation of the Arnold basic invariants [Po], the triple
of the three Arnold’s basic invariants (J*(T'), J7(T), St(I")) is equal to

1 3 1 11
LI(T:—=,1,-3), CLL(T; —>.1,-3), CLL(T; =, —=, =
(C 2( ) 2)1, 3)10 2( ) 2a1, 3)aC 2( 747 232)>
and three vectors (—1,1,-3), (—2,1,-3), (3, -1, 1) are linearly independent. These
two facts imply this theorem. O

We represent
XYXYZZ -YXYZZX + XYZZXY —-YZZXYX +ZZXYXY —ZXYXYZ,
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as [XY XY ZZ] and represent XXYYZZ — XYYZZX as [XXYYZZ].
For every curve I, let ¢ be index, and we define CLI3 by

CLI3(T;s,t) == (s[XYXYZZ| + t[(XXYY ZZ], wr) + i.
Theorem 4.3. C'LI3 is invariant of plane closed curves.

Proof. To prove this, we must prove that CLI3(T") is not varied by an arbitrary base
point move (Figure 2) for every closed curve I'. Base point move is that we replace
(A,wr) = AzAy with zA;yA, defined by |A;| = 7(|]A|) where z,y are consist of
the letters of A — {A} and 7 is the involution @ — «; a — b. Therefore, under base
point move, the part of (Az Ay, wr) multiplied -1 is added to (zAyA,wr).

. o base point
base point

FIGURE 2. Base point move.

We have
XYXYZZ base poi_n)t move YXYZ7X base pcﬁx}t move XY ZZXY base poin)t move YZZXYX

base pzzi_r_;t move 72XYXY base poi_n)t move IXYXYZ base ptzi_r;t move XYXYZZ,
XXYYZZ PP ™ xyy 72X PP yy 22X X ' XXYY ZZ.
Then, both the value of ((XY XY ZZ],wr) and the value of ((X XYY ZZ], wr) are
not change by an arbitrary base point move. O

There exist two curves such that the values of the HOMFLY polynomial of im-
mersed plane curves [CGM], index, basic invariants are the same; however, the value
of CLI3 on one curve is different from that on the other (Figure 3).

F1GURE 3. Two curves such that the value of the HOMFLY polyno-
mial is 222, and (4, J*, J~, St) is (2, —4,—7,2). The value of CLI; is
y + 2 for the left figure, —y + 2 for the right figure.

This example implies the following.

Corollary 4.1. CLI; is independent of index, the Arnold’s basic invariants and the
HOMFLY polynomial of immersed plane curves.
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Asymptotic stability of stationary waves
for viscouos gases

A FRE (UNRZERFE BEHPN EE3RE 15)

1. BB REMEERERHAREXICERNIERROEHALEM
P R, = {z € R|z > 0} IZBWT, ROFBEBIRBE S IHEALE H7E
NP - HHEREEZE 25,
Ut — Uz + Uz + f(u):c = 07 (t, ZE) € (07 OO) X R-H
(1) u(t, 0) = up, t € (0,00),
u(0,z) = uo(x), w(0,7) = ui(z), r € Ry.

BL, u(z) 2 uy (z—00) &L, up#uy ZIRET D, (1) kT 5 E R MBI,

_¢zm+f(¢)q;:0, JIER_H
(2) ¢(0) = us,

le P(z) = ust
Y, fIS0ERELEED, EFEOHFEL 2 — co TOWNEMIILLTDOL S
WZEHbHN TV,

R 1. ([5],[6]) EFME(2) B3 o(z) ZFOTDDMERMIL f(uy) <0 TH
b, £, FOLELUTDZ LBV LD, EL, §:=|uy —uy| €T D,

() f'luy) <0 DFE: fue) = flug) ZHTET ue(> ug) 1L, uy < up < uy
20 ¢(x) IFEE L THEFABD, £, uwp<uy 25 ¢(z) IFFEL THAEMNTS
%o BIZ, WTFhOBES k> 01ICHL,

|05 (p(z) — uy)| < Coe™
NS AAVASN

(i) fllur) =0 DHFE + wp <uy O ¢(z) IFTFELTHAEMTH D, EI,
k>0 1ZxfL,

C5k+1

105 (B(x) — uy)| < A+ oz

N AR

AV | CAFTEA R LI R~ ORI ZEIC B L C, @O = 3 ¥ —ik% i
WTKRDRERERTZ LB TE D,
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BEL >0, sWycpau f/@)] <1 &L, fllug) <OREET D, EEHE
o(z) VIHEFIME U, uo—¢ € HA(R,), uy € L2(Ry) ZIRET B, Eo == |luo—¢| g+
|uillze & L, Ep 23+43/hE T, (1) DRI u Tu—¢ € C°([0,00); H'(R4))N
CY([0,00); L2(R,)) &= T b DB —RICHFET D, BT, B uw ITEHE ¢ ITKRD
BERTENET %,

|u(t) — @lle — 0,  t— oo.

B, EARfMERAF—E (2], 3]) ZAVIIE, EFBE~OEHTPOEO®E S %
RDOHZLNTED, TORMRERDOEHERTRRD, TOUEFHE LT, ITOREK
ZEWEEET Do

®) ={f e 1@ | 1fla = ([ +afif@pde) " < oo,

H\RY) :={f€L%; df €L},  |Ifllm = (I3 + I fll22) ",

e®y) = {f € 1R | Wflei= ([ elf@Pde)” <oo},

H™(R,) = {f € I**; &f € L**},  ||fllae = (I1F]200 + I foll22a) ",

T2, JERFE T LER L LRARDIREEZED D, T2, f(up) <0ZREL,
HHEREF I o(z) ITHEFFEMEL T 5, IHIT, a> 01" Luy—¢ € Hy(Ry), ug €
LAR,) RIEL, Ba = Juo— gllns + Iy 2EDB. 02 By Bisha
FHUE, (1) ORI u 1L F DT 2 2727

lu(t) — $llm < CEa(1+1)7%.
3. IEE f LEHI 6 I LEE 2 LRROREERED D, £, a>01C
L ug—¢ € HY(Ry), uy € L2*(Ry) ZEEL, Ea = ||[uo — @ gre + ||Jua]z2e &
EDD, ZDEE Ey Bt/ idiuE, (1) OREME u 1ZELT Ol % 272

38 st. |u(t) — ¢||lm < CELe”.

EE. TH, EH2, EEIZBWT, HRBOREFE~OELLELZE XD
BA, 0= |uy —w| BEH/hSnZ 2 EETNIE, RROKREZEDLZENT
ERAN
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2. HMEKAKICIRNSHEREREROIERE N

ATEI TSI R E B~ OWTZEMIC O OWTER Lz, O TIdZEM 1
KRILFEZEF R, = {z > 0} IZBWT, HEKEICHN D HERE R K OWIL L EM %
BT D,
2.1. #HHEREFR

FEHERFRI O - BERMEMEIXUI T TREN D,

U + f(w)e = pilss,
w(0,t) = up, u(z,0) = up(z).

ZIT, fIRTAEODE L, MR L > 0 LEERME u, ERE T 5, EHIH
B up(z) 1Lz — 00 T, HDERuy [T D EMRET D, DX, 14 -5
SUERIE (3) \Txtin 2 EHFEIL (2) LREDO D LD, AlE, EHME(2) 1T
XL, BHEHE o(z) D3 z (DWW TEHRBHEREM (up < uy) BHEEEEZX, q+1(¢>0)
KOBfERFFOL L, UTEIRET %o

f"(uw) >0 for wup, <u<ug,

W ) = o + =0t Ol ™) for w
ZIZT, con FIEEEET D, ZOR, EWME(2) DMOFEITME LSBT X
INTEBRICEHONTEY, EFE (z) itz - 00 b THZEICL-T (14+2) Y1 DR
FRTu, ITESK 2 ERNbnd,

ZOXIRGEEOL L, MEEEFHE ¢(z) 1T (3) DfF u(t,z) BPWHLNRT S Z &
ZRL, FIZTOREREZRD S,

EHE 4. UHEICw —¢e L'NL® ZIRET D, TDR, HDTH/NSRIEER b
DIFTEL T |jug — ¢l|z1 < Go PRV LD D, u— ¢ € C([0,00); LP) &V 723 HIH# -
ESVERE (3) D— B2 u BFIET D,

S HIT, IR OB & 727

3)

6) = 8)@)lr < Cllluo — dllzr + [luo — ¢ll=)(1 +8)77,  £=>0.
IZT, 1<p<oo, v=(1/2)1-1/p) TH 5,

EHE 5.

(6) a(g) = (a+1+ /32 +4g+1)/q

ET5, 1<a<aq ZMizT alZxtl, uy—¢ € LZNL® 2ET D, €D
W, BB TA/NSRIEER 0 PFELT |luo — ¢z < S PRV ILDRE, u—ge
C([0,00); LP N L2) ZTh7= 314 - BESERIRE (3) D— B2 u BHFET 5,

S DIT, FRITR OB 2729

(M) ltu=8)@®)llze < C(lluo — @llzz + lluo — dllz=)(L +8)~**7, ¢ >0.
ZIZT, 2<p<oo, 0=(1/2)(1/2—-1/p) TH 5,
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2. EREBRIEN = HBERBAERX

MEREH W OWHIT L EMEIZOWVWT, KV EMER TR THLRFEORBRERTZ L
MHKD, 22T, FERBIREM & HHELEE R oPH - BVERME (1) T
DHEIBTEFW~DOWEREREZRRD, 22T, FEMBE f(u) Iz (4) &

If'(w)| <1 for w <u<uy,

ZIRET Do

EFE 6. 1<a<aq) ZWMiT allxl, uy—¢pec HL L u € L? ZIKET D, £
D, &5 +53/NSIRIEER 6 BFFTEL T By = |lug — ¢l + |Jua]|rz < 62 DY
SO D, u—¢ € C([0,00); HY)NCYH([0,00); L?) % 7= HIH - BEFERIE (1) »
— B BPFET D,

S BIT, RITIR OB 2 725

(8) I(u — OOl < CEL(1+8)"%,  t>0.

SE X -
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F/ BEDERSR - BEICET 50 FEHEMHE

Molecular Dynamics Study of Evaporation and Condensation of Nanodroplets
KB ARE (biEE KRR L ERD

1 XL®HIZ

A8 (RIR) EMR (GRIR) N rmEaRERmE VS, [iERmE b O%R (KK 2
FESR) 13X, EAHER ORGSO MBI ORE R & Lo TERISHICB W TEET
HD. Fiz, EROAEGBIECUHRE EORKOFRIN & Vo 72 iIBRE 272 LI bbb 2 8
D, L, —MRICKIRAHE OB Y PN I HECIERV. ZRUEKUR S I CAFECBEE
BIDHHOTHD. AZFEEL, WHOSTFRZMIZE VDT LTHLSERTHY, EfE &1,
ZOMT, KHDGF PRI A> TWSBRTHD.

R < BRI B L QIR OEN L < ST\ b. A% - BNk 25 L, KM
LMD CEE - EHE - T XX AR I 5. LaL, ZhboRmEEENE
EEL o TWRU. JHBIRIE OMMEOREE R GRE, BE, EARYE), Rmok
Ty (B2 L) e Lokt LC, fmkEs 52 2B OEFNHA LNk
TWRVWDOTHDH. 20720, ZNbOMBEIZED A7), Bam L EROMmN b IA <
FohTna [1-[7).

AW TIE, S TEJIFEIC L A5 EBEREITY, T I 0OF kORI - B
ERHARATND., TR E T, RS A— v (107°m) OBRUNER T, FOKIRR
HIRRD CRE 2k (HhRPEROHE) 6o, MEEMNE, [IERmORERLE R
A EOBRICOVWTHLNITEZ L THDH. ARNT, EEMEEDOREZ P.OIcH
HTB.

2 DFEAFE

DTN X HEEBEERIT, 70L& D0 L2z LT Newton OES) 2%
BEMIZRNTVE, 207 OME L HEORMBELRODLFIETHD. Kiffhd0
i%, Newton OIEH) SR E 0TI HERDDIZODHTFERT > ¥ VETILT
bDH. THBEALE LD THTE LTIV 2, KJURFE CTORAEM2 E13nE
R T OMNESCEEDFER D, [UEHEOER - E#E - =L X s L AW
ONCTHZ LN TE L. RimiiE (BBE) ORI bANTHD. £z, HE
e DS D ARTRAR OB IR I L LT DT A =2 2RO D Z LT, HFRIENFRE
DFFFTIC EHE R fF R AR T 5.

3 [BRFETOEEEE

ZIZT, RIRFEIZBIT 2 EEREICOVWTEXTAD. HERELRITREEL LTHERE
TRz WD, HERR LI, Rz d 50+ OE &iie 2 BALRRH, HEAmEdH
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Transition {
layer

1: Molecular fluxes at the interface.

OVOBETRLELOTHD. I2& 21, REmOmMIEEZ S &L, I 22K At ORIz
BEmMOSFNAN @EBL-ET5HE, HEHREJIX

mAN
- SAt (1)

LRkHohsd.

RAE TS ORANC BT 5 F OB BMR AR L DL S IZHET D, Jow 1T
AR B AN R 0> D 53 F DB BIRA,  Jeon XKML DA RNZ D5 557 O-E &
ﬁﬁ%%# F72, Jevap [TRIBDORBEIZDOIMEAF L THEIET 20 FOEERH, Jepas 1T
ARG T D 00 F DB BN, Jref 1ERMEE T ICKUR A I TR S 2 0+ O—- B R
PRI, INLOEERRIT

Jout = Jevap"‘t]ref (2)

Jcoll - Jcnds+Jref (3)

W) ERICH D
FOFHRIEIZ D DB AL, Jous & Jeon HHFELV. THHEF LD T Joq KT E

Jout,eq = Jeolleq = Jeq (4)

Thb. TIZTRT eq MFEREOH THS.

4 EERBEBEERH
HRFEBRI 0 6 1 OUEREIR I o 1XAURI T COTTRIIRE AV TZ N

J evap Jcnds
Qo= ——, Oc=—F" 5
J. eq J coll ( )

H%éné IR e VIR DA - IEFHETIT L B2 T, Jevap DNERFE DR
AR T 2 E BRI T, Wl IEEUCIT L 5 R W=D Th S, —7F, B ac
imaW6¥& N ARGT T D RIREMER B B .
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2: Argon droplet in equilibrium state.

LUT CUGR OSSR TBIZ 8 2 BB OB ac 2%, BFERE e EF LI RD L ETR
F. R (2) LR (3) LV Jur BMEL, EHREOET eq x0T THT L

Jends,eq = Jeolleq — Jout,eq + Jevap (6)
ThB. 3 (4) B IODT, K (6) 11
Jends,eq = Jevap (7)
L%, 0 (4),(5),(7) £V FARIRAE T ORI ac 1T

Jcnds,eq o Jevap (8)

Qe = = aeq

J coll,eq J eq

L7 Y, ROVHHRRIEIC S G101, AR ae & BEMMRER ac 13— 80T 5.

Ishiyama & [1]-3] X5 FEV N FIEZHWT, BEEIZS b SNIRE—E ORI DI
BT DR EREITY, Jovap 2RO, BEEROEMET TIX Jeon =0 THD2D,
Joas = 0B ER Jug = 0 2725, LIER-T, 5 (2 b

Jevap = Jout (9)

Thd. DFEY, HEEFEICBIT D Jou BT 25 Z LI E 2T Jowap KDDZ ENT
5. ZOHEZEINE, [URFEICT 27838 - B - FOR & W o> 7o ik THRMER 7
HEN A R 2 MENRZR L, BERINAE TRV, F£72, Ishiyama H5iXZ DX 512 L TR
72 Jevap & FHRRED 3 FENJFIZ K o TRDIZ Joq 235, ZAFFEK 0 (=FfHrikFETO
R S o) TN (1], AF 7 —ABIOK2IIZEALTRE L. 28R, £t
WTHLOWEIZB TS, ZEBRRIE ae IE=FAMETHE LIGEWMEE 720, BEICHT
LGB B E o TWA Z R LM ENT.

LosL, ZhDOFFRITEBIIET 2 0T, [URRARITECTRETHD. KR
TERIZ X 2 BRI LN TRV, 22T, 40, AW TlE Ishiyama & D5 kIS
K%, BkimoRiE A m (F /Wi 2B A EERKR & AR ERD D,

5 EEAE

SFHEIART vy VBT M, HRESFIZIAL VWSS 12-6 Lennard-Jones 78
FUvNERWE. By AT 15 A FHERMIISIHRT, TRTOEREIC
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I 4 I M 1 ! 1 ' 1 ' I
1500"“ soa, o Liquid-vapor equilibrium (R,,=43A)"]
a A Evaporation into vacuum (R, =4OA)
& 1000 | B .
4 2
2
< 500 .
QU a
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-2 -1 0 1 2 3 4 5
r— R,
é

3: Density profiles around the interface in equilibrium simulation and vacuum simu-
lation.

JAIBE RS2 U, BB R OEERE ST, 22 DBkONEE Vo, ROIRE
X85 K Thb.

FHEARRE DR TIE, +0I0 NS E L2 R D51 OALE & R E & IS Ay, 15
FE I 24T TR RIZI A 5 fs T 201.6 ns (Y3 A O E 21T~ 7-.
BZERFTIE, FEREOHE THE O NEERAICRBIT 50 F DA E &EFE 2 01 &
HFIZFIAT 5. 22C, [MMOER L VNS TE2HET 2EREG 28R L,
RABMZEZEL L. ZhiCE - T, BRI L ENERBORFEEHRTE 5. £,
FIEBENEDN HIRBDRE 2 — TR0, WE R 75— o 707 & A I %%
P DBAT T, 10k, BZEARITER D0MEETREIITY, ZhbofRE2ERED
HCEY L.

6 #ER

X 2 13RI F4 N = 8000, ¥R Ry = 43 A OFHRRIEOETF CTH D . ki &2 5K &
R L, EOELERAE LIRKEER (r,0,¢) TEX 5. 12721, ROWBEEITIEITK
SR L TNDTZD, 0 BIO¢ DIREMITERT 5.

B 3 \ZENVEE r M DR E A %S, B DR DNRARTC, 1EIE 0 IV E E K
WERADNEAETH D, MRRAIZ R 7= R R A ke <, WD D&~ B AN E
BEAICZEL L TWD Z ERnND. ZOFEKIIBEBBE L JiEns. ke - B2k
FETIE, TABRIOBEENRR D0, AN DEBRRB T TOBESMITITIRE &N
RN, BESAICIR OB

p(r):pv+pf pv"“pftanh('r_Rm>

5 3 0.4550

(10)

BT 4T AT TDE, Ry & INBBEOLND. ZIT, pp (TRHEE, p, ITEMEET
HD. Ry IHBEBBBOPIIBEBICHY L, THEZREEERETS. 6131090 E&T
by, BEE (RERE) ODESICELIETHD. 2B, AWFZE CIIiE R 2 KRR
mOHRERLE L CTRART.
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4: Mass fluxes and evaporation coefficient for argon droplets.

4TI ER Ry L BB Joq, Jevap B RV, BEIEHN B RO T2 BIRI 0 DFE
RaRd. FHREOEBTR Joq 1%, BRHEE Ry 2/NIWEE, T bbLRIRA O
RPN ZWVIT Y, REL BTV, TN SWIRREIE Y, T2 B0 Tl
WRBROSHEERE W ][9] 2D ThD. —Fh, BEOBEEIRK Jevap 1L Ry IITE AL
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Cyeclic sum of multiple zeta values

(joint work with Y.Ohno)

EMACERE I T2EDIR bk

ZH ¥ — 2 (multiple zeta values, WL TMZVs) &, <3 Euler DR S
MAENTVBEBETDHS. ITFETREEOARL YR EE X T TR HIC
EbnfEntns. FEMEE LT, WHIKEL DEZEL—2EMOERZ S
CEBRRZ RO TN LWV S DHZETENS. JFHEX TEZ < OBFRIAARDIH
ENZEL—XENE25EDOMNEAENDDHHH, XIRMHARMEL H D &k
N FET 5. FTEALGHABRKO—D LTHRAEADS. ZOMRREE
S b L T3 BERADZ RIS KEHANTH 5.

ZE L ZEE—2ELE, I<HBENTVE Y —<E— X%

(e <]

1
Cs)=>" " (Re(s) > 1).
m=1
DREFFERTIELIE LD TH .
ZEY— 2 2 BROEEN DD, UTOED THB. FEBE ky, ko, ..., kn (
7272 Uk > 2) ICH LT,

1
¢tk ko, kn) = 3 o |
mi12me2>-2mn>1 m11m22 ces m,’gn
1
Ck1,kay. . kn) = Z __ |
mi1>ma>->mp>0 m11m22 . mf{l

TEZEIND. ZHZN, WiRED ¢* H multiple zeta-star values (gL T MZSVs),
#%aCD ¢ A multiple zeta values (MZVs) & FHENS.

JER b, ZEL—2EOWEZ X CHTzDIE Euler([4]) T, HKfld MZSVs DA
FICHREN TV, BATIE MZVs DHZ L DA ENTED, @HIb5
NEEL—ZELFEHEINTVS. LAL, EENDDME XS, MZSVs & MZVs
LB AW HHBURBOBIEHETHEH S CEMTESLDT, MZSVs & MZVs
£2 Q-7 MVZEMIE—ET %.

FEMOMK = (ki ko, . k) BA YT I AL, byt kot +hn= k% k
DHEE, nZk DRE LS. TSk, REn DA T v 7 ADHEE% I(k,n) TE
D5,

I(k,’n):{(kl,kg,...,kn)|k1+k2+"'+kn=k, kl,kg,...,an].}.
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2DDA VT I RICH LT, —SDA YT 7 REFA 1) v 21 E LTI
52 ORKERMEL 5. Ti(k,n) T I(k,n) 1< 5V 2 QERFHEO e =T

I(k,n) = I(k,n)/ ~ .

ZEY—XEDZT Q-7 MVZEMOMEZILET 5 L THEL TN TV 5%
ROV EDELTHNRANDS. THUILLFDEDTHS.

MZSVs DA EEOBE k> n > 016 LT R KAIT %.

> C*(kr+ 1, kg, .o oy bng1) = (k)C(k‘|’1)
(k1 k2, ee kg 1) €L (km41) n

MZVs ODFARBIHETN TV 3. MZVs DFIARIE, Moen & Hoffman I K-
TTPHEIN, 9 0FREHIC Granville([5]) & Zagier([17]) I & > THINIZAFHE N
7z. FN X Y LA Hoffman I & o T MZVs DFIATIN & MZSVs DRI AW
FETH S EHREIATN TNz &h 5, Granville & Zagier DFFAIC K >TZ D
MZSVs ORI B I N2 Licizs. SEEANZKERARE &, T OMAR
ZEFICHAME UBGRXTH 5.

Theorem 1 (MZSVs OEFA) I(k,n) (k> n > 0) DEEDTalc LT,
DU D 31D,

kla]

n

k1—2
S Sk —i k. ki 1) =

(k1,k2,....kn)Ea i=0

¢k +1).

2T, FADRICOWTk =10D8%02 L, 440 o & a DTEOMMTH S.

—fc, GUORE L BEICE R, BEALORE R BT 5. Lk
W T, HBE((k+1) DG L35,

ZOEME O Lic, MZVs OK[EFIZNFAY Hoffman & Ohno DLFIFIFE ([7]) I
XOFTTICHENTVEY, Wil &L HEL— 2 EON &7k 3 MR TH 5.
Z£{ald MZSVs DKEFINIUE, ZEY—XZHORE Y —< > ¥ — 2 B OBELTT
HEXRITOT, MEDART K E>TWa. MZSVs DIKFFILATN E MZVs D[alF1
NEDEETH 2 T LIBHATERWD, BRIk > TRARK (FRRHEK) 2O
RERENTVS LS THS ([8)).

A0 MZSVs DKEIRIRN ORI MZVs ORI NORE & FAUDOF
ETHEONS. XTROES RIHREZERTS. k=k+k+ +k>n%
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fii 7z SRR DIEEERL n, by ks, ..k W UT, IURAEK
1

aﬁ"(al'—'an+1).

C(klak2a""kn) = Z k1 ko

a1202>>an>0n4+1>1 ay”as” -
a170n 41

ZERT B, TUTROMEZMHAT S LICK->THRLENS.

Lemmal % i lCHLUTk > 1 THAEEDIERE n, ki, ko, ... ky WU TEL
THAKD LD,

C(klyk%‘”)kn) - C(kQak37 knakl)

= ]C1C k+ 1) Z C*(kl - ’L kg,kg, kn,i+ 1)

T, AAOFICOWT ki =1DkE0LT 5.

Ko, EHERHT S & THIRNXDOHEN S LWHAIEHZ 52 5 2 EARHKRS.
(k,n) DH BTT o WK LT, WiET BHD MZSVs D%d =2l 1n | %2 MZSVs
DFIFEITEHZHNT,

klo n _k
)X T T RS

LohB. BE k+1, BEn+10MZSVs D%k (%)) L LTKLHSENTVS
CNSDMEZMIBEDEZT LT, EXk+1, BEn+1D2TDMZSVs DRIE

LT
¢ <k+1>x(k;1)=<§>c<k+1>.

MWELS. LIeh->T, MZSVs DRI

~((k+1).

Z C*(k1+1,k2,...,kn+1) = (:)C(k—}-l)

(k1,k25.sknt1) EI(k,m+1)

Zfe%. Q.E.D.

BRIZIC, 5 ElD MZSVs OK[EIFIANTKOI 22 BRI OERL & JoT IS DN TR
%. ZEY—2ENERDS Q-7 FVZERDRITICONWT Zagier FIic X5t 7L
WHIEDHRHD, RDEXS5BEDTH5. ¥ di(k=0,1,2,..) %, dy=1, dy =
0, dy=1dy=dps+dps (7z72L k>3) TEDDELE, BXEkDLHEY—ZH
TERENS Q7 MVEMOXRITIE d, LELNWIEAS. ]
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ot T AEIE, Terasoma & Goncharov IZ K> TRITLD FRICEHL TXIELWT &7
HAISRENT VS, DNDONOFIZEE Q-7 MIVZEDRITD FIEZ X D 2%
ETRBRKZREDIBZ L THS. BEEREELIZEL D MZSVs DfEEL, MZSVs
DFAHDMAEAD BRI E E L H, 40D MZSVs OKEIFIZAZHMAE DR H 2 &
h, ZLTENETNDRTD LREZN X THR LR ZELDHTHEL. HE
k DEEL— 2O (¢ (k)| DT 5. ) id|Ck)| = 262 TH5X 5h, MZSVs
DR 5 T2 HAZRBHRXDMEL (jsum £.| L KELT 5. ) [sum f.| = k — 2,
MZSVs OKEFILNTD 5 T 2 IV A BIRINOMEE (|eye. sum| K7L T 5. ) I,

leye. sum| = —2 + E do¢ (E> 2¢ (Jz72L,9(n) = |(Z/nZ)*).
k aF d

ThHZ 50, necklace number LR L TW5%. ZEY—ZEOFEE L ZNFNOH
FBROEBOENKTTO FRREEZ2 5. thbR2FLHBELITFDEICKS.

HE 112(3(4(5(6 |78 9 |10 11 | 12 13 14

Ic*(k)] | 0|1|2]4|8|16]32]|64|128 256|512 | 1024 | 2048 | 409

|sum f£.| 1/12(3] 4|5 |6 7 8 9 10 11 12
|cyc. sum| 112146 12|18 34 | 58 | 106 | 18 | 350 | 630
sum f.

N52 % 1(2(5]12(27 |58 | 121|248 | 503 | 1014 | 2037 | 4084
RItD LB

cyc. sum

NE2 % 1(2[4]10[20(46| 94 | 198 | 406 | 838 | 1698 | 3466
Xt R

FAEKE (0111122341 5 7109 12 16 21

N5 EHB K5I, MRUCHNKERAKDTTH, 52X %KD ERRAEL.
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Exotic rational elliptic surfaces without 1-handles

RBRRZERZE B AR A H I
ZH 5h—

8=

Harer, Kas and Kirby conjectured that every handle decomposition of the Dol-
gachev surface E(1); 3 requires both 1- and 3-handles. In this talk, we construct a
smooth 4-manifold which has the same Seiberg-Witten invariant as E(1)2 3 and has
neither 1- nor 3-handles in a handle decomposition.

1 I\ RIVDiR

C® ZRERDAREEDOWIZE AT S FEEO—DIC, N2 RIVpREMIEN S, ERADHE
OO ADRICHRT AFENDS. TOHITIENY FIVASIRICOWNTHENT S, 2L
ik [MH], HA], [GS]| & ERBBLTWEEXZ.

DIF, D™ % nUcskik, 97%&bB, D" ={(z1,...,zp) ER" |23+ .-+ 22 <1} &
¥%. HL, D°={ 14} LTHBL.

M % n ReiEFFE a2 87 b C®° ZRE, o: ODF x D"k — oM #HDAHZ LT
3. 2DExERK .= Dk x Dk (2B kY RIVERR) ZEEBR IC>TM
ICREO 3% T & TH T/ O° LRMANMES NS, CTOZKEE MUR® L3, N
RIVIAEPER. —fiRicid, M UR® OGRS, MOMWEIR olc XD REB T LICHEEL
THEL. ROFEBIIHSGNTNWS.

EE 1 M7ZnRLar)Ny Ml C° 2RkETS. COLE, MIZ1EOONYE
WDMIZmy D I N RV ZEE L, ZD%me HD 22 F)b, mg @D 3> R,
vy, CIRICHEET AT L TIRONS C° ZRIKICHMATFEMTSHS. d4bb, MIZRD
KO BRRZRD

M=rOurP UM ... ur® UAP U . URD U URD URD - URD.

BT M ASHERSE C° SRKDIRAR, r=n,m, =1 TH2ERERKD. 22T, %P
W ENYRIVDE x DR BRL TS, SREEENY RIVOBEETERRT B RN
RV fRZITS L.

T TNV FIVOIZE 3 RTTOFHICKRLTHEL. K1 OE[EX, 12K, 2N
Y RIVERIRLIzEDTH S, PRREMNEES T 50, 374bb, 0D x D3 *(k=1,2)
ZRLTWVWD. K10, 3RITEHIEAM OEROMIC 1NV R, 21NV )Lk
ERBLT #ELEKTHS. EAOKOBHRERIEZNZENRISE L TWA T EICHEREL
TWlz& 20,
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-

»1 @

1Ny K= D! x D?

2N Rv 1N K

&

e E——

A

2N K= D? x D! MUIANYFLU2 N RV

X 1: 2N BV

2 BEEER

n RITERRDINY RIVDFRCEBNT, 1Y RV BNy RIVEEE Z UL (n—1)
NV RIVE) BEABOESRTCHIEL TV, 22T, XROMEZEZZDIZEATH
% 1 2TOn RITHEREE C° 28K, 1NV RIb, (n—1) 1\ RV & EICEHN
TWERWINY RV fRE RO ?

A RPN DFZERZZFD XS By FIVRZFF DT LD > T0aED (3 Rt
BRRT7 AL FREAELEMETHS) , 4XTOHEEE 1Y FIVOBNK NNV R
IWARERFEFODDONE Zbho TR, TabbROKMRTEND S.

IR 2 ([K] Problem 4.18) 4T ® 4 RycHEAER] O™ 28k, 1\ FIVOBENZW
N RIVERZEREDM? 1, 3N RIVIlA L BICENTWERWINY RV RZRDM ?

Z ORIEDKBIOER, T7xbb, 4 RLHEIEE C° ZRIKTZDNY RV FRICIE
1, 3SNYELVDOELLMRRKRTEHNS OO, R, TFVF vy 4 KT
BT D # 4% Dolgachev HiTii E(1)pq (HU p,g > 1 DD p,q ZHWIIR) K ENDH B (cf.
[GS). TTT, E(l)pg & &AFEMT E(1) = CPH9CP” OIEAIT 7 4 N\— 2 A% E
B p,q THEEBMLIZE DD L THB. FHT E(L)a3 DV TIERDOTEND 3.

F#8 3 (Harer-Kas-Kirby [HKK]) E(1)y3 D EDNY F)VfRCEHT 1, 3NV R
IViliF e 8N 5.

ZHICBH L TROWERZIGT=.

FEH 4 (1) ¢ =3,57,9DLE, E(1l)24 EIAHMND Seiberg-Witten A2 & AHA U T,
L NY FIVOBRNIE N BV RZRED 4 RoTHGERERH C™ 2Rk Eq WMFES 5.

(2) E(1)2,3 L[AHFHAD Seiberg-Witten NEEMF UT, 1, 3NV RVl & &HNE
WY ROV RO 4 RoTHUERGE C° ZHK By BMAET %.
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BEINDLIFOT EADING. £, By (resp. Ej) & E(1)ag (resp. B(L)zg) 7Y
&S G, FEETENRINY FIVORE E(1)2q DN FIVIET 1Y RVIEIN
Wl 725, 295 TREWVES, §%bb, E, (resp. Ef) & E(1)s4 (resp. E(1)23) A
MO TIZEWGES, E, (tesp. Ej) & E(1)24 (resp. E(1)a3) I Seiberg-Witten ~Z
BHE U T L TOROWDES R TR0 4 JOTHERSEA O ZRADHI L 755,

%35, ko Harer-Kas-Kirby TAEMNIE LWEEE, WMo FRHEAZERE min{ 1 N> F)b
DB N FIVIR} DBNZ LD B3 & By 1 E(1)o3 £ 3B TENC £ADDS.

3 FERGE
T AR EKIC B, b B, BT 3 C L THET 3. MROBEEZOE, 4K

TEERRDINY RV R 72 KR, B9 %5F1LTH % Kirby calculus &, Fintushel-Stern
[FS] Ic & © E A X Nz rational blow-down &\ FfiiTH 5.

%9, Kirby calculus I DWW T L ffHUCfINTH L. FLLIF[GS], [AR] &K EZS
LU TWERZEZV. 40TD%HE, N FIVEEK 1 DX S ICEERH T8 TER0.
L TAT, NV RIVEADWIREEXEEEHRIC KL ORES. 22T, b IcEEER (O
TEH) OAEHIL. EHOS, 4 RyTHEHEEH C® 2K TN RV 1 N> BV
DENEVWEDEEZ LS. 21\ FIVOEEERIE ST x D? ® 0D* = S3 ~DOHHIA
ATHB. 1> T, TOWEBRIT “ST D S3 \OHWBDIAH (TNEHBTHEMESR) +5
$O PICKDBRRT AT ENTES. 3, 41\ RIVOBEEFGER OF—RIIEIEH
ICREETZDY, FAZRKDNY RIVRROEGE, 3, 41NV FILOEEDOHAE—EEDOT
O EdTE RV, TOXIICLTLRBHEZKR LIz D% Kirby KFNEFW,
YRIWVATA RV EAETNY RIVOBEEBREZEE T 5FED T & % Kirby calculus
LS.

T rational blow-down I DWW THEIHICN T L. FHELLE [FS] 2R L T\
i, ThIEEHICE S &, 4 RTBRREND Cp, LTINS BH 5 4 JUTHky 2Rk 7%z
WMORE, ZoORDODICHEHEEEREOY—BN D DL 0 LEREH % 4 RStk il
DI BEETHS. TOEIEIC XS Seiberg-Witten FEEDZELIT XS SN T VS,

BI%IC B, ORMBEEBBICBRRTH L. B(l), i& CP2(8 + q)CP 7553 C, %
rational blow-down 3% Z & TIEH6N5 T LHHILN TS, Kirby calculus Z VT
CP24(8 + ¢)CP° DHIC, 7D Cy &RERV VIS ABSHEL C, BHRKT 5.
% L T# N7 rational blow-down L7z D% E, LiEDD. Dixd Lt ¢=3,57,90LF
i, B, 0Ny FIVAIRIC 1Y FVBBINENE 12, TRz C, 0 CP2(8+49)CP”
NOHDARZEKT B ENTES. E(l)q LAMHTH S T &1d Freedman OEHD
5, Seiberg-Witten R E(1)g4 £[AI L TH S T &1 rational blow-down DHEMN 5
fEHICbNS. &f, By ORI LEKLS.

—236—



S5

[FS] R. Fintushel and R. Stern, Rational blowdowns of smooth 4-manifolds, J. Dif-
ferential Geom. 46 (1997), no. 2, 181-235.

[GS] R. Gompf and A. Stipsicz, 4-manifolds and Kirby Calculus, Graduate Studies
in Mathematics, 20. American Mathematical Society, 1999.

[HKK] J. Harer, A. Kas and R. Kirby, Handlebody decompositions of complez surfaces,
Mem. Amer. Math. Soc. 62 (1986), no. 350.

K] R. Kirby, Problems in low-dimensional topology, in Geometric Topology (W.
Kazez ed.), AMS/IP Stud. Adv Math. vol. 2.2, Amer. Math. Soc., 1997, 35—
473.

[AAR]  HAASER, Mo r s e BIEROIRE, 53,
[FER]  EAN—ER, MOoAARSMAT, AiE

iy

RBRRZAAREE BB AT SR A I
BRI 1 4
ZHah—

E-mail: kouichi@gaia.math.wani.osaka-u.ac.jp

—237—



Global Existence of the Solution to the System
for a Spherically Symmetric Viscous (Gaseous Star

with Rigid Core
#5718 (Morimichi UMEHARA), % IR2Z (Atusi TANI)
BB B R H T

Department of Mathematics, Keio University

1 Introduction.

We consider the three-dimensional spherically symmetric motion of a compressible,
viscous and heat-conductive gas in the free-boundary case. This classical model has
been studied in many astrophysical literatures (see for example, [2]). Many stars being
in way of their evolution have the rigid core in the centre composed by the heavy
chemical elements produced by the burning of the light gas in the outer part of that,
for example, like the red giant star, et al. Under this situation it is natural to take
into account the self-gravitation of gas and the potential force of the core, which drive
the motion of gas, and, at the high temperature stage, radiation phenomenon and the
energy producing process inside the medium, that is, the gas consists of a reacting
mixture and the combustion process is current.

The motion of our model is described by the following four equations in the polar
coordinate system of Lagrangian form corresponding to the conservation laws of mass,
momentum and energy, and an equation of reaction-diffusion type:

(v = (r*u),
(r?u)

m (o) g

v

$+M0
P2

)

(1.1)

< er = <T459’”) + (—p +¢ (TQTU)””) (r*u)e — 4u(ru®)s + A2,

drtz,
Zt = ( '1)2 ) —QSZ

in (z,t) € (0,1) x (0,T). Here the specific volume v = v(z,t), the velocity u = u(z, t),
the absolute temperature 8 = 6(x,t) and the mass fraction of the reactant z = z(z, t)
are the unknown functions, and positive constants p, ¢, d and A are the coefficients of
viscosity, bulk viscosity, which satisfy the relation 3¢ — 4u > 0, the species diffusion
and the difference in heat between the reactant and the product. M, and G are mass
of the core and the Newtonian gravitational constant, respectively. r = r(z,t) is the
Eulerian position of the gas given by the formula

z 1/3
r=r(z,t) = <R03+3/ v(ﬁ,t)dﬁ) , Ty =1u, rzzi,
0
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where Ry is the radius of the core. The rate function ¢ = ¢(6) is defined by the
Arrhenius law

¢(0) = KoPe 4/°,

where positive constants A and K are the activation energy and coefficient of rate of
reactant, respectively. (3 is a non-negative number. Pressure p = p(v,6) and internal
energy e = e(v,0) are given by p = pg + pr and e = eg + eg, respectively, where
pa = pe(v,0) and eg = eg(v,d) are the gaseous (elastic) ones. For technical reason,
we assume the gas is ideal:

po=RY,  eq=cb
v

with the perfect gas constant R and the specific heat at constant volume ¢, (positive
constants). Since it is widely accepted to assume the gas, constituents of the star, to be
“black body”, the influence of radiation is expressed by the radiative terms pr = pr(6)
and eg = eg(v, ), which are given by the Stefan-Boltzmann law (see for example, [2])

a
pr = =6%, er = avf*

3

with the Stefan-Boltzmann constant a > 0. We also assume the conductivity k =
k(v, 0) has the following form:

_ q
K = K1 + Kov8?,

where k1, k2 and ¢ are positive constants.
We impose the boundary conditions for ¢ > 0

<—-p + CM - 4#)
(Y T

Ul|z=0 = 0,
(02, 22)|z=0,1 = (0,0),
the initial condition for z € [0, 1]
(v,u,0,2)|=0 = (vo(x), uo(z), Oo(x), 20()). (1.3)

Here we assume the compatibility conditions

= —De,

=1

(1.2)

ro’ug) u
(e )|,

w0(0) = 60'(0) = 8y'(1) = 2'(0) = z/(1) = 0

with po := Ry /vo + (a/3)00* and ro := (Ro® + 3 [ vo(&) d€)Y/3.
The global unique existence problem for compressible viscous polytropic ideal gas
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with large initial data is firstly solved by Kazhikhov-Shelukhin [8] in one-dimension
under Dirichlet boundary condition with respect to the velocity. After that, in one-
dimensional case, many works has been done including Nagasawa [11] studying the
global existence and the asymptotic behavior in the free-boundary case for the poly-
tropic ideal gas. Bebernes-Bressan [1], Chen [3] considered models for a reacting mix-
ture. Many authors (see for exmple, [7]) studied models having some general pres-
sure, internal energy and conductivity applicable to the situation with low order 6-
dependency of p, e and k. Ducomet [5] and Umehara-Tani [13] are extended these
results to the one with higher order #-dependency of p and e, which usually seems to
correspond to some large ¢ in k for getting global solution of the problem. Three-
dimensional spherically symmetric motion of a compressible viscous polytropic ideal
gas was investigated by Itaya [6] and others (see for example, [10,14]) in annulus or
external domain, Ducomet [4] in the case of gaseous star having free-boundary. Among
these works it is in [4,5,10,13] that the “large” external force is considered, more pre-
cisely, the self-gravitation in [4,5,13], a potential force of the core in [10].

In this talk we construct the unique global classical solution of system (1.1)-(1.4)
which extends the results [4] in respect of considering radiative effect and both influ-
ence of the self-gravitation and the potential force. But the difficulty of our problem is
mainly caused by radiative components of equations of state and #-dependency of the
conductivity.

Let Q := (0,1), m be a nonnegative integer and 0 < ¢ < 1. T is a positive con-

stant and Q7 = Q X (0,7). We use the familiar notations C™*7(Q), Cy/ / 2(Qr),

o 9/2(Qr) for the Holder spaces (see for example, [9]).

Our main result is

Theorem 1 (Global Solution) Let a € (0,1), 3 < ¢ <39 and 0 < f < ¢+ 9.
Assume that

3
(vo,u0, 00, 20) € C”"(Q) X (CHQ(Q))

satisfies (1.4) and vo(z) > 0, 6p(x) > 0, 0 < z(x) < 1 for x € Q. Then there erists
a unique solution (v,u, 0, z) of the initial-boundary value problem (1.1)-(1.3) such that
forany T >0

3 3
(v, v, v0,,6,2) € (C(@r)) x (C2*(Qr))
and
v(z,t), O(x,t) >0, 0<z(z,t) <1 for (z,t) € Qr.

Proof of Theorem 1 is based on the local existence theorem and a priori estimates.
The fundamental theorem about the existence and the uniqueness of the local-in-time
classical solution in three-dimensional free-boundary case was firstly established by
Tani [12] under sufficiently general conditions. Since it is easy to verify that this manner
to prove local existence theorem can be adapted without essential modification to our
spherically symmetric and reacting case, to prove Theorem 1 it is sufficient to establish
the following a priori boundedness.
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Proposition 1 (A priori Estimates) Let T' be an arbitrary positive constant. As-
sume that a, q, B and the initial data satisfy the hypotheses of Theorem 1, and problem
(1.1)-(1.3) has a solution (v,u, 6, z) such that

3
(’U, ’U:L., ’Ut,’u,, 6, Z) = ( a a/z(QT)) % (Ci::a’1+a/2(QT)) )
Then there exists a positive constant M depending on the initial data and T such that
|U) Uzavt[a,a/% IU, 97 Z|2+a,1+a/2 S M7

v(z,t), O(z,t) > 1/M, 0<z(z,t)<1 for (z,t) € Qr.

2 Key Lemmas for Proving Proposition 1.

In proving Proposition 1, we need several lemmas concerning the estimates of the
solution and its derivatives. The essential one is to get pointwise estimate of the
specific volume v. To do this Kazhikhov and Shelukhin [8] firstly derived the useful
representation formula of v. In the present case, we have

Lemma 1 The identity

1 R It
P(z,0)Q OR(z, 1) (’uo + E/o 0(z, 7)P(z, 7)Q(z, 7)R(z, ) dT )

v(z,t) =

holds, whrere

(= () [ (239 ]

§ Qz,t) :zexp{%t-l—%/o/ {2;; _|_g_£€__;_+;\_./‘fﬁ] dng},

R(z,t) := exp (--“- te(x,T)‘*dT) .

3¢ Jo

From this formula, we can obtain a priori bounds of v.

\

Lemma 2 For any (z,t) € Qr
Cr' <w(z,t) < Cr, (2.1)
where Cr is a positive constant depending on the initial data and T .

Although from the influence of radiation the estimate above is depending on T, if
the external pressure p, is sufficiently large, we can get upper and lower bounds of v
uniformly in 7'.
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Gaussian-BGK Boltzmann FfER I
HEOCHB(LRRIONT S 77O0—F

An Approache for Phase Change Phenomena Based on the
Gaussian-BGK Boltzmann Equation

IR —18 ([ABEERAREDE T2 7R BT T2 0
B =

The Gaussian-BGK Boltzmann equation is capable of describing the va-
por flow of polyatomic molecules induced by evaporation and condensation
processes at a vapor-liquid interface. In this research, interfacial phenomena
accompanied with condensation is investigated by combining the numerical
analysis of the Gaussian-BGK Boltzmann equation and shock tube experi-
ment.

1 %5

SWRSINC BUF 2 EBIS GRFE - RIS A DERETERT b, BT
DT TE XL AONBBIRTHS. TOMHEEHRIE, SURFRImLECBT %
SUEO T OIEEEMEICER L TWa 12, Wizd & T A ThRATERZ{RE
L TW BB SIZORHA DA TIEEL T ENTER. T ORREMBEICH LT
Fo k12 (R ZEH Uiz & 2D TE DM riEL %%, 0T
SURTI2A R E D A BIE U RN #L & 3 % Boltzmann SHERZ 2l A LT
BH, T Boltzmann RN 2 KU T DEFSEFE—MRICLL T O Thd
mEND.

fout = aefeq + (1 - CVc)fref, (51 —Up > 0) (].)

T T T four EKUESAMD S KAPANHTIT DT T 2 HE M TH D
(€1 —vp > 0, & IEHINTHR U THEEZR AMERF DS FOMIE, v, ZFRHOME, <
TR B D> TEMMUBIEEL LTNB), fuo(Ty) RIRIADIEE T, DHT
RED, RS p*(T),) 2R DWRAERE T, O Maxwell ik LTHA 5N,
frot E—TRINTHES DN SN T VD, ae & o 1 EFNTHIRFREL L ki %
BETIENTWB 0LLE 1L FOlZRR OIS A—2THB. ZIMEE, TOE
FXD, RIKEET, OBTH 2 ENMNENTWVWD. T T THEAHREE, Kk
SN 223 2 WA « BAIEE D 12 D D9 TR & IR U T2 70 73R
DL LTERIN TV SD, KUK ERIARTT DIRED R EERZT, ZOHDF
HERIZ K <o TEWERW. T OEREREDIEN D> TWiEWnidic, 77
TRURT IR OPEH A D A TIEZETE - Bl K 2 SRSt TOHE & « il « T
FIVF—ilE a2 FHICRME 2 2 LIETERL. TNETON TR
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WA TIE, FTRE L R EREE 1 8 LTI B (4l & M T
2) . I - BHIR LS SKDTRNDRH M THNT 7 1],

C T CAMEOHINE, T OEERSODEE 5 TS EMNT & WS 05
BV THET 5T L Ths. REFEROPRERTS T LT, KRRt 0%
P+ FHRBIGO X = X LOMRCEEHAD S L E A BN, £, ZORMET
DL B - T3V R R EHIC RS 5 C LT ES XS ICAD, K
IE TROSHTAEL EIRTES L EABNS. ARTIEAR /—)b LkEx%
v U CHHHFRMOIERTTS

2 HERETREI2ZSDEMRAR

LICARWFZEDN R & 75 2 WSS B B B RFBIRDOE T IV 2R Y.
EENERIE I ERREDZ 7 0¥ (XX —)b, IK) ThuleENTED, WK
EEMERICIE A T ABEND 5. T DA S ABEDH EICIZZKOBAE RN D D, 75
ST & D BEINC D WEREDMERE L TL % (a). (aff U7l LT
RSB LT, ZOWMBROEROKDLT], e, HERXZHICHINT 5.
AKDIEINE NI RIS B SRS TIEE—ETH 2D (b), AL
FEHOBBRDPATUCHAN T D RENDICH X DR, TORNE, 5l
L CHWVIREEIREZERT % (c). T 2T, WSROI T 2 MU
11 2SRRI DZRTD NI Z % T & THRAFMEEC D, IRIBIZ AN ZRKDTR
NDFEELEEND. T OHEHC KD XU TRIEDOBKUAEC b, RIEERID
T & D KRS DO DIRERF Z DR E L E D, Fiih b KRR HE R E
TOZKDWEITN T 2 FFIZATTEE, ZTORUIKT, TOHROKRKDES%
A TWBT2DIC, KU AURIREEL 2> TED, KR THNEITD X 5 7%
0I5 AX—HERIFR T 5730 & 2Bl THER L T\ 5.

/ P>pr)
%& e Reflected shock wave
Solid wall (shock tube endwall) : Vapor flow Py

;dsorbed liquid film Incident shock wave /%»A%@-b Moving velocity of vapor-liquid interface: v¢;

o oo,y (b) Condensation condition. Pressure profile

Polyatomic vapor
(Methanol, Water)

Reflected shock wave
T

Ts, Po, po

Vapor flow
(a) Initial condition

(¢) Condensation condition. Temperature profile

1: Schematic of model: (a) initial condition; (b) pressure profile in condensation
condition; (b) temperature profile in condensation condition
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3 Gaussian-BGK Boltzmann AIEIcDWT

EHRIREOPE HIEDFHMIIARI ORIRRIC X b & T TEIRNTZW. Z ORI
LT, BIZIESE R 2] 255 SN, ARITIIEREIC £ 75> TV % Gaussian-
BGK Boltzmann /72 [3] bCOb‘Tﬁﬁ%T&i%%f)*‘f“\‘Tb\ T Lkd%.

DFZESTPEODT T, FOFEENDS, HE P TFREENSE Uizigeh
BELTbNTW5B. TTT, AWIRORGRE LTS >< 2 ) —)VRIKIZZ T
FTThHb. TOBI, KETE, ZRTFHFRIRICHNRE Nz Gaussian-BGK
Boltzmann J7FERE W T Z Ot 2175,

of of D
o Toax, T ;L(l—u+9y)<G(f)"f)’ (2)

TTTf(Xy,t,&n) I ZEERMAETH D, € = (&, &, &) ETTFHE, n IZHEET
FVEIT A2, u(T) KPR, v & 01X ERTH 5. G(f) 155 FOPHER
B & mlEENC 2 TRdih g 2 2 e AT E, DLFOXTERENS:

G(f) = pfEf&", (3)
75 (& — ), (4)

2/n

ptr

G - 1 eXp(_l(fi_vi)
\/det(27r7'ij) 2

s 1

rot __

¢ I(Z2+1)(RTa)™?

T T T fE 3pHEETNC BT 2 MR T H b, fot I InimEENC B %0
BEEKL, det 3175, TIZH V< B, REISKEEHTH D, nldWHHABEZERL
TWVW5. [EDEHEIF fOE—AV M LTUTORTERENS:

/ [ ragan, pu= [[saean (6)

n
Wrel), (5)

exp (—

PRT,. = / L6 — v pdedn, (7)
SoRTim = [ [ 1P/ rdgan, ®

3
T= mﬂr + nLHﬂnh p= PRT, (9)
T = 0T + (1 - e)ﬂnta (10)
w05 = [[ (6~ u)le — vy)sdean (11)

T T T &;; I& Kronecker DTV 2 TH D, € DFINEWT D DIZVRD & DEZEMT
B,y OBGNE [0, 00) ORPTH 5.

s D5 1 20T & oE U, RS PO SUARITN LTk Gaussian-
BGK Boltzmann /3R U, MRS E N DT % 15 ARE L Z OWASHR

—245—



9 _ Dru/Po

(b)
\&0355522 5 \10 \15 \20 \25 \30 \35
N
Po 43
3 -5 _10%’

2
1 13
0 10 15 0 10 15
z1/4, 1 /4,

2: Reflection of a shock wave at an interface: (a) temperature, (b) pressure. A
number near each curve represents a normalized time.

BZ I R BB TR A ] LR & TRUFRFI R TS . RHo ]
PRI R IR K D 135 I S, OIUREE, AR Mach 3
NS, RSN OO OV TIZBE L [2) BB E N,

4 %R

2 1R 2 ARk S 2 T il BRI ORI T 31 2 ABIS DB TRRR
RIRT. 1R 2(a) XL OIS ORFRIFERZ — ORI TR L, K 2(b)
AR DN ORFRERT. 21/l = 0 OMFEANTRITBH D (¢ 1&
PIHRIED S T DT TR, EPRIEORIC DUV T B BRI %
SRR (¢ = 0) & LTEMRIENSI a1/ (fo/VERTY)) T %. MIRIONIBHL
ST QP TR LAV TR S LN L LTV 5 2 Bz A Tw
3. THBORED, RANIEELETT & O MBI SR 5 > T
L. ZORMTRILTOLBTFADNS. K 2(a) 2R3 &, WREARY LT
BRI HIREEIRFEAFEE L TV BT HRDD 5. T OIRIEBIFRE N
& & BICHEHARIEIE H 3. T T C Tha (XMIAREE TR U T B O D
HEAETH 5. APIEOTIRI L T OMRILET 5 &, ABIFEO IR
Dk D BIEEo TS, THUE, THHIC & > TREDI 3L F—AUKIC i
AL, ZOWBTREREAE 5> T3 b THBLEABND. A
2 & RN D R LS B &, RO D R 75 C
VB, Thb, HBLIHEEFT, GRS Ao TVR b THE LA
3. K2(b) 2R3 L, K2(a) DAL CBET, APIILL pru OIISENH S,

[RI 312 AHIZE CHE & NIIRRHREUR RS BN SURSRIT DR DI ) &
ASIEN EOIETRLTHED, TORN 1O ERTCTIFRIETH 3. R
PIFRBOMTH Y, TTTEAZ/—)b, K, LEIZ0.86 & LTRHLTY
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O E
3 E
= E Evaporation coefficient .
c E
0.94
8 ;/ _A%,A.m_ ______________
% 08] Bl
E &EAB A LA
S 0.7 A
g A
& 0.63
© E
g i
O 0.5 M L Mt B L

1 11 12 13 14 15 16 17

*

3: Condensation coefficient versus pressure ratio

%. OMAZR /) —)VOEHFRBTH D, ADWKDOEHIGHTHS. A2/ —)ViF
30 i, JKIF 20 HDFRT —2 X DEGENTHRZRL TS, ThHDMKD,
HEHEANEWG S, SWHZ 5 ERIRCTFEPRBISIW GG, ZTERE & Rtk
HOMITIFEFHFELL ALY, FHEPKRELZRZICONTZDMEI DL TN T
EWNoDD. e, KERXAZ/—)IVOWNIZER CHATH S ENbh 5.

5 #EE

DFRMES I L IR RIR S BT A %2175 T & T, SUkanbEsett

HICEENDRKHNT A—2TH BEHMRE (A2 /—)b, IK) OftiZRE LTz.
DTRAEIIAR ) FHEBOIEFEEENMIE & 7 % & 5 AhE (RIRHZE L, &
JEFIROSARDIRZERN, A7 AAT—)LDHRNZE) ICGHTH 2D, FEH
RS BCE DR ER ENB 2 TH S, ZTOHMI DR, FATEVITY;
I B T2 TH TR M Th NS T 8idDinn. BEEzEZSAN
EDN M0 T, TOEMNIFACKELEHRL TOLFZIAFLTWS.

BE
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[2] S. Mikami, K. Kobayashi, T. Ota, S. Fujikawa T. Yano and M. Ichijo, Exper-
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[3] P. Andries, P. Le Tallec, J.-P. Perlat and B. Pertham, Eur. J. Mech. B-Fluids,
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Value distribution of the hyperbolic Gauss map of
constant mean curvature one surfaces

LB REZ TR R IR # (Kawakami Yu)

B =

In this talk, we shall give a kind of ramification estimates for the hyper-
bolic Gauss map of complete constant mean curvature 1 (CMC-1) surfaces
in hyperbolic 3-spaces and reveal the geometric meaning behind it.

1 F

C DR TIE, X [Ka3] TIF7z 3 Kot MihBIZ=R H? N 7efi/s Tath= 1%
& Ol (CMC-1 i) O A ™7 A BAROFEE 57 IBAEEL O T B 3~ 2 4558
EFDEFICOWVWTHENT S.

RrizchFEFEcTa—27Vy REMNOBNETE CEEfhRMEZFNIC 0 TH 5 ih
HDZ L) DI ABBOMEN IS DOV TN T E 2. 31—V Yy
Rzeii R3 Noos Nl A RERIEEY —< i EORHEREKE L Aixd T &
MTEBDT, BRIMESSDZ NEREE U220 W EE O R £ DfE 77 ity
WHEZ RS EMNTES. BRIEGHZ [KKM] BT, Bkt (BRR4
RN &) RV v — 7 Ml & ORHRGRESthROE D2ET
SRR B N VS FEEBVNE D 7 S AZEEZ LT, OV T AIKET
BEIE DO H T ABBRD TN NEROR BOFHMIZBRS I LM TEL. E6IC
R* NOBBR N DAY A B ([Ka2) ) - R™ WO HHEA MM
HO—fHbE NIz T R EH ([JR] SR DR IERIC DOV T E RE O
ANEH/ETENTET.

LT AT, bRk EMER 3 Koo iiRize M HA (—1) AOFE7a FahE 1
ZEOME CEEhR 12 Dhmoc &% “CMC-1 #iff” MR 212 5) D
WHGHI A BB L TER DI DT EMNRE NS, FHFE, T OdhmdNHRr
H ABBIZE) —< VI EOEHRIKE & HIxd T ENTE, BRYMEEBORHIC
DN D H D ZBA&D & & L FEREOFERD L ([Yu) Po—E 23—
Z4etEfeb ([CHR) WK Ek->THIBENTWS. 22T, BLETDHEDTRENIK
EE DT DOV TN, W OWERESS T &N TER. X9 578H7& CMC-1
Hh i O 77 R BARD 522 AR DV T, DR [Yu] DGR Z K
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B32%2 LT, ZOLERM 4 THBT LZRT T ENTE . RIS IE
B 4 OBIVFIET 2D T, ThIRBOKRTHS. FI5elwa CMC-1 i
DOMHHAA D R BEAR G WEIRIE d DS (228 CMC-1IE & ST
LI B), EBEEOV—~VEEI Y NI =<V (FOESEy LT B)
HhEERME kflEd %) OERERWZNRGE) =<Vl M \{p,...,pe} &FA
FMEICTR D, GRINTERBUNE SRNT Ehbhdh, 0 & ZAREIN N
DA XE/BD L G D L [6 UBRAPANEMZ £ DU K > T kiE
BOFHEE B T bbb ofe. EHICHEHINREMHELELT, (v,k,d) =(0,3,2)
I B TAREI RS N T D35 B I AEAE L T 522 0 IR EEL 2.5 D ([Kal] B
MREE) CMC-1 i DG AICBWTIEFEELERNWC EEFEA L. Dlhoc ki
B LU CREILIEFE L K ibRB Z LI 5.

2 EfmLhl
T OHiITE, H3(—1) AD CMC-1 HEIC DN T DEAFIH L WL OHDOFIZHE
9%, R %2 (— +++) MO ARTI VAT AF—2METBE, ZOHN%
BRiK \
H3(—1) := {(t,2",2%,2°) e R¥|> (¢')* = * = -1, t > 0}

=1
DFEF R, TOETIEE@EIDOEMER -1 2745, H3(-1) & 3 Ryrehiize
S, TTTRE, 4002 a7 AF—2E/ R> OFK T (t, 21, 2%, 2%) & 2 KT
DIV — MMTH
t+ 28 z! + /=122
ot — /= 1a? t— a8
Cl—HT 3. UKD STTAHNIZERNIERD K S ICF—HT 2T e TES.

H?*(-1) = {X € Herm(2)|det X = 1,traceX > 0}
= {d'a|a € SL(2,C)}.

Zot¥E, REANOMUNITHOT A TIVA b5 AERBANRITHIN Uz RO EFDK,
SRYASS

2 2.1 (Bryant, [Br]). U —~ il M i BEMIE —10 3 RTWHAZER H3(-1)
NDHIBIRDIAR £+ M — H(=1) OVEIMEN 172 5E, M O%BHE M 5
¥RV R SL2, C) "\DIFANZHIAR F: M — SL(2, C) WMFEL T,

9
f=FF, FWr=7 77 Ju
1 —g

BHRIZT. 2L, gld M FORERIEE, wid M FOFR1ERTHS.
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coLE, fOR—EARN, BOEAEREThT
ds* = (1+ g, T=-Q-Q+ds*, Q=wdg

LRI ENTES. LUTNF 2 f ORB LS, g282AHVRAER, Q% Hopf
WOELMRT LT B.

EDIAB f: M — H3(-1) DHI AMER K £§5L, K <ODBEDIIDDT,
o] 4 =R

TA(f) = /M (—K)dA € [0, +00]

WNE®REED. FEL, dARd? DM ORAEINIMBERTHS. Mg
TA(f) DM AITERIZEE 2 B A G g DIGOEK ETOMmBTH 5. 2 H
Y RAEG gld M _E—fli 2 IZBR SRV T, —RIC IR 4RI 4 OBEEIC
37540,

51T, LD f(p) ZHFELT, BAERNY MVEGIERS MLET 3
WA, H3(—1) OB 0H3(—1) = CU {oo} ICED B 1% G(p) T 5 &,
G: M —C=CU{co} & M FOEHNEH L 5%, ThENHMMAI RAEKE
R, 5 EF F = (Fy); o1 VAU,

dFy;  dFyp
dFy  dF

G:

TH%.

BB EOH FTH3E5% CMC-1 1 3DRAR f: M — H(-1)I<HLT, FO
WTFNC ST B OMC-1 lddiA% fi .= (F-V)(F-1): M - H3(-1) B EZ bh
3. et Lo f OB LR, f OREMH Y R B, 52 5 XAEE,
Hopf %2 FNENG, g, Q LTHUL, f OMHIA Y AEAg, #5247 A5,
Hopf M ZhFh, 9, G, —Q T5Z25N% G [UY2] B . Motk £ A
SIRES M OFtRE ds? L LIt &, RDT EHEDIID.

WE 2.2 ([UY2), [Yu]). 7HR ds? Bl TH B T & & ds? Bl T 5 T LI
lcH5.

ZHAB I M OWEHE M FTUMEREINAEVLNR, Q, G L
Bl M it 7522 L XDEHRds® = (14 |G)|Q/dG) & M F—{liTHh Bh
5, ZOHIAMKR KN & M F—{lizlEt53. Lizh->T,

TA(fY) = /M (=K dAl

& D, FOHENLHELERT DT LN TES. P2l TA(f) D%
T2 A D A B G OBROmBETHS. G M E—itx%DT,
TA(f) 1d 4 DEEBZHICT T 5. BRANIIOH 2N EIRIC 7 2 WEh 22N O
52 CMC-1 i C & ZEE) CMC-1 i & FE ST 213 5. B CMC-1
HhICDOWT, RO EMED LD,
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TEIE 2.3 (Huber-Bryant). X5 CMC-1 81 f: M — HP IS L TRDT EHEK
DILD.

1. BEEOV—<VH M IZa 7 M) —< Vi M b SAERED S ZERAN
LD LEAFRMETH % ([Huf).

9. COLEWIMMAY B G & Hopf 5y Q13 M IR RS 3 C
LAATED (OFD, HRMOSTRELMTSHS) ([Br)).

sefii CMC-1 - DB < OIS 5. TTT, AN ZEROERIME
Bed, V—< ki Clc sl 2 WA AY AGBROBOMEES OITOME, >
F D WA ABBOEICIZSH N CHDESDITOEHD I L TH .

{5l 2.4 (Horosphere). £§5 LUJ F 2

F(z) = ( 10 ) . C—SL2,C), (ac C\{0})

az 1

T5% 5N% CMC-113%AH f = F'F: C — H* % horosphere 5. Zhid
RE) CMC-1 HhE T, TA(f)=TA(f')=0L7%%.
il 2.5 (Catenoid cousin [Br]). IEDE LKL T,

Z0-0/2 (1 — 1))/

— [—1 4]
F=v1-21 l@p —(141)20-1/2

l+1 41
L2, f=FFi& C\{0} D H ~OREH CMC-1 & DIART,
_l—lzl _l—l2 9 _
9="g * Q=¥ CG=:

L%, CTOpMlE Catenoid cousin &MHENTWT, [EifzMICk3. ZLTE
HIRIZ ZNTN TA(f )= 4nl, TA(f')= 4n TH 3. T OHIEHDIEIA T X5 5
DOFRIMEELT 2175 5.

5l 2.6 (Voss cousin). ay, az, a3 € CZ x5 3 mEe L, WA ABHG &
HopfM7 Q ZRD LS ICED 3.
dz?
(G, Q)= (Z, m) (1)
DT — R TR S NSNS M OE BB - TE#E S M558 CMC-1 #hf
Lix%. TOLEDOMNHMA Y AEBRORRIMEERZ 4 THS. —KiCay, ...,a € C
RERRBEMOSRL L, (G, Q) % M =C\ay,...,a} LT (1) O TRbEE
X, SR BIZTIEDIIZE <3 THERLENDSD. DFED o; IHLI ALY
Nz,

—2561—



3 FHEREZTOES

C OHEITIE, WH AT A GBROee 72 L, T ORMEICB L T4
IMEIRER L ZOREFICOWTIENDS. £, —ROAHREEINT B 52870
I fF £ 2 RD K 5 ITEFKET .

E# 3.1 (R.Nevanlinna [Ne]). M ZV—< VI, f%2 M FOAHMKEE LT S.
ZOLEflibe CH fORENIFE THZ LIE, bH fOBRIMED, bD flk?
WROEDNTART fODERICRD EERVS. R f DL IERZ EHT
5. fOFEEDIMEDESR {a1,. .., g, brgt1y -« s brori} £F 2. TT T a; 13BR
AME, b BERIME TRV DIEEE T 5. a; 1DV T vy = 0o, b IKDWN T
) DBRICBT 3 fOERREORMEZ v, £ 95, K, 1b>2ThHs. C

=YD =mt 3= ) ®

ai,bi ¢
TEHKT 5.

TR 3.2. f ORIMERR Dy £ 45 L, EHEED Dy <vp KD IID. DED5E
SO DI RIMES DT % G A TV 5.

AE 3.3. —RICHEHNEHOTZENEHENERETH % L IZB5ZWDT (2) D
EFZD well-defined tEDRIE L 722 H, CMC-1 I OINHIN T D R EBEEZ %
ETRERISGERZ EHIC K D AR L 725 2 EHhbh %0 TREIZ IR,

3 XA R ZER N o> CMC-1 fhm o Mty 77 A BB R ) —~ i EoHHE
R E AIZE B DT, TENBERZEZ 2N TES. — kD52 H CMC-1
HIF D5E R IAEEICBI U TIEROFERZRT T ENTES.

F4ER 3.4 (Z.Yu [Yu], Kawakami [Ka3]). f: M — H® % horosphere TIEUW 52
CMC-1ihiH, G22I Y A B%ET %, De % GORIMER, ve72 GD
FSERNEAER LT 5. DL ERDAMNED LD,

Dgﬁl/gsll (3)

2.6 FET DT, R (3) OFHIGRETHS. & BRI CMC-1 il
DL EERIC N UT & D ELIRE% C LA TE S,

FHER 3.5 (Kawakami [Ka3]). f: M — H? % horosphere TIRWREH CMC-1
MmM&d s, EH23K0 MEaYX7 M) —<VE M MSERME (kLT 3)
DEEROIZRSE V=<V M\{p1,...,0x} &5 5. M OFFEEE v, WEHHH
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JAERGE M FOBBREBEZTLEOREZdLTE. TOEERDAAHD
VID.

2 d
Dg < <24+—-, R=———
G S Vg S +R’ 'y—l+k/2>

KFIC horosphere TR UWMRERY CMC-1 HHTEI D FHIIN AT 7 ABARDFRIMERUL E & 3
TH5.

1. (4)

ROV HVT—=ZB (v,k,d) = (0,2,1) DEFH, R=oc0 kD 2+(2/R)=2¢
5. Hl2.5 KD, TORVICBNTR 1) OFHMbERETH 5.

AR (4) D_EBRTH % 242/ R DRTANEARZRIAT 5. “2” OB AHVEIK
{3 T % Riemann BRI D Euler 8 TH % T EAGEANSEBIC NS, RIC
Et “R? OBMZENERIRIC DWW TIERS . M OE B HEAIMHR D & XERNC
2B L&, App(M)7Z2H0 AR —4r O hEHE THl> 72 M OfikE, Aps(M)
& H 7 ZAIRD 47 O Fubini-Study st &% G THIER LizsHE THI-> 7z M OTIfE
EdBL, ROXERT I ENTES.

Aps(M)  d
= A, (M)~ y—14E2 (5)

EE 3.6 EEREOV - VINHNERFM COLE, R <0 L%DEMARYER
BTV, Kug <2+ (2/R) @R D ID.

RE CMC-1 #liif D A REBDOBRIMEENC DOWNT, AR 3.5 K D ROAKR
B L T LNTES.

R

IR 3.7 (Kawakami [Ka3]). RBUY cMC-1 i f: M\{py,...,px} — HIC
BLTRDT LD ILD.

1. ’)’=07366£Dgﬁ2

2. y=1TDg=3%561F, TV FEIXRXTHDAATI=kMKDILH, &
BICGIE M FPIEDIETHB. TV RER, 7B MK E R
DO—ED T &, ST S R EDFT R TOREEENMERRKDEEZED
LERNS.

IRV OO H ™ RGO & % 21X 5 BRI T 5. R® HOREK
RN O 77 A BAR D52 RS IATRNE DV TR (7, K, d) = (0,3,2) 12 BT
v = 2.5 L 75 BEIMAE LT ([Kal], [MS] 2%, ftAit CMC-1 Hiid Rl 4
ZEGIE B L TIR T A WSk LR, ILESAEDRE (RUYD HBRDT
Ehbhsb.

8 3.8 (Kawakami [Ka3]). (v,k,d) = (0,3,2) ICBWT, MHhiyAH Y AG%D5¢
EIAEED 2.5 & 75 5 B CMC-1 HifEAAE LR,

—263—



4 SEOFRE

BRI O A LT Ty —< M| LN 3R
D _FRE % [ 5 RN B B0, By CMC-1 #hiifilcBE L T%, Dg =2
DOHOIFE WH2.5) EFHR 3554 v —< RIS HIG LT ROMERZE
ABTEMNTES.

=R 4.1. B CMC-1 Him QXY AT A BGDBRIMERD IR 2 53 5 ?

INEFTAYI—<UMEL FREORMEE IEEZMETH S L Ebh Tk
A, il 3.8 D K S WA fam I EE DB NI O Y ABBD & & LI1X R
528 HBDT, MEALEA YT = VEBEEIZHNICEZDZREEDTH
% ERNIEZ TV, R 4.1 OIRZRD  T= DI 3R 1 DLEOREH) CMC-1
I OMBIEZHENL T 20BN H 5. SRIEZFORREZE Z 26 T DARMER
RIEICH D fHA TV E N E - S,
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ITRRTERZROAFIRICEI LT

(On the boundedness of the fractional integral operators)
ERIF R (REUREEEERI AR AR PD)

HEES153—-8914

REURE B 3 —8 — 1

B KRR AR
A—)L7” R L A yosihiro@ms.u-tokyo.ac.jp

1 &

COBE T 1 O ERESERRICBEA L TEZ 5.

ARAfEAT O AR (BUEHY) ERAOFRERICE L TRIBICGEZ SR TWEEET. 7]
DO 455 TR OHER LT EAZEDONZFHALT, KO TEHEMWNAZ L 2L
E

“ IEERIEUIRED A, MRREBTDANEZN S K177

EIMFTLIEE V. TOMEIE 2 DDA 5EDET. 1D, o8RG ERIRICE
TBHHWAL SV LD, 2 IKEDAERREEOMERDO—HZHITH L TY.

Part I
SERIMEAZROERMKE

DEFREIMMERZL EIRORXTEREINAIEFHRTHS.
ﬂw—wdy

r |yt

Iaf(w) =

TCTT, O0<a<lZiikyd.

Bz EH L T0a %51, YIDIETPINRT 20N ESNKICEDETATH
25, EADEBERZETIAFRFLELTLEDHAT FRIEMTHAI LZIRELKS.

—256—



2 WEXERER

T DA R Z RS 5 DI I TIIMAKIEHZEZ AV S. WNCEEE G2 5.
Definition 2.1. D% f I3 EMHBIEE T %.

b
Mf(z) = supbﬁ/ fy) dy

a<z<

EBL. zZBERBDOFED LREN M f(z) Th5.

COEHZRICEET 2 B2 VDICEIET 5.
Lemma 2.2. f hEHRESIE,

M f(z) < sup f(y)
yeER
Ths.

AR DEENT f D% sup THA TLE ALKV,

fEREND MG L ZER LB L TWAD, fOAESTAbb LHCHInT
BEMI NS TENVIEATHASIM?

L® W5 L® NOEHE UTIRA D T L 2HETREN, L TRZE 3 0.

Lemma 2.3. f = x[_1,1) DHHE

_ XR\[-1,1] ()
L7zho T, -
/RMf(a:)d:v——-Z—f-Z/l 1_i_fcal:/r;=oo

o, Mfix LY A SHE.
ZTT, ROBEDI S AZERS.
Definition 2.4. f B35 L' ThH B Lid, T8 c>0NEFEELT
HzeR: f@) > <5

VWIS ETRTDONCH LU TiEZT e THA.

fl@)=lz| LT3 &L, log MEATET LNITEA> TWENT L34, 85 L
THBT LiEbhb.
SE Y OWED M 5 LMITE A>T 3.

ROEFED LD,
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Theorem 2.5. $XTOD f € L1 IcDE, 55 L BIAFENXK D & 5D UiWAEFR

{z e R : Mf(s)> A} <2

A {z€R: M f(z)>\} .

ME D LD,
RILTCOEBZEDXSICUTRIAT 200 ? ZD7dIEELDESER S F <

a2 ba—)L§5 EHRETHS.

Lemma 2.6. BIXHDEED {Lhiler DNGADNLT S, TDOLE, TOEEOHHD
SARELRX 2 RN THID DX DEX D WNE S EEGZ2H L S BRDTHRXE D%
FONES> TVWBEWVSFHZIGILEND, FRTOEHEN 2T THE LIIH
*%.

REICIE, Ao CA LBRZBDEEZM->TET,

Unb=U I Y x <2

AEA AEAp AEAg

EHRD. TTT, xalZES A ORI

AR T BRI, 1 A—VELES.
I = (7,37), I = (10,29), Is = (9,46)

EL&S. TORMOEX D ZBURTNIDNS K S5I1Cd 5 Libmikr & LT 20 288.
L ZBRWTE “ HEDIREIZZEDS RN ",

DT ENLDLND KM 3 DDXMN 1 HTRbUE, —EETTEHHE
LTV D D AR,

CD&SiC, KEZIERETTITS T L TIHITE 5.

EHOFAICAA 5. sup DEEND, z € RO Mf(z) > A\ ZWW/zdlE, ¢ 288
KM I, WMFELT, ZTTO fOFIN LD KEL TS,

2 W TEBN X Z2H8 T 5 LRERROFEN Z2mic XL L 0 2155 2 &N
k5.

1. {wER:Mf(m)>A}=UIj
J

2. ZXIJ- <2
J

3. 1 f(z)dz > A
;] J1,
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T, I BRMIDEEZHSDT. 1 LRIEDOHIMEESLD,

ez e R : Mf(z) >N <) |I]
J

SEHEHIC .
e € R : Mf(z) > A} < ij; /I f(z) do

Bklc2b1XkD

HzeR: Mf(cc)>)\}|§§/ f(z)dz.

{z€R: M f(z)>A}
CNTEMMNALATE 2.
KICLP J)VLERTELES. LP /IVLEE, ROETHS.

11 = ( [, If(w)l”dw)%-

Mf L f OBMRZHFANTZVDEDN, —RI2LINTRMEDLHLENKSI THS.

MUBIND,

M () = fo pNP1dx = /0 PN Lxat sy (@, A) dA

LLT, AERATHL
/ f@)Pdz = / / PNV L1 5@y (@> A) dA do
R R JO

MDIEFZZEZ % &

[R (@) de = /0 ” /R PN Xt fayon (@, A) did = /0 pNU{Mf(z) > A}| dA

p> 1 Z2RELTRIFEDAEFRZNRATS L

/R (@) dw < 2 /0 PNt sy (@ VI (@)] d dA.

9 —EEDIEFR 2T S &
2 /0 pAP? /R Xty (@ V(@) de dx
=2 /R /0 PN x5y (@ V)| (@)] dA

- p—f—I / M ()P~ f(z)) da.
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Holder DAEX THUDOE B Z RT3 &

[msaris@lde< [ usr dm)l_l/p- ([1@r ) "

FLHT,
/Mf(;c)l’ dr < ;{2_—1 (/ Mf(z)P d:z;) 1—1/10. (/|f(a;)|1’ dx>1/p

/Mf(x)” de < oo BARE LTI k!

2
[ Mfllp < p_—I“f”p

MMELHNS.
RICHERESVERZEOGAICES. @2 N ODMHET %.
Lemma 2.7. A,B,m,12 >0D & &

° de 2 m
/ min(Aﬁ_m,BK"Z)—g— = C Am+nz Bmtnz,
0

ClZ A, BIC & B5WERREEL

Lemma 2.8. 0<a<1D& &

© dat b das
(1- 04)/0 XB(z,6)(Y) e = (1- a)/o X|z—y|<(£) a

=ﬂ—a[[m de

2—q
z—y| £

= |z —y[7F

B(z,r) dHb z BE 2r OFXHH.

ETCHBREIERRICROEMNA S, #iE 2.8 ZH 15 & fIXIEMERIEICH SR IE
P DAZHINHIR S .

Lf@) = 2-a) [ [ aoxaa®f) ded.

ry
ry
~

1 —a - —a
gz [, (08 <200 M f(a), 2 g
Zy

EWV) B OFHEXE WS &

1 . —Q - —Q
s [, [0 < min(at- M @), 27 g
Ty

LZORERFEMCIELW f € LP DL ¥1X, EEOFEETHHT 5.
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5, TOAREFERXZRATNISHIE2.7 XD,

Inf(z) < eMf()% || fll,"%

CHB. CCT. slid % - % o RERT. COC LY MOERTHER AR DS

ERMNZ B
Theorem 2.9. p, s, [ ERDFEH 2L T3 LT 5.

1 1
0<a<1,1<p<s<oo,—s—=5—a

Dk %,
[aflls < cllfllp
AN AIRVASN

3 dRTDHZE
d RTETHELOERD KRS, LA L, W 2.6 ZXROLDTHEXEZ 2 BENHT

<%.

Lemma 3.1. Bk BIc D&, 3B TL o THOER-TeE & 3AICHLEER LIZERZ KT,
Bi1,Bs,...,Bx % d JtEROAREODOEE D 95, TDLE, ZOHIMLNDhE
]%TT, yf‘? Tf%%hf&ﬂz% Dl,DQ, N ,DJ &“9“% bl %,

K J

U Bk c | J3D;

k=1 j=1
mD D;, NDj, = 0 EHiks.

ARG Z 20 DIC, BPFNELEE LTHB. BL,B2Z _DOKELT, Tb-o
TWVWaELES. TOL%, |
B! c 3B%, B%2 c 3B!
DEBLLEHREDINI>TWVWBTHAD.
COHBEDOFHIAE Z NICE DWW TIRE T T X 5.
Definition 3.2. M ZROXTEEINIMAEHEL T 5.

1
Amwﬁgﬁémmw

T T, |B|IEEk B DRMEZRT.

Theorem 3.3. §XTD f e L1 icD%, 55 L BAEKLEK 0 & 5D LW AER

{oeR: Mf@)> A} < o

v, f
{zeR: M f(z)>A}

DK D V1D,
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Proof. J)o\— 7l DHE

|E| = sup |K|
K: AYINJ b, EoK

DX D, A[HES EOREIZFNCEENE I MEA K ORIED FETH B L

SHEND, AVRTMESKNK C{zcR : Mf(z) > \} Bislzd L =i,

3d
K| < 5
A J{zeR: Mf(z)>)}
Rl K.
KOay)y MENS 1RO 2 LRALCKIICEZT

K

K C U By
k=1

UKD, ARGERERMDRNT, Ko TROENK%Z D1,Ds,..., Dy £TBHLE
K J
U Bx c | J3D;
k=1 j=1

MDD, NDj, = PLiE->Tn5L9%. 5L

K J J J d
3
K< |UB|<|Usni|<Epoi < Sipi< S [, f@de.
k=1 j=1 j=1 j=1 j=13
Ehb,
J
UDjc{zeR: Mf(z)> A}
j=1
K DREAD KD 5.

O

FEE 1 1 |3D;| = 394 Dy| IFAHLULD d BICIELBFIL T0B T 2 BRES. TOEMN%

doubling Z&fF V9. HEE?2 1 HOlEd=1DL T AU K S ICHET.

Part 11

FhODHFFRHER

Nazarov, Treil, Volberg (& [3] IC B THERDFAMIEMTIC BV TAHRAIRTZ > 7z doubling

SFIFRIRCTITEOBRIT B LB BN EHERI LT,
The doubling condition is superfluous for most of the classical theory

Morrey ZEfi £ IZRD /)WL TEZ 6N BEZEMTH 5.
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Definition 3.4 (Morrey ZEDEFEK). 1 <g<p<oo &T 3. Morrey /IVLZRD X
HCET.

1

d_d 7

If s Mgli= sup 15 (/ If(y)lqdy>
zeR2, r>0 B(z,r)

Q TLU> T RY DRSS AT I3 B 75 B T Atk A k% O(u) TLU>T, QDHT
L HEREDE ORARH b

Definition 3.5 (Morrey ZEfH Mg (k, p) [2]). 1< q¢<p<ook>119%. BIBZERO
If = My(k, )| := sup ,u(kQ)%_
QeQ

)V L= .
( /Q lf(y)l‘-’du(y)>q
CHAT, BZER Mk, )

MGk, p) = A{f € L, (k,p) = |If + My(k,p)l| < oo}

loc

LEDD. kQBHLZRS TR F EHICHEIERZ Ul iitkethzH 507

Q=

BEEAMHEE, COBBZERMEE > 1IKKEFELAENWCETHS. BHEokH LD
i<, TOEMAEIHT 3.

Theorem 3.6 (k DIFKRIEN [2]). ki, ke > 18T 5 L%, E£HL L TOER
ME(k, p) = Mi(ka, 1)
MEOILH, JIVAFEE
If = MGk, wll ~ IIf = MG(kz, p)|
MDD, TTT, ~DERId, ki, ke DAICK 5.

AN D R — L X— http: //www.ms.u-tokyo.ac.jp/ yosihiro TaFIfEHT D I
FT—Ix EDFERZRELTVET.
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