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Chapter 1

Introduction

1.1 Preface

Natural convection in a shallow fluid layer makes a beautiful convection pattern at various
places, e.g. a cloud pattern in the sky, water circulation in a paddle on the ground after the
rain. Such art of Nature certainly has melted someone’s heart since ancient times.

Bénard first dealt with this phenomenon as a physical problem in his work [1]. Since
his works at early 1900s, it has been continuously investigated as an extremely fundamental
phenomenon of a thermal convection appearing in engineering and science fields until now.
Rayleigh added a mathematical explanation to a formation of the convection pattern by
stability analysis [2]. After that, mathematicians have investigated this phenomenon as a
typical problem of a pattern formation and a bifurcation of a solution [3]. In the long history
of the investigation, the study of this problem has taken in many elements, e.g. influences of
a rotation and a magnetic field [4, 5], effects of surface tension [6, 7], and it putted off great
achievements respectively (See Koschmieder (1993) [8]). It has, however, misplaced important

elements, "internal heat generation” and ”low Prandtl number fluid”, on the way.

1.2 Background & literature survey

1.2.1 Internally heated convection

Natural convection induced by internal heat generation exists everywhere in nature. Exam-
ples are motion in the atmosphere [9, 10, 11] where heat generation is generated by absorption
of sunlight, and mantle convection in the earth [12]-[15] where heat is generated by radioac-
tive decay of isotopes. In the artificial structures, microwave ovens and induction heater
such as an electric melter generate internal heat. In the event of hypothetical core melt-
down of the nuclear reactor heat generation is internal. There are many systems in which

this phenomenon becomes dominant in geophysics and thermal engineering. Recently, the



problems of such internally heated convection are investigated as realistic problems in actual
equipments [16]-[20] or in evolution of the earth [21] by mainly using a numerical simulation.
Since early 1970s, however, to our knowledge, there have been no fundamental investigations
of this problem, and then there are unsolved problems in the internally heated convection.

Despite the importance of internal heat generation, there are few systematic investigations
of its effects. Most of previous works have only considered the much simpler case in which heat
generation is uniform overall the fluid layer and a thermal boundary condition at the bottom
of the fluid layer is adiabatic. For example, Tritton & Zarraga [22] carried out experimental
investigations and found various interesting features; formation of irregular, hexagonal cell
with descending flow in the center of a cell, transition of convection cell pattern with respect
to internal heat generation, particular interest was the dilatation of convection cells with
increasing rate of internal heat generation. Schwiderski & Schwab [23] attempted to confirm
the features by an improved experimental setup and they concluded that cell dilatation is
not an intrinsic feature of the problem, but instead is induced by non-uniformity of internal
heat generation in the experimental apparatus. Carrigan also denied the cell dilatation in
his experimental works [24, 25] (But he used copper wires as electrodes in order to realize
internal heat generation electrically and then heat generation was clearly non-uniform in the
fluid layer.). Sparrow et al. [26] first dealt with this problem theoretically as a problem of
stability of non-linear temperature gradient. Theoretical study by Roberts [27] carried out
a linear stability analysis and an estimation of the preferred modes in the finite amplitude
convection. Tveitereid & Palm [28] achieved enhanced analyses of Roberts’s work. Thirby [29]
performed a numerical simulation and compared his result with the theoretical studies. Their
studies, however, could not clarify the features mentioned in the experimental studies. They
attributed the cell dilatation to non-uniform heat generation due to imperfections in the
experiments; that is, a deviation from uniform heating due to a spatially varying electrical
conductivity.

As an enhanced model of the internally heated convection, non-uniform distribution of
internal heat generation was treated by Krishnamurti [11] in the context of cloud formation
in meteorology. Her experiment, however, uses a chemical reaction to simulate the internal
heat generation and cannot be easily modeled for analysis. Yiicel & Bayazitoglu [10] also

investigated a non-uniform distribution theoretically by using a model in which the heat



source increases exponentially from the lower to the upper boundary. Their model, how-
ever, was combined with complex boundary conditions which consequently did not allow the
fundamental characteristics of heat source distribution to be clarified.

There are the other advanced studies; Internally heated convection in a thermally strat-
ified layer [30], Uniform internal heating with rotation [31, 32], With isothermal boundary
condition at the bottom of the fluid layer [33]. Weinstein & Olson [34] performed experimen-
tal observation of the convective motion in a mixed heating condition, internal and external
heating at the bottom, at extremely high Rayleigh number. They showed a sheet shape

descending motion and compared it with their numerical work [35].

1.2.2 Rayleigh-Bénard convection in low Prandtl number fluid layer

Rayleigh-Bénard (R-B) convection, natural convection in a shallow fluid layer induced by
heating at the bottom of the fluid layer and by cooling at the top, is a classical problem
and has a long history of investigations. These investigations are mainly observation of a
convective flow pattern formed in the fluid layer with changing parameters, Rayleigh number
and Prandtl number. Figure 1.1 shows a very famous phase diagram of R-B convection drown
by Krishnamurti [36]. This diagram shows a transition of the flow pattern with respect to
Rayleigh number in the wide range of Prandtl number, where symbols represent results of the
observation. The flow pattern changes from steady state to turbulence passing through two-
dimensional state, three-dimensional state and time dependent state. Boundaries of these
states are expressed by the observation points. There is, however, no observation point in an
extremely small side of Prandtl number. As working fluid of low Prandtl number is liquid
metal and is opaque, we cannot use optical visualization methods in order to observe the flow
pattern.

As first investigation of low Prandtl number R-B convection, Rossby [5] reported time-
averaged Nusselt number for mercury layer. Recently, Yamanaka et al. [37] measured tem-
perature both in a liquid gallium layer and in a copper block, which is a top plate of the
fluid layer, by using a thermocouple in order to correlate convective motion and temporal
oscillation of heat flux through the fluid layer. A point measurement of temperature in the
fluid layer, however, is not sufficient to clarify the flow pattern in comparison with an optical

visualization of the flow pattern.
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Figure 1.1: The régime diagram for Rayleigh-Bénard convection drawn by Krishnamurti [36].

1.3 Objectives

As a first objective, we focus our study on the influence of the heat source distribution
on the convection. As we consider that most of the distribution of the internal heating is
caused by absorption of radiating wave such as microwave, an exponential distribution in the
vertical direction is assumed. Using a linear stability analysis, we investigate a condition at
onset of convection for two cases of the distribution. Secondly, we reinvestigate the remaining
problems on internally heated convection, e.g. cell dilatation, and study them in greater detail
than conventional visual obserbation allowed. Thirdly, we investigate temperature behavior
in the internally heated convection in order to support the qualitative investigation and
to compare experimental results and theoretically estimated values quantitatively. Finally,
we attempt to measure a velocity profile in a convection layer of liquid gallium by UVP,
Ultrasonic Velocity Profiler, in order to visualize a flow pattern in low Prandtl number R-B

convection.



1.4 Résumé

This thesis consists of six chapters including Introduction and four appendixes in which results
of supplemental experiments and visualized photographs except for photographs appearing
in the main chapters. As each chapter excluding Introduction and Conclusion is individu-
ally submitted to various journals, they have Abstract, Introduction and Conclusion part.
Contents of the main chapters are summarized as follows.

In Chapter 2, the effects of heat source distribution on natural convection induced by
internal heating are studied. Simple models of heat source distribution in which the distribu-
tion decayed exponentially from the bottom or top boundary were studied. A linear stability
analysis was carried out to calculate the critical Rayleigh number and critical wavenumber for
the onset of convection. Our results show the influence of the biased heat source distribution
on the onset of convection and the effect of the thickness of the source distribution on the
size of the convection cell. As a more realistic problem, the effect of additional bottom wall
heating on the internal heat driven convection was studied. We show that the parameter
controlling the shape of the temperature profile can be expressed as the ratio of the internal
to external Rayleigh numbers (where the internal Rayleigh number is defined for internal
heating and the external Rayleigh number is defined for wall heating). We found that an
asymmetry in the velocity profile appears when there is a local stable layer with a positive
vertical temperature gradient.

In Chapter 3, characteristics of internally heated convection, for instance convection cell
dilatation, are reexamined using new experimental methods and an improved experimental
apparatus in order to reduce uncertainties as much as possible. The convective motion in
the fluid layer was visualized using reflecting particles (Kalliroscope) and independently us-
ing a suspension of Thermo-chromic Liquid Crystal; the latter technique also allowed the
simultaneous investigation of the temperature field. Cell dilatation was conformed in the
improved experimental apparatus and then investigated quantitatively by extracting the pat-
tern wavenumber from Fourier analysis of the images recorded by a digital camera. The
pattern wavenumber was found to decrease with increasing Rayleigh number. We compare
our results with earlier investigations and discuss the influence of the thermal boundary con-
dition at the bottom of the fluid layer on the variation of the wavenumber. Furthermore, we

also discussed a reason of disagreement between theoretical and experimental results.



In Chapter 4, temperature behavior in the internally heated convection is quantitatively
investigated. Calibration system was developed in order to convert the visualized photographs
of temperature field obtained in Chapter 3 to real temperature field. Calibration curve
correlating color information extracted from the photograph to temperature is determined
from approximately linear temperature distribution in horizontal fluid layer by hue method.
The photographs taken at various internal Rayleigh numbers are converted to temperature
field by the obtained curve. A temperature profile in a cell is analyzed by extracting individual
cell from a temperature field and we discussed variation of the profile with respect to internal
Rayleigh number. Statistical values of the temperature field are compared with theoretically
estimated values, and they are well related.

In Chapter 5, we attempt to measure a velocity profile in a convection layer of liquid
gallium by UVP, Ultrasonic Velocity Profiler, in order to visualize a flow pattern in low
Prandtl number R-B convection. Trial UVP measurements were performed in a fluid flow
of liquid gallium driven by magnetic force and in thermal convection of glycerol solution
as a test of a low velocity flow measurement. These results confirm a validity of UVP
measurement on the convective motion in liquid gallium layer. An experimental apparatus of
liquid gallium convection suitable for UVP measurement was developed. We could measure
the velocity profile successfully and measure it at different position or at various Rayleigh
numbers. These results visualize a convection pattern in the layer and show a temporal

behavior of the pattern.



1.5 Nomenclature

¢ sound speed

cp specific heat

g gravity

H :  volumetric heat source

Hy . total power deposited

k horizontal wavenumber

k. : critical wavenumber

L . height of the fluid layer

P :  pressure

Pr :  Prandtl number

q : distribution function of internal heat source

Ry : internal Rayleigh number

R : external Rayleigh number

R : critical Rayleigh number

Ry ¢ reduced internal Rayleigh number, R = R1/R.
t : time

T :  temperature

u(u,v,w) : velocity vector and its components

x(z,y,z) : coordinates of position

08 bulk modulus

AT temperature difference between the top and the bottom boundaries
£, 7 characteristic length of heat source distribution
S = Ri/R

A thermal conductivity

K thermal diffusivity

W viscosity

v dynamic viscosity

p density

* : dimension variable (In Chapter 2)

B perturbation

amplitude function of perturbation



Chapter 2

Theoretical Study on Effect of Distributed Internal
Heat Source

Abstract

Natural convection induced by internal heating, especially the effects of heat source distribu-
tion, is studied. Simple models of heat source distribution in which the distribution decayed
exponentially from the bottom or top boundary were studied. A linear stability analysis was
carried out to calculate the critical Rayleigh number and critical wavenumber for the onset
of convection. Our results show the influence of the biased heat source distribution on the
onset of convection and the effect of the thickness of the source distribution on the size of
the convection cell. We estimated the total amount of heat generation necessary to cause
convection for each distribution, and compared these values with these for uniform internal
heating. Furthermore, we found that the asymmetry in the convective motion is induced by
a ”quasi-stable layer” formed in the bottom part of the fluid layer.

As a more realistic problem, we studied the effect of additional bottom wall heating on
the internal heat driven convection. We show that the parameter controlling the shape of
the temperature profile can be expressed as the ratio of the internal to external Rayleigh
numbers (where the internal Rayleigh number is defined for internal heating and the external
Rayleigh number is defined for wall heating). We found that an asymmetry in the velocity
profile appears when there is a local stable layer with a positive vertical temperature gradient.
Furthermore, heat source distribution is concentrated near the top boundary thickens this
local stable layer and this enhances the asymmetry of the convective motion. The thicker
stable layer reduces the effective height of the fluid layer which in turn causes the critical

Rayleigh number and critical wavenumber to vary drastically.



2.1 Introduction

In Chapter 2, as the first objective, the influences of the heat source distribution on the
convection are investigated by using a simple model of the distribution. The governing equa-
tions for perturbations in the internally heated convection are derived and the fundamental
characteristics of the convection with uniform internal heating are explained in Section 2. In
order to determine the critical Rayleigh number and the critical wavenumber, a numerical
method is derived in Section 3. Since most of the distribution of the internal heating is
caused by absorption of radiating wave, a simple model of heat source distribution, which
varies exponentially to the vertical direction, is assumed. Both cases where heat source con-
centrates near the bottom or the top boundary are considered in Section 4. The models of
heat source distribution have a characteristic length which expresses an extent of the con-
centration. Rayleigh number in which the specific scale of the distribution appears explicitly
is derived for each distribution. Stability analysis is carried out the critical Rayleigh number
and the critical wavenumber for each values of the specific scale.

The combination of internal heating and wall heating from the bottom boundary is con-
sidered, and as the second objective influence of the wall heating on the internally heated
convection is revealed in Section 5. It is shown that the parameter controlling the shape of
the temperature profile is expressed as the ratio of Rayleigh number related to internal heat-
ing (internal Rayleigh number) to that related to wall heating (external Rayleigh number)
by arranging the equation shown in equation (24) in Sparrow et al. [26]. Furthermore this

ratio is extended to the distributed internal heating in the later section.

2.2 Basic equations with uniform internal heating

A horizontal fluid layer unbound for the horizontal directions has steady internal heat gener-
ation H(z*) as shown in Figure 2.1. Let a top (2* = L) and a bottom (z* = 0) boundary be
isothermal with the temperature T* = T} and adiabatic, gradT™ = 0, respectively. Following
assumptions are made: a temperature field is dominated by heat conduction and by internal
heating in stationary state, and a pressure field p*(«*) is in hydrostatic equilibrium. The
fluid layer obeys Boussinesq approximation, and density p* is a linear function of temperature

independently of pressure.



Basic equations in the fluid field (velocity w*, p*, T™ and p*) are the continuity equation,

the equation of motion, the energy equation and the equation of state, as follows.

V*-u" =0, (2.1)
Du* sk sk b b b
P = —V*p* —p ge. + pA*u*, e.=(0,0,1), (2.2)
DT* b b b
plcpm = )\A T —|— H(Z )7 (23)
pe=pm[l = B(1T" = T)], (2.4)

where Laplacian A* = 9%/02** + 0%/0y™* + 02 /0z*%. X, i, 3, H and ¢, are thermal conduc-
tivity, viscosity, bulk modulus (5 = (dV/dT*)7, /VOV is volume), amount of heat generation
per unit time and per unit volume and specific heat respectively. In addition, p; = p(11). It
is assumed that temperature dependence of these physical properties can be neglected.

At first uniform internal heat generation H(z*) = Hy is considered. In a stationary state

(u = 0), solutions of equations (2.2) to (2.4) are

_ _HO

* — Y 2 %2
™ -1 ) (L% = z"%), (2.5)
% HO 2 %2
P 1 st - =) (2.6)
o * HO 2 1 %2
P =prgz [1 ﬁQ)\ (L 3% )] + const. (2.7)

By defining perturbations as u*, T*, p* and p*, physical variables can be expressed as

Equations (2.1) to (2.4) are transformed by substituting these definitions and equations (2.5)

to (2.6), and are linearized. We define dimensionless physical variables as

z* K1 p* L2 L
where thermal diffusivity k1 = A/(p1c,). By using temperature difference between the top
and the bottom boundary, AT = Ty — T} = HoL?/(2)), dimensionless temperature is defined

as

1
T=—T" 2.
AT (29)

10



Finally linearized equations become

V.u=0, (2.10)
%:—wnﬂfﬁ%+ﬂﬂmefqmmm (2.11)
T dT )
— + —w = AT 2.12
ot + dz " ' (2.12)
where
pr=2 (: ,u/,o1> :  Prandtl number,
K1 K1
(2.13)
HyL?
Ry = g5HeL ¢ Rayleigh number.
2)\1/1/61

Being distinct from usual Rayleigh number related with wall heating (external Rayleigh
number), this kind of Rayleigh number is called as internal Rayleigh number. After the
convection occurring, HoL?/(2X) in the definition of internal Rayleigh number does not in-
dicate a temperature difference between both boundaries because the temperature difference
in the internally heated convection depends on convection pattern not only amount of heat
generation.

Perturbations are described as

(@] [a(:)
T(z,t)| = |T(2)| expli(azz + ayy) + ot]. (2.14)
p(,1) p(2)

By substituting this formula into equations (2.10) to (2.12), perturbation equations are de-

d? g O
(Eﬁ_k'_ﬁg

where k is horizontal wavenumber, k = | /a2 4+ 0412/.

Boundary conditions for perturbation velocity are derived from rigid boundary condition

rived as

d? N
<——-—k9>qb::RM9T, (2.15)
d2

as
. dw
W= —

=0 at =0, 1. (2.17)
z

Corresponding to adiabatic boundary (z = 0) and isothermal boundary (z = 1), boundary
conditions for temperature are
T

T =0atz=0, T=0atz=1. (2.18)

11



Linear stability analysis is made on perturbation equations (2.15) and (2.16) with bound-
ary conditions (2.17) and (2.18). Critical values, critical Rayleigh number R and critical
wavenumber k., for uniform internal heating calculated by Roberts [27] are R, = 1386.14 and
k. = 2.629'. Comparing with Rayleigh-Bénard convection (R. = 1707.76 and k. = 3.117,
Reid & Harris [38]), these results conclude that convection occurs more easily and con-
vection cell becomes larger in the internally heated convection. Figure 2.2 shows neutral
stability curves for internally heated convection and for Rayleigh-Bénard convection, which
were recalculated in this study. The curve of internally heated convection is wider than in
Rayleigh-Bénard convection especially for the small side, this difference may suggest that

convection cell in the internally heated convection have various sizes.

2.3 Numerical method

The same method as in Sparrow et al. [26] and in Kulacki & Goldstein [39] was used to obtain
eigenvalues. Namely, solution of governing equations of perturbation was expressed by using

power series as follows:

5 0
w = Zczf(l)(z)v f(l) = Zbg)(z_a)nv (2'19)
=0 n=0
then coeflicients bgf) (n=0,1,2,---,00) for each value of a are determined as follows.

by = fla) = Y bla,

b(ll) = % = ang)an_l,

b(;) = % n(n — 1)bna”_27

bgl) = % n(n—1)(n - 2)()7(12')(1”_37

b = % n(n—1)(n —2)(n — 3)ba"",

b = é S n(n = 1)(n = 2)(n - 3)(n — 9pa"".

'Roberts used the definition of internal Rayleigh number as R; = (g8HL®)/(Avk), and it is twice in our
definition. Thus, R. in his paper is 2772.28.

12



Coefflicients for n > 6 are determined from a recursion relationship. In the case with uniform
internal heat generation it becomes

1
!

b= —{3K3(n = 21,5 — 34 (n — 4)1b,

— 2R, + (2RiE*a — Kb, e)(n — 6)1}  (n > 6).

Only in cases in which a point is near the base point z = a, power series expansion can
determine a value at this position with high accuracy. But if a point is far the base point,
error may increase. In order to reduce such error, the range z = [0,1] is divided into N
parts and calculate at each part. An appropriateness of this division number N is verified
by comparison with exact solution of critical Rayleigh number R calculated by Reid and
Harris [38] in Rayleigh-Bénard problem. Table 2.1 shows an exact solution and approximate
values for various number of N, where numbers in bold style show critical Rayleigh number
R.. In approximate values with N = 2, R, is the same with an exact solusion, but for higher
wavenumber these values are slightly different from exact values. The values with NV = 10
completely corresponds with an exact solusion over all values of k. Therefore, N = 10 was

choosen as the division number in the calculation.

13



Table 2.1: Comparison between exact and approximate values for each divisonal number NV,
where the exact solution was calculated by Reid & Harris [38].

k R
Exact N=1 N =2 N =10
0.5 21009.76 21008.31 21009.76 21009.76
1.0 5854.48  H853.99  5854.48  HRH4.48
1.5 3090.17  3089.84  3090.17  3090.17
2.0 2177.44  2177.06  2177.44  2177.44
2.5 1822.35  1822.65  1822.35  1822.35
3.0 1711.33  1714.31 1711.33  1711.33

3.089 - 1711.89 - -

3.119 1707.68 - 1707.68 1707.68
3.5 1742.33  1756.69  1742.33  1742.33
4.0 1879.29  1935.83  1879.29  1879.29
4.5 2111.43  2337.69 2111.43 2111.43
5.0 2439.54  2201.82  2439.54  2439.54
5.5 2871.27  2095.06  2871.27  2871.27
6.0 3417.84  2223.29  3418.58  3417.84
6.5 4094.40  2292.04  4096.26  4094.40
7.0 4918.17  3030.45  4921.65  4918.17
7.5 5908.03  4451.24  5913.79  5908.03
8.0 7084.97  5900.70  7097.37  7084.97
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Figure 2.1: Coordinates and configuration; thermal boundary conditions at the top and
bottom are isothermal and adiabatic respectively, internal heat source H distributes for the

vertical direction.
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Figure 2.2: Neutral stability curves for internally heated convection(solid line) and for
Rayleigh-Bénard convection (broken line)
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2.4 Distributed heat source

2.4.1 General treatment of heat source distribution

Distributed internal heat source is expressed as follows.
H
H(z9) = 24(z,2), (2.20)

where, ¢(z,¢) is a normalized function which expresses a form of the heat source distribution,
and ¢ is a characteristic length related to the form.
By this definition, .
/ H(z,e)dz= Hy.
0
Hy is a total power induced by internal heating, and it does not depend on a distribution
form. In the case with uniform internal heating, heat source distribution can be expressed

by this formula with ¢(z,¢)/e = 1.

2.4.2 Concentration of heat source on the bottom boundary

Heat source distribution, which concentrates near the bottom boundary, is considered. A
model of heat source distribution, which has the maximum at the bottom and decreases to

the upward direction exponentially as follows, is used.

H(z,e)= %exp (—g) , (2.21)

Q(e) = /Olexp (-2)az=c [1 —exp (-é)] .

Heat source distributions for various values of ¢ are shown in Figure 2.3. As is seen in this
figure, heat source concentrates more near the bottom with decrease of . It becomes close to
uniform distribution by increasing €. H becomes Hy when € approaches the limit of co. For
this model of heat source distribution, the temperature profile in heat conduction is derived
by integrating the equation of heat conduction (2.3), which includes the distribution (2.21),

with boundary conditions (2.18) as follows.

_ HoL? ¢2 1 z 1—z
™ T, = — ) - —— . 2.22
=Sl ()] e
A temperature difference between the top and the bottom, AT, is
= HoL? £2 1 1-¢
AT =T*(z=0)-T, = —— . 2.23
== o (=) + ] (2:23)
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Temperature profile for the vertical direction expressed by equation (2.22) is shown in Figure
2.3(b). In this figure a broken line shows a profile in the case with uniform heating; namely
H = Hy. T* approaches this curve asymptotically with respect to .

Perturbation equation on temperature for such internal heat distribution is derived as

((j_;_]ﬁ_g>f:—${l—exp (—g)}ﬂ), (2.24)

where

For a perturbation equation (2.15), the internal Rayleigh number is defined as

. gﬁHoLE) 52 1 1
=t 0 (5) 1) =)

R1 has a characteristic length of heat source distribution £ in addition to the height of the
fluid layer L.

In a state of neutral stability (¢ = 0) an equation for @ is derived from equations (2.15)

and (2.24) as ,
2 2

(% - k2> @ = —% {1 — exp (—g)} . (2.26)
In order to obtain eigenvalues the same method used in Sparrow et al. [26] was used. A
main part of this method was already explained in the last section. A characteristic equation
is derived using power series solution (2.19), perturbation equation (2.26) and boundary
conditions (2.17) and (2.18). Here, a heat source distribution function exp(—z/c) can be
expanded by Taylor series around z = a as

cp (2) monn(2) £ (222)

m=0

By assuming that the power series (19) is a solution of equation (2.26),

Z{ (nii!ﬁ);bn(z — )" - 3k2mbn(2 —a)"™ 4+ 3k T f!Q)!bn(z — )"

e (2) 3 e (B ) a0
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For this equation to hold for all z, all of the series coefficients b,, have to be zero. And then

following recursion relation can be derived.

!
"l

by, {3k2(n — 2)1b, 5 — 3k (n — 4)1b,_4

(kG _ %) b+ ?T’gexp (_g) ; %bn_t«)_m] (n— 6)!} =0,

In the actual calculation, cutoff number for n and m were 20 and 6 respectively, and the

_I_

region z = [0, 1] was divided into 10 intervals.

Critical values, R. and k., for several values of ¢ were obtained. Variations in these values
with respect to € are shown in Figure 2.4. In these figures, broken lines show critical values for
uniform internal heating calculated by Roberts [27]. R. and k. increase with € and approach
asymptotically to these lines; H = Hy. The largest difference of k. from uniform heating is
only 2% for ¢ investigated here, so that this distribution of heat source has little influence
on the size of convection cell. On the other hand, R, for £ =0.2 is 13% smaller than that for
uniform heating. Therefore the concentration of heat source near the bottom would lower
the stability of the convection.

Until now, critical Rayleigh number for each distribution of heat source with £ was dis-
cussed. On the other hand, discussing total power necessary to induce convection is also
important because we usually estimate intensity of internal heating by using the total power

in experiment. R. is divided by a part that relates to the form of heat source distribution in

D(e) = % [exp (-é) + é - 1] .

Because R./D(c) ~ Hp, comparison of total power in each case is identical to estimating

the definition (2.24) as

R./D(e). Figure 2.5 shows the variation of total power with respect to . In ¢ = 2, convection
occurs at the heat power smaller than that in uniform heating by 10% in spite of the heat
source distribution in € = 2 being nearly uniform. This result suggests that such slight
concentration of heat source to the bottom can promote convection occurring significantly
without increasing total heat amount as an advantage, and also slight deviation of heat
source from uniform heating induces large difference of the critical Rayleigh number even the
same amount of heat is added to the fluid layer. When we experiment on convection with

internal heating, heat source distribution may slightly deviate from uniform. Therefore we
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have to estimate deviation of heat source from uniform in experiment before discussing about

experimental results.

2.4.3 Concentration of heat source on the top boundary

A heat source distribution expressed as

H(z ) = HO) exp (Z; 1) (2.27)

is considered, where

It increases to the vertical direction exponentially and becomes the maximum at the top
boundary. Its variation is reverse to that in the previous section. 7 is a characteristic length
of heat source distribution, and as shown in Figure 2.6(a), heat concentrates on the top
boundary with decreasing 7.

From equation of heat conduction, a temperature profile for this heat source distribution

is obtained as

_ HoL? 7»? [ (z—l) z2—1 ( 1)]
T -1 = 1 —exp + exp|——]1|. 2.28
RO 0 7 77 (2:28)
Temperature difference AT is
AT =T*(z=0)-T Hol” o [1 <1+ 1) ( 1)] (2.29)
=T (z2=0)-T, = - —Jexp|——]]. .
TOx Q) U n

Figure 2.6(b) shows temperature profile expressed as equation (2.28). For small 7, tempera-
ture variation exists only near the top and slightest near the bottom. For instance, at n = 0.1,
temperature is nearly constant in the lower half of the fluid layer and decreasing amount of
temperature at z = 0.5 is only 1% or less of the maximum.

From equation (2.16), (2.28) and (2.29), the perturbation equation is derived as follows.

(i -4 ) T =gy [ (557) - ()

2

7 (2.30)

where
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On the other hand, from equation (2.15),
d? 2_ 9 d? 2\ 2
T atm () (53)
Ri=——— 1—(1+—-)ex —— . 2.31
" ik Q) n P n (2:31)

The equation for perturbation velocity @ in the state of neutral stability (¢ = 0) is

(;‘l—; — k2>3ﬁ) = —% [exp (%) — exp (—%)] w. (2.32)

Figure 2.7 shows variations of R. and k. with respect to 1. Both variations are gradual

for n > 0.5, but sharp below n = 0.5. At n = 0.1, for instance, R. becomes 4.5 times as large
as that for H = Hgy. For a small value of 5, the temperature is nearly constant over a wide
range of the vertical direction as seen in Figure 2.6(b). Temperature gradient is gradual, but
the fluid layer is certainly unstable just only gradual temperature gradient. Such a layer,
however, clearly reduces instability of the fluid layer as given in Figure 2.7. Therefore, we
name such a layer as a quasi-stable layer. Large deformation of a temperature profile from
uniform heating with formation of the quasi-stable layer especially increases a dimensionless
critical wavenumber k.. The increase of k. from uniform heating is approximately 14% at
n = 0.1, and an extreme concentration of heat source on the bottom boundary may induce
large influence on the size of the convection cell.

Eigenfunction @ for uniform internal heating is almost symmetrical with respect to the
half line of the fluid layer. For a heat source distribution in which heat source concentrates on
the top boundary, @ is not symmetric and the center of the convection cells becomes slightly
higher than the half line. For instance, this distance is approximate 3% of the height of the
fluid layer for the distributed internal heat source with = 0.1. Profile of @ in the internally
heated convection is originally asymmetric because temperature profile in the conduction
state is asymmetric being different from the standard Rayleigh-Bénard convection. It is,
however, not apparent in the uniform internal heating. Concentration of heat source on the
top boundary enhances such asymmetric property of @. There is no clear critical value of 7
for asymmetry to be induced and thickness of the quasi-stable layer cannot be determined

because temperature decreases to the vertical direction monotonically even for small value of

n.
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Using R./D(n) can estimate total power necessary to induce convection, where

2= gt [ (3) e (55)]

Figure 2.8 shows that total power necessary to induce convection by heat source distribution

with 7 = 0.1 is 20 times as large as that in uniform heating. Even at n = 1, the total power

becomes 1.3 times.
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(a) Internal heat source (b) Temperature

Figure 2.3: (a) Heat source distribution and (b) temperature profile at conduction state
versus £, broken line shows temperature profile for uniform internal heating, H = Hp.
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Figure 2.4: Variation of critical Rayleigh number R, (below) and critical wavenumber k.
(above) versus e, broken lines express k. and R, for uniform internal heating.
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Figure 2.5: Variation of total power necessary to induce convection with respect to £, broken

line shows one for uniform internal heating.
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Figure 2.6: (a) Heat source distribution and (b) temperature profile at conduction state
versus 7, broken line shows temperature profile for uniform internal heating, H = Hp.
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Figure 2.7: Variation of critical Rayleigh number R, (below) and critical wavenumber k.
(above) versus 7, broken lines express k. and R, for uniform internal heating.
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Figure 2.8: Variation of total power necessary to induce convection with respect to 7, broken
line shows one for uniform internal heating. Inside figure shows close-up of part enclosed by
broken curve.
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2.5 Combination with wall heating (mixed convection)

Thus far, heat flux through the bottom boundary was neglected in order to focus on only effect
of distribution of internal heat source with the bottom boundary being adiabatic. In this
section the case with heating from below with T* = Ty, T5 > T} is consider as more realistic
problem. As shown in Figure 2.9, the configuration without thermal boundary condition
at the bottom is the same in the last section. There are two kinds of heat source, namely
internal heat source and external heat source as wall heating in this problem, and problems
for each heat source have been studied as internally heated convection and Rayleigh-Bénard
convection. This problem is a mixture of both problems and is might be called ”mixed

convection”?.

2.5.1 Temperature profile with Internal and External Rayleigh number

We consider the combination of the uniform internal heating and the wall heating at the
bottom. Adding of wall heating to the internally heated convection changes a form of a

temperature profile for the vertical direction. Temperature in the conduction state 7% is

derived as
s )
T=—o-—=— -1 1 2.
T, 0z" + (© )z + 1, (2.33)
HyL?
h = .
where © N> — 1)

O is a dimensionless parameter, which determines a form of a temperature profile. Figure
2.10 shows examples of temperature profile for two © values. In a case with © < 1, as a curve
with a broken line shown in this figure, the temperature profile is similar to that with an
adiabatic boundary. Namely, temperature has the maximum on the bottom and decreases to
the vertical direction monotonically. On contrary, in case with © > 1, as a curve with solid
line, the profile has the maximum at hy which is higher than the bottom and the maximum
temperature Thy is greater than the bottom temperature T3. Therefore in this case, a local
stable layer is formed in range of 0 < z < hs. It is easy to derive from equation (2.33) that
hs = (© — 1)/20. h increases with increase of ©, and hs becomes 1/2 at @ — oc.

2We perform experimental observation of mixed convection in Appendix 1.
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The definition of © is represented as

HyL?
@Z 20)\ (TQ_T1)7
B

I

(2.34)

It is a ratio of the internal Rayleigh number to the external one. For © < 1, wall heating is
dominant and the overall fluid layer is unstable. On the other hand, ©® > 1, internal heating
is dominant and a locally stable layer is formed.

Stability analysis for this problem was already made by Sparrow et al. [26]. Their interests
were, however, only effects of nonlinear temperature profile on convection and they did not
discuss about ©. Critical ”external” Rayleigh number and critical wavenumber for each
O changes by a selection of a characteristic temperature and a characteristic length. For
instance, at © = 5, R, calculated by using temperature difference between both boundaries
and height of the fluid layer is 1463. By using the maximum temperature in the fluid layer
and height of an unstable layer L(1 — hg), it becomes 569 [26].

At © > 1, convective motion may change from that of pure internal heating or that of
pure wall heating. Figure 2.11 shows profiles of perturbation velocity w. The profile without
wall heating is symmetrical with respect to the horizontal centerline of the fluid layer. The
profile with large value of ©, ©® = 20, however, becomes asymmetric and the position of
the maximum @ moves to upward. Therefore the center of convective motion is displaced
to upward. As already mentioned in the last section, convective motion of internally heated
convection is potentially asymmetric, and then a local stable layer formed near the bottom

may enhance such asymmetric convective motion.

2.5.2 With distributed internal heating

Formation of a local stable layer in the combination of internal heating and wall heating at
the bottom and symmetry breaking of a profile of velocity perturbation @ were discussed.
Distributed internal heating in which heat source concentrates on the top boundary makes
a quasi-stable layer and also induces such a symmetry breaking as mentioned in the last
section. Such distributed internal heat source may accelerate asymmetry of @ in convection
which has internal heating and wall heating at the bottom. Formation of a local stable layer

and asymmetry of W are investigated.
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Temperature profile in conduction state is derived as

T -1

T= = _®nf(zv 77) + (677 - 1) z+ 1, (2'35)
T -1
H0L2772
h = —
where ©, N — )

and f(z,n):e_l/”(eZ/”—I—z—l)7 0< flzy,m) <1 for 0<2z<1, n>0.

This equation and parameter ©, are generalized temperature profile of equation (2.33) and

generalized parameter of ©, and O, is also an important parameter of the form of temperature

profile. Figure 2.12 shows temperature profile for ©, = 0.6 and that for ©, = 1.5, where

n = 0.2. Asshown in this figure, a local stable layer is not formed in the case with ©,, = 0.6 but

is formed at ©,, = 1.5 in the lower part of the fluid layer. Its height is becomes approximately

half of the fluid layer although O, is still small. It is easy to derive from equation (2.35) that
hs = nln {77 {1 - 6_1/77} - @i} +1, 771i_>1r1(r>1ohs =1.

n

This equation shows that height of a stable layer for large ©, becomes large beyond half
height of the fluid layer, which is the maximum height in uniform heating case. Such thicker
stable layer enhances asymmetry of @ than in wall heating with uniform internal heating in
which it needs large value of ©. For instance, at n = 0.2 and ©,,, the center of the circulation
in which @ is the maximum moves to upward by 5% of height of the fluid layer even small
value of ©,.

Perturbation equations for this problem are derived. By substituting equation (2.35) into

equation (2.16), it becomes
d> 9 ~ 0, z—1 1 B
(@_k _U>T__{7€Xp< ; >_®77 [1—exp (—5>]—|—1}w. (2.36)

From equation (2.15),
&’ 2 9 d’ 2\ - 277
<d22 — k- Pr) <d22 —k >w = RE*T. (2.37)

where this Rayleigh number is the external Rayleigh number expressed as

_ gB(Ts — TI)LS‘

Viky

R (2.38)

Because both boundaries are isothermal, boundary conditions for temperature perturbation

are

T=0atz=0,1. (2.39)
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Stability analysis calculated R. and k. for each © with n = 0.2 as shown in Figure
2.13. ©, = 0 means no internal heating, namely this case is the same to Rayleigh-Bénard
convection. Here critical values calculated in Reid & Harris [38] are used as critical values
at ©, = 0. R. increases monotonically with respect to ©,. When 0, < 1, temperature
gradient at the bottom becomes small with increase of ©,, and then inflow of heat at the
bottom becomes small. On the other hand, when ©, > 1, reversal of temperature gradient
near the bottom causes outflow of heat at the bottom. These might increase R.. The slope
of variation of k. with respect to O, increases greatly from ©, = 1. Therefore an increase of

wavenumber may be induced by formation of a local stable layer.

2.6 Conclusion

Linear stability analysis was used to clarify the effects of heat source distribution on internally
heated convection. The conditions for the onset of convection, namely the critical Rayleigh
number R. and critical wavenumber k., were determined for non-uniform distributions of heat
source in which heat source is concentrated in the lower or the upper part of the fluid layer.
Concerning the effects of the heat source distribution a function of R. and k., (defined with
respect to the characteristic length of the source distribution), the following conclusions have
been drawn. Concentration of the heat source near the bottom boundary lowers R, and eases
convection occurring, namely it lowers the temperature difference at which convection occurs.
Variation of k., however, is small, and there is only a slight influence of this distribution on
the size of the convection cell. Concentration of the heat source near the top boundary
increases R. and prevents convection occurring. When the concentration is extreme, with
extremely small 5, k. changes greatly in contrast to when the heat source is concentrated
near the lower boundary. Furthermore, an asymmetry of the vertical velocity W appears,
and then convective flow near the bottom boundary becomes weak. These variations of the
characteristics of convective motion may be caused by a quasi-stable layer formed on the lower
part of the fluid layer. In common with both heat source distributions, even a slight deviation
from uniform heating induces a large difference in the total power input, even though the
temperature profiles are similar.

”Mixed convection” where wall heating at the bottom boundary is combined with internal

heating was also investigated. The dimensionless parameter ©, defined as the ratio of internal
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to external Rayleigh number, determines the form of the temperature profile. A local stable
layer in which temperature increases in the vertical direction is formed near the bottom
boundary when © is greater than 1, and a temperature profile similar to pure internally
heated convection for ©® < 1. For large values of © a strong asymmetry in the vertical
velocity w appears, and flow near the bottom boundary becomes weak. When the heat
source distribution is non-uniform and concentrated near the upper boundary, an asymmetry
appears even for small internal Rayleigh numbers; that is, small value of ©,. The local stable
layer formed in this case is thicker than for uniform internal heating. It spreads into the
upper half of the fluid layer even for a small value of ©,. Such a local stable layer might
cause a large change in R. and k..

The system investigated in this study is typical in nature and may be different in in-
dustrial configurations. The results, however, might be common characteristics related to
many convective phenomena. Asymmetry of convective motion caused by a local stable layer
is typical of internally heated convection with distributed internal heat source. It is often
explained that such asymmetry is caused by temperature dependence of physical properties
such as kinematic viscosity. But it might happen even in the ideal system without such a
temperature dependence.

As mentioned in the Chapter 1, an improved experiment for internally heated convection
will be explained in Chapter 3 and we have found that the cell undergoes elongation with
increasing Rr. The wavelength changes by nearly 100% in the range Ry = 2700 to 8100.
In my experiment, the heat source is not strongly concentrated near the upper boundary as
modeled here, and this elongation of the cell might not be caused by non-uniform distribution

of heat source as concluded from the present results.
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Figure 2.9: Coordinates and symbols for mixed convection, combination of internal heating
with the wall heating from below

Figure 2.10: Comparison of temperature profiles for difference O; solid line ©® < 1 and broken
line ©® > 1. hys shows height of local stable layer in which temperature gradient is positive for
the vertical direction.
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Figure 2.11: Comparison of perturbation velocity profiles w(z); solid line © = 20 and broken
line internally heated layer without wall heating.

Figure 2.12: Comparison of temperature profiles for difference ©, at n = 0.2; solid line
0, = 1.5 and broken line ©,, = 0.6. iy shows height of local stable layer in which temperature
gradient is positive for the vertical direction.
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Figure 2.13: Variation of critical Rayleigh number R. (below) and critical wavenumber k.

(above) versus O, at n = 0.2, broken line expresses R, for distributed internal heating with
n = 0.2 without wall heating.
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Chapter 3

Experiment on Internally Heated Convection

Abstract

Natural convection induced by internal heat generation has various interesting characteristics,
for instance convection cell dilatation. These characteristics are reexamined in this chapter
using new experimental methods and an improved experimental apparatus in order to reduce
uncertainties as much as possible. The convective motion in the fluid layer was visualized
using reflecting particles (Kalliroscope) and independently using a suspension of Thermo-
chromic Liquid Crystal; the latter technique also allowed the simultaneous investigation of the
temperature field. Cell dilatation was conformed in the improved experimental apparatus and
then investigated quantitatively by extracting the pattern wavenumber from Fourier analysis
of the images recorded by a digital camera. The pattern wavenumber was found to increase
with increasing Rayleigh number. We compare our results with earlier investigations and
discuss the influence of the thermal boundary condition at the bottom of the fluid layer on
the variation of the wavenumber. Disagreement between experimental and theoretical study

on the cell dilatation is discussed qualitatively.
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3.1 Introduction

3.1.1 Characteristics of internally heated convection

Several characteristics of the internally heated convection were already mentioned in earlier
studies [22, 23], which are (a) 3-dimensional and irregular cell shape, (b) cell arrangement
aligned with electric current, (c) localized descending flow at the center of a cell and (d)
drastic cell dilatation with respect to internal Rayleigh number. There are, however, many
problems in the earlier studies, therefore these characteristics should be reexamined. More-
over a method was almost only classical observation of convective motion. We confirm these
characteristics, especially drastic cell dilatation, by using innovative method in improved

experimental setup.

3.1.2 Problems with previous studies

Three problems criticism of past studies that we address in the work reported here are: (1)
After convection cells appear, the temperature field in the fluid layer becomes non-uniformity
in the horizontal directions. This temperature variation induces non-uniformity in the elec-
trical conductivity of the fluid. As a result, the amount of internal heat generation also
varies in the horizontal directions. This problem was already pointed out by Schwiderski
& Schwab [23]. (2) For convenience the theoretical studies assumed adiabatic boundary for
the bottom plate. However, the true boundary condition was non-adiabatic — the experi-
ments used a bottom plate made of Plexiglas or glass. Thus in the experiments a local stable
layer where the temperature increases in the vertical direction formed in the fluid layer near
the bottom plate. This stable layer may causes the critical Rayleigh number and critical
wavenumber to vary, as estimated by Sparrow et al. [26] and Kulacki & Goldstein [39]. (3)
Schwiderski & Schwab [23] estimated the diameter of a convection cell identified in a photo-
graph and showed that it varied as a function of the internal Rayleigh number. Clearly their
method of estimation lacks objectivity.

In this experiments we used a more precise experimental setup minimized or eliminated
the first and second difficulties described above. We also studied the variation of the cell
dilatation with Rayleigh number more systematically and objectively by measuring the pat-
tern wavenumber using Fourier transform of images of both the convective motion and the

temperature field taken by a digital camera.
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3.2 Configurations

Figure 3.1 shows coordinates and thermal boundary conditions of this problem, where spa-
tial variables z, y and z have dimension unlike in Chapter 2. The horizontal fluid layer with
thickness L is sandwiched between two rigid plates and that are unbounded in the horizontal
directions. The fluid layer generates heat uniformly at rate H per unit time and per unit
volume. To emphasize only the effect of internal heat generation, the thermal boundary condi-
tions on the top and the bottom plate were set as isothermal and adiabatic, respectively. The
control parameter in this problem is internal Rayleigh number, which was already explained

in Section 2.1, defined as

gBHL?
Ry =

! 2 ky

(3.1)

where ¢ is gravity, S, A, k and v are thermal expansion coefficient, thermal conductivity,
thermal diffusivity and kinematic viscosity of the fluid respectively. Instead of Ry, we use the
reduced internal Rayleigh number R} = Ri/R., where R, is critical Rayleigh number and
Roberts’s calculations yield R. = 1386 [27].

3.3 Experimental setup and method

3.3.1 Experimental apparatus

The experimental apparatus was designed and constructed in order to minimize non-uniformities
in the internal heat generation and to realize the adiabatic boundary condition at the bottom
of the fluid layer. Figure 3.2 shows the schematic illustration of the experimental apparatus,
and Figure 3.3 shows photographs of the apparatus. The apparatus mainly consists of two
parts, a fluid container shown in Figure 3.3(a) and a cooling part as the lid of the container
also shown in Figure 3.3(b). All but the bottom plate of the fluid container is made of Plexi-
glas with a thickness of 10 mm. Horizontal area of the container is a nearly square with sides
measuring 220 mm and 210 mm, and the plate separation is 7 mm, yielding an aspect ratio of
30. In order to realize the adiabatic condition, 6 mm vacuumed glass with 0.2 mm vacuumed
space (to 107% atm), is used as the bottom plate. The heat flux through the bottom plate is
reduced to one third the maximum heat flux of a Plexiglas plate. Moreover, the vacuum glass
is transparent, and thus it becomes easy to take photographs of the fluid layer. Photographs

of the fluid layer were taken from the bottom by setting a mirror under the fluid container
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at an angle of 45 degrees from the horizontal.

The lid of the container, the cooling part, is an aluminum block 18 mm thick. The
temperature at the bottom surface of this block was kept constant by flowing water over the
lid. The temperature of the flowing water was controlled by a thermostatic bath to within
+0.1 °C. The water temperature was initially set to room temperature, which is about 20
°C, to reduce an initial perturbation in the fluid and heat flux through the sidewall of the
container. The bottom of the aluminum block was coated with black paint for the sake of
electric insulation and visualization. The height of fluid layer (7 mm) was about 1.5 times
greater than that used in previous experimenal studies [22, 23]. Therefore, to achieve the
same internal Rayleigh number as used in previous experiments, the amount of internal heat
generation was reduced to one eighth that used in previous studies [22, 23].

A 0.5 wt % potassium chloride (KCI) solution was used as the ionic fluid. In comparison
with past studies, this ionic fluid has a small electric conductivity and furthermore is only
weakly dependent on temperature. Copper electrodes were located at the both sides of the
fluid layer. There were 5 mm gaps between the electrodes and the aluminum lid in order to
remove bubbles generated by electrolysis and also to insulate electrically between the both
metals. A stabilized AC power supply, NI model EPX4104, was used for electric heating to
avoid bubble generation at the electrodes. The ACPS was driven with 50 Hz but there was
no time depending phenomenon in the fluid layer.

2 digital multimeters (DMM) were used as the auxiliary apparatus for measurement of
electric current and electric potential. These were connected to the fluid layer in parallel
or serial as shown in Figure 3.4(a). Minimum measurable ranges of these DMMs are 1 pA
for electric current and 1 mV for electric potential. Figure 3.4(b) is a photographs of an
assembled experimental setup with DMMs. Table 2 shows specifications of the experimental

setup.

3.3.2 Verification of apparatus and determination of internal Rayleigh
number in the experiment

Uniformity of temperature on the cooling plate

In the experiments, heat exchange between the cooling plate and the cooling water may not
be uniform for each position at the top surface of the cooling plate, and the temperature

field at the top surface may be also non-uniform. This non-uniformity of the temperature
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Table 3.1: Specifications of the experimental setup

Fluid container

Size 220 mm (including 5 mm gaps) x 210 mm x 7 mm

Lateral wall 10 mm thick Plexiglas

Bottom plate vacuumed glass (which has 107¢ atm vacuum layer)
Lid of the container

Material 18 mm thick aluminum block

Cooling flowing water by thermostatic bath
lonic liquid 0.5 wt % potassium chloride (KCI) solution
Electrode 1 mm thick copper plate
Power supply stabilized AC power supply, NF model EPX4104
Ammeter DMM with 1 gA minimum measurable range
Voltmeter DMM with 1 mV minimum measurable range

field is, however, almost reduced at the bottom surface of the cooling plate because material
of this plate, aluminum, has high thermal conductivity and this block is enough thick to
even out temperature. The non-uniformity of the temperature may induce the temperature
perturbation in the fluid layer and changes the problem more complex. We confirmed the
uniformity by measuring the temperature field using a K-type thermocouple. Figure 3.5
shows the temperature field at the bottom surface, where setting temperature is 20 °C and
an interval of the measuring point is 21 mm in the horizontal axes. The temperature is
slightly large at the left side of the fluid layer, but this difference is only 1 % at the maximum
for the setting temperature. An average of the surface temperature is 20.0 °C and a standard
deviation is only less than 0.4 % for the average. It may show that temperature is enough

uniform.

Uniformity of heat generation

As already mentioned, it has been assumed that internal heat generation is uniform. After
convection cells appear, however, the temperature field in the fluid layer becomes non-uniform
and varies in the horizontal directions. This temperature variation induces non-uniformity in
the electrical conductivity of the fluid. As a result, the amount of internal heat generation also
varies in the horizontal directions. It is not possible to wholly eliminate the non-uniformity.
In actual experiment, moreover, it may not be completely uniform although before convection

cells appear. We estimated such non-uniformity induced by the setting configuration, which
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are location of the electrodes and so on.

Amount of heat generation is determined by a product of electric current and difference
of electric potential. If the concentration of the ionic solution is enough uniform at the initial
condition, measuring the difference of electric potential can estimate non-uniformity of heat
generation. Electric potential was measured at each position overall the horizontal fluid layer,
whose temperature is kept constant. Height of the measurement position is z = 5 mm and
an interval in the horizontal directions is 30 mm. Figure 3.6 shows the contour of electric
potential for two conditions of electric current and voltage between the electrodes, where the
shown value is the difference of electric potential from the left side electrode. As shown in
this figure, electric potential in the fluid layer is almost uniform, and standard deviation of
the difference of electric potential is 1% for the average at the both conditions. It is negligibly
small because this deviation appears as square in heat generation.

The variation of electric potential in the vertical direction was also measured with 1 mm
interval as shown in Figure 3.7 in order to estimate non-uniformity of heat generation in the
vertical direction. As already discussed in Chapter 2, even heat source distribution with slight
deviation induces large difference of critical Rayleigh number. In the present configuration,
such deviation, however, was 0.2 % at a maximum overall measuring points in the horizontal
plane, and corresponds to ¢, n > 100 in distributed internal heating defined in Chapter 2.
Furthermore this distribution of voltage has no regular trend. Therefore we can conclude

that this deviation makes no influence for the convection.

Variation of electric power

Internal heat generation is realized as Joule heating induced by passing electric current
through the fluid layer, and its amount per unit volume and per unit time is determined
from Joule’s low defined as H = I x E/V | where [ is effective value of electric current, F
effective value of difference of electric potential between both electrodes and V' volume of the
fluid layer. Since electric conductivity in ionic liquid depends on temperature, which generally
increases with respect to temperature, electric current passing fluid layer slightly increases
with respect to mean temperature in the fluid layer. Figure 3.8 shows a variation of electric
power, which is a product of I and F/, with respect to time, where initial values are 3.29 W,

26.3 V and 125.4 mA. Electric power slightly increases, and then it reaches equilibrium state
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after two hours. At this time convective motion also becomes equilibrium. The equilibrium
value is larger than initial value with 7 %, and this value was used for the determination of

internal Rayleigh number Rj.

3.3.3 Visualization

Kalliroscope, AQ-1000 rheoscopic concentration [43], was used in order to visualize the fluid
motion. It is a suspension of microscopic crystalline platelets, which has size of 6 x 30 x 0.07
pm and is made from guanine, 1.62 g/cm? density, and these platelets are aligned parallel to
the planes of share flow [44, 45]. By incident light sheet it can visualize large-scale fluid motion
easily as contrast of brightness. Moreover it does not make chemical reaction; therefore it
may be extremely useful for the experiment of internally heated convection. Figure 3.9 shows
an example of a flow visualized by Kalliroscope, which is the fluid flow passing a circular
cylinder, i.e. Karmann vortices.

A visualized fluid motion, however, is not a physical variable, which characterizes the
convective phenomena quantitatively. Thermo-chromic Liquid Crystals (TLC), Japan capsule
products type KW, was also used for the visualization of the temperature field. TLC is a
microcapsule of liquid crystal, which changes its color with respect to temperature, where the
microcapsule has 10~20 ym diameter and 1.01 ~ 1.02 g/cm?® density. Suspension of TLC,
therefore, can easily visualize the instantaneous temperature filed, and then it is a great
tool to investigate heat transfer in the fluid [40, 41]. It has no guarantee for chemical and
electrical reaction, but there was no an especial problem induced by such reactions during
the experiments.

Visualized photographs were taken from the bottom of the fluid container through the
transparent vacuumed glass by a digital camera, Nikon D1X. Light sheet generated by a
halogen lamp, Moritex MHF-G150LR, was emitted in the middle height of the fluid layer.
Thickness of the sheet is about 2 mm (Figure 3.10). These photographs have a lot of image

elements about 1500 times 1500 pixels for accurate analysis of the images.
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Figure 3.1: Coordinates and thermal boundary conditions; The top boundary is isothermal
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Figure 3.2: Schematic illustration of experimental apparatus; y — z cross section (left) and
z — x cross section (right).
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(a) Fluid container (b) Cooling part

Figure 3.3: Photographs of experimental apparatus; (a) Fluid container and (b) Cooling part
as the lid of the container.
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(a) Schematic illustration (b) Photograph

Figure 3.4: Connection of DMMs with the fluid layer.
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Figure 3.5: The temperature field at the bottom surface of the cooling plate.
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Figure 3.6: Contour of electric potential in the fluid layer; (a)10V, 0.05A and (b) 15V and
0.1A (these voltages show interelectrode potential).
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Figure 3.8: Variation of electric power with respect to power distribution time.

Figure 3.9: Example of flow visualized by Kalliroscope [43]: Karmann vortices behind a
circular cylinder.

~2 mm

Figure 3.10: Visualized photograph of light sheet for the visualization. Its thickness is ap-
proximately 2 mm.
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3.4 Results and discussions

3.4.1 Visualization

Evolution of convection cells

Figure 3.11 shows the evolution of convection cells after the fluid layer is suddenly added
a setting voltage. Figure 3.11(a) shows the fluid layer immediately after adding voltage,
where the electrodes are located at the both horizontal sides of the fluid layer. There is no
perturbation in the center of the layer, but a roll like convection cell appears near the top
and the bottom side in a photograph. Temperature difference between inside and outside of
the fluid layer may induce these roll cells. A local convective motion appears as black spot
overall the fluid layer, and roll cells appear near the left and the right side (Figure 3.11(b)).
Such local motion gradually change into a bending roll cell (Figure 3.11(c)). In Figure 3.11(d)
and (e) roll cells repeats breakup and fusion, and becomes individual polygonal cell, whose
size is nearly constant. The shape of the cell changes into a quasi-hexagon (Figure 3.11(f) to
(h)), where each cell fringed by various color lines in the photographs shows the same cell.
In addition roll cells near the every side of the fluid layer remains in the equilibrium state
(Figure 3.11(h)).

Figure 3.12 shows the evolution of convection cells when heat generation increases grad-
ually with a constant rate. Variation of electric power is an approximate linear function of
time (Figure 3.13), and its rate is about 0.18 W per 6 min, which is equivalent to 0.08 W per
6 min in increase of R}. There is no convective motion immediate aftermath of adding small
voltage (Figure 3.12(a)). In Figure 3.12(b), a local convective motion seems everywhere as
a distributed black spot. At about half value of critical rayleigh number, roll cells perpen-
dicular to the both electrodes appear near the electrodes, and at the center of the fluid layer
there is complex convective motion (Figure 3.12(c)). At slightly under the critical Rayleigh
number, R} = 0.92, roll cells near the electrodes remains as the same shape but such complex
convective motion changes to an organized motion like a meandering roll (Figure 3.12(d)).
Such roll cell gradually changes into an individual-small cell with respect to R}, and instead
of these roll cells irregular polygonal cells spread over the fluid layer (Figure 3.12(e)). These
polygonal cells eventually become a quasi-hexagonal cell similar to convection cell in the case
that the fluid layer is suddenly added setting voltage shown in Figure 3.11 in the equilibrium
state (Figure 3.12(f)). Finally there is no difference between both ways of adding voltage,
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and then we choose the first way to add voltage. In this experiment, an organized convective
motion appeared at near the critical Rayleigh number calculated by Roberts [27] and this

observation supports his calculation.

Convective motion

Photographs of convection patterns for 3 values of R} are shown in Figure 3.14. Each picture
was taken after convection pattern relaxed to a time-independent steady state. This took
about 2 hours in the experiments. The white square in the upper right corner of these pho-
tographs is an indication of 2L. A light sheet was emitted from above in these photographs.
The copper electrodes were located on the both sides and then the direction of the electric
current in these photographs is the horizontal direction, i.e. z-direction.

There are cells with irregular shape in every photograph taken at different R} and this is in
accord with the results of the past studies [22, 23]. Asis well known, the shape of a convection
cell in Rayleigh-Bénard convection at Rayleigh numbers, slightly larger than the critical
Rayleigh number, is a two-dimensional roll. In these experiments, however, the convectin
cell has a polygonal (nearly hexagonal) shape. The same experiment with a thinner fluid
layer with 3 mm thickness was performed and the patterns were similar, irregular hexagonal
shape. This result confirmed that the irregularity of the cell shape may not be induced by
variation of physical properties in the vertical direction, which is caused by a thicker fluid
layer. This irregularity of cell shape in the internally heated convection may be induced by
the wide range of a selectable wavenumber. As already mentioned in Chapter 2, a neutral
stability curve of internally heated convection has a wider range of a wavenumber than in
Rayleigh-Bénard convection especially in the small side, and a slope of the curve near the
critical Rayleigh number is flatter than in Rayleigh-Bénard convection as shown in Figure
3.15. Schwiderski & Schwab [23] pointed out that the arrangement of cells depends on the
direction of the electric current and cells are arranged as shown in Figure 3.16. However, in
these experiments we could find no significant dependence of the arrangement on the direction
of the current.

Because we used a thick fluid layer in order to reduce internal heat generation non-
uniformity, we expected the cell dilatation to be much weaker in the present experiments

compared to previous studies [22, 23]. However, as the photographs illustrate, the convection
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cells clearly expand while at the same time keeping their shape as Ry increases.

At large R}, about R} > 8, the cell dilatation saturates by influence of the lateral wall or
other reasons. When Rj increase furthermore, a different cell structure appears as shown in
Figure 3.17(a), which has double circulations in a cell, namely flow ascends at the periphery
and the center of a cell, and descends at the middle position between the center and the
periphery as shown by a schematic illustration of circulation (Figure 3.17(b)). Such ”"double
cell structure” was observed by Schwiderski & Schwab at similar Rf. This structure, however,
was unstable in their observation, and they concluded that the double cell structure is a
transitional state to the single-polygonal cell. But this particular cell structure stably existed
during present experiment, 2 hours or more, and it became a stable cell structure at least.
Convection cells at large Ry, R ~ 21, are obviously influenced by the lateral wall of the fluid
container, and a stability of this double cell structure may strongly depend on the size of the

fluid layer. Transition to the double cell structure will be discussed in the next chapter.

Temperature field

We also studied the shape of cells from photographs of the TLC visualized temperature field.
The photographs in Figure 3.18 show the temperature field in the fluid layer for three value
of Rf. TLC responds to higher temperature by turning blue and to lower temperatures bu
turning red. An intermediate range of temperature is expressed by continuous variation of
color from red to blue, which includes green in the half way. The range of temperature, which
can be used in the experiment, is determined by the kind of TLC. In this experiment the
range was usually from 23 to 28 °C.

Temperature in the horizontal layer is distributed concentrically about the center of a
convection cell until it reaches the lateral boundary of an adjacent cell. This temperature
distribution is similar to the mathematical model of a hexagonal cell suggested by Christo-

pherson [42]. This model is expressed as

T(z,y,2) = T(2) {cos [g (Ve + y)] +cos [g (Ve - y)] + Cos(ky)} . (3.2

where k is a horizontal wavenumber. Temperature field according to this model is shown in
Figure 3.19. After this, we assume that cell shape can be expressed by this this mathematical

model.
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The photographs visualized with TLC also show irregular cell patterns and dilatation of
the convection cell that varies with Rj. Moreover the colors in the photographs show the
flow direction in a cell. Namely, the fluid descends in the center of the cell and ascends along
the polygonal outer boundary. These directions are the reverse of those found in Bénard
convection cells (Figure 3.20). Localized descending flow in the cell center was previously
observed in an experiment at high Rayleigh number [34], in a numerical simulation [35], and
in an experiment for internal heated convection with external heating at the bottom [30].
Therefore the descending flow in the center may be characteristic of convection driven by

internal heating.

3.4.2 Qualitative explanation for the flow direction in a cell

As shown in the last section, localized descending flow appears at the center of a cell in in-
ternally heated convection. Such flow circulation in a cell was already mentioned in previous
studies, Tritton & Zarraga [22], Schwiderski & Schwab [23], moreover the present study ex-
pressed the descending flow by the temperature field. We will explain the reason of occurring
such descending flow simply.

Chandrasekhar [4] explained occurring convection as follows:

Instability occurs at the minimum temperature gradient at which a balance can
be steadily maintained between the kinetic enerqy dissipated by viscosity and the

internal energy released by the buoyancy.

Figure 3.21 shows the temperature profile in the conduction state as the solution of the
equation of heat conduction. The temperature profile in Rayleigh-Bénard convection is a
linear function of the vertical direction, however, that in internally heated convection is not a
linear function, it varies parabolically in the vertical direction. According to Equation (2.4)
discussed in Section 2, gradient of buoyancy is not uniform in internally heated convection.
If viscous dissipation of kinetic energy is the same overall the fluid layer, at first the balance
may break up near the upper boundary and a local convective motion occurs, it is, of course,
descending flow. Descending flow is the essence in internally heated convection and ascending
flow is induced by continuity of the fluid.

An influence of a non-linear temperature profile on the form of a convection cell has

been discussed in Rayleigh-Bénard problem [46]-[51]. Weakly non-linear stability analysis
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for the non-linear temperature profile showed results as follows: In a non-linear temperature
profile, which slightly deviates from the linear profile as concave upward, a roll cell or a
hexagonal cell with ascending flow at the center (HU) is stable in the fluid layer. On the
other hand, in a convex upward temperature profile, a hexagonal cell with descending flow
(HD) becomes stable. Numerical and experimental studies support this result. Although the
thermal boundary condition is different to Rayleigh-Bénard problem, temperature profile in
the internally heated convection is convex upward and a cell shape observed in the experiment,
HD, does not contradict this result.

In a discussion of such non-linear temperature profile, local Rayleigh number, which is

defined as

R, = 9PdT/d) LT (3.3)

KV
was used for explanation of stable cell shape [52]. It is a function of z and contains a tem-
perature gradient as derivative of a temperature profile in the vertical direction. Figure 3.22
shows profile of R, for the internally heated convection and for Rayleigh-Bénard convection.
A profile of R, in internally heated convection has the maximum at the top boundary, then
convective motion may occur near the top boundary, i.e. descending flow. On the other hand,
in Rayleigh-Bénard convection, the profile is constant, then ascending flow or descending flow

generates in the same probability, namely a roll cell may appear.

3.4.3 Wavenumber analysis by Fourier transform

Analysis

In internally heated convection, a convection cell drastically expands with increasing R} as
shown in Figure 3.14 and also in Figure 3.18. These results are qualitatively similar to
the earlier studies [22, 23]. Schwiderski & Schwab [23] estimated the cell dilatation as a
function of Ry by estimating the diameter of a single cell identified in photographs of the
patterns. However, as illustrated in the photographs shown in Figure 3.14, the boundary
between cells is not very clear. Therefore the choice of which cell in the photograph to
select for measurement, as well as the measurement of the cell diameter itself, cannot be
made objectively. We have studied the cell dilatation more systematically and objectively by
extracting the pattern wavenumber from the Fourier transform of the high resolution digital

images.
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Each element in a visualized image of convective motion has brightness information with
256 levels and this brightness is modulated in space by the convective motion of a cell. There-
fore, we can determine the cell wavenumber from a Fourier analysis of this brightness varia-
tion. For instance, Figure 3.23(b) shows an extracted brightness variation on the horizontal
centerline of the visualized photograph shown in Figure 3.23(a). There is a certain period in
this figure. The result of Fourier transform is shown in Figure 3.23(c). The spectrum has a
clear peak at » = 21, but meaning of peak number n is not clear. The photograph shown in
Figure 3.24 shows one convection cell. The brightness information on the straight line pass-
ing through the cell center varies periodically. One cell contains two periods of brightness
variation but the length of a period is different for each line passing through the cell. If we
can assumed that shape of a cell is regular hexagon, then from a simple thinking of statistics,
an averaged period over the full area of a photograph equals to a length of the mean passing
length of the circle, which has the same area with hexagonal convection cell. Details of this
assumption will be explained in the next section. The scale attached on the apparatus was
also taken at the same time in the photograph and it may tell us an actual scale of a cell.
We can determine a wavenumber of convection cells by this way from an averaged spectrum.
The true peak is determined by a parabolic approximation of three points, which contain a
provisional peak point, in a spectrum. The half-width of this parabola expresses its error,
which contains various uncertainties caused by effects of the side boundary, irregularities on
the form of the convection cells, etc.

An image of the temperature field visualized by TLC is expressed in RGB system, which
has three color components: Red R, Green GG and Blue B with 256 levels respectively. This
color system can express almost all colors as mixture of these components. Brightness can

be calculated from the value of G and B as follows.
Brightness = 0.0565G + 5.5928B.

We can also obtain brightness information from an image of the temperature field, but a
relationship between a period of a brightness variation and a wavenumber of a cell is different
from the case of the fluid motion visualized by Kalliroscope. Figure 3.25(a) shows one cell
extracted from a photograph of the temperature field and Figure 3.25(b) is a monotone image
of this picture, namely it has only brightness information. Brightness information of a line

passing through a convection cell is also changing periodically and one cell has one period of a
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brightness variation (3.25(c)). We can also obtain the cell wavenumber from these pictures by
Fourier transform with the relationship between brightness information and the wavenumber.

These results will be used for explanation of cell dilatation in the later section.
Hypothesis for determination of wavenumber

Wavenumber given by Fourier transform of brightness information is not the true wavenumber
of the convection, which is the horizontal wavenumber of perturbation defined in Section 2.2.
It needs some hypothesis to determine the true wavenumber.

Following assumptions for the cell pattern observed are made.

1. A slope angle of a hexagonal cell 8 defined in Figure 3.26(a) appears with the same
probability in the range of 0 < 6 < 7/3.

2. Cell shape is irregular polygonal, which is regular hexagon with a slight deformation.

And average of these becomes regular hexagon.

3. All cell has the same area and the convective phenomenon in the internally heated fluid

layer has only one horizontal wavenumber.

According to assumption 1, if we measure a horizontal length of a cell through the center
for many cells, the average of these may show the diameter of a circle 2r, which has the
same area of regular hexagonal cell with side a, as shown in Figure 3.26(b). In an actual
measurement, furthermore, measuring lines of brightness information pass through every
point on a cell, and average of these may show a mean length of lines which pass the circle.
From above discussions, there is a following relationship between true wavenumber k& and
wavenumber determined by Fourier transform of brightness information k. Radius r of a

circle which has the same area of a hexagon with side a is

3v3

r= a.
27
Mean length of a passing line on a circle is
T T 3\/§
Am = =1 = — a.
2 2V 2r
According to the definition of wavenumber,
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In a mathematical model of a hexagonal cell suggested by Christopherson [42], expressed as

equation (3.2),
dn
=3

T (33
k= Al == km = 0.952kp,. 4
3\ 2n 0.95 (3.4)

According to assumption 2 and 3, ky, is determined as a center value of a peak in wavenumber

k

Therefore,

spectrum given by Fourier transform of brightness information.

3.4.4 Convection cell dilatation

We analyzed the wavenumber of convection cells from digital photographs of fluid motion
taken for each Rj. The analysis with Fourier transform was carried out to determine the
wavenumber for parallel (z-direction) and perpendicular (y-direction) to the direction of the
electric current.Figure 3.27 shows the results of the analysis, where k is the cell horizontal
wavenumber and the error bars for & are half widths of the parabolas, which were used as
estimation of k. A measurement deviation of electric current and voltage in the DMMs, which
is explained in Section 3.1, determined error for Ry, but was negligibly small. Values for the
y-direction are slightly larger than for the z-direction, but these differences are within the
range of the error bars for the wavenumber. Therefore, we conclude that the difference is not
significant, and we use the average to represent the cell wavenumber for each Ej.

Figure 3.28 shows the variation of the wavenumber k estimated from the images of fluid
motion visualized by Kalliroscope and from images of the temperature field visualized by TLC
suspension, respectively. The results of Schwiderski & Schwab [23] and the critical wavenum-
ber determined theoretically by Roberts [27] are also shown. The wavenumber decreases
monotonically with respect to Rj, and the solid line shows an approximate linear function
of present data. The results calculated from images of a temperature field are slightly larger
than results obtained from the fluid motion for each Ry, but a discrepancy is not signifi-
cant considerably the error bars, and a tendency of a variation is similar. The wavenumber
decreases linearly with respect to R} until R ~ 8 and saturates beyond this value. This satu-
ration might be induced by the influence of the lateral boundary. The wavenumber, however,
does not become small beyond the stability curve calculated in Chapter 2, and approaches

the curve asymptotically (Figure 3.29).
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The slope of the variation in the data of Schwiderski & Schwab [23] is similar to the
present data, but the their data is wholly larger than the present data beyond the range of
the error bars. This difference might be caused by differences in the problem thermal bound-
ary condition — we used an adiabatic boundary condition, while Schwiderski & Schwab [23]
used Plexiglas, which has no negligible thermal conductivity. Figure 3.30 shows a schematic
illustration of the temperature profile in the conduction state for the vertical direction. The
temperature profile with thermal insulation, shown in this figure as a broken line, has the
maximum at the bottom. On the other hand, without thermal insulation the maximum is
not at the bottom but is at a higher position. Consequently a local stable layer with thickness
L1 is formed near the bottom, wherein temperature increases in the vertical direction. From
the definition of the internal Rayleigh number given in equation (1), this stable layer may
substantially reduce the internal Rayleigh number for the convection. Data in Schwiderski &
Schwab [23], therefore, should be shifted to smaller R}, and these might become close to the
present results.

As mentioned in Introduction, theoretical estimation of variation of cell size by stabil-
ity analysis contradicts experimental results, thus cell dilatation has never been explained
theoretically. Theoretical works assume regular hexagon with descending flow at the center
as shape of cell. Cell shape observed in the experiments is hexagon but is quite irregular,
thus wavenumber in the fluid layer is not unique. Such irregularity has not been considered
in theoretical analysis. Furthermore, a numerical work of internally heated convection [53],
which is under progress in a joint research group, shows transition of flow pattern, where
spoke-like pattern appears inside the hexagonal cells. In our observation, Figure 3.18, there
are lines, which radiate from the center of cell to the cell periphery, which resemble the spoke
pattern. At least, flow pattern appearing in the fluid layer is not simple hexagonal cell which

has been treated in the linear theory even for smaller Rayleigh number.

3.5 Conclusion

In order to confirm the cell dilatation, an experiment that is more closely approximated
by the theoretical models was performed. The thermal boundary condition at the bottom
plate became nearly adiabatic by using vacuumed glass as the bottom plate, and the non-

uniformity of the internal heating was reduced by increasing the height of the fluid layer.
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Fluid motion and the temperature field were visualized to estimate the cell dilatation using
Kalliroscope and Thermo-chromic Liquid Crystals (TLC) suspension respectively. With the
improvements of the experimental setup in the present study, cell dilatation could be observed
in digital photographs for each Rj. We conclude, therefore, the dilatation of convection cell
with respect to internal Rayleigh number is characteristic of natural convection induced by
internal heat generation.

By using the Fourier transform, the wavenumber of the convection cells for each Rf was
calculated from brightness information, extracted from images of the flow obtained using
Kalliroscope or TLC for visualization. The cell dilatation could be expressed quantitatively
from measurements of the cell wavenumber as a function of internal Rayleigh number. The
technique we used to determine the wavenumber removed the subjectivity inherent in the
methods used by previous authors. The present results were compared with the results in an
earlier study [23] and the influence of the thermal boundary condition at the bottom of the
fluid layer on the variation of wavenumber was discussed. We mentioned that a local stable
layer with a positive vertical temperature gradient, which is induced by imperfection of ther-
mal insulation at the bottom boundary, reduces the internal Rayleigh number substantially.

As a result of the cell dilatation, an expanded cell breaks up and a smaller cell appears
in the expanded cell like double structure as mentioned in Schwiderski & Schwab [23]. Such
a structure does not appear in the process of the transition to turbulent flow in standard

Rayleigh-Bénard convection, as shown in the phase diagram [36].
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(d) (h)

Figure 3.11: Evolution of convection cells with respect to time. Fringed cells with various
color lines in each photograph show the same cell.
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(d) Rf ~ 0.2

(b) Rf ~ 0.19 (€) Rf ~ 1.02

(c) Rf ~0.52 (f) Rf ~1.52

Figure 3.12: Evolution of convection cells in which voltage increases in a phased manner.
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Figure 3.13: Rate of increasing of electric power. Solid line is the approximate linear function.
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R ~ 6

Figure 3.14: Dilatation of convection cell shown in visualized pictures, where white square
on photographs are indication of 2.
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Figure 3.15: Comparison between internally heated convection and Rayleigh-Bénard convec-

tion on a slope of the neutral stability curve.
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Figure 3.16: Cell arrangement depending on the direction of electric current (Schwiderski &

Schwab).

(b)

Figure 3.17: Double cell structure; (a)Visualized photograph and (b)Schematic illustration

of the flow direction in this structure.
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Figure 3.18: Dilatation of convection cell shown in temperature field visualized by TLC,
where white square on photographs are indication of 2L.
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Figure 3.19: Mathematical model of plane form of temperature distribution suggested in
Christopherson [42].

(a) (b)

Figure 3.20: Flow direction in a convection cell; (a)Bénard convection, (b) Internally heated
convection.
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(T — T1)/AT

Figure 3.21: Comparison of temperature profile in the conduction state between Rayleigh-
Bénard convection and internally heated convection.
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Figure 3.22: Variation of local Rayleigh number R, in Rayleigh-Bénard convection and in-

ternally heated convection.
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Figure 3.23: Periodic fluctuation of brightness information in a visualized picture; (a) visu-
alized picture, (b)brightness information, (c¢)spectrum of brightness information.
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Figure 3.24: Brightness information in an image of fluid motion visualized by Kalliroscope;
(a) Vizualized picture of one cell, (b) Brightness information across the center of a cell.
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Figure 3.25: Brightness information in an image of temperature field visualized by TLC; (a)
Vizualized picture of one cell, (b) Monochrome image, (c) Brightness information across the
center of a cell.

Figure 3.26: Schematic diagrams for the hypothesis on the wavenumber analysis: (a) Slope
angle of a hexagonal cell 8 (b) Circle with radious r, which has the same area of regular
hexagonal cell with side a.
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Figure 3.27: Dependence of variation of wavenumber k on the direction of electric current,
where the direction of the electric current is the z direction.
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Figure 3.28: Variation of wavenumber £ with respect to RY.
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Figure 3.29: Variation of wavenumber k£ with the neutral stability curve.
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Figure 3.30: Temperature profile with thermal insulation at the bottom and without insula-
tion.
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Chapter 4

Temperature Behavior in Internally Heated
Convection

Abstract

Temperature behavior in the internally heated convection is quantitatively investigated. Cal-
ibration system was developed in order to convert the visualized photographs of temperature
field obtained in Chapter 3 to real temperature field. Calibration curve correlating between
color information extracted from the photograph and temperature is determined from ap-
proximately linear temperature distribution in horizontal fluid layer by hue method. The
photographs taken at various internal Rayleigh numbers are converted to temperature field
by the obtained curve. A temperature profile in a cell is analyzed by extracting individual
cell from a temperature field, and we discuss form of the profile with comparing the profile
given by linear theory. Variations of statistical values were determined from the temperature
field, and we mention that transition of flow pattern. Critical Rayleigh number was esti-
mated experimentally and it agrees well with theoretically estimated value by linear stability

analysis.

67



4.1 Introduction

4.1.1 Quantitative investigation of internally heated convection

We reexamined natural convection induced by internal heat generation using new experi-
mental methods and the improved experimental apparatus in Chapter 3. Characteristics of
internally heated convection, namely irregular flow pattern, flow direction in a cell, dilatation
of a cell etc., were discussed. Almost all of these investigations were performed in qualitative
way by using visualized images of flow pattern and temperature field, and then we cannot
answer a question, for example, how much irregular. Furthermore, comparison between ex-
perimental results and numerical or theoretical results should be discussed quantitatively,
and it requires measurement of physical variables such as velocity, temperature and others.
In this chapter, we attempted to measure the temperature field in the fluid layer in order to

investigate the characteristics of internally heated convection quantitatively.

4.1.2 Temperature measurement using TLC

As already mentioned in Chapter 3, TLC, Thermo-chromic Liquid Crystal, is a microcapsule
of liquid crystal and has a typical feature that it changes its coloration with respect to
temperature. Temperature dependence of the liquid crystal on a reflecting property of light
makes such feature. Since it can visualize a temperature field, it has been used to a qualitative
investigation of a temperature field. On the contrary, a quantitative investigation by TLC is
more difficult, because colors, which express degrees of temperature, strongly depend on an
optical system, mainly an angles of an incident light and an observer. Therefore a temperature
measurement by TLC requires a well prepared calibration at each measurement apparatus,
not only taking a photograph of a visualized temperature field. For example, Ciofalo et
al. [54] achieved a temperature calibration by using thermally stratified liquid layer, and
Dabiri & Gharib [55] also did it by a constant temperature fluid layer in which temperature
is set at various degrees. In this chapter, we attempted the calibration by using a horizontal
temperature gradient in a horizontal fluid layer at heat conduction in order to quantitatively

investigate a temperature field of internally heated convection.
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4.2 Conversion to temperature

4.2.1 General concept of conversion from color to temperature

A microcapsule of TLC mixed in working fluid decomposes an incoming white light into
various wave components, which have different wavelength, and scatters them with different
angles depending on its temperature. A captured image of the temperature field visualized by
TLC is expressed in RGB color system, which has three color components: Red R (wavelength
= 700.0 nm), Green & (546.1 nm) and Blue B (435.8 nm). RGB system can be converted into
HSI system, which also has three components: Hue, Saturation and Intensity. Hue calibration
method proposed by Dabiri & Gharib [55] has been widely used for the calibration, where
a variation of hue extracted from visualized image is correlated with temperature variation.
Two-components method, which uses intensity in addition to hue, is also used as an enhanced
calibration method in order to extend a measurable temperature range and to improve the
calibration accuracy of the hue method [56]. Full color method, which uses all components in
HSI system, is a further enhanced method of the calibration [57, 58]. We choose the standard
hue method for the temperature calibration.

Hue is calculated from RGB system directly according to a conversion equation. We
calculate it with an intermediate state, XYZ color specification system, in order to confirm

a calculation step. RGB system is converted to XYZ system as follows.

X =2.7690R + 1.7517G' + 1.1301 B,
Y =1.0000R 4 4.5907G 4 0.0601 B, (4.1)

Z = 0.0000R + 0.0565G' + 5.5928 B,

where Z component corresponds to intensity. Color information in XYZ system is usually

expressed in chromaticity coordinates, where each axis value is determined as a fractional

form:

7 X

X=——
X+Y+ 2

_ Y

Y = ————— 4.2
XIviz (4.2)

_ VA

=
X+Y+7

Figure 4.1 shows a relationship between RGB, XYZ, HSI and YMCK system, where HSI color
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space is a cylindrical coordinate representation of the RGB color space and hue is represented
as angle on a X — Y plane.

Figure 4.2 shows a schematic illustration of an apparatus and a visualized photograph
of a temperature field in our preliminary experiment of the temperature calibration. A thin
plastic case with height 40 mm was filled with a mixture of water and TLC, and it was heated
at the top and cooled at the bottom. A white light sheet produced by Halogen lamp by 150
W power (Moritex, model MHF-G150LR) and a cylindrical lens, is emitted to the fluid layer
from a side of the case. The fluid layer was thermally stratified to the vertical direction and
color changes from red to blue on the vertical direction (Figure 4.2(b)). Color information of
the visualized image shown in Figure 4.2(b) is expressed in a chromaticity diagram as Figure
4.3, where intensity information is compressed. As a preceding explanation of the relationship
between XYZ and HSI system, hue is determined as an angle from a reference point in the
X — Y plane. When a point (X, Y) = (0.32, 0.335) is chosen as a reference point, we can
take a relationship between height of the image and hue (Figure 4.4). If we can determine a
temperature at each height, this relation would give us a calibration curve between hue and

temperature.

4.2.2 Apparatus for temperature calibration

As mentioned in Introduction, coloration of TLC depends on an angle of incident light and an
angle of observer (i.e. Camera). It is required that the temperature calibration is performed
in the same optical configuration as the actual measurement. The configuration in this study
explained in Section 3.3 consists of a shallow fluid layer, incident light sheet from the side
of the fluid layer, a mirror located at the bottom of the fluid layer with 45 ° angle from
horizon and a digital camera. We attempted temperature calibration by using a horizontal
temperature gradient developed in such configuration.

Figure 4.5 shows a schematic illustration of the experimental setup for the calibration; (a)
Front view and (b) Top view of the apparatus, and Figure 4.6 is a photograph of an overview
of the apparatus. The fluid layer has 220 mm times 210 mm horizontal cross section and 7
mm height. Working fluid is a mixture of distilled water and TLC, which has measurable
temperature range from 20 to 30 °C. The layer is sandwiched by two vacuumed glass plates

at the top and the bottom for thermal insulation, where the bottom plate is transparent and
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the top plate is made opaque by black painting. Water tanks located at the both sides of the
fluid layer contact to the fluid with thin copper plate. Flowing water in the tanks circulates
through a thermostatic bath and achieves isothermal boundary with high accuracy at the
both sides of the fluid layer. Light sheet was emitted in the middle height of the fluid layer
through a Plexiglas lateral wall of 10 mm thickness. Visualized temperature field was taken

from the bottom through the transparent vacuumed glass by a digital camera '.

4.2.3 Calibration curve

Setting temperatures of the cooling water and heating water are 71, = 22 and Ty = 28 °C
respectively. In this condition, there is no convective motion in the fluid layer and thus it
is in a thermal conduction state, i.e. a temperature variation on the horizontal direction
z is approximately liner from 21 to 28 °C. Figure 4.7(a) shows a visualized temperature
field taken by a digital camera. Constant temperature line, which expresses the same color,
curves near the front and the back wall of the fluid layer. It may be an influence of the
boundary condition at the Plexiglas walls and then we remove such curved part by trimming
the photograph (Figure 4.7(b)).

According to the conversion relation of the color system expressed in Equation (4.1) and
(4.2), also in Figure 4.1, color information on RGB system extracted from the visualized
photograph is converted to XYZ color specification system. Figure 4.8 shows a chromaticity
diagram in which color information without brightness (or Z component) is expressed as a
pint on the X — Y plane, where extracted color information is averaged for the y direction
before the conversion. Red arrows in the figure represent increase of temperature and these
curves intersect at the lower temperature region. This intersection is caused by removing
brightness information. As is already mentioned, hue is determined as an angle on the X —Y
plane. In a case labeled with A in the figure, there is one-to-one correspondence between hue
and temperature. In case B, however, these are multipoint, which have the same value of hue
on the plane, and then temperature is underspecified by hue if we calibrate this region. This
complex region, however, has only a narrow range of the temperature, which is approximately
21 to 22 °C. Thus we abandoned this region and performed the calibration only on a left side

from a broken line shown in the figure. In addition, a reference point on the X — Y plane to

'Details of the optical system were explained in Section 3.3.1, Experimental apparatus, and in Section
3.3.3, Visualization.
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determine hue is chosen as (X, Y) = (0.32, 0.32).

A relationship between temperature and hue is determined by the approximated linear
variation of temperature on the horizontal direction in the fluid layer (Figure 4.9), where
usable temperature range for the calibration is 22 to 28 °C. The variation of temperature
with respect to hue clearly changes its tendency at a boundary, hue ~ 190, and we used
two approximated curves to separated regions labeled A and B in the figure. Approximated

curves are fourth power function of hue and are represented as

T = 23.973 — 0.090063Hue + 0.0014741Hue?
—9.6568 x 107 %Hue® + 2.3019 x 10 %Hue?*, for 50 < Hue < 182, (4.3)
T =112.79 — 3.0072Hue + 0.028352Hue>

— 0.00010438Hue® + 1.3459 x 10~ "Hue?, for 182 < Hue < 250. (4.4)

In order to reduce error on the temperature conversion by using this calibration curve, we

exclude data which is out of a range of Y.

4.2.4 Result of the conversion

In order to confirm a validity of the temperature conversion, a visualized photograph as shown
in Figure 4.7(b) is converted to the temperature. Figure 4.10 shows a comparison between
the converted temperature profile, which is obtained by averaging the converted profile for
the y direction, and the approximated linear profile of the temperature. These profiles agrees
well and standard deviation of a scatter from the approximated linear function is 0.253 °C.
This value would gove degree of error in this temperature conversion. Figure 4.11 shows a
result of the temperature conversion for a visualized temperature field in the convection layer;
(a) Visualized photograph at R ~ 4.0 and (b) Converted temperature field. Convection cells

are more clearly revealed in the temperature field.
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Figure 4.1: Schematic diagram of a relationship between RGB, XYZ, HSI and YMCK (yellow,
magenta, cyan, black) system, where HSI color space is a cylindrical coordinate representation
of the RGB color space.
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Figure 4.2: Trial experiment of the temperature calibration (a) Schematic sketch of experi-
mental setup (b) Visualized photograph of a temperature field.
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Figure 4.3: Color information of the visualized image expressed on chromaticity diagram of

XYZ color specification system.
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Figure 4.4: Relationship between height of the visualized image and hue.
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Figure 4.5: Schematic illustration of the experimental setup for the temperature calibration;
(a) Front view and (b) Top view of the apparatus, where cooling water with temperature
T =Ty, and heating water with T" = Ty circulate a left side and a right side water tank.
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Figure 4.6: Photograph of overview of the experimental setup for the temperature calibration.
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Figure 4.7: Photographs of visualized temperature field, which has a liner temperature gra-
dient. (a) Full field and (b) Trimmed image.
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Figure 4.8: Color information of the visualized photograph taken in the calibration system
expressed on a chromaticity diagram of XYZ color specification system.
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Figure 4.9: Calibration curve between temperature and hue, where a usable temperature
range is 22 to 28 °C, where approximated curves are determined by each region, A or B.
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Figure 4.10: Comparison between a converted temperature profile by the calibration curve
and the approximated linear profile, where the converted temperature is drawn at interval of
10 points for clear viewing.
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Figure 4.11: Result of the temperature conversion for a visualized temperature field in the
convection layer; (a) Visualized photograph at R} ~ 4.0 and (b) Converted temperature field.
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4.3 Results and discussions

4.3.1 Extraction of indivisual cells

We attempted to extract individual cells from the converted temperature field in order to
investigate size and shape of the cells. The extraction was performed according to a following

process.
(A) Determining the center of each cell
(B) Determining number of the apexes N at each cell
(C) Providing a temporary position of the apexes Ay
(D) Determining the position of the apexes An
(E) Repeating above process overall the temperature field

(A) Temperature distributes concentrically near the center of a cell as shown in Figure
3.18 and also in Figure 4.11. Figure 4.12(a) is a part of a converted temperature field and
Figure 4.12(b) shows its binarized temperature field. Black pixels, which represent lower
temperature, are distributed circularly, and the center of a black part, which is given by
first moment of a black pixel, would correspond to the center of cell. Black points in Figure
4.12(a) represent the determined center of cells by this method.

(B) Almost all cells are hexagonal and have six apexes. In order to confirm the number of
apexes N, we extract a temperature profile on a circumference at a middle position between
the centers of neighboring two cells as shown in Figure 4.13(a). Figure 4.13(b) shows an
example of an extracted temperature profile, where the horizontal axis represents angle from
0 to 360. The profile has six periods, i.e. the cell has six apexes.

(C) We assume that the apexes of a cell exist near a boundary, which is determined
as perpendicular bisector of a line segment between centers of neighboring two cells. Some
temporary positions of each apex A’y are provided near the line.

(D) One of the temporary positions is chosen as the position of an apex Ay as follows.
Temperature becomes maximum at the boundary of cells, and temperature on a line between
apexes also has the maximum. The apexes are determined in order that a line segment made

by two apexes has the maximal average temperature.
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(E) Above process is applied for every apex and for every cell in the field, and then we

can determine and separate cells as shown in Figure 4.14.
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(a)

Figure 4.12: (a) Converted temperature field and (b) its binarized temperature field, where
black points in Figure (a) represent the center of cell determined as the center of a circular

part in the binarized temperature field.
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Figure 4.13: Temperature profile on a circumference written in Figure (a), where a position
of the circumference is a halfway between the centers of neighboring two cells.
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Figure 4.14: Separated cells on a temperature field, where red lines represent boundaries of
cells.

83



4.3.2 Size and shape of cell

As already mentioned in Chapter 3, convection cell appearing in internally heated convection
expands with respect to internal Rayleigh number, Rj. Furthermore, unlike in the case
of Bénard and Rayleigh-Bénard convection, shape of the cells is irregular and size of the
cells deviates. We investigate these phenomena quantitatively by analyzing an extracted
temperature distribution at each cell.

Figure 4.15 shows a variation of the area of a cell S with respect to reduced internal
Rayleigh number, Ry, on a double logarithmic plot. S is an average area of all cell on the
temperature field, and error bars in the figure represent standard deviation of S. The area of
a cell increases monotonically with respect to R}, however, slope of the variation changes at
Rf ~ 5. By aleast square approximation, S is proportional to R;%%® for a range of 0 < R} < 5
and to B2 for Rf > 5. This change of the slope may be caused by transition of flow pattern,
which was discussed in Chapter 3, however, such flow transition is not clearly visible in the
temperature field. Deviation of the area of a cell is in the same order of magnitude at every
Ry, and there is no typical variation of the deviation with respect to Rj. Convection cell
appearing in internally heated convection has deviation of the area of cell just after the onset
of convection, and magnitude of the deviation does not vary with increasing R7.

Since positions of the center of the cells are already known, we define irregularity of
hexagonal cell by using gap from an equivalent circle, which has the center at the same
position of the cell and has the same area. Figure 4.16 represents the definition of the
irregularity, where I' and £ represent radius of the equivalent circle and distance from the
center to the periphery at an angle #. Gap between hexagonal cell and an equivalent circle

is defined as
1 2
A= —/ [0(8) — T do, (4.5)
S Jo
where S is an area of a cell. If cell shape is regular of hexagon, it becomes Ary ~ 0.2.

Irregularity of the cells, I R, is expressed as normalized A by Ary,
IR = A/Agrn. (4.6)

Figure 4.17 shows variation of I R with respect to Ry, where a broken line represents regular
hexagon, TR = 1. We expected that convection cell at onset of convection is nearly regular

and then irregularity increases with respect to Rj. However, it was found that /R has no
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typical variation at smaller Ry, Ry < 10, and convection cell is irregular although near the
onset of convection. At higher R, the side boundary of the fluid layer affects the shape of
convection cell as shown in visualized images, and then IR is slightly larger than that for

smaller R7.

4.3.3 Statistics of horizontal temperature field

Temperature is uniform on the horizontal cross section of the fluid layer at the thermal con-
duction state and distributes horizontally at the convection state by formation of convection
cells. The distribution of temperature may vary with growing of convection cell. We investi-
gated the variation by analyzing horizontal temperature field statistically. Figure 4.18 shows
variation of standard deviation of temperature T, determined from overall temperature

field. This value expresses intensity of temperature distribution and is defined as

}1/2

Tms = [((T=T)%),,| 7, T= (), (4.7)

where operator <>, represents horizontal average. We found that T}, is roughly propor-
tional to Ry until Ry ~ 4. Subsequently it increases substantially with respect to Rf. This
variation may have a transition point as well as the variation of the area of convection cell
versus R} shown in Figure 4.15. Possible reason of occurring such transition is a transition
of flow pattern. This transition may not be similar to the transition appearing in Rayleigh-
Bénard convection, for example, changing shape of a periphery of the cell or being time
dependent. Thus the transition does not appearing clearly in the converted temperature
field.

Hexagonal cell given by a linear theory has the highest temperature at the apexes and
the lowest temperature at the center (Figure 4.19). Temperature varies gradually between
the center and the apex. We compare temperature profile extracted from the converted
temperature field and the theoretical one in Figure 4.19, which shows temperature profiles
from the center to the apex of a cell at each R}. The horizontal axis represents distance from
the center, r, normalized by distance between the center and the apex, R,pex (see Figure 4.19).
The vertical axis shows temperature normalized by mean temperature in a cell, T}, and then
zero corresponds mean temperature. The profiles in the figure are determined by average of
profiles of all cells existing on the temperature field. Red line represents a theoretical profile

given by linear theory. Temperature of the theoretical profile increases gradually from the
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center to the apex. In comparison with this, the measured profiles shows gradual temperature
increase near the center, but a sharp increase at r/Rapex ~ 0.65. Furthermore, there is large
difference on a deviation of temperature from 7}, at the center (Zienter) or at the apex (Tapex)-
At the theoretical profile, the deviation at the center is larger than at the apex, namely
|Teenter — Tm| < |Tapex — Tm|, however such relation is reversed at present profiles, namely
|Teenter—Tm| > |Tapex—Tm]|. A position at which temperature equals means temperature from
the center is slightly further than the theoretical profile. These tendencies become more clear
with increase of Rj. They suggest that descending flow induced by separation of thermal
boundary layer near the cooling plate exists comparatively wide range in a cell and ascending
flow, which has higher temperature, is localized near the apexes.

We attempted to estimate a critical Rayleigh number on internally heated convection
experimentally. Temperature difference between the center and the apexes, AT, increases
with respect to Rf and is zero at the onset of convection. Figure 4.21 shows a variation of
AT versus R;l/z. At small Ry, AT,y is proportional to R;l/z, and approximated linear
function drawn in the figure as a solid line intersects with the horizontal axis at R} = 1.050,
which has deviation +0.208. Ry is a reduced internal Rayleigh number defined as Ry = Ri/R.,
where R, is critical Rayleigh number calculated by linear stability analysis, and then R} =1
represents the onset of convection. Therefore we conclude that the experimentally estimated

critical Rayleigh number agrees well with theoretical one.

4.4 Conclusion

In order to investigate natural convection induced by internal heat generation quantitatively,
measurement of temperature field in the fluid layer was performed using TLC, Thermo-
chromic Liquid Crystal. Calibration system was developed in order to convert color informa-
tion extracted from visualized images to temperature field by taking a picture of a horizontal
temperature gradient in the shallow fluid layer. Calibration curve between a Hue that is one
of color information component on HSI color system and a temperature was determined as a
function of Hue to fourth power, and every visualized image taken at each internal Rayleigh
number was converted to temperature field. There is only small error in the temperature
conversion.

Individual cells on the horizontal temperature field were extracted based on some assump-
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tions. Variation of the area of cells, which is determined from extracted cells, with respect to
reduced internal Rayleigh number, ] were shown. We determined the slope of the variation
and showed that the slope changes at Rf ~ 5. Variation of deviation of the area versus Ry
was also investigated and there is no typical variation. Irregularity of hexagonal cell was
defined by using a deformation from equivalent circle of cell, and variation of irregularity
versus [f was shown. There are also no typical variation as well as variation of deviation
of the area. We concluded that convection cell appearing in internally heated convection is
initially irregular at onset of convection. Standard deviation of temperature determined from
overall temperature field changes a slope of its variation with respect to Rf at Rf ~ 4 as
well as variation of area of cell. We discussed that there is transition point at this Rayleigh
number and it may be induced by transition of the flow pattern. Temperature profile from
the center to the apex of the cell extracted from converted temperature field was compared
with the profile given by liner theory. As the results, we found that descending flow exists
in a cell with comparably wide area and ascending flow bringing up high temperature fluid
is localized near the apexes of cell. Critical Rayleigh number was determined experimentally
by variation of temperature difference between the center and the apex of the cell, and it

agrees well with theoretical value estimated by linear stability analysis.
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Figure 4.15: Variations of area of cell S and its deviation versus Ry, where solid line shows
approximated curve determined by least square at each range, 0 < Ry <5 and Ry > 5.

Figure 4.16: Hexagonal cell and equivalent circle, where I' and { represent radius of the
equivalent circle and distance from the center to the periphery at an angle 6.
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Figure 4.17: Variation of irregularity of convection cell I R versus Ry, where IR = 1 represents
regular hexagon.
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Figure 4.18: Variation of standard deviation of temperature on a horizontal cross section of
the fluid layer, Ty, versus Ry.
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Figure 4.19: Temperature distribution of a cell given by linear theory [42]. R,pex represents
distance between the center and the apex.
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Figure 4.20: Temperature profile from the center to the apex of a cell at each Ry, where
T, is mean temperature in a cell and r represents distance from the center. Red line shows
theoretical profile given by linear theory.
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AT,en versus Ry, where solid line represents approximated linear function determined by least
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Chapter 5

Ultrasonic Velocity Profile Measurement of Liquid
Gallium Convection

Abstract

In this chapter, we attempt to measure a velocity profile in a convection layer of liquid
gallium by UVP, Ultrasonic Velocity Profiler, in order to visualize a flow pattern in low
Prandtl number, R-B convection. Two trial UVP measurements were performed: a fluid
flow of liquid gallium driven by rotating magnetic field and thermal convection of glycerol
solution, which is transparent, as a test of a low velocity flow measurement. These results
showed effectiveness of UVP measurement on the convective motion in liquid gallium layer.

We solved problems due to using liquid gallium, e.g. wetting, transmission of ultrasound,
etc. and developed an experimental apparatus of liquid gallium convection, which is suitable
for UVP measurement. We successfully measured the velocity profile of the convective mo-
tion in the liquid gallium layer and visualized convective flow pattern appearing in the layer.
Estimated flow pattern from the velocity profile is quasi-regular roll pattern. Furthermore,
spatio-temporal velocity distributions represented two different, periodic motions of convec-
tion roll, which may correlate with periodic variation of Nusselt number mentioned earlier

studies.
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5.1 Introduction

Rayleigh-Bénard (R-B) convection, which is a natural convection in a shallow fluid layer
induced by external heating at the bottom and by cooling the top of the fluid layer, is a clas-
sical problem. It is an extremely fundamental phenomenon of natural convection appearing
in science and engineering fields. Since Bénard [1], study of this problem has a long history
and a large part of the studies in the scientific field is by an observation of flow pattern with
changing parameters, such as Rayleigh number R and Prandtl number Pr. Krishnamurti [36]
collected observational data of R-B convection under various conditions and constructed a
phase diagram (See Figure 1.1). This very famous phase diagram represents a transition of
the flow pattern from steady state, which is thermal conduction state before onset of con-
vection, to turbulent flow with respect to R in the wide range of Pr. There is, however, no
observation data for an extremely low Pr.

As liquid metal, which is low Pr fluid, is opaque, we cannot use optical method to observe
the flow pattern. Therefore, temperature measurement at points in the fluid layer by using
a thermocouple was used to obtain the flow pattern until now. The objective of this study
is to measure a velocity field of low Pr convection in order to visualize the flow pattern
directly. We used a liquid gallium layer and measured a velocity profile in this layer by UVP,
Ultrasonic Velocity Profiler.

5.2 Characteristics of liquid gallium

We use liquid gallium as low Pr fluid in this study. The advantage of using liquid gallium
as working fluid is a safety. It does not easily become vapor like as mercury and does
not react with water like a sodium. In addition, gallium has a conveniently low melting
temperature (29.8 °C), which is much lower than lead and its alloys. Thanks to the low
melting temperature, we can easily melt it or keep it as solid sate at room temperature
(at least in our laboratory at Sapporo, Japan). As mentioned above, as liquid gallium is
relatively easy to handle in comparison with other liquid metals, e.g. mercury and sodium,
it has been used for a laboratory experiment to study a flow of low Pr fluid [59, 60, 37], a
magneto-convection [61, 62] and a liquid-solid phase change [63].

Table 5.1 shows physical properties of liquid gallium by Brito et al. [63], where the prop-
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erties of water are also given in the table for comparison. Density is 6 times of that of water
and kinematic viscosity is about 3 times smaller. On the other hand, thermal diffusivity is
larger than water by two orders of magnitude. Then, the order of the physical property 3/kv
in the definition of Rayleigh number is

b O(10%),

RV

while in water, it is

LN 0(107).

KV

As above estimations, liquid gallium can easily realize low Rayleigh number state than in
water. This is a great advantage for a measurement by using ultrasonic beam as the present
study because such measurement requires an sufficient height of the fluid layer, which has to
be enough larger than effective diameter of an ultrasonic beam.

As a disadvantage, gallium oxidizes easily and quickly. Figure 5.1 shows photographs of
(a) liquid gallium and (b) its oxide. The oxide does not have metallic luster and is a black
fine powder. Gallium oxide is lighter than pure gallium and floats on the surface of pure
liquid gallium layer as shown in this photograph. We remove oxides by deoxidization with

using 10 % hydrochloric acid-ethanol solution before the experiments.

Table 5.1: Physical properties of water and liquid gallium [63].

Physical properties Symbol Unit Water* Gallium™**
Density p kg/m? 9.982x10? 6.095x10°
Viscosity i Pa-s 1.002x1073 | 1.96x 1077
Kinematic viscosity v m? /s 1.004x107° | 3.22x10~7
Thermal conductivety A W/(m K) 0.600 30.6
Thermal diffusivity K m? /s 1.44x1077 | 1.18x107°
Thermal expansion coeflicient J¥ K1 2.08x107* | 1.26x10~*
Specific heat cp J/(kg K) 4182 381.5
Electric conductivity o S/m 0.78137 3.87x10°
Sound speed ¢ m/s 1483 2860
Acoustic impedance Z x10° kg/(m?) | 1.5 17.4
Prandtl number Pr - 6.9 0.03

* measured at 20 °C.
** measured at 30 °C.

7Electric conductivity in the columun of water is a property of 0.5 wt % KCI solution.
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(b)

Figure 5.1: Photographs of (a) liquid gallium and (b) its oxide on the surface.
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5.3 Ultrasonic velocity profiler

5.3.1 About UVP

UVP (Ultrasonic Velocity Profiler [64]) is a powerful tool in the experimental fluid dynam-
ics [65, 66] and the fluid engineering [67, 68] because it can measure an instantaneous velocity
profile in real time without post processing. As is described in Navier-Stokes equation, al-
most all kind of fluid flow varies spatially and temporally, and then it should be discussed
at a spatio-temporal field in experimental study. In addition, UVP is applicable to a fluid
flow of opaque liquid including liquid metals [67, 69]. This feature is a typical advantage
in comparison with optical methods of velocity measurement such as LDA (Laser Doppler
Anemometer) and PIV (Particle Image Velocimetry). Thanks to transmission property of
ultrasound, UVP is applied in industries, for instance a flow metering in a large pipe [68]
where a container wall is opaque, and a quality control in food processing [71, 72], in which

fluid is generally opaque.
5.3.2 Principle

UVP utilizes Doppler shift frequency and ultrasonic (US) echography in order to determine
an instantaneous velocity profile. Figure 5.2 shows (a) a basic configuration, (b) an US signal
and (c) a measured velocity profile in UVP measurement. US burst with some cycles emitted
from an US transducer propagates in a fluid and a part of the burst is reflected by a particle
containing in the fluid. If there are sufficient particles in the fluid, such US echo comes back
from everywhere on a propagating line of US burst to the same transducer. Assuming that
particles move with the fluid, an echo signal contains velocity information of the fluid flow
as Doppler shift frequency fp. Therefore, an instantaneous velocity at a position on the

propagating direction £ is determined as

ug(§,t) = cfn/2fo, (5.1)

where ¢ and fy are sound speed in a fluid and basic frequency of an emitted US burst. As
suffix in the equation, measured velocity is a velocity component of the £ direction. Position

on the & axis is determined by time of flight of US burst 7 as

E=cr/2. (5.2)

96



Repetition of the burst emission and receiving US echo is required in order to determine an
instantaneous Doppler shift frequency fp(t) accurately. A repetition frequency of the burst

emission fprf determines possible length of measuring a velocity profile = as

E=c¢/(2forf). (5.3)
More details of UVP measurement are written in the reference [64].

5.3.3 Seeding of US reflector

UVP measurement requires suspending US reflection particles in a fluid. The particle has
to trace a target flow and such traceability is determined by density difference between the
particle and the fluid flow, its size and its shape. Furthermore, required particle size depends
on a wavelength of US burst, and a suitable size determined experientially is about quarter
to half of the wavelength. We use ZrB; fine powder as a reflection particle of ultrasound,
which has 50 ym diameter and 6.17 kg/m? density. It was also used in other work of UVP
measurement of a liquid gallium flow and gave good results [69].

Because of large surface tension of liquid gallium, mixing ZrB, particles into liquid gallium
is difficult than in water. We reduced surface tension coefficient in order to mix the particles
with liquid gallium by keeping it high temperature, about 500 °C, during 30 min in a furnace.

Necessary amount of the particles depends on velocity of a target flow, i.e. it is re-
quired that enough value of a particle flux passing through a measurement volume of UVP

measurement .

'Such seeding problem is investigated in Appendix 2, where we estimated optimum seeding experimentally.
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Figure 5.2: Schematic illustration of the process of UVP measurement; (a)Basic configuration,
(b)Emitted US burst and echo signal and (c)Measured instantaneous velocity profile, where
& represents the propagating direction of US burst and it is the measuring direction of UVP.
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5.3.4 Trial measurement 1

In fluid flowing with several 10 mm/s of speed, a velocity profile measurement by UVP is
comparably easy than in low speed fluid flow because we do not have to consider the seeding
problem. We performed a trial measurement of liquid gallium flow in a simple configuration.
Figure 5.3 shows a photograph of an experimental apparatus and a supplemental illustration,
where liquid gallium in a glass beaker with 87 mm inner diameter is covered with 10 %
hydrochloric acid - ethanol solution. The liquid gallium layer is driven by rotating magnetic
field, which is induced by a magnetic stirrer. The stirrer can keep temperature of the liquid
gallium above its melting temperature by a heater in the stirrer. This is originally utilized
for deoxidization of liquid gallium.

US burst, which has 4 MHz basic frequency and 5 mm effective diameter, is emitted from
an US transducer located out side of the beaker. Velocity profile of liquid gallium layer along
a propagating line of US burst, £ axis, is obtained by UVP, UVP monitor model Duo (Met-
Flow S.A., Figure 5.4). Figure 5.5 shows an instantaneous velocity profile measured by UVP,
where the horizontal and the vertical axes are distance from the transducer and velocity. The
gallium layer is driven strongly near the center and weakly near the wall, and the measured
velocity profile is consistent with estimated profile qualitatively. Estimated rotating speed
near the center is 1 rps at the surface of the liquid gallium layer. If flow near the center
has rigid body rotation, maximum velocity on the measurement line is in 90 to 100 mm/s.
Therefore, the measured profile may be correct quantitatively.

Figure 5.6 shows a spatio-temporal plot of measured velocity, where color represents
velocity. Measured profile varies periodically and is represented as stripes in the figure. The
center of rotation in the liquid gallium layer moves with respect to time and this movement
may induce the variation of velocity profile. Figure 5.7 shows a variation of the central
position of rotation in the liquid gallium layer, which is determined by image analysis of a
digital movie taken simultaneously with the UVP measurement. The vertical axis z. and y.
in the figure represent the horizontal and the vertical position of the center, and the both
variations have 5 periods in this time length, which corresponds to initial 20 seconds in Figure

5.6. There are also 5 periods in the spatio-temporal map.
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Thermocouple

Rotating magnetic field

M) beneath the borrom of

the container

Figure 5.3: Photographs of experimental apparatus for the trial measurement and supplemen-
tal illustration, where liquid gallium layer in the beaker is covered by 10 % hydrochloric acid
- ethanol solution. Rotating magnetic field made by magnetic stirrer drives liquid gallium
layer.
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4 MHz US transducer

Figure 5.4: Measurement system, UVP monitor model Duo, 4 MHz US transducer and laptop
computer, Panasonic CF-T1.
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Figure 5.5: Instantaneous velocity profile in the liquid gallium layer measured by UVP.
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Figure 5.6: Spatio-temporal map of measured velocity, where color represents velocity.
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Figure 5.7: Variation of the center position of rotation in the liquid gallium layer, where .
and y. represent the horizontal and the vertical position of the center.
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5.3.5 Trial measurement 2

Convective motion is very slow, which is approximately O(1) mm/s. Furthermore, liquid
gallium is opaque, and then it is hard to judge a validity of a measured velocity profile. We
performed a trial measurement in transparent fluid in order to confirm effectiveness of UVP
measurement of convective motion.

Figure 5.8 shows a schematic illustration of an experimental setup for this measurement.
Fluid layer has 200 mm width, 30 mm depth and 20 mm height. The lateral wall is Plex-
iglas, and the top and the bottom plate are aluminum and copper. Flowing waters, whose
temperature is controlled by a thermostatic bath, keep surface temperatures constant at the
top and the bottom boundary of the fluid layer. Working fluid is 28 wt % glycerol solution.
Convective flow pattern appearing in such configuration is well investigated, it becomes roll
pattern as illustrated. US transducer emits US burst, which has 4 MHz basic frequency and
5 mm effective diameter, from outside of the fluid layer and UVP measures velocity along
x axis. The working fluid contains US reflectors, which are 50 pm nylon powder. We kept
cooling temperature 77 at 15 °C and heating temperature Ty at 25 °C, and then setting
Rayleigh number was 800R., where R, is critical Rayleigh number of R-B convection.

A measured velocity oscillates on the measurement direction 2 as shown in Figure 5.9(a),
which is a temporally averaged velocity profile measured at a higher position of the fluid layer.
An observed convective motion appearing in the fluid layer is roll pattern and Figure 5.9(b) is
a sketch of the observed pattern. UVP measures approaching component of velocity toward
the transducer as negative, and v.v. The measured velocity profile represents the observed
convective motion very well to some extent such as rotating direction of rolls, number of roll,
etc. We concluded that a velocity profile measured by UVP can visualize very slow convective

motion.
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Figure 5.8: Schematic illustration of experimental apparatus for trial measurement of con-
vective motion. Working fluid is 28 wt % glycerol solution.

Figure 5.9: (a) Temporally averaged velocity profile measured at a higher position of the fluid
layer. (b) Sketch of observed convective motion appearing in the fluid layer.
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5.4 Experimental setup

A container for the liquid gallium layer consists of three parts, the lateral wall, the top plate
and the bottom plate. Figure 5.10 (a) shows a photograph of the container and Figure 5.10
(b) also shows a schematic diagram of the container. The container has a slab shape, i.e.
height L is 50 mm, width 200 mm (= 4L) and depth 50 mm (= L). This shape of the
fluid layer may restrict a convective flow pattern appearing in the fluid layer. We expected
that roll pattern shall appear, which has a rotating axis parallel to y axis. The lateral wall
of the container is Pilex glass, which can wet with liquid gallium very well. Pilex glass has
acoustic impedance Z = 13.1 x 10° kg/(m?s), which is very close to that of liquid gallium (see
Table 5.1), therefore an US burst easily passes through the lateral wall. Furthermore, faces
of the both ends at which US transducer is located have small thickness, 7 mm, than other
faces, 10 mm in order to reduce attenuation of ultrasound. The top and the bottom plates
have a circular channel with 12 mm diameter between 25 mm thickness copper plate and
acryl plate. Temperatures of flowing waters in the channels were controlled by thermostatic
bathes, AS-One model CH-202 and AS-One model LTB400. These water flows kept surface
temperatures at the both plates constant. We kept cooling temperature 77 at 32 °C, which
is higher than the melting temperature of gallium, and varied Rayleigh number in a range
of R =200 to 800R, by changing heating temperature T5, where R, is the critical Rayleigh
number of R-B convection in a shallow fluid layer, R. = 1707.7.

Since liquid gallium has high surface tension and is easy to oxidize, we filled liquid gallium
into the container by following process. Figure 5.11 shows a schematic illustration of the filling
process of liquid gallium into the container. The container was connected with a gallium tank
and with a buffer tank, which was also connected with a vacuum pump. At first, the vacuum
pump removes air from the buffer tank and the container. And then, liquid gallium was filled
by pressurized argon gas until the container is totally filled with liquid gallium. Overflowed
gallium remained in the buffer tank. Liquid gallium was well deoxidized by the developed
deoxidization system shown in Section of trial measurement 1.

US transducer was located at an end of the fluid container and US burst emitted by the
transducer propagated in the gallium layer parallel to « direction. US burst has 4 MHz basic
frequency and 5 mm effective diameter. UVP measured velocity along the propagation line

of US burst. As already mentioned in Section 5.3.3, reflection particle of US burst is ZrBs
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fine powder. It is slightly heavier than liquid gallium and we could not receive the US echo
two hours after a beginning of the measurement.

Table 5.2 shows specifications of the experimental setup.

Table 5.2: Specifications of the experimental setup

Fluid container
Size 200 mm X 50 mm X 50 mm (4 : 1: 1)
Lateral wall Pilex glass with 7 mm thickness at the both ends
other 10 mm
Top and bottom plate 25 mm thick copper plate
Heating Flowing water, thermostatic bath, AS-One model CH-202
Cooling Flowing water, thermostatic bath, AS-One model LTB400
Working fluid Liquid gallium
US burst 4 MHz basic frequency and 5 mm effective diameter
US reflector 50 um ZrBy fine powder
Filling Ga Vacuum pump, buffer tank, gallium tank
and Ar gas pressurization
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Figure 5.10: (a) Photograph and (b) schematic diagram of the experimental apparatus for

the liquid gallium layer.
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Container

Figure 5.11: Schematic illustration of a filling process of liquid gallium to the container: (1)
Vacuum pump removes air from the container and buffer tank (2) Pressurization with argon
gas injects liquid gallium to the container.
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5.5 Results and discussions

5.5.1 Velocity profile & flow pattern

Figure 5.12 shows temporally averaged velocity profiles measured at each height of the fluid
layer, where the horizontal axis z represents distance from the US transducer. Schematic
illustrations attached in the figures represent approximate measurement positions for each
profile. Sampling period of the profile is 80 msec and the number of profiles for the average is
1024. Spatial resolution on the x axis is 1.44 mm. Rayleigh number determined by Equation
(5.1) and by Table 5.1 was 770K, at which convective motion is unsteady.

At a lower position of the fluid layer (Figure 5.12(a)), velocity oscillates on the measure-
ment direction and the profile has two periods of variation. Magnitude of measured velocity
is in a range from 0 to £10 mm/s. At a higher position (Figure 5.12(b)), velocity also oscil-
lates and a measured velocity profile is approximately symmetrical with that measured at the
lower position. Furthermore, range of magnitude of velocity is similar. On the contrary, at
a middle position, the measured profile has very small velocity and has no typical variation
on the measurement direction (Figure 5.12(c)).

We can easily imagine a flow pattern from these velocity profiles as a schematic illustration
shown in Figure 5.13. The estimated flow pattern matches to with the expected flow pattern,
which is roll structure arranged parallel to y direction. At the setting Rayleigh number,
R = T70R,, state of convection is turbulence according to the flow régime diagram drawn
by Krishnamurti [36] (See Figure 1.1). There is, however, the quasi-regular convective flow
pattern in the present system due to effects of side boundary. Numerical study of low Pr
fluid, Pr = 0.01, reported that regular rolls appear in the fluid layer at a Rayleigh number,
R = 16R. [70]. But it is extremely small than in present study by one order.

5.5.2 Spatio-temporal velocity distribution

As already mentioned in the earlier section, UVP can measure an instantaneous velocity
profile, and then we can investigate spatio-temporal variation of convective motion. Figure
5.14 shows spatio-temporal velocity distributions measured at various Rayleigh numbers,
where the horizontal and the vertical axes are time and position respectively, color map
represents velocity. Black points appearing in the figures represent ”zero” data induced

by lack of reflection particle of US burst, which is discussed in Appendix 2. A vertical
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cross section of these figures represents an instantaneous velocity profile. These velocity
distribution were measured at a lower position of the fluid layer like Figure 5.12(a).

At R = 214R,, there are four convection rolls in the fluid layer (Figure 5.14(a)), where
counterclockwise rotation of a roll is represented by yellow and clockwise rotation green.
Convective motion is unsteady and these rolls vary slowly as expressed by moving boundary
between yellow and green. Many notches exist at the boundaries, however, these notches
don’t express a small scale - convective motion but are scatters on measurements. At higher
Rayleigh number, R = 428R,, there are also four rolls in the fluid layer and magnitude of
velocity slightly increases in comparison with the distribution measured at lower Rayleigh
number (Figure 5.14(b)). A band enclosed with broken line repeats expansion and contraction
of the roll with keeping its position on z axis as shown in Figure 5.15(a) by a schematic
illustration. This movement is very slow and its period is approximately 60 sec (it corresponds
0.017 Hz on frequency). At further high Rayleigh number, R = 770R,, we can see a different
motion of a convection roll (Figure 5.14(c)). There are also four rolls, which has the same
size with that measured at lower Rayleigh numbers. But enclosed roll moves on the z axis
periodically without changing its size as in contract to Figure 5.15(b). Furthermore, a motion
of neighboring rolls of the focused roll corresponds to that at lower R as shown by illustrations.
Convective motion becomes faster than in lower R and its frequency determined by Fourier

analysis is 0.059 Hz.

5.6 Conclusion

UVP, Ultrasonic Velocity Profiler, is a powerful tool to investigate fluid flow of opaque liquid
and we applied it to velocity measurement of thermal convection of liquid gallium layer as
first step of investigation of low Prandtl number, Rayleigh-Bénard convection. Two trial
measurements were performed prior to the experiments; a measurement of a fluid flow of
liquid gallium driven by rotating magnetic field showed effectiveness of UVP measurement
of liquid gallium flow, and a measurement of thermal convection of glycerol solution, which
is transparent, confirmed validity of low speed flow measurement by UVP. We developed
deoxidization system of liquid gallium by using a magnetic stirrer.

Experimental apparatus for liquid gallium was developed, where problems due to using

liquid gallium, wetting of liquid gallium, transmission of ultrasound, etc. are completely
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solved. We successfully measured a velocity profile of the convective motion in the liquid
gallium layer and visualized convective flow pattern appearing in the layer. Estimated flow
pattern is quasi-regular roll pattern, which consists of 4 rolls arranged parallel to the narrow
side of the fluid layer. Generally, it has been mentioned that a flow state is turbulence at
the setting Rayleigh number and there is no typical pattern in the fluid layer. This roll
pattern may be induced by effect of boundary of slab shape fluid layer, but it has never
reported at low Prandtl number fluid. At a targeted range of Rayleigh number in this study,
convective motion is unsteady, and spatio-temporal velocity distributions represented two
different, periodic motions of convection roll. Until now, such periodic motions have been
taken as periodic variation of Nusselt number or other secondary variables, and then we
showed it as variation of velocity profile for the first time.

In this study, we solved problems on the velocity profile measurement of liquid metal by
using ultrasound, e.g. seeding of US reflectors, wetting and transmission of ultrasound, and
then we established the method. There are processes in which liquid metal flow is utilized in

the industrial field, and this measurement method can be applied to diagnosing the processes.
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Figure 5.12: Temporally averaged velocity profiles measured by UVP (a) at a lower position,
(b) a higher position and (c) a middle position, where R = 770R.. Schematic illustrations in
the figures roughly express measurement positions.
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Figure 5.12: Temporally averaged velocity profiles measured by UVP (a) at a lower position,
(b) a higher position and (c) a middle position, where R = 770R.. Schematic illustrations in
the figures roughly express measurement positions.
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Figure 5.13: Schematic illustration of the estimated flow pattern from measured velocity
profiles at each height of the fluid layer.
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Figure 5.14: Spatio-temporal velocity profiles measured at a lower position of the fluid layer;

(a) R = 214R,, (b) R = 428R. and (c) R = TT0R..

114



e Ay 2 T YR VI YA A Y R AT TN T AT o
0 20 40 60 80
t [sec]

(©)

Figure 5.14: Spatio-temporal velocity profiles measured at a lower position of the fluid layer;

(a) R = 214R,, (b) R = 428R. and (c) R = TT0R..
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Figure 5.15: Schematic illustration of motions of convection roll; (a) a roll repeats expand and
reduction with keeping its position, (b) a roll moves on the horizontal direction periodically
without changing its size.
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Chapter 6

Conclusion

In this work, mainly two research themes were investigated; (A) natural convection induced by
internally heated convection, and (B) ultrasonic velocity profile measurement of low Prandtl
number, Rayleigh-Bénard convection. In Chapter 2, theoretical estimation of effect of heat
source distribution on internally heated convection was performed. In Chapter 3 and 4, inter-
nally heated convection was investigated experimentally in order to reexamine characteristics
of the convection. In Chapter 5, a velocity profile in the convection layer of liquid gallium was
measured by UVP, Ultrasonic Velocity Profiler. The results obtained in each Chapter already
summarized as Conclusion individually, thus we rewrite these conclusions as the conclusion

of this thesis.

Linear stability analysis was used to clarify the effects of heat source distribution on in-
ternally heated convection. The conditions for the onset of convection, namely the critical
Rayleigh number R. and critical wavenumber k., were determined for non-uniform distribu-
tions of heat source in which heat source is concentrated in the lower or the upper part of
the fluid layer. Concerning the effects of the heat source distribution a function of R, and
ke, (defined with respect to the characteristic length of the source distribution), the following
conclusions have been drawn. Concentration of the heat source near the bottom boundary
lowers R. and eases convection occurring, namely it lowers the temperature difference at
which convection occurs. Variation of k., however, is small, and there is only a slight influ-
ence of this distribution on the size of the convection cell. Concentration of the heat source
near the top boundary increases R. and prevents convection occurring. When the concen-
tration is extreme, with extremely small 7, k. changes greatly in contrast to when the heat
source is concentrated near the lower boundary. Furthermore, an asymmetry of the vertical
velocity w appears, and then convective flow near the bottom boundary becomes weak. These

variations of the characteristics of convective motion may be caused by a quasi-stable layer
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formed on the lower part of the fluid layer. In common with both heat source distributions,
even a slight deviation from uniform heating induces a large difference in the total power
input, even though the temperature profiles are similar.

”Mixed convection” where wall heating at the bottom boundary is combined with internal
heating was also investigated. The dimensionless parameter ©, defined as the ratio of internal
to external Rayleigh number, determines the form of the temperature profile. A local stable
layer in which temperature increases in the vertical direction is formed near the bottom
boundary when © is greater than 1, and a temperature profile similar to pure internally
heated convection for ©® < 1. For large values of © a strong asymmetry in the vertical
velocity w appears, and flow near the bottom boundary becomes weak. When the heat
source distribution is non-uniform and concentrated near the upper boundary, an asymmetry
appears even for small internal Rayleigh numbers; that is, small value of ©,. The local stable
layer formed in this case is thicker than for uniform internal heating. It spreads into the
upper half of the fluid layer even for a small value of ©,. Such a local stable layer might
cause a large change in R. and k..

The system investigated in this study is typical in nature and may be different in in-
dustrial configurations. The results, however, might be common characteristics related to
many convective phenomena. Asymmetry of convective motion caused by a local stable layer
is typical of internally heated convection with distributed internal heat source. It is often
explained that such asymmetry is caused by temperature dependence of physical properties
such as kinematic viscosity. But it might happen even in the ideal system without such a
temperature dependence.

As mentioned in the Chapter 1, an improved experiment for internally heated convection
will be explained in Chapter 3 and we have found that the cell undergoes elongation with
increasing Rr. The wavelength changes by nearly 100% in the range Ry = 2700 to 8100.
In my experiment, the heat source is not strongly concentrated near the upper boundary as
modeled here, and this elongation of the cell might not be caused by non-uniform distribution

of heat source as concluded from the present results.

In order to confirm the cell dilatation, an experiment that is more closely approximated
by the theoretical models was performed. The thermal boundary condition at the bottom

plate became nearly adiabatic by using vacuumed glass as the bottom plate, and the non-
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uniformity of the internal heating was reduced by increasing the height of the fluid layer.
Fluid motion and the temperature field were visualized to estimate the cell dilatation using
Kalliroscope and Thermo-chromic Liquid Crystals (TLC) suspension respectively. With the
improvements of the experimental setup in the present study, cell dilatation could be observed
in digital photographs for each Rj. We conclude, therefore, the dilatation of convection cell
with respect to internal Rayleigh number is characteristic of natural convection induced by
internal heat generation.

By using the Fourier transform, the wavenumber of the convection cells for each Rf was
calculated from brightness information, extracted from images of the flow obtained using
Kalliroscope or TLC for visualization. The cell dilatation could be expressed quantitatively
from measurements of the cell wavenumber as a function of internal Rayleigh number. The
technique we used to determine the wavenumber removed the subjectivity inherent in the
methods used by previous authors. The present results were compared with the results in an
earlier study [23] and the influence of the thermal boundary condition at the bottom of the
fluid layer on the variation of wavenumber was discussed. We mentioned that a local stable
layer with a positive vertical temperature gradient, which is induced by imperfection of ther-
mal insulation at the bottom boundary, reduces the internal Rayleigh number substantially.

As a result of the cell dilatation, an expanded cell breaks up and a smaller cell appears
in the expanded cell like double structure as mentioned in Schwiderski & Schwab [23]. Such
a structure does not appear in the process of the transition to turbulent flow in standard

Rayleigh-Bénard convection, as shown in the phase diagram [36].

In order to investigate natural convection induced by internal heat generation quan-
titatively, measurement of temperature field in the fluid layer was performed using TLC,
Thermo-chromic Liquid Crystal. Calibration system was developed in order to convert color
information extracted from visualized images to temperature field by taking a picture of a
horizontal temperature gradient in the shallow fluid layer. Calibration curve between a Hue
that is one of color information component on HSI color system and a temperature was de-
termined as a function of Hue to fourth power, and every visualized image taken at each
internal Rayleigh number was converted to temperature field. There is only small error in
the temperature conversion.

Individual cells on the horizontal temperature field were extracted based on some assump-
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tions. Variation of the area of cells, which is determined from extracted cells, with respect to
reduced internal Rayleigh number, ] were shown. We determined the slope of the variation
and showed that the slope changes at Rf ~ 5. Variation of deviation of the area versus Ry
was also investigated and there is no typical variation. Irregularity of hexagonal cell was
defined by using a deformation from equivalent circle of cell, and variation of irregularity
versus [f was shown. There are also no typical variation as well as variation of deviation
of the area. We concluded that convection cell appearing in internally heated convection is
initially irregular at onset of convection. Standard deviation of temperature determined from
overall temperature field changes a slope of its variation with respect to Rf at Rf ~ 4 as
well as variation of area of cell. We discussed that there is transition point at this Rayleigh
number and it may be induced by transition of the flow pattern. Temperature profile from
the center to the apex of the cell extracted from converted temperature field was compared
with the profile given by liner theory. As the results, we found that descending flow exists
in a cell with comparably wide area and ascending flow bringing up high temperature fluid
is localized near the apexes of cell. Critical Rayleigh number was determined experimentally
by variation of temperature difference between the center and the apex of the cell, and it

agrees well with theoretical value estimated by linear stability analysis.

UVP, Ultrasonic Velocity Profiler, is a powerful tool to investigate fluid flow of opaque
liquid and we applied it to velocity measurement of thermal convection of liquid gallium layer
as first step of investigation of low Prandtl number, Rayleigh-Bénard convection. Two trial
measurements were performed prior to the experiments; a measurement of a fluid flow of
liquid gallium driven by rotating magnetic field showed effectiveness of UVP measurement
of liquid gallium flow, and a measurement of thermal convection of glycerol solution, which
is transparent, confirmed validity of low speed flow measurement by UVP. We developed
deoxidization system of liquid gallium by using a magnetic stirrer.

Experimental apparatus for liquid gallium was developed, where problems due to using
liquid gallium, wetting of liquid gallium, transmission of ultrasound, etc. are completely
solved. We successfully measured a velocity profile of the convective motion in the liquid
gallium layer and visualized convective flow pattern appearing in the layer. Estimated flow
pattern is quasi-regular roll pattern, which consists of 4 rolls arranged parallel to the narrow

side of the fluid layer. Generally, it has been mentioned that a flow state is turbulence at
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the setting Rayleigh number and there is no typical pattern in the fluid layer. This roll
pattern may be induced by effect of boundary of slab shape fluid layer, but it has never
reported at low Prandtl number fluid. At a targeted range of Rayleigh number in this study,
convective motion is unsteady, and spatio-temporal velocity distributions represented two
different, periodic motions of convection roll. Until now, such periodic motions have been
taken as periodic variation of Nusselt number or other secondary variables, and then we
showed it as variation of velocity profile for the first time.

In this study, we solved problems on the velocity profile measurement of liquid metal by
using ultrasound, e.g. seeding of US reflectors, wetting and transmission of ultrasound, and
then we established the method. There are processes in which liquid metal flow is utilized in

the industrial field, and this measurement method can be applied to diagnosing the processes.

120



Appendix 1:
Observation of Mixed Convection

Introduction

In the previous sections, we focused our interest on internal heating and then it was assumed
that the bottom of the fluid layer is an adiabatic boundary to exclude an effect of the external
heating from the bottom. A vacuumed glass realized such adiabatic boundary condition and
some characteristics of internally heated convection have been confirmed. There is, however,
no such idealized condition in nature and in industrial problems. There are usually two kinds
of heat source, internal and external heat source, in atmosphere, sea and so on. Convective
motion in such an actual system may depend on a magnitude and a ratio of heat amount of
both heat sources. For example, more than 80 % of heat amount driving the mantle is internal,
and thus internal heating may dominant in the mantle convection [13]. Although such ”mixed
convection” (mixture of Rayleigh-Bénard convection and internal heat source convection)
exists everywhere, a convective motion in a mixed convection has not been clarified even for
small Rayleigh number.

As already mentioned in Section 2.5, form of a base temperature profile (a temperature
profile in the conduction state) for the vertical direction is determined by the ratio of the

internal to external Rayleigh numbers as follows
O = Ri/R.

Characteristics of form of the temperature profile becomes different whether ® > 1 or not.
Namely, when © > 1, a local stable layer in which temperature gradient is positive is formed
near the bottom boundary. This layer may affect a convective flow pattern for the horizontal
plane at onset of convection because the flow pattern is determined by the base temperature
profile for the vertical direction and by a shape of the lateral boundary. Critical Rayleigh

number and critical wavenumber calculated by Sparrow et al. [26] is given in Table 1. Critical
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wavenumber increases with respect to © for ©® > 1 but it is constant for © < 1. Namely, cell
size may be independent of magnitude of internal heating at onset of convection for © < 1.
In this section, we investigate the flow pattern for each value of © qualitatively.

At first, 2-dimentional roll pattern is formed on pure Rayleigh-Bénard convection without
internal heating. Internal heating is added gradually to the fluid layer and convective flow
pattern is observed for each value of ©. This observation is repeated for a region of R at
which a roll stably exits in the fluid layer. This corresponds to an investigating stability of a

roll pattern under internal heating.

Table 1: Critical wavenumber and critical Rayleigh number for mixed convection [26]

(G] ke R,

0 3.12 1707.765
0.1 3.12 1707.636
0.25 3.12 1706.953
0.5 3.12 1704.453

1 3.13 1694.953
1.5  3.14 1679.407
2.5 3.18 1632.886

5 3.30 1462.863
7.5 3.43 1279.267
10 3.53 1118.430
25 3.68 878.339
20 3.74  717.201
30  3.82  521.403
40  3.86  408.558
70 3.92  247.075
100 3.94 176.936
oo 4.00 —

Configuration

Coordinate system and main symbols are defined again in Figure 1. A heating boundary
at the bottom has constant temperature T, T > Tj. It is assumed that internal heat
generation H is uniform for the fluid layer. The control parameter of the temperature profile

O is rewritten by using these symbols as follows,

_ HL%/2)

0= (1)
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Internal and external Rayleigh numbers are defined as

B gBHL?
Fr = 2Nk

and

T, — 1) L3
R:gﬁ(Q 1) ‘
RV

Experimental apparatus and method

Apparatus

An experimental apparatus for the investigation of mixed convection mainly consists of two
parts, a fluid container with a heating plate and a cooling plate as the rid of the container.
The cooling plate is the same component used in the experiment for the internally heated
convection. Detail of the cooling plate is described explained in Section 3.3. Figure 2 shows
a schematic illustration of the fluid container and Figure 3 is a photograph of the container
with a heating block which includes a channel to circulate heating water. Size of the fluid
container is also same as the apparatus used for Chapter 3 and 4, namely the horizontal cross
section is nearly square which is 220 mm (including 5 mm gaps at the both side of the layer)
times 210 mm. Lateral walls of the container are made of 10 mm thick Plexiglas, and one
pair of the sides has a notch to set an electrode. Another pair of the side has a step shape
notch to support the cooling plate, and height of the fluid layer is set as 7 mm. The bottom
of the fluid container is a glass plate with thickness of 2 mm. Heating water controlled by
a temperature control bath is circulated under the bottom plate of the fluid layer to keep
bottom temperature constant. The bottom of the channel of heating water is made of glass 5
mm thick for visualization of the fluid layer, and other parts are made of Plexiglas. Thermal
insulating blocks cover the channel to reduce heat loss. Table 2 shows a specification of the
fluid container and the heating system.

Electric equipment in order to pass electric current to the fluid layer, electrode, power
supply, current meter and voltmeter, are same to the experimental setup used in Chapter 3
and 4. Working fluid is the same too.

As mentioned above, the heating plate is made of glass and whose thermal conductivity is
smaller than aluminum used for the cooling plate. And then, temperature difference between

the top and the bottom surface of the heating plate cannot be neglected. Measuring a
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Table 2: Specifications of the experimental setup

Fluid container
Size 220 mm(including 5mm gaps) x 210 mm X 7 mm
Lateral wall 10 mm thick Plexiglas
Bottom plate 2 mm thick glass
Heating system
Channel 30 mm height
Control thermostatic bath, AS-One model LTB400, 0.1 °C acculacy

temperature at the bottom surface of the fluid layer directly, however, is not possible because
a thermal indicator such as a naked thermocouple which does not affect a convective motion
cannot be used to determine the bottom temperature due to an electric current passing in the
fluid layer. In order to estimate a temperature at the bottom boundary, a following method
is used.

Following assumptions as illustrated in Figure 4 are used: (1) Thermal insulation of the
channel is perfect except the part in contact with the fluid layer, and exchange of heat occurs
only in this area. (2) Temperature at the upper surface of the channel 7T, is equal to the
mean temperature at the horizontal half position of the channel. (3) Temperature gradient in
the glass plate is constant at every position. Based on the above assumptions, specific heat
flux through the glass plate ¢ is derived as

ng

_ dr T —Ts

bR Wit ot
g g 3
dz L,
where () represents amount of total heat flux through the glass plate, Ay thermal conductivity

of the glass, Lg thickness of the glass plate, S contact area with the fluid layer. @ is also

derived as

Q = Qrepp(Ti = To),
where, ()¢ is flow rate of heating water, ¢, and p are specific heat and density of water
respectively. T; and T, are inflow and outflow temperature. From these temperatures,

_ﬂ_To

T
2

By algebraic operation of above equations, the temperature at the bottom surface of the fluid
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layer T5 is determined as

Tm QQf

To= — — L. 2
2T NS 2)
Temperature T; and T, are determined by standard thermometers with 0.1 °C minimum
scale.
Visualization

Convective motion of the mixed convection was visualized by Kalliroscope [43], and visualized

photographs were taken by a digital camera, Nikkon D1, from the bottom of the fluid layer.

Rayleigh-Bénard Convection

As already mentioned, in this chapter, we investigate a stability of roll pattern appearing
in Rayleigh-Bénard convection under internal heating. In investigations for Rayleigh-Bénard
convection, conventionally, height of the fluid layer is set small, say 4 mm or lower in order to
reduce the influence of the temperature dependence of physical properties such as kinematic
viscosity, and a larger horizontal fluid layer is used to reduce an influence of the lateral wall.
In the present apparatus, however, the fluid layer is thicker than apparatus used in other
investigations in order to reduce non-uniformity of internal heat generation and the horizontal
area is smaller than in earlier works. In order to confirm reliability of the apparatus, we
produce 2-dimentional rolls in the Rayleigh-Bénard convection without internal heating.
Figure 5 shows visualized photographs of convective motion in the fluid layer for each value
of Rayleigh number R, where R, is critical Rayleigh number for Rayleigh-Bénard convection
calculated by Reid & Harris [38], R. = 1707.68. At R ~ 0.9R., convective motion appears
only near the both sides of the fluid layer as shown in Figure 5(a), and it may be caused
by free surface in the gap between the cooling plate and the lateral wall. At R ~ 2.5R,, as
shown in Figure 5(b), a roll appears covering the fluid layer, and these cells line parallel to
the side of the fluid layer near the lateral wall. Near the center of the fluid layer, however,
roll cells lose a directional character and meander complexly. Furthermore, some polygonal
cells appear in the fluid layer and these cells may be caused by the thicker fluid layer than in
conventional apparatus. Figure 6 is the phase diagram of Rayleigh-Bénard convection drawn
by Krishnamurti [36]. Regarding this diagram, in the present apparatus, roll cells appear in
the range of Rayleigh numbers indicated on the diagram with a red broken line. Experiments

to observe a convective motion are carried out in this range.
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Figure 1: Coodinates and main symbols for mixed convection, internal heat generation H is
constant, and bottom temperature 75 is larger than 77.
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Figure 2: Schematic illustration of experimental apparatus, left part shows y— z cross section
and right part z — x cross section.
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Figure 3: Photograph of heating plate with channel for heating water.

gradl =0 qt T gradl =0

Figure 4: Schematic illustration for model of heat transfer at the bottom boundary of the
fluid layer.
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(b)

Figure 5: Visualized photographs of convective motion generated by external heating at the

bottom boundary: (a) R/R;~ 0.9, (b) R/R. ~ 2.4
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Figure 6: The régime diagram for Rayleigh-Bénard convection written by Krishnamurti [36].
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Results

Convective flow pattern

Convective flow pattern of the mixed convection was observed for each condition of R and
O in order to make a flow regime by pattern formation. The pattern, however, depends on

almost only © and can be classified to mainly three cases, © < 1,0 > 1 and © ~ 1.
O |

Figure 7(a) shows visualized photograph of roll pattern in pure Rayleigh-Bénard convection
with R = 4599 (R/R. = 2.69). There are regular rolls overall the fluid layer. After roll pattern
became stable, electric current was added to the fluid layer, where control parameters were
Ry = 2024 (R} = 1.46) and © = 0.45. In this case, roll cells are not transformed by passing
electric current as shown in Figure 7(b), and then rolls remain stably in the fluid layer under
internal heating. For wide range of R, 1.4 < R/R. < 5, an observation of the convective
pattern showed the almost same result in the case until © ~ 1.

As already mentioned in previous section, some polygonal cells appeared near the copper
electrodes located at the both sides of the fluid layer for small R. Figure 8(a) is an example of
such condition, R = 6051 (R/R. = 3.54). There are polygonal cells circled with a black line
among regular rolls in the initial state without internal heating. These rolls may be produced
by an influence of the copper electrodes and by negligibly large, initial perturbation. Figure
8(b) shows the convective pattern under internal heating with ® = 0.55. All rolls also
remain stably in the fluid layer, and the polygonal cells circled with a yellow line remain
in this condition. The cells circled with a red line, however, disappear by adding internal
heat generation. In addition to this, a complexly meandering roll breaks up and reconnects
with another roll various points on the fluid layer, and then these cells become more regular.
From above observations, we concluded that adding weak internal heat generation, © < 1,
to Rayleigh-Bénard convection regularizes cells and a roll cell stably exists in this condition
of internal heating. We call this region of ® Roll region where a roll stably exists.

Figure 9(b) shows an enlarged image extracted from Figure 9(a), where the condition is
R =8539 (R/R; = 5.00). Figure 9(c) shows the enlarged image of the roll cell under internal
heating with ©® = 0.80. Comparing with both images, cell shape is similar, but thickness

of roll in the case with internal heating is smaller than in pure Rayleigh-Bénard convection,
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namely wavenumber of a roll increases with internal heat generation. This observation is
parallel to internally heated convection without wall heating in which wavenumber of a roll
cell increases with respect to internal heat generation. As already mentioned in Introduction,
critical wavenumber in linear theory increases with respect to © for ©® > 1, however, for
O < 1, does not vary. The reduction of cell size observed in this investigation may be

induced by a non-linear effect and may increase heat transport.
®>1

If internal heat generation becomes significantly large beyond © = 1, rolls dramatically
changes in contrast with case of ® < 1 in which a roll is stable. Figure 10 shows a process
of the change of a cell shape, where conditions are R = 8539 (R/R. = 5.00) and © = 1.20.
Figure 10(a) shows pure Rayleigh-Bénard convection and roll exist overall the fluid layer.
After adding internal heat generation setting ® = 1.20, rolls cannot exist stably and break
up into small pieces. The peaces combine with other peace and are transformed into a
polygonal cell as shown in Figure 10(b) and (c). This process of the transform is repeated
and finally, polygonal cells prevail over the fluid layer (Figure 10(d)). Almost all of these
polygonal cells are irregular hexagonal cell with descending flow at the center of the cell
(HD) and this pattern is similar to the internally heated convection without wall heating at
the bottom as mentioned in Chapter 3 and 4. The observation indicates that stability of the
convective motion is changed from roll cell into HD, and critical value of © for the bifurcation
exist near © = 1 but slightly larger. For other cases of R, similar results are obtained by
observation although a critical value of © deviates. We call this region of ® HD region where

HD stably exists in the fluid layer.
®O~1

The state of the convection does not change suddenly into another state, but it proceeds
gradually, and thus, there is a transition state from Roll to HD region. In the observations
of the convective pattern, cases with © ~ 1, approximately 0.9 < ©® < 1.1, cannot be classified
to either cases mentioned above, namely there are some kinds of shape of convection cell such
as roll and HD in the fluid layer. This region of ©, in which various shapes be coexisted, may
be classified as the transition region from Roll to HD region. In this region, a roll certainly

changes into HD through a process. But there are different processes and initial condition
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appears to determine which process will be selected preferentially.

Figure 11(a) to (c¢) shows change of a roll in this transition region, where R = 4599
(R/R.=2.69) and © = 0.63, 0.95, 1.03 respectively. At first, a black band appears on a roll
and a cell separate at this position. Straight part of a roll remains for some time, but a curved
part rapidly changes into a polygonal cell as circled with red line in figures. Such a curved
part may have lower stability and is easy to become a polygonal cell. A polygonal cell formed
from a curved part of a roll, however, does not always become HD directly, also becomes
an irregular hexagonal cell with ascending flow at the center of the cell (HU). Selection of
circulatiion direction depends on the direction of the original roll (Figure 11(d)). A remaining
roll and HU gradually change into HD with increase of © through a process of breakup and
deformation, and finally, almost all cells become HD when O increases well over © = 1. In
this region near ©® = 1, these are cells with several shapes, which are roll, polygonal cell

including HD and HU, and then we call this region Mixture region.

Phase diagram

Convective flow pattern can be classified into three cases as mentioned in the last section,
namely roll for © < 1, HD for © > 1 and mixture of roll, HD and HU for 0.9 < © < 1.1. In
this classification, however, boundaries of each ranges of © is not clear. In order to determine
the ranges of © for each case, results of observation for various conditions of R and © are

classified into the three cases according to the following criterion.

Roll All roll remains stably.
Mixture A polygonal cell including HD and HU appears.
HD Almost all cell becomes HD.

Figure 12 is a flow regime of pattern formation, where white, gray and black symbols express
Roll, Mixture and HD respectively. By these symbols, the regime can be separated roughly
to three regions by @ = 0.8 and ©® = 1.2 expressed by the broken lines in the figure, and these
values are unrelated to R. Therefore we concluded that the critical value of © for transition
from Roll to Mixture state is 0.8 and the critical value for transition from Mixture to HD

state is 1.2. They do not depend on R.

132



Hysteresis

In the observation to make the flow regime, R was fixed and Ry was increased to increase ©.
We have studied whether convection state mentioned above depends on a history of changing
direction of ©. Asis shown in Figure 13, three cases are investigated, namely (A) Ry increases
monotonically from Roll region to HD region, (B) Ry decreases until © < 0.8, Roll region,
after flow pattern reaches HD state, and (C) R decreases to increase © from Mixture state
to HD region. The case (A) is the same way to the previous observations. In the case (B),
the flow pattern reaches HD state by increasing Ry (B1) and goes back to Roll state from
HD state by decrease Ry (B2). In the case (C), the flow pattern becomes Mixture state by
increasing Ry (C1), and becomes HD state by decreasing R as an increase of ©. From these
observations, the flow pattern does not depend on a history of changing ©® and on how to
change ©. Therefore we concluded that there is no histeresys of the flow pattern formation

in the mixed convection.
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Figure 7: Convective flow pattern at R/ R. = 2.69; (a) Pure Rayleigh-Bénard convection.

Adding internal heat generation with © = 0.45.
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Figure 8: Convective flow pattern at R/R. = 3.54; (a) Pure Rayleigh-Bénard convection.
(b) Adding internal heat generation with ® = 0.55. Circles show polygonal cell produced by
initial perturbation.
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Figure 9: Decrease of cell size by internal heating; (a) Pure Rayleigh-Bénard convection at
R/R.=5.00. (b) Enlarged picture extracted from (a). (c) Adding internal heat generation
with © = 0.80.
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Figure 10: Time series showing a transition from roll cell to HD at R/R. = 5.00. (a) Roll
cells before internal heaeting. (b), (¢) Transitional state.(d) Fully developed HD.
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(d)

Figure 11: Detail of the transition from roll cell to HD at R/R. = 2.69. (a)© = 0.63,
(b)® = 0.95, (¢)® = 1.03. (d) Schematic illustration of transition from roll to HD and HU.
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Figure 12: Regime of convective flow pattern determined by visual observation. Solid line
shows ©® = 1 and broken lines show ©® = 0.8 and 1.2.
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Figure 13: Transition of convective flow pattern along a path of changing ©.
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Appendix 2:
Optimum Seeding for Velocity Profile Measurement

by UVP

Introduction

UVP (Ultrasonic Velocity Profiler [64]) is a powerful tool in the experimental fluid dynam-
ics [65, 66] and the fluid engineering [67, 68] because it can measure an instantaneous velocity
profile, and is applicable to a fluid flow of opaque liquid [67, 69]. The latter is a typical ad-
vantage in comparison with optical methods of velocity measurement such as PIV. Thanks
to transmission property of ultrasound, UVP is applied in industries, for instance a flow
metering in a large pipe [68] where a container wall is opaque, and a quality control in food
processing [71, 72], in which fluid is generally opaque.

The measurement by UVP requires suspending a reflection particle in a flow. It is,
however, less important when target flow velocity is sufficiently high. In this case, a small
amount of impurity in liquid fully reflects an ultrasound pulse. In contrast to this, when
target flow or measuring velocity component is extremely low, seeding a reflection particle in
liquid becomes a serious problem because an error on velocity measurement by UVP strongly
depends on particle flux through the measurement volume rather than concentration of the
particle. However, if we mixed much amount of particles in liquid, substantial physical
properties of liquid may change. In this paper, we attempted to find an optimum seeding for

velocity measurement by UVP.

Measurement volume and particle concentration

In velocity profile measurement by UVP, a measurement volume is like a disk and they are
in a flow discretely arranged (Figure 14). The volume is determined by a pulse length (wave-

length of ultrasound, cycles in a pulse) and an effective diameter of ultrasonic (US) burst.
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Theoretically, if one or more reflection particle exists in the volume during the measurement,
UVP can measure velocity at the volume. Assuming that one particle is in the measurement

volume V,,,, concentration of particles in liquid 7, becomes

vV, 2d3

Y, T swDE )

where V,, is a volume of the particle, V, = xd*/6, and d, D, W are a diameter of the
particle, an effective diameter of US burst emitted from an US transducer, width of the
measurement volume respectively. In the actual measurement system, v, is very small, which
is approximately 1072 %. This corresponds to 10 mg of particles for 1 £ water if particle has
the same density with water. When fluid velocity is sufficiently high, required concentration
of particles approaches this value. But if flow is slower, the required concentration strongly
depends on velocity, namely enough amount of particle flux moving through the measurement
volume is required. Particle flux, f,, which is the number of particle passing through the

measurement volume per unit time, is given as
T2
fn = ZD 7pU/Vp7 (4)

where U is velocity of fluid flow. The measurement requires that the particle flux f, in a

measurement time At is larger than;

faAL > 1, (5)
and then
> M1 (6)
o2 3PIAL U

As expressed in this inequality, required particle concentration 7, is inversely proportional

to the velocity.

Experimental estimation of an optimum seeding

Flow in a rotating cylinder
In order to estimate an optimum seeding, which is the minimum required particle concen-
tration, we performed UVP measurement of a fluid flow in a rotating cylinder (Figure 15).

This flow has been used for a calibration of UVP system. After enough time from start

of the rotation, flow becomes rigid body motion, namely azimuthal velocity component wug
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becomes ug = rw, where r is radial position and w is angular velocity of the cylinder. UVP
can measure velocity component u, for the direction of propagating US burst . When an
US transducer is located outside of the cylinder parallel to the horizontal centerline of the
cylinder with distance Ay, we can obtain a velocity profile in the cylinder along the mea-
surement line as shown in Figure 15. Velocity does not depend on z and the profile becomes

constant, where the constant value is
Uy = WAY. (7)

This flow is basically steady for the constant rotating speed and the velocity profile measured
by UVP also becomes constant temporally. Length of the measured velocity profile L, is
determined as

Ly = (D24 - Aay?)' 7, (8)

where D, is an inner diameter of the cylinder.

Experimental setup and measured velocity profile

Figure 16 shows an experimental setup for the measurement of the flow in the rotating
cylinder. 700 mm x 700 mm acrylic bath is filled with water. A hollow acrylic cylinder,
which has 150 mm outer diameter, 2.5 mm thickness and 50 mm height, is located at the
center of the bath and is rotated by a motor with constant rotating speed. An US transducer
with 4 MHz basic frequency is placed outside the cylinder with a few mm gap from the wall
of the cylinder and its setting height is middle height of the cylinder. Nylon powder with
diameter d = 50 pm was used as reflection particle of US burst and its specific gravity is
1.06. In order to balance specific gravity of working fluid with that of the particle, 23 wt %
glycerol solution was chosen as the fluid. Sound speed of the solution measured by time of
flight method is 1601 m/s. Specifications of the measurement condition for the calculation of
the measurement volume is given in Table 3.

Figure 17 shows a temporally averaged velocity profile of the flow in the rotating cylinder
measured by UVP, UVP monitor Model UVP-Duo (Met-Flow S. A.), where Ay and w are 20
mm and 4.20 rad/s respectively. A solid line in the figure expresses the theoretical velocity
profile, where w, is calculated by substituting w and Ay into Equation (7) and the side
boundaries of the profile is determined by the inner diameter of the cylinder D. and Ay
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according to Equation (8). In comparison between both profiles, the measured profile is
pretty much the same as the theoretical profile although it has slight deviation near the far

sidewall boundary.

Experimental estimation of an optimum seeding

As expressed in Equation (6), velocity can be measured by UVP when +,U is larger than a
constant value which depends on measuring volume, particle size and measuring time. We
investigate to find a necessary and sufficient value of y,U by estimating error of measure-
ment at several conditions of U and +,. Figure 18(a) shows an instantaneous velocity profile
measured in high particle concentration (v, = 0.02). As shown in this figure, deviation of
the profile is small and measured velocity is nearly constant inside the cylinder as predicted
by the theory. In comparison with this, the profile measured in insufficient particle concen-
tration (Figure 18(b)) has large deviation. Error caused by insufficient particle is defined as
follows. UVP repeats emission and reception of ultrasound with several times in order to take
an instantaneous velocity profile (repetition number is 32 in this measurement). Insufficient
particle causes error on measured value and the error appears in the profile as deviation. Fur-
thermore, if there is no particle in the measurement volume during measurement, a measured
velocity becomes zero. In this estimation, velocity, which is smaller than ten times velocity
resolution of the measurement, is attributed an error caused by insufficiency of the particle.
The number of spatial sampling points for the estimation is 20 in the range of z = 40 ~ 70
mm by taking into account and divergence of US beam with respect to distance from an US
transducer and deviation near the lateral wall. The number of profiles is 512 so that a total
sampling number is about 10 000.

The error is estimated for many cases for v, = 0.002 ~ 0.05 % and w = 1.0 ~ 7.2
rad/s. Figure 19 shows the result of the estimation of the error rate. The horizontal axis and
the vertical axis in the figure represent particle flux through the measurement volume v,Up,
and error rate respectively, where Uy, is temporal and spatial average of measured velocity
uz. Yp can be converted into averaged number of particle in the measurement volume n,
and it is shown with v, in the legend, and then v,U,, can be also converted into particle
number flux n,Uy,. Results for different v, have similar trend, i.e. error rate monotonically

decreases with respect to v,Un. A solid line shows an approximate line of data by least
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square approximation. Slope of this line on the log-log plot is -1.1 and then measurement
error decreases inversely proportional to y,Up,. Optimum seeding may be determined from
this relation. For instance, in order to keep a measurement deviation below 0.1 %, v,Un
must be set larger than 1 mm/s. In another expression, particle number flux must be set

over 1700 mm/s.

Conclusion

In order to estimate an optimum seeding of reflection particle on UVP measurement, we
measured velocity profile in the rotating cylinder and estimated error caused by lack of the
reflection particle for various cases of particle concentration 7, and velocity U. The error rate
depends on the particle flux through the measurement volume v,U and decreases inversely
proportional to v,U. An optimum seeding might be estimated based on this relation. For
instance, we need 0.1 % of the particle concentration when a target velocity of the UVP

measurement is few mm/s.
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Table 3: Specifications of measurement condition.

Symbol  Unit  Value

Sound speed in glycerol solution ¢ m/s 1601
US burst

Basic frequency f MHz 4
Number of cycles N 4
Effective diameter D mm 5
Width of measurement volume w mm  0.801
Diameter of particle d pm 50

Reflection particles
N T d
\ Q
\ > X
)

/
US burst m‘

Y Particle

Figure 14: Schematic illustration of measurement volume and reflection particle, where disk-
form measurement volumes exist along the measurement direction z discretely.
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Uy

Figure 15: Schematic sketch of the flow in the rotating cylinder with angular velocity w and
a measured velocity profile, where the inside of the circle is filled with liquid.
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Figure 16: Schematic illustration of experimental setup, which is mainly consist of outer bath
and rotating cylinder located at the center of the bath.
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Figure 17: Temporally averaged velocity profile measured by UVP and theoretical profile,
where setting velocity is 80 mm/s.
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Figure 18: Measured velocity profile of the flow in the rotating cylinder by UVP (a) in rich
particle concentration, v, = 0.02, and (b) in poor concentration, v, = 0.004.
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Figure 19: Error rate caused by lack of the particle versus particle flux through the mea-
surement volume ~,Uy, or particle for each particle concentration ~,, where n,Uy, represents
particle number flux converted from v,Uy. Solid line represents approximate line of data
calculated by least square approximation.
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Appendix 3:
Sound Speed Measurement of Liquid Gallium

Introducton

UVP (Ultrasonic Velocity Profiler [64]) achieves efficient mapping of flow field, then it has
been used for the fluid dynamics, for example analysis of flow transition and weakly turbulent
flow [65, 66]. Furthermore, UVP is applied to a high-precision flowmeter for a pipe flow
substituting usual flowmeters, e.g. orifice flowmeter, electromagnetic flowmeter, etc, because
it can measure flow in existing piping facilities [68]. The greatest advantage of UVP is to be
able to measure a fluid flow of opaque liquid in the contrast to optical methods such as PIV.
UVP is very useful as mentioned above, but it requires that sound speed of liquid and its
temperature dependence are well known in order to measure flow with high accuracy.

Since gallium has conveniently low melting temperature (29.8 °C) and is relatively easy
to deal with compared with other liquid metal, e.g. mercury and sodium, it has been used for
a laboratory experiment of a flow of low Prandtl number liquid and a flow with liquid-solid
phase change [59, 61, 63]. Its sound speed, however, is measured only at 30 °C near the
melting point and that is insufficient on UVP measurement. In this paper, we develop a
measurement system in order to determine a sound speed of various liquids accurately and
investigate temperature dependence on sound speed of liquid gallium by using the developed

system.

Measurement method of sound speed

Usual measurement method and its problem on accuracy

Generally, the Acoustic Time of Flight Measurement method (AtoM) [73] is used as a sound
speed measurement. In this method, an ultrasonic (US) pulse is emitted from a US transducer

located at one side of a liquid container to opposite side (Figure 20). An US pulse propagates
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in liquid and another transducer receives it with time delay At. If a propagation length L is
already knowna sound speed of liquid, ¢, is given as ¢ = L /At by measuring At. The pulse-
echo time of flight method [73], in which a receiving transducer is replaced with a reflector
and a reflected pulse is received by the same transducer emitting a pulse, is also well used.
In this measurement principle, it is a premise to measure a sound speed accurately that the
length of bath L as the propagation length of the pulse was measured accurately. However,
in fact, L contains various errors which are hard to be estimated, e.g. deformation of the
bath caused by temperature changing[din addition to errors at the making and the setup of

the system. Thus this method is not best in a situation with temperature changing.

Fundamental concept of present measurement method

As the aforementioned, a method of sound speed measurement based on a propagation length
L is not best owing to uncertainties caused by deformation of a bath. We propose a method
of sound speed based on a moving length Al from an initial length L substituting the usual
method. Measurements of a time of flight At at various values of [, [ = L + Al, gives us
a relationship { — At as shown in Figure 21(a), where an approximated line is given by a
least square approximation. Sound speed ¢ is a function of temperature T, and is given as
a gradient of a function [, {(At,T) = ¢(T)At + L*. If Al can be changed accurately with
sufficiently small error él, it is not necessity to measure L strictly. The intercept L* in the
equation contains a measurement error A and an error B(7T') related to changing temperature
T, which contains a deformation of a bath, in addition to L. In the usual method, as shown
in Figure 21(b), an error caused by changing temperature on a measurement of L, §L, is
represented as a temporal error 8t/ on a measurement of time of flight, and sound speed ¢
is measured as ¢’ which contains the error. Such error is hard to be estimated comparison
with a measurement error of time dt. On the other hand, in the present method, such error
is confined into L* and does not influence to determine ¢ which is a slope of a function
Therefore, present method may be effective to determine a temperature dependence of a

sound speed in which changing temperature is necessary.
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Experimental setup

A measurement setup was constructed in order to realize the basic concept of the present
method (Figure 22) and it consists of two acrylic cylinders labeled A and B, an US transducer
located perpendicular to the bottom plate of the cylinder A, a function generator and a digital
oscilloscope. Figure 23 shows photographs of the experimental apparatus; (a) Exterior of the
apparatus including the outer cylinder B, (b) The inner cylinder A and a reflector of an US
pulse made with stainless steel as the bottom plate of the cylinder A. Two nozzles setting at
the sidewall of the cylinder B are connected with the constant-temperature bath (AS-ONE;,
model CH-202). A slide unit with a micrometer is built on the acrylic rid of the cylinder B in
order to move the transducer accurately on the vertical direction. A movable length of this
unit is 13 mm and accuracy of movement is 10 gm. The reflector can be replaced easily by
a flange located at the end of the cylinder. Acrylic reflector was also used in addition to the
stainless steel one. Thickness of the both reflectors is 5 mm. Sample liquid filled the inner
cylinder A and its temperature was kept constant by flowing water in the outer cylinder B.
The temperature of the flowing water was controlled by the constant-temperature bath.
The pulse-echo time of flight method was used to measure a propagation time of an US
pulse At. An US pulse generated by the US transducer with the function generator (Tabor,
model 8551) is emitted to the reflector. The same transducer receives an US echo reflected
from the surface of the reflector, and an oscilloscope (Iwatsu, model DS-8812) determines the

propagation time At by detecting the echo signal.

Results

Test measurement - sound speed measurement of water

A sound speed measurement of distilled water was performed as a test of the measurement
system. A stainless steel reflector was used because of its high acoustic impedance related
with a reflection rate. The function generator generated 3 cycles of a triangle like signal,
where basic frequency and amplitude were 4 MHz and 10 V respectively. Bulk temperature
of distilled water was 20.7 °C in this experiment. A transducer was moved with 0.5 mm
intervals and a propagation time was measured by a digital oscilloscope at each position. In

the present method, measuring a strict propagation time in which an US pulse propagates in
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a length of 2/ is unnecessary and only time difference caused by movement of a transducer
is important. Here, a propagation time was determined as time between pulse emission to
a detection of a second top of a reflected echo signal which has triangle form, where a time
resolution of the oscilloscope is 8 nsec.

Measurement result is shown in Figure 24, where each circle represents measured data
and a line shown in the figure is an approximated line calculated by the least squire method.
A sound speed calculated as a slope of the line is ¢ = 1479 m/s, and it is well corresponding

to measurement result at 20 °C, ¢ = 1483 m/s.

Sound speed measurement of liquid gallium

Dissipation of ultrasound in liquid gallium is larger than in water, and then amplitude of an
US pulse was increased up to 16 V. Acoustic impedance in gallium is larger by 10 times as
much as that in water. An acrylic US reflector, which has smaller acoustic impedance than
stainless steel, was used in order to achieve sufficiently large reflection rate (A stainless steel
reflector was also used but an echo signal is small.). Reflection rate for gallium is 0.44 in
stainless steel and is 0.70 in acryl. Changing temperature range of gallium is 30 to 50 °CO
Figure 25 shows measurement result, where approximate line given by the measured values
is ¢(1") = —0.61637 + 2891.9. Standard deviation of scatter of data is ¢ = 3.403. A sound
speed of gallium shows a tendency to decrease generally with respect to temperature. A rate

of decrease in gallium is comparable to that in mercury.

Additional remarks for liquid gallium

Typical photographs taken in or after a measurement are shown in Figure 26. Following
remarks don’t have direct relation with a sound speed measurement but may be important
in all experiment with using liquid gallium. Figure 26(a) shows the inner cylinder filled with
liquid gallium, where gallium is covered with distilled water in order to prevent oxidation of
gallium. There are many white patches at a surface of a column of liquid gallium. These
are small bubbles generated from a thin water layer between gallium and the inner cylinder.
Because gallium does not wet to acryl, such thin water layer appears at the interface. Gallium
is very easy to be oxidized, and a gallium oxide will disturb a measurement of the sound speed.

Therefore we paid attention removing these bubbles in the middle of experiment. Figure
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26(b) and Figure 26(c) are respectively a stainless steel reflector and an US transducer after
an experiment. White things put at the surfaces are oxides of gallium. Just gallium is hard
to wet to something without metals, but its oxide is easy to stick at everything as shown in

the figures.
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Figure 20: Diagram of sound speed measurement by AtoM method [73], where Dt represents
time of fright of an ultrasonic pulse propagating in liquid with length L.
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Figure 21: Schematic illustration of fundamental concept for (a) present method and (b) usual
method, where [ and At represent a propagation length and time of flight of ultrasound, ¢

and &/ represent a measurement error of At and [. Sound speed is determined as slope of a
function [(At).
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Figure 22: Schematic illustration of experimental setup that mainly consists of two cylinders,
ultrasonic transducer, function generator, digital oscilloscope and constant-temperature bath.
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Figure 23: Photographs of experimental apparatus; (a) Exterior, (b) Inner cylinder and

reflector.
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Figure 24: Result of sound speed measurement for distilled water.
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Figure 25: Temperature dependence of sound speed in liquid gallium.

Figure 26: Typical photographs taken in or after a measurement, (a) Liquid gallium filled in

inner cylinder, (b) Stainless steel reflector of ultrasonic pulse after measurement, (c) Ultra-
sonic transducer after measurement.
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Design of the apparatus
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Appendix 4:
Visualized Photographs of Internally Heated
Convection
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Ri*~3

Figure 27: Visualized flow pattern
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Ri*~5

Figure 27: Visualized flow pattern
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Ry* ~77

Figure 27: Visualized flow pattern
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Ry* ~22

Figure 27: Visualized flow pattern
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Ri* ~ 1.7

Ri*~3.2

Figure 28: Visualized temperature field
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Ri*~4.2

Figure 28: Visualized temperature field
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Ri*~6.0

Figure 28: Visualized temperature field
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Figure 28: Visualized temperature field
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