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ABSTRACT. We consider global properties for the classical SIR,
SIRS and SEIR models of infectious diseases, including the mod-
els with the vertical transmission, assuming that the horizontal
transmission is governed by an unspecified function f(S,I). We
construct Lyapunov functions which enable us to find biologically
realistic conditions sufficient to ensure existence and uniqueness of
a globally asymptotically stable equilibrium state. This state can
be either endemic, or infection-free, depending on the value of the

basic reproduction number.

Key words: Direct Lyapunov method, Lyapunov function, endemic

equilibrium state, global stability, nonlinear incidence.
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1. INTRODUCTION

It is traditionally postulated that the spread of an infectious disease
in a population occurs according to the principle of mass action. This
assumption implies that the corresponding incidence rate is bilinear
with respect to the numbers of susceptible and infective individuals
(Anderson and May, 1991; Hethcote, 2000); more specifically, if S(%)
and I(t) are the fractions of susceptibles and infective individuals in a
population, and if 3 is the per capita contact rate, then the principle
of mass action implies that the infection spreads with the rate SIS.
The set of assumptions behind this postulate is fairly sound, and the
models based on this postulate allowed to gain a number of important

results.



However, there is a number of reasons why this standard bilinear
incidence rate may require modification. For instance, the underly-
ing assumption of homogeneous mixing and homogeneous environment
may be invalid. In this case the necessary population structure and
heterogeneous mixing may be incorporated into a model with a spe-
cific form of non-linear transmission. Saturation effects also lead to a
nonlinear incidence rate: if the portion of the infective hosts in a pop-
ulation is very high and exposure to the disease agent is virtually cer-
tain, then the transmission rate may grow more slowly than linear with
the increase in the number of infectives. This effect was encountered
in clinical observations as well as in laboratory experiments (Capasso
and Serio, 1978; Brawn and Hasibuan, 1995). Furthermore, the de-
tails of transmission of infectious diseases are generally unknown, and
may vary for different conditions; this observation justifies the growing
interest to the models with incidence rates of more general form.

For this reason models of infectious diseases with nonlinear inci-
dence rates have been attracting considerable attention over the last
two decades. The most common in the literature nonlinear incidence
rate takes the form BIPS? (where p and ¢ are positive constants).
Models with this incidence rate have been studied by Liu, Levin and
Iwasa (1986) and Liu, Hethcote and Levin (1987), and later by Derrick
and van den Driessche (2003); Hethcote, Lewis and van den Driess-
che (1989); Hethcote and van den Driessche (1991); Korobeinikov and
Maini (2004), and many others. The nonlinear incidence rates of more

sophisticated forms were also suggested and studied. For instance,



Liu, Levin and Iwasa (1986) proposed an incidence rate of the form
kIPS/(1 + al'); Briggs and Godfray (1995), who studied infection of
insects, considered a non-linear pathogen transmission of the form
kSIn(1 + vP/k) (where P is the density of the pathogen particles).
Li, Muldowney and van den Driessche (1999) studied the global prop-
erties of a SETR model with the incidence rate of the form ¢(I)S; they
also extended some of their results for a SEIRS model. Korobeinikov
and Maini (2005) considered a variety of models with the incidence
rate of the form g(I)h(S); constructed Lyapunov functions enabled to
establish global properties for a STR and a SEIR models.

In a more general case, transmission of an infection may be given by
a non-factorable function of S and I. Feng and Thieme (2000) consid-
ered the most general model with arbitrarily many infective stages with
general length distribution, and with incidence rate given by an arbi-
trary function f(S,I1,...,I,). They found the condition for existence
and uniqueness of the endemic equilibrium state, and for its local sta-
bility. For a comparatively simple case of STR and STRS models with
the incidence rate given by an unspecified function f(S,I), sufficient
conditions for the global stability of the endemic equilibrium state was
also found (Korobeinikov, 2006).

The main goal of this notice is to study the global properties of
the classical three-dimensional SETR model (including the model with
the vertical transmission) with the horizontal transmission governed
by an unspecified function f(S,I). For this rather general case, by

means of the direct Lyapunov method, we derive sufficient conditions



ensuring existence and uniqueness of a globally asymptotically stable
steady state. It is not surprising, however, that the Lyapunov functions
constructed here for the three-dimensional SEIR models can also be
applied to the two-dimensional STR and STRS models. Although the
properties of these models were already studied, for the sake of con-
sistency we consider here these models as well. We have to stress,
however, that the Lyapunov function constructed here is not a direct
generalisation of the functions we apply earlier (Korobeinikov, 2006)

to establish the global properties of the STR and STRS models.

2. SIR AND SEIR MODELS

We assume that the population size is constant, that is deaths are
balanced by births. Following classical assumptions (Anderson and
May, 1991; Busenberg and Cooke, 1993; Hethcote, 2000), we divide
the host population into the susceptible, the infective and the recov-
ered subpopulations, and denote the fractions of these in the population
by S, I and R respectively (that is S+7+ R = 1). We assume that after
infection an individual moves from the susceptibles compartment into
the infectives compartment and then into the recovered compartment.
If recovery implies permanent immunity, then a recovered individual
remains in the recovered compartment; a model based on these assump-
tions is known as a STR model. If all the birth are into the susceptibles

compartment, and if the transmission of the infection is governed by
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an incidence rate f(S,I), then the basic STR model is

S = p—f(S1)—uS,
(2.1) I = f(81I) -4,

R = ol — uR.

Here 6 = o + p is the sum of the recovery rate and the death rate. If
the transmission rate f does not depend on the variable R, the third
equation for the recovered population can be omitted.

Naturally, a biologically feasible incidence rate f(S,) is a positive
monotonically growing function for all S, I > 0, and f(0,1) = f(S,0) =
0. These conditions arise solely from biological considerations; further
we will show that they are not necessary for our analysis. We also
assume that this function is continuous and differentiable for all S, I >
0.

For many infections, some time has to pass before an infected in-
dividual becomes infectious. The simplest way to consider this latent
state is to add an extra class, the class of exposed hosts, to the system.
Let us assume now that S, F, I and R are respectively the fractions of
the susceptibles, the exposed, the infectives and the recovered hosts in
the population, that is S+ E 4+ I + R = 1 holds, that an average dura-

tion of the latent state is 1/, and that transmission of the infection is



governed by a incidence rate f(S,I). Then the basic SETR model is

S = p—f(S,1)—us,
(2.2) E = f(S,I)—(0+pE,

I = 0E —4I.

The equation for recovered population, R = oI — uR, is omitted.

The biologically natural condition f(0,7) = 0 ensures that either of
these systems always have an infection-free equilibrium state ¢y with
the coordinates Sy = 1, Ey = Iy = 0. Apart from this equilibrium, these
systems can also have endemic (positive) equilibrium states such that

the equalities
(2.3) p—pS = f(S,1)=(0+pE =B,

where B = 1 for the STR model, and B = (6 + )/ for the SEIR
model, hold at these states.

It is also useful to note that the octant (S,E,I) > 0 (quadrant
(S,I) > 0) is an invariant set of the system (2.2) (system (2.1) respec-
tively).

Now, we proceed to analysis of the global properties of these models.

3. GLOBAL PROPERTIES OF THE MODELS

Global behaviour of these models crucially depends on the basic
reproduction number, that is an average number of secondary cases
produced by a single infective introduced into an entirely susceptible

population. For the STR and the SEIR models, the basic reproduction
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number is (Driessche and Watmough, 2002)

R _ 1 9f(S0,1o)
= Bs oI

The following Theorem (Feng and Thieme, 2000, Korobeinikov and
Maini, 2005) provides sufficiency conditions for existence of the positive

equilibrium states for the systems (2.1) and (2.2).

Theorem 3.1. Let the function f(S,I) be monotonically growing with

respect to S, and let

Ii_r)r&% >1 forall S €(0,5S).

Then, if Ry > 1, either of these systems, namely (2.1) or (2.2), has

positive equilibrium states.

Proof. At a fixed point of the systems (2.1) and (2.2) the equalities
BoI +puS =p and Bl = f(S,1),

where, as above, B = 1 for the SIR model, or B = (6 + p)/6 for
the SEIR model, hold. These equalities define a negatively sloped
straight line ¢; and a curve go on the IS plane (Fig. 1). By the implicit
function theorem, the monotonicity of the function f(S, I) with respect
to S guarantees that the second of these equalities defines a function
S = h(I); the curve ¢ is the graph of this function. This function is
positive and either exists and is continuous for I € (0, u/B¢), or reaches
infinity in this interval. In either case, however, it is obvious, that if

S« = h(0) < Sy = 1, then there is at least one point of intersection of
8
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I
FiGURE 3.1. The straight line ¢; and the curve gs.
the lines ¢; and g. By the hypothesis of this theorem, Sg/S, > 1 holds
if

31  Gm2GeD g fEeD) 1 0f(50,0)

150 f(S,,1) 150 BSI _ Bs oI =Ho>1.

3.1. Global stability of the infection-free equilibrium state for
the case Ry < 1. It was mentioned, that the infection-free equilibrium

state Qo always exists if f(S,0) = 0.

Theorem 3.2. Let

(3.2)

lim J;((‘S;”;)) >1for S €[0,5), and }1_1}(1) J;((‘S‘;’II)) <1 for S > Sy,
and

(3.3) f(S, 1) < I@f(S, 0 for all I > 0.

oI
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Then, if Ry < 1, there is no positive equilibrium state, and the infection-

free equilibrium state Qq is globally asymptotically stable.

Proof. We consider a function

S
o . f(SOaI)
U(S,E,I) —S—/e }%7]‘(7,1) dr + AE + BI,

where ¢ is a small unspecified parameter, and A = 0, B = 1 for the
SIR model, or A=1,B = (0+p)/6 for the SETR model. It is easy to
see that U(S, E, I) reaches its global minimum at @, and, therefore,
U(S,E,I) is a Lyapunov function. For the STR model (2.1) and the

SEIR model (2.2), this Lyapunov function satisfies

wo (S D) f(So, 1) £(So, 1)
= = ,u—,uS—,uhr% F5.0) +f(S,I)}1_I}I(l) F5.0) +u5’}1_:r)1(1) 5.1
= -5 (1 i P DY 4y (LS50

150 £(8,1) B oI 150 £(S,1)

By the hypothesis of this theorem ,

(1-25) (1—lim 150, 1)

<0 for all E,I>
I—>0f(S,I)>_O orall S,E,I >0,

where strict equality holds only when S = Sy, and

LIS ) S D) LS DG 1 0f(So o) _

B 6I 1-0 f(S,I) B I 2489 = B oI

Therefore, Ry < 1 ensures that Czi_[t] <0 for all S,E,I > 0, where
au
P 0 holds only for § = Sy. It is easy to verify that the infection-free

equilibrium state () is the only fixed point of the systems on the plane

(line) S = Sy, and hence, by the Lyapunov-LaSalle asymptotic stability
10
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theorem (Barbashin, 1970, p. 28, or La Salle and Lefschetz, 1961, p. 58),
the equilibrium state @)q is globally asymptotically stable all § > ¢
and E,I > 0. We can extend this statement to the whole non-negative
octant (quadrant) observing that the ET plane (I axis) is transverse to
the phase flow, which is directed in the inner of the octant (quadrant),
and contains no invariant sets, and then directing ¢ — 0.

The derivative of a Lyapunov function must be equal to zero at an
equilibrium state. Since % = 0 holds only on the plane S = S;, and

() is the only fixed point on this plane, these systems have no equilibria

apart from Q. O

3.2. Stability and uniqueness of the positive endemic equilib-
rium state. We assume now that the system has a positive equilib-

rium state Q* = (S*, E*, I*) such that the equalities
(34) p=pS"+f(S",I7), [f(S*,I")=(0+pE"=BOE" = BI"

hold at this steady state.

Theorem 3.3. Let the system (2.1) or (2.2) has a positive equilibrium
state Q* = (S*, E*, I*), such that
f(S, I*) < f(S*,I*) forall 0< S <S* and

(3.5) f(S, I*) > f(S*,I*) forall S>S*,
11



and

/1" < f(S,I)/f(S,I") <1 for 0<I<I" and

(36) 1< f(S,D/f(S,I)<I/I* for I>T"

Then this positive equilibrium state is unique and globally asymptoti-

cally stable in R’} (where n = 2 or 3, respectively).

Proof. We consider a function
(3.7)

V(S,E,T) — fSI

D 2 gr+ C(E—E*InE)+ B -I"Inl),
Fr

where B = 1,C = 0 for the SIR system (2.1), or B = (0+pu)/0,C =1
for the SETR system (2.2). This function is defined and continuous
for all S > ¢ and F,I > 0, and satisfies

VST oV B o I
a8 s e © ( ) AT ( i )

It is easy to see that the point Q* = (S*, E*, I*) is a stationary point
of the function V' (S, E, I) and, by (3.5), it is the only stationary point
and the global minimum of this function. Consequently, the function

V (S, E,I) is a Lyapunov function.
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For the STR system (2.1), using (3.4), the Lyapunov function (3.7)

satisfies
A (Y
£(8°,1) | f(s%, 1) £(5°,1°)
— S. I S
S ICN OIS O RAR A TN )

+B (f(S, I)— 61— ?f(S, I+ 51*)

(S f(snI) S fST)
“Sc‘ﬁ‘ﬂ&m §f@m>

(o HSNTY RS D)
+ﬂSJ”(“‘ﬂap>+ﬂ&pQ

(LI A8
6 (1= 1 T s )

o S\ (. £

““5<1 9)(1 f@Jﬂ)
F5 1) T RS, 1) Iwaﬂ>
F5T) T THE TR

ICHE A A 2a))

fs,1) I I* f(S,1)

By Theorem hypotheses,

(20 =

(where strict equality holds only when S = §*), and

60 Ty LIST) (1 JED) (180 _4)

(S, 1T I f(S,) F(S, 1)) \ F(S,1)

Furthermore,

FST) It F(SI) T §(S.T)
16 T TR T s
13




for all S, I > 0, because the arithmetic mean is greater then or equal

av(s,I
to the geometric mean. Therefore, % < 0 holds for all S, T > 0,
provided that pS* and f(S*, I*) are nonnegative.

In the case of the system (2.2), the Lyapunov function (3.7) satisfies

%Z: p—f(S, 1) —puS
HELT) | f(STY) f(5°1°)
S CN OIS O EAR S TN )

+0 (55,1~ O+ WE - LIS.D+ 6+ 0)E)
+B (HE' — oI — 0E§ + (51*) .

Recalling that C' = 1, p = pS*+ f(S*,I*) and f(S*, I*) = (0+ p)E* =
BOFE* = B4I*, we obtain

AV (S _f(8I) S (ST
= = +uS (1‘§_W ?W)

ety (1- 1600 S8

f(8,1%) (5, 1%)

. E* f(5,1)
151 (1= 05 14)

(s F(s,1°)
= # (1‘§> (1‘ f(S,I*)>
(. fS I B fST) BT RST)
TS (4‘ 150 " B s I  BI TS, f))

ICHIE AN 4 50))

f(S, 1) I+ I f(S,I)

s
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By Theorem hypotheses,

(where strict equality holds only when S = §*), and

ST T 1Iﬂ&m:<1 ﬂ&D>U@fX4)<o

f(8, 1) I* I* £(5,1)

- j51) 750

Furthermore,

E* f(5,1)  EI" f(5,I") I[f(51I)

E f(S*,I*) " E*T " f(S,I* T f(S,1) =

for all S, E, I > 0, because the arithmetic mean is greater then or equal
av
to the geometric mean. Therefore, r < 0 holds for all S,E, I > 0,

provided that pS* and f(S*, I*) are nonnegative.

dV(S,E,I)
dt

only when S = S*, and that @* is the only equilibrium state of these

It is easy to see that for both these systems = 0 holds
systems on this plane (line). Therefore, by Lyapunov-La Salle asymp-
totic stability theorem (Barbashin, 1970; La Salle and Lefschetz, 1961)
the positive equilibrium state Q* is globally asymptotically stable in
the positive region R} (where n = 2 or 3, respectively). The unique-

ness of the endemic equilibrium state Q* follows from the fact that the

dv (S, E,I)
dt

that the point * is the only equilibrium state of the systems on this

equality = 0 holds only on the plane (line) S = S*, and

plane (line). O
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4. SIRS MODEL AND MODELS WITH VERTICAL TRANSMISSION

For some infections the acquired immunity is not permanent and can

disappear after some time. A STRS model

S = p—f(S,I)—pS+aR,
I = f(8,1I)—4I,

R = ol —(u+a)R,

where 1/« is an average period of immunity, describes such a case. If
a = 0, then the period of immunity is infinite, and the STRS model
reduces to the STR model (2.1). Since S+I+ R = 1, the third equation
can be omitted.

Moreover, for some infections there is a possibility for a so-called
“vertical transmission”, that is transplacental transmission from an in-
fective mother to an unborn or newly born child (see Busenberg and
Cooke, 1993, for a survey of diseases and models). To incorporate the
vertical transmission into the STR or the STRS model, we assume that
a fraction p of offsprings of the infective hosts is infected at birth, and
hence a part of the birth influx, pul, enters the infective compartment
while the remaining births, p(1 — pI), come to the susceptibles com-
partment (Busenberg and Cooke, 1993). Then, using R=1—-5 —1,

the STRS model equations are

S = (p+a)—f(S,I)—al —pul — (p+a)S,

(4.1) I = f(S,I)+pul —dI.

16



Here the equation for R is omitted. Naturally, 6 = ¢ + u > pu holds
here (0 < p <1). If @ = 0, this model reduces to the STR model

S = p—f(S,1)—ppl — S,

(4.2) I = f(S,I)+pul —4I.

The SIR and SIRS models are identical in a certain sense: denoting
i=p+ad=06+a=oc+p+aand f(S,I)=f(S,I)+ (a+pp)l,

we obtain the equations

S = p—f(S,1)— S,

(4.3) I = f(S,I)-6I

For the SETR model we also can consider the possibility of the ver-
tical transmission, assuming that fractions of offsprings of the exposed
and the infectious hosts, g and p respectively, are infected at birth and,
like the hosts infected through the horizontal transmission, enter the ex-
posed compartment (Busenberg and Cooke, 1993). Consequently, there
is the influx of the new born into the exposed compartment p(pl +¢F),
and the influx of the new born into the susceptibles compartment is
u(l — pI — qE) (where, naturally, 0 < p,q < 1). Then the model

equations are

S = k- f(S,I)—quE — [iS,
(4.4) E = f(S,I)+quE— (0 + nE,
I = 6E -5,

17



where f(S,1),8 and [i are as defined above with o = 0 (we use 0 and

1 here instead of § and p for the sake of consistency of notation).
These systems always have an infection-free equilibrium state Qg =

(1,0,0) and can have endemic equilibrium states such that the equali-

ties
(4.5) i—iS = f(S, 1)+ quE = (0 + p)E = B3I

hold at these states. For these SIR, SIRS and the SEIR systems
with vertical transmission the basic reproduction number is (cf. van
den Driessche and Watmough, 2002)

1 (9f(So, Io) 8§\ _ 1 (0f(So,do) | &
RO_B(S( a1 +p“+q9“>_35< ar gt )

where B = 1,q = 0 for the STR and STRS models, and B = (0 +
w)/0,a =0 for the SETR model.

A particular feature of the STRS model, and the STR and SEIR
models with vertical transmission, which is of importance for further
analysis, is that the positive octant (quadrant) of the SET space (the
ST plane) is not an invariant set for these systems. Indeed, it is easy
to see that S < 0at S =0forall I > 1 /p. Therefore, the problem of
proving the global stability for the whole positive domain R” (where
n = 2 or 3 respectively) is meaningless for these models. However, the

so-called “feasible region”

Y={(S,E,])eR*|S,E, 1 >0;S+E+1<1},

18



(orX ={(S,I) € R?|S,I > 0;S + I <1} for the SIR and STRS mod-
els) is a positively invariant set, and this is usually considered as the
phase space for these systems. Further by the term “global properties”
we will imply the properties of these systems in the feasible region 3.

Theorems of Section 3 can be extended for these models with the only
reservation that by the “global stability” in this case we imply “global
stability in ¥”. It is obvious that if the hypotheses of Theorem 3.1,
3.2 and 3.3 hold for the function f(S,I), then these hold for f(S, I) as
well.

Theorem 3.1 can be immediately extended to these models. The only

alteration for the proof of Theorem 3.1 is that for the systems (4.1),
(4.2) and (4.4) the lines ¢; and ¢, are defined by the equalities

Bl +iS =5 and DOI = f(S,1),

where B = D = 1 for the SIR and SIRS models, or B = (6 +
w)/0, D = (60 + u— qu)/0 for the SEIR model. If the hypothesis of

~

Theorem 3.1 holds for the function f(S,7), this holds for f(S,I) as
well, and hence Sg/S, > 1 holds if

(4.6) lim M = lim f(50,1) = #M > 1.

10 f(§,,I) 120 D§I  D§ OI

But D%L %0.9) = Ry for the SIR model, or 28+ for the STRS model,

or Ro + gt (Ro — 1) for the SETR model. In either case Ry > 1

suffices to ensure that (4.6) holds.

19



Extending of Theorem 3.2 is also fairly straightforward. We consider

a Lyapunov function
~ . f(So, 1)
e 10 f(7,1)

where A = 0, D = 1 for the SIR and SIRS models, or A =1, D =
(0 + p— qu)/0 for the SEIR model. (Note that when «,p,q = 0, the
function U coincides with the function U used to prove Theorem 3.2).

For these models, the Lyapunov function satisfies

~

i F(S0:10) 7 c vy F(SorTo)
= = B-apuE—pS—plin 3 75, )+f(5,f)}g%m
+quE lim f~(50,10) 4 7S Tim £(So, Io) _

0 7(S, 1) 150 (S, Io)

= ﬁ(l—S—ng> (1—limM> +D6]<1 5.1y, F(S0 1)
H I=0 f(S) Iy) D §1 I50 £(8, Iy)

It is obvious that if Theorem hypotheses hold for a function f(S,I),
then these hold for f(S , I) as well. Therefore, by the hypothesis of this

theorem ,
(1—S—ng> 1—limM <0 forall (S,E,I)e€X,
I 1-0 £(S, I)
and
LASD  J(So D) _ 1 f(5,1) AN, 1 9f(S0,1o)
D 31 I-0 F(S,1) D 31 6f(85}Io) ~ps OI

But %M = Ry for the STR model, or ‘s?j)r% for the STRS model,
or Ry +

st (Ro — 1) for the SETR model. Therefore, Ry < 1

20
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dU(S, E, I)
dt
punov asymptotic stability theorem (Lyapunov, 2002; La Salle and

ensures that < 0 for all (S,E,I) € X, and hence, by Lya-
Lefschetz, 1961), the equilibrium state @)y is globally asymptotically
stable (in X).

To generalise Theorem 3.3 for the models (4.3) and (4.4), we consider

a function
- Sf(S* I*)
T,1*

where B = 1, C = 0 for the SIR and SIRS systems (4.3), or B =
0+ u)/f, C =0+ u)/(0+ pu— qu) for the SEIR system (4.4). It
is obvious that for «, p,q = 0 this function coincides with the function

(3.7). In the case of the system (4.4), this Lyapunov function satisfies

~

d
d—‘t/ = Ji—f(S,])— quE —[iS
(S* r ., F(8*,17) F(s*, 1) F(S*,17)
S T R T R T O v s
( 9+u—qM)E—E—f(S I) + (9+u—qu)E*>
+B <0E ol — OE; —|—<5I*)

Recalling that 7 = f(S*, I*) + quE* + uS*, f(S*, I')=(0+p—quE*
and 0E* = 6I*, and noting that C(0 + u— qu)E* = BOE* = (6 + ) E*,

21



we obtain

% ﬁy( S f(s*, 1) ﬂ?Jﬂ)

@ o, S LS
dt 5t J(sI) S (S I
+ﬂyJﬁG_ij)_@$Jﬂ+ﬂ&n)
sy f(S,1) (s, 1)

*G_g_ﬂ%m+£ﬂyfv

E* f(S,Iv)  E* f(S,I%)

+(0+u)E*<f(S’I) —E—Eﬂs’]) +1>

o S F(8%,17)
- 7S N I 7
: <1 5*) : £(S, 1) )

+(0+ p)E” <1 — fSS*’I*) + f(S, D )
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It is obvious that if the hypotheses hold for the function f(S,I), then

~

these hold for the function f(S,I) as well. Hence, by Theorem hy-

(1 - i) EPACELION DY
S f(S,I*)
where the equality holds only when S = S§*, and

fsn 1 1fs1) G_ f<s,f)> <f<s,f*) _1> o

potheses,

fs, 1 I I* f(S1)

f(S,I*)

f(8,1)

Furthermore,

B f80) | EI J(S0) 1RSI

Ef(s,1v B I fs,10) I {(S,1)

and

Ef(sI) (B If(SI)_,
E f(s,1v)  E*I I* f(8,1) ~

for all S, E, I > 0, because the arithmetic mean is greater then or equal

to the geometric mean (which is equal to one for both these inequali-

dv (S, E,I)
d

ties). Therefore, < 0 holds for S, E,I > 0, provided that

wS*, (0 + p)E*, quE and (0 + p)E* — quE are nonnegative.
However, if ¢ > 0, then it is possible that (8 + u)E* < quE in 3. We

~ ~

assume now that (0 + p)E* < quE holds. Then f(S,I*) < f(S* I*)
by (3.5), since (6 + u)E* = (1 — S*) and

0
S<1-E-I<1-E<1-qB<1-""Fp -1 Fa_sy<s
p u
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for (S, E,I) € 3. Since (3.6) holds for f(S,I), it follows that

o S F(s%,17)
v < (-3 (-550)

f(85,1*) E* f(S,I) EI' I f(8,I
f(8, 1) E f(s+,1) BT I (8,1

_Ef(S8.1) _EI _IJ(51)
ot <3 Bfs1) BI T s, I))

e <1_7f£5*’f*>) o1 f*)
f(S, 1) S I*
; f(S I) EI" f
. _f(S*J*)
+ (0 + p)E" — quE) <1 f(S,I*))

+((0 + p)E* — quE) <%;((5,;)) blef];(S’S ?)) .

+ (6 + p)E* — quE) <4 -

Recalling that (8 + u)E* = (1 — S*), we obtain

dv (. E* f(S I) EI* If(SI)
0 -

AYARIERS
i(1-s-df )<1_ f(SI*)>
B f(5,1) <1_ f(SJ*))
Efs,ry\ s

+((0+pE" —quE) —

* J(S.)
’ E F(s.r7) +

EI* | I f(SI%)
Bt s >3,5+q¢tE < S+ E < 1forall (S,E,1) € 3, and

Here S* < 1 for the positive endemic equilibrium state
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dv (S, E, I)

(0 + u)E* < quFE by the assumption. Therefore, o <0 for
all (S,E,I) € 3.
dV(S,E, I
It is easy to see that for these systems % = 0 holds only

when S = §*, and that Q* is the only equilibrium state of these systems
on this plane (line). Therefore the positive equilibrium state Q* is
globally asymptotically stable in the positive region R’ (where n = 2

or 3, respectively). The uniqueness of the endemic equilibrium state Q*
dV(S,E,I)
dt
the plane (line) S = S*, and that the point Q* is the only equilibrium

follows from the fact that the equality = 0 holds only on

state of the systems on the plane (line) S = S*, where the equality

E 1
M — 0 holds.
dt
We proved the following Corollary.

Corollary 4.1. Theorems 3.1, 3.2 and 3.3 hold for the systems (4.3)
and (4.4) in X.

5. DISCUSSION AND CONCLUSION

In this paper, we considered SIR, SIRS and SEIR models of in-
fectious disease where the incidence rate is given by a function f(S, ),
which can be nonlinear with respect to both its arguments. We con-
sidered global properties of these models and found the sufficient con-
ditions which ensures that these systems are globally asymptotically
stable and possess the only globally stable equilibrium state. Depend-
ing on the basic reproduction number, this steady state is either the
endemic, or the disease-free, so that the infection fades out for Ry < 1.

To prove these properties, we used the direct Lyapunov methods: the
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Lyapunov functions which were constructed here made this proof rather
simple and elegant.

The sufficient conditions for the global stability of the infection-free
equilibrium state Qg for Ry < 1 are (3.2) and (3.3); the sufficient
conditions for the global stability of the endemic equilibrium state @Q*,
when it exists, are (3.5) and (3.6) respectively. It is easy to see that the
monotonicity of the function f(S,I) with respect to S is sufficient (but
not necessary) for existence of the endemic equilibrium state for Ry >
1. The conditions (3.2) and (3.5) are for the function f(:,I). These
conditions are not very restrictive: monotonic increase of the function
f(S, I) with respect to S suffices to ensure that these conditions hold.
This implies that the global behaviour of these systems does not depend
on the function f(-,7) much. The conditions (3.3) and (3.6) are for the
function f(S,-), and these are more restrictive.

It is reasonable to expect that a biologically feasible incidence rate is
a function that grows monotonically with respect to both its arguments
and is concave, or at least non-convex, with respect to the second argu-
ment, I; that is % < Oforall S,I > 0. Such concavity may reflect
the effects of saturation (possible “self-shading” of the infectives); non-
homogeneity of the environment also generally involved concavity of
the incidence rate.

It is readily seen that Theorems hypotheses hold for such a function,

and, therefore, we have the following Corollary:

Corollary 5.1. Let the incidence rate f(S,I) be a monotonically in-

creasing with respect to both arguments and non-convexr with respect to
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I function Then the systems properties depends on the basic reproduc-
tion number Ry:

(i) if Ry > 1, then there is an unique and globally asymptotically
stable positive equilibrium state Q*;

(i) if Ry < 1, then there is no positive equilibrium state Q*, and the

infection-free equilibrium state Qg is globally asymptotically stable.

However, we have to stress that this concavity of f(S, ) is not nec-
essary either.

In this paper we postulated that the population size is constant,
and that the birth rate exactly equals the death rate for each com-
partment. However, these constraints can be too restrictive, and they
are definitely not necessary for our analysis: these results hold for any
model with constant influx rate of new birth and with the transmission
rate which does not depend on the recovered population.

These results seem to have important biological implications. It has
long been a controversial issue how the system properties depend on a
given parametrisation of functional responses. It is indeed an important
problem because, in a more applied study, population dynamics models
are often used for numerical simulations and that, of course, implies
a specific choice of functions. In contrast, we have shown that for a
variety of epidemic models, existence and stability of the steady state
is robust to the details of the incidence rate dependence on S and I,

provided biologically feasible properties are held.
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