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Public Investment Criteria in General Disequilibrium
Models with Overlapping Generations*

Masatoshi YosHiDA

Based on a monetary overlapping generations model where the nominal
money supply is fixed, this paper examines public investment criterion which
maximizes a sum of generational utilities discounted with a social rate of time
preference, in each of the Walrasian equilibrium and Malinvaud’s three
disequilibrium regimes. It is shown that in stationary states, if public invest-
ment has'no impacts on the labour employment, then the social discount rates
for public investment in the Walrasian equilibrium, Keynesian unemployment,
classical unemployment, and repressed inflation regimes should be all equal to
a weighted average of the social rate of “time preference” and the rate of

return on “private investment”.

1. Introduction

The problem of what the appropriate shadow prices ought to be for evaluating
public projects has been a subject of extensive controversy in benefit-cost analysis.
It is well known that this problem arises from the market imperfections and failures,
for example, capital income taxation and uncertainty. Recently, such a shadow
pricing problem has been studied in a framework of market disequilibria by Johans-
son (1982), Dréze (1984), Marchand, Mintz and Pestieau (1984 and 1985), Cuddington,
Johansson and Ohlsson (1985) and others. In particular, Marchand, Mintz and
Pestieau (1985) examined the optimal shadow prices for investment and labour which
a public firm should use in various regimes of disequilibria occuring in the capital
and labour markets, when both the real wage rate and the real rate of interest are
exogenously fixed. Their public investment model was mainly based on a simple
two-period general equilibrium model developed by Sandmo and Dréze (1971), whose
framework has been utilized by subsequent authors to consider the‘ effects of
introducing various complications and distortions.

However, as was pointed out by Yoshida (1986), the two-period or the finite-
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horizon model is not always satisfactory for the analysis of public investment
problem. Still less is it, if we hope to tackle this problem in a “choice-theoretic”
macroeconomic disequilibrium model containing money, which is now familiar
through the work of Barro and Grossman (1971), Malinvaud (1977) and others.
Hence, I believe that the public investment problem should be explored in a general
(dis-)equilibrium economy with overlapping generations.t”

The model in this paper is based on Rankin (1987) who investigated whether
the fiscal policy in the disequilibrium framework which is optimal in the sense of
maximizing welfare is one in which public investment should be set higher than is
optimal in the Walrasian equilibrium. An important advantage of his model is that
it enables us to analyze the public investment problem in a monetary overlapping
generations model, under either of the polar assumptions: (i) prices adjust instantane-
ously to clear markets in the Walrasian manner, or (ii) they are exogenously given
and quantities adjust instead, in the manner of Barro and Grossman and others. To
put it more concretely, the latter assumption is that the price and money wage levels
are exogenously fixed at some constant levels over the infinite future, resulting in
disequilibria in the goods and labour markets, but the bond price adjusts instantane-
ously to clear the money market. Thus, in the “current” period, there are
Malinvaud’s familiar three rationing regimes: (a) Keynesian unemployment regime,
being the excess supply in both goods and labour markets, (b) classical unemploy-
ment regime, being the excess supply and demand in the labour and goods markets,
respectively, and (c) repressed inflation regime, being the excess demand in both
goods and labour markets.®

This paper examines an optimal public policy which maximizes a sum of
generational utilities discounted with a social rate of time preference, in each of the
Walrasian equilibrium and Malinvaud’s three disequilibrium regimes. In order to
focus on the “pure” fiscal policy, as in Rankin (1986 and 1987) we shall assume that
the nominal money supply is kept at some “constant” level over time period. Thus,
the government can control only the levels of public investment, public debts and
lump-sum tax to the younger generation. Although the government could also
impose the lump-sum tax on the older generation, it is redundant since the debt
policy is equivalent to the use of lump-sum taxes to both generations, as was shown
by Atkinson and Sandmo (1980).  We shall also abstract from the issues of distor-
tionary taxation, uncertainty and so on, so as to concentrate on the consequences of
market disequilibria.

Now, it will be useful to clarify some important differences between Rankin’s
model and our own. First, although public investment in his model was considered
either as “waste” or as a direct argument of consumer’s utility, in our model it is
treated as a public intermediate goods to the private sector’s production function,

provided free by the government. Second, our analytical purpose is not to compare
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the optimal levels of public investment in the Walrasian equilibrium and general
disequilibrium regimes, but to derive the optimal shadow pricing rules for public
investment and labour in both regimes. Third, Rankin assumed that the govern-
ment objective is to maximize the “lifetime utility” of the representative individual
in stationary states. In this case, as the welfare optimum in the disequilibrium
framework lies somewhere on the boundary of the Keynesian regime, indeed it is out
of question to confine the analysis to the Keynesian-classical and Keynesian-
repressed inflation boundaries. However, as we have discounted utilities of future
generations with the social rate of time preference, the welfare opitmum will lie
either in the interior of a rationing regime or on the boundary between two or three
regimes, depending on the levels at which the goods price and money wage are fixed
relative to their Walrasian equilibrium levels. Thus, it is reasonable that we
proceed regime by regime, assuming that the welfare optimum exists in the interior
or boundaries of each disequilibrium regime, which may reduce our analysis to be
“local” or “regime-specific”.

In this paper, we are particularly concerned with how the optimal shadow
price for public investment or equivalently, the so-called social discount rate, is
related to the social rate of time preference, the rate of return on private investment,
and the market rate of interest. Before proceeding, from such a point of view we
shall briefly summarize the main results in stationary states.

First, the social discount rates for public investment in the Walrasian equilib-
rium, Keynesian unemployment and repressed inflation regimes should be all equal
to a weighted average of the social rate of “time preference” and the rate of return
on “private investment”; the weight depends on the private capital demand crowded
out-in directly and indirectly by a unit increase in public investment. Second, the
social discount rate in the classical unemployment regime should be a modified
version of the above-mentioned weighted average criterion, containing an extra term
which represents the marginal opportunity cost of public investment through its
direct and indirect impacts on the “labour employment”.

Third, the social discount rate in each regime, irrespective of whether it is in
equilibrium or disequilibrium, should be in general neither equal to the social rate of
time preference nor the rate of return on private investment. However, there are
two special cases where we can usually adopt either of these two rates as the social
discount rate. The one is that if public investment has no impacts on the labour and
private capital demands, then the social discount rates in all regimes should be equal
to the social rate of time preference. The other is that if a unit increase in public
investment does not have any effect on the labour employment but exactly results
in a unit decrease in private investment, then the social discount rates in all regimes
should be equal to the rate of return on private investment. In the latter case, it is
possible for us to use the market rate of interest as the social discount rates in all
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regimes except for the Keynesian unemployment regime.

Finally, the market rate of interest does not coincide with the social rate of
time preference even in the Walrasian equilibrium as well as in Malinvaud’s three
disequilibrium regimes. This implies that the government cannot attain the inter-
generational optimum of “income distribution”, even if lump-sum redistributive
taxations are feasible and there are no distortions due to indirect taxations, uncer-
tainty and others. The reason is that the nominal money supply has been assumed
to be fixed at some constant level over the infinite future. Consequently, the social
discount rates obtained in this paper are all second-best optimal.

The rest of the paper is organized as follows. Section 2 introduces the basic
model. In sections 3 and 4, the social discount rates in the Walrasian equilibrium
and general disequilibrium regimes are, respectively, derived and examined.
Finally, section 5 contains some concluding remarks.

2. The Basic Model

2.1. Consumer Behaviour

For the sake of simplicity, it is assumed that in each generation there is only one
person or equivalently, a fixed number of homogeneous people. The population
growth rate is therefore zero. The representative individual lives for two periods,
working in the first and enjoying retirement in the second. There are three assets
in this economy: money M, public debt B, and physical capital %2 (i.e., “shares”).
The individual can save for retirement by holding these assets. The last two are
“perfect substitutes” and so both pay the single interest rate. Money pays no
interest, but provides liquidity services represented by real money balances entering
the utility function.® Public debt has a one-period maturity, selling at price g, and
having a redemption value of one unit of money after one period. Therefore, the
nominal rate of interest is (1/¢) —1. Physical capital pays a total return equal to
the profits of private firm in the following period.

The individual possesses a utility function whose arguments are consumptions

in two periods of his lifetime, and real end-of-period money holdings. Thus, one can
write the individual utility function assumed to be “identical” for all generations as:

O U= Ulel chy, MI/P),

where ¢} is consumption during his working period, c¢%.; consumption during his
retirement, M¢ end-of-period money holdings, P goods price, and index ¢ denotes
time period. The utility function displays decreasing positive marginal utilities for
these arguments. We shall now assume no utility of leisure, so the labour supply
permanently equals the young’s exogenous time endowment, N, though his “actual”
employment, », will be less than this when there is the excess supply in the labour
market. In either case, the labour employment is parametric, so that the
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consumer’s demand functions are independent of the labour market situation.
The budget constraints for the representative individual in the first and
second periods of his lifetime are respectively given by:

2 (W/P)wn,— z.=c}+ (M{/P)+ s,

(3) M?/R-}-l + (-Pl/q:‘PI+I)(,ut + S/) = C/2+1,

vi :re W, is money wage at period £, 7, lump-sum tax on the young, s, real saving,
and u. net present value of private firm “ownership” [see eq.(8) below]. Eliminat-
ing s, from (2) and (3), we obtain the lifetime budget constraint:

4) wne— i+ u=ct+Q—qg)m!+ qQ + 7m) ch,

where w/{(=W./P) is real wage at period ¢, m{(=M¢/P) real money holdings,
7 1(=Py1/P—1) rate of inflation. It may be now noted that the rea/ rate of
interest is [1/g (1 + #=)] —1.

When not rationed in the goods market, which occurs in the Walrasian and
Keynesian regimes, the individual maximizes the lifetime utility (1) subject to the

budget constraint (4) with respect to ¢}, ¢?,; and m¢. The first-order conditions are:
(5) U/U, = 1/Qr (1 + 7zyy) and U,/ U, = 1 - QI)/C]f (1 + 711),

where U,, U, and U, are the partial derivatives of the utility function U with respect
to cl, ¢, and m{, respectively. From these two conditions and (4), the effective
demand functions for ¢}, ¢%.; and m{ can be expressed as functions of w,, n, 7, u.,
g, and 7z.,;. Reintroducing these demand functions into (1), one can define an
indivect utility function: V(w., n,, 7., 4+, qi, mi+1), where n,=N in the Walrasian
regime, and #, <N, w,=w (constant) and z.., =0 in the Keynesian. Now, letting A,
denote the private marginal utility of income I(=wn,— 7.+ u), then the function V
has the following properties by the envelope. theorem:®

A=Vi/w=Vin==-V.=V,=V/[m— 1+ z)c?]

© = — V./qc?,

where A=V,= 9V /3l, and similarly for V,, V., V., V., V, and V..

Next, turning to the case of goods market rationing, which occurs in the
classical and repressed inflation regimes, the simple rationing rule to be adopted will
be that the old and the government have priority, so that only the young is rationed.
Thus, the old and the government are not rationed at all in any market. Noting that
¢t is rationed, and w,=w and z.,, =0 in these regimes, then the utility maximization

problem for the individual is:
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maximize U (¢}, ¢}, m?)

subject to wn: — 7, + u. = ¢t + (1 — q) mi{ + q.ci,

The first-order condition for this problem is U,./U,=(1—q.)/q:, which results in the
effective demand functions for ¢?., and m{ as functions of #,, 7, u,, ¢, and ¢}. Thus,
we obtain an indirect utility function: v (#., z:, u+, q., ¢}), where n, <N in the classical
regime and #,=N in the repressed inflation. The partial derivative of the function

v with respect to ¢} is given by:
(7 V.= gv/38ct = alU/ac' — 1.®

The partial derivatives of other arguments are the same as (6).

2. 2. Private Firm Behaviour

The technology of this economy is specified by a private sector’s production
function of the type: y,= F{(n., k._., g:_1), where y, is real output at period £, %&,_, and
g._, are capital stocks in the private and public sectors at period #—1, respectively,
and #, is labour employment supplied “actually” at period . As in Pestieau (1974),
the production function is assumed to be homogeneous of degree one in all the
arguments, concave, and twice differentiable with positive first partial derivatives.
But, now we shall not predetermine the signs of cross-derivatives, Fu, F., and Fy,
since they significantly affects public investment decision rules in the following
analyses. Further, for the sake of simplicity, it is assumed that both private and
public capital only last one period, i.e., “immediate depreciation”. Thus, the private
and public capitals are equal to the private and public investments of the previous
period, respectively. ‘

Now, suppose that the government does not recover the full imputed share for
the use of public capital by the private firm. Then, the net present value of private

ownership, u,, becomes:®
(8) e = q (1 + 7l'/+1) [F (%/+1, k/, g/) - M)/+17lt+1:| — k..

In the Walrasian and classical regimes which are not rationed in both goods and
labour markets, the private firm decides the labour demand, #..,, and the private
capital demand, %/, so as to maximize g, Essentially, thisis a “two-stage” maxim-
ization problem. First, the private firm must hire labour in the spot market at
period #+1, where the private capital stock has been predetermined. The first-
order condition for this first-stage problem is

(9) F, (1’!1+1, k/, gz) = Wit,

where F,= 8F/on. Inverting this condition gives us the labour demand function at
period ¢+1, #. 1 = # (W1, ki, &), which has the following partial derivatives:



Public Investment Criteria in General Disequilibrium Models 35

(10) Nw = 1/F,., ms = — Fu/F,, and n, = — F,/F,,,

where F,,=9F,/dn, and similarly for F. and F,,. Next, the amount of private
capital at period t must be decided upon. Substituting the labour demand function
into (8), we obtain the maximized net present value of private ownership: v, (k)=
Maxgy wi (#:41, k). The private firm hires capital so as to maximize v:(%,). The
first-order condition for this second-stage problem is dv/dk=0. Now, since dv/dk=
du/ 8k by the envelope theorem, we obtain:

(11) Ee [% (wa, ki, gr), k/, g;] = 1/[q, (1 + 7l'1+1):|,

where F,=8F/dk. Solving this condition with respect to %, the private capital
demand function becomes: -

(12) ki =k (x, wer, £0),
where x=¢.P,,,/P,. Using (11), this function has the following partial derivatives :

k.= — (F)?F./C, k. = — F./C and &, = (F.F,, — F.F,) /C,

13)
where C = F,, F. — (EFx)?

Secondly, suppose that the private firm is rationed in the goods market, which
occurs in the Keynesian unemployment regime. With a constraint of vy, on the
current output demand, the output-constrained labour demand function is obtained
simply by inverting the production function: z,=#" (y,, k._y, g/—;). Note that F,>w,
since n.<n{(w, ki_,, g:—1). In what follows, let the superscript “»” denote the
constrained demand functions on labour, private capital, and so on. With an

expected constraint y.., on the future output demand, the problem is as follows:
max = @ W1 — W) — k. subject to yi = F (41, ki, g0

The first-order condition is F, (i1, ki, g)/ Fni,1, ki, g)=wq,, so that we obtain
the output-constrained capital demand function, or the accelerator model of private
investment:

(14) Re =k (3exr, qi, 81),
which has the following partial drivatives:

k;:’ = [Em - (EIH/EI) Ee :I/D)
(15) ki = F.F/qD,
ki = {(F.F/F) — F.] F, + F.Fy, — F.F,}/D,

where D = 2F.F., — [F.. (F)*/F,] — FuF,. In this case, it should be noted that
since F, > w and F./F. = wq,, F. > 1/¢.7

Finally, suppose that the private firm is rationed in the lgbour market, which
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occurs in the repressed inflation regime. With a constraint of #, on the current
labour demand, the production function gives the labour-constrained output supply:
yvi=y"(n:, kiey, g1)=F(n, ki_1, g-1): Note that F,>w in this case. With an
expected constraint on the future labour demand #.,, the problem is to maximize
4 given by (8) with respect to k., where #n., is fived, w.,,=w and .., =0. The
first-order condition for this problem is Fi(#:+1, k:, g)=1/q.. Inverting this condi-
tion, we obtain the labour-constrained private capital demand function:

(16) ke =k (B, q1, 89),
which has the following partial derivatives:
17 ki = — Fu/Fu, k, = — F,/Fy and k;, = — (F.)*/Fu.

2. 3. Government Behaviour
The government can freely choose the level of public investment without any
constraint; it also can impose the lump-sum tax on the young and can issue the
one-period public debt, so as to finance public investment; and it, however, cannot
recover the full imputed share for use of public capital goods by the private firm.
Since we have assumed that the government keeps the nominal money supply in each

period “constant”, its budget constraint is given by:
(18 g+ (B..y/P) = 7.+ (¢.B/P).

In order to speak about a desired public policy, it is necessary to specify an
intergenerational welfare function. As in Diamond (1973), Pestieau (1974), Atkinson
and Sandmo (1980), Yakita (1989) and others, we shall adopt a sum of generational
utilities discounted by the rate of social time preference, &, as the social welfare

function:
19) X1+ 0 Ul o, m?),
t=0

where the welfare of generation —1 living in the second period of his lifetime at
period 0 is taken as given. Then, the government’s objective is to control public
instruments so as to maximize the social welfare (19) subject to its budget constraint
and to the demand and supply relations of private sector in each of the Walrasian

equilibrium and general disequilibrium regimes.

2. 4. Temporary Equilibrium
There are four temporary equilibrium conditions for goods, labour, money,
and bonds in this economy. However, we can ignore any one of them from Walras’s
Law. In the following analyses, we shall not consider the “capital market” equilib-
rium condition: s,=(q./P.)B.+ k. In the framework of market disequilibria with the

arbitrary fixed price and money wage, it is necessary to specify the form of capital
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demand function in order to define a temporary equilibrium. Since it depends on
the next period’s regime, an appropriate expectation hypothesis concerning the
Juture regime must be introduced. In this paper, it is assumed that all agents expect
that the next period will have the same constraint vegime as the current period.
This appears to be the most “natural” expectational assumption.® Then, the
temporary equilibrium conditions in the Walrasian equilibrium and Malinvaud’s

three disequilibrium regimes can be formulated as follows, respectively.

2.4.1. Walrasian Equilibrium
The price mechanism now functions perfectly so that all the markets are
instantaneously brought to an equilibrium at each period. The temporary equilib-
rium conditions in the goods, labour and money markets for determining prices (7,
W., q.) are given by

(W/PYN = ¢ {W/P)N — 2.+ 1, qi, Pisn/P/]

+ By + M)/P + k(qPii/P, Wini/Priy, ) + g0
N = n(WJ/P, ki_i, gi-1),
M/P,=m*[(W/P)N — v, + u:, q,, Pa/P],

(20)

where M denotes the constant level of nominal money supply and the first equilib-
rium condition has been derived from (3), (8), and the goods market identity, y,—c¢i+
ikt g..

2. 4. 2. Keynesian Unemployment Equilibrium
In this regime, both price and money wage are fixed at such constant values
as to generate the notional excess supply in both goods and labour markets :

cHwN + p— 7, g) + 2+ kWi, g, g) + g4
(21) . < Fln(w, ke, gia1), Rioy, gz_1:|,
n(w, ki, g-1) < N

In such a case, the young has to make dual decisions on consumptions in two periods
of his lifetime and real money holdings, because he is rationed in the current labour
market. However, as he is not constrained in the current goods market, his
effective labour supply continues to be exogenous time endowment, N. On the
contrary, the private firm is constrained in the current goods market. Therefore, it
has to make dual decisions on labour demand. Since the next period’s regime too
has been assumed to be the Keynesian, the private firm must also make dual
decisions on capital demand.

Since F,>0, 8¢/ on>0 and (21), it can be easily shown that the effective
demand-supply relations in the goods and labour markets continue to be the excess
supply, after dual decisions of the young and the private firm:
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cl” (wn; -7+ Mis Qt) + C? + & (yH—l; qr, g’) + &
< F [n (w, ki, gf_l), Eiy, gul];
n ., ki, g/;l) < N.

Now, assuming that the actually “rationed” output and labour (y., #.) are instantane-
ously adjusted to the skorter-side of effective demand-supply levels in the goods and
labour markets, then the temporary equilibrium conditions for determining (y., #:,
q:) are given by:
22 wn, = ¢V (wn:— v+ p, g) Fm+ b+ kv, g, g)+ g,
w=n" (y, ko1, 8i1), m=m (wn, — v+ u, q),

where m(= M /P) and b,(= B.,/P) denote the real constant money supply and the real
public debt at period ¢, respectively.

2. 4. 3. Classical Unemployment Equilibrium

The exogenous price and money wage levels now generate the notional excess
supply in the labour market but the notional excess demand in the goods market.
Therefore, since the young is rationed in both current markets, he has to make dual
decisions on money demand. However, because the private firm is not constrained
at all in both current labour and goods markets, it does not have to make any dual
decision on labour demand and goods supply. Since it has been assumed that the
next period’s regime too is the classical, the private firm need not make dual
decisions on capital demand.

It is clear that the effective demand-supply relation in the current labour market
continues to be the excess supply, after dual decisions of the young. Now, if we
shall assume that the rationed first-period consumption of the young, ¢}, is instanta-

neously adjusted to its effective level:
F [74 (w, ki, gio1), ki, gt—1:| —ci—k - g

then the “short-side principle” of the quantity adjustment with respect to the
actually rationed labour and first-period consumption (#,, c¢!) gives us the temporary

equilibrium conditions for determining (»,, ¢}, q.):

wne=ct+m~+ b+ kg, g; w)+ g,
(23) ne=n(w, ki1, gi-1),

m = m’ (wn, — 7.+ u, — ¢}, qi, c}).

2.4. 4. Repressed Inflation Equilibrium
There are the notional excess demand in both current labour and goods
markets in this regime. Because the young is rationed in the goods market, he has
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to make dual decisions on money demand. Since the private firm is constrained in
the labour market but not in the goods market, it has to make dual decisions on
goods supply. It has been assumed that the next period’s regime too is the repressed
inflation. Therefore, as the private firm is rationed in the future labour market, it
must also make dual decisions on capital demand.

Under the short-side principle of the quantity adjustment with respect to the
actually rationed labour and first-period consumption (2., ¢}), the temporary equilib-

rium conditions for determining (%, ¢}, g.) are given by:

wN =cl+m+ by + & (N1, g, 8) + g4,

m=m" (wN — 7, + u: — ¢}, q:, c}).

3. Public Investment Criterion in the Walrasian Equilibrium

In this section, we shall formulate the welfare maximization problem for the
government in the Walrasian equilibrium regime and then derive the decision rule
for public investment. Since the temporary equilibrium conditions (20) in this
regime contain the expectational variables (F,,, W..1, ¢.), an appropriate expecta-
tion hypothesis must be introduced in order that equilibrium can be fully defined. It
is now assumed that all agents have perfect foresight to the price and money wage
levels which will prevail in the future, because the focus of this paper is not on the
consequence of incorrect expectation.

To solve out the expectational variables (w41, u.) under the assumption of
perfect foresight, it should be noted that w,,, must equal F, (N, k., g,). Substituting
this relation into the capital demand function (12), we obtain

k/ = k [qu+1/P/, Ez (M ki) gl)y g’:l
Thus, &, becomes an implicit function of ¢.F,,,/P. and g,. Let us express this as:
25) ki = k" (¢.Psi/ P, g)).

In what follows, let the superscript “ W” (K, C and R) denote the economy to be held
at the Walrasian (Keynesian, classical, and repressed inflation) regime. The func-
tion 2" has the following partial derivatives from (11) and (13):

kZ:y = (ksz1g + kg)/(l - kzuEﬂe) = - Eeg/Efk:
26) kY = (Pyi/P) b/ (L = kuFu) = — (Pry1/ PYF)?/ Fa,
k:;V = q,kr/(l — kan/e) = — (PI/R‘+1)E6/EI/?-

Given (25), the net present value of firm ownership x, becomes also a function of
QzPI+1/R[:xr:q/(1+7lz+1):| and g
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27 ﬂ/zﬂw(xz, g = x [F (N, kY, g)— F.(N, kY, gt)N] — k.

Now, the government objective is to maximize the social welfare function (19)
subject to the temporary equilibrium conditions (20), the government budget con-
straint (18), eq.(25), and the initial conditions (k=4 2=, Bo=05, =1}

Maximize 3 (1 + 6)~ VI(W./P) N —z,4+ 1" (@.Psi/ P, &), qr, Pt/ P
=0

subject to
(VVt/B) N = ¢! [(VVI/PI)N — 7+ ,UW (QI-P/-H/-PI, g/), d: P1+1/P1]
-+ (B/—l + M)/B + %, +g1,
+ BI—R: T+ /B/P/,
(28) g+ (Bi./P) = 7.+ (¢.B//P)

M/P,.=m*[(W/P) N — =, + u" (¢.Ps,/P, g, 4, Psi/P],
N =n(W,/P, ki_y, gi_1),
k,=Fk" (Q/P/+1/P/, g1,

where the demand functions, ¢!, m“ and so on, are the same across generations. We
call constraints (28) the dynamic Walrasian system, which determines the endogenous
variables (k:, P.., W., q., B/), given the predetermined variables (k._1, gi_1, Bi_1, P)
and the “independent” policy variables (g,, 7.). It should be noted that since it has
been assumed that the nominal money supply is left unchanged at some constant
level over period and that public debt has the one-period maturity, stationary states
of the dynamic Walrasian system (28) must involve the “constant” prices.

The above-mentioned welfare maximization problem can be solved by apply-
ing dynamic programming. It is now assumed that an optimal path exists and that
it converges to a stationary state. From the first-order conditions for the optimal
path, we obtain the following optimality conditions in stationary states (see Appen-
dix A):

_ (milu)p/ @)

_ (mi])p/q) [(p/q) — (1 — g)/q]
B0 1+e=U/+= 707 T e - Wl + B ™

Bl E=Q0+ 0+ k) + (F)— k),

where p is the shadow price of “real money balances” in terms of government
revenue, it follows from (26) that

ky = — Fig/Fu, k= — (1)) P, kY = — F/Fu,

and finally the subscript “U” denotes a compensated derivative, i.e., “pure substitu-
tion effect”:®
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cilo = ct+ (c® — m?) ¢}, co = ¢k + gciel,

d
me

(32)

v=ml+ (¢ — m? m?, mily = mi + qgcim?

Note that &7, cl|y and m?|s are all evaluated at z=0.

We shall now examine the economic implications of optimality conditions (29)
-(31). At first, let us interpret (29) and (30). At one time period t, the government
bids resources away from the generation ¢ with public borrowing and lump-sum
taxation so as to finance public investment. This changes the prices of public debt
and goods. The derivatives with respect to the price of public debt in (29), c}|s, 2
and m{|y, are those of the demand schedules of that generation for the first-period
consumption, private investment and real money holdings. Since (1/g) measures the
marginal opportunity cost of transferring a unit of resources from the first-period
consumption and private investment, and since (s/¢) measures the shadow value of
real money holdings, the total opportunity costs of funds are (1/¢)[(cl|o+A¥)+
p (m§

this the intragenerational opportunity costs of funds. On the contrary, it is also

0], in terms of “second-period” consumption of the generation {. We call

-possible to measure the total opportunity costs of funds, in terms of “first-period”
consumption of the next generation {+1. As 1+ ¢ is the value to the generation ¢+
1 of one unit of resources of future consumption, such costs of funds are (1+ ¢)(c}|
ot ky). We call this the intergenerational opportunity costs of funds. It should be

_ now noted that m{ |, need not be considered in this calculation, because money is a
“paper asset” but not resources. Under the optimal public policy, these two oppor-

tunity costs of funds must coincide:

1+ d)(ck

v+ k) = 1/lcilv + &) + p (mio)],

which is the same as (29). Similarly, we can interpret (30) by the “opportunity cost
principle”, rewriting it as follows:

1+ Octle + &) = U/l + Y)Y + p (m2]0)]
+ lp/g) — 0 — @/ql[0 + 6) — 1/q) ]'m.

Now, we shall show that the Walrasian stationary equilibrium in our mone-
tary overlapping generations model is not the firsi-best optimum. It can be easily
shown that an optimal first-best stationary state (¢!, ¢?, #, %, g, m) is determined by
the equations:

U (Y, ¢?, m)
33 U, % om)
U, (ct, ¢ m) =0, fm kg)=c'+c?+k+g and # = N.

=Fnkg=F@mkg=1+y7

It follows from (5), (9) and (11) that in the Walrasian stationary equilibrium,
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A
U,

_ _ 1 Uvmf 1_61 _
“hEa T 0, - quzno DTw

(34)

Therefore, if the “nominal” rate of interest, (1/g)—1, is zero (i.e, ¢=1) and if the
“real” rate of interest, 1/[q (1+#)]—1, is equal to the positive rate of social time
preference, &, then the Walrasian stationary equilibrium is the first-best optimum.
However, it is not so, because z#=0 in the case of constant money supply and
§*(1/9)—1>0 by the optimality condition (29) or (30). This means that even if
there are no distortions and there are lump-sum redistributive instruments, the
government cannot attain the intergenerational optimum of “income distribution”
even in the Walrasian equilibrium regime. The reason is that the nominal money
supply has been fixed over the infinite future. Then, the market rate of interest is
imposed on “twofold roles” that must clear not only the capital market, but also the
money market where real money balances usually absord a part of “real savings” of
the young. If the government can freely control the nominal money supply as well
as public investment, public debt and lump-sum taxation, then it goes without saying
that the first-best can be attained in the Walrasian equilibrium regime. In this case,
the real rate of interest should be equated to ¢ and the nominal rate of interest to
zero, implying a “negative” inflation rate,—¢. This is simply Friedman’s optimum
quantity of money rule: since real balances are costless to produce, they should be
held to satiation by the consumer, which requires the nominal rate of interest to be
driven to zero.

Next, we shall interpret the optimality condition (31). This gives us the
second-best criterion for public investment. That is, the social discount rate for
public investment in the Walrasian stationary equilibrium, F,—1, should be a
weighted average of the social rate of “time preference”, ¢, and the rate of return on
““private investment”, F.—1; the weight depends on the private capital demand, &/,
induced by a unit increase in public investment. There is an intuitive rationale
behind this result. Suppose that at one time period ¢, public investment costing a
unit of resources is contemplated. This investment project not only yields F, units
of resources at the next period, but also induces the private capital demand by &,
at the current period. Thus, one unit of public investment yields total resources,
F,+Fi(%)), to the generation ¢ at period t+1. Now, consider the alternative
scheme that transfers resources available at period ¢, 1+ %Y, to the next generation
t+1. Since the value to the next generation £+1 of one unit of future consumption
is 1+ ¢, total benefits gained from the alternative become (1+8)(1+£.). It is clear
that public investment should be undertaken if and only if

F+FEHz=(1+ 01+ &)

The weight &/ can be interpreted as a sort of multiplier of public investment which
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impacts on the private capital demand, since
k;/ = i (ka‘nk)h (kg + kang) = (kszg + kg)/(l - kank) = - P‘kg/Eek:
h=1

through an interaction between the private capital demand in the current period and
the “real wage” in the next period. Thus, the weight %, represents the private
capital demand crowded out-in directly and indirectly by a unit increase in public
investment. Note that %2 is not constrained to lie in the interval (—1, 0).

Public investment criterion (31) instructs us that it is not always desirable to
use both the social rate of time preference and the rate of return on private invest-
ment, as the social rate of discount. However, it should be noted that there are fwo
special cases that we can usually adopt either the social rate of time preference or
the rate of return on private investment as the social rate of discount. They are as
follows:

Case 1. if F,, =0, ie.,, k) =0, then F, — 1 = ¢,
Case 2:if Fo, = Fi, 16, k) = —1, then F,—1=F,— 1.

Thus, if public and private capital are independent inputs (perfect substitutes) in the
aggregate production process, the social rate of discount for public investment
should be the social rate of time preference (the rate of return on private invest-
ment). It is only in Case 2 that we can use usually the market rate of interest as
the social discount rate, in spite of the “second-best” situation due to the constant
money supply.

Finally, it may appear that our weighted average criterion (31) for public
investment contradicts that derived by Pestieau (1974) in a non-monetary overlap-
ping generations economy.. However, it is not so. If we remove money from our
model and take goods as numéraire, then our optimality conditions for welfare
maximization consist of (29), where the second term of the right-hand side vanishes,
and (31). In this case, since the social rate of time preference is usually equal to the
market rate of interest, we obtain F,—7=4. This is the same as Pestieau’s crite-

rion.

4. Public Investment Criteria in the General Disequilibria

In section 2, we have introduced the expectation hypothesis of agents that the
next period will have the same constraint regime as the current period, so as to
specify the form of the capital demand function. In order that equilibrium in each
disequilibrium regime can be fully defined, we must further set an appropriate
hypothesis to expectation variables which the temporary equilibrium conditions
contain. It is assumed that as in the Walrasian equilibrium regime, all agents have
perfect foresight: they can foresee not only the levels of wages and prices which will
prevail in the future and the constraints which will be binding, but also the magnitude
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of these constrains. In this section, based on these two expectation hypotheses, we
shall derive the second-best public policy which maximizes a discounted sum of
generational utilities in each of Malinvaud’s three disequilibrium regimes. Before
proceeding, however, it will be now useful to make several remarks on such two
hypotheses and our approach to the welfare maximization problem.

At first, these expectation hypotheses constrain the fiscal policy so that the
economy at every period is held at the “same” regime as that in the initial period.
This implies that because a problem of “optimal regime switching” is completely
ignored, we can no longer search for globally optimal levels of public instruments.
Thus, public investment criteria derived in this section are all regime-specific.
Indeed, such a regime switching problem has been attacked by Marchand, Mintz and
Pestieau (1985) in a two-period model with public investment, and has been more
exactly analyzed by Cuddignton, Johansson and Ohlsson (1985) in a static model with
public production. However, it is very difficult to dispose of the problem fully in
our dynamic disequilibrium model with overlapping generations. In the present
paper, we cannot but introduce these expectation hypotheses in the following two
reasons. The one is because we need to maintain the so-called “stationarity”
assumption in dynamic programming applied for solving our social welfare maxim-
ization problem. The other is as follows. There will be an optimal stationary
regime in our model, depending on the levels at which the goods price and money
wage are fixed relative to their Walrasian equilibrium levels. If the “initial”
conditions are given in the optimal stationary regime, which may reduce our analysis
to be local and regime-specific, then these expectation hypotheses will be justified.

Next, let us explain our welfare maximization approach. Instead, we could
suppose that the government objective is to maximize the lifetime utility of the
representative individual in stationary states. Then, as in Rankin (1986 and 1987),
we can show that the welfare optimum in our model also lies somewhere on the
boundary of the Keynesian unemployment regime. Therefore, it is possible to
confine the analysis to the Keynesian-classical and Keynesian-repressed inflation
boundaries. Thus, in this case the above-mentioned regime switching problem does
not arise. However, in our approach since utilities of future generations have been
discounted with the positive rate of social time preference, the welfare optimum will
lie either in the interior of a rationing regime or on the boundary between two or
three regimes, depending on the fixed levels of the goods price and money wage.
Therefore, it is reasonable that we proceed the analysis regime by regime.

We have also assumed that the government can freely choose the desirable
levels of the public debts and the lump-sum tax on the young, simultaneously with
the desirable level of public investment. This implies that public investment criter-
ia obtained in this manner are appropriate only for evaluating public projects in
situations where the economy starts from a welfare “optimum” path. Thus, our
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approach may be regarded as the second-best approach, as in Sandmo and Dréze
(1971), Diamond (1973), Pestieau (1974), Dréze (1982), Marchand, Mint and Pestieau
(1984 and 1985), Yoshida (1986), Burgess (1988) and others. However, there is an
another effective approach that derives public investment criteria which apply
whether or not the economy is on the second-best path and for a wide variety of
instruments constraints. This is called the cost-benefit approach and has been
developed by Boadway (1975 and 1978), Johanson (1982), Cuddington, Johansson and
Ohlsson (1985) and others. Indeed, it may be more general for us to take the latter
approach in order to study decision rules for public investment. However, because
we can not apply directly the dynamic optimization method in this approach, it
seems to be very difficult and complicated in our overlapping generations model. I
think that the choice between these approaches is a matter of “specification” about
the public instruments over which the government can control, as is also pointed out
by Dréze and Stern (1987).

4.1. Keynesian Unemployment Regime
The temporary equilibrium conditions (22) in this regime contain the
expectational variables (v..,, u.). Since the next period has been assumed to have
the same constraint regime as the current period, it must hold that y.., = F(%..1, &,
g1) under the assumption of perfect foresight. Substituting this into the capital
demand function (14), we obtain

ki =k LF (no, ke, g0, a0, g1
Thus, &, is an implicit function of #..,, ¢, and g«
35 ki =k (n, i, £,
which has the following partial derivatives from (15):

ki'{ - (k;FL’ + k;)/(l - k;Ee) = (Ean - FnEeg)/E:
(36) kY = k)0 — BSF) = — w (F)Y/E,
ki = kiF./(1 — BF) = (F.F., — F.F.)/E,

where E=F,Fu—F,F. Given (36), the net present value of firm ownership u.
becomes also a function of #..,, ¢: and g

BT ue =y s, g, &)= q LF (g, kF, g) — wni] — EE.

Now, the government objective is to maximize the social welfare function (19)
subject to the temporary equilibrium conditions (22), the government budget con-
straint (18), eq.(35), the initial conditions (& =/, 2= 8o, bo=20y, m1=my), and finally
an “inequality” constraint which requires that the economy in every period must be
held at the Keynesian unemployment regime by the fiscal policy:
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F(ni1, ke, g) = min \F (N, ki, g), F [7’1 (w, ki, 80, ko, gr]}‘

It follows from F,>0 that this inequality constraint can be now resolved into the two
inequalities: 7., =N and n.=n(w, k., g). If the former (latter) inequality is
binding by expanding effective demand, then the economy is on the K-R (K-C)
boundary.

Thus, the welfare maximization problem can be formulated as follows:

Maximize Z (1 + ()\) Vv [wn/ — 7+ ,uK (7l/+1, q:, g/), QI:I
=1
subject to the equality constraints:

wne = v [wn, — 7. + u Mgy, ¢, &), @] +m + by + ki + g4,
m=m [ww, — 7.+ 2 (1, q, &), 4.1,

g+ by =17.+q b, w=n (v, ko1, gi21),

k= k" (i1, g1, 84,

(38)

and the inequality constraints:

(39)  nmu =N, i = nw, ki, g0).

It should be noted that since the independent policy variables are only two, it is
impossible that both inequality constraints are simultaneously binding. We call the
equality constraints (38) the dynamic Keynesian system, which determines the en-
dogenous variables (q:, b:, .41, ¥:, k2), given the predetermined variables (b.-1, 7,
k._,, g-1) and the independent policy variables (g., 7).

From the first-order conditions for the above-mentioned welfare maximiza-
tion problem, we obtain the following optimality conditions in stationary states (see
Appendix B):

_ Cr11y|U (1/q) + k& (F) (/3/4) m;JL K
(40) 1+6= C;'|u T X + o+ kE + (8/ g)(n.kE),

(1) F=0+ 0k + FEN— R+ (/a) — (6/ )kl — 1),
(42)  F =1+ 1+ &) + (B — k) — (8/ D)mks + na),
(43) x =0, (N —n)=0,

(44) =0, 6 [n(wk g —n] =0,

where k%, ¥ and kX are given by (36), #. and #u, are given by (10), p is the shadow
price of real money balances, x and 8 are the shadow wages of the exogenous labour

“supply” and Walrasian labour “demand” in terms of government revenue, respec-

tively, and finally ¢}’| v and m} |, are the compensated derivatives of the constrained
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first-period consumption and real money demand with respect to the price of bonds,
respectively. In what follows, we shall examine individually the economic implica-
tions of these optimality conditions in the interior of the Keynesian stationary
equilibrium and on the K-R and K-C boundaries.

At first, let us proceed from the interior of the Keynesian stationary equilib-
rium. Since <N and n<n (w, %, g) there, it follows from the so-called “com-
plementarity” conditions, (43) and (44), that x»=6=0. Therefore, the optimality
conditions (40)-(42) become as follows:

v (1/q) + k¥ (F) + /g milv
cilu + RY cilu + RE,

(46) F =0+ 0kX+ F(— kD,

47 =0+ 80+ &N+ (F)(— kD).

(45) 1+¢6=

The optimality condition (45) shows that the inter and intra generational opportunity
costs of “funds” must coincide under the optimal public policy, as eq.(29) in the
Walrasian regime. However, since U,/ U,=1/¢<F, as has already been shown in
section 2, the marginal opportunity cost of transferring a unit of resources from the
first-period consumption, U,/ Us, is smaller than that from the private investment,
F,, meaning that the private capital is underinvested. Such a distortion in the
capital market is very similar to that due to the corporation profits fax.

The optimality condition (46) gives us the criterion for determining the
optimal level of rationed “labour employment”. Note that this condition does not
contain the marginal utility of labour, since we have assumed no utility of leisure.
The marginal productivity of labour, F,, is now interpreted as the shadow wage of
rationed labour, which is larger than .the fixed real wage, w. Rewriting this
condition as (1+0) k¥ = F,+F.kX, we can interpret it by the opportunity cost
principle.

The optimality condition (47) shows that as eq.(31) in the Walrasian regime,
the social discount rate for public investment should be the weighted average of the
social rate of “time preference” and the rate of return on “private investment”, the
weight depending on the private capital demand crowded out-in by a unit increase in
public investment. Since the social rate of time preference does not coincide with
the rate of return on private investment because of the optimality condition (45),
either of these two rates is not always the appropriate discount rate. If the
marginal productivity of labour is ndependent of private and public capital, i.e.,
F..=F,,=0, then because the weight £¥ becomes k%= — F,/F. from (36), we have
now also two special cases in the Walrasian regime, i.e., Case 1 and Case 2. Thus,
it is only in Case 1 (Case 2) that the social rate of time preference (the rate of return
on private investment) becomes usually the social discount rate. However, as the
rate of return on private investment is larger than the market rate of interest, note
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that we should not adopt the market rate of interest as the social discount rate even
in Case 2 as well as in Case 1.

Now, substituting 1+ ¢ in the optimality condition (45) into (47), we obtain the
alternative presentation of public investment criterion as follows:

ro=llo/g + kiE | [(/q) — Fl(ey |u)(ks)
R T Py S g Py
(48)
1 o/ @)mil)( + ki)
¢ lv + k& ’

It is interesting that the first and second terms of the right-hand side are the same
as public investment criterion derived by Burgess (1988) in a simple two-period
general equilibrium model distorted with the corporate profits taxation. The first
term which represents a weighted average of the rates of interest facing consumers
and producers is the so-called Sandmo-Dréze formula (1971). Dividing now the

numerator and denominator in (48) by ¢!|v and taking the limit as it goes to infinity,

we obtain:
F=0/90+ k) + E(— k).

As is also pointed out by Burgess (1988), this is the same as public investment
criterion derived by Ogura and Yohe (1977).

Next, let us briefly sum up the optimality conditions (40)-(42) on the K-R and
K-C boundaries. Since n=N and n<# (w, & g) on the K-R boundary, »>0 and
#=0. As the private firm is not rationed in the goods market, 1/¢=F,. Further,
it follows from £*(n, g, g)=%k"(q, g) that E¥=0. Therefore, these optimality
conditions on the K-R boundary become as follows:

1+6=0/9 + (p/Dmilu)/(cl
F. = (x/q) < w,
E =0+ 01+ &) + (F)(— k).

U + kf,{),

On the other hand, since <N and n=#u (w, &, g) on the K-C boundary, »=0 and >
0. As the private firm is not rationed in both labour and goods markets, 1/¢=F,
and w=F,. Further, it follows from £2%(n, q, g)=%k%(q, g w) that k¥=0. There-
fore, the optimality conditions on the K-C boundary become as follows:

1+68=0/9) + (o/@)m;lv)/ (¢l
FE, = (6/q) = w,
E =040+ kY + (FX— kD) + w (— nks — ny).

vt kY)Y + wniky,

Now, it is well known that if the government objective is to maximize the
lifetime wulility of the representative individual in stationary states, then the

optimality conditions for this problem are equal to these for our welfare maximiza-
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tion problem, where the social rate of time preference ¢ is set to zero. Since the
welfare optimum in this case lies on either the K-R or K-C boundary as has already
been pointed out, second-best criteria for public investment in the disequilibrium
framework are then given by:

K-R Boundary. F, — 1 = (F. — I)( — kE),
K-C Boundary: F,—1=F —1)(— kY + w(— nkl — n).

4. 2. Classical Unemployment Regime
Since %1 =n (k:, g:;; w) under the assumption of perfect foresight, it follows
from (8) and (12) that the private capital demand %, and the net present value of firm
ownership u, become the functions of ¢, and g, as follows: '

(49) k= k(q, &; w) = kg, g; w),
(50) Mt — ,UC(Qt; &)= q {F [”( £, &), kL, g/] — wn (k7, g,)} — kf,

where the function £¢ has the following derivatives from (13):

Cc EnEtg“anEg C
OD ke = R KT

_ (F2)* Fon
FoFu — (Fu)*”

We shall now ignore the C-K and C-R boundaries, because the former has
already been considered in the previous subsection and the latter cannot be attained
by expanding effective demand in the classical regime. Then, the government
objective is to maximize the social welfare function (19) subject to the temporary
equilibrium conditions (23), the government budget constraint (18), eq.(49), and the
initial conditions (b= b,, %= ks, & =8

Maximize X 1+ )" v Lwn, — . + £ (q., g1, q., ¢}]
t=1
subject to

wn =ct+m+ b, +k+ g,
(52) wm = m” [wn, — 7+ ﬂc(q:‘, g:) — C/l, q:, Ctl], '
ne = n(k,_y, gi-1), g+ by =7+ qb, k= k¢ (g, gt)-

We call the constraints (52) the dynamic classical system, which determines the
endogenous variables (g, ., %, k., ¢}), given the predetermined variables (b._,, %/,
g-1) and the independent policy variables (g, 7).

We obtain the following optimality conditions in stationary states (see
Appendix C):
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(G3) 1+ 0=01/q + (p/Q)milv)/ kS + wns,
G4  Uly=pmily) — 1+ g,
(55) F,=0+ 00+ k) + (B — kD + w(— neks — n),

where %5 and k¢ are given by (51), #. and #, are given by (10), and m!|s is the
compensated derivative of constrtained money demand with respect to ¢*. The
optimality condition (53) can be interpreted by the opportunity cost principle.
However, since ¢! is a “parameter” in this regime, this condition does not contain its
compensated derivative with respect to the price of bonds. The optimality condi-
tion (54) gives us the criterion for determining the optimal level of ¢'. The term,
U,/ v, is now interpreted as the shadow price of rationed first-period consumption, ¢*,
in terms of government revenue.

The second-best criterion for public investment (55) shows that the social
discount rate for public investment should be the weighted average of the social rate
of “time preference” and the rate of return on “private investment”, containing an
extra term which represents the marginal opportunity cost of public investment
through its direct and indirect impacts on the rationed “labour employment”,
—w(ng+n:k5). The reason is that the labour employment is now a function of
private and public capital. If there are no such impacts, then public investment
criterion in this regime is formally the same weighted average rule as that in the
Walrasian and Keynesian regimes. Since #n.= — F./Fu and #n,= — F,,/F.., a suffi-
cient condition for this is that the marginal productivity of labour is independent of
private and public capital. Then, it follows from (51) that we obtain kf= — Fi,/ Fi.
Thus, we have also_here two special cases, Case 1 and Case 2. In Case 2, we should
adopt the market rate of interest as the social rate of discount.

4. 3. Repressed Inflation Regime _
Since #,,; =N under the assumption of perferct foresight, it follows from (8)
and (16) that the private capital demand %, and the net present value of private firm

ownership x: become the functions of ¢, and g: as follows:

(56) k’ = kR (q/) g’; N) = k’ (ql) gf; N))
(57 ,u,:,uk(q,, gy, N)=q, [F(N kf g,)—wN] — kF,

where the function 2% has the following derivatives from (17):
(58) k= — F,/F. and kf= — (F.)*/Fa.

Now, ignoring the R-C and R-K boundaries which have been already consid-
ered, then the government objective is to maximize the social welfare function (19)
subject to the temporary equilibrium conditions (24), the government budget con-
straint (18), eq.(56), and the initial condition, &, = §,:
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Maximize i 1+ 8"vlwN —z.+ x%q, g5 N), q, c}]
=1

subject to

M)N:C}+m+bf_1+kt+gf,
69  m=m [wN — 7.+ x*(q, g5 N)—cl, q, c}l,
g + bz_1 =7+ th/, kt = k¥ (qf: 8t N)

It may be now noted that the market equilibrium condition for labour is subtracted
from the above constraints, because the labour endowment, N, is usually full
employed. We call the constraints (59) the dymamic repressed inflation system,
which determines the endogenous variables (q., b, ¢}, k), given the predetermined
variable, b._,, and the independent policy variables (g., 7/).

We obtain the following optimality conditions in stationary states (see
Appendix D):

60) 1+ 6=0/Q + (p/g)m;|u)/kE,
61) - O/y =pmiy) — 1+ dg,
62) F,=(1+ 00+ k) + (F)(— kb,

where £5 and &7 are given by (58). These optimality conditions can be interpreted
by the opportunity cost principle, as in the previous regimes. Since there are #o
impacts of the private and public investments on the labour employment, note that
none of the above optimality conditions contain such impacts. The weighted
average criterion (62) for public investment is formally the same as that in the
Walrasian regime. Thus, we have two special cases, Case 1 and Case 2, irrespective
of whether the marginal productivity of labour is “independent” of private and public
capital or not. Noting that Fi. = (1/g) in this regime, in Case 2 we can usually adopt
the market rate of interest as the social rate of discount.

Finally, in the above analyses of optimal public policy, the nominal money
supply has been fixed over the infinite future. It should be noted that even if it can
be freely controled by the government, the first-best optimum can »of be attained in
any disequilibrium regime. In this case, the shadow price of real money balances, p,
is equal to 1—~¢. The weighted average rule for public investment derived in each
disequilibrium regime continues to be effective.

5. Concluding Remarks

In this paper, based on the choice-theoretic macroeconomic model with
overlapping generations developed by Rankin (1986 and 1987), we have investigated
the optimal second-best policy of public investment, public debts and lump-sum
taxation which maximizes a sum of generational utilities discounted with the social
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rate of time preference, in each of the Walrasian equilibrium and Malinvaud’s three
disequilibrium regimes.

It has been shown that in stationary states, if public investment has no
impacts on the “labour employment”, then the second-best discount rates for public
investment in the Walrasian equilibrium, Keynesian unemployment, classical un-
employment and repressed inflation regimes, should be the weighted average of the
social rate of “time preference” and the rate of return on “private investment”. As
the weight depends on the private capital demand crowded out-in directly and
indirectly by a unit increase in public investment, there exist two special cases that
either of these two rates can be usually used as the social discount rate. The one
is that if the public and private capital are independent inputs in the aggregate
production process; the social discount rate should be the social rate of time
preference. The other is that if they are perfect substitutes, it should be the rate of
return on private investment. In the latter case, it is possible to use the “market”
rate of interest as the social discount rates in all regimes except for the Keynesian.

In order to formulate the public investment problem in the disequilibrium
framework as simple as possible, we have ignored several issues raised elsewhere.
It will be useful to refer to them briefly. First, we have assumed no utility of leisure
so that labour supply is exogenously given. An endogenous labour supply may
generate different criteria for public investment. Second, the population growth
rate has been assumed to be zero. The introduction of a growing population,
however, seems to complicate greatly an already complicated analysis. Third, we
have assumed that decisions by the private firm and the government within each
period are “separable”. For example, the firm is generation-specific in that the
younger generation owns capital invested in the firm, yielding a return when the
generation retires, and that the firm retires with the generation. This implies that
some of the interesting issues which could arise in a dynamic model, such as time
consistency of policy and so on, have been ignored. Fourth, in the disequilibrium
framework, it has been assumed that the economy in every period is held at the same
constaint regime by the fiscal policy, which implies that the problem of optimal
regime switching has been completely ommited. Finally, the exogenous prices of
goods and labour have been assumed to be comstant over the infinite future.
However, this assumption can be relaxed so that prices are momentarily inflexible,
but vary over time periods responding to market disequilibrium. For example,
following Nikaido (1980), we could formulate the “intertemporal” adjustment equa-

tions on prices as follows:

(Pf+1/Pt) —1=oalF (n) — min [F (N), F {n(WI/PI)}]ly

(W,+1/W,) — 1= ¢; [min [F (n,), F {”(Wt/P/)}]_F (N)];
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where min [(F(N),F {n (W,/P)}] and min [F (n,),F {n(W./P)}] are the labour-
constrained plan of supply and the demand-constrained plan of supply, respectively,

and the adjustment coefficients of speed, o¢; (=1, 2), are both positive. It can be

shown that such an introduction of price adjustment processes does not affect our

weighted average rules for public investment derived in the disequilibrium frame-

work.

Associate Professor of Economics, Hokkaido University

Footnotes

1.

We may study the problem of public investment criteria in the simple two-period
general (dis-)equilibrium model with money but xof overlapping generations.
However, it should be noted that such a two-period model has the following
structures which are different from those of the monetary overlapping generations
model. First, capital and labour must be treated symmetrically, since there is one
period lag in production that produces a commodity in the second-period, using
capital and labour acquired in the first-period. Second, if we take money as
numeéraire and ignore the capital market according to Walras’s law, then four
independent market equilibrium conditions for money, labour, first-period goods
and second-period goods determine prices and/or rationed quantities in each of the
Walrasian equilibrium and possible disequilibrium regimes. Third, the govern-
ment must recover not only public bonds but also money in the second period, both
of them being issued so as to finance public investment in the first period. Finally,
the exchange of goods for money is done between the consumer and the government
alone. Hence, the simple two-period general (dis-)equilibrium model without
overlapping generations seems to be “inappropriate” for the analysis of the public
investment problem in the monetary economy.

In the current period where both private and public capital are predetermined, it is
infeasible that there is the notional excess supply in the goods market but the excess
demand in the labour, because the private firm cannot be rationed simultaneously in
both markets. Thus, there cannot exist such a disequilibrium regime in the short-
run period.

This procedure to put real balances in the utility function may be unsatisfactory
from a theoretical point of view. Although the various stories which have been
told to rationalize the holding of money are well known, it seems to be difficult to
explain, in the general equilibrium framework, why the consumer should hold
money when he can earn interest by holding his wealth in another form. There-
fore, in spite of theoretical objections, we shall now suppose that real money

balances provide utility, as has been commonly postulated in many studies on the
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monetary growth and the optimal rate of inflation [see, for example, Yakita
(1989)1.

For the envelope theorem, see Varian (1978).

Note that since ¢! is rationed, 38U/ dc*# 1, so that v.#0. This implies that in the
case of goods market rationing, the private rate of time preference, U,/ U, —1, is not
equal to the market rate of interest, (1/g)—1.

Note that the firm ownership is always in the hands of the older generation, as is
clear from eq.(3).

Note that the inequality, F.>(1/q), implies that private capital is underinvested.
This hypothesis concerning the future regime is the point expectation. Although
the other more attractive expectational assumption is to rely on an explicit
probabilistic von Neumann-Morgenstern formulation [see, for example, Muell-
bauer and Portes (1978)], it will further complicate the analysis of public investment
problem.

These compensated derivatives can be derived as follows. Let the price of m be
»(=1—¢q) and that of ¢*> be x(=g(1+=x)). Now, supposing that they can vary

independently, then we have

ck=(I+nm)ct—c), cx=qc,

m, =1+ ) m,— m, and m,= gm,.
Substituting the Slutsky equations:

¢l = ¢ty — c*cy, b= cily — mck,

m, = iy — c*my, and m, = m,|v — mmy
into the above equations, we derive:

e = (/A + 2)) (el + {0 + m)c? — m} c¥),

melo = (/1 + ) m, + {0 + 2)c® — m} my),

ctlu = ¢k + getel, Mol = m, + gc?my.

Thus, setting = = 0, we obtain the desired derivatives.

Mathematical Appendix

A. Dynamic Optimization in the Walrasian Equilibrium Regime

The government is assumed to have inherited at period ¢ the endogenous

variables (2., P, W.., q.—1) and the policy variables (g._;, 7.1, B.1) in the

preceding period. We can then introduce the state valuation function J (k..,, F,

g:_1, Bi_1) to represent the maximal level of social welfare discounted to period ¢

obtainable given these initial conditions, of which we can ignore W._;, ¢.-; and 7.,
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since they do not affect the maximum attainable level of welfare:
J ks, P, gy, Bi) = Max 3 (L+ 0)™ V,

The government maximizes the social welfare by choosing &., P.i, Wi, ¢., g, 7, and
B, subject to the dynamic Walrasian system (28). Letting now the Lagrange multi-
pliers corresponding to the constraints (28) a., £, y: x.and ¢, then we can apply
the principle of optimality of dynamic programming. In view of the stationarity of
the problem, we have the basic recursion relation:

J(kiy, P, g, Bioy) = Max [0+ &) ] (k,, Py, g, B)

+ VIW/PIN — 2.+ 1" (¢.P+:i/ P, &), @, Pii/P]

+ a, I:(VVI/R‘)N - {(W/P)N — 7. + #W (q/PH-l/-Pi; g, aqs, P,H/P,}
— (M + B.)/P.— ki — &l

+ B [(M/P) — m {(W/PYN — 7. + u" (qP.sa/P, g, g1, Prra/P}]
+ v lgr + (Bimi/P) — 7 — (¢:B/P))

+ x: [N — n(WJ/P, kiiy, g22)] + ¢ [k — BY (@.Pi/P, g)]].

The first set of the first-order conditions for the optimal path are obtained by
differentiating the maximand with respect to the control variables (z., q., W,, k., g,

B., P.;) and then equating to zero. In stationary states, they are given by:

A —ack — pmb = — v,

(A — acy — pm9) uy + Vo= ack + pmi + yb + @&,
N (A — acy — pm%) + aN = yn.,

Je =0+ Ma — ),

A+ )"+ —ach — b ul +yv=a-+ $kY,
Pl =1+ 9) yg

XA — acy — pm¥) qus + Vo + 1+ 6)'FJr

= acl + pmi + $gkY,

(A.1)

The second set of the first-order conditions for the optimal path are those
obtained by differentiating the above basic recursion relation with respect to the
state variables (k.-1, g1, B:._1, P). In stationary states, they are given by:

Ji/ v = Jo/ne = — %,

Fls =y~ a

Pl = —(wN + qu?YX —ach — pm%) — Ve —a (wN —m — b
— act) — B(m — m%) — yb (1 — q) + ywn., + $gky

(A.2)

Now, substituting Ji, J., PJs, and PJrin (A. 2) into (A. 1), using V,=(m* — ¢)A
and V,=—g¢qc?*) in eqs.(6), and then eliminating the private marginal utility of
income A and the multipliers a, ¥y and ¢, we obtain:
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gN [(no/no) + e/ n) k] + A+ 8)g=p" + [1— 0+ ) gl kS,

(m— A1 -0+ g} ch + B/y)mé — 1] + gN (m/na) k" = pf
+ b+ B/yymi+ [1— Q10+ 9 qllc; + &),

(A.3) [1— (@ + & ql{ck + gc®cy + qkY — wN + m + b) + wN + qu?
+ (B/yv)m? + gctm%b — m) — b (1 — q) — ¢®N (n/n.) kY — gc?
~ (14 &) gNw =1+ NN (m/n,) k¥ — [1— 1+ &) gl(ch
+ qk?) — (B/y) mi— qul — qc* {1 — (L + 6) g} ¢ +(B/y)
mb—1]].

Now, from (27) we have the following partial derivatives: u = q(F;— NF.)—
gky NF,., nl=y—NF,+q¢ky NF,., and uY=qly,—NF.—k}NF,). Substituting
these equations into (A. 3), and then using (32), m =m“ and c¢*=y—wN +m’+ b, (A.
3) become finally:

C,1,|U‘|' k;v ’

_ Uellw) + p mél)](/g) + (B~ XN) k¥ + [p — (1 = g)l(m/dq)
1+9 C71z|U + kZV ’

F=0+ 01+ k) + (F— XN)— &) + ON,

where p=8/y, X=Fs+(n/n.) and ®=F,,+(n,/n.,). We can show that X and @
are both zero. Substituting the profit maximization condition: w = F.(N, %, g) into
the equilibirum condition for labour market: N =n{w, &, g), N=un[F.(N, k, 2), &k, £].
Differentiating this with respect to % and g, #.F..+n.=0 and #.F,,+#n,=0, so that
X=®&=0. Thus, noting that F.=1/g, we obtain the optimality conditions (29)-(31).

.B. Dynamic Optimization in the Keynesian Unemployment Regime
The government maximizes the social welfare by choosing #..1, q:, 7, b, &,
k. and v; subject to the dynamic Keynesian system (38) and the inequality constraints
(39). Letting the Lagrange multipliers corresponding to these constraints ., 8, .,
x:, ¢ 7 and &, then the basic recursion relation can be given by:

J (i, by, By, gioy) = max [(L+ )71 J (nesy, be, ki, 20

+ V lwn, — 7+ w1 ey, i, 89, qi] + a lwn, — m — b,

—c{wn, — 7. + llK (141, 1, 81, qr} — ke — gr]

+ B8 {lm — m" [wn, — 7. + 1 Bpr, qi, 81, @1}

T oyilg+ by — T — q:by) + x4 [7’1/ —n i, ki, gl—l)]

+ ¢ [kr — kX (mr41, q:, g,)] + 7. (N — Ne1) T & [”(W, ke, 80— n,+1:|].



Public Investment Criteria in General Disequilibrium Models 57

The first-order conditions for the optimal path are obtained by differentiating
the maximand with respect to #:11, ¢, 7+, b:, g, m;, k. and y., and then equating to
zero. In stationary states, they are given by:

1+ 6y = (acY + Bmy — L) un + ¢kE + 5 + &

Vi = (acl + fmy — 1) uf + acl + fmi + yb + GEE,
(B.1) A—ac¥—pmy=—vy =0+ 08yg

1+ )= (acy + pmy — ) uk + a — y + pkE — &n,,

a=¢ + 1+ N+ &ns, xn, = 0,

where note that 7(N —#»)=0 and & [n(w, & g)—n] =0. The second set of equations
are those obtained by differentiating the basic recursion relation with respect to the
state variables #., b._,, k.-, and g,_,. In stationary states, they are given by:

Jo=wd + aw (1 — c¥) — fwmy + g,

(B.2)
=7 a, Je = — xni, Je = — xn.

It may be noted that y =0 from the last equation in (B. 1) because #;#+0. This
implies that the labour market equilibrium condition is not binding. It is only used
to determine y. residually. Substituting /., /s ./ and J; in (B. 2) into (B. 1), and then
using V,= (m — ¢?) 1, we obtain:

I+ ) [A — ack — pm)) w + aw]
= (act + pm) — L) uf + PRE + 5 + &,
(B.3) (m — ) A = (acy” + pm; — L) u + acl” + pm; + yb + $EE,
A—acy —pm;=—vy, y—a=01+39wy
A= =pm)us = a —y+ dki — &ng, a = ¢ + &n.

Next, using ¢} |o=cV—(m — ¢ ¢! and m;|o=m,—(m — c®)m;, and then eliminating

A, @ and ¢, we obtain the following equations:

K

uE=01+8qg—Fkf[1—1+ 8) g+ 6n. + 6n,,

ui=—wg—kE[1—QQ+8qg+ 6l + (x + 6),

i =—[1=0+ & qlcilo) — pmile = (m — ¢* + b)
—EE[1—(14+ 8 q+ 6n)

(B.4)

where p=8/y, x=—n/y, and §=—£&/y. Now, since (37) we have the partial
derivatives: uf=gqF,+(gF. — DEE, p¥=y—wn+(gF.—1)kY, and pf=q(F—w)+
(gF.—1)kx. Substituting these equations into (B.4), and then using c?’=y—wn+
m+ b, we obtain the optimality conditions (40)-(42).

C. Dynamic Optimization in the Classical Unemployment Regime
Letting the Lagrange multipliers corresponding to the dynamic classical
system (52) a:, B:, vi, x+ and ¢, then the basic recursion relation can be given by:
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J(bia, kioy, gioy) = max [(1+ 6)71 T (b, &, £)
+ v [wn.— 2. + uclq, g9, q, c}]
+ a(wn, — ¢y —m — b, — ki — g)
+ B lm — m" {wn, — 7. + u°(q:, g) — ¢}, qi, c}}]
+ylg+ by — 7 — q:b,)
+ x lne — n(kicy, gy w)l + [k — kg, g)]].

The first-order conditions for the optimal path are obtained by differentiating
the maximand with respect to #., q., 7., b,, &:, k. and ¢!}, and then equating to zero:

wA + aw + x = fwmy,
AuS + v, = B (mvus + ml) + yb + kS,
C1 A—pmv=—vy =0+
Aug = a + pmius — v+ dki — (1L + 07,
a=¢+A+ Y, v.e=a+ Bml— my),

where mI=om’/ dc!. From (50) we have the partial derivatives: uS=¢gF, and u=
y—wn, since gF,=1 and F,=w. The second set of equations are those obtained by
differentiating the basic recursion relation with respect to the state variables 5,_,,

k/,l and g1t
(C 2) Jo = Y T a and ]/e/”k = ]g/ng =~ X

Now, substituting /i, J. and J; in (C. 2}, v, and ». in (6) and (7), and u = gF, and
ué=y—wn into (C.1), and then eliminating A, «, 8, x and ¢, we obtain the
optimality conditions (53)-(55).

D. Dynamic Optimization in the Repressed Inflation Regime
Letting the Lagrange multipliers corresponding to the dynamic repressed
nflation system (59) a., B, and vy, then the recursion relation can be given by:

J (b)) =max [A + &) J () + v [wN — =, + " (g, &), 0, ci]
+ a [wN — ¢} — by — k% (g1, g8) — g/]
+ 8 [m — m{wN — 7.+ u*(q, g) — cl, q,c}}]
+ yilg: + by — 70— b))

In stationary states, the first-order conditions for the optimal path are as follows:

Ak + v, = (mvul + mp) + yb + akf,
A—pmy=—y  Lh=0+3y
Aui = a (L + k) + pmiul — v,

=y —a ve=a + B (m; — m¥y).

It follows from (57) that we have the following partial derivatives: uf=¢F, and uf=
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y—whlN since gF,=1. Puting into the same operation, we obtain the optimality
conditions (60)-(62).
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