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STABILIZATION THROUGH MONETARY POLICY IN A GROWING

ECONOMY IN WHICH THE PERSISTENT INFLATION PREVAILS

MUTSUHIRO KATO*

1, INTRODUCTION

IT IS OFTEN SAID that various economic theories can
be divided between the positive theory and the normative
one. The theory of optimal economic growth as a norma-
tive theory has been developed vigorously for the last
two decades. On the contrary, little performances have
been accumulated in the theory of stable economic
growth, ' ‘Recently J.L.Stein and K.Nagatani have contrib-
uted much to this field on the basis of the Keynes-
Wicksell model of monetary growth (Stein-Nagatanil3]).
Subsequently J.B.Taylor{4], R.J.MackaylZ2] and M.G.
Hadjimichalakis[1l] have elaborated the Stein-Nagatani
model. It, however, seems that the consideration of
this problem is not necessarily done sufficiently.

In the present paper we shall study the monetary
stabiliza?ion policy in the framework of the Keynes-
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Wicksell model. First we construct a model of monetary
growth. Next we ascertain that the monetary policy is
effective to stabilize the system. -And finally the speed
of convergence of the dynamic system is discussed. ’

2. THE MODEL

Consider a competitive, fully employed economy where
a single good Y is produced with fhe aid of fixed capital
K and labor N. That is, the aggregative production func-
tion is written as

(1) Y=Y(K,N),

Y50, Y503 Y

1 1€0, Y,,¢0

1

where Yi means a derivative of Y with respect to the i-
th argument. Y(+) is homogeneous of degree one in K and
N. The labor force grows at a constant rate n. That is,

(2) N=N_ eBt,

No is an initial value of N. By virtue of the linear
homogeneity of (1) the output per unit of capital y=Y/K
is written as

(3) y=y(x),
¥y >0, y*’KO0

where x is labor per unit of capital N/K. ¥y (x) is the
marginal product of labor. It is assumed that the mar-
ginal productivity of any factor is diminishing. The
marginal product of capital r is written as
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(4) r(x)=y(x)-xy” (x).

r’=-xy”>0

r may be regarded as the rate of profit.
The investment behavior of the corporate sector is
described by the following function.

(5) 1/k=Pr(x),i,q]
v =§[r(x)9i?g(“)] _ ’
Lo, §2<0, §3>O

In (5) I is the desired investment in the real term, K
is the stock of capital in the real term (Assume that
the life of K is perpetual.), i is the real rate of
interest and g is the expected rate of change of the
price level. The rate of investment is encouraged by
the higher rate of return on capital assets and by the
lower rate of interest. We introduce the following
price expectations function.

(6) a=g(m)
g0

Namely the expected rate of inflation q is positively
related to the rate of price change currently experi-
enced T,

The saving in the real term S is written as

(7) s=S[Y+DM/p,M/p+K,ql.

In (7) M is the stock of money, p is the absolute price
level of the product and D is a differential operator
d/dt. The money is supplied at a proportionate growth
rate‘y.in the form of transfer payments. That is,
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(8) DM/M=P..

M is the outside money, that is, the financial ciaims of
the private sector upon the public sector. Thus in (7)
Y+DM/p means the disposable incomel. The second argu-
ment M/p+K refers to the wealth effect. The effect of
M/p on S is the so-called Pigou effect. The reason why
K is taken into account is that the saving is done not
only by the households but also by the business corpora-
tions., S is homogeneous of degree one in Y+DM/p and M/p
+K. Then the saving per unit of capital S/K is written

as

(9) 8/K=S[y(x)+ym,m+1,q]
=5*[y(x)+pm,m, g(w)],

S%>0, S%<0, S%<0

1 2 3

where m is the real mbney balance per unit of capital
M/pK. ' :
The nominal demand for money balance L is written

as
(10) L=L{ PY’iyr(X) yM+pK,ql.

L is homogeneous of ‘degree one in pY and M+pK. So that,
we have ' ’

(11) L/PK"‘L[Y(X)yi,r(x)ym"'ly ql
=L*{y(x),1i, r(x),m,g('ﬂ')] B

L¥>0, L¥<0, L§<O, L3>0, L2<O

An argument y(x) is related to the transaction motive.
Arguments i and r (rates of return on alternative assets
to money) are opportunity costs of holding wealth in the
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form of cash balances. An argument m(+l) represents the
complementary relation between the demand for money
balances and the stock of wealth. The last argument
g(T) implies that money is a risky asset during the
period of inflation,

The change of price is solely generated by the
market disequilibrium. The actual rate of inflation is
positively related to the excess demand for products
deflated by the stock of capital. That is,

(12) w=E[I/K-S/K].
E[0)=0, E'>0

It is assumed that the money market is always in
equilibrium. Therefore,.

(13) m=I*{-].

We assume that the realized investment DK equals

the desired investment Ig( That is,

(14) DK=I or DK/K=®l-].
3. THE MONEY SUPPLY RULE AS A STABILIZATION DEVICE

Although the proportional policy is much more
superior, we adopt the derivative policy in this paper;{
That is, )

(15) Dp=-aDw or )A=ro-a1r_

This rule implies that the monetary authority should
carry out the vigorous tight money policy against the
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vicious inflation.
4. THE SHORT-RUN SOLUTION

By solving the market equations
(12) ﬂ=E[Q[r(x),i,g(1r)]—S*[y(x)+()&o—a1r)m,m,g(‘n‘)]]
and

(13) m=I*[y(x),i,r(x),m,g(w)]

t

for w and i in terms of x, m, Mo and a we have the
short-run solutions

(16) 1T=1T(x,m;}10,a)

and

(17) i=i(x,m;,1°,a).

We require informations about the signs of the partial
derivatives of 7 and i with respect to x and m in what
follows. The following assumptions are useful in the

succeeding analysis.

Assumption I. The wealth effect on the saving is nhegli-
gible, that is, SE&‘;O.

Assumption II. The invesiment is interest inelastic,
that is, Q2z0.

Differentiating (12) and (13) with respect to x yields



Stabilization through Monetary Policy . M. Karé 147(299)

12 [T | [BT(@77 =51y

it

(18)

Z Z -(Liy +L§r )

21 Zo2 |3k

. ‘ rd ’
where Z,,=1-E (I3g’+8iam-_3‘§g ),
rd .
Zyo=-E Dy,
Z21=L’5‘g',

20=13%.

Let the coefficient determinant be A. That is,
’ . ’ V4
(19) Z§=L§[1-E (§E3g’+8iam-3§g')]+E gzngg .

A is positive for sufficiently large value of a. Solv-
ing (18) gives ‘

’
(20) 1TX=EA-[ 13(Q v -51y7 ) - @, (1" +147)]
and

(21) i=— 713-[ (Lalfy’+L§r' J[1-E"( Q3g'+Siam-S§g')]

+E7( er’ —Siy’ )ng ]

Obviously the signs of (20) and (21) are indeterminate.
S0 that we introduce the following assumptions.

Assumption III. A rise in the labor-capital ratio raises
the proportionate rate of change of the price
level, that is, Tl’x>0.
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Assumption IV. A rise in the labor-capital ratio lowers
the rate of interest, that is, i,.€0.

‘A rise in X raises the rate of profit. The higher rate
of profit encourages the investment and .as a result the
excess demand is generated in the product market. Thus
7w rises., Therefore the assumption III is justified.
The assumption IV is justified in the following way. In
(21) a term E'(mlr -S%y’ )L*g is not important in the
determination of the sign of i x? since this fterm mainly
reflects the situation in the product market. If the
substitution effect dominates the income effect in the
liquidity preference, then Liy'+L§r’<O. So that i <O,
provided that the monetary policy is sufficiently vigor-
ous.

leferentlatlng (12) and (13) with respect tom
yields

le Zl?_ Ty —-(E % p+s*)
(22) = .
o1 Zoo||in 1-13

Solving (22) gives
(23) ™ =-1—[—L*(E S2p+55)+E @, (1-1)]
- and

(24) i A

A[(I-L*)[I'E (Pye’+53am-5%e”) 1+1eg *(B”syp+sg)

If S§=~0 and P,~0, thenm >0, If S50 and a is
sufficiently large, then im<0. Thus, we establish the
following lemma. ‘
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Lemma 1. Under the assumptions I and II a rise in.the

real balance per unit of capital raises the propor-

“tionate rate of change of the price.level and low-
ers the rate of interest, so long as the monetary

policy is carried out in a sufficiently vigorous

manner,
5, THE EFFECTIVENESS OF STABILIZATION POLICY

The dynamic processes of the system are described
by the following differential equations.

(25) Dx/x=n-Plr(x),1i,8(M1
(26) Dm/m=),lo—(1+a)1r-—§[r(x);iag(ﬂ)]

The path such that both x and m are kept to be unchanged
is called the balanced growth path. We denote the
balanced growth path by (x*,m*). Our major concern is
whether the balanced growth path is dynamicaily stable
and whether the system can be stabilized through the
monetary policy when it is unstable. A rather restric-
tive answer is given by the following theorem.

THEOREM 1. Under_ the assumptions I, I1, IIIvand IV the
system is locally stable, if the money supply

policy of the derivative type is carried out in a

sufficiently vigorous manner.

Proof. Taking the linear approximation system around
the balanced growth path we have
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Dl 1Qu Qo [x-¥

(27) B ,
Dm| |Qoy Qpp||m-m*

where. Qil=_x*(§1r’+Qgi-)(;@}g'nx),
Qpo=-x* (i + Py ),
Qpq ==m*[ (l¥a.+g' §3 )'ﬂ'x+ inx+ er']
and Q22=—m*[(1+a+g’§§3)ﬂh+Z§21m].

The solutions to (27) are formally written as

Bt
kyp Kpp)led

(28) = + Bot|?
m| jm* k21 k22 e 72

where 61 andﬁ2 are rokots to the following characteris-
tic equation.

(29) BZ-(Qq1+Qy,)B+Q)1Qpyp=0; 9Qpy <0

If the following Routh~Hurwicz conditions are satisfied,
then the system is stable, that is, lim x=x* and lim m

\ t>00 t->00
=m*‘
(R-H I) 0;,+Q,,¢0
' ~(077+Q55) 0
(R-g II) | 1 22 >0
1

Q1192730
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The signs of Qll’ Q12, Q21"Q22 are negative. Thus, the
condition (R-H I) is satisfied. We examine the sign of

an element Q11Q22—Q12Q21.

(30) ©13055=0) 0 =x*m* (Lra) I, @+ (Wi =M1, ) D)

Vs
gx*m*(1+a)ﬂhr §§1>0

Thus, the condition (R-H II) is satisfied. (Proof is

complete.)

Remark 1. There is hot the cyclical phenomena in the
linear approximation system described above. The reason
is as follows, The discriminant to (29) is '

This is obviously positive. Therefore Bl and 82 are
different real numbers. Thus theﬁsolutions (28) are not
spirals, that is, the business cycles do not occur,

(Bl, 82<O, since the Routh-Hurwicz conditions are met.)

In THEOREM 1 we have sought to solve the differen-
tial equations explicitly. Since we can not solve (25)
‘and (26), the local stability of the systembhas'been
examined. However, we can consider the globa1 stabi1ity
of the system by applying the second method of Lyapunov
unless the explicit solutions matter. The followihg
general stability theorem shows that the monetary policy
can converge the dynamic path starting with any initial
point to the balanced growth path.

THEOREM 2. Under the assumptions I, IIL“III and -IV the .
system is globally stable, if the monetary policy
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is sufficiently vigorous.

Proof. Define a function
2 2
(22) v(x,m,t)=(x-x*)"+(m-m*)".

Obviously V(x*,m*,%t)=0, and V(x,m,t)>0 unless x=x* and
m=m*. We consider the sign of the derivative DV.

(33) DV=2(x-x*)Dx+2(m-m*)Dm

=2(x-x*)x[n- ®(r(x),i,g(w))] A
+2(m-m* )mlp - (1+a)W-D(r(x),1,g(m))]

On the balanced growﬁi path
(34) x=x* and n-®(-)=0
and
(35) m=m* and )Ao-(l+a)1r-§(~)fo.
Hence,
(36) DV(X*,m*,bt)=o.
Now,
(37) If x>x*, then n-P(+)<0
and if x¢(x*, then n- B »o,
that is, (x-x*)»[n-@(-)](O unless x=x*,

since

(28) in—_g_(_'_)_]:_( ®,r’ +Q21,x+'m3g,'"x)< 0.
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Moreover,

(39) If m>m*, then )Ao—(1+a)1'r-@(-)<0
and if m<m*, then yo—(l+a)W—§§(‘)>0,

that is, (m-m*)[J_-(1l+a)W- (+)1<0 unless m=m*,
,, Fo | |

since

U ~(L+a)W=P(-)]
(40) Fo 55 2 =—[ (l+a+ §3g' )1rm+§2im]<0.
Therefore,

(41) DV(x,m,t)<0 unless x=x* and m=m*,

Namely, V=(x-—x*)2+(m-m*)2 is a Lyapunov function. Hence
by the Lyapunov stability theorem the system is stable
in the large. (Proof is complete;)

6. THE STABILITY OF THE PRICE MECHANISM

So far we have analyzed the relationship- between
the monetary policy and the stability of the system.
In this section the influence of the monetary policy
upon the rate of inflation is argued. From the previous
discussion we can easily insist upon the following prop-
osition.

THEOREM 3. Under thebassumptions I,II1,IIXI and IV the
rate of change of the price level converges to a

finite value so long as the monetary policy is

applied in a sufficiently vigorous manner. - The

more vigorous the monetary policy, the smaller will
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be the ultimate value of the rate of change of . the
price level.

Proof. From THECREM 2 any path tends to move toward
the balanced growth path. On the balanced growth path
Dx=0 and Dm=0 hold.. From (25) and (26) the proportion-
ate rate of change of the price level on the balanced
growth path ** becomes

Po~ 2

(42) W*=13

=const..

Hence, lim w=w*=const.. It is obvious that the larger a,
1200

the smaller will be T*, (Proof is complete.)

Remark 1. Stein~-Nagatani consider the stability of the
price mechanism by examining the magnitude of a deriva-
tive dmW/@W in the short-run., -Given x and m, by differ-
entiation in (12) and (13) we obtain

N
f

-]
(43) 3E=1-A/Lp1

if a is sufficiently large. This result seemé paradoxi-
cal. However, we must note that the values of x and m
are kept to be constant in the calculation of (43). So
that an implication of (43) should not be regarded as a
property.of the dynamic procésses. In fact (43) is in-
significant on the balanced growth path, since we can
not calculate the derivative 2W/aW because of constancy
of TW(=w*), Therefore (43) never implies the price in-
stability of the system.,

Remark 2. Hadjimichalakis insists that a derivative
9M/3p. should be used in the stability analysis of the
price mechanism in place of aﬂﬁmri. Given x and m, we -
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have

(44) §T-0.

This implies that the rate of inflation does not depend
on the absolute price level in the short-run.

Had jimichalakis says that if 27/2p is negative, then the
price mechanism is stable. This means the stability not
of W but of p. The stability of p, however, does not
seem important in the analysis of economic growth. In
the usual Keynes-Wicksell model p such that W=0 does not
necessarily exist. Therefore, 2W/ap<0 does not necessa-
rily guarantee the price stability. Thus the considera-
tion of (44) is not relevant for the stability analysis
of the price mechanism,

7. THE EFFECT OF MONETARY POLICY ON THE REAL ASPECTS

The influences of the monetary policy on such real
variables as the employment-capital ratio, rate of re-
turn on capital assets and real wage rate on the bal-
anced growth path are clarified by the following theo-

rem,

THEOREM 4. On the balanced growth path the more vigorous
the monetary policy, the larger will be the labor-
capital ratio and the rate of profit and the small-

er will be the real wage rate as lohg ag the per-

sistent inflation prevails. As a special case the’

monetary policy is neutral, provided the price

stability is realized.

Proof. Set (25) and (26) equal to zero. And differ-
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entiate those equations with respect to a to get

=Qq /%% —Qq/x* (| x5 | | O _
(45) = . (See (27))
: _Qzl/m* "Q2 z/m* m; _“‘*‘

Solving these equations ‘gives

(46) x W*(§21m+@3gﬁrm)

*
¢ (1+a) [“m@ lr’ + ("mix—‘"xim) m 2]

(Dol B e,
(1+a )ﬂmﬁlr’

Hence,

(47) sign(x;)=sign(n*), where n*=§ga—n.

If Tr*>0, then x&‘)O. The larger a, the larger will be
the rate of profit r(x) and the smaller will be the real
wage rate y’(x), since r’(x)>0 and y”(x)<0. If mW*=0,
then x&‘=0; So that the rate of profit and real wage
rate are unchanged. Namely, the magnitude of a can not
‘affect the real variables. (Proof is complete.)

8. THE SPEED OF CONVERGENCE AND .THE MONETARY POLICY

In this section somewhat different types of the
policy are discussed. The rat’e'of monetary vexpansion).l
is adopted as a control variable, while a has been the
control variable in the foregoing sec¢tions. 1In fact the
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monetary authority can not expand the money balance at’
extremely high rates or at extremely low rates by vari-
ous social restrictions. Let the highest admissible
rate of monetary expansion be p** and the lowest admis-
sible one be p*. That is, the admissible control of F
is described by an inequality

(48) F*<=r|<="l**

or by a set notation

(49) pev-{plerpgp 3.

of course,)h}Kt) is piecewise continuous in a some
appropriate interval.

" If the time required for equilibrating adjustment
is too long, @ new policy which shortens the departure
from the balanced growth path as faster as possible will
be required even if the system is 3table. We are con-
cerned with a policy which minimizes the distance be-
tween an actual path and the balanced growth path in
what follows. That is, the problem is choosing an opti-
mal rate of monetary expansion so as to minimize

T 2 2
(50) J=| [ (x-x*)}“+(m-m*)“1dt,
o

where T is a planning horizon of the authorityi( The
motions of state variables are expressed by the perform-

ance eguations
(25) Dx=x[n-P(r(x),1,g(w))]

and
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(51) Dm=m{p-w-P(r(x),1,g(w))].

Let the Hamiltonian function be
(52’)'H(x,m;sol,'pz;}l)=—[(x—x*)2+(m-rp*)2]+(Ple+$°2Dm,

where 9 and ¥, are auxiliary variables. The answer to
this question is given by the following maximum princi-

ple.

THEOREM 5. The necessary condition for existence of an

gptirﬂal control M and corresponding optimal trajec-.
tories x and m o'f the control problem of minimizing
(50) subject to (49), (25) and (51) is that there
are continuous functions ¢,(t)3£0 and ¢,(+)%0 such
that

(1) Dx/x=n-P(-)

Dm/m=rl-1r-§( ), (performance equationé)
(11) D‘fl=2(.x—x*)—<p1[n—§( < )-x( mlr’+§21x+@3g’wx)]
+@,ml (1+ m3g’ m+ mlr,"'QQix]
D(p2=2(m—m*)+<plx(§2im+ﬁ3g’1rm)
-tpztp—Tr—Q(- y-m[ (1+ B’ )m,
+m2im] 1,
(auxiliary equations)
(];II.) lﬁzg H(X,m;‘P1,9’2§)~l),
that is, ‘
If ()02> 0, then }A=}1**
If tpz<0, then }l=)1*
If 992=O, then M is arbitrary in the set

u={pl ;x*gysp**}l-
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Proof. See a textbook on the Pontryagin control theory.

. We would explain the optimal plan in terms of a
phase diagram. The solutions to the performance equa-
tions are illustrated in Fig. 1, where the rate of mone-
" tary expansion F is fixed at an arbitrary level.

Fig.l

In Fig.l the XX curve and the MM curve are the curves
such that Dx=0 and Dm=0 respectively and a point of
intersection of them represents the balanced growth
path. The slopes of the singular curves are

(53) | __ Dy + Do iyt Das'my <0
dx XX mzim+§3g""’m

and
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' (1+§3g')1'rx+m1r’+gzix .
(1+m3g')nm+§21m

(54) 32 o 0.

(It is assumed -that T >0 and i <O in this section.)
The directions of the motions of x and m are shown by
the following inequalities.

(55) -%%’-EEL—( B r+ Bpi+ Byg™m )<o

(56) ﬂ%m“[(hﬁﬁ’)nfgzimko

Obviously the XX curve is not affected by the var-
iation in M- The MM curve shifts upward when M in-
creases. This inference is due to the following lemma.

Lemma 2. A rise in the rate of monetary expansion lowers
the labor-capital ratio on the balanced growth

path.

Proof, By differentiating a system of equations Dx=0
and Dm=0 with respect to ,J we have

G - Gy

(57) N = ’
(‘x1+'lrx (}2+‘rrnl m¥ 1

X

b £ 3

where G, = §lr' +§21x+§3g'ﬂ-x> 0
and  G,=,i + B 8% >0.

Let the coefficient determinant be G. That is,

(58) G=G1‘|Tm—G2‘Wx.
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The stability of the system implies that

dm dm

(59) ==| >=1-
:dx MM dx XX’
where
G

dm G4y . dm 1
(60) == and r-od i

dx G2+“h XX G2
Hence,
(61) ®»oO.
Thus,

&y

(62) x;,‘=— G—-(O.

(Proof is domplete.)

The optimal trajectories of the state variables are
depicted in Fig. 2, where a singular curve M*M* corre-
sponding to an optimal control F* and another one
M**M** corresponding to an optimal control ﬁ** are indi-
‘cated. In Figure 2 a point A(xo,mo),is an initial
point. .
Finally con51der the case where the 1ntegrand al-
ways equals unity. The functional to minimize takes the

form

T
(63) J=S dt=T.

(o)

This problem is a time'bptimal problem, The maximum
principle gives the following theorem.

THEOREM 6. The necessary cohdition of the control prob-
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Fig. 2 (The case where there is no switching
of )J during the planning pericd.)

lem of minimizing the time required subject to (49),
(25) and (51) is that there are continuous func—

tions ¢ =0 and Y =T 0 such that

(I) Dx/x=n-Q(-)
Dm/m=}‘—“'§( * ) ’
(11) Dy =-¢ [n-B(+)-x(V "+ B i+ P,&"m,)]
_ +@,ml (l+§3g’ )Trx+_§1r’+§2ix]
Dfp= oy x(Dpiy+ De’my,) ,
_9>2[)‘_1r_§( +)—m{ (1+Q3g' L
‘ +§2im] ] ’
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(I11) Max H(x,m;yl,vQ;P)=¢le+qum,
pev
that is,
If <p2>0, then p=px*
If ¢2<O, then M=pm*
If (92=O, then }1=arbitrary.

Proof. See a textbook on the Pontryagin control theory.

An only difference between the optimal solutions to
the two control problems is the auxiliary equations. S0
that, Fig. 2 also applies to THEOREM 6.

NOTES

*) The author expresses thanks to Prof. Hayakawa,
Prof. Shirai, Prof. Kobayashi, Mr. Sakai and Mr. Matsu
moto for their comments and suggestions in the ad-
vanced seminar.

1) An attempt which adopts the disposable income in-
stead of .the real output as an argument in the con-
sumption function is performed by R.J.Mackay[2]. - Such
an attempt is exceptional in the Keynes-Wicksell model,
although it is prevalent in the neoclassical theory of
monetary growth,

2) Other writers adopt alternative assumptions.
Stein-Nagatani assume that

DK/K=a(I/K)+(1-a)(S/K),

where 1>a>0, when W>0
a=0 , when mw¢O0.

(J.L.Stein, "Money and Capacity Growth", JPE, 1966
assumes that I=DK.) Hadjimichalakis and Rose(H.Rose,
"Unemployment in a Theory of Growth", IER, 1966) as-
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sume that
DK=S.

3) The proportional-policy is expressed in the form
DP=—Yﬂ;

4) Hadjimichalakiébcalculates aﬂ/ép in his short-run

system. His definition of the short-run is character-
ized by x=N/K-const. and K=const.(p. 563). .However,
obviously x=const. and K=const. contradict each other.
His calculation of 2W/3p crucially depends upon the
assumption that m=M/pK2sconst. in the short-run. If
x=const, and m=const. in the Hadjimichalakis model,
then 'am/3p=0 holds. Thus, Mr. Hadjimichalakis' analy-
sis has little significance. ’

5) The control problems handled in this section are
first considered by T.Tokital5] in the framework of
the neoclassical theory of monetary growth involving
the variable rate of employment. His criterion func-
tional to minimize is

t
1 2 2
[ (k-k*)“+(w-w¥)“1dt,
%
where k is the capital-labor ratio and w is the real
wage rate. \ ' :

nr(Uniﬁersity of Hokkaido)'
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APPENDIX

In what follows the stability of the neoclassical
growth system is analyzed for the convenience of compar-
ison with the Keynesian growth system described in the
text.

A. THE MODEL

Consider the following non-monetary neoclassical

system.

(a) Y=Y(K,N)

(b) DK=sY, (0¢s¢S<1)

(c) DN/N=n

In (b) s is a constant saving ratio and § is its upper
limit, (s(t) is a piecewise continuous function.) Other
symbols are the same as the Keynesian model. By virtue

of the linear homogeneity of production function (a) we

have

(a) yey(x),

where y=Y/K and x=N/K. The performance equation of the

system is
(e) Dx=x(n-sy(x)).

This is a non-linear differential equation. So that we
can not obtain an explicit solution by solving (e) di-
rectly. As Lancaster points out there are two main

approaches to the analysis of stability, explicit solu-
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tion and the iiapunov methOdl( In the stability analy-
sis of the néoclaésical growth model the explicit solu-
tion method gives the local stability theorem and the
second method of Liapunov gives the global stability
theorem. They are in turn shown in the successive sec-
tions.

B. THE STABILITY IN THE SMALL

THEOREM A. The system (e) is stable in the small.

Proof, Expanding the system near the balanced growth
path x*, we.obtain'the approximate linear system

(f)'Dxa{—sx*y'(x*)](x-x*);

Solving this equation givés

(g) xm(xo—x*)exp[(-sx*y’(x*))t]+x*,

where X, is an initial point of x. Obviéusly
(n) -sx*y’(x*)<0.

Hence, 1im x=x*, that is, the system is locally stable.
tooo

(Proof is complete.)
¢, THE STABILITY IN THE LARGE

THEOREM B. The system (e) is stable in the large,

Proof. Define a function

(1) v(u)=u?,
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where u=x*-x. Then V)0 and V>0 if and only if xdEx*.
We shall show that V(u) is a Liapunov function.

(j) DV(u)=2udu
=2u(-Dx)
==2ux(n-sy(x))
=—2ux{n-sy{x*-u))
<=2ux[n-s(y(x*)-uy’(x*))] ,

(by strict concavity of y{x))

=—2sxu2y’(x*)
<0 unless x=x*

_Therefore, the system is globally stable by the Liapunov
stability theorem. (Proof is complete.)Z/

D. THE SPEED OF CONVERGENCE

Consider a control problem of minimizing an inte- .

gral

I )
(k) J=S (x-x*)2at.
0

The Hamiltonian expression is
(1) H=—(x—x*)2+?x[n—sy(x)],

where ¢ is an auxiliary variable. " The Pontryagin maxi-
mum principle gives the following theorem.

THEOREM C. The necessary condition for existence of an
optimal control g and a corresponding optimal
trajectory of a state variable x of the control
problem of minimizing the functional (k) subject to
the performance equation (e) is that there is a
continuous function P(t)=(E0 such that
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AI) Dx/x=n-sy(x),
(IT) DYP=2(x-x*)-9[n-sy(x)-sxy’(x)],

(III) Max H(x,9,s),
s

that is,
If ¢>0, then s-=0
1f 9<0, then s=§
If ¢=0, then s=arbitrary(0¢s<3<1).

Proof., See a textbook on the Pontryagin control theory.

The structure of solutions to equations (I) and (II) is
illustrated in Fig. A. (Note that x* depends upon the

value of s.) .
e , Dp=0

R

px=0—" ]
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Finally the time optimal problem is investigated.

The criterion functional is

T
(m) J=S at.

(o]

The Hamiltonian is
(n) H=yx{n-sy(x)].
Then we obtain the'following theorem,

THEOREM D. The necessary condition for existence of an
optimal control s and a corresponding optimal

trajectory of a state variable x of the control

problem of minimizing the time required (m) subject
to (e) is that there is a continuous function (t)
$O such that
(I) Dx/x=n-sy(x),
(I1) DP/P=-[n-sy(x)-sxy’(x)],
(II1) Max H(x,9,s),

s

~that is,
~If ¢>0, then s=0
 If 9<0, then s=§
If ¢=0, then s=arbitrary.(0¢s¢5<1)

Proof. See a textbook on the Pontryagin control theory.

"The structure of solutions to equations (I) and (II) is
illustrated in Fig. B.
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L4

Dx=0—’/’—> N

v P x*(8)
ot x
v
v
Dx=0 D=0 Dx=0
Fig. B
NOTES
S 1) K.lancaster{2], p.l1l97.
2) This proof follows that of E.Burmeister and A.R.

Dobell{1l], p.28.
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