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Considering the confusion about the founda-

tions of statistics, it is surprising, and certain-

ly gratifying, to find that almost everyone is
agreed on what the purely mathematical
properties of probability are. Virtually all
controversy therefore centers on questions of
interpreting the generally accepted axio-
matic concept of probability, that is, of deter-
mining the extramathematical properties of
probability.
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The name “statistical decision” reflects the
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idea that inductive inference is not always, if
ever, concerned with what to believe in the
face of inconclusive evidence, but that at
least sometimes it is. concerned what action
decide wupon under such circumstances.
Within this book, there is no harm in adopt-
ing the shortest possible name, “statistics”.

Personalistic views hold that probability
measures the confidence that a particular
individual has in the truth of a particular
proposition, for example, the proposition that
will rain tomorrow. These views postulate
that the indivisual concerned is in some ways
“reasonable”, but they do not deny the possi-
bility that two reasonable individuals faced
with the same evidence may have different
degrees of confidence in the truth of the same
proposition.
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But formal reasoning presumably plays no
role in the decisions of animals, little in those
of children, and less than might be wished in
those of men. It may be said to the purpose of
this book, and indeed of statistics generally,
to discuss the implications of reasoning for
the making of decisions.

First, since logic is concerned with implica-
tions among propositions, many have thought
it natural to extend logic by setting up criter-
ia for the extent to which one proposition
tends to imply, or provide for evidence for,
another. It seems to me obvious, however,
that what is ultimately wanted is criteria for
deciding among possible courses of action;
and, therefore, generalization of the relation

- of implication seems at best a roundabout

method of attack.
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I am about to build up a highly idealized
theory of the behavior of a “rational” person
with respect to decisions. In doing so I will, of
course, have to ask you to agree with me that
such and such maxims of behavior are
“rational”.

So, when certain maxims are presented for
your consideration, you must ask yourself
whether you try to behave in accordance with
them, or, to put it differently, how you would
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react if you noticed yourself violating them.
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the object about which the person is con-
cerned

a description of the world, leaving no rele-
vant aspect undescribed
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the state that does in fact obtain, i.e., the true
description of the world

ENVWHTLTHE, EHEHELFHIETEDOL
An event is a set of states.
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In connection with any given world, there are
two events that are of the utmost logical
importance, though in ordinary discourse it
may seem banal even to mention their exis-
tence. These are the universal and the vacu-
ous events. The universal event, here to be
symbolized by S, is the event having every
state of the world as element. In so far as
“world” has a real technical meaning, S is the
world. The vacuous event, which can here be
safely enough symbolized by the 0 of arithme-
tic, is the event having no states as elements.
To illustrate, in Example 1 the event that the
egg is rotten or good is the universal event,
and that it is both rotten and good is the
vacuous event.

ELZ ZCExamplel &%, AIZE3H 8 HE
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It is important to be able to express the idea
that a given event contains the true state
among its elements. English usage seems to
offer no alternative to the rather stuffy
expression, “the event obtains.”
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The theory under development makes no
formal reference to time. In particular, the
concept of event as here formulated is time-
less, though temporal ideas may be employed
in the description of particular events. Thus
it would not be said that Lincoln’s assassina-
tion is an event that occurred in 1865 and that
the next return of Halley’s comet is one that
will occur in 1985, but that Lincoln’s assassi-
nation in 1865 and the return of Halley’s
comet in, but not before, 1985 are events that
obtain.
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To say that a decision is to be made is to say
that one of two or more acts is to be chosen,
or decided on. In deciding on an act, account
must be taken of the possible states of the
world, and also of the consequences implicit
in each act for each possible state of the
world. A consequence is anything that may
happen to the person.
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Even the little example concerning the ome-
let suggests how varied the things, or experi-
ences, regarded as consequences, can be.
They might in general involve money, life,
state of health, approval of friends, well-
being of others, the will of God, or anything
at all about which the person could possibly
concerned. Consequences might appropriate-
ly be called states of the person, as opposed
to states of the world. They might also be
referred to, with some extension of the eco-
nomic notion of income, as the possible in-
comes of person.

o THRR L 3 TA2EIRNT 2EANORR S
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If two different acts had same cosequences in
every state of the world, there would from
the present point of view be no point in
considering them two different acts at all. An
act may therefore be identified with its pos-
sible consequences. Or, more formally, an act
is a function attaching a consequence to each
state of the world. The notation f is logically
a better name for a function than the more
customary f(s) to the state s. The f is logi-
cally a better name for a function than the
more customary f(s) for exactly the same
reason that the word “logarithm” is a better
term logarithm than “logarithm of x” would
be. The notational distinction involved here is
often justifiably neglected in mathematical
work, but we will have special need to
observe it, at least in connection with acts, as
will soon be explained.

SHWRIGHDKEDEEDOEEO X 5| F¥
5,

As has just been suggested, what in the ordi-
nary way of thinking might be regarded as a
chain of decisions, one leading to the other in
time, is in the formal description proposed
here regarded as a single decision. To put it a
little diferently, it is proposed that the choice
of a policy or plan be regarded as a single

decision.

NS OESD» YT = Y KIIMEAORRER &
MHEN 2 BEMICHER L D DR OB 2 HEL
BELETTROEAEEERCRRL TV
bbb, S5FRERRLOREEFAL
TBERRRENBTROEHEDS, HAOKK
BN LT X DEADKREZNES ¥ 2—HD

YU VEDE 1EE 2 & 2 HOKRBROITIKEHb N 3 B4 FHextramathematicalic 2w B

39(213)

B L LTERBEENBRETHEL LRSI
FELT, EROBE AR TRZORHE,
PHBIRTEERZEROEEL S ZHEERT 237
BEMREL Tn3, '

6. E2EHE6H

ZOEFBITE»SIRE 2N ZDFEDZD
DEFE T preference B 5 BIFOEH T 28
PrEASERINTYS, ZhsDEBEI
RTH5b,

Of two acts f and g, it is possible that the
person prefers f to g. Loosely speaking, this
means that, if he were required to decide
between f and g, no other acts being avail-
able, he would decide on f.

This procedure for testing preference is not
entirely adequate, if only because it fails to
take account of, or even define, the possibil-
ity that the person may not really have any
preference between f and g, regarding them
as equivalent ; in which case his choice of f
should not be regarded as significant. If the
person really does regard f and g as equiva-
lent, that is, if he is indifferent between them,
then, if f or g were modified by attaching an
arbitrarily small bonus to its consequence in
every state, the person’s decision would pre-
sumably be for whichever act thus modified.
This test for indifference does not provide an
altogether satisfactory definition, since it
begs the question to some extent by postulat-
ing in effect that the tester knows what
constitutes a small bonus. Another attempted
solution would be to say that the person
knows by introspection whether he has hap-
hazardly or in response to a definite feeling
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of preference. This sort of solution seems to
me especially objectionable, because I think it
of great importance that preference, and
indifference, between f and g be determined,
at least in principle, by decisions between
acts and not by response to introspective
quetions. In spite of the difficulty of distingu-
shing between preference and indifference, 1
think enough has been said for us to poroceed
to a postulational treatment of them.
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Two very different sorts of interpretations
can be made of P1 and the other postulates
adduced later. First, P1 can be regarded as a
prediction about the behavior of people, or
animals, in decision situations. Second, it can
be regarded as a logic-like criterion of consis-
tency in decision situations. For us, the sec-
ond interpretation is the only one of direct
relevance, but it may be fruitful discuss both,
calling the first empirical and the second
normative.

SIOWHEE 2EFHOREOFHEOX 25[<,

The principal value of logic, however, is in
connection with its normative interpretation,
that is, as a set of criteria by which to detect,
with sufficient trouble, any inconsistencies
there may be among our beliefs, and to derive
from the beliefs we already hold such new
ones as consistency demands. '

B E/20HE 4 FHORE TS,

Pursuing the analogy with logic, the main use
I would make of Pl and its successors is
normative, to police my own decisions for
consistency and, where possible, to make
complicated decisions depend on simpler
ones.
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A businessman contemplates buying a certain
piece of property. He considers the outcome
of the next presidential election relevant to
the attractiveness of the purchase. So, to
clarify the matter for himself, he asks
whether he would buy if he knew that the
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Republican candidate were going to win, and
decides that he would do so. Similarly, he
considers whether he would buy if he knew
that the Democratic candidate were going to
win, and again finds that he would do so.
Seeing that he would buy in either event, he
decides that he should buy, even though he
does not know which event obtains, or will
obtain, as we would ordinarily say. It is all
too seldom that a decision can be arrived at
on the basis of the principle used by this
buisinessman, but, except possibly for the
assumption of simple ordering, I know of no
other extralogical principle governing deci-
sions that finds such ready acceptance.

21E 2 522 H I 1T T DEFE,

Having suggested what I shall tentatively call
the sure-thing principle, let me give it rela-
tively formal statement thus: If the person
would not prefer f to g, either knowing that
the event B obtained, or knowing that the
event ~B obtained, then he does not prefer f
to g. Moreover (provided he does not regard
B as virtually impossible) if he would defi-
nitely prefer g to f, knowing that B obtained,
and, if he would not prefer f to g, knowing
that B did not obtain, then he definitely
prefers g to f.

22H D% 2 FHEH DB,

The sure-thing principle cannot appropriately
be accepted as a postulate in the sense that
P1 is, because it would introduce new un-
defined technical terms referring to knowl-
edge and possibility that would render it
mathematically useless without still more
postulates governing these terms. It will be
preferable to regard the principle as a loose
one that suggests certain formal postulates
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well articulated with P1.
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It may fairly be said that the person considers
B virtually impossible, or that B is null; if
and only if, for all f and g, f<g given B.
Indeed, if B is null in this sense, the values
acts take on elements of B are irrelevant to
all decisions.

¥7-2H% S 2EAN null TH B LEET S
B OWTIL, 24EE 5 BHOEHEIZBWT,
BLEEO—XE2BWT, RO L3I OHE
ERICEANEICL DT 2 2 Lo h
B,

In case S is null, it is not really intuitive to
say that S (and therefore every event) is
virtually impossible. The interpretation is
rather that the person simply doesn’t care
what happens to him. This is imaginable,
especially under a suitably restricted inter-
pretation of F, but it is uninteresting and will
accordingly be ruled out by a later postulate,
P5.

2 F RO ERDLTERTHD,25
HE 2 BHOBERBOLTITABERNTH S
2L ROEREOBIFNROD XS KEZSND,

Acts that are constant, that is, acts whose
consequences are independet of the state of
the world, are of special interest. In particu-
lar, they lead to a natural definition of prefer-
ence among acts. Following ordinary mathe-
matical usage,f = g will mean that f is identi-
cally g, that is, for every s, f(s)=g. A formal
definition of preference among conse-
quences can now conveniently be expressed
thus. For any consequences ¢ and g’, g<g’;
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if and only if, when f=g and f = g’, f<f".
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Before going on a picnic with friends, a
person decides to buy a bathing suit or a
tennis racket, not having at the moment
enough money for both. If we call possession
of the tennis racket and possession of the
bathing suit consequences, then we must say
that the consequences of his decision will be
independent of where the picnic is actually
held. If the person prefers the bathing suit,
this decision would presumably be reversed,
if he learned that the picnic were not going to
be held near water. Thus the question
whether it can happen that f>f given B
would be answered in the affirmative. But,
under the interpretation of “act” and “conse-
quence” I am trying to formulate, this is not
the correct analysis of the situation. The
possession of the tennis racket and the pos-

Yo CEOE 1 BEE 28 2 HORBOTIZE DN 2 WA extramathematicalic ow© B 43(217)

session of the bathing suit are to be regarded
as acts, not consequences. (It would be equiv-
alent and more in accordance with ordinary
discourse to say that the coming into posses-
sion, or the buying, of them are acts.) The
consequences relevant to the decision are
such as these: a refreshing swim with
friends, sitting on a shadeless beach twiddling
a brand-new tennis racket while one’s friends
swim, etc. It seems clear that, if this analysis
is carried to its limit, the question at issue
must be answered in the negative; and I
therefore propose to assume the negative
answer as a postulate. The postulate is so
counched as not only to assert that knowl-
edge of an event cannot establish a new
preference among consequences or reverse an
old one, but also to assert that, if the event is
not null, no preference among consequences
can be reduced to indifference by knowledge
of an event.

sure-thing principle I2B3 % =4 & OFHc
X, BERTSEADILE» S, Bzt DA
DOREBRZPEBEL DD, HANEHNS P&,
0, AADRE 21T D BROEAE ¥ 3R HE
R VHAECER SN S, ZOEANETO
REFAOTEESELZRET 27200, 20
APEHCICH LU TR T 2B ChiThE e sk
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Perhaps the first way that suggests itself to
find out which of two events a person con-
siders more probable is simply to ask him. It
might even be argued, though I think fal-
laciously, that, since the question concerns
what is inside the person’s head, there can be
no other method, just as we have little, if any,
access to a person’s dreams except through
his verbal report. Attempts to define the
relative probability of a pair of events in
terms of the answers people give to direct
interrogation has justifiably met with antipa-
thy from most statistical theorists. In the frst
place, many doubt that the concept “more
probable to me than” is an intuitive one; open
to no ambiguity and yet admitting no further
analysis. Even if the concept were so com-
pletely intuitive, which might justify direct
interrogation as a subject worthy of some
psychological study, what could such interro-
gation have to do with the behavior of a
person in the face of uncertainty, except of
course for his verbal behavior under interro-
gation ? If the state of mind in question is not
capable of manifesting itself in some sort of
extraverbal behavior, it is extraneous to
main interest. If, on the other hand, it does
manifest itself phrough more material behav-
ior, that should, at least in principle, imply
the possibility of testing whether a person
holds one event to be more probable than
another, by some behavior expressing, and
giving meaning to, his judgement. It would, in
short, be preferable, at least in principle, to
interrogate the person, not litérally through

BB 2 OB % 41-3

his verbal answer to verbal questions, but
rather in a figurative sense somewhat remi-
niscent of that in which a scientific experi-
ment is sometimes spoken of as an interroga-
tion of nature.

TR > TE VLS LW, EWwHIRRELE
ST ERENCAET AREE, BEOEME
BERBE OFREEREMOME L HE L T
BPESEIEEL XS L7535 0, JORE
TRIEZEEINTVEDTH b,

X 512 de Finetti, Bruno O&EmO—FHI»S5R
WEET, 8EF2EBHHOBRET, HIRIRDOX
SR T A HEEORBERFIRT 5,

To illustrate the scheme, our idealized person
has just taken two eggs from his icebox and
holds them unbroken in his hand. We wonder
whether he thinks it more probable that the
brown one is good than that the white one is.
Our curiosity being real, we are prepared to
pay, if necessary, to have it satisfied. We
therefore address him thus : “We see that
you are about to open those eggs. If you will
be so cooperative as to guess that one or the
other egg is good, we will pay you a dollar,
should your guess prove correct. If incorrect,
you and we are quits, except that we will in
any event exchange your two eggs for two of
guaranteed goodness.” If under these circum-
stances the person stakes his chane for the
dollar on the brown egg, it seems to me to
correspond well with ordinary usage to say
that it is more probable to him that the brown
one is good than that the white one is.
Though, of course, I hope for your agreement
on this analysis of ordinary usage, | repeat
that it is not really fundamental to the subse-
quent argument, as indeed no such lexico-
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graphical point could be; for the utility of
the construct or definition depends only sec-
ondarily on the aptness of the expression in
terms of which it is couched.

Lo USEBRIY 237385 & FERBE S BEE T 2
ZEMBHBTIEE L, BANZTREERETE
EHHIT 2R E L TOAERDBENEDOH
HZDTHINS, WL > TOREAESL L
LTERRLUL:SEHNMEIC T 2ES OTEIC X
BEEVIRKRK L OB R IFHER L 2T L
BBV, PN LIEOBRE K BT
ROES5ZHINBEDTH 5,

There is a mode of interrogation intermedi-
ate between what I have called the behavioral

and the direct. One can, namely, ask the

person, not how he feels, but he would do in
such and such a situation. In so far as the
theory of decision under development is
regarded as an empirical one, the intermedi-
ate mode is a compromise between economy
and rigor. But, in the theory’s more important
normative interpretation as a set of criteria
of consistency for us to apply to our own
decisions, the intermediate mode seems to me
to be just the right one.

EAEC N LU CTITEISE 21725 L v
228, "ToTNOTEBLD "B, THED
Dy WS HOOBETIIZHT 3 BRI L
TrZHE50TABED B, TH2, L)
BETEZLZETREL,THEESIZEDE
BT D) I Miexe, BEERO %
DB BT S, ESO, HCOTABICLIVEZ
BEVRITERDTH 5,
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LRI BEERAVIRE, RERTY FOEAR
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D) EWSHERIDD T, Tha, 20oEE
LOED, ZOEAE - TDFOKED, %
BADEREDOHBIIR L THELRIFT Z &
BRWENS ZERERT 2 AENEA Shh
BB 030, 2D L IF3EDEMNAYEPL D&
AL THENBEDIEN, ZOLAKEDOES
TICBE T 2 EBMB0EFEOBRE TRO L 51T
RENDDTH S, :

When I spoke in the introductory section of
offering the person a dollar if his guess about
the egg proved correct, it was tacitly
assumed that his guess would not be affected
by the amount of the prize offered. That
seems to me correct in principle. It would, for
example, seem unreasonable for the person
with the two eggs to reverse his decision if
the prize were reduced from a dollar to a
penny. He might reverse himself in going
from a penny to a bollar, because he might
not have found it worth his trouble to give
careful consideration for too small a prize. I
think the anomaly can best be met by deliber-
ately pretending that consideration costs the
person nothing, though that is far from the
truth in actual complicated situations. It
might, on the other hand, be stimulating, and
it is certainly more realistic, to think of
consideration or calculation as itself an act
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on which the person must decide. Though I
have not explored the latter possibility care-
fully, T suspect that any attempt to do so
formally leads to fruitless regression.

ZOWHEBLTHEAOREDH L LT
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FEETE, BroLselTszoIEHA
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A & W Ly, BRONBELET S
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All the implications to be deduced from P1-5
for some time to come are themselves impli-
cations of the three easily established conclu-
sions, which are introduced by the following
definition and theorem.

A relation < between events is a qualitative
probability ; if and only if, for all events B,
C, D,

1, <-is a simple ordering,

2., B<C,ifandonlyif BUD < CUD,
provided BN D=C N D=0,

3. 0<B,0<S. ‘

It may be helpful to remark that the second
part of the above definition says, in effect,
that it will not affect the person’s guess to
offer him a consolation prize in case neither
B nor C obtains, but J happens to.

BOIOBERZBWTS £72, HRNEES
TeIRRT 20TRHE L, BAORERCEEL
BINSZDEBORIUERMDS, VYV =V EROR
ROBELRETELOTH %,

10, 3T IE
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DWTERAEP 2HRT27:DDBH L 7
%, A P6 % B39 2 oS ERE O
FLEETH 5, HREZEREICHELS L
ANV S TN THIENTESL LWL
52k, BiziE, BT LEFTEEDT %252 E
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51, P6'L OEHET, BEEMNEHRICB VT,
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It might fairly be objected that such a postu-
late would be flagrantly ad hoc. On the other
hand, such a postulate could be made relative-
ly acceptable by observing that it will obtain
if, for example, in all the world there is a coin
that the person is firmly convinced is fair,
that is, a coin such that any finite sequence of
heads and tails is for him no more probable
than any other sequence of the same length ;
though such a coin is, to be sure, a consider-
able idealization.

After some general and abstract discussion of
the mathematical connection between quali-
tative and quantitative probability, a postu-
late, P6, will be proposed, which, though
logically actually stronger than the assump-
tion that there are partitions of S into equiva-
lent events, seems to me even easier to
accept. Once P6 is accepted, there will scarce-
ly again be any need to refer directory to
qualitative probability.

B ORI AYE PO IISEDO TS 28 HOD
BEICBWTRDL > CBEEINS,

In the light of Theorems 3 and 4, I tentatively
propose the following postulate, P6’, govern-
ing the relation <among events, and thereby
the relation< among acts.

V= VEOE 1 EE 2 Hi 2 HOREDTICHEDLN 3 A flextramathematicalic DT
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P6" If B<C, there exists a partition of S the
union of each element of which with B is less
probable than C.

F72ZD PO T 597 2 KD RENISH
PSP TORET, 7R LEED—X
BPBRWT, ROLIEHRoNZ2DTH 3,

Suppose, for example, that you yourself con-
sider B < C, that is, that you would definitely
rather stake a gain in your fortune on C than
on B. Consider the partition of your own
world into 2” events each of which corre-
sponds to a particular sequence of % heads
and tails, thrown by yourself, with a coin of
your own choosing. It seems to me that you
could easily choose # sufficiently large so
that you would continue to prefer to stake
your gain on C, rather than on the union of B
and any particular sequence of » heads and
tails. For you to be able to do so, you need by
no means consider every sequence of heads
and tails equally probable.

INSDHLG»BIE, W HTHHl»L, L
»b—iRIC, HRESETE S LT 5 RELE
ANDOFHEE M TRIFICED SBOWEIE D ) 24
DERFULHEHOET IG5, THEERICHE
E9 5 H A ORBIFICER L 7B e e B 51K
EERRTBHIEERADIERREY, HED
BT 2 S o fE T 5, YISHTR
H5H, MRELBERNELETLZ 25T
5 ETREENS pbNG, FAREFICE
DLHHELRBROEE LMD 2L tEonT,
W BT 2 BRI AR DE TR WIET
DOHRHBEPBATE I ER2FHLES LT
3 ZOEER, REOBREICE 9ES 2EEH
DE#EIWC B % Keynes, John Maynard & f
Koopman, B. 0.0 RT3 2 BB TME R
DOHZ, PR VEECEHEDODNTWS, ZOB%E
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Koopman, for example, holds that, if 4 D B
and A+ B, then A is necessary more probable
than B, though the numerical probability of
A may well be the same as that of B. Thus,
if a marksman shoots at a wall, it is logically
contradictory that his bullet should fall
nowhere at all, but it is logically consistent
that a prescribed mathematically ideal point
on the bullet should strike a prescribed math-
ematically ideal line on the wall. Since the
event of the prescribed point hitting a pre-
scribed line is logically possible, Koopman
would insist that the event is more probable
than the vacuous event, namely that the
bullets goes nowhere, though the numerical
probability of both events is zero. I do not
take direct issue with Koopman, because he
is presumably talking about a somewhat
different concept of probability from the
particular relation < ; but I do not think it
appropriate to suppose that the person would
distinctly rather stake a gain on the line than
on the null set. The issue is not really either
an empirical or a normative one, because the
point and line in question are mathematical
idealizations. If the point and line are replace
by a dot and a band, respectively, then, of
course, no matter how small the dot and band
may be, the probability one hitting the other
is greater than that of vacuous event. But it
seems to me entirely a matter of taste, condi-
tioned by mathematical experience, to decide
what idealization to make if the dot and band
are replaced by their idealized limits. So
much for hair splitting.

B SL DR & UTE o h 5 BT
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Conditional preferences among acts in the
light of a given event were introduced in § 2.
7. Since the relation< among events has been
defined in terms of the corresponding relation
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among acts, we may well expect to attach
meaning to statements of the form B<C
given D, provided that D is not null. The
natural way to do so is to take a pair of acts
f and g that test whether B C (as pre-
scribed by the definition of <between acts in
§ 2) and say that B< C given D, if and only if
f<g given D. Since there is more than one
pair of acts f, g by which the proposition B<
C can be tested, it is at first sight conceivable
that no all such pairs would be in the same
order given D, which would frustrate the
proposed definition of <given D. However it
is easily seen that for any f, g testing B<C,
f<g given D (D not null) is equivalent to B
N D<C N D. Thus it is seen not only that
the proposed definition is unambiguous, but
also that it is expressible in terms of probabil-
ity comparisons among sets, without direct
reference to acts at all, and still further, that
the postulates P1-6 apply to the conditional
preference relation < given D among acts.
This preamble sufficiently motivates the fol-
lowing definition and easy theorem about
qualitative probability relations generally.

If <-is a qualitative probability, and 0 < D ;
thenB < C given D, if and only if B N
D<CND.

SHITLERE 3 BHOBREZS<,

As was explained in § 2.7, preference among
acts given B can suggestively be expressed in
temporal terms. Analogously, the comparison
among events given B and, therefore, condi-
tional probability given B can be expressed
temporally. Thus P(C|B) can be regarded as
the probability the person would assign to C
after he has observed that B obtains. It is

YT VEOE 1ESE 2H 2 HOXKBEOTRELIW 3R FHextramathematicaliz 2WT &
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conditional probability that gives expression
in the theory of personal probability to the
phenomenon of learning by experience.
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