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My own attitude toward the movement has
changed materially since I contributed to it a
book called The Foundations of Statistics
(Savage, 1954). Though this book empha-
sizes the merits of the concept of subjective
(or personal) probability, it was not written
in the anticipation of radical changes in statis-
tical practice. The idea was, rather, that
subjective probability would lead to a better
justification of statistics as it was then taught
and practised, without having any urgent
practical consequences, However, it has since
become more and more clear that the concept
of subjective probability is capable of suggest-
ing and unifying important advances in statis-

tical practice.

Z Z C the movement &\ 9 DiE, Wb b,
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It helps to emphasize at the outset that the
role of subjective probability in statistics is,
in a sense, to make statistics less subjective,
We all know how much the activity of one
who uses statistics depends on judgement,
both in the planning of experiments and in
the analysis of them. For example, we are
often counselled by statistical theory to choose
among the many operating characteristic func-
tions that reflect the choice of an experiment
and an analysis, or the choice of an analysis
alone. This choice among available operating
characteristics is recognized almost universally
to be a subjective matter, depending on the
judgement of the person, or of each person,
concerned., The theory of subjective probabil-
ity shows these necessarily subjective judge-
ments to be far less arbitrary or free than
they have heretofore superficially seemed, and
therein lies much of the value of this concept

for statistics.
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Subjective probability refers to the opinion
of a person as reflected by his real or poten-
tial behaviour. This person is idealized; un-
like you and me, he never makes mistakes,
never gives thirteen pence for a shilling, or
makes such a combination of bets that he is
sure to lose no matter what happens. Though

we are not quite like that person, we wish
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we were, and it will be important for you to
try to put yourself mentally in his place. To
facilitate this identification, Good (1950)
called him ‘you’, and I shall for the moment
call him ‘thou’. The probability that refers to
thee is basically a probability measure in the
usual sense of modern mathematics, It is a
function Pr that assigns a real number to
each of a reasonably large class of events A,
B, ...,

such a way that if A and B have nothing in

including a universal event §, in
common,

Pr(4 or B) = Pr(4) + Pr(B),

Pr(d) = 0,

Pr(s) = 1.
The extra-mathematical thing, the thing of
crucial importance, is that Pr is entirely de-
termined in a certain way by potential behav-
iour., Specifically, Pr(A) is such that

Pr(A)/Pr( not A)
= Pr(a)/{ 1 — Pr(a)}

is the odds that thou wouldst barely be will-

ing to offer for A against not A.
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The . definition just given will not be alto-

gether unfamiliar to you, and you will see
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what it is driving at. Roughly speaking, it
can be shown that such a probability struc-
ture Pr, and one only, exists for every per-
son who behaves coherently in that he is not
prepared to make a combination of bets that
is"sure to lose (de Finetti, 1937, pp.6-9;
Savage, 1954). This assertion is not quite
correct in that a coherent person may justifi-
ably vary his odds with the size of the bet.
To use this definition effectively, you should
try to think in terms of bets that are rather
small but worth considering. The great ad-
vantage of this definition over more rigorous
ones like the one borrowed from de Finetti
(1937, pp.4-5) for use in my book (Savage,
1954) is that the one in terms of odds
seems much easier to apply introspectively.
Without insisting on an axiomatic exploration
today, please believe that there is consider-
able rationale behind the concept of subjective
probability in the various references cited,
make an introspective effort to apply the con-
cept to yourself, and see with me what it

leads to in a few statistical examples.

2%, [BIOBbLHE, oddsl & o> TIH
x| % [EFHTD] Lwvwreh iz, FBHE
REWITERE, [HE2b0] LELESED
ZEWRBREOPE LR WwORE, S5, &
D&ty AL b Rl ~oBRE, £
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R0 ORENICL YEEL [HE] OoB%E
FRRLTWAEDED, 22Tk [FvX] o
EHEBEDTEDTHL, LIL, FO[HE
A, THF] oZLBTE&E0EIELT
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bOLLBBHEITE, T 2RIIE57%
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O [EE] FIELBELEVOTHD, OF
D, v XL BRI, [FEfkl BsE
RICHENLBEEIlDL07H, Z0kHi%
MELEE A LPEET L 20, [HiT4]
PBEENETHY, Lo LEMLER T
BYAETHALL, BELTBLLEFHHD
Thb, LIAHT, T Tz VEN [EMHR] T
RARL TV AERN 2RI NE, FOE
AL B, FHEEEOT TOREICHET 58%0H
O 8] AEXBIEL 2L LIE, £
o [EA] O [HER]JPrSELELT, L2d—
BHICETL LD, [FEHENS OTH S,
BT, FOXEOKRET, WHhWw b RHEY
LERICHETALDL, LA, EERED
BEADERIZED T ) OEEN BBz D LD
PRI LFOLETELT, TOXBHBEE
OMEEEBSTHENLICHT 700 [REH
BERH] ARV LELBTRETHB L, EAIL
DTV AEDEY, T0LH)BRBEORE
12, BHEPEEL TWALE~D, HOBENE
EBXFHHETTH 5,

EIAT, TRIBEVWTRD L) R EELE
WAEBEINTNE,

The concept of subjective probability has
serious defects. These can be instructively
appraised by exploring the close analogy be-
tween the odds that you would offer on an
event, and the price at which you would buy
or sell some valuable object. Both concepts
are afflicted with vagueness and temptation to
dishonesty. It might be hard for you to fix
with precision the odds that you would offer
that a particular keg of nails meets some
specified industrial standard or that the moon

is covered thickly with fine dust; in the same
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way, it might be hard for you to specify the
price at which you would sell your automo-
bile or buy a specific piece of information
about the aurora borealis, Again, if the facts
about the nails or the moon should be dis-
closed to you, it may become even harder to
say honestly what you would have bet; simi-
larly, once highly satisfactory prices have
been offered to you, it is even harder than
before to say honestly what prices would

have been just satisfactory.

D%, ¥V VKR, EEEROBESICR
FBABREFEDHBHENIOTHY, TORK
L ER LS LWlEEF L (HEICL-T)
HBFES R TWABEOHENERY, (BHD
MEDL) REBARICE-> T 2H Rk,
BOTEULTWEDTH b, 20 F v Xb
B 3, BaEFFhorED LI LT,
(RS 2 (AT 2R/ WE] Lol
EFIATLEDTH A, BIZIE, §TH%EE
S TWVWARED/PNS LY, FFICED LN T
WAHTLEEOBKIIEH L T EWVWI I LI
COoWnT, HAHIE, BUHHIGEICL o TEL
BbhTwdlwny Z kizonT, [Hk/]
PRI A v A BB ERETHEETH B
X2, S —FTWE, (&l 25 B
SOHBELFRoD, AWV, MEE LT
v % aurora borealisiCE T AR EOBHRY H
ST ABIL, FRo0 [fEB] #WHHEICE
HEIETEDOLELIE, [Hkl] BIECER
ORBICHEIETHROTCH L, 1275, Thi
O TEBAEEL] RS TENCHEND S
DTHY, 2F), MOFOFTORERROHE
DEEDS, IRz WHLTERIHrERTL
TV ZEDRICRENBEDLELIE, FO
BE, (il B, FOLIRREFESL
BlEz1z, BRLTESIZR2S [HET]
FBLZTHAIhE TEHILTHFEIC]
FHHI LY, I -BEEAEELLLET

2

B %
LOTHb, T2, TORESI, BREER
W Hhl] 1 LTOEURREATLE
oz [HE] T, #0OL5 REEFRREND
[F2]12B0T, BHEPTEHRETES [E
Bl bdb0TIHo/cThs bl %,
[EHICH LTHREIL] ED LI ETHHED
HEgEE L, ECRAROUBLEODTH 5,
R, BT VRE, ROLICEHKECHY
ODRBEBR_LEDTH 5,
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These difficulties are real, but they must
not be allowed to frighten us of trying to use
do

and we

the concepts at all, We can, if we try,
quite a bit with them as they are,
can mitigate some of their inadequacies by
using common sense and ingenuity. There is
the hope that distinct improvements will be
but it

seems to me that they are, each in its own

made on such concepts some day,

line, the best that we have today.

2%, MEIZRBEL L IHfeIctE) 8§
Bl R, TBEFEHTAFARME] ORALW
IO THEN T HENS L L 20b 6T,
ZOL)BEECHETOWT, v XEh[H
Bl o Tl L) ik (BFADOAE
I2EoT) MOTEELBREOFH L OVITK
ELCLEY, REEwHILILZ IRl T
HoTHELRNOTHY, LLAZAR, =
DEXH % [E] oBca%, [REEEICT5
HEORE) OoFAMLRRHRL LT, BERWIC
EHTAZ LR LT ERELDTHE, T/
FOB, aEVEVARH LEOEIERTD
BHOTHL, ¥V VRKIL, HERIIBWT
DX REARE ME] ORAEESLT 5K
B L BT, 20L5 % [E] 2HVS
T, BEETIE, BEIRCLoTREOR
THHLEHBLTWAEDTH B,

BRI, RK0L I ICBEYORBERE
FT5DTH b,
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Most people tacitly accept, and I think jus-
tifiably, that the concept of (equilibrium )
price cannot be altogether escaped by anyone
who would think of his own or other people’s
economic behaviour. But statistical theory has
for several decades been largely dedicated to
trying, futilely, I would say, to escape alto-
gether from the concept of acceptable odds,
or subjective probability, at least where the
analysis of data is concerned. In so far as
we want to arrive at opinions on the basis of
data, it seems inescapable that we should
use, together with the data, the opinions that
we had before it was gathered. And I believe
that ‘opinion’, when analysed, is coterminal
with ‘odds’. We have had a slogan about
letting the data speak for themselves, but
when they do, they tell us only how to mod-
ify our opinions, not what opinion is justifi-
able. If my statement of these general princi~
ples is somewhat dogmatic and abrupt, it is
because I trust that examples will show you
better than abstract arguments how the ingen-
ious attempts to build a statistical theory
without subjective probability have fallen short

and how the concept of subjective probability

leads to substantial improvements,

L, HoBEREUHOITEITAR,
BAICRBENTEHEZEET L2000 013,14
ANZEsT [TESYES ] MKl Lv) &)
AT BITTEAZI LR YR TEALRVWETT
HYy, oFh, FEEIE)THR, ZOFEA
B TR oBta s, BEENITENICE S KRED
DA, B LSBRONIZ, FIFARE
2EBRVETEOTH S, 1205, HEHEICS
JBEHIRIE, PR Eb T O5ICET
BRRY, TIHTEICDLEoT, [ZIFTANS
ZENTEEF Y X] EwIAllasE, Hb,

HT 2 VRIZEBINIFEDL 7 F ¥ —iZonT HE
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BREEOMAY, RALDPERL LS &, £
ER%E (2 LCEHERR) Bhe L&D
Thb, LoL, F—FIETVTHL[ER]
WHETAZ L2 RANEKLIIRTEIORL
W, #oF—siEHons [F2] CHEAD
BELTWE [BR] %, 207 L#I1Z,
BAPFHATEE 2 250WETTHL, L
T, 0 [BR] oM e#BIIomTe0%
5iZ, FRPEBIBWTHED [FvX] &
EETAILE, BB, FAIROEHEELR
WZEThHDI, BBHIEE, MEFELBITLS
BiRiE, [F—BEHCESED] L) [&
Bk THEEBELTEALZOLESE, LALT
— &L, F0H Al 2EHHEICE, v
55 [BR] PELLENEL0NTIERL,
WA LTEAD [BR] 28D EE 200
PETCELOTHE, &I, FHHEY
PR L CHETI R BER T BEL T I ) L)
HAiL, FNVRICEELTDSThEENL
S b, HERERE LCOREWLRKRIEBY
HryoThy, —F, FEEEOMSE, &R
OFFTHFORBERYBA 7200, REHL
UEFZLLTOTH D,
BT T2 VROREIH o

To my own mind, one of the most striking
symptoms of the inadequacy of statistical the-
ory without subjective probability is the lack
of unity that such theory has had. I speak
not only of such schisms as that between the
adherents of R. A. Fisher and those of Ney-
man and Pearson, but also of the ununified,
or opportunistic, structure of the theories pro-

posed by both of these two schools,

FEHBEOWMSE MARA TV WIERDHK
9P IZ, R. A. Fisher D ThH N, Ney-
man and Pearson D& THN, Bigl LTO
H—HICREG DY, #F, BRI 2EEE
FoTWwbsDOTHAh,
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For example, according to the Neyman-
Pearson school there are many different vir-
tues that a system of confidence intervals
might have. A user of statistics is supposed
to try to achieve as many of these as possi-
ble,

there is conflict. Typically, this theory leaves

and then to choose among them when

the user of statistics with a wide range of
choices, He is supposed to survey the avail-
able operating characteristics and choose the
one that he likes best among those that are
(that is, admissible or
nearly so). This choice is frankly subjective,

at all reasonable
but for certain historical reasons, the domi-
nant school of statisticians has not seen that
the idea of subjective probability makes the
choice easier and more systematic than it

would at first sight seem to be.

Neyman-Pearson iR 12 X v, SEXHE &
MEN 2 —EORBEP LR 5BV AT A, %<
DEZ-THEEM-TIEPET L e Eh
TWB DA, Fl-—77, HetFoFfEES,
ENLOBENFTELMN LML INE LD
2, —EOEERMETRETAI L HET
ETHALENBDZN, LiL, FAL0E
BOBMTHUIPH L5101, HREOEER
BEODPIZOVT, ZOFIHEIR, S2lLd
FEEE, BOEFTRELZ TS RTERS
B\WWDTH b, E, Neyman-Pearson O B 55
i3, BEFEOFBEBLCHLT, 22 VEOH S
EREOBETERE AT I L&, BROWIZ,
ELEEBFLTCVLEDOTHL, 2 AHEE
3, BRI THHTELZ OCHBRERECH
T, FEURESLENMOEVHE 2§ —
EOHBOFRPS, Ll LbEHEABERE, BS
WESTHRETHS LEEMWHE T4 ML R
WEeThid T2okw] 0Ths, HHEENE

2

W o%®
TIOL)RERE, ECFENLLIOTH
Bo TEH, BEMEIIBVWTKELRENZHE-T
WA ERIE, FEREOESY, FIEEOZD
£ 2Bk, LOESIC, FLTL)ARBRY
DI THEILE, BOIH)LEILTIer
272D ThHb, FIHED [FEN L] BIREEE
BOWNICEFTL—HT, 20 [F8] gi8
BICRBETZZERBITL) LT 501, EB
R, [Z8] BEEB T ZOFROBED
EbIEPHETH S, %8B, the dominant school
&%, FEEEROEERIINTLZOHHT
Wi TES] OBz, 7 = VRIZERN
LZEBICRDO TV 5,
H T VRORFELS 51T,
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The recommendations of Fisher (1956) pre-
He

counsels us to do one thing when we know

sent a different kind of fragmentation.

‘nothing’, a state of knowledge difficult, re-
ally impossible, to define, and to do another
when initial probabilities, in some nonsubjec-
tivistic sense, permit application of Bayes’s
theorem. Even when we know ‘nothing’,
Fisher does not present us with a unified
method, but tells us to use fiducial probabil-
ity, when the ‘fiducial argument’, the mean-
ing of which is still a little hazy, applies,
and to do something quite different when it

does not apply.

Sir Ronald Aylmer Fisher i, R THEE &
NTWBEEICET 2 HEASAY, EFEHmWT
BB LERIIBNT, XM XOEHEDIGH %
RIS T AL, RABEE ORI OVT &K
®iE, Mmoo vl BELTRE, JloehE
FRALEADVPRVOREFRLTVWDE LT
BB, LPL, [EBEZ ThHsLn] v
I &9 % [aEoRE] © GREMNICIEHID)
[#&] 742 L, PRYEELZOTHY,
623, HEORREERTH20%25E, %
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The fragmentation presented by these theo-
ries suggests, though it does not prove, that
something important is missing, and the ap-
plication of subjective probability does make
for unity. The subjectivist too will of course
exploit the advantages of special situations,
but he sees these not isolated as islands but
as interesting regions merging with the rest

of the mainland.
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5, BEOBBIZIBVTIE, MrEELIRR
RELTWDLILEYESTVWEDOTHY, —
F, FEERORHIE, HEMLEROKE~
CEEMTHLOLDTH A, FEHERTFIHT
AUBEWMLED T/, BEOEERKIE
D (GHEICLoT) ARGHEANEY, BEY
KERATAZ L2 BT TIRRLTEVD
2, LaL, FEHEE, FflrEAEsEo
BEORRZ, MILTWBEEDL I ZEKID
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Prr VRIS ICHERTHT B,

It is sometimes alleged as a criticism of the
concept of subjective probability that science
must be objective, that right reason must
lead from given evidence to one and only one
right conclusion. This line of thinking does
not appear to be valid, fruitful or practical,

FT2VRICEBIBIFED L 7 F ¥ —ilonT H
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see Bridgman (1940). Though it has, I think

it fair to say, been expressed in some form
by adherents of the school of Neyman and
Pearson, it is certainly not essential to that
school, which for the most part freely admits
that the reaction to an experiment depends on
subjective factors, like choice among operat-
ing characteristics. It seems to me that such
‘objectivity” as we enjoy in practice stems
from the tendency of diverse opinions to con-
verge toward one another under the weight of
evidence, It must be emphasized that this
convergence is nonuniform, so it cannot be
pretended that only a small sphere of opinions
is left open after the accumulation of weighty
evidence, In particular, I believe R. A.
Fisher is mistaken when he argues thus:
“This property of increasingly large samples
has been sometimes put forward as a reason
for accepting the postulate of knowledge a
priori. It appears, however, more natural to
infer from it that it should be possible to
draw valid conclusion from the data alone,
and without a priori assumptions’ (Fisher,

1934, p.287).

FEREORS IS L CHERLHR S Ak
BLLT, THELVWIIODEEFEEW TR
B, #B, ELVWiEREwI ok, &5
AN TV AHRICESNTHE—DIE LiEH
REET 2 OTRIINELRLTY, fE-T, £
BrRERICES (ERTHRECBVWTHATA S
EEAETHE] LI DEH S, LiL,
BEICHTAHIO LD RREER, HEMNIZIEY
THHLEBVEL, LPVEBREEIFRETD
%, Neyman-Pearson ZiRIZE DB L T\ 54
APOBEFZOL) % (B8] HoxEL L
7o XD 7ED, FORRFIEBICERLTVWSEF
HiE, fl T OC O BIICR OB L 95 12,
ERRIC T 50 EORLHFIE O LB



110(632) 1

] HWICEET 22 L%, EZITARTY
EOTHD, £z, BRERVUEBOHTEIT AN
TwWa [FEI v ) b0, [HBEELD
S [BR] S, [ER] LvywmEF D
LI EICEoT, EVIIZESE LT EmZR
T EWnATERS, RELTVWELIICED
NBEDTH B, 12H, 20X RIEBROIUE]
&, [BR] #BRETLANCELT, —#%
DI TRELTZVDTHY, EoT, BELH
BHODLARPERL L LR2EL19
BREICBWTH, AAEBITS [ER] OF
BRI R DIRE D S L LB B LI
ETERVOTH A, %P, 2T Fisher 13,
[FeBioZe | fisko [FEl 2 RETAHIEK
EO, KRESHTHRLOODHIERD L5
T [ER] OPGRICERLT, [FEBRMZ] A
o [HE] R EFEEYTIC, LEF-5D
AIEET L RY R OB Z FHEETAE
HIFLHOM, LOBREOEREEZLTCWwBHEDS
A, FYLVROVEPLTHE, [BHOR
Bl 258ICZB L OoBARL T 2P L
T, F= 9 ORIESTHNTEEORR 2 EA L
EEwnyZkid, REMHICELLETZEVEVD
ThHhb,

5T 2 VK, FEBRICETAEO
BfE%, DEFTROLIIICHED (L oTW
b

It has sometimes been contended that there
are two different kinds of statistical theory,
one appropriate to economic contexts and an-
other to pure science; see for example,
Fisher (1955). In my own opinion, this dual-
istic view is incorrect, At any rate, the ap-
plications of subjective probability to be dis-
cussed today are equally available to eco-
nomic and scientific applications of statistics.
Except that subjective probability is defined as
an economic concept, in terms of choice

among gambles, this talk will scarcely refer

2

B %

explicitly to decision, loss, or other economic
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concepts. When subjective probability is taken
seriously these other concepts, though they
remain important, become relatively uninter-
esting, because in principle the solution of
every decision problem is simply to maximize
expected income with respect to the subjective
probability that applies at the moment of
making the decision, This leaves us free, at
least in today’s talk, to emphasize the calcu-
lation of posterior, or final probabilities,
though in more advanced applications the
quality of certain approximations would have
to be judged partly on the basis of possible

losses.
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For example, if x is supposed to be 15 nor-
mally distributed physical measurements ,
there will probably be serious talk by all con-
cerned about a spurious, or outlying, obser-
vation if the largest reading is separated from
the second largest by as much as the second
largest is from the least. This means that all
concerned have (and therefore presumably al-
ways had latent) some doubts about the rig-
orous normality of the sample. Similarly, a
sample in which the magnitude of the reading
is nearly perfectly correlated with the order in
which they were taken is sure to raise eye-
brows., In short, simple models do not often
fully represent our opinions about the possible
though

such models are, the danger of accepting

outcomes of an experiment. Useful

them literally cannot be overemphasized.
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Not only are these difficulties often surmount-
able, but,

experiment justifies a conclusion the justifica-

in my experience, whenever an
tion can always be given in terms of Bayes’s

theorem,
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