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PREFACE

This volume is intended as the proceedings of the symposium ”Nonlinear Wave
Equations”, held on August 27 through 30 in 2007 at the Department of Mathematics,
Hokkaido University.

The complete list of symposia on Nonlinear Wave Equations at Sapporo is in our website:

http://coe.math.sci.hokudai.ac.jp/sympo/nwe/index_en.html

We would like to dedicate this volume to Professor Rentaro Agemi and Professor Koji

Kubota.

Hideo Kubo
Tohru Ozawa
Hiroyuki Takamura

Kimitoshi Tsutaya
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Long range scattering for the Maxwell-Schrodinger system

with arbitrarily large asymptotic data

J. Ginibre
Laboratoire de Physique Théorique*
Université de Paris XI, Batiment 210, F-91405 ORSAY Cedex, France

This lecture is devoted to the theory of scattering and more precisely to the
construction of modified wave operators for the Maxwell-Schrodinger (MS) system

in space dimension 3, namely

10 = —(1/2)Asu + Acu
04, — 8, (0 Ae + V- A) = |uf? (1)

O0A+V (0A. + V- A) =Im uV u

where u and (A, A.) are respectively a complex valued function and an IR**! valued
function defined in space time IR, V4 = V —iA and A4 = V% are the covariant
gradient and covariant Laplacian respectively, and O = 97 — A is the d’Alembertian.
An important property of that system is its gauge invariance, namely the invariance

under the transformation
(’LL, Aa Ae) - (’LL eXp(—’i@), A—- vgv Ae + 8t9) )

where 6 is an arbitrary real function defined in IR*™'. As a consequence of that
invariance, the system (1) is underdetermined as an evolution system and has to be
supplemented by an additional equation, called a gauge condition. In this lecture,
we shall use exclusively the Coulomb gauge condition, namely V - A = 0. Under
that condition, the equation for A, can be solved by

Ao = —A7uf? = (4rlal) ™ » Juf? = g(a) 2)

where % denotes the convolution in IR3. Substituting (2) and the gauge condition

into (1) yields the formally equivalent system
i0u = —(1/2)Aqu + g(u)u (3)

OA = P Im @V 4u (4)

*Unité Mixte de Recherche (CNRS) UMR 8627



where P = 1 — VAV is the projector on divergence free vector fields.

The MS system is known to be locally well posed both in the Coulomb gauge
and in the Lorentz gauge 0,4, + V - A = 0 in sufficiently regular spaces [7] [8], to
have weak global solutions in the energy space [6] and to be globally well posed in
a space smaller than the energy space [9].

A large amount of work has been devoted to the theory of scattering and more
precisely to the existence of wave operators for nonlinear equations and systems
centering on the Schrodinger equation, in particular for the Maxwell-Schrodinger
system [1] [2] [3] [5] [10] [11]. As in the case of the linear Schrédinger equation,
one must distinguish the short range case from the long range case. In the former
case, ordinary wave operators are expected and in a number of cases proved to
exist, describing solutions where the Schrédinger function behaves asymptotically
like a solution of the free Schrodinger equation. In the latter case, ordinary wave
operators do not exist and have to be replaced by modified wave operators including
an additional phase in the asymptotic behaviour of the Schrodinger function. In that
respect, the MS system in JR*™ belongs to the borderline (Coulomb) long range case.
General background and additional references on that matter can be found in [3]
[4].

The main step in the construction of the (modified) wave operators consists
in solving the local Cauchy problem with infinite initial time. In the long range
case where that problem is singular, that step amounts to construct solutions with
prescribed (singular) asymptotic behaviour in time, and this lecture is devoted to
that question. The construction is performed by changing variables from (u, A)
to new variables, replacing the original system by an auxiliary system for the new
variables, solving the corresponding problems for the auxiliary system and finally
returning therefrom to the original one.

The results include the uniqueness and the existence of solutions with prescribed
asymptotic behaviour. The uniqueness result is fairly general and uses only a small
amount of information on that behaviour. It will be stated for a slightly modified
version of the system (3) (4) where the equation (4) is replaced by the associated
integral equation with precribed asymptotic data (A, A+), namely

A= Ag— / dt’ sin(w(t — )P Im (aV au) () (5)
t
where w = (—A)Y2, A, is the solution of the free wave equation OAg = 0 given by

Ay = (coswt)Ay + w (sinwt)A, (6)



and V- A, =V - A, =0 in order to ensure the gauge condition V- A = 0.

Since the Cauchy problem at infinity for the system (3) (5) is singular, especially
as regards the function u, the uniqueness result for that system takes a slightly
unusual form. It states that two solutions (u;, A;), ¢ = 1,2 coincide provided u; and
A; — Ay do not blow up too fast and provided u; —uy tends to zero in a suitable sense
ast — co. We denote by || - || the norm in L™ (IR®), by H' the usual homogeneous
Sobolev space, by V, the space

V;z{v:<x>3vEL2,<x>2VUEL2} (7)
where < - >= (14| - |?)¥/2, and by S the dilation operator
S=t0+z-V+1. (8)
We use the notation
u(t) = U(=t) u(t) = exp(—i(t/2)A)u(t) 9)

and we denote nonnegative integers by j, k, £.

The uniqueness result can be stated as follows [5].

Proposition 1. Let 1 < T < co, I = [T,00) and o > 0. Let Ay be a divergence

free solution of the free wave equation satisfying
| VESIAo(t) oo + || VFz - Ap(t) oo <C 171 for0<j+k<1  (10)

for allt € I. Let (u;, A), i = 1,2, be two solutions of the system (8) (5) such that
@€ L2 (I, V.), A — Ag € Lo (I, HY) and such that

loc

| @(t); V* || < C(1+4nt)* (11)
| V(A; — Ag) () |l2 < C 721 + tn t)* (12)
</t > (u —ug)(t) o <Ct71°° (13)

for some € >0 and for allt € I. Then (u1, A1) = (u2, As).

Because of the gauge condition V - Ay = 0 and of the commutation relation
0S = (S + 2)0, both z - Ay and SA, satisfy the free wave equation if Ao does.

Sufficient conditions on Ay, A, ensuring (10) are well known.



The conditions (11)-(13) will be seen to hold for the solutions obtained in the
existence result to be given below. In particular (11) will hold with o = 3.

We now turn to the existence of solutions with prescribed asymptotic behaviour.
The proof proceeds in several steps and uses extensively the auxiliary system men-
tioned above. One first constructs solutions of that system behaving asymptotically
as given asymptotic functions by a contraction method using only general bounded-
ness and time decay properties of those functions. One then constructs asymptotic
functions satisfying the assumptions needed for the previous step by solving the
auxiliary system approximately by an iteration method up to second order. One
then returns to the original functions and to the original system (3) (4), thereby
obtaining asymptotic functions (u,, A,) and solutions (u, A) of that system which
behave asymptotically as (u,, A;). The asymptotic functions are parametrized by
the asymptotic data (A,, A,) that occur in (5) (6) and in addition by asymptotic
data u4 for u (in a short range situation, u, would be the limit of @(t) as t — oo,
a limit which does not exist in the present long range case).

We now give a simplified statement of the existence result, stripped from a
number of technicalities which are too complicated to be presented here. As a con-
sequence, that statement is somewhat incomplete. In particular (i) we do not give
the explicit expression of (u4, A,) in terms of (uy, AL, A,), (i) we do not give the
detailed assumptions on (A4, A, ) and (iii) we do not state all the regularity proper-
ties of A, and A, the reason being that both are sums of various parts with different
properties. We refer to [3] for more details. On the other hand we give the conver-
gence estimates of (u, A) to (ug, A,) in some detail. We denote by F the Fourier
transform and we use the definitions (7)-(9) of V,, S and %, and a similar definition

of u,.

Proposition 2. Let u, be such that v, = Fu, € H°, zv, € H* and that v, satisfy
the support condition
Supp v4 C {z: | [z] — 1| = n} (14)

for some n > 0. Let (A, Ay) be sufficiently regular and decaying at infinity (in
space) with V - Ay = V- A, = 0 and let Ay be defined by (6). Then there exists
(Ua, Aa) such that U, € C([1,00),Vs), < = > Oiia € C([1,00),L?), VA,,SA, €
C([1,00), HY), such that

| a(t); Vi | < CA+en t)* (15)



I V(4 = Ao)(t) [l < C 72 (16)

for allt > 1, and such that the following holds.

There exists T > 1 and there exists a (unique) solution (u, A) of the system
(8) (4) such that @ € C(I,V,), < x > du € C(I,L?), VA,SA € C(I,H"), where
I =[T,00), and such that the following estimates hold for allt € I.

| a(t); Vi || < C(1+fn t)° (17)

| V(A= Ap)(t) [l < C 712 (18)

| V(T — ) (2) || < C t72%2(1 + tn t)* (19)
for0<£<1,0<k+£<3,

| 2%8,(T — o) (2) ||2 < C 3 2(1 + tn t)* for0<k <1, (20)

| VFSI(A = A) (@) [l + 71| VEFLSIz - (A — A)(t) |
<C t—5/2—k/2(1 1 tn t)4 (21)

for0<ij,k,j+k<1.

Whereas the existence part of Proposition 2 is proved by the construction previ-
ously mentioned, the uniqueness part follows readily from Proposition 1. In fact, if
(ui, A;), © = 1,2, are two solutions of the system (3) (4) obtained from Propo-
sition 2 with the same (uq, A,), then the conditions (11) (12) follow from (17)
(18) with o = 3, while the condition (19) together with the commutation relation
zU(—t) = U(—t)(z + itV) imply

1< 2/t > (1 — ug)(t) |2 < C t~2(1 + fn t)? (22)

which implies (13).

We finally remark that the support condition (14) which appeared in the early
work [11] and had been eliminated in [2] [10] is again required in Proposition 2.
However in contrast to [2] [10] [11], that proposition does not require any smallness
assumption on uy and for that purpose relies on a more complicated method. It
is an open question whether the support condition can also be eliminated in the

framework of that method.
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SMALL DATA SCATTERING FOR NONLINEAR
KLEIN-GORDON EQUATIONS

NAKAO HAYASHI

1. INTRODUCTION

This talk is based on the joint work with Naumkin. I am interested in the
scattering operator for the nonlinear Klein-Gordon equation

(1.1) uy — Au+u=f(u), (t,z) e RxR"

with a power type nonlinearity f(u) = p lul” Y uor f(u) = plul”, where ¢ >
1+ T{%’ u € C, for space dimensions n > 3. The construction of the scattering
operator implies the study of the Cauchy problem and the final state problem.

In the previous paper [7], we constructed the scattering operator in H*5! for
the nonlinear Klein-Gordon equation (1.1) with ¢ > 1 + -f; in the case of space
dimensions n = lor 2. We applied the operator

J = (VYU (t) zU (—t) = E (iV) x + iAtV,

=5 1) 4= (0 5)

which plays the same role as the operator  + itV in the case of the nonlinear
Schrodinger equations. Our purpose is to apply the operator J to the nonlinear
Klein-Gordon equation (1.1) in higher space dimensions n > 3 and to prove the
existence of the scattering operator similarly to the case of the nonlinear Schrédinger
equations [3].

When 1< 0, f (u) = p|ul” ' uand 1+ i <o <o (n), with o* (n) = 242 for
n > 3, the completeness of the scattering operator for the nonlinear Klein-Gordon
equation (1.1) in the energy space was established in papers [1], [2], [6], [10], [11]
by using the Morawetz type estimates and the energy conservation law. This result
was extended to lower space dimensions n = 1,2 in paper [9]. The condition p < 0
can be removed if we restrict our attention to small solutions (see [13] for the case
of f(u) = p|u|” " u, the case f(u) = p|ul” can also be treated). The existence
of global in time solutions to the Cauchy problem for the nonlinear Klein-Gordon
equation (1.1) (i.e. the existence of the inverse wave operator W=!) was shown

where

in [13] by using the L*¢ — L1*% time decay estimates for the linear problem if
go(n) <o< 1+%, where oq (n) is a positive root of ’2—15—:&0 > 1. The wave operator
Wy was also constructed in [13] for g (n) < o <1+ %. However the scattering
operator Sy = W™ W, was not defined since the range of the wave operator Wy

differs from the domain of the inverse wave operator WL, As far as we know the

Nonlinear Wave Equations in Hokkaido University, 27,28,29 August.



NAKAO HAYASHI

scattering operator S was not constructed for the nonlinearities of order less than
1+ % except our previous work [7] for n = 1,2. Note that 1 + n;—tZ < ag (n).

We now turn to the results concerning the Cauchy problem for the nonlinear
Klein-Gordon equation

{ uy — Au+u= f(u), ({,z) e R x R,

(1.2) w(0,z) =ug (), u (0,2) =u1 (2), z € R,

which are related to the construction of the inverse wave operator WZl. When
n = 3,0 =2, then '—g—gﬁa =1, so the L'*° — L3 time decay estimates of [13]
can not be applied to the Cauchy problem (1.2) even if the nonlinearity is smooth.
In the case of the Cauchy problem, the lower order o were treated in papers [§]
and [12], where the global existence of small solutions to quadratic nonlinear Klein-
Gordon equations in three space dimensions was proved by the vector fields and the
normal forms methods, respectively. However these methods do not work for the
nonlinearity of the form |u| u. The vector field method was improved in paper [4],[5],
where the global existence theorem was proved for the fractional order o > 1+ %,
in space dimensions n = 1, 2, 3, if the initial data have a compact support. It seems
that the method does not work for the data which do not have a compact support.
We put

% (autib (iv) " u), wl = % (aus +ib (V) )

g
I

L= Ed, +iA(iV)

and

N () = b (19) (o w)|" " (a-w) or A (w) = L (9) (2wl

() () ) h)

Then the nonlinear Klein-Gordon equation (1.2) can be rewritten as a system of
equations

(1.3)

Lw=N(w), (t,z) € Rx R,
w(0,7) = w’ (z), » € R™.

The direct Fourier transform ¢ () of the function ¢ (z) is defined by
Fo=¢= (271‘)_% / ) e @8 (2) da
then the inverse Fourier transformation is given by
Flo=(nyE [ @@ 9p(e)ae,

Denote the usual Lebesgue space L? = {¢ € §';| ||, < 0o}, where the norm

ol = (fRn|¢ |pd:n)p if 1 <p <ooand ||¢ll = vrai sup,egra @ (z)] if
p = 00. We)ghted Sobolev space is

= {peS Bl = |@" @) 9|, < oo},




NONLINEAR KLEIN-GORDON EQUATION

where m,k € R, 1 < p < o0, (z) = \/1+ |z|?. We also write H™F = HJ"*. The

usual Sobolev space is H"™ = H;"'O, so the index 0 we usually omit if it does not
cause a confusion. Different positive constants we denote by the same letter C.
We introduce the free evolution group

=iV 0
Ult)= ( 0 i)t ) .

J = (VU () 2U (=t) = E (iV) z + 1AtV
is useful for obtaining the large time decay estimates of solutions. We have L,J) =
0, since [z, (iV)] = (iV) "' V . However it is difficult to calculate the action of J
on the nonlinearity . Therefore we use the first order differential operator
P = EtV + Ex0,
which is closely related to J by P = Lz —iJ, and it almost commutes with £ since
[£,P] = —i (iV) " VL (see [8]).
First we prove the existence of the inverse wave operator
wit: (@7 5 ()’

where § = max (%, 1+ %) .

The operator

Theorem 1.1. Let 1+ n—j—-'i' <o<l1l+ % and n > 3. Suppose that the initial data
w® € (Hﬁ’l)z7 g =max (3,14 2) have a small norm |w®|| g1+ Then there ezists

a unique solution U (—t)w € C ([O, 00); (H5’1)2) to the Cauchy problem (1.3) such
that

lw @llge < € (147070
for all t > 0, where 2 < g < % Furthermore there exists a unique final state
wt e (HB*1)2 such that
(1.4) U () w(t) —w||ge. <CA+1)
—_n 1
for allt > 0, where y = 5 (0 — 1) <1~E> -1>0.

We now consider the final state problem for the nonlinear Klein-Gordon equation

(1.5) { Lw =N (w),

llw () — U () w2 = 0ast— oo
with a given final state w™ € (H[’*l)2 )

Theorem 1.2. Let 1+ n_i'z' <o<1l+ % and n > 3. Suppose that the final state
wt € (I‘Iﬁ'l)?7 B = max (%, 1+ %) . Then there exists a time T > 0 and a unique
solution U (—t)w € C ([T, 00); (H571)2) of the final state problem (1.5) such that

2(1-2
o (@)l < € (1 +1) 2075
for allt > T, where 2 < g < n2—_"§ Furthermore the asymptotics
U (—t)w (t) = w™||ggon < CLT
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1s valid for all t > T, whereyz%(a—l)(l—%)—l>0.

By Theorem 1.2, we can define the wave operator W4 which maps any final
state wT € (H'B’l)2 to the solution U (—t)w € (Hﬁ’l)2 if t > T. If we choose a
sufficiently small norm ||w™||yg.1, we can take 7" = 0. Namely, the wave operator

We cwt e (HPY)? 5w e (HP)®
is well-defined in the neighborhood of the origin in the (Hﬁ*l)2 space. Furthermore

since the initial data w® are also sufficiently small in the norm of (Hﬁ*l) , by
applying Theorem 1.1 for the negative time we can define the inverse wave operator

wotwle (HB’1)2 —w € (HB’1)2.
This means that the scattering operator
Se =Wy cwt e (B - w e (B
is well-defined in the neighborhood of the origin in the (Hﬁ’l)2 space.
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Scattering for the Schrodinger-improved
Boussinesq system

Akihiro Shimomura

Department of Mathematics, Faculty of Science
Gakushuin University

This talk is based on [6], and it is concerned with the scattering theory
for the Schrédinger-improved Boussinesq system (hereafter referred to as the
Schrédinger-IBq system) in two space dimensions:

1
10y + EAu = vu,
v — Av — Adfv = Alul?,

1

where (t,z) € R x R?, 9, = 8/0t, A is the Laplace operator for the space
variable z, and u and v are complex-valued and real-valued unknown func-
tions of (¢, ), respectively. We prove the existence of wave operators for the
system (1) when the Schrodinger data is suitably small.

There are several results on the local and global existence of solutions and
the asymptotic behavior in time of solutions to the Schrodinger-IBq system
(1). Ozawa and Tsutaya [5] proved the local well-posedness for the system
(1) in the space L? x L? x L? 3 (u, v, dyv), when the space dimension n < 3
by the Strichartz estimate for the Schrodinger equation. They also showed
the global well-posedness in the energy class H' x L? x (L? N H~') when
n < 2. Furthermore, in [5], when the space dimension n = 4, the local well-
posedness for this system in the L%level for small initial data was shown.
Cho and Ozawa [2] proved the existence of a unique global solution to the
system (1) in the energy class for small initial data, when the space dimension
n = 3 or 4, Furthermore, in [2], when n = 4, it was also shown that the small
global solution has a free profile in L? x L? x H~! by the Strichartz estimate
for the Schrédinger equation on the time interval [0, 00). Recently, Akahori
[1] proved the local well-posedness in H*' x H®2 x H* for —1/4 < s; < 0 and
—1/2 < s, < 0 when n < 3, and the global well-posedness in L* x L? x L?
when n < 2. (For investigating the large-time behavior of solutions to the



system (1) in relatively low dimensional case, (that is, n < 3), it seems that
the method via the Strichartz estimate for the Schrodinger equation on the
time interval [0, c0) in four-dimensional case in [2] does not work, because
the Strichartz estimate for the solution u on the time interval [0, 00) does
not derive the optimal time decay of the solution (u,v).)

We summarize properties of the free solutions. We introduce the following
operators

U(t) = eiA, Q= (1 — A)1/27 A= (—A)1/2(1 _ A)_l/g’
K(t)= A"'sintA, K(t) = costA.

We note that the solution to the Cauchy problem of the free Schrodinger
equation

1
i@tu + §AU = 0, (?L,’IT) € R x Rn’
u(0,7) = gla), @R

is given by u(t,-) = U(t)¢, and that the solution to the Cauchy problem of
the free IBq equation

Ofv — Av — Adfv =0, (t,z) e RxR™,
v(0,2) = o(z), 0w(0,z) = 1(x), r eR"

is given by v(t,-) = K (t)ibo + K (t)ih1. It is well-known that the solutions to
the free Schrodinger equation decays as

U ()] g @ny < ClEI™2|B]| 12 @en)- 2)

Cho and Ozawa [3] proved the time decay estimate for the solution to the
free IBq system

| K ()bl g gmy + 1K ()% ]| Lo (mm) )

<Cl|T (| A2 | g, + 197" A2 g ).
(For the definitions of function spaces, see below.) Hence it seems that the
nonlinear interaction in the Schrédinger exponent vu in the system (1) decays
like [|lu(t)v(t)||r2@ny ~ t™"/2, as t — oo, and that the scattering problem for
the system (1) in relatively low dimension (namely, the space dimension
n < 3) is rather difficult. In particular, the two-dimensional case is the
borderline case between the short-range and the long range scattering. In
this talk, in the case that the space dimension n = 2, we prove the existence



of an asymptotically free solution to the system (1) when the Schrodinger
data is suitably small. The uniqueness holds in a suitable class (see (4)—(7)).
This implies the existence of the wave operators. (The three-dimensional
case is easier than the two-dimensional case, according to the decay rate of
the free solutions (see the estimates (2) and (3)).)

We remark that there is a survey [4| by Ginibre and Velo on other non-
linear coupled systems related to the Schrodinger equation in relatively low
space dimensions, that is, the Maxwell-Schrédinger, the wave-Schrodinger,
the Klein-Gordon-Schrodinger and the Zakharov systems.

Before stating the main result, we introduce several notations. For ) € &,
we denote the Fourier transform of 1 by ¥ or Fyp. For m, s € R, we introduce
the weighted Sobolev space:

= { € S5 [$llmme = (1 + |2*)*(1 = A)™/2p||z < o0}

H™ denotes H™°. H™ is the homogeneous Sobolev space:

= {¢ € S|Pl gm = I(=A)™?| L2 < oo}

For m € R and 1 < ¢, < oo, the homogeneous Besov space Bm is defined
as follows:

By = {¢ € 83 [[¥ll gz, = {27 llps * ¥llze}sllip@) < o0},

where $;(&§) = @(2 i) — ¢(27UTV¢) and ¢ € S is a function such that
peCPwith0< <1, ¢(€)=1when |¢]<1and $(€) = 0 when |¢] > 2.
The main result is

Theorem. Let the space dimension n = 2, and let (uy,vi0,v41) be final
data such that uy is compler valued, v+0 and vy, are real valued u+ € L2,
(1 + |CC|)U+ e I! ; Vyo € HY N H2NnQ 4Bll7 V4o € H™? A V41 E
L2NH2NO~ 4B‘fl and v € HINH™3. Assume that ||uiry is suﬁ?czently
small. Then the system (1) has a unique solution (u,v) satisfying

uwe CR;LY), veCHR;LY), (4)
supt*lu(t) = U(tuslzz < oo, (5)
Sup ¥l — U (|| za(oo)zay < 00, (6)

sup £ ([[o(t) — (K (o0 + K(t)os1)llzz
21 7)

+ [|8v(t) = B(K (Yoo + K (H)v41)ll22) < o0,



where 1/2 < k < 3/4. Furthermore the wave operator

Wi (g, vor,v14) = (u(0),0(0), (8:0)(0))

is well-defined.

A similar result holds for the negative time.

Remark 1. In [6], the existence and uniqueness of an asymptotically free
solution to the system (1) are proved by solving the Cauchy problem at
t = +oo is solved locally on the interval [T, oc0) for sufficiently large T >
1. According to the result on the global well-posedness for that system in
L* x L? x L? by Akahori [1], we can extend the (local) asymptotically free
solution obtained in [6] to the whole interval R as in (4)—(7).

We prove Theorem by solving the local Cauchy problem at ¢ = +oo

around some approximate solution which approaches the free solution as
t — oo, and by extending it globally as in Remark 1.
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On the Schrodinger equation with dissipative nonlinearities

of derivative type

Hideaki Sunagawa (Osaka University)*

This talk is based on a joint work with Nakao Hayashi and Pavel Naumkin [8].
We consider the initial value problem for the nonlinear Shrédinger equation of the
derivative type:

i0u+ 502u = N(u,0u), t>0, z€R, (1)
u(0,z) = up(x), z € R.

where i = /=1, 8, = 0/0t, 8, = /0 and u is a complex-valued unknown function.
We will occasionally write u, for d,u, and w denotes the complex conjugate of u.
The nonlinear term N(u,u,) is a cubic homogeneous polynomial in (u,, U, Us)
with complex coefficients, and it satisfies so-called gauge invariance, that is,

N(e®v,e%q) = €’N(v,q) for v,q€C and 6 €R. @)

The aim of this talk is to present a structural condition on the nonlinear term
N under which the corresponding forward Cauchy problem (1) has a disspative
nature. To explain the motivation, let us begin with the simplest case where N is
independent of ug, i.e., N = Mu|?u with A € C. Then it is easy to see that

u(t)|2 — 2Tm A / )l dr = [l 2, (3)

which suggests dissipativity if Im A < 0. In fact, it is proved in [17] that the solution
decays like O((tlogt)™'/2) in L as t — 4oo if ImA < 0 and uq is small enough.
Since the non-trivial free solution (i.e., the solution to (1) for N = 0, uy # 0)
only decays like O(t/2), this gain of additional logarithmic time decay reflects a
disspative character. Now we turn our attentions to the general gauge-invariant
cubic nonlinear terms involving both u and u,. Note that we can not expect the
conservation law like (3) any more. However, as we shall show, similar time decay
is still valid if sup, g Im N(1,i£) < 0.

Before stating our result, we introduce function spaces. For s,v > 0, let H>" be
the weighted Sobolev space given by {¢ € L? : ||¢||lmso = [[(x)"(i0z) ¢l L2 < 00},
where (z) = (1 4+ 2?)'/2. In particular we set H® = H*°, which is usual L? based
Sobolev space of order s. The main result is as follows.

*E-mail: sunagawa@nath.sci.osaka-u.ac.jp



Theorem. Suppose that N satisfies
ImN(1,i€) <0 for £€R. (4)

Let ug € H¥'NH?® and e = ||uol| g2 + ||wo|| g3 is sufficiently small. Then (1) admits a
unique global solution u € C([0,00); H** N H3). Moreover, the following asymptotic
expression is valid as t — +oo uniformly in x € R:

a({-)exp{i’“—z— ila(%)]*Re N(1,i%) log? do }

2t 0 I2mNEiD)(a(Z)Porb(2)
Vi1 =210 N (L) (a3 P log t + (7))
+O(t73¥*™#),  (5)

u(t,z) =

where p > 0 is an arbitrarily small constant, and a(§), b(€) are compler valued
continuous functions of & € R which satisfy |a(€)] < Ce(€)72, |b(€)] < Ce*(€)™*
with some positive constant C'.

Remark 1. As an immediate consequence of (5), we can see that
[ut)l|< = O((tlogt)™/%) as t — +oo

if sup.cp Im N(1,4€) < 0. Moreover, we can also check that the L? norm of u(t) also
decays like (logt)™'/2. Therefore, by interpolation, we obtain

lu(®)|le = O(t”(1/2_l/p) (logt)™/?) as t — +oo

for all p € [2, 00].

Remark 2. Our result can be also viewed as an extension of [9] (see also [1], [2],
3], [10], [12], [14], [15], [16], [17], [20], etc.) because (5) is reduced to

u(t, z) = %a(x/t)ez(a:z/(2t)—|a.(z/t)|2 ReN(Liz/t)logt) O(t) as t— +oo
when Im N(1,i£) = 0.

Remark 3. When Im N(1,i&) > 0 for some &, € R, the authors do not know any
global existence or non-existence results for (1). However, in view of the denominator
of the leading term of (5), it is quite reasonable to expect that small amplitude
solutions can blow up in finite time if the condition (4) is violated. Concerning the
lifespan 7T, of the solution for (1) with ug(z) = e¢(z), the following explicit lower
bound is obtained in [19]:

1

sup(2|@(¢)|* Im N(1,4€))’
£eR

lim inf £% log T, >
el0



where ¢ denotes the Fourier transform of ¢. It may be an interesting open problem
to consider whether the corresponding upper estimate holds or not.

Remark 4. When we put

a(¢) exp{“ﬂa(f)lQ Re N(1,14€) fos 1—2Im N(1,i5‘(’|a(g)g2a+b(§)) }
V1 —2Im N(1,i€)(|a(§)[?s + b(€))

the asymptotic expression (5) can be interpreted as

A(s,§) =

)

ix?/(2t)
Vi

This tells us that asymptotic behavior of the solution for (1) is characterized by
that of the solution for the simpler ordinary differential equation. At the level of
the reduced equation, the dissiaptive nature is transparent via the identity

ut, @) 70

A (logt, %) . i0,A = N(1,i€)|AlPA.

05 (|A(s,&)F) = 2Im N(1,€)| A(s, €[

Note that analogous results have been obtained in [18] for the nonlinear Klein-
Gordon equations and in [11], [13] for the nonlinear wave equations.

Remark 5. It is possible to weaken (2) to a certain extent, but impossible to
remove it completely. In fact, when (2) is replaced by

N(e?,0)=€’N(1,0) for 6€R, (6)

we can modify the above argument combining the idea of [4], [5] (see also Appendix
of [18]) and show that the above theorem is still valid if N(1,i€) in the statement is
replaced by

1 [ . o

— N(e?,ice®)e ™ db.

2r Jo
Note that (6) is just what excludes u®, u®, wu® from all possible cubic nonlinear
terms, but it is not a technical assumption because for these three nonlinearities we
can find a class of initial data for which the solution has another kind of asymptotic

profile than (5) (see [6] and [7] for the details).
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GLOBAL EXISTENCE AND ASYMPTOTIC BEHAVIOR
FOR SYSTEMS OF SEMILINEAR WAVE EQUATIONS

SOICHIRO KATAYAMA

Let n = 2 or 3. We consider the Cauchy problem for a system of
semilinear wave equations of the following type:

(1) Ou; = Fi(u,0u) for (t,z) € (0,00) x R”

with initial data

(2) u;(0,2) = efi(x), (Ou;)(0,z) =eg;(z) forxz e R™
(i=1,...,N), where O = 8?—A, is the d’Alembertian, u = (u;)1<j<n;

while ¢ is a small posi:cive parameter.

For simplicity, we suppose that each F; = F;(u,0u) (1 <i< N)isa
homogeneous polynomial of degree p in its arguments.

We say that (SDGE) holds if for any f = (f;)i<i<n, 9 = (¢i)1<i<n €
Cs°(R™; RY), there exists a positive constant £y such that the Cauchy
problem (1)-(2) admits a unique global solution u € C*([0,00) X
R™; RY) for any € € (0,&0]. Here, the word (SDGE) stands for “small
data global existence”.

On the other hand, we say (AF) holds if any global solution u to
(1)—(2) with sufficiently small initial data is asymptotically free. More
precisely, we say that a global solution u to (1)—(2) is asymptotically
free, if there exists a function & = u(t,z)(# 0) solving Ou = 0 such
that

(3) lim [[u(t, ) — (s, )z = 0,
where || - ||g is the energy norm, that is

6,91 = [ (00t,2)F +V-0(t, ) de

Let us recall the known results for the three space dimensional case
n = 3 briefly. If p > 3, then (SDGE) and (AF) hold. On the other
hand, if p = 2, (SDGE) does not hold in general. Hence p = 2

2000 Mathematics Subject Classification. Primary 35L70; Secondary 35LO05,
35L15, 35L55.



S. KATAYAMA

is the critical power for n = 3. Klainerman [11] introduced a suffi-
cient condition for (SDGE), which is called the null condition (see also
Christodoulou [4]). If the null condition is satisfied, then F; can be
written as a linear combination of Qg(uj, ur) and Qep(uj, ux), where
the null forms Qg and @, are defined by

4) Qo) =(8:0)(0:Y) = (Va0) - (Vo)
B)  Qar(d,¥) =(0a0)(Bp) — (86¢)(0atp)  for 0 < a,b <3,

respectively. It is easy to see that (AF) also holds under the null
condition.

Alinhac [3] introduced a sufficient condition for (SDGE), which is
weaker than the null condition. But Katayama — Kubo [10] showed
that the (AF) does not hold in general under the Alinhac condition.

The “simplest example” satisfying the Alinhac condition is

Du1 = (alul)(agul - 51u2),
(6) {DUQ = (azul)(agul - al’LLg).

For this system, (AF) does not hold, though (SDGE) holds.

Now we turn our attention to the two space dimensional case n = 2.
The critical power is p = 3 for n = 2. The null condition for (n,p) =
(2,3) was also introduced, and (SDGE) under this null condition was
obtained (see Godin [5], Hoshiga [6], and the author [8,9]; see also
Alinhac [1,2] for the case quadratic terms are involved, and Hoshiga —
Kubo [7] for the multiple propagation speeds case). It is also easy to
obtain (AF) under the null condition with (n,p) = (2, 3).

Our aim in this talk is to obtain the two dimensional analogue to
the results by Alinhac [3] and Katayama-Kubo [10].

In the following, for a family of functions {¢,}rea and a function ¢,

/
we write 1) = Z aen O if there exist some constants ¢, (A € A) such
€

that ’(p = Z)\EAC)\qb)\'
We introduce the assumption

(H) There exists some M € {1,---, N — 1} such that each F; (1 <
i < N) has the form

(7)  Fi(u,0u) =A;(w, 0w, Ov) + N;(u, 0u) for1<i< M,
(8)  Fi(u,0u) =N;(u,0u) for M +1<i<N,
where

u = (Ui)1<i<n = ((vi)lgiSMa (wi)ISiSL) = (v, w)



SYSTEMS OF SEMILINEAR WAVE EQUATIONS
with L=N - M,
9 Awowd)= S (0*w)(0%w) Bavm),

1<5,k<L, 1Sm<M
|ol,|8]<1, 0<a<2

(10) Ni(u,0u) = > (0%u;)Qolu, ue)
1S|j,l|c,ésN
o<1

!
+ ) (07uy) Qan(u, ).
1<j,k <N
|e|<1, 0<a<b<2

Remark. (1) The assumption (H) with A; =0 for all¢ € {1,..., M}
coincides with the null condition for (n,p) = (2,3).

(2) There is a certain class of nonlinearity for which (H) is not explicitly
fulfilled, but can be reduced to other nonlinearity satisfying (H). For
example, consider the following system:

{Du1 = (aﬂu)(azul - 61“’2)25

11
( ) D’LLQ = (agul)(agul - 8111,2)2.

Setting v; = w1, v = up and w = Ju; — O1ug, we find that solving
(11) is equivalent to solve

DUl = w2(81v1),
(12) D’Ug = w2(82v1),

Ow = 2w ng(vl, ’lU),
whose nonlinearity satisfies the assumption (H). Observe that this one
corresponds to (6) for n = 3. Instead of (H), we can also get a sufficient

condition for (SDGE) in two space dimensions, which is analogous to
the Alinhac condition, but we omit the details here.

Theorem 1. Let n =2, p =3 and assume that (H) is fulfilled.
Then (SDGE) holds for the Cauchy problem (1)—(2).
Moreover, there ezists (v, w) solving

(13) D’{)'z =Ai(’@, afu', 8@) fOT' 1 < 1 < M,
(14) Ow; =0 for1<i<L
such that

lim (Jfu(t, ) = o(t,)[p + lw(t,-) = (,)l|le) =0,

where u = (v,w) is the global solution to (1)—(2).



S. KATAYAMA

Theorem 2. Let n = 2, and u be the global solution to (11) or (12)
with initial data v = ef and Oyu = eg at t = 0, where u = (u1, up) for
(11), and u = (vy, vo, w) for (12).

Then, there ezist f,g € C5°(R?) and two positive constants C' and
€1 such that

lu(t, )& = Ce(1 +1)°
for any t > 0, provided that € € (0, &].
If (AF) holds, then supg<;o, [|u(t, )|z must be finite. Hence Theo-

rem 2 shows that (AF) does not hold in general under the assumption
(H), though Theorem 1 ensures (SDGE) under (H).
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UNCONDITIONAL UNIQUENESS OF SOLUTION
FOR THE CAUCHY PROBLEM
OF THE NONLINEAR SCHRODINGER EQUATION

YosHio TSUTSUMI

Department of Mathematics, Kyoto University
Kyoto 606-8502, JAPAN

We consider the uniqueness of solution for the Cauchy problem of the nonlinear

Schrodinger equation:

(1) i0ru 4+ Au = A|u|“u, te[0,T], zeR",

(2) u(0,z) = up(x), =e€R",

where A € C and T > 0. Let a > 0 and s > 0 be specified later, and let ug € H®.
Suppose that u € C([0, T]; H*) with (2) and u satisfies equation (1) in D’((0,T") x
R™), that is, in the distribution sense.

We briefly recall known results on the uniqueness of solution for (1)-(2). In [3],
Ginibre and Velo prove that if s =1 and « < 4/(n — 2), the solution is unique. In

[2], Cazenave and Weissler show that when

(3) u € L7(0,T; B, 5),

a+2 4o +2)

p= m> = E(n——23)’

the solution is unique. The solution is often constructed within the framework
of C([0,T]; H®) and an auxiliary space such as (3). Space (3) is associated with
the Strichartz estimate and (p,y) is an admissible pair of the Strichartz estimate
(see, e.g., [1]). The uniqueness of solution in an auxiliary space such as (3) as
well as in C([0,T); H®) is called the conditional uniqueness, to which the result in

[2] corresponds. On the other hand, the uniqueness without an auxiliary space is

called the unconditional uniqueness. From now on, we refere to the unconditional



uniqueness as (UU). In [6], T. Kato extensively studies the unconditional uniqueness
of solution for (1)-(2) and shows the following result: Assume that any of the

following three is satisfied.

() mn=1, 0<s<1/2, 0<a<(1+2s)/(1-2s),
(b) n>2 0<s<n/2, 0<a<min{4/(n—2s),(2+2s)/(n—2s)},

(¢) n=>1, s>n/2.

Then, (UU) holds. Furioli and Terraneo [4] use the Besov spaces of negative indices

to improve the result by Kato [6] and show that if

4 2s 244
3<n<5, 1<a<min{ nt2s +S}7

n—2s'n—2s'n—2s
and additionally, for n = 3,

2s ca< n+2—2s

Y

n — 28 n—2s

then (UU) holds. Furthermore, as Cazenave pointed out in [1], it follows from a

variant of the proof by Kato [6] that when

4

>3, 1<s<n/2, a= ,
n > <s<n/ a=——0

(UU) holds.

Remark 1. (i) The unconditional uniqueness does not always make sense, because
equation (1) may not make sense without an auxiliary sapce. The assumption
a < (n+2s)/(n—2s) implies that |u|*u € L}, ,(R™), which ensures that equation (3)
makes sense within the framework of the distribution. Furthermore, the assumption
a < 4/(n — 2s) comes from the scaling invariance of equation (3). Therefore, when

we consider the unconditional uniqueness, the following restriction seems natural.

' 4 n+2s
4 < mi .
(4) 0<a—mm{n—2s’n—23}

(ii) When 1 < s < n/2and 1 < a < 4/(n — 2s), (UU) is already known (see
Kato [6] and Cazenave [1)).



(i) Even in the so-called subcritical case o < 4/(n — 2s), the unconditonal
uniqueness is not obvious (see, e.g., Kato [7], where he pointed out that if it is
in L"(0,T; B 5(R™)) for a certain addmissible pair (¢,r) with sufficiently large g,
the solution belongs to L"(0, T; B ,(R™)) for all addimissible pairs (g, r) associated
with the Strichartz estimate and so (UU) holds).

Accordingly, (UU) has been open in the following four cases:

(Case 1) n=2, a_n+2s(=1-|—s),
-

 n—2s

4 2 -
(Case 2) n=3, (4), a2min{2+ s ot 28}

n—2s’ n-—2s
2+ 2s

n — 2s

2+4s 4

(Case 3) n=4,5, max{l,n_%} <a< 5
2+ 2s

n —2s

or <a<l

Y

or

<a<l,

24+ 2s <a<

Case 4 > .
(Case 4) n =6 n—2s n—2s

We have the following theorem concerning the unconditional uniqueness of so-
lution for (1)-(2), which has recently been obtained in collaboration with Yin Yin

Su Win, Kyoto University.

Theorem 1. Let 0 < s < 1. We assume either of the following two:

(a) Cases 1 and 2 except for (n,q,s) =(2,1,0),(3,2,1/2),

(3,0,0), 2/3<6<1

242 4 2+4
(b) n=4,5 max + 8,1 < a < min , sl
S n—2s n—2s

Then, (UU) holds for (1)-(2).

Remark 2. (i) Case (a) in Theorem 1 is divided into three subcases. When (n, @, s) =
(3,6,0) and 2/3 < 6 < 1, our proof does not work for some technical reason. In the
second subcase (n,q, s) = (2,1,0), (3,1,0), we have

_ n + 2s
 n-—2s’




which implies that the nonlinearity only belongs to L!(R™). This seems to be a

little more serious problem. In the third subcase (n,c,s) = (3,2,1/2), we have
4 n+ 2s

T T2 n—2s

The last subcase seems to contain an essential difficulty.

(i) If @« < 4/(n — 2s), that is, in the subcritical case, we can replace u €
C([0,T); H®) by u € L*>(0,T; H®). However, if o = 4/(n — 2s), the unconditional
uniqueness generally breaks down without the strong continuity in the time variable

of solution (see Example 1 below).

Example 1. We consider the following L2-critical nonlinear Schrodinger equation.
(5) 10u + Au = —\uW”u, teR, zeR", n>4

We put

1 )2 ; T
— = telf/(4t) i/t g 2
U(t,l‘) - (2t)n/26 € ¢<2t),

where ¢ is a solution of the semilinear elliptic equation associated with (5).
~Ag+¢— ¢t =0,  $>0, pEH.

Then, u(t) € C(R\{0}; H') and u(t) — 0 weakly in L? (¢ — 0). Therefore,
u € Cu(R;L?) and u satisfies (1)-(2) with ug = 0. But, obviously, u = 0 is

also a solution with u(0) = 0.

After the list of references, we draw a figure to compare our Theorem 1 with the

results by Kato [6] and Furioli and Terraneo [4] for n = 3.
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ON ASYMPTOTIC STABILITY IN ENERGY SPACE OF GROUND
STATES FOR NONLINEAR SCHRODINGER EQUATIONS

We consider even solutions of a NLS
(1) iug + Au+ B(ju/P)u=0, (t,z) eRxRP , D >3

We assume (3(t) smooth, 5(0) = 0 and limsup,_, | D |B(t?)t| = 0 and assume
the existence of a C! family w — @, (x) of ground states such that 0 < ¢, (z) <

ce~ 2l We assume furthermore that these ground states are orbitally stable in
H'(R). This means that

inf{||u(t, z) — €7@y (z — z0)| rr1(zern) : ¥ € R& 20 € R™}

is small at will for all ¢ > 0 if the initial datum (0, z) is close enough to ¢, (z)
in H'(R). An interesting open problem is whether or not the ground states are
asymptotically stable, in the following sense which we state for simplicity only in
the setting of even solutions of (1):

It is possible to write

u(t, z) = e do “EOBTW (g (2) 4 ()
such that lim;_, y  w(t) exists, and
r(t,z) = ((t,z) + f(t, )
with, for fized a > 0 |((t,z)] < Cee™ 2 and lim;—, o0 [|C(2, )]0 = 0, and with
1f(t,2)llrrs < Ce

for some p,q . Starting from the 90’s various authors have studied this problem,
Buslaev, Perelman, Weinstein, Soffer, Tsai, H.T.Yau, Schlag, Krieger, Rodnianski,
Sulem, Mizumachi, Nakanishi, Gustafson, Sigal, Gang Zhou, etc. All these works
use the Ansatz indicated above to write an equation for the reminder,

iry = —Ar + w(t)r — B(¢2 1)) — ﬁl(¢i(t))¢3)(t)r
= B0 1)) 0T + ¥ (B)Pue) — 10 () Duduq) + H(E)r + O(r?).

Because of 7 it is natural to introduce the vectors R = [;] and ® = [zw}, and
w

the operator
Hyu =03 [—A +w(t) — B¢l m) — 5'(¢i(t>)¢i(t>] + 18" (02 (1)) 0% (1) T2
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and write the above as
(2) iRy = Hy R + 03YR + 037® — iwd,® + O(R?).

Buslaev & Perelman, Cuccagna proved a version of asymptotic convergence R(t) —
0, picking initial data in a space much smaller than H!, and under the assump-
tion that the family H, does not have discrete spectrum except for 0. Buslaev &
Perelman, Buslaev & Sulem, Cuccagna prove a similar result, allowing for a pair
of eigenvalues close to the continuous spectrum. Similar results where obtained
by Soffer & Weinstein, and by Tsai & Yau, in a different problem involving small
ground states obtained by bifurcation from a linear operator. In the latter setting
Gustafson et al. and later Mizumachi proved some asymptotic stability results in
energy space. When H,, has eigenvalues other than 0, system (2) splits in a cou-
pled system involving ODE’s for the discrete modes in R and PDE’s the continuous
modes in R. Even though the spectrum is in the imaginary axis, the continuous
spectrum acts like the stable part of the system while the discrete modes give what
looks like a center manifold. It is not possible to tell from linear theory whether
in the center manifold one has asymptotic convergence to the equilibrium or there
are invariant tori. Various papers described how, in the presence of eigenvalues
close to the continuous spectrum, the interaction of the discrete modes with the
continuous modes produces leaking of energy from the discrete to the continuous,
and hence asymptotic stability. However, until 2006, the general case looked like a
serious problem. Last year Sigal & Gang Zhou envisaged the correct normal form
expansion to treat the case when there are eigenvalues not close to the continuous
spectrum. In this talk we present the result by Cuccagna & Mizumachi, with some
simplifications and strengthening of the result by Sigal & Zhou. In particular we
show that, if the discrete spectrum consists of exactly three eigenvalues, in the ab-
sence of translation invariance, generically orbital stability of ground states leads to
asymptotic stability in energy space. Furthermore, in the presence of more eigenval-
ues, the same is true, assuming the so called Fermi Golden Rule hypothesis. While
the validity of this hypothesis is still an open problem, it is likely that a careful
analysis of the normal form expansion will prove the FGR to be correct. Notice
that we have excluded translation. We hope that with an intelligent choice of gauge
this limitation might be resolved

Scipio CUCCAGNA, DISMI UNIVERSITY OF MODENA AND REGGIO EMILIA, VIA AMENDOLA
2, PADIGLIONE MORSELLI, REGGIO EMILIA 42100 ITALY
E-mail address: cuccagna.scipio@unimore.it



Asymptotic lower bound for solutions to a class of
Schrédinger and wave equations

Nicola Visciglia
University of Pisa

We shall present some results obtained in collaboration with Luis Vega and connected with the so called
local smoothing for solutions to a class of Schrodinger equations. More precisely we shall look for a—priori
lower bound of solutions to

iOu— Au+V(z)u=0
u(0) =

of the fOllOWiI]g type:
lim — 81 u 2d.’L‘dt = ||/ 1

c1
where H(R™) denotes the perturbed Sobolev space of order %
In fact we shall deduce such a type of asymptotic estimates from the following identities:

_ 9 2 |“12
/ / [quD YVzu — (A w+48|z|V8,z|1/))T dxdt (2)
R n
W (00)[If11?

HE R

where 1 is a radially symmetric function and lim|g) e )% = 1'(00) € [0, 00).
Notice that (2) are a precised version of the classical Morawetz estimates (simply choose ¥ = |z| in (2)).
In fact the main point in (2) is that they are identities and not inequalities.

We shall present also some extensions of those results for solutions to the conformally invariant NLS with
. egs . "l . . .
small initial data in L2. As a by-product we shall deduce that the Hz-norm of solutions to NLS is essentially
constant in time, provided that the initial data are regular enough.

We shall also present some related results for critical NLW:
Ou+ Muful* "2=0, A >0 (3)

u(0) = f € H*,8u(0) = g € L2
More precisely we shall show that the solutions to (3) satisfy the following Morawetz type identities:

/ / (VeuD?y)Vu — l|u|2A21/)) + é|u|2*A1/1 dxdt
R n 4 n

2X\ | .o
—v/(o0) ([ [9aaP+ P +1ol o).

where

|z1|ii>noo Ozt = ¥'(00)

and 1 is a general radially symmetric function. In particular, by choosing carefully the function 1), one can
deduce the following asymptotic identities for solutions to (3):

lim _// |0z ul? dadt = / Ve f|? +
R—oo R |z|<R Rn

12"+ |g|? da.






On small amplitude global solutions

for the nonlinear Klein-Gordon equation

Jun Kato (Nagoya University)

This talk is based on the joint work with Tohru Ozawa (Hokkaido University). In this
talk, we consider the Cauchy problem of the quadratic nonlinear Klein-Gordon equation

in two space dimensions,

Ou— Au+u=Qu,0u), (t,z)€RxR? (1)
u(0,z) = uo(z), Qu(0,z) =ui(z), z€R, (2)

where 0 = (0;, 01, 0), @ is the quadratic nonlinearity in u and Ju.

There are many studies concerning the global existence and asymptotic behavior of
solutions for nonlinear Klein-Gordon equations. Let n be the spatial dimensions. When
n > 5, Klainerman-Ponce [5] and Shatah [8] showed that the Cauchy problem (1)-(2) has
the unique global solution for small initial data and the solution asymptotically approaches
to the free solution of the linear Klein-Gordon equation as ¢t — oco. The proofs in [5] and
[8] are based on the LP — L? estimate of the solution to the linear Klein-Gordon equation.

When n < 4, the LP — L7 estimate does not provide us a sufficient time decay to
construct global solutions. To overcome this difficulty, Klainerman [4] introduced the
invariant Sobolev space with respect to the generators of the Lorentz group and showed
the existence of global solution to (1)-(2) when n = 3, 4. Independently, Shatah [9]
introduced the method of the normal forms, which is the extension of the Poincaré’s
theory of normal forms for the ordinary differential equations to the nonlinear Klein-
Gordon equations, and showed the existence of global solution to (1)-(2) when n = 3,
4.

When n = 2, Georgiev-Popivanov [2] and Kosecki [3] showed the existence of global
solution provided that the nonlinearity in (1) is the special form. The general nonlin-
earities are treated by Simon-Taflin [10] and Ozawa-Tsutaya-Tsutsumi [7]. In particular,
the proof in [7] is based on the method of normal forms and the decay estimate due
to Georgiev [1], and requires the following conditions on the initial data other than the
smallness,

ug € Hk+16’k+15(R2), uy € Hk+15’k+15(]R2), k > 21’ (3)

where H™* denotes the weighted Sobolev space whose norm is defined by

£l mee = 11+ |2])*72(1 = A)™2 ]| 2.



The purpose of this talk is to give a simple proof and to relax the condition of the
initial data for the existence of global solutions to (1)-(2) by using the endpoint Strichartz
estimates in mixed norms on the polar coordinates. Such estimates for the wave and the
Klein-Gordon equation in three space dimensions are introduced by Machihara-Nakamura-
Nakanishi-Ozawa in [6].
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The existence of the global solutions to semilinear wave

equations with cubic nonlinearities in 2-dimensional
space

Akira HOSHIGA  (Shizuoka University)

1 Introduction

Let us consider the following Cauchy problem:

Ou = 02u — Au = F(0u) (z,t) € R? x (0,00) (1.1)
u(z,0) =ef(z), Owu(zx,0)=ceg(z) r € R% (1.2)

Here, 0 = (0y,01,0,), 0y = 0, = 3/0t, 0; =0/0z; (j =1,2), € is a positive small
parameter. We assume f,g € C°(R?), |f| + |g| # 0 and
supp{f,9} C {z € R?; |z| < M}. We also assume that

F e C™(R?)
F(0u) = O(|0u)?) near Ou = 0.

More presicely, we assume

3
Fou)= Y A®0,udsudyu+ O(|0u|*)  near Ou=0,
a,B,7=0
where A% are constants.
The aim of this talk is to estimate the lifespan T, of the smooth solution to the Cauchy
problem (1.1), (1.2), which is defined as follows;

T. = sup{ T > 0 ; there exists a smooth solution to (1.1), (1.2) in C*°(R? x [0,T)) }

for each . In order to state the results which we have already known about the lifespan,

we introduc_e some notations.
For vectors X = (Xg, X1, X2) € R3, we define

2
CX)= > APX,X3X,,

a,B,y=0



which expresses the coefficient of the essential term of F'(Ou).
On the other hand, let u® = u°(z,t) be the solution to the Cauchy problem;

u’(z,0) = f(z), 0u’(z,0) = g(x)

and set r = |z| 20,c;.)=E € S'and p=7r—t € R. Then we define
r
Flw,p) = rl_izgor%uo(rw,p +7),

which is called the Friedlander radiation field. Hormander showed in [2] the following
properties of F.

OhFw.p)l < CO+l)*"  peR (1.3)
Flw,p) = 0 for p=>M. (1.4)

By (1.3) and (1.4), we find that the constant

H- 5 C(-1,0)(@,F (. )} (15)

max {
pER, wes! 2
is well-defined and nonnegative.

Then Godin proved in [1] the following.

[Known results] (a) If H > 0, then
1
. . 2 -
herﬂ}r%fs log T, > 77
holds.
(b) If C(—1,w) = 0 holds for w € S*, then T, = oo holds for sufficiently small e > 0.

The condition C(—1,w) = 0 is called ”null-condition.” The only function satisfying the
null-condition is
F(0u) = C((8pu)? — |Vul?).
It follows from the definition of H that the null-condition is a sufficient condition of

H =0 and not a necessary condition. In the case where |f| + |g| # 0, we find that H =0
is equivalent to the condition

C(-1,w) >0  forany we S (1.6)

This means that there is a nonlinearity F which does not satisfy the both assumption of
(a) and (b). Thus it is usefull to consider how long the solutions to (1.1) and (1.2) exists,
when the condition (1.6) holds.



2 Statement of the main theorem

We introduce generalaize differential operators;

Q= a;182 - .Z‘zal, Li = tBi + .Z‘iao, S = ta() + .’13181 + 1'282
and denote
Lo=08y, ['1=08, T9=0,, I3=0Q, Ty=L;, I's=1Ly, Ts=5.

We also write [y = I§°T'§* - - - [y for a multi-index a = (ag, a1, . - - , a)-

Next we define some generalized Sobolev norms as

@l = > T Ollreme)

lal<k
@l = !Z I +] [+ 82+ - | = )T, )l ma)
al<k
Hv(t)Hk = HX: HFGU(',t)HL%(Rz)
a|<k

Now we state the main theorem.

Theorem 2.1 Assume that (1.6) holds. Then there exists a constant g > 0 such that
T. = oo holds for € € (0,e9). Moreover, the solution satisfies

[Bu(t)]r < Cre(1 + £*log t)Mx (2.1)
for some constants My > 0 which increases monotonely with respect to k.
(Remark 1) The decay estimate (2.1) means that the solution to (1.1) and (1.2) might
decay slower than solutions of linear wave eqations.

(Remark 2) Kubo proved the same result in [3] in which he also showed an asymptotic
behavior of solutions.
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Bilinear Strichartz estimates and applications to
2D NLS*

Hideo Takaoka
Department of Mathematics, Kobe University

1 Introduction

We consider the wellposedness for the Cauchy problem of the 2D defocusing
NLS with cubic nonlinearity:

{ i0u + Au = |ulu, (t,z) € R1F2

1.1
u|t=0 = UgQ. ( )

We can summarize the known results on H*-local wellposedness as follows. We
have local wellposedness in H*® for all s > 0, and if s > 0 then the time interval
of existence of solution can be obtained in term of H*-norm of the initial data
and the solution-map is uniformly continuous (indeed, analytic). For s < 0, the
solution-map is not uniformly continuous. The critical regularity with respect
to the scale invariance is s = 0 (it is also a Galilean invariant regularity).

We immediately have global existence of solution for the initial date in H*
by using the conservation laws: Energy

E(u) = /IRZ %|Vu}2 + %M dz, (1.2)

/ lu|? dz.
RZ

For rough data 0 < s < 1, the energy is infinite, and the use of conservation
law is meaningless. The pioneer work exploiting the apriori estimate was by
Bourgain [1] who obtained the apriori estimate for s > 3/5, involving polynomial
growth of H°-norm. In [5], the I-method was used to establish the apriori
estimate for s > 4/7.

We prove the following theorem under weaker regularity condition on s.

and Mass

Theorem 1 The Cauchy problem (1.1) is globally wellposed in H® for all s >
1/2.

*Joint work with J. Colliander, M. Keel, G. Staffilani, T. Tao, and based on the paper [6].




For the proof of Theorem 1, we use, with a resonant correction term to (1.2),
the following quantity:

E(u) = Ag(02;u) + As(04;u)

where

Ap(o3u) = L Ol 8T )

1
o2 = —-2—§1m1£2m2
o4 = &12m? — |&2*m3 + [&[°m3 — |€4]*m] 1
4(|61]% — (€2 + 1€3]% — 1€4]?) nr

sz{(él,...,&):maxlcfk] < N or |COSZ(§1 +f+2,§+1+£4)f 20>0}

and my = m() is a smooth non-negative radial function which takes the value
1 for |¢| < N, and takes (|¢|/N)*~? for |¢] > 2N.

The set ., appears in the resonance condition for nonlinear interaction
(more precisely when &5 and &34 are almost orthogonal). Exploiting the pres-
ence of resonance condition is our improvement of the previous work in [5]. The
interest of the resonance condition lies in the following estimate.

Theorem 2 (Angularly refined bilinear Strichartz estimate) Let 0 < N1 < N2
and 0 € (0,1/100). For ¢1,¢2 € L* with Fourier frequencies N1, N2, respec-
tively, we have

Ny V2
IPlzz, S min{o. 52} lanlzaliala
2
where

F(t,ﬂc)Z/£ . Oeix(§1+§2)1\cos4(51,52)|§0‘W(£1)‘5m(52)'
1+&2=

Remark 1 The above estimate without angularly constrained was already ob-
tained in [1].

Remark 2 Fang and Grillakis obtained the global wellposedness for s > 1/2
by using the interaction Morawetz estimate [7], and Colliander, Grillakis and
Tzirakis improved this for s > 2/5. For radial data, Kllip, Tao and Visan
recently obtained global wellposedness and scattering for all s > 0. But Theorem
1 (in particular Theorem 2) seems interesting, because the above angularly
constrained Strichatz estimate in conjunction with [3, 7] may improve the global
wellposedness for s > 4/13 without radial condition on the initial data.
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Energy scattering for 2D nonlinear Klein-Gordon equation
in the critical case

Kenji Nakanishi (Kyoto Univ.)
This is joint work with S. Ibrahim, M. Majdoub and N. Masmoudi. We study
global behavior of solutions to the nonlinear Klein-Gordon equation on R**?:

i—Au+u+ f(u) =0, u:R"™ R, (1)
with the nonlinearity f of the Sobolev critical growth order for [u| — oo:
flu) = (e — 1 — 4mu?)u, (2)

where we subtract the cubic term in order to avoid another critical problem at
|u] — 0. The equation has the conserved energy

E(u) = Eo(u;1) + F(u(t),

Fo(u; 1) = / ()2 + [Va()]? + [u(t)Pdz,  F(p) = / Uy, @
R?2 R? >3 :

By using the Trudinger-Moser type inequality, we deduce that

Il = [ IVl +lodr <1 = F(p) <o (@)

but otherwise F(y) can be infinite. In this sense we can call the case F(u) = 1
critical, and E(u) < 1 subcritical. Global wellposedness in those cases has been
established by [2] in the class

ue CR;HYNLE (R;CYY), 1€ O(R; L), (5)

loc

where C'/* denotes the Holder space. The main result in this talk is the following
scattering together with global integrability:

Theorem 1. For any solution u of (1) satisfying E(u) < 1 and (5), we have u €
L*(R; C**) and there exist free Klein-Gordon solutions ux such that

Eo(u —us;t) =0 (& — £o0). (6)

Moreover, the maps (u(0),4(0)) — (u+(0),4+(0)) are homeomorphisms from By =
{(p,9) € H* x L2 | ol + 91132 + F(p) < 1} onto By = {(p,9) € H' x L* |
el + llli7. < 1}

In particular, we have the scattering operator defined as a norm-preserving homeo-
morphism of the closed unit ball in H! x L?. For the power nonlinearity f(u) =
|u[?~ u, the same scattering result holds in the whole energy space, and has been
proved for all p > 3 (subcritical) in [4]. In the higher dimensions R™ (n > 3), the
subcritical case 1+4/n < p < 1+4/(n — 2) had been solved in [1], and the Sobolev
critical case p = 1+ 4/(n — 2) in [5]. (The case n = 1 was also solved in [4] for
p > 5.) Those large data results are based on highly nontrivial collaborations of
local estimates using the Strichartz, Sobolev and interpolation inequalities on the
one hand, and global nonlinear arguments relying on the Morawetz-type estimates
and finite propagation property on the other hand.

The essential difference in the subcritical case between the power and the expo-
nential nonlinearities appears only in the local estimates. To treat the solutions with



energy close to the threshold, we need some log-Sobolev inequality to interpolate
the Trudinger-Moser and the Strichartz inequalities. We modify the argument in [2]
to get estimates for the Duhamel formula independent of the time interval, where a
key ingredient is the uniform local H! norm:

lell =sup [ Vo + o) )
r—c|<

ceR?

However in the critical case F(u) = 1, we encounter an essentially new difficulty:
we cannot get local estimates independent of the time interval. More precisely, in
the power case we have the estimates of the form

sin((t — V=2
[ pas| <l i) )

for some appropriate space-time norm X and on any time interval containing ¢y, with
a function C' which depends only on n, p and X; whereas in the exponential critical
case F(u) = 1, the constant C has to depend on how much the energy concentrate,
specifically on the upper bound of the local norm H[R] for some R > 4. This forces
us to track the degree of concentration in terms of the concentration radius

re(t) = inf{r > 0] 3c € R?, / e(u;t)dr <1 —¢e}, 9)
|lz—cl<r

where e(u;t) denotes the energy density. We classify its global behavior into the

following three cases: the dispersive case where we have

e € (0,1), li{ninf re(t) > 6, (10)

the stationary case where we have
Ve € (0,1), limsup re(t) < oo, (11)
t—00
and the waving concentration case where neither of them holds. Applying nonlinear
global estimates to each case in different ways, we finally conclude that the solution
scatters anyway.

The above result can be easily adapted to the nonlinear Schrodinger equations
(NLS) in the subcritical case (cf. [3] for small data case), but we are not sure about
the critical case , where the argument becomes much more delicate, especially relying
on the finite propagation property which does not strictly hold for NLS.
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Stability of ground states for nonlinear
Schrodinger equations with nonlocal
interaction

Masahito Ohta

Department of Mathematics, Saitama University
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This talk is based on a joint work with Hiroaki Kikuchi (Kyoto Univer-
sity). We consider the following nonlinear Schrédinger equation

i0u = —Au— Wp * [uP)u  (t,z) € R x R?, (1)
where * denotes the convolution in R3, m > 0 is a constant, and
—m|z|
e
Win(z) = ——
() 27| x|

is the Yukawa potential. Note that W,, * |u|?> = 2(—A +m?)~!|u|?, and (1)
is a simplification of the coupled Klein-Gordon-Schrodinger equations

10,u + Au = —2uw,
02v — Av +m?v = |uf’.

(2)

In this talk, we consider the single equation (1) instead of the system (2),
just for simplicity. We study the orbital stability of standing wave solutions
u(t,z) = e, (z) of (1), where w > 0 is a parameter, and v/, is a ground
state of the stationary problem

—AY+wp — W x [9)p =0, zeR’ (3)
We use the following notation.
1 1
B) = 5IVela = 5 [ Wale = plo@ Pl ded,
2 4 R3xR3

Su(v) = B@) + 5lvl3=
A, ={ve H(R?) : S, (v) =0, v#0}.



Then, the set of ground states of (3) is defined by
G, ={we A, : Su(w) < S,(v), Yo € AL}
Note that the Cauchy problem for (1) is globally well-posed in H*(R?), and

the energy E(u) and ||u||?, are conserved quantities of (1) (see [2]).
L

Definition (i) For Q C H'(R?®), we say that the set ) is stable for (1) if
for any € > 0 there exsits § > 0 such that if ug € H*(R?) and dist(uo,2) <
then the solution u(t) of (1) with u(0) = ug satisfies dist(u(t), ) < € for all
t € R. Here, dist(v, Q) = inf{|jv — w|[z : w € Q}.
(ii) For ¢ € A,, we say that ety is stable if {e?p(-+y):0 € R, y € R%}
is stable, and that ™!y is unstable if e is not stable.

When m = 0, Cazenave and Lions [1] proved that for any w > 0 and for
0w € Gu, €%, is stable for (1). However, little is known for the case m > 0
(see [3] for a partial result). We now state our main results.

Theorem 1 Letm > 0, w > 0 and ¢, € G,,. Then, there ezists wy > 0 such
that €', is stable for (1) for any w € (w1, 00).

Theorem 2 Letm > 0, w > 0 and ¥, € G,. Then, there exists we > 0 such
that e, is unstable for (1) for any w € (0, ws).

Theorem 3 Let m > 0 and ¢, € H(R?) is a unique positive solution of
—Ap+mip—¢?=0, ze€R:
Then, the standing wave solution €™ *(1//2)pm of (1) is stable.

Remark We do not know whether (1/v/2)¢m, € G2 or not.
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ON THE SEMIRELATIVISTIC EQUATIONS

YONGGEUN CHO

In this note, we consider an equation describing a boson star which is a quantum system
of boson particles with high speed and potential of gravitational or electric type. Let u be
a one-particle wave function of boson star which is a complex-valued function of (¢,x) €
[0,T] x R",n > 1 and Vy(x) = Alx|~Y,0 < y < n,\ € R be the interaction potential. Then it
satisfies the equation:

i0u=+vm?*—Au+F(u),

, ()
u(0,x) = @(x),  F(u) = (Vy*[ul"u.

Here m is the mass of particle. We assumed that the Planck constant /i = the light speed
¢ = 1. For arigorous derivation, see [7] and [6].
The solution u also satisfies the equivalent integral equation:

W) =U(t)p—i /O Ut —5)F(u)(s)ds,
U@)= e~—it'\/m2—A.

If the solution u is sufficiently smooth, then it satisfies the mass and energy conservation
laws:

(€3]

lu@®llz2 = l0llz2,

E(u(t)) =< vVm? — Au,u >, —ié < F(u),u>=E(u(0)) = E(¢),

where < -, >/, is the complex inner product of L? space.

3)

Our main concern is to establish the global time existence of u. At first let us introduce
a local existence result. See [8] and [2].

Proposition 1. Ler0 <y<nandn> 1. Suppose ¢ € H*(R") with s > % Then there exists
a positive number T independent of m such that (2) has a unique solution u € C([0,T]; H*)
with ||ul|zzps < C||@||gs, where C does not depend on m.

The key estimate for the proof is the Hardy-Sobolev inequality:
|- < 2.
IV fuf [l < Cllull” 5 @

From the uniform H*-estimate on the mass m, we can consider a non-relativistic limit
problem. Let u,, be the solution of (1) for each m. Using the phase modulation v,, = ™ U,
the function vy, satisfies the equation

10V = (Vm2 = A—m)vy +F (Vim), vm(0) = .
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Since Vm2 —A—m ~ — ﬁA at least at a formal level (for a rigorous proof, see [2]), we
can expect that vy, is very close to a function w,, in L7 (H*), where wy, is a solution of the
nonlinear Schrédinger equation:

0w = —LAwm +F (Wm), wm(0) = 0. ©)
2m

Now let 7,y and T; be the maximal existence time of the solutions u, and wy, re-
spectively. Then from the local existence result (Proposition 1) we deduce that T* =
inf,>1 min(7; , T} ) is strictly positive and have the following.

Proposition 2. If s> ¥ and T < T, then vy — wy — 0 in LY (H*) as m — oo

We now look into a global theory. Using the local result (Proposition 1) and conserva-
tion laws (3), we have the following theorem. Let the maximal existence time of Proposi-
tion 1 be T*.

Theorem 1. [f0 <Y< 1and ¢ € H*,s >} then T* = co. Lety=1,n>2and s> j.
Then if A > 0, or A < 0 and ||@||;2 is sufficiently small, then T* = oo,

The key estimate for the case A < 0 is
1 4-2 2
el < E(@)+ 5| < F(),u> | < |E(@)] +Clloll llull Yy ©)
HZ 2 HZ
In case that y < 1, we just use Young’s inequality for the second term of RHS of (6) to get

[|ull? ] <2|E(9)]| —|—C||(p]|i2. If y= 1, then the smallness of ||@||;2 is absolutely necessary
H

but its size is independent of the size of “(P“H 1
To deal with the case y> 1, we need another tools, so to speak, Strichartz estimates
([9, 10]) such that

HU(I)(P”LqTngg‘Go <Clollgso;

! NPT, @)
[ue-tywar| <l
0 L ’
where (g;,7;),i =0, 1, satisfy that for any 6 € [0, 1]
2 1 1 1 1
- =(n— ——= 1, 20;= 14+0){ =—-
q; (n 1+9)<2 ri)’ Oi=(nt1+ )<2 ri)’ (®)
2 < gi, 1 S oo, (Qiari)#(z’w)
and a refined Hardy-Sobolev inequality such that
V 2 hed < C n n . 9
Vs Pl < Cllll e ©)

If 6 = 0, the pair (g;,7;) is called wave admissible pair and if 8 = 1, then Schrédinger
admissible one.
The first global result is the following (see [2]).

Theorem 2. Let 0 <y < nz% n > 2. Then there exists an 0. with 0 < o < Y such that if

@ EH? andif A >0, or A <0 but ||| 12 is sufficiently small, then (2) has a unique solution

1_
u EC([O}OO);H%)HL?OC(H,? 0), where g = 21— = n%_—"a and 6 = ("—'Z%.

(n—1)o
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For the proof, the wave admissible pair is useful. If A < 0, then one can use the following
estimate instead of (6)

1 -
2y < E@)|+ 3] < Flw),u> | < IE@)|+Cllolls ™l
H? H?2

2 4-2y 12y (10)
< C+llol )T +Cllell el
Hence the choice of the initial data ¢ such that
. - _ 1
ol < min (1,(87C7(1 + ol 1)),
enables us to have
2 2
t <2c(1 U 11
@Iy <21 +llol ) (1n

for any existence time ?.
If we use Schrédinger admissible pair (actually end-point Strichartz estimate) and (9),
then we have a small data global existence theorem (see [2]).

Theorem 3. Let 2 <y<n, n>3ands> ¥ — "% Then there exists p > 0 such that for

_n+2
any @ € H® with ||¢||gs < p, (2) has a unique solution u € (CNL=)(H*) NLX(H, ™).

oy}
Moreover there is ¢ € H® such that

Hu(t) — U(I)(p+“1-1s — 0 as 1t — oo,

Up to now, we have looked into global theory of (1) according to the value of ¥. There
are some gaps for this such that ;2% <y <2forn=2and 2 <y<2forn> 3. These
gaps can be filled partly by assuming the radial symmetry of data. To introduce them,
we need to investigate two types of Strichartz estimates. The first one is on the Strichartz
estimate of radial functions.

Lemma 1 (see [3]). For any radial ¢ and F
100l 5 < ol

H /O Ut —)F () dr! (12)

S||IF
L;H;—G ~ || ||L:1[,HS7

2n _n n+l1
wheresERandn_—l<p<oo,c_7_T,

The second one is on a weighted Strichartz estimate.

Lemma 2 (see [4]). Let % <a<’5andn2?2. Thenforany ¢ € H¥and F € L;H‘, s>0,
we have

NUC)0ll 2 S lellas,
T( a)

H/O(J U(-—{\F(t')dr’ (13

SF Iy gs-
12(H5) r

The constants in the estimates can be chosen independently of T.
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Here we denote the weighted Sobolev space ﬁg by
Hy = {v: g = Il |TLa(&) (1 = 8) 3y 2 < o0},

where a is a positive real number and the pseudo-differential operator L, (A) is (—A) 3(1-a) (1-
A1,
The proof of the second parts of (12) and (13) does not follow from the first parts. One
may use the low-diagonal operator estimate for this. See [1], [5] and [11].
Interpolating the estimate of Lemma 1 and (7), we get that given € > 0 we can find g

andcsuchthat—<q< 1—|—£,2n<0<2n+8and
lw@el , 1o Slel,,

T 2n
‘ (14)
|[ve-rrera| <11,
0 LiH 172“’ LyH2
A2t
With these pairs we can make the value of © close to 5. and the value y to 2” 1. Using

(14) via (10) and (11), we get an improvement as follows (see [3]):

Theorem 4. Let 7y satisfy 1 <y < 2"n—_1,n >2,5> % If A > 0, then for any radially

symmetrlc Sfunction @ € H® (2) has a unique radially symmetric solution u € C(R;H*)N
L;IOCH7 ° forqg= o teando = L +€ with sufficiently small €,€' > 0. For all time the

energy and L? norm of u(t) are conserved. If A < 0, then there exists p > 0 such that the
same conclusion holds for @ with ||@||;2 < p.

Finally, using the radial symmetry one can show the following lemmas (see [4]).

Lemma3. Letn>3and0<y<n-—1.
(i) If f and g are radial functions with f,|x|2f, x|~ (=3 g € L2 for some 0 < § <y,
then we have

ap [ L)

R Ty e dy S fllgalll - |70l (15)
X n

(ii) If f,g are radially symmetric and f,|x|"("-®g € L? for some 0 < & < v, then for
anyx#0

S LE gy < S D s)

Lemmad4. Let 1 <y<2ifn>4andl <y<3 zfn = 3. Then for any radial functions
f,8 € L* with |x|7' f,|x|"'g € L? we have for someposmve small € < min(y—1,2—Y)
T x(fg
IlJ | N i 1 - a7
- —lte e |- .
S U M- AT 1A TE - T A gl e

. Using two lemmas above together with Lemma 2 with ¢ = 1, we can fill the gap com-
pletely for n > 4 as follows (see [4]):
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Theorem 5. (1) Let1 <y<2andn>4. Let € H 3 be radially symmetric and assume
that ||Q|| ;2 is sufficiently small if A < 0. Then there exists a unique radial solution u € CyH 3

such that |x|~'u € L} _L? of (2) satisfying the energy and L* conservations (3).

(2) Let y=2 and n > 4. Let ¢ € H! be radially symmetric. If ||Q||z is sufficiently
small, then there exists a unique radial solution u € C,H' such that |x|™'u € L*L* to (2).
Moreover, there exist radial functions @1 and ¢~ such that

lu@t) = U (@) o= ||g1 — 0 as t— oo

It should be noted that in the course of proof for the case A < 0 and 1 <y < 2, the
estimates (10) and (11) are always needed.
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