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YFal—3 VRDOH % Gierer-Meinhardt RORDHERL
HA ERER (HERARFER BT ZMEERD

AREEETIE, XD Gierer-Meinhardt RICDWTEZ 3.
« ¥—F—+ T4/ N\ MER (Gierer-Meinhardt,1972)

Ay = 2AA = A+ gy + 00, A>0in O x (0,00),
TH; = DAH — H + A%, H > 0 in Q x (0,00), (1)
94 — 88 — () on 60 x (0, 00).

A= Az, t) WEERTOWRE, H = H(z,t) QITHETOMERET. &, D >0 dTNEN, BHERT, 01
HIATFOMBRE. - QIELIEERDO N JOTERER. A REEO N XTS5 7. 1 I3EEH.
k, oo JEAERL oI 1972 FIC, F—5—L< AV IMEE L, EMORERRICET 25T
WTH%. #FLIE Gierer-Meinhardt [1] ZZHEE Nz,

~EEEF, IHETF &S~

EERET - IHEF L&, VOISO RICHFET 2 L TN EEMETH S (ZD X5 BYHOEF
fEld, SDOLTARREINTVEY). QWEMOERZEERL, KOHT, HEERTFOZ EX -G Sl
fOZEHIE S &N, WHERFREERFOBE 26T 2 L Snb. EEETFRZINEZVWEEZD
EERLEML (k=00 E), EHIKIHETOHEEL(ET. MHRFREIZINIZVEE, EERTFOLE
ERIZETT 5.

T DX S HRED T TRE E NI KISHLECRD Gierer-Meinhardt % (W FHHICGCMHR e EL) Th3.
ADEBEREND ?

RIRDE S BREZT B L, CMRIGIEER T & MHIRFOILBEROENC L D BN ILZELL, ZO
Kb Q Lomd TRVEFICEERFHAEPTE LI GO RERL S % (ZORRILEFGFERZEL
EMHENTWVWS). EREFOREND S A0 EICER TS bz, ¥—I2FEDEESFMH%. GMER
KBV, e WNEL, DBREVKIC—D (single-peak), F/IFEHDOE—7 (multi-peak) ZFHD LS
BIROGFEIERREMHICDONT, IHFETEHRLEMFENEZINTNS.

Iy FIR(F—F—+ A4 VNVIRD D — co DIFFRIREE)

GCMARILBWT, HHIRTOMBFE D WRZ WL EEEZ DI THEHH, AN D - 00 £95
&, H(z,t) & z ZBICBAL TERE() L AHETENTE, IRV T VY v FUREMIENS5ENIC
REINS. Db, (1) oFE2Kk%

T _ 1 _ 2
5Ht_AH+5( H+ A%),

CEXELTD 00 & LTHBE, BRANIC AH =08 5N%. Neumann SRS 7% 5572 3 SRFIREEL
BEBICIEZ DG, H(z;t) =£(). (1) OFE 21T H(z,t) =£(t) 2L, BHLTELELON, XDV v R
UHRTH5.

Ay =2AA - A+ gl + 00, A>0in Q x (0,00),

6 = —€ + gy Jo A%dx in (0, 00), (2)

‘?9—’3 =0 on 99.

T v FUROM (A, €) ZHRL, ThzHICLT D BWERDGZAED, DX CMROMZHRYT LW 575k
NELHBNTWVS.



TCTT, LB k=000 =0DFAE, FOLIBBENNOENTVEDNE—DRENT 3.
V¥ RUHR (k=0,00 =0 DFE) OEEREILTOXSICETS.

0=c2AA-A+ 4, A>0inQ,
0=—&+ oy [ A%dz, (3)
%:Oon@ﬂ.

CTT, A=fu B, AERICRALTHSE, RO wIclT 3 HBOARENE (4) MEENS. u HRE
g € IER (5) Ik D BEIIC R E 3.

0=ce?Au—u+u?in Q,
{ (4)

gu =0 on 9.
1 1/ .
- = — [ vuidz, 5
£ 19 Ja ®)

Question : AN (4) i, BALZRu=0& u=1%32H, TILUINIRZHZH?
Answer : g > 0 BREVKRICIE, JEEPBARIIEE LAY Lin-Ni.

€ > 0AVNEWVRIFIC, Q DERORLEN -2 E AR E—IEBFEOMR u BENEICEY, RhTxd—
figl LT H DI Tz (Ni-Takagi,1993). ZDfi#lE, KREMNMCS>TEFDO Y~ ADEFETROAERD (—F)
RwlicH L, wlz/e) DX S BRREED.

Aw—w+w? =0, w>0in RN,
maxgpy = w(0), w(z) — 0(|z] — 00).

(6)

T @ Ni-Takagi DHEEDE, BHEMAIC GM ZOMOFENEICK>T. LML, k> 0,00 > 0 DBEED
WIFE DR, = k> 0,00 > 0 DHEEIEE S LD ?

HFa2L—YaVNROHZBEDHE

GMRIZBWT, k>0 DBRADE AL #YFal—yaVHELES. TH, BHEETOEERICH
TENHBTLZRLTVS. k> 0DHEAT, HISNTWBHEREZVODENT .
(a) k> 0,00 =0 DFEDT ¥ RYRICBVT, k>0 H/hEWIEET, BEREOHZ—HOREHICE—
7 D& S GO L ZEM (Wei-Winter [5)).
(b) k > 0,00 > 0 DFAED CMRICBWTHEEHAD Ball DIFEIC, WEL A Y —#Ex & DO (del Pino
20).
(c) k> 0,00 = 0 DFAEDCMRICENT, k>0 M T0/hE L, EED oy HHFHOGEAET, BEFICHEBUE
DE— 7 2R DO (Kurata-Morimoto [3]).
EHICHRIL, k> 0,00 = 0o(x) > 0 DFETE, (c) LFAKDIERIEL N,
() & (c) T, k=0(N) (e > 0) KBV el T k> 0+ NIV EV I RO T TE— 7 fi#%
WL TW2 (BICENS (RE1) 2. k>0 clc kb —ERE, (b) DLIRLAY—FEEEFD
fEhin, €—2Z2/D08 S BffEFEELICK VWK S THS.

DRI DT

ZENE, DS k>0, 00 =0 DHEBDRDY ¥ KUK (7) I2DWT, UTDREDFTLEE—IE



WROBBIEZIBNT 5. .
0=c’AA~ A+ grfyamy, A>0inQ,

0=—&HﬁkA%@ (7)
% =0 on 0N.
1) k>0 e>01ckBEDEL, $53 ko€ [0,00) I L, lim, o 4ke 2N |Q)2 = ko ZH72T.
(e 2) - B QU zy BCBAL THIFTH 3.
(RE3): XENIE2<N<5 LT3,
o (RE 3) EHEDAREMNTEEL, 1RTTHo>THMIBKTESZ L, ko > 0 THNIRARITTTH>T
LD,
%
(1) AR DNT
B3 6, >0MWEFEL, & e€(0,6,) It LRDAENIE—FEfE ws ZFD (Wei-Winter,2004).

Aw—w+ fs(w) =0, w > 0in RV,
maxgy = w(0), w(z) =0 (|z] = o0).

CTT, fs(w) = e BV SH%E T OREEVS.

EHIT, ZOREM ws ZATONEZED.

(MHE 1) ws 1& radial (i.e.ws(y) = ws(|y|)) TH Y, 61 € (0,6,) Z—DEETIUL, ZFEERIEE T 6 € [0,41]
WKL T RICERERET 3. DE0H3EHC,C' > 085D, o <2GZTEDZEER o lTHL,

|Dws(z)] < Ce=C'*l, 2z € RV,

MR D 31D.
(MEHE 2) ws 13720 CL(RN) O, § 1B L Tk
(M 3) IALVERIZE Ls == A — 1+ fi(ws) : W2EH(RN) — LE(RN) (1 <t < oo) & AN

W BADERTI, 0, €(0,6.) B—DOEELT, 0< <8 TEANETHEDT, 56 L5725,
BICCOFEBEDOLDERLTVS LT 3.

(2) & BWHRAMEGOEE

B P, P 200 & oy BIEDZEET S, P DR OEBOEREE > T SICT 3O FRMER
EEke{l, -, 2n} IKHUEETS. 00 O LM E LEROMMIENS, [2/|, (2" € RN7Y) 23 X 3,
b3 EMEEB Py € OF([—7,7]) BFEEL, ¥%(0) = ¢}, (0) = 0 BHT.

oy Syt De, i=1,-- N -1,
BB = {yN + ¥r(ly']) +EN), j=N. ®)

LEFETD. TR T=3(y; Pr) = (P1(y; Pr), -+, PN (y; Pr)) 1&H BFAEK By ZBTHEEHD P DI
EANOWMDFEHEMSR LS. z = B(y; Pr) BBFE {yy =0} Z 02 NEL, E5IC {yy =0} BT 2HHR
R VR oy = (7)) + p) IS BT BERAY FIVALET. U(; Py) = 07 (5 Py) &5,

(3) Mz OEE

1<t<ocolicHLl, UFDEHRXT 3.

Xt :={ue LX) : u(z) = u(|2]|,zn)}, X*':=W>(Q)NX?,
o

5—3 =00n 09}, X2t :=W2?*'nXt X°:={ue C'N):u(z)=u(z],zn)}

W2t .= {ue W?{(Q):



BN E L LU
E i
BP, o P BIQ L oy HEDOREE TS, TNEDENSEEIC m DS Py, -+, Py, BER. >0
BN ENEE, v RY%R (10) R (A, &) BB, D ELEATle Zehid e, — 0 TRDOES
IiRZ N ET B,
(a)Ae, (z) = &, (wso (67" (x5 P;,)) + 0(1)), z€ ®(Be; P)NQ, k=1,---,m,
(b)Ac(z) < C&exp ( - gdist(x, {P;,, - ,ij})), z € Q,

@ = 10(N G [ whde+ o))

TCT, o(1) 13z e QICBLT—HRT, B C,c> 0l g 1K B3RV, & € [0,64) W&, ko HDIREZK%E
Wiz dMTHS - ,
o (m/ wgo(y)dy) = ko.
RN

EHIC, ko BTN EVEEITE, 98] e, ZES I EOHREHH D ID.

o fRDRERLODMIN

FEHDOMORBIEIC DV TR Z RN D, fROMEIE K E 3T TRD 2 D0 step IrlI 5N 5.
Step 1. A=¢uZ (T) IKRAL, § =k LEBE, REES.

2 u? .
2Au—u+—l—m,u>0mQ, (10)
%= =0 on 09,
1 1/ .
- = — [ u?dz, (11)
£ 19 Jo
2
6(/u2dm) — KO (12)
Q

TaNEIR e > 0ICHL, (10) 2§ Z/STA—2—LF % o lCETRHEMOAERE LT, MY DRI
Ues@y (BR Py, Py, ICE—DZFDX SRS ZERLT, ZTORELBER U, s(x) 1K (10) OfF
u=us(z;€) ZHET 3. OIKFOMI/ITA—2— KL TEEETH ST LRRT.

Step 2. Step 1 TEBNTz us(z;e) TR L, S § ZEH LT (12) T 6 = 6. ZROIF 3. (=
(11) oK &Y & BEDT, (A(2),€) = (Ceus, (z;€),&) E LT, ¥ RUROMBMELNS 1)

BHNML : ES5LTTDEI%R =6 BRDNBZDHEVS L, (12) OFBAIE 4672 ZHIFT (12) &
T, R us(z; ) DREADD eV DA —X—TEHELTWLDT, RE1) LE&DEBZETEIWVW =4,
BDRONBDTH 3.

6(25_N/ uzdm)2 = 4ke2N|Q)2. (12)
Q

FiYFal—rayBROGWES (k=0) ThhE (12) 3EZ ZBENELED, (10) DHEFRIE
KVDER, k> 00OHAR (10) & (12) BETAER L LTRMNEE BBV, COMCHENT, ¥
Fal—a YHROHBIFAIIET, MOBEHEHL K> TWV3.

Step 1. (10) DR us(x;e) DIBA

B Py, Py W= REDX 5%, (10) DR us(z;e) ZHEKT 5.



XECF(R) %, (1)0<x(t)<1(teR), (2) x(t)=1(t| <1), (3) x(t) =0 (Jt| >2) L3 LT 3.

Uas(e) = 3O X(00es Pl (s )
=1

LiEFETD. U5 € C(Q) THYH, 0Q I Neumann HEFEMHZi72 L, Ue 5(z) =0 (z € UP;®(Bax; Pj,))
CHY, HE P, Py, TRAMEEL .

D U s 2B E LT, (10) DffZADT LS. DEDH, ROEHENEETHS.
T 1

e> 0D ENEE, B[00 1T/, (10) EHHFME us(z;e) ZEB, e R IICKLRVIE
O >0 ULRNED D

sup |us(z; €) — Ue ()| < Ce.
TEQN

(10) i u(z) = Us 5(z) + ed(z) BHRAL, KZES.

LE,5[¢'] + Ge,6 + Me,5[¢] = 0, in Q, (13)
0p
Fyie 0, on 09, (14)

CCT, UFTDLs2icB0z,
Les[g] == D¢ — ¢ + f5(Ues)®, g5 := é(EZAUE,a —Ue s+ f5(Ues)),
1
ME,5[¢] = E(f&(UE,S + 5¢) - fé'(Ue,J) - Efé(Us,é)QS)'

(13) & (14) ZHI=T, &, 6 KM L—RICERZME ¢ ZRDOT T L.

AR D Les[p] = €2A¢ — ¢ + fi(Ue5)¢ 1& W2H(Q) B 5 LHQ) ~NDIEAE L ALY 3. HIFMEKZE
Ml X2 ICERBZGIRT 5 &, AIERFAREEZDTHS (MEL). AHREEEICKS. FA%K
Ls = A — 14 fj(ws) ORI, RUEEHOMMNHEZH N2 &, FEZEIENTES.

- i 1 w
e>0BThENEE, FED G € [0,6] LT Les[¢] := e2A¢ — ¢ + f}(Ues)d : X2t —
Xt (1<t < oo) 3ERTMIEME

K.5: Xt — X2t
ZED. R, K513 X©° WD X® ANDEBREBLETTENTE, e 8 € [0,01] ICXDHRVER
Co > 0ICHL, KRB ILD.

1Ke,69llc0 < Collglles (g € X°). (15)
\_ J

M 1 O K, 2B (13) OB MNT THS.

LE,6[¢] + 0es T+ Me,6[¢] =0 (Ke,é%b\”é) = ¢=—-Kcs (95,6 + ME,5[¢]) = TE,5(¢)' (16)

COBRICKD, BYUEEREMOPT T, s OAREEEHZ DT NI I VENDNS.
— FNEBROFEHZ AN THDIT LS.



s fHRE 2 ~
eEXRSE[0,0] ICXLHWELRCL > 0 WEFEL, FED ¢, d1,p2 € CO(Q) I ULLUFAERIL.

Hgs,énoo < Cla (17)
||M€,5[¢]“oo < Cl£||¢“§o’ (18)
[ Me,5[¢1] = Me 5[¢2]ll oo < Cremax{[|d1lco, |P2lloo HId1 — B2lloo- (19)
N J

HWE2ZHNT, e > 0NN ENEE, T, s WROZERM BICB 260 NEBICTE> TV B HEZRIRE S.
B:={pe X" : ||§|lcc <2CoC1}.

deBLTB. ALMIC go s, M 5[0] € X THZM D,
K. 5(9e,s + M. 5[8)) € X2t (t € (1,00)).
=t> N/2< b\t ZRELHS>THIFZE, Sobolev DIEHIARIC LD
TE,5(¢) = _KE,J(ge,é + M5,5[¢D € X°.
T B,
IT..5¢llc0 = 1K2,5(9,6 + Me,s[9])lco < Colllge,sllco + I1Me,5[¢]llc0) < Co(Ci + Cielld]|3,)
< Co(C1 +4C5C3) < 2C,C1, (e < 1/(4C2CE) K BV e BN E T NE).
WL, TED ¢ e BlcxL, T.5(4) € B.
—h5T, b1, P2 € Btd3k,
||TE,5[¢1] - TE,5[¢2]”00 = |IKE,5(ME,5[¢1] - ME,6[¢2])”00 S COIIME,5[¢1] - ME,5[¢2]||OO
< CoCre max{|61]lso, | B2lloo b1 — b2lloo < 2C5CF 61 — B2]loo
< 161~ balles (£ < 1/(4C3CH) < BU e WDEITIR)

BEDIH, UEDZ EHE > 0WNE T, £TD6 € [0,6] ICHLT, Tes & B LORNEZRL 755,
= YNFEROFIN G, T, gk BOR, —ERHE ¢.5 & ED.

¢5,6 = _Ke,d(gs,é + M5,5[¢£,5]) € Xg’t

=Sovolev DifEHAF, KT Shauder HRIC K D ¢ 5 € C*T0(Q) N CHI(Q) LixBHENTHB.
XoT, AKX (10) 1B, us(z;e) = Uss(x) + ede s ZfEELTE D,

sup |us(z; ) — Ue 5(x)| = sup |ede s(z)| < 2eCoCh
€N z€Q

THBIOT, T OFERES.
o us(z;e) A, 185 A—2— S ICEL THETHZ T LEHENDB.

us(x;€) = Ug 5(x) + £¢e,6(2)

T, Ues(z) 3EE, KU ws D (HEE2) 256 6 ML THEETHSC LIZEEBICHS.
BODT, ¢es DO BEMZIREER. ¢es DN Tos D BIEBT 5 —BRHEATHoBEEBVET L, &



& T s MBOHFTNRIA—Z—§ ICBAL TERTHNE, TORENR ¢ s & BOWT 6L THKL L %
31 EVWIEMHONTWVWDS (3T A—2— O NEBRDORM). DD

Tz 5[6] = Te 5 [@]lco — 0, as &' =4, (20)
EREETS. GEF, RASTHMMICR DO TERER TV

ELICHEBERZHAVS &, us(z;e) ICEALTRDE ST LD %.
Al 3

0 < us(z;e) < Cexp ( - gdist(x, {Pj,," - ,ij})), z €. (21)

TTT, Coe>0 e e(0,6] ek BRVER.

Step 2
o [oud(z;e)dz IOV TDOELE.
ud(z;6) = U25(x) + 26¢e,5(2)Ue,5(2) + @2 5(z) THEM D, TORLDEAECDOVTHRANLS.

i 4
6 € [0,01] ICBIL T—RRIC AR D 31D,
: -N 2 _ 2
ggr(l) (26 /QUE,(;(:E)dm) = (m /RN w(;(y)dy). (22)

ZOHE, Ues(z) = ey X(E1¥(z; Py, )ws(L¥(z; P;,)) THoler b, MAKBNTey~zDLS
AR LT, Kitkde ~eNdy DX 51BN OHRTE S,
TR 5
HED e (0,1) IENMLT, HBEHKC > 0HFEL, KK ITD.

/Q |92 5(z)|dz < Ce™. (23)

COHEX, ERQEEE P, P, O L &, ThUNDED Q ICHREZTT, de5 3 e R
60,0, ICEALT—RICEREST-EN DS, I, TOMMEIKRE ("N OE#fE TIHEL, Q. TORNE,
be5(z) = e (us(z;8) — Ues(z)) LERLT, @3, RU ws © (HEE 1) OIRBEEFEZEZIIRY T
LS.

§ =6, ZHDIB7HD, BERELAMEZARTS. XDOLSGEMNOSNTVS.

i 6 ~
D ky € [0,00) K LT, REWRT 6, €[0,6,) BIFET 5.

k=81 (m /R ngl (y)dy)z. (24)

EHIC, ky AVNEVEEIE, LD & B—EMNICEES.

J

(12) B#1T 6 = 6. DBEETT.
(12)) DEDE o(0), HBE ke LB . P(0) = k. %Wl d § =0, BADYS. k. — ko THo .




ko <ki17%% ky H—DEET . TD kylicxfL, @6l kD

k1 =6, (m/RN wj, (y)dy>2

Btz d 61 € [0,6.) BIFET B, B:(0) 13 us(z;e) DMEMIC KD 6 € [0,61] THETH Y, B:(0) =0 ¥
H95. EHICUREL &Y Be(01) =ki+0(1) (e = 0) Th3. KD, fMES LHE6ICKD,

put60) = b1 (27 [ (wie)d) = 61 (262N [ (U2, (0) + 2600,(2)U0i (@) + 82, ()} ).
=k + 0(1)

LBBN5THA. KT, T0/h&Eixe> 0L, B:(0) < ke < B(01) +o(1) = HHMEDEEI KD,
B=(6.) = k. 725 6, € [0,61) BEET 5.

5: € [0,81] THo7DT, #NF {e;}2, ZWMNE, H5 & € [0,61] IKWNRT 3. £, B.,(0,) =
4ke7?N — ko (i — 00) DD

(b)) = 8, (257 [ 18 (mede) =i (m [ wd, ay+on) —do(m [ ud(way)

&b, )
8 (m /R . wgo'(y)dy) = ko. (25)

ko ks, TEEOFERESS.
VE © ko AVNE TR, & (25) BT LS 6 B—BICHEEBDT, LOXSICENT {e)} ZMS K
T&uv.
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Higher g-Fock spaces and fusion products

Kentaro Nagao

Kyoto University

Quantum toroidal algebra U, (Lg) is a quantum affinization of the affine
Kac-Moody algebra g. This has no Hopf algebra structure, but has a ’coproduct’
(the Drinfeld coproduct) which does not produce tensor products of modules in
the usual way since it is defined in a completion. D. Hernandez proposed a way
to construct ’products’ (fusion products) of certain modules of the quantum
toroidal algebra ([1], [2]).

At this moment we have few examples of representations of the quantum
toroidal algebra. Takemura-Uglov constructed representations of the quantum
toroidal algebra on g-Fock spaces ([6]), which are isomorphic to representations
on equivariant K-groups of quiver varieties ([5], [7]) after adding new parameters
([3])- In this note we show that a higher level g-Fock space is isomorphic to the
fusion product of level-1 representations.

1 quantum toroidal algebra

Let b be the Cartan subalgebra of the affine Kac-Moody algebra g = sl;. Let
ao,-..,—1 € h* be their simple roots and oy, ..., ; € b be their simple
coroots. We denote

P={ eb"|Viel,\o) € Z}
the set of integral weights, and
Pt={NeP|Viel, o) >0}

the set of dominant weights. We also denote

Q=PzacP
il
the root lattice, and
QT =) Zs00: C Q.
i€l
Let v: h* — § be the isomorphism induced by the symmetric bilinear form on
b*.

Let ¢ and r be generic complex numbers.

Definition 1.1. The quantum toroidal algebra Uy r(Lg) is a C-algebra gen-
erated by €;n, fin, Kn and h?: Gel, heh, ne€Z, méeZsgy). The relations

ym



are expressed in term of the formal series

ei(z) = Z einz "

Z) = Z fi,nz_n;

nez neEL
KX (2) = Kia, exp( Z h:t z:Fm)
m>0
as follows
KyKp = Knyw, Ko=1, KoK (z)=KE(2)Ky,
(K (2), K (w)] = [K+( ), K (w)] =0,
Kre;i(z ai(h) g, (2)Kh,

)=

Knfi(z) =

(K (2), €5(w)] =

(rfz — ¢ ) KE (2)eipe (w) =
)=

) =

) =

g™ f,(2) K
[Kﬂz) £ w)] =0 (j#A4ixl),

(lz—r w)el+5(w)Ki(z) (e = £1),
(z — WK (2)ei(w) = (2 — w)e;(w) K (2),
(r°z — qw)KF(2) fire(w) = (g2 — r°w) fire (W) KF(2) (e = %1),
(¢7%2 —w)K(2) fi(w) = (2 — ¢ %w) fi(w) K" (2),
es(2) ()] = 2L 17 ) - K7 (2),
(r*z — ¢ 'w)ei(2)eire(w) = (¢ 2 — rfw)eiye(w)ei(z) (e = £1),
(z — Pw)es(2)ei(w) = (¢°z — w)e; (w)e;(2), ;
(r°z — qu) fi(2) fiye(w) = (qz —r*w) fire(w) fi(z) (e = £1),
(z—qw) fi(2) filw) = (¢~ w) fi(w) fi(2),
(w) —

(g4 g Yei(z1)eix1(w)ei(z2)
+ejr1(w)es(z1)ei(z2)} + {z1 < 22} =0,
{fi(21) filz2) fixr(w) — (g + ¢ ) fi(21) fir (w) fi(22)

+ fix1(w) fi(21) fi(22)} + {21 © 22} =0,

{61 z1)ei(z2)eix1 (w

where 6(Z) =3,z Z".
For A€ h* weset C(A\) ={peb* | A—ped, Zoa;}.

Definition 1.2. Let Mod(Uy,-(Lg)) denote the category of Uq,r(Lg)-modules V
which satisfy the following conditions:

o V is Uy(h)-diagonalizable,
e V,, is finite dimensional for any w € b*,

o there is a finite number of elements wy, . ..,ws € b* such that all the weight

of V are in U;C(w;)
2 qg-character

Definition 2.1. Anl-weight is a couple (A, ®) where A € P and ® =
such that ®F, € C* and @f = in(a ) for alli € I and m > 0.

( 1, :tm)tEI m2>0,

i,tm



Definition 2.2. We denote by QP the set of all l-weights (X, ®) such that
X € PT — Q% and there exist polynomials Fi(z) and Gi(z) (i € I) satisfying
F;(0) =G;(0) =1 and

+
" of,, A = g Fdes (F_<q_>G<_q>> |
m>0 Fi(2q)Gi(zq~1)
For V € Mod(U,,»(Lg)) and an l-weight (A, @) we set

Vine) = {v € W, ; 3p, Vi, Vm, (¢fim _ @fim)p _ 0}’

where ¢?,E:tm is the operators defined by
Kzi(z) = Z (ﬁfimzim.
m>0

Proposition 2.3. For V € Mod(U, ~(Lg)) and an l-weight (A, ®), if V(x 8) #
{0}, then (\,®) € QP;".

Consider formal variables Ylj; (i€l a€C*) and k, (w € h). Let A be

the commutative groups of monomials of the form m =[], LacC* Yif‘;’“(m) ky(m)
(ui,a(m) € Z, w(m) € b), satisfying the following conditions:

e only a finite number of u; ,(m) are non-zero,
e a;j(w(m)) = ccr Ui,a(m) for all i € 1.

For (X, ®) € QP we set

YA,(I) = kl,(/\) H Yiﬁ’a-gi’a €A

iel,aeC*

where F;(2) = [T ece (1 — az)fie and Gi(2) = [T (1 — az)%e.
Let ) be the set of x € Z# such that these exists a finite number of elements
A1,...As € b* such that for all m € A if

“w(m) ¢ [ Jv(CV)),
J
then the coeflicient of m in x is 0.
Definition 2.4. The g-character of a module V € Mod(Uy,-(Lg)) is defined by

(V)= Y. dim(Vis)Yas €.
(\®)eQP;"

3 coproduct and tensor structure with formal
parameter
Let U, ,(Lg) = Ug,r(Lg) ® C(u) and

Uy »(Lg) ® Uy . (Lg) = (Uyr(Lg) ®c Ug,r(Lg)) ((w))



be the u-topological completion of U} ,.(Lg) ®c(u) Uy -(Lg). We have a algebra
homomorphism A, : Uy ,.(Lg) — U} .(Lg) ® U, ,.(Lg) such that

Au(ei,n) =€n® 1+ Zun+s(k;_s ® ei,n—i-s)a

s>0
Au(fi,n) = un(l & fi,n) + Zus(fi,n—s & k:—s)v
s>0
Au(Bin) = D u(Bin_s ®65), Au(Kr) = Kn ® K.

0<s<m
Definition 3.1. An (I, u)-weight is a couple (A, ®(u)) where A € b* and
(u) = (q)?,::i:m(u))iel,mz()? q)?,::hm(u) € Clu*]
satisfying @fo(u) = gt

Definition 3.2. Let Mod(U; ,.(Lg)) be the category of Uy ,.(Lig)-modules V' such
that there is a C-vector subspace W C V' satisfying:

o VoWaecC(u),

o W is stable under the action of Uy(h) and satisfies the conditions in Def-
inition 1.2,

o W ®c C[u*] is under the action of Uy(Lg),
e forallw € b*, i € I and n € Z, there are a finite number of C-linear

operators qﬁtk,:)\: W, —V (k>0,k' >0, C*) such that

/
€i,r+m (V) = Z A F ¢;:,k’,)\(v)a
k, kA

firm@) = 3 XmFmmF g (v),

[ST7N
o We have a decomposition

V=80 ew)Virew)

where

Vinaqy = {© € Va | 3p,¥6,9m, (6F . — BFn(w)” = 0}

i,+tm i,tm

For V € Mod(U,,»(Lg)) let i(V) = V ® C(u) be the U, ,(Lg)-module given
by natural extension.

Proposition 3.3. The map i defines a fully faithful functor
i: Mod(Uy,»(Lg)) — Mod(U, ,.(Lg))-

We denote Mod® be the semi-simple category with a unique simple object
i(L(0,1)), where L(0,1) is the I-highest weight simple U, ,(Lg)-module with
l-highest weight (0,1). For r > 1 let Mod" be a copy of Mod(U, ,-(Lg))-



Definition 3.4. We denote by Mod the direct sum of categories
Mod = Mod® ® Mod! ® Mod* & - - - .

For V1 € Mod™ and V; € Mod"™ we define an action of U, ,.(Lg) on V1 ®c(u)
Va((u)) by
g+ (v1 ®va) = Ayr(g)(v1 @ v2).

Lemma 8.5. The subspace V1 ®c(u) Va C V1 ®c(u) Va((u)) is stable under the
action of Uy (Lg), and V1 ®c(y) V2 € Mod(Uy .(Lg))-

We consider V1 ®c(y) V2 as an element of Mod™ 72, Then we have a bifunctor
®j: Mod x Mod — Mod.

Theorem 3.6. (/2] Theorem 3.14) The bifunctor ¢ defines a tensor structure
on Mod.

Theorem 3.7. (/2] Theorem 6.2) Let Vi, Va € Mod(Uy,-(Lg)) be two I-highest
weight modules. Then i(V1) ® i(Va2) is a cyclic U, ,.(Lg)-module.

4 specialization of formal parameter

Consider the ring

and the algebra Uy, (Lg) = U, ~(Lg) ®c A € U, ,.(Lg).

Fw), g(u) € Chut], g(1) # o} c Clw)

Definition 4.1. For V € Mod(U, ,.(Lg)), an ™A-form V of V is a sub %-module
of V' satisfying:

o V is stable under the action of Ug-(Lg),
e V generates V as C(u)-vector space, and
o forweh*, VNV, is a finitely generated A-module.
Proposition 4.2. For V € Mod(U; ,.(Lg)) and V be an U-form of V. Then

(V)u=1 € Mod(Uy,-(Lg)).

Theorem 4.3. (/2] Theorem 4.6) Let V € Mod(U, ,(Lg)) be a cyclic module
generated byv € V—{0}. ThenV (v) = Uy (Lg)-v is an™A-form of V.. Moreover,
(V(U))u=1 € Mod(U,,»(Lg)) is a cyclic Uy »(Lg)-module.

Let Vi,...,V, be l-highest weight modules in Mod(Ug,~(Lg)). Recall that
W =i(V1) ®; -~ ®; i(V,) is a cyclic U, ,.(Lg)-module (theorem 3.7).

Definition 4.4. The I-highest weight module (W (u))u=1 is denoted by Vi x;
%5 V. and called the fusion product of Vi,..., V.

Theorem 4.5. ([2] Corollary 6.3)

xq(Vi) -+ Xa(Vi) = xq(Vi #5 - x5 Vi)



5 qg-Fock spaces

Let | be an positive integer, ¢ € Z!, and 71, ..., be generic complex numbers
satisfying 71 - --- -y = 1. For such data we can construct a representation
F(&)y,,...y of Ugr(Lg), which is called the level-l g-Fock space ([6],[3]). This
space has a natural basis {us} 5em indexed by I-tuples of Young diagrams, where
uy is an element so called a normally ordered wedge.

In [4] and [3] we construct new basis {¥} such that

e the transition matrix between {us} and {¥y} is upper triangular with
respect to a certain order on IT', and

e U5 is a simultaneous eigenvector for the actions of the generators Kj’s
and hiim’s.

For v € C* we have a automorphism of U, ,(Lg) given by X;(2) — Xi(vz)
(X = e, f,K%). Let F(c), denote the representation given by twisting the
level-1 g-Fock space F'(c) = F(c); through this automorphism.

Theorem 5.1. The level-l g-Fock space F(€)~,,..., is isomorphic to the fusion
product F(c1)y, *5 -+ x5 F(c1)y, of level-1 g-Fock spaces.

Remark 5.2. In this case, F(c1)y, ®@ - QF(c1)y C F(c1)y, (0)®- - ®F(c1)y, (u)
is in the A-form of F(c1)y, (u) ®- - Q@ F(c1)~, (u). The isomorphism can be given
by associating ¥y, ® --- @ Wy, with U5 after suitable normalization.

Remark 5.3. Take non-generic v1,...,7v. Then
o the equation xi(¥x, ® --- @ Wy,) = xa(¥5) still holds.

e The subspace F(c1)y, ® -+ ® F(c1)y, is not in the A-form of F(c1), (u) ®
- @ F(c1)~,(u) any more. But after multiplying a suitable power of 1 —u,
Uy, ®---® Wy, induces a simultaneous eigenvector.

o Asis claimed in [3], the actions of Ky, ’s and hfm ’s are not simultaneously
diagonalizable in F(E),,... ,, anymore. Hence F(E)y,,.... and F(c1)y, *5
-« x5 F(c1), are not isomorphic.
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On the KAM Theory
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1 MR&lc

AROT—<TH% KAM Theory &, Hamilton NFEICHNZEEARRXDOS B, AIERR
EREENARRE D 5 AT 2 BEIMEEI O RS Hm & U THEE LTz, AR OEEIRE
l&, Poincaré M [JJFDORARE] EMPATELSIC, RENZLEEL TREWELZRD, <0
WAL —ERERREI NS XTI, BORMAEELZ, ZOMHME, MEDHRIICHE R TIY
HRORAA DD TEH LW & ThH b, KELAhERE, 19544, A. N. Kolmogorov I X5
T&7ebENTz [4]. Kolmogorov I LWBEIGELID 7 A 77 Z 42 U, TIRODREH ] A ATRE
TH5HT % (FEMAREAILUIC) TR Uz, TOFERICH L, Kolmogorov DEETH >z V.
I. Arnold I¥, 19 6 34, 5ER&AHHZ(I/z (1], J. Moser &, 1 9 5 44D Kolmogorov
DF k% Mathematical Reviews 7 b Talam L TW 2, Moser &, 19 6 24, MR FOMmMER
FEEBNACBT 3 EERFEOBHRMEICH L, 2ekitAZ M7z 5l b 3 DD,
BICZ < DIIFEEIC & > TR i « IR E N, BIER LS MIEENTWVD, TONHE, =KOH
N7 > T, KAM Theory L#aME N5, AFETIE, Hamilton N E ST HEANFE I
L, T KAM Theory DEELFER LIERE KT 7 AT 7 ZHNT 50

2 HHENF

AREITIZ 17 %, Newton /1% - Lagrange /1% « Hamilton J3%0 3 DICKAI L THHET %,
CNSE—MRICFEETIEAWA, JGH EERAFITIEFEHETH 5. COFEEZFHNID LT,
Newton /1% 5 Lagrange /1224, Lagrange /1%#/h 5 Hamilton /)22 HRICEA TN 58
ZREET 5, COBRICENT, SEBRMBEDE - BRE - 2&E - 20T LI T 0y 8k
EDTATTHBERCTHETZ LR TV, HHEPRIIAEMNEAEZNAATZZ 6T
%o —J3, AEITERNZ KAM Theory i, Hit/)22lc N5 EHE/E(% 1 BE ODE ORE L
U CHHTANICED H S0 LI 5T, ZZ TR TN 5IRNB X 5 GRAEHELUIHT LE A
FETE ARV, DR TIEFGEHRO 2D BGR UMBRNEnD, JEERE FRRICEMAIRETH %,

(1) Newton 1%
Newton /)%21&, HPEEAER & ICHS B{RER T 2 B ODE T % #EEh /2

(2.1) % {ml%ml(t)} = E(m(t)) (Z =1,2,--- ’n)’

teRIKA, zeRYIIE, FER": /), m;e Ry EMOHER MHEMd. UF 4% ) &
X9, FEHEAT(21) 2RI, FELOEHHELND, TOVHARIERNTHETSH
%o LD UGEMND (BN AN 8 H %, TN 5 Liebniz, D’Alembert, Maupertuis,
Euler, Lagrange, Hamilton, Jacobi 5D{EHic &> TRIEEHN, Lagrange 71 « Hamilton f]
HANEFIET D, MAE LT LI, Newton /122 KAILT, /1L EMENS, A0k
mELUTHIZELLTOEENS %,



c 2,2, FeR" THBN, TNLRROFERTHNTHS: ZHEHR 2 — & =y(z) IcL>
T2 — & =Dy(x)r!, Fr F='Dy Y&))F

© BRI X o CEENTRREROEA 2D %

« BHFEEOFRIC A S THED

(2) Lagrange H%

RE O N CHETTEROMZ, &2 INEOERRE UTHIRT E %, TIUCK-oT, Lagrange
JIEREDFH - ZRAOBER L L BICARICELE T L Z2 /%, mij =0 (i # j), my = m;,
U:R* - R,C?&9 %, z2(t) (tet,t1) %, RIEFNDER TN

(2.2) ma” (t) = —0,U (z(t)), m = [my;]
DL T %, EED h: [to,t1] — R, CL, h(ty) = h(t1) =01 LT, HHEALD

t1

(—ma" (1) — BU(x()} - h(ydt = | {ma'(t) - B(t) — BU (x(8)) - ht)}de.

to to

FELz-y:=Y0" my. CAUE, EEE2 R T R > & — smi-d €R, f%@lﬁlL(i,m) =
T(i)—Ul(z), R Ye(t) = 2(t) +eh(t) ZAVTRDO K H51cEE S (LUF ¢ 1B ORKITEN),

— [ L(v t))dt|c=o = 0 (JF: Gateaux 7)),

F(y) == ./t L(v(#),yt)dt : K - R, K:={y(t):R—-R"|ye '}

(2.2) DFRITINEIE F OISR TH %, WEIELY, TTT [y e K MNERF OER-HhRT
B3] i, MEED v € Kyporr == {1 =7 +eh|h € CLR),h(to) = h(t1) =0} C KITHLT
SF()=0&%32 8] Z0), (22) % LERAWVWTET L

T { G000} - S .00 =

2D 2/ ODE % LICF9 % Euler-Lagrange A2 LWV D, BHEH 2 — = ¢(2) IS LT
i &= Dyp(x)i EEDD L (HENT MVOEFKICOERMN D), IO 3HHRIFMHEICZS: Tx(t)
B F OERBERTH BT L], Ti(t) = ¢(z@) B K = {poy|y e K} LD

F(3) = / CEF@0,30)dt, L E) = LD @)E 0N E)

OiEgHRTH BT &, TE(t) A LICBIT % Euler-Lagrange HREREN T T &1 UEDBR
X, ZREAEOEEZZAWTL IO XS IC—RETZ %,

M 3 z 7% n T ATREZHAR (NI@), TM > ¢ BNV PV (RELALE), LE) : TM —
R, C? L9 %, 1IEL, M DRFEEBEFHZ ey = (pr,00), ¢r:ox C M — R", FEREH%E
Yw=prop,t ERLT

TM = U T:M,
zeEM
ToM = {(cx,@x,2)) | s € [z ZEL M ORFTBELEIHERE], ©) € R, 2\ = oa(2)}/ ~,

(ex,@x,20) ~ (Cu, Zu, 2y), of Tx = DPr(z0)d, zx = PYru(T0).

Definition 2.1 M %Bc{iiZER, L % Lagrangian, (M, L)% Lagrange NF&R<LWV5, M L
OHHER y(t) : R - M 2K ETE&RE NI

F(y) = / L)t () € Ty M)

to

% action &9 (o, t1 W3R ). HERR 2(t) B (M, L) DEBETH 5 L3, =(t) B F OEFEREFRT
HrTLEVI,



Theorem 2.2 z(t) % (M, L) DEFH & § %, (t) DRFTEIRRET 2 (1) = ox(z(t)) 1&, EF
ZORY FICEK S5 TLURD Euler-Lagrange 75122723

{g? (=)\(®), mx(t))} - g—i(xﬁ(t),m(t)) =0, Ly(x22) = L(B}" (8x,22));

D, :0) = U TeM 3 & (Ey,z)) € R® X (o)) C R2n, Uy, = @,\O@;l
TEO)

(Cy = (®),0,): TM DBRZDFTEIESR, Uy, FBEZEH).

JoH_EE %% Lagrange J1%%5% (M, L) 1X, BRAZRETINZROEDTH %,

M : Riemann ZHEK (3 < -, >t U, (TeM x T,M) — R, IEEERIIE),
L =T —-Uon(&) (n:TM — M HLREHE),

1 N
T:TM9§H§<§,§ >e R (E#HTx)bF—),
U:M—R (RFryr)bzxF-).

(3) Hamilton 7%

(M, L) OEE) x(t) 1Z, TM OBRE(t) = 2/ (t) BEZ %, £(t) 2d BTG (RES) OED
MBI L, THICIRELTZ 1 Ktéﬂfﬁ-’r‘ ODE®BAC e R#EZ2 D, CHUITM ETIZERTH
B, (M, L) MIZILBERRDIGE, £(t) % M ORI RV T*M OHIRR £*(¢) I 54T
ST % EAJREIC R D, T LT Hamllton FIZERNBERICEAINDS, TOEEL L 22K
T Legendre Z#d 52 L ThH%, £TZFDEELT B, TDEHITIE

)
(2.3) T"M 5 2Z(6)
BEREREDLIIC, T'M & 26 ZERETNE L. L ORAMEERER Ly, L, 5L,
Ly(ix,zx) = Lu(Wpa(Er, ) = L (Dhur(z)) @5, Yo (z2)) D5

OL)

oL,
EPR “A (i, 1) = Dy (32) =X oz,

CNzFHIDIC, LUTDOXIICERT S (BHEOERLALDD, RAFTHB).

(Ilﬁxl/)

T*M = U T3 M,
zeM
M = {(cx,z}, 7)) | ) € [z ZAT M DRFTEESAELE], o} € R™,z) = pa(x)}/ ~,
(C)n :L‘;\, :L‘)\) ~x (CU’ f:,, xl’)a if IL‘f\ = tD?/)uA("/)Au(IV))x’;, T\ = ¢Au(xu)a
03:05= | ThM 3£ — (23,20) ER" x pr(0x) CR™, T}, = df o B}~
TEO)

(C5 = (93,0%): T*M DERZRITERER, Uy BIEZEHR).
r_mg: D, OL(g) = 057N ZA (i, ), 2) KM LT (2.3) IEERAFFD, T : IEEME 2 R, L =

B.’I:/\

—Uom c]: D QIA( ) R™ =) i'E,\ — :ci = %—é’-/‘\\-(i)\,di,\) € R"™ Liﬁﬁiug{%o ﬁg{g@% i)\(Ii,lﬁ)\)
2:2%@2 IR Le C3(TM) &3 %,

Proposition 2.3 54 § 8L : TM — T*M 1 C?*- DRI TH B, La(in,zy) D iy BT S
Legendre g?ﬁ&H,\(x/\,a:,\) = a}-d (2}, za) — La(Ea (23, 20),2)) ZDOESTENTET, LOTM
ETOD Legendre ZEHL(€) — H(E*) : T*M — R, C?, H(£*) = T(§)+Uon(§) for & =2L()
» well-defined.



T* M 3 2n ZTTHDPTREZHIR T H B 5, BRE T Te- (T M), TE(TM) WERTE B, %
£ € T* MR U TROEIE well-defined HDfEAL,

LA (T M) 3 2 = {(G5, G &)} ms > 2= {(G1 TG 6D}~ € Tee(T°M), (€ RO,

= ( Onscn “Enxn> E: W5, 0: T,
ETLXTL OnXTL

2L {3 1E Tl ek d T oFfiE$, Proposition 2.3 TSz H(E*) KR LT

OH ) . -
i€ ={(a 5 8)} emmm

SE(ENEITTM DENY MUCERZOT, ThEEES L R ESTOHRIME5 N5,

Definition 2.4 L O Legendre 24t H(¢*) € C*(T*M) % Hamiltonian, Igg(-) : T*M —
T(T*M) % Hamilton N7 bVI5, (T*M, H) % (M, L) h 5Eh»h 5 Hamiton AZFHR LV
5 T*M DRHER & (t) M (T*M, H) DEITH % L1E, (1) H Igg () DR TH B T &%
Wi, IhbH

(2.4) () =1

oH , .
5 (€ ).

Remark CODE#HEIE, H M LD Legendre B TERWEAL AN THSDT, Lagrange 112
F LI3MANTIC Hamilton J1%25% (T*M, H), H : T*M — R, C? DEENMEFS N,

Theorem 2.5 (2.4) 7% T*M OBRIZBITEIZ & = (pr,q) € R TERRT B L, EFRDE
UHICK S TR 2n HDBINIELESTRN

OH oH , oH
&'(t) = Jgg(s(t» = pi(t) = —Wj(m(tmu)), gi(t) = ﬁi(ﬁ,\(t)’q,\(t))
L%, FHC, BR%R (ML) OB x(t) IS L, £5(t) = S&(2/(t)) 1 (2.4) &Iz T,

COEMIIARBMNCRD T L ZERL TV A,

Proposition 2.6 M 7% n XUt WRELkIAL § 5, T*M OBEREMIT ATREZHRAMIEICE
W, SRR 1 DY, (65)JDYE, (&) = J 22T,

REBEOBEGRIE [0, VEEEBRTHE L] OERTH S, TOWHICKD, T*M ETRE
1150% J £33 2 MR EZAREL KB, THLT T MICBWTY YT LIT49 7
GOSN E L%, & 5IC Hamilton J12RE (S, H), S BEIT T VLIT 149 7 24k
®, H:S »>RAL—fRILEN B,

3 FEAENR

AREITIE, #AENEC SN TIEHESER%Z ODE OREE LTHRODIk S, M c R* %
fE, H(p,q): M — R7% C?BEE U CIE#EAER

(3.1) P(t) = —%—f@(w,q(t», J(t) = %(pu),q(m

HEZ B (3.1) DN ¢y, W (po, go) DIR%Z ¢hy(po, q0) EEKT o



(1) E#EZEH

Definition 3.1 C2-MANFHEE  : V 5 (P,Q) — (p,q) € U C M WIEMEERTH B L,
tD(P,Q)JDp(P,Q)=J on V &% L &R,

EFRED, FHELHMOYZAEHIIEEEITSH D, 2 DOEELHOERE FEEHRTH %, (p,q) =
¢(P,Q) ZIEHELEW LT %, H(P,Q) = H o y(P,Q) CBIT 2 IEHE/TFEXDM (P(1), Q(t)) I
L. (p(t),q(1)) = o(P(t),Q(t) ¥ (3.1) ZHilz g, THDBE ¢lyop = ¢ o Py, EHEEHZ
1 DDAAT—BBW € C]3(RIBEEE VD) MoK TE%, Pe O CRY g€ Oy CRY,
W(P,q) : O1 x Oy — RICH LT

Proposition 3.2 5f£:0,x0y > (P,q) — (P,0pW (P, q)) € V BNEIR (P, q) = (P, f(P,Q)) :
V — O1 X Oy EREORLIX,

©:V 3 (P,Q)— (p,q) = (W (P, f(P,Q)), f(P,Q) €U
% (RIFING ) IEHEZE T 5 %,
C ORERREIZ KAM Theory Tffibn 3,

(2) FEBDHR
RIC (3.1) AN R TH AT LDOEEEDRNRD, £ 1 DOH

H(P,Q) = Z %)\i(Pf +Q32), A\ : const. (FAFHRELT)

BEZ D, HICBT 5 EEHERZ
Pi(t) = ¢;cos(Nit + 6;),  Qi(t) = ¢isin( Nt + 6;) (ci, 0; : FIHAMETIRE % E2)
LRI B, ThEDEBRF(P,Q) = (FL(P,Q),- - Fu(P,Q)), Fi(P,Q) := P? + Q? DBHNEEH
1 85y (BHEICIH > TEMAELZER) Th b, LEN>TFOLNIVERTI =F1(p), p=
(3, ,c2) eRY FLOWIEIZTICE EED (¢4,(T) CI)e TOFRKTI % ¢h-TEEEHLEN D,
IT=Tr RO e SN 5, EEEZH (IEUEMEEEZ )
(P, Qi) = (\/2picos gi, /2pising;) : R x T* — R**  (T" = R"/27Z")
WK&>T, H(P,Q)WE H(p,g) =X -p:RExT" =R &%D
B (1,0) = (I, \t +6) € Ty = {I} x T™.

nADE 1 O ZFOFNHREIFClE, #uElEn- F—F A LOBEKRTH D, FEAITERIHD M
THb, TOXBRHHEEFOEESEXZEIREV I,

Definition 3.3 AR (3.1) AN R TH S &1E, nlOB 1D A, , Fn: M - R
MEELUTVE, -, VFE & 1 RN D JVEF, - VE; =0 Vi,j LR35 EEZ VS (- Fy
FHNI DO ENTH S LV D ),

Theorem 3.4 (Liouville-Arnold-Jost) F = (Fy,---F,) : M C R — R™, C? &5 hvil
VUDNORENTHB LT Do Fl(co) MiEEENDIA T babiE, C2-WORMHEER 1 : G >
p—ceD (G,DcCR': I, D>c) RUIEH#ELEH ¢ : G x T > (p,q) — U C M DFE
LT, o({p} x T = F~(u(p)), Fow(p,q)=7f(p)

(3.1) T HIZHICH LA THZDT, (3.1) HWAESHRTH 0 S 2237 MENSIL, (R
WNS)H (p,q) = Ho(p) : GxT" — R DIFHEAERCIFE TE %, Lieh>THER n- b —F AL
DEMRT, FMTHERMORTH S, ¢ (1,0) = (p(t), g(£)) IR LT, limy o L2 = 8, Ho(1)
FIREIER V9, TSR OEmE, EiD Hyh ok s LE 20,



4 KAM Theory

(1) KAM Theorem

AJFES %R D Hamiltonian Ho l<, AIREZMZET & 9 &88) H; WMz &, Whd 21EHER
BRI EDX S BRERDTH A0 ? DK S HERERERE, U UISERRAR LMFEN
%o ROMBUCH LT, LUTD Theorem 4.1 (KAM Theorem) (& —EMREDMRE 25 Z %,

Problem (NZEDEXRME by Poincaré) G ¢ R* ZERMHBEEL L, H(p,q) = Holp) +
Hi(p,q): G xT" - R & B, Hi #0DHE, ¢5(1,0)13E5%5507

Theorem 4.1 ([4][1][6][3][7][8]) XD T L ZRET %,
(A-1) H : Efgth (A-2)  Hy: Rissmann-FEB(k (A-8) || Hy ||: +53/1
TDELE, FEH Xkam C G X TP BMFELTUTDT EHELD 31D,

1. Xgam = [py-TPEZHAKT DK, I=3o(T") (KAM F—3X&15)

O :T" — G x T ERHTHHDIAR;
2. B ITICHUT, Diophantine BN DMFEL T, (TEOWWME (1,0) e TICHLT
Hh(1,0) = DO+ Qo(0))  (ARBIEL \ DUESAHAHLE );
3. mes[G x T"\ Xgam] — 0 as| Hi ||— 0 (Hy ICBEA L T—#k).

Remark - || Hy || & H OEFREZERAPIR L /2 & D sup-/ IV L

* Ho » Riissmann-3ERILTH 5 L&, 8,Ho(G) C R™ D R™ DJFE 7218 2 W] 7% 5 8 Fiic &
BENRWHEEZNS

© Xgay ZEED 0 T TY)S &, YD [ G D Cantor HnHESLES

THUF1 9 9 SEFRDOBERTH D, RFFEHBTRIRLYy—TTH%, 196 3FD
Arnold DH#5HIE, (A-2) ' TKolmogorov-JFIR(L (rank 93 Ho(p) = n on G)] DLZETH %,
Riissmann-3FEE(ESE 1 < rank 67 Ho(p) < n THOZLIG 5. IBR(LEMD S BB T LT, &t
BHIZEEL < &%, UL LEARNGET A T7I3EDL RN,

(2) KAM Theory ODEEXRT7 A T7

KAM Theory DFEAKT A 77 1% Kolmogorov IZ & %, Z4Ud Diophantine Iz 5 i LUV E
D ETH 5. KAM Theory BILIAGICH o 7z 2 DONEKNHBIER O E L EDET,
Kolmogorov D7 A7 7 a3 %,

(a) “old” method: f#% (t — co THM LGS ) I TIERERT %0 KFH L™ sin ot, 1™ cos at,
o BENADT, KREKEINGEZE 25 Ld# LV,

(b) “new” method: Lindstedt & Poincaré I & % KFEMNHNEVTIETH %, Kolmogorov
DT7ATT7DFHMENZ B, TTTE, BT A—% %245 H(p,q) = Ho(p) + eHi(p,q) :
GXT" - RICHU Hop(P,Q) = Fho(P) : GxT* — R &9 % &K 5 IRIFUEEH: o 28T, o 215
Bloicix, Hixt, RITRT P %&/RF A—2ICKFD Hamilton-Jacobi /7 FEI DM u(P, q)
%R R 7R 5750 (detd,dpu(P, q) # 072 51X u ik o ORIEIEL).

(4.1) H(0qu(P,q),q) = ho(P)
(4.1) Z{ii729 u, ho ZLATD X S ICTERINCHERRL T %, P e G2 1 DEEL TRDOKSICiEL,

(4.2) u(P,q) = P q+eui(P,q) + ®us(P,q) + 3us(P,q) + - - .



iz (4.1) OFELICKRALT POROTREBL, c DXREZEHIZZ L

H(aqu(P, Q),Q) = HO(P) + E{apHO(P) : 8qul(rpa q) + Hl(Pa q)}l
+ &2 {0,Ho(P) - dyua(P,q) + [Ho, Hy,u1 5% % B>},
+ & {0pHo(P) - dqus(P,q) + [Ho, H1,u1, us M DRE 2B s}, + - --

B }o=f(P) B LI us (s =1,2,---) ZERICTRD 5,

f; (P)e .
ui(P,q) = zeZ;\{()} m (fX(P): Hy(P,-) ® Fourier &%)

u8+1(P7 Q) = Z

z€2Z™\{0}

LEHNE (4.2) &, ho(P) :=Ho(P)+ > ,_,f§(P) & LT, (4.1) Ziiilz S, LA LD
LI £ WK EDD, EBERAERMZMES. &L pHo(P) 72 =0L%5L57% P2l
&, LOEMIMET %, HEo T—MRIC, w(P,q) D PICBIY B Mo ATREME 352 hdtie ik & 1
RTERV, RIC P2 OpHo(P) -2 #0, V2 #0&%2 X3 CEELTE, #IIFAERERT
{Zj} czr b‘ﬁ{f LT

(4.3) OpHo(P)-2zj —0 as j—oo  (8,Ho(P) z ZINGE LK)

Lo HEo T us DUIHRMEIZEED LV, ZT T (4.3) D 0 \DIKRDME 2 T SHilfRT 3
bmEZ B, TD 1 DDFEM v, 7-Diophantine B EFIHT 52 L Th s, 37405, 9,Ho(P)
MLULTDZ Exfmlzd K5I PHENS T 3,

(4.4) |OpHo(P) - z| >~ z|i"" V2#0 (y>0,7>n-1).

TS DG u, DUCRIZRETEZZ S TH BN, TNE5DOMELTD (4.2) DUCREZRIET 3
TEIFRIOWMDTREETH B, FEFE Poincaré 13 OENIFHET %7255 & PR LE, TD
WEEZ N BORREE VS,

7 zs+1(P)eiz-q

Sm@) 2 T P): [lesr O Fourier 1)
p

(¢) KAM method: Kolmogorov D717 7l&, (B) ZRDXIIEELIZEDTH %,

o Hy 7% 1 I TIHET % & 5 R IEHELHZ NF R THE T 2 D Tid7% <, BRNCHZET S
X HIEMEZE DI 2R T %, T7%DE H(p,q) = Ho(p) + Hi(p,q), || H1 ||< Mo %2
H'(p,q) = Hy(p) + Hi(p,q), || Hi ||< M < Mo
IC9 % KD HIEREZ L o1 ZZRERL L, -, H3(p,q) = H§(p) + Hi(p,q) %
H* Y (p,q) = Hy"™ (p) + H{  (p,q), || HY™ [|< Myg1 < M
&9 % K5 IR IEHEL o5t ZHERK T % (KAM iteration)
o Fstep THINA/IIRHE, HM4A N, » ccass — c0kd N, ZHWT, (44)% | 2 |1 < N

T BY% & TUHT % (V3D Diophantine ), & LAKRTIBYISXRWiES
¥, Cantor £& FOBIMNEIN, MOBRIENRATEEIC K S

Kolmogorov-FFIBILSM R TD 1 BDY A 7))V EHICHENT %, Q= 0,Ho(G) LB, RIEIEL
P-q+u'(Pq)lc&k>T, HMOIEHELH (p,q) = ¢'(P,Q) = (P + 8u'(P,q(P,Q)),q(P,Q))
WY B0 12120 q(P,Q) 13 Q = q + dpul (P, q) DME,

- 0 iz
dpa= Y BB ey (e o Fouier i)
1<]lzlli<Ny P

IR Y =)V BT, O i={w € Q; |wz| > 9 2z |77 for z with 1 < || z [} < N1}
LT, PeGy:=(0pHo) ™ () NHIIET %, TDERIET Kolmogorov-FFB{L&M4HAEM



275 %, Rissmann-FER(EEMF R TR DBENTEHRVDT, IR a Y Fu—)VcZ Kk
TRMREELED, Ny =00 &5 5L, Q, Gyl Cantor EGICE->TLEY, PICEET M
BEDANATREIC 7R B0 #T LU Hamiltonian (&

HYP,Q) = Hou'(P,Q)
= HO(P)+{8 Ho(P) - du*(P, q)+H1(P,Q)}1

+ { 2Ho(P + Cdqut (P, ))0yu (P, q) - 8qu* (P,q) },

+ {Bpl-h P+C’6qu (P,q),q) ‘8qu P,q)}3|q=q(P’Q)
AMUM@HE%ﬁ%MmQH<%E#%T%T%Lfﬁﬁ%ﬁ8ﬁ%®f|ﬂ(ﬂ<ﬂ%6ﬂ%
Elbo £{ 1 = fY(P)+R,R=[H, D || z ||; > N; ® Fourier iK% £7%%9, Ny = O(log M)
DEE|R| = (Mo)faa% EBIE, Cauchy DA AR CEBOMNZTHIT 2 L, |{ Yo, [{ }s| =
O(MR) 185, LEXD

(7 ( )+H11(PQ):G1XT[W#)R7
Hy(P)

Q) =H;
Ho(P) + f3(P), || H{ ||< My = O(M§).

COEEE s+ 1ETTS &

H*"N(P,Q) = Hy" (P) + H{™'(P,Q) : Goy1 x T" — R,

HyTY(P) = Ho(P)+ §(P)+ - + f§(P), | Hi*! < Myya = O(M5"™).
BBIC s — co OBMAMRIT B0 Moy = OMET )Y hEANBESIE, TOBRIAEDIRIE
Newton (LRSI, /INIFHT KB ERIETEANFTHZ 5NB DT, /NrRIOREIZMEES %,
Qs 1 Q D&H % v, 7-Diophantine HFRDEER Q* IR T %, mes [\ Q] = O(y) TH B, Gs &
H5 G KT %, G* & Cantor £H QO ZFMHBER T TR LIEEREDT, D Cantor
EEH5LED, mes[G\G ] =0(y) EFHiTE S, @ :=plo---0p® TG xT" L THB "I
KT 2. & Pye G I LT

Jim Gars (Po, Qo) = (Po, At + Qq), A= lim op H§(Po) € %

Sr(®" (P, Qo)) = lim &*(¢: (Po, Qo)) = " (Po, At + Qo);
O*(G* x T™) = Xgam, I:=3*({P}xT"): KAM b—F X,
Remark lim, .., H3(P,Q) = Fho(P) : G* x T" - R &4 3H, THUIMARATRETH S, L

72735 T KAM Theorem X, ho DIE¥EFEXD SIRFE SN O TIE RV, L UERICEZ
DEIICRZ 3,
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ON THE NAVIER-STOKES EQUATIONS WITH
SPATIALLY ALMOST PERIODIC DATA

TSUYOSHI YONEDA

COT = HIVLR— b TRFEHICET IR ER L, FEH
BEZDHDHRICEUTHN AT S LIcT %, aB, EHICIE
Navier-Stokes SRR A 2T TV B M, FEMIE Navier-Stokes /7FET
OREEZREE 01 L IX LI25A D Euler HERICET 22D THSB
EEREINC Ebo>TEHEL,)

b5 Navier-Stokes JTFERIC I B G R ARMERIENMEIEL, TN
1& Clay ARAAY TRV 725 100 5 RIVOBE S ZIRMT 5] L ES LT
DDARFARGED—DE LTHELTH 5, (http://www.claymath.org/
) FRADGE. RIS > TWE T2 W KRR Z DL FICFRAT %,

u — vAu+ (u, VYu+Vp=0, t>0, z€R v>0,
(1) divu=0, zeR3
ult:O =ug = Zmezs Cmeiﬂ'm.m c COO(R‘?'),

&S WIHHMEDNEHARSE D Navier-Stokes JTFERUICH LT p,u € C°(R3x
[0,00)) £ 7% 2R (p,u) D—EFME. ERIFIEFEZRE. WSO
FOXRBRMETH %, BIRACIRKTTHS T ENEET, 2RTD
a0 SRR —EZMOEE] 13 SBHORENTNS, /A
& BRI AR T & (KD BRIV B DR RO KIS —
BREARTCL) ZREEELELTWVWED, ZTOBITIE T DRIER
MIEOHE U DB Z 5 I ii/a B2 L ANz D, JEIIREEL
(7= THED BT 2R EITI RELD B, KRB AMREE
AR EA IR TR U K e STV B, A IE#IHE
BORLE IR TH 255 %2EZ 5 T & TRABBOAZRS 12T
FEB LIS WEBEENEBZ1S T, R EOIIEDE Ve
BEELTW5, BIZIEEHBEEEE Z 120 Tl TRFEEES) (A
B DG EIE 231075 %) ICBT 2 RVIARIZIE & A ERZER WD, #]
JEBIE 2 BB TSRS BT 2 3ROSR E & 72X
D, TOHFEBIE RO RIREICHATREICEZL THAD &
Bbnz 506 HEEE] OMTICks, BRATE D DEKE
H—BZREOIEEE (Thhbb, Wohk—EMOERFHOER) %
His U7ewf22E & UTld. Sinal O4EZETBICE EDHTHL,

#E LW RTEIC R S 2 BRI TR 7 5 IR B & 2 5 DIdHE
ENRDZELIZEBDONED, ZOBICFERLE TaVFVITE] O
Navier-Stokes /2R Euler 5#E07% . #JHARIECOMLE HIBIE CTH %
LA Ol S AR —EBEROFAEZRAERER L TWT, 25
IR RMERRIREC T B2 1R 5. EWVWIHIgZ &> T3,
TCZTWH VA HERFERD LS KHEROHERIC X > THIZET



T. YONEDA

ENBEHHATZNVEEDZIRT, BHDZDHIC Navier-Stokes 72N
W B9 B MERGEIF T T T A L, Euler FEUICBIT 2 MERED
ALITRICRET %, (CTHUTEREFEH TRV, BTHENT 2 EEH
AR LU TRLEWHETH S)

Problem 0.1. X (R®) % CY(R®) IcHE N5 85 4 K BEEZEf e L,
TD/IWVL%Z |- |x £9 %,

us + (u, Vu+Qes xu+Vp=0, t>0, =zé€RS,
(2) divu=0, z¢&R3,
u|t=0 = Uy = Z)\EA C)\ei)‘.z S X(RS) C CI(R3),

(CTTQRIEERT x 3NEEEL A c RRIIEAINEEEES LT
%o BIZAZ TR OB AIEA = Z3 2 752) I L THED p > 0 & 1{F
BEOT >0/ LU TES Q> 0D EL, HFEDQ > Q& |lwllx <p
Tz EED uy € X(R3)IWSH L Tue C([0,T'); X(R?)) &7xH. H
Du(z,t) = X e er(t)e??, e(0) = ¢y £7ED T b2t (RN
MOADKEZNWKFLTVED, ERIEZE > EVWEDOEHNEZ %
EHTHEINS)

&L A =73 9xb by BN AR OGEX 1], [2] T T
ICRERNME SN T VS, FIHHBIED LR RS R 75 % & FIHARGEA
JARAREE DG S K D E REEMICH L {755, M7z 5 IERDENS
[ OIHHBS B B AR & SR AHAREE 1< a 5 2 L3I SICEA SN
[RIHARS R I HAREE 4 S AR & A ARSI 1k b 2 &3 <IcldE
ZIEWHSTH S, iR Problem 0.1 ZfE BOE—AT v Tk L
T TWIHAREECAO B HARE AU S AR S R HAREE a2 e 2ERL
120 (BRACESHED 2 A NS VYV FHMITRZEIC 2 HFAR
L. Z0& &I Mahalov Jt4: -5 & Problem 0.1 1CBI9 % igEim 2 EeD
BYETHD. BICED AR L TV A KIS Sinai 8428 77V V' FITK
TV EDFERDT, [TEEIEMOEF) OWZRICEIT 2 REE LT
TN EoTn3) ThAEIE S S K5I THIHABIED A BT & &
fRE EHIBEE ZRIT e XDETHLHLWHETH S, BERAIIC
FRERXOMO—ENE (X BSBIITIIEAEICN T 2 8 Uk F ) AVE
ZTWB 5, THIHEAEE AR E U S iR & MR RS R 13 LG
HICEZ 5%, COBBIKALTIFIZE (7 2SO &, Xo>THL
BIRO—BMENEZATWARWEE LW KO HLWEREDEL LT
R EAE DL FARS Sz S fig & MR HABEE ) TH A & ZRL T,

T T TEEHDIENOFINIC Euler HFEFUCE U TOHESEDWZEICD
WTFHRICN T T 5, H. C. Pak & Y. J. Park [12] IZfRD—FfF
1E7% ug € BL, 1 (R%) c CY(R?) (d > 2) ORIEY A THWE, C'(RY)
KD EPNVIGEDYV R T2 ETEHIRILOWMIZENEIET M, T
TlE D. Chae DFfX [4] ZEB T 21 EHTBI 9,

“otcFAUT OB IRILFES %55, Z T Tl Y. Taniuchi O [13]
ZEFBICEL EDTEBT I, [13] Tk CHR?) KD & ULV BEEZER]
THRROKRIBH—BEEEZRLT WS, T TRIEEZ LFLf#H-T



AR &Ml 2 BN TR Z R LTV 5, Bixdlc T ORIEZEM E
T [WIIBSEANBEA BB © fiit & BEEHBIRL 172 % 2 & 2Bk
4 e B OHNE L ORFRIE THED TV S, R DBEZER &
DEILVWET A, ThbB e [P, (R?) (p > 2) lcxf U TIROTFE
WA CTEATRS T EMN [ T/RENT NS, &B R D
ERIBTHTL %, (RO—EE L KR OWTESD ETARA
B Z50WI HEREE 2 THL I u € IP,, (R?) T [YIHABSEAD R
HHRAEUL S b A BIE Lk L =R LTz,

FEBIILLFO®ED,
u+ (u, VYu+Vp=0, t>0 z€R?
(3) divu=0, =ze€R?

u’t 0=1Ug € Luloc(Rz)ﬂ p> 2:

= u(t, z) WEARHBIEL, uo = uo(x) 1352 SNTHIHBIE L L.

Lﬁloc - {f S Lloc : ”f Luloc” - Sng( |f( )|pdy)1/p < OO}’
zeR
uloc {u € Luloc :
divu = 0 ”U’ Luloc“ ”U‘ LﬁlocH + ”I‘Ot u: Lﬁloc“ < OO}

9%, (RBu € [P, (R?) 755 uy € CV-YP(R?) TH3) KIHEF
WIRARICRId 2 YV R L 7B Z LI T D K S I E &K T %,

={f(@) =) _cre™ € AP(R?):

AEA

1/p
IF: X3) = (Z( > wsmw) < o0},

2€Z2 AEQzNA

where Q. :=={z e R*: -1 <=z;—2; <3, j=1,2}. TTTAP[R?
IR B R k2 RS, W KERICE LTI 5] 2 ’SF’EO T T
AP(R?) C BUC(R?) TH % LihRBIc e EHTH L, HICHIRMEDEE
EERFOBUA NI t13 2 B Z E# S B0 TTT{ry, -+, 1e} C
R? A HHE Q LI A LD LS B, (I {1,V2, V3,7 e} iEQ
ERROPHNITH D)

£
X;!{Tli'nire} = {f(w) € X; : f(x) = Z cm eXp /LZ m]TJ) I
1

mEZﬂ ]:
Y;’l;{rla"'ﬂ'é} = {f( ) € L}u).loc :

¢
= Z Cm exp(i Z(mjrj) -z) in Fejer mean}.
1

meZzZ2t Jj=



T. YONEDA

Z T TV Fejer mean &3, 77—V THEGHICH T < % Fejer f1DE
BRCHRIDPER S 5, EWVWHEKTH S, sfLWnC &k [5] &,
Theorem 0.2. WIHABEZ up = Yy cre™ € X, 3 C r,. &

p,{’f'l," uloc

T3, TBL 13 TRENTVBHERRX (3)IcBTb (BDLTs—
FEI B S BV SR L EE—D

u(t,x) = ZC,\(t)eiAm € Y;)l,{rl,---ﬂ"e}? CA(O) = Cx, C)\(t) € C([O, T))
AEA

EREND,

REFERENCES

[1] A. Babin, A. Mahalov and B. Nicolaenko, Global reqularity of the 3D Rotating
Navier-Stokes Equations for resonant domains. Indiana University Mathemat-
ics Journal, 48 (1999), 1133-1176.

[2] A. Babin, A. Mahalov and B. Nicolaenko, 2D Navier-Stokes and Euler equa-
tions with initial data characterized by uniformly large vorticity. Indiana Uni-
versity Mathematics Journal, 50 (2001), 1-35.

[3] N. K. Bary, A treatise on trigonometric series. Vols. I, II. A Pergamon Press
Book The Macmillan Co., New York (1964)

[4] D. Chae, On the well-posedness of the Euler equations in the Triebel-Lizorkin
spaces. Comm. Pure Appl. Math 55 (2002), 654 678.

[5] C.Corduneanu, Almost Periodic Functions, Interscience Publishers, New York
(1968).

[6] A. M. Fink, Almost periodic differential equations. Lecture Notes in Mathe-
matics, Vol. 377. Springer-Verlag, Berlin-New York, 1974.

[7] Y. Giga, H. Jo, A. Mahalov and T. Yoneda, On time analyticity of the
Navier-Stokes equations in a rotating frame with spatially almost periodic data.
preprint.

[8] F. Holland, On the representation of functions as Fourier transforms of un-
bounded measures. Proc. London Math. Soc. (3) 30 (1975), 347-365.

[9] F. Holland, Harmonic analysis on amalgams of LP and 19. J. London Math.
Soc. (2) 10 (1975), 295-305. h. Fluid Mech., 3 (2001), 213-230.

[10] A.Mahalov and B. Nicolaenko, Global regularity of the 3D Navier-Stokes Equa-
tions with weakly aligned large initial vorticity. Russian Math. Surveys, 58
(350), (2003), 287-318.

[11] A. Mahalov, B. Nicolaenko, C. Bardos and F. Golse, Regularity of Euler equa-
tions for a class of three-dimensional initial data. Special Volume on 'Trends
in Partial Differential Equations of Mathematical Physics’, Nonlinear Analysis
Series, Birkhauser-Verlag, 61 (2004), 161-185.

[12] H. C. Pak, Y. J. Park, Existence of solution for the Euler equations in a critical
Besov space Béo’l(R”). Comm. Partial Differential Equations 29 (2004), no.
7-8, 1149-1166.

[13] Y. Taniuchi, Uniformly local LP estimate for 2-D wvorticity equation and its
application to Euler equations with initial vorticity in brno. Comm. Math. Phys.
248 (2004), no. 1, 169-186.

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF TOKYO,

3-8-1 KoMABA, MEGURO-KU TOKYO 153-8914, JAPAN
E-mail address: yoneda@ms.u-tokyo.ac.jp



A Characterization of the Gel'fand-Shilov space S; and (S))’
Weyl transform

Yasuyuki Oka
Department of Mathematics,
Sophia University, Tokyo, Japan

Abstract : We will give a characterization of the Gel’fand-Shilov space S and its dual space (S;)’
using the Wey! transform.

1 Introduction

The aim of this investigation is to characterize the Gel’fand-Shilov space S and (S7)’ on the phase space
by means of the Weyl transform. Specifically, we will show the correspondence between the given function
space in which the symbol of the Wey! transform belongs and an operator class with some estimate. The
Gel’fand-Shilov space was introduced by I. M. Gel’fand and G. E. Shilov in [6] and was characterized
via the Fourier transform in [1] and via the Wigner distribution in [2]. The Weyl transform W(F) with
symbol F € L*(R?9) is defined by

WENe) = [[ | Flairte.nelle)dady , o € @),

where 7(z,y) acts on ¢(z) as follows: [w(z,y)¢](€) = @ EF22¥ (¢ + y). Note that m(z,y) is an
irreducible representation of the Heisenberg group at t = 0. We call F the symbol function in this paper.
Moreover, for F € L*(R??), the matrix elements of the Weyl transform W(F) is given by

d

W(F) )4 / / (2, )V, 9) (, v)dedy , f,9 € LA(RY),

where V(f, g)(z,y) is defined by

da

V(o)) = ot [ s+ Dol - Dap

V(f,9)(z,y) is called the Fourier-Wigner transform. The Weyl transform W(F) has the following prop-
erties. If the symbol function F is in L!'(R?9), then W(F) is in B, the set of all bounded operators on
L2(R%), and if the symbol function F is in L?(R2?), then W(F) is in H.S, the set of all Hilbert-Schmidt
operators on L?(R?%). Then it is natural to ask the following with regard to the Weyl transform W(F)
of the symbol function F: If the symbol function F is given, then in which operator class does W(F )
belong? To this problem, it is known that if the symbol function F" is in L"(R%4) (1 < r < 2), then
the Weyl transform W(F) is in the set C of compact operators on L2(R9) [14]. Moreover, if the symbol
function F'is in L™(R??) (2 < r < 00), then B. Simon showed that the Weyl transform W(F) is not always
a bounded linear operator on L2(R%) [11]. With regard to the Schwartz class S(R2¢), A. Voros showed the
Weyl transform of a symbol function in S(R??) belongs in 7, the set of trace class operators on L%(RY)
[13]. Moreover, M. Christ and D. Geller [3] claimed the following theorem:

Theorem 1 (M. Christ and D. Geller [3]) Let W(S(R??)) be the set of all the Weyl transforms with
the symbol functions in Schwartz class S(R®*?). Then

W(S(R2)) = {R € B | VN, 3Cy > 0 such that |(Rha, hg)| < Cn(la| + 1)~V (8] +1)7V},



where hy, hg are the Hermite functions.

We obtain the following result by considering S; instead of S in Theorem 1:

Theorem 2 Let W(SL(R2?)) be the set of all the Weyl transform with the symbol functions in the
Gel’fand-Shilov space ST(R??). Then

W(STH(R2) = {R € B|3a,d’ € (0,00)?, Vo, B € Z%, 3C, > 0 such that |(Rha, hg)| < Cre~ el =187},
where hq, hg are the Hermite functions.

On the other hand, with regard to the Weyl transform of symbol functions in the space of generalized
functions, the following theorem is known.

Theorem 3 (G. B. Folland [5]) The map W from L'(R??) to the space of bounded operators on L*(R%),
defined by

W) = [ Falrte.d©sdy, ¢ € RS)
estends uniquely to a bijection from S'(R24) to the space of continuous linear maps from S(R?) to S'(RY).
Now we considered (SI)’ instead of S§’. Then we obtained the following result:

Theorem 4 The map W from L'(R2%) to the space of bounded operators on L*(R?), defined by
W)@ = [[ | Pl it n)d©dedy, ¢ € 1R,

extends uniquely to a bijection from (ST) (R2) to the space of continuous linear maps from ST(RY) to
(S7)'(RY).

2 The Gel’fand-Shilov space S” and (S])’

First of all, we give some notations. We use a multi-index o € Z%, namely, o = (a; ---ag) where
a; € Z and a; > 0. So, for z € R, 2% = g8 ... 25¢ and 9 = 92 --- 924, where 0] = (%)O‘Jﬁ The
Fourier transform F for integrable functions f is defined by

F1(E) = (2n) 4 /R fae =,

Definition 1 (The Gel’fand-Shilov space S7 [6]) For r = (r1, -+ ,rg) and 73 > 0, 1 <i < d,
SR (RY) = {p € C=(R?) | V5 € (0,00)%, Vp € (0,00)%, 3C5, > 0 s.t.

|k 08p(2)] < Cop(A+8)F(B + p)IA" g | kg € 28},

where A, B € (0,00)? is given and

(A+0)% = (A1 + 60" - (Aa + 8a)*,
(B+p)? = (Br+p1)® - (Ba+ pa) ™.
S, P (R?) is a Fréchet space with the semi-norms

|z*8%p(z)| (6i,pi =1 L l)
(A+5) (B+p)qkquqr 9 Z7p7._ 7273 .

||¢”5p sup

The space ST (R?) is defined by

sy =UJUJsed
A B



and the topology of ST(R?) is given by the inductive limit

SI(RY) = lim S (RY).

A,B— oo
SI(RY) = {p € C®(R?) | IA,, B, € (0,00)¢, 3C, > 0s.t.
l*88p(z)| < C¢Akquk’"qu , Vk,q € Zi}.

It is an interesting consideration to study the correspondence between functional space and sequence
space. For example it is well known that L? = |2 and S = s [10]. Of course, with regard to the Gel’fand-
Shilov space ST, the correspondence between ST and some sequence space is known by G-Z. Zhang [15].
G-Z. Zhang gave the correspondence between ST and some sequence space by the Hermite function as
follows:

Theorem 5 (G-Z. Zhang [15]) Let ¢ € ST(RY), r; > 1 (Vj). Then there exist some constants C >
0 and L € (0,00)¢ such that

¢ = Z (¢, ha) ha and | (&, ha) | < Cexp(—L|a|%)_
|o|=0

Conversely, if |aa| < Cexp(—Ll|a|z) for some constants C > 0 and L € (0,00)¢, then the series
oo

Z aaho () converges to a function in ST(R?), where hy are the Hermite functions defined by
|a]=0

ha(z) = hay (21)hay (22) - - hay(d),
ho;(z5) = (2"‘jaj!)‘%7r—%(—1)“fe%z?8§jfe_1?.
As a remark, it is known that {ha}aezi forms the orthonormal basis for L2(R%) .

Theorem 5 plays the important role of our main results in this paper. We denote the dual space of
Sy (R?) by (S7)(RY).
3 Main Theorem 1 and Main Theorem 2

Instead of the Schwartz class S(R24) in Theorem 1, we consider the Gel’fand-Shilov space ST (R%).
Then we obtain the following result.

Main Theorem 1 Let W(SZ(R2?)) be the set of all the Weyl transform with the symbol functions in the
Gel’fand-Shilov space SF(R??). Then

~ 1 1A
W(SI(R?*?) = {R € B|3a,d’ € (0,00)%, Vo, 8 € Z%, 3C; > 0 such that |(Rha, hg)| < Cre=@lol™ e=@1AI77 1
where hy, hg are the Hermite functions.

We remark that we use Theorem 5 [15] to prove Main Theorem 1, so we can deal only with ST (R2¢).
For the proof of Main result, we recall the following lemma with regard to the Hilbert-Schmidt operators.

Lemma 1 ([9]) A € HS if and only if {|| A¢p||z2(gey} € [ for some orthonormal basis {¢,} on L2(RY).

Proof of Main Theorem 1: We denote by G the operator class {R € B |Ja,a’ € (0,00)¢ , Vo, 8 €
T Sl
Z%, 3C, > 0 such that |(Rha, hg)| < Cre=9l21?" ¢=aI8127} Suppose F € ST (R??). By the integral kernel



K of the Weyl transform W(F) and Proposition 1 (iii), it is apparent that F € SI(R??) if and only if
K € S7(R?4). Therefore, by Theorem 5 and Fubini’s Theorem, we obtain

OV ) = [( [ Kool )

/ K(p,p')ha(p")ha(p)dpdp’ ’
RE JRA

1 ’ 1
= | (K, hahg) | < Cre~lol? ¢=aI817"

Hence W(F) € G. Conversely, suppose R; € G. Then

NIE

> IRkl gy =
|ae|=0

(thou tha)
0

1l

o

I
NE
M8

(thaa hﬂ)(h’ﬂa tha)

0

|=08]

®

|(Riha, ha)?

I
NIE
NIE

Il
=)

M &

18l

lel=018|

o

1 1
- 2r —2a’ 2r
e2alal®m o=2a'16177 o o

0

By Lemma 1, R; is in H.S and so there exists a function K € L?(R??) with
(Rip)a) = [ K(on)otu)ds
Thus, we were able to show that there exsists G € L2(R2?) such that W(G) = R;. Therefore, we obtain

~ T [N
(VG b, hg) e e 1B = | (K hohg) [e?lo1™ 117 < C,

which immediately give us the estimate

1 1
| (K, hohg) | < Cre~lol® g=alfl®"
Finally, by Theorem 5, we find that K is in S7(R??), and so is G O

We consider the case of generalized functions. For symbol functions in the space S’ of tempered
distributions, we find the following result in [5].

Theorem 6 ([5]) The map W from L'(R2%) to the space of bounded operators on L?(R), defined by
WE)ee) = [[ | Pl it u)d©dedy, o € 2R,

extends uniquely to a bijection from S'(R?2) to the space of continuous linear maps from S(R?) to §'(R?).

Hence, for T € §'(R??), we can define the Weyl transform W(T') by

(W(@)p,0) = (T,V (9, 9) , (9, € SRY),

where V(f, g) is called the Fourier-Wigner transform defined by
_ ~g iz-p ) Y
V(s0) = @0 % [ e=2 5o+ Dolp - P
R4

As an analogue to Theorem 6, we have the following result for (S7)’.



Main Theorem 2 The map W from L'(R?%) to the space of bounded operators on L2(R%), defined by

WE)©) = [[ | Pl ©dedy, ¢ € 2@,
extends uniquely to a bijection from (ST) (R2%) to the space of continuous linear maps from St(R?) to
(ST (RY).
We can prove Main Theorem 2 by using the Schwartz kernel theorem for (S;)" [8].
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AUTOMORPHISMS OF ORDER 3 ON K3 SURFACES
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1. X I

SENIRE 7 K3 Bl _E DAY 3 TH % non-symplectic 7 H .
[ATCDNWTELT 5. DD X 72 C oA K3, wx 22
ZITCHABWVIERI2ERE L, (Z1OFK3FRELIEEE, XD
EHOAE o B p*wx = (wx ZFTETEETHSB. FlccDLH%ED
[ Néron-Severi ¥+ Sx IC HHBIC/ER T % & DODWIERNRTH 5.

[K3 MO L 52K TOMFRLE>TEHEE TRARWV] &
WO K EREMNTHRATZHANDZH, SEIOFET ST O
R TL 3. ERE, ik 2 D& 213 V.V. Nikulin [Ni2) I &> T 2-
elementary ¥ 7 ODAREERAWT, ZOHCARDEERESZRE
FiFB e TER. I THENL 3-elementary T2 W5,

58 K3 E DM WVEERZE o AATZREE [BHPV] % [Be] ZHTH
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JJFU@W&%@L@ﬁm(gé)a;ofﬁ%émaﬂﬁ@%ﬁ

EDOMTEESHTE L, A, E, TA,, E, ® Dynkin KIEM5
EEHEEERBE T 2H 50T, FEETL BB mIIHL, Lim)
T L ORRRE R m & LT & ¥ 2K

ETC, SEIDOFHRIZRDE S BB T TH 5.

Definition 2.1. L ZIFER{kA%F& L, L* =Hom(L,Z) £ %. &K
Bplcw L, L*/L ~ (Z/pZ)* W DIID& &, L7% p-elementary }&
Flwns.

—fIC Sx W HBNCYER 9 204X p D non-symplectic 7% H AT
f£9 % L&, Sx & p-elementary #FIC% Z EHHHBNTWS. ([Vo,
[Konl])

SENIAIEL 3 DE AT ZEZE Z TW% DT 3-elementary T DK
HICE D, LBV LIC p(# 2)-elementary 5T A.N. Rudakov &
LR. Shafarevich [RS]IC K> THEHEIN TN 5.

Theorem 2.2 (Rudakov and Shafarevich). p#£2, n >2 &9 3. rank
n DANESH p-elementary STl s I K> T—EMICEX 5.

5 X 3HRERADT, Hodge DIFEUEHMN B Néron-Severi ¥+ D
fF5ld (1, rank Sx — 1) TH 3. DEH ZOEHZH WS T & THER
Néron-Severi #FZR2HEZHT I EDNAREL KD, HEONTHHERE
ZR5 L, SGEESNE K3HE IR TEHthmoEEZz{iD &
W%, FEEICEEH (Theorem 3.2) ZAEIAT % & XIC, FMHHEHD

FET 7 A N—D0H ([Kod]) BRHRICRS.

3. HORM L EESEs
FTEERESGLETD e DEBZFNERTEL.

Lemma 3.1.

(1) P& plcks X OIVERAETS. COLE P TORMELEE

2
m%a,w*u(% g)a%wa.
(2) C ZEEIFHZHBE L, Q% CDEETE. COLEQ TORMN
@%%m%a,@u<ég>zéwa.
COMHBICE>T X D plc XAFEESESZENIS 5 &, i
LI RIROERI TH % < LD G, TN OEEREME
FO ST C ENTED. FRICRAR D VO,



NON-SYMPLECTIC AUTOMORPHISMS OF ORDER 3 ON K3 SURFACES

Theorem 3.2. Sy % Néron-Severi #&+, p7% X @ Picard (& L, s
2 Sx/Sx DMUNERTTORT %, DL ZERMEDALD.
(1) 22— p—2s < 07x 513 X 130744 3 D non-symplectic T Sx I H
WSR2 B R Z R om0,
(2) 22— p—2s > 075 51F X 13A% 3 D non-symplectic T Sx I F
BICERS 2 HOEARZRD. SOICEERES XY = {z €
X|o(z) =z} EROINTT5 5.

X = {(PYO{R}II{R}IICY if Sy =U(3)® E;(3)
{PIU.-- - II{Py}UCYWHE I---IT Ey_; otherwise

C T, PN, CWIIFEE g DIERFERY, E; (3IF%F
HAEHIRTHS. ZTLTM=p/2—-1,9= (22— p—25)/4,
N=(6+p—2s)/4 %%,
ETHIC22 - p—2s > 0 THNIINIEL 3 D non-symplectic T Sx I
HINCIER S % B AABZ RO K3 #hilm o BAGI 2T 5 2 &N T
5.

EHD (2) DRFFRICBWTHS 77 =y 7 3 fEMimORER T 7 1
IN—D574H, Lefschetz OFH (FHIZRE D EMFHNEE D), Hurwitz
DRINTHB. TNHICK->T Sy TEICT—R A « Fr—ATHEH
SRR OE T v R LT L.

B, (1) IKELUTREETFOFREEZHAVWTRT I ENTES.

4. 5
—DH7ZZR L THEL.

Example 4.1 ([Kon2]). C ZfE%4 OIFEREMERE T 5. PPNTE
ZNE, CLEBLK 2 Rihi Q & BEK 3 kethi S DTEERX THB T &
WCHET 2. ZCTXZCTHIRTZ QO=FEHELTS. D&
X W K3hETHY, CZEETAHMNE3OACEE o ZFD.
WO ZEETZ T ehD, HOX,0%) ~NOEME 1 OE 3 FAR ¢ 5
THHTEENbMB (Nil]) . DED ¢ id non-symplectic TH 5.

ETC, E%ZQOD—DDH (ruling) D—f 7 7 A N—DiHBR LTS, F
LARICMDENS/ENZEDET B, TDEE E L FIIFEMARTR
kD, EOREE FIZ3THS. ZLTINED X D Néron-Severi
WFZERT B ehbhd. ThkbE Sy =UB3) ThHs.

U@B)Icld (—2) N7 MV EENTWIRWODT X S HHEIR 257z
BV, DR DEERESICEAEIRIE T ENRV. & 5IC Lefschetz
DEHMNSEESEGDA A T—HIE -6 THB T hbhadh, Th
WX C DX AT—He—8HT 3. ChIEERESIANIENTENT
WiEWWC EEREKT 3.

PECE->T, X =CW TH53.
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CICHEE SRz 2 C & THID BRI ZIESD T LN TE 3. i
MO K > THEHERES S Néron-Severi &1 & Hx 5.
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Asymptotic stability of planar stationary waves for
damped wave equations in multi-dimensional half space

Yoshihiro Ueda  (Kyushu University)

We are concerned with the long-time behavior of solutions to the following
damped wave equation with a nonlinear convection term

(1) Uy — Au+uy +divf(u) =0

in the n-dimensional half space R? := Ry x R*"!, where R, := (0,00) and
n > 2. Here x = (z1,...,x,) is the space variable which is sometimes written
as v = (z1,2') with z; € Ry and 2’ = (zy,...,3,) € R}, u = u(t, z) is the

real valued unknown function, and f = f(u) is a given smooth function of
u € R of the form f = (f1,..., fn). The initial and boundary conditions for
the equation (1) are prescribed as

(2) U(O, II?) = Uo(l‘), ut(0> .’IJ) = U’l(x)a

(3) u(t,0,2") = uy,

where up is a constant. The initial function ug(z) is supposed to tend to a
constant u,, which is not equal to wuy, in the normal direction:

(4) lim ug(z) = us (# up).

T1—0o0

We also assume that the flux function f satisfies the sub-characteristic and
convexity conditions:

(5) |f'(w)] <1 and f](u) >0 for u € [up,uql,

where f' = (fi,..., fr) and | f'(w)| = (X}, [fj(w)P)Y2.

The main purpose is to obtain a convergence rate of solutions to the
initial-boundary value problem (1), (2) and (3) toward the corresponding
planar stationary wave. Here, the planar stationary wave ¢(x1) is defined



as a solution to (1) which is independent of ¢ and 2z’ and satisfies the same
boundary condition (3) and the spatial asymptotic condition (4). Namely,
¢(z1) is a solution to the corresponding one-dimensional stationary problem:

(6) _¢1‘1$1 + f1(¢)z1 = Oa
7) 60) =un  lim (o) =

The existence of solutions ¢(z;) to the problem (6) and (7) is studied in the
paper [6]. For the details, see also [9]. Here we summarize the existence
result in the following proposition.

Proposition 1. ([6]) A necessary condition for the existence of solutions to
the boundary value problem (6) and (7) is fi(u+) < 0.Moreover, under this
condition, we have:

(i) Non-degenerate case: Suppose that fi(uy) < 0. If up < ug, there exists
a monotone increasing solution ¢(z;). If uy < wp and fi(u) < fi(us) for
u € (ug,up), there exists a monotone decreasing solution ¢(z1). In both
cases, the solution ¢(x;) satisfies

(8) ‘3’;1(¢($1) —uy)| < Cée ™ for k=0,1,...,

where ¢ := |up — uy| is the amplitude of the stationary wave, and C' and ¢
are positive constants.

(ii) Degenerate case: Suppose that fi(uy) = 0. There exists a solution ¢(z1)
if and only if u < u,. The solution ¢(z;) is monotone increasing and satisfies

9) |08 ($(z1) — uy)| < CFFH(L + 621)~*FD for k=0,1,...,
where C is a positive constant.

The following two theorems are the main results which give the conver-
gence rate of solution u(¢,z) toward the planar stationary wave ¢(z1). The
first theorem gives the convergence rate for the non-degenerate case, and the
second treats the degenerate case. To summarize the results, we assume that
u— ¢ €Y NY]! and u; € X* N XY for s > [251] + 1, and put

M = lug = @l3em + lluo — lITy + llualis + ualle,

where the spaces Yt X* V! and X0 and their norms are defined at the
end of this section, and [z] denotes the largest integer which does not exceed
z.



Theorem 2. (Non-degenerate case) Suppose that fi(us) < 0 and up < us.
Let oo > 0 and s > [%51] + 1, and suppose that ug — ¢ € Y**' NY,} and u; €
X*N XY, Then there exists a positive constant &y such that if My < &y, then
the problem (1), (2) and (3) has a unique global in time solution satisfying

u—¢ € C([0,00); YT nYH N CH[0,00); X* N XD).
Moreover, tangential derivatives of the solution verify the decay estimate
(10) 16" (w = 6,V (u = ), u) (D)2 < CMa(1 +1)~*72

for each k& with 0 < k < s. In particular, we have the following L? decay
estimate:

(11) 1w = @) (#)l|o < OMg(1 4 1) /2- (=022
for any p with 2 < p < co.

Theorem 3. (Degenerate case) Suppose that fi(uy) =0 and up < uq. Let
s > [271] + 1 and suppose that ug — ¢ € Y*™ and u; € X°. Then there
exists a positive constant g such that if My < o, then the problem (1), (2)
and (3) has a unique global in time solution satisfying

u— ¢ € C([0,00); Y1) N C([0, 00); X*).
The solution verifies the decay estimate
(12) 10" (u— 6,9 (u = ), ue)(#)] 2 < CMo(1+ )7
for each k with 0 < k < s. In particular, we have
(13) 1w = @)(B)lz» < CMy(1 + 1)~ (r=D/2A22/D)
for any p with 2 < p < .

Remark 4. The L? decay estimate (10) and (12) for tangential derivatives
may be optimal but we have no such a better decay estimate for normal
derivatives. Therefore the L? estimates (11) and (13), which are based on the
decay estimates for derivatives and the Gagliardo-Nirenberg interpolation,
might be not optimal. In fact, we know ([5], [4]) that the L? decay rate



for viscous conservation laws is t~(/2(1/2=1/p) which is better than our rate
$-((-1/21/2-1/p) fo (1),

Remark 5. In Theorem 2, we require the non-degenerate stationary wave
to be monotone increasing. However, this requirement can be removed. In
fact, for the monotone decreasing stationary wave, we can show the same
convergence result (11) under the additional condition that the amplitude &
of the wave is sufficiently small.

Remark 6. For the non-degenerate case, we can also obtain the exponential
convergence rate by assuming that the initial perturbation (v, Vg, v1) be-
longs to the exponentially weighted space L2 ., = {u; e/ D71y, € L2}, The
proof of this result is similar to that for the one-dimensional case discussed

in the paper [9], so that the details are omitted here.

Notations. The differential operators V := (9,,,...,0,,) and A := 377" | 62
denote the standard gradient and Laplacian with respect to = (x1,. .., Zs),
respectively. For a nonnegative integer k, we denote by 0 the totality of
all the k-th order derivatives with respect to the tangential variable z’ =
(CCQ, Ca ,IEn).

For a domain 2 C R% and a nonnegative integer s, H*(2) denotes the
s-th order Sobolev space over 2 in the L? sense with the norm | - || gs(q). We
note that H%(Q2) = L?(2) and sometimes abbreviate H*(Q) to H* if Q = R"..
We define a Banach space X*® over R"} as

X ={uel?* dfuecL?for k<s}, |ul

s 1/2
o= (o l0kul) " = lull,
k=0

where 0% are tangential derivatives so that this definition does not involve
any normal derivative 8,,. Notice that X® = L2(R; H*(R"1)). Also, we
define

Vst ={ue X*; Vue X}, |y

your = || (u, V)

xe = [l(u, Vu)s.

Finally, we introduce the corresponding weighted spaces. For a € R, we
denote by L? the space of functions u satisfying (1 + z;)*?u € L?, with the
norm

(14) lull = ([ 1+ a)efuto)Pas) ™

Ry



Note that we only use the weight with respect to the normal variable z;. We
introduce the weighted spaces X2 and Y*! as

Xt ={uel? fuc L fork<s}, Yt ={ueX: Vue X},

and denote the corresponding norms as || - |[xg and || - [|ys+1, respectively.
Note that [lullxg = llullzz, llullvz = [I(u, V)| 2.
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Physical states of quantum electrodynamics
with an indefinite metric

Akito Suzuki !

Department of Mathematics, Hokkaido University

1 Introduction

Let us consider the quantized electromagnetic field interacting with a classical given source
[4] and construct the quantized radiation field A* (u = 0,1,2,3) as an operator-valued
distribution [8] satisfying the following equations

DA, (L, x) = ju(t,z), (t,z) € R xR (1)
) = Au(e), 5 AWLD) = Auo), )

where the current density j* of the source is conserved:
oMyt x) = 0. (3)

Here the Fourier expansion of A,(z) and A,(z) are written as

3

() = 1 dk eW ar (B)e** + al (ke k=
A_’l( ) ; (271')3/2 RS \/m—)- j (k) ( )\(k) + )\(k) ) )
1 dk

Ao(ﬂ?) =

(ao(k)ei’“'z + ag(k)e‘“"'m) ;

(2m)3/2 Jrs /2w (k)

and

Ao(e) = =i /R dk w (k) (e =ah(k) - e*a(k))

where w(k) = |k| is the single photon energy of the wave vector k € R3, eM(k) € R®
(A =1,2,3) the polarization vectors satisfying
_k

853)(]6) - ma ] = 1a2’37

S e (k)M (k) = S, AN =1,2,3
j=1

The operators a,(k) and its adjoint af,(k), called the annihilation and creation operators
respectively, satisfy the canonical commutation relations (CCRs) as follows:

[au(k)a al(kl)] ~gm,(5(k3 - k’)v
[a,(K), a,(K)] = 0 = [af,(k), al,(K)],

IThe author is supported by JSPS research fellowships for young scientists.
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where the 4 X 4 matrix (g, )uv=0123 is the diagonal matrix with
goo = —9gj; = 1 (.7 = 1a2>3)’ (4)
g =0 (p#v). (5)

Let F be the state space where the operators A, act and (- | -) the metric on F. Requiring
the existence of the vacuum state 2 € F characterized by

a, (k)2 =0, (Q]Q)=1,

we find that the state space F is an indefinite metric space. Indeed, for f € L*(R3),
setting Wy = [o, dk f(k)ad(k)S2, we have

s 195) = [k [ dar )@@ faoth), ab(a)o)

—/ | f(k)[2dk < 0.
RS

As was seen in [7, 8], one can define the operators a(k) and a'(k) on a Krein space F
which is given by the usual Fock space and a metric operator acting therein. In the usual
quantum theory, since the state space is a Hilbert space, the theory can be probabilistically
interpretable. The above state space F is however an indefinite metric Krein space, so
that the theory can not be immediately probabilistically interpretable. According to the
Gupta-Bleuler formalism [2, 3], one can select a probabilistically interpretable subspace,
called the physical subspace, from the state space. We interested in the physical subspace.

2 Gupta-Bleuler formalism

Let us now explain the Gupta-Bleuler formalism. By (1) and (3), we find that 0*A, is a
free field:
Oo*A,(t,z) = 0.

Hence we may write 0 A,(t, ) as
oAt x) = / dk (a(k)e “Wteite 4 of (k) Mre o)
R3

In the above equation, the term which has the factor e~ ®®? (resp. e“®?) is called

the positive frequency part (resp. negative frequency part) of 9*A,(t,z) and written as
[0#A,(t,2)]) (resp. [0*A,(t,z)]7)). For the state vector ¥ € F, the condition

" At 2)] 0 = 0 (6)

is called the Gupta subsidiary condition [2, 3, 6, 8]. The physical subspace Vypys is formally
defined by

Vohys = {\p € }“ 0" A, (t,2)] D U =0, (t,2) € R x R3} _ (7)
Let us here mention the physical meaning of Vypys. It is clear from definition (7) that

(U | 0" A,(t,2)®) =0, T, ® E Vpnys, (8)



which is called the Lorentz condition. From a classical field theoretical point of view, the
equations (1) and (8) are just the Maxwell equations in the Lorentz gauge. If we can show
that Vpnys is non-negative, i.e.,

<l];l | ‘Ij> Z 0’ 4 € Vphysa
we obtain the physical Hilbert space Hynys given by the completion of the quotient vector
space Vpnys/ Vo:
thys = Vphys / VO>

where V) is the subspace of all neutral vectors of Vyhys:
Vo ={V € Vorys | (V| ¥) = 0}.

In this case, the states in Hpnys can be probabilistically interpretable in the usual way
(for more details see [5, 6]).

The physical subspace Vphys, in other words, is the solution space of the vector equation
(6) for all (£,z) € R x R3. The zero vector 0 € F is a trivial solution of (6). We say
that the physical subspace Vpnys is trivial if Vpnys = {0}. It is of course expected that the
physical subspace Vpnys is non-trivial: Vs # {0}. It is, however, not clear whether Vphys
is non-trivial or not. It depends on the property of the current j*.

Recently, in [7], we study the physical subspace in the case where j°(t,2) = p(z) is
independent of time and j* =0 (i = 1,2, 3). We say that a function p is infrared regular
if p € Hy**(R3) and that p is infrared singular if p ¢ Hy/*(R?), where

Hy(R®) = {f € #'(R%) | w*f € L*(R®)}.

In this case, we proved that Vg is non-trivial if and only if p is infrared regular. We are
interested in the condition that Vyhys is non-trivial in the present case.

3 Construction on the Fock space

Let F be the boson Fock space over & L?(R3):

]_‘:J_‘( 4L2R3 @@ 4L2R3
where ®7 denotes the symmetric tensor product with the convention
®? [*LA(R%)] = C.

A vector ¥ € F can be identified with the sequence {¥™1}%  of the 4™-component
squared integrable functions ¥ = {\If,(ﬁ)un } =012 satisfying that, for all permuta-
tions T,

\pfg)w-,un(kl’ k) = Lpftz)u)r-w#w(n)(kﬂ(l): T akW(n))-
The metric of F is given by

(U] @)= Z z /]R3n ”)" ,un(kh“' k)

x (_gu1l/1) ’ ( gunlln)q)() ,yn(kla akn)



for all ¥, ® € F. Let us define an operator n on F by
). (bt kn) = (i) - (=GOS (R, S ), e
We observe that n = n* = ! and that
(O | ) = (D, nT), ¥, ¢eF,

where (-,-) denotes the (original) inner product of the Fock space F and * the usual
Hilbert adjoint with respect to (-,-). Hence F is a Krein space with the metric operator
n. We consider that the state space F is the Krein space (F, (-,-)) which has the norm
topology given by the norm

W) = (¥, %), ¥eF
For each U € F, we define a,(k)¥ € x2°, ®" [¢*L*(R?)] by
(a, (b)) (ke k) =V LU (K k- k), ae,
where the symbol “x” denotes the Cartesian product. Let
D(a,(k) —{\Ife}"lau ) € F, aep€R?}.

We note that D(a,(k)) is independent of k. The Fock vacuum 2 := {1,0,0,---} € F
satisfies that © € D(a,(k)) and that

a, (k) =0.

Let
/ f*(k)a,(k)dk, f € LA(R?).

We also denote the closure of a(f) by the same symbol.
In general, the adjoint operator A" of an operator ‘A on the Krein space K with the
metric operator ¢ is given by AT = 1 A*.. We observe that the adjoint of a,(f) is given by

o _ —ao(f)", p=0
p(f) {aj(f)*, #’:J: 1,2,37

and that for all f, g € L?(R3),

[au(f) _“Q;W/ Ik
[a,(1), au(9)] = [a}(f),al(g)] = 0

on the finite particle space Fy where
Fo={¥ € F|¥™ =0 for all n > ny with some ny € N}.

Formally, we write

o) = [ dkf(k)al (b



Let us solve the equations (1) and (2). For the technical simplicity, we assume that
ju € Z(R*). Then the solution is given by

At z) = ALO)(t, x) + Af}(t, x),

where
3
A;O)(t,a:) - Z 13 5 dk eg-’\)(lc) (a)\(k)e—iw(k)tﬂk-x + ag(k)eiw(k)t_ik‘z> ’
=1 (27m)3/% Jrs /2w(k)
(0) _ 1 dk —iw(k)t+ik-z i iw(k)t—ik-z
A .5) = G L Tt (ao(ke +ab(k)e )
and

w

. bsin(t — 7w .
A = [T )
0
with w = /—A. It is not difficult to check (see [1, 7, 8]) that the maps

FRYS fro | dof(t,z) (V] At 2)®), p=0,1,2,3

R4

are tempered distributions on R* and, in this sense, satisfy the equations (1) and (2).

4 Physical subspace

By direct calculation, we have

—itw

[ Au(t,2)] D = (AP (1,2)) P + 55— 0, 2)
w
, W) e 1 jo(0,k)
— _ dk w(k)t+ikz k) — k) — — ’
? s —%2(277)36 ao(k) — as(k) V2 w(k)3/?

where we have used the equation (3) and integration by parts. Similar as in paper [7], we
have the following theorem

Theorem 4.1. (i) Ifj(0,-) is infrared regqular, then Vphys is non-trivial and non-negative.

(11) If j(0,-) is infrared singular, then Vpnys is trivial.
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Poset transformations and Quasi symmetric
functions

Bl e
RV E M ZEDIFERLD 2

1 Poset |CBIT HEREIR

Definition 1.1
G PICLUFOZM 279 2 HER <HAVERIN TV S & ZH (P, <) % Poset(Partially
ordered set) £\ 9,

(1) ze PIcL Tz <z

(2) z,ye PICHLTz<yhDy<zikbidz=y

(3) z,y, z€ PICWLTz<y, y<z GHdz<2

ARG Tl finite GEEDNERR) . graded P& 5T %) bounded (BAITT,
B OE/INT0 MMEES B) 75 Poset DA EEZ B, TDXK S 7% Poset 3EIC1E Boolean
algebra 7% HLh & L C distributive lattice, geometric lattice , Polytope, Eulerian
poset, shellable poset, Cohen-Macaulay poset % ERELZ 7% 7 5 AMWHMHNTE D 1EFE
ISR R ENT WS, 2 HILAE Tl Poset h B E&R S 115 flag-vector & Z DR
758 D TH B Quasi symmetric function Z FIHHT L TWETZW,

SATIIZE & U 28 distributive lattice 1B U Tl Z D _HITEFR & N7z Birkhoff
transformation & Stembridge map & DBEfEMY Hsiao I K> THLMICENTWV S,
([7] [9]) % 7z geometric lattice iZ DUV T IE matroid &5l & DTH D, Bl Z LT
HEEOR R E ENHITE5N5, KO KNI Billera, Ehrenborg, Readdy Ic K
D oriented matroid & geometric lattice O flag vector Z /T L7zBRMNIBRS TN
%o ([2]) #fn)* & OBLHE T shellable poset NE L FEEN TS, UL Poset
W OEE B IEFEAEREE Z 72 £ &I bR Y —IC B % shelling ZRFDEIRITH G
T35EDTEHICEL shellable poset , CL shellable poset ZAd5 O, [3],[4] I
L IBREN TS, KIZ EL shellable poset IcBL TIXZFD LICEREI NS
label n 5 flag vector ZRFHAf IS 5 2 £ N T & %, Polytope ICE5U) % face lattice (3
Dehn-Sommerville DER 2723 T ENED SH SN TV face IS BT % BER
A& flag ICHE5R U7z Generalized Dehn-Sommerville %2/ Billera, Bayer Ic K> T



Eulerian Poset | T/RENTz, ([1]) TDFRIE Stembridge peak algebra, ab f58U&
U cd 5B ERIRL TV B T N> TEB O IFFICHIRIRNE D TH S,

2 flag vectors & Quasi-symmetric functions (D
W

T DHITIZ finite, graded, bounded 7% Poset 1< L T Quasi symmetric function
(LR Qsym £ 509) ZXf i &8 2 OMHEIC DN TEHIC AN S,

WE P :={P| P: graded, finite bounded poset}

Pn:={P | P: graded, finite bounded poset rank =n} ELBEEET %,

Definition 2.1

K7&kET %, N MVZER KP I UT Poset DIEFRE x THZED. REA%Z

LFDOESICEDD, TDEEKPIEMREE %3, KT Hopf &5,
A(P) = Suepl0,2] ® [£,1] P eP.

Definition 2.2
PeP, 3%, ScCn—1cH LT flag-vector ag(P) ZLATFD XS ICED %,
as(P) = ﬁ{(ﬁ, Ti, T, - Tk, T) | 0<2i<2o< - -7 <T, rk(z;) € S}

Remark 2.1

flag-vector B Mébius BISUZEIET 2 C LN TE %, F2HE Mobius IS 0 & 1%
HERHEEEROEZIC XM 2 5 2 5Nz rank i85 EOEEU flag-vector T
H2TEND u(P) = Sgcpyy (1) ag L7455,

Definition 2.3
IR RCEAREER Kty to, - - | WO LIRS Qsym ZLLFO XS ICED B,
Qsym = SpanK{Ztil<“'<tir tirtsy - tir [ a; € N}
£ U S ety B 1 = Moy o, EBE Q50 = B,y KMo,
Lz Qsym & K KEUCK %, £
A(M((ll,az,"'ar)) = Nie1M(ay,a) ® M(ai-i—lv"'ar)

K> TARENC T %, & <1< HopffREUCE %,

Remark 2.2
n O (ar,---ar) & [n— 1] OFREE {ar,a1 +az, ra1+as+ 0,1} =S &
ﬁ#*ﬁ LT M(al,ag,ma,-) e MS k%< & %)36%0

Proposition 2.1
F . KPP — stm 7% F(P) = ZS(:[rk(P)—l]OZSMS cl_’_ b?”z}_’_% F Li Hopfﬁ?&%ﬂl
%%,



Definition 2.4
Qsym DERNES Peak LI FD XS ITERT %,
Peak, := spani{Ky | Ky = Egc[nﬁl];,\cSUSleZ'S'“MS A : left sparse set}
Peak := @,,c Peak,
fHU A : left sparse set <4l & A, i€A=i—1¢A
D& & Peak 1 Qsym DFERDIWRE L 72D Peak 7 Stembridge peak algebra &
A%}

3 QsymlTHBIFBREBEDH 55| ERT TS Poset B

Z OHITIE Qsym 123513 B B2 783 LT < ODEKBIE RN T 5, TO&
5 TR A X NS B OV T 6] ZBIOC &,

Definition 3.1
G : Qsym — K algebra-map IcXfL § : Qsym — Qsym ZLATFD K SITE
»5,

f](M) == Ek212G(M(1))G(M(2)) s G(M(k+1))M(1) o} M(2) O--- M(k+1)

HU AR(M) = SM1yo Myo- - My, Moy, ap) © Msy,8) = M(ar,ap.p1,--5,)
9%

Proposition 3.1
GBS T2 > T %,

Problem 3.1
H% G € Alghom(Qsym, K)ICH LT FoO(P) ~ goF(P) L7554 X570 : P —
P 7= DOl K,

Remark 3.1
= T4 T~ TH DRI AKGIRE R 12 £ 2 ZHT— R THETE TV,
K E 1D RF TN TENETH S,

Example 3.1
(1) GIF(P)=1&LlctZid : P— P BT %,

(2) G(F(P)) = Spep(—1)*@) (0, z) & LIz & % (g) 13 Stembridge map \& 75 %
& LI P % distributive lattice & U7z & EXfJind % Poset 2453 Birkhoff transfor-
mation 75 %o

(3) G(F(P)) = Sacp(1—7)*@ (0, z) & LTz & ¥ (g) 1d r-signed Stembridge map
£ %, &< P 7% distributive lattice & Utz & EHIid % Poset 224113 r-signed
Birkhoff transformation lZ7% %

(4) G(F(P))=4P & L7Jz& & © 3 Chebyshev transformation 7% %,



Remark 3.2

G DHEMN My, ..o, EWVITETIEL F(P) &5 TWVWADIE Poset ZiEi# L TD T
& THB, Cartesian product ZIEDRWAE R EFf> T NSNS % 6 &1lH
WEDTHAHH EHIRLTDOTETH B,

Remark 3.3

(2),(4)CHBWT P % Eulerian posetlc LTc & & G R U gld3—5d %, UM U Birkhoff
transformation & Chebyshev transformation 3F -7 I TH 5, TDAFFWx
ISR g RBERLED LV TEDOT L DTH B,
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Application of non-commutative Grobner basis to a free

resolution of a module over the Steenrod Algebra.

TOMOHIRO FUKAYA*

Abstract

We review the theory of Grobner basis for the non-commutative rings and apply it to the Steenrod
algebra and modules over it. For example, we can compute the F»-terms of the Adams spectral
sequence, which converge to the homotopy set of continuous maps of spaces.

Introduction

The singular cohomology has cohomology operations called Steenrod operations. If we consider the
actions of them for the cohomology of the space, we will have more precise information on the space. For
example, Fa-terms of Adams spectral sequence, which converge to the homotopy set of continuous maps
of the spaces, are given by the 4, free resolution of the cohomology group of the space.

First, we review the Steenrod algebra and Adams spectral sequence. In section 2, we give the definition
and the algorithmic feature of non-commutative Grobner basis. In section 3, we explain the algorithm to
computing a free resolution of a module over the non-commutative ring.

1 Steenrod algebra and Adams spectral sequence

THEOREM 1.1. Steenrod algebra, A, which is generated by operations
Sq*: H*( ;Fy) — H*T( ;TFy),

for i > 0, satisfying
(1) Sq® = the identity homomorphism.
(2) If x € H"(X;F3), then Sq"z = 2.
(8) For all z,y € H*(X;Fy), S¢f(zuUy) = Ef:o Sq'zUSq* %y, the Cartan formula.
(4) Sq' is the Bockstein homomorphism associated to the short ezact sequence
of coefficients, 0 — Z/2Z >3 Z/AZ — Z/27 — 0.
(5) The following relations hold among the generators: if 0 < a < 2b

R
Sas _ a+—lsz
qa"Sq ;(a_%)Sq q

These relations are called the Adem relations.

2000 Mathematics Subject Classification. Primary 55H15; Secondary 55S10.
Key words and phrases. Steenrod algebra, Free resolution, Non-commutative Grébner basis.
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THEOREM 1.2. Let I = (i1,%a,...,%,) be a sequence of nonnegative integers. We say that I is admis-
sible if 151 > 2is for r > s > 1. Associate to I the product of generators Sq’ = Sq**Sq*2---Sq'r. We
say that Sq’ € Aj is admissible if the sequence I is admissible. The admissible products form a vector
space basis for A.

1.1 Adams spectral sequence

We denote the group of morphism {Y, X}y = lim_,[S"+*Y, S"X]. For an abelian group G, )G denote
the quotient (,)G = G/{elements of finite order prime to p}.

THEOREM 1.3. There is a spectral sequence, converging to (y{Y, X }«, with Ea-terms given by
8,8~ s,t * . * .
(1) E2 = EXtA2 (H (X, FQ), H (Y,Fz))
and differentials d, of bi-degree (r,r — 1).

EXAMPLE 1.4. Let Y = S°, then the above spectral sequence converges to the stable homotopy group
of X localized at 2, 7% (X).

REMARK. We resolve a left-As-module M by free As-modules
o AF = AT - A — M — 0.
Let N be left-Az-module and apply Hom’, (—, N) to this sequence
HomY, (A5°, N) — Hom, (A3', N) — -+ — Homy, (A3, N) — -
The cohomology of this sequence defines Ext’;” (M, N).

There is a useful book on spectral sequences [4]. It also contain the short explanation on the Steenrod
algebra and other tools of algebraic topology.

2 Non-commutative ring and Grébner bases

All of the information in this section can be found in [3]. X = {z;}; € A, B = {=z;,,...z, |z; € X}, we
call elements of X as alphabet and that of B as word or power product. Let k be a field and we consider
the non-commutative free associative ring A = k(X) = k(z1,...,2;,...). We call an element of A as a
polynomial. The first step to have a feasible division algorithm for A is to define a suitable “monomial
ordering” on B.

DEFINITION 2.1 (Monomial order). Let < be a well-ordering on BU {1}. < is said to be a monomial
ordering on A if the following two conditions are satisfied.
(1) if u,v,w, s € B with w < u, then vws < vus.
(2) For u,w € B, if u = vws for some v,s € B with v # 1 or s # 1, then w < u.
(Hence 1 < u for all u € B.)

For f € A, f # 0, we may write f = ciu; + -+ + cmUm where ¢; € k\ {0}, u; € B, u1 > up >
o> upy. We denote: Ip(f) = uy, the leading power product of f; lc(f) = a1, the leading coefficient of f;
1t(f) = aiua, the leading term of f. We define Ip(0) = 1c(0) = 1t(0) = 0. From here, we fix a monomial
ordering on B.



DEFINITION 2.2. Let u and w be power products of A, u,w € B. Then u is divisible by w if and only
if there are v, s € B such that u = vws.

Let f and g3,. .., gm be polynomials. We have an algorithm to divide f by g1,..., gm.

THEOREM 2.3. Division on f by G

m
> ciuici € k{0}, us € B, up > up > - > um
i=1
g = {gl7°":g7TL}CA
d
Z KnUhginSh + T
h=0
where ip, € {1,...,m}, pn € k\ {0}, vn,sn € B, and v =0 or r = 3 cat; where c; € k\ {0}, t; € B,
with property that 1p(r) <1p(f) and none of the t; is divisible by any Ip(g;), i=1,...,m.

INPUT  f

Il

OUTPUT  f

The r appeared in above OUTPUT is called a remainder of f on the division by G, dented fg. Now
we can define the Grébner basis of the (both-side) ideal of the non-commutative ring.

DEFINITION 2.4. Let G = {g;}ics C A be a subset of A. For the two-side ideal of A generated by G,
denoted I = (G), if every f € I has a representation f = >, \iu;givi, \i € k\ {0}, ui,v; € B, g; € G with
property that u;g;v; < lp(f), then G is called Grébner basis of I.

REMARK. We do not require G to be finite because A is not Noetherian.

The algorithmic feature of Grobner basis is the following.

PROPOSITION 2.5. Let G = {g;}ics be Grobner basis for an ideal I. Let f € A and Tg the remainder
of f on the division by G.

(1) Tg is independent of the order of the g; € G, and 7g is unique in A.

(2) f €1 if and only if T* =0.

ProposITION 2.6. B\ ({lp(g:)}sca) forms a basis of k vector space k(X1,---,Xy,...)/T if and only
if {gi}ien is a Griobner basis of I.

REMARK. There exists the non-commutative version of Buchberger theorem.

By Theorem 1, we can consider the Steenrod algebra as a quotient ring of non-commutative polynomial

ring. We introduce the following symbol.

A = Z2<Sqlasq2a"'>:

e

= ab — a - at — ¢ A 2b 3
G gab = 5q°Sq ;(a_%)sq Sqt € A|a <

I = <g>a

Ay = AL

DEFINITION 2.7. We define a monomial ordering on B = {Sq** ---Sq**} as follows. For v and v be
monomials as u = Sq® - -- Sq?, v = Sq”* - - - Sq” € B. Then, u > v if and only if £ > [ or, k = | and the
right-most nonzero entry of (a; — by, ..., ax — by) is positive.

We should remark that the leading monomial of ga; is Sq®Sq®. By Theorem 1.2, we have,

COROLLARY 2.8. G is a Grébner basis of I.



3 Free resolution of a module over a non-commutative ring

As in the non-commutative ring case, we can define and prove the algorithmic feature of Grébner basis
of the left-A-module where A is a non-commutative polynomial ring. Using them, we can compute the
free resolution of the left-A-module M, that is, the exact sequence

(2) cee = A% s 5 A8 5 A5 5 M — 0.

The argument is quite similar to the commutative case [1]. It is the syzygy modules that the key to
compute the free resolutions.
Let N be submodule of A™ generated by vectors fi,...,fs of A™.

DEFINITION 3.1. The kernel of the map ¢ A°* — N given by
(h1,...  hs) = Zhifi
=1

is called the syzygy module of the s x m matrix *[f; - -- f;]. It is denoted Syz(fy,...,fs).

3.1 Syzygy for Grobner basis

PROPOSITION 3.2. Let c1,...,¢cs € k\ {0} and let Xy,...,Xs are monomials in A™. Fori #j €
{1,...,s}, we define X;; = lem(X;,X;) if it exists. Then the module Syz(c1X1,...,csX;) is generated
by

Xij Xij . o
{ Ci—XJiei - c?X]_jej 1<i,j <s, lem(X;,X;) is exists } ,

where ey, ...,es form the standard basis for AS.

The calculation of syzygy module is done in two steps. We first compute a Grobner basis G =
{g1, - g} for (f1,..., fs) and compute Syz(gy,...,g:). We then show how to obtain Syz(fi,..., ft)
from Syz(g1,-.-,8t)-

Let {g1,...,g:} be a Grébner basis, where we assume that the g;’s are monic. For i € {1,...,t}, we
let Im(g;) = X; and for ¢ # j € {1,...,t}, we let X;; = lem(X;,X;). Then the S-polynomial of g; and
g; is, if it exists, given by

Xij  Xij
S(gi gj) = Tigz - X—jgg-
We note that Im(S(g;, g;)) < Xi;. Because G is a Grdbner basis, we have S(gi,g;) = Zf/:'ﬁ hijvg, for
some h;j, € A, such that max;<,<:(lm(hs;,)lm(g,)) = Im(S(g;, g;)). We now define

Xij Xij
S;; = e — —e; — (hii1, ..., hij € A
(¥ Xz % Xj 7 (7,]1 zgt)
We note that s;; € Syz(gz,...,8:), since
sijt g1 - 8t = (Xiei"xjej)t[gl gs]“(hijly---zhijt)t g1 - 8¢

I

i
S(gia gj) - Z hijugu-

v=t

By Proposition 3.2, we have,

THEOREM 3.3. With notation above, the collection {s;;|l < i < j <t, lem(X;,X;) is exists } is
generating set for Syz(g1,...,8t).



3.2 Syzygy for not Grébner basis

Let {fy, ..., fs} be a collection of non-zero vectors in A™ which may not form a Grobner basis. We suppose
M = (f;,...,fs) has finite Grobner basis {gi,...,g:}. We again assume that g1,...,g; are monic. Set
F="tf...f)and G =[g1...g:]. Thereis a sxt matrix S and ¢ x s matrix T with entries in A such that
F = SG and G = TF. Now using Theorem 3.3, we can compute a generating set {s,...,s.} for Syz(G),
therefore for each i = 1,...,7 0 = ;G = s;(TF) = (s;T)F, and hence (s;T|i = 1,...,r) C Syz(F).
Moreover, if we let I be the s x s identity matrix, we have (I;—ST)F = F—STF = F-SG =F-F =0,
and hence the rows ry, ..., rs of I, — T'S are also in Syz(F).

) 3

THEOREM 3.4. With the notation above we have Syz(f1,...,fs) = (s1T,...,s,T,r1,...,Ts).

4 Application

For a given left- A-module M, using Theorem 3.4 we have a standard representation M = A°/N where
N is a submodule of A°. Using Theorem 3.4 again and repeatedly, we have the free resolution of M (2).

By above method, we can compute the free resolution of A;-module H*(X;Z/2) for topological space
X. The author is writing a computer program to compute the E;-terms of Adams spectral sequence (1).
The program will be available from the web page (http://www.math.kyoto-u.ac.jp/ tomo_xi).
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Hasegawa-Wakatani equations
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Abstract
The Hasegawa-Wakatani equations are the nonlinear equations
which describe the resistive drift wave turbulence in Tokamak. We
proved the existence and uniqueness of a local strong solution for the
initial boundary value problem for the Hasegawa-Wakatani equations.
In this talk, I shall explain Tokamak and the Hasegawa-Wakatani
equations and present my result

1 Hasegawa-Wakatani equations

Tokamak is an most advanced magnetic confinement device in which an ax-
isymmetric plasma is confined in a vacuum region by a strong magnetic field
(toroidal magnetic field) running along the long circumference of the torus.
In a tokamak plasma is heated at very high temperatures until thermonuclear
fusion of the nuclei occurs. There are two types of fluid model of plasmas
which are a common tool to study fusion devices : one is to treat the plasma
as a two-component fluid consisting of an electron fluid and an ion fluid, and
the other is to treat it as a one-component fluid by assuming local charge
neutrality [4]. The former is usually called two-fluid model, and the latter is
usually called the magnetohydrodynamics (MHD) which is derived from the
two-fluid model.

The energy losses observed in tokamak, are much greater than predicted
by neoclassical transport theory [1]. It is also well known that spatial gra-
dients in the plasma lead to drift waves. Therefore, it is considered that
drift-wave turbulence is a natural cause of anomalous transport and that the
dramatic reduction in confinement results from anomalous transport.



In 1983 Hasegawa and Wakatani derived the model equations ( Hasegawa-
Wakatani equations ) describing the resistive drift wave turbulence in Toka-
mak from two fluid model [2], which consist of the coupled nonlinear partial
differential equations for the perturbations of the density n and the electro-
static potential ¢ in the homogeneous strong magnetic fieldB = Bye3 and
the inhomogeneous plasma equilibrium density 7 = 7(r) (z = (21,22, 3) =
(rcos@,rsiné,z3)). Here a magnetic field strength By is constant.

62
Oxs

(gt (V§xe) - )(n+logn) ﬁga?(sé—n),

(55— (Vo) V)ag = -2

o 0¢
Here € =(0,0,1), Vo¢x& = (=—,—=—,0),
1e p
>0, ¢ = 5 > (0 are constants,
. e2NWei Ps"We; ) )
T, is the electron temperature, e is the elementary charge, y is the kine-

matic ion-viscosity coefficient, 7 is the resistivity, m; is the ion mass.

. 1 3. .
% is the cyclotoron frequency, ps = — (——e—) ? is the ion Larmor
i ci T

Ci —

Wei =

radius.

2 Initial condition and Boundary condition

We consider the initial boundary value problem for the Hasegawa-Wakatani
equations.

Let us consider the problem: For an initial electrostatic potential ¢, and
an initial density ng and the background density @ = 7n(r), find ¢ = ¢(z,t)
and n = n(z,t) satisfying equations (1.1) in Q7 = 2% (0,T") and the initial
and the boundary conditions

n(z,0) =no(z), ¢(z,0)=do(z) on Q,
n(z,t) = ¢(z,t) = Ad(z,t) =0 for (x,t) € ['1x(0,T),

n(z',—L,t) =n(z, L,t) for (2/,t) € wx (0,T), (2.1)
¢(z',—L,t) = (', L, t) for (2/,t) € wx (0,T),
Ap(x',—L,t) = A¢(x, L, t) for (2/,t) € wx (0,7).



Here T >0, Q = wx (—L,L) is a 3-dimensional torus, w = {2’
(l’]_,.’l)z)e R2| I.’L"l < l}, Fl = Jw X {—L,L], Fg = w X {1'3 = —L}, Fg
w x {zg = L},

Let n as a new unknown function in place of n+log7(r) —log7(l). Then
the problem (1.1), (2.1) becomes

0

(5;~(v¢xé'3)-v)A¢=—%a S(p—n)+eA’ i Qr, 29
9 & - '
(C% (Voxd) V)n =—%8ng(¢—n) in Qr,

and (2.1).

3 Function space

We consider problem (2.2), (2.1) in Sobolev-Slobodetskii spaces defined as
follows.

Let T > 0 and Q be a domain in R3. By W.(€2) we denote the space of
functions u(z), z € §, equipped with the finite norm

2 2
lullwi) = IngD’;uHLz(Q) + [l q)
<

where

||u||Wl(Q) Z HD u”Lz(Q)
|a|=l

for integral [ and

_ |D2u(z) — Deu(y)?
HUHW:g(Q) = | |2—:[l]/9 0 |z-— y|3+2(?—[l]) dz dy

for nonintegral {. Here, [I] is the integer part of [, and Diu =
8|°‘|u/8x1“1 -+« 0z, *" is the generalized derivative of order |a| = o+ - - +anp,
and a = (a4, - -, @,) is a multi-index.

Similarly, by W£(0,T) (for nonintegral ) we denote the space of functions
u(z), x € Q, equipped with the finite norm

U]
|DPu(t) = D'u(r)?
[ulliyao.m) —ZHDt“I|L2(0T)+/ / |t—¢ll+2(l o dedr




v L
The anisotropic Sobolev Slobodetskii space WZZ’2 (Qr) (Qr = Ox(0,T)) is
l
defined as Ly (0, T; Wi(2))N Ly(2; W3 (0,T)), equipped with the finite norm

2 _ 2 2
Jull” | = [lullyroqp + IIUHW;J

) )
W, 2 (Qr) "2(Qr)

T 2 2
= [ Nulldt + iy do

4 Main theorem

Our main theorem in this paper is Theorem 1.

Theorem 1 Let i € W3 (Q), zl/rgdﬁ(x') > 0 and we assume that
(ng, o) € W2(Q)xW4(Q) satisfy the compatibility conditions
Ago(z) =0 for z eIy,

no(z) =0 for ze€Tly,

Apo(a’, L) = Ago(z/,—L) for z' € w,

| no(2', L) = ng(z’, —L) for 7’ €w,

Then there exists a unique strong solution (n, ) to the problem (2.2), (2.1)
on some T > 0 such that (n,$) € Wy (Qr)x L*(0,T; W5 (Q)),

0
a—‘f € L2(0, T; W2(9)).

5 Outline of proof

In order to prove Theorem 1 we firstly consider the regularized problem

' (2 — (Vx&) - V)Ag = _a & (—n)+ A% in Qr
ot n 811732 ’
a -
o & n  0’n .
70w 0 T T T ) e

and (2.1) with € > 0.
For this problem we have



Theorem 2 Let i € W, (1), i/réf (") >0,1>0,l€Z and0< T < 0.

Assume that (ng, o) € Wit (Q)x Wt (Q) satisfy the compatibility condi-
tions

Apo(z) =0 for z €T}y,
no(z) =0 for z €Ty,
A¢o(x', L) = Ago(z',—L) for '€ w,
| no(z', L) = ng(z', L) for 2/ €w,

Then the initial boundary value problem (5.1), (2.1) has a unique solution
L L
(ne, &) € Wy 2 (Qr)x (L2(0, T; WEH(2)nW, 72 (0, T; WE(9))).
Secondly we derive the uniform estimates of the solution to the regularized
problem (5.1), (2.1). Finally, by passing to the limit ¢ — 0, we prove the

existence and uniqueness of the strong solution of the initial boundary value
problem (2.2), (2.1) by the method of Kato [3].

References

[1] S. J. Camargo, D. Biskamp, and B. D. Scott: Resistive drift-wave turbu-
lence, Phys. Plasmas, 2 (1), 1070-664x/95/2(1)/48/15.

[2] A. Hasegawa and M. Wakatani: Plasma Edge Turbulence, Phys. Rev.
Lett., 50 (1983), 682.

[3] T. Kato: Nonstationary flows of viscous and ideal fluids in R?, J. Func.
Anal., 9 (1972), 296-305.

[4] K. Miyamoto: Fundamentals of Plasma Physics and Controlled Fusion,
Iwanami (1997) (in Japanese).

[5] V. A. Solonnikov: On general initial-boundary value problems for linear
parabolic systems, Proc. Steklov Math. Inst., 83 (1985), 3-162.

[6] A. Tani, S. Itoh, N. Tanaka: The initial value problem for the Navier-
Stokes equations with general slip boundary condition, Adv.Math. Sci.
Appl., 4 (1994), 51-69.






OPTIMAL COVARIANT MEASUREMENT OF MOMENTUM ON
A HALF LINE IN QUANTUM MECHANICS

YUTAKA SHIKANO

1. INTRODUCTION

Quantum theory begins in 1899 with the discovery of the Planck law in black
body radiation. Its formulation was initiated by Heisenberg and Schrédinger respec-
tively. In 1932, von Neumann mathematically formulated quantum mechanics [2]
as the following postulates.

Postulate 1 (Representations of states and observables). Any quantum system S
is associated with a separable Hilbert space Hg, called the state space of S . Any
quantum state of S is the element |) of the Hilbert space and is represented in
one-to-one correspondence by a positive operator p = | )| with unit trace, called
a density operator. Any observable of S is represented in one-to-one correspondence
by a self-adjoint operator A densely defined on Hs.

Postulate 2 (Schrdédinger equation). IfS is isolated in a time interval (t,t'), there
is a unitary operator U such that if S is in p at t then S is in p=UpUT at t'.

Postulate 3 (Born formula). Any observable A takes the value in a Borel set A
in any p with the probability Tr[E4(A)p], where EA(A) is the spectral projection of
A corresponding to A.

Postulate 4 (Composition rule). The composite system S+S' is the tensor product
Hs ® Hs' of their state spaces.

While he discussed measuring processes, he failed to give the mathematical pos-
tulate of measurement. Thereafter Ozawa introduced the postulate of measure-
ment [3] to consider the measured system and probe system.

Postulate 5 (Representation of generalized measurement). When any observable
A of the measured system is measured in any state psys before measurement, we
obtain that the state after measurement is M(A)psys = Treno[U(psys @ pprob)UT]
and A takes the value in a Borel set A with the probability Trsys(psys M (A)], where
the time evolution operator is defined on the composite system Hsys @ Hprob-

M(A) is often called positive operator valued measure (POVM) or completely
positive trace preserving (CPTP) map of measurement. The concept of measure-
ment is illustrated in Fig. 1. So measurement is represented by a POVM while
an interaction between a measured and probe system is not known. To consider
an experimental setup of measurement, we need to know the interaction. We now
derive the measurement interaction from a given POVM under a specific condition
about measurement of a momentum on a half line.

This technical report is for the talk at ” The 4th COE Conference for Young Researchers” held
at Hokkaido university and is based on the work [1] with Prof. Akio Hosoya.
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Measured system Probe system

Probing Process P
Detection Process

FIGURE 1. Scheme of measuring processes. We switch on the in-
teraction between the measured and probe systems in the first step
to obtain the measurement outcome of the probe system in the sec-
ond step. We infer the observable of the measured system at ¢ =0
from the outcome of the probe system at ¢ =ty in the third step.

2. QUANTUM MECHANICS ON A HALF LINE

Let us specifically consider a quantum system on a half line Ry = [0,00) and
take a Hilbert space H, = L2(Ry) and a momentum operator f; in H, defined
by p+ = 1L with

. °ld |
M D@g={weﬂﬁ¢m%=m/ kﬁwu)dx<w}
0
in analogy to the standard momentum operator on a whole line. Throughout this
report, we take the unit A = 1. Then p. is symmetric noting that ﬁl = %% with
<| 4 2
(@) 'mﬂ-={weH%/ kﬁwu)dm<w}-
0

Then it follows that (p1,D(py)) & (5, D(pl)) since D(p;) # D(p}) and the
momentum operator . on a half line is symmetric but not self-adjoint, i.e., not
an observable. So we extend the domain of ;. d la Naimark so that the extended
operator p is self-adjoint. The extended Hilbert space is

(3) H=H, ®Ha,

where H = L2(R), Hy = L2(R;) and H; is a two dimensional Hilbert space of the
two level system with the orthonormal bases |0) and |1). We choose the form of
the extended momentum operator as

(4) P =Py ®|0X0| — P4 @ [1X1].
By the unitary transformation II;, which is a space inversion around the zero point
only for the spin state |1), the Hilbert space H is unitarily equivalent to

(5) H=H:®0)+H-®|1) =Hs ®H_,

where H_ = L2(R_) and R_ = (—o0,0]. Then we transform the extended momen-
tum operator (4) by II; as

(6) AT = ps ® [0X0] + 5 @ |11,
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where 4 and p_ are momentum operators having domains,

2

< 00
2
<0o0yp,

respectively. Then the extended operator p becomes self-adjoint since the domain
is the Hilbert space for the whole line system. In what follows, we consider how to
optimally measure the extended operator p.

D(py+) = {11’ €My ; ¥(0) = 0’/0"0 )%Wx)

0
™ D(p-) = {w M- s v0)=0, | ’%w(m)

3. DEFINITION OF OPTIMAL COVARIANT MEASUREMENT

Definition 1. A POVM M(dp) is covariant with respect to the representation
p—=Voif

(8) ViM(A)WV, = M(A-,), peQ
for any A € A(2), where
(9) Ap={p'lp' =p+p",p" €A}

is the image of the set A under the transformation p and A() is the Borel o-field
of @ and Vp = e7"P* is a projeclive unitary representation of the shifl group.

Definition 2. A measurement is called a covariant measurement if a POVM rep-
resenting the measurement is covariant.

Notation 1. A notation [-] is introduced as the follows. By von Neumann’s spectral
theorem, any Hilbert space H can be formally described as the direct integral of a
Hilbert space Hy, H = [ ®H,dz, so that any state vector ¢ € H is described by the
vector-valued function v = [tb;] with ¥, € Hy. Furthermore, a kernel [K(z,z")],
where K(z,2') is a mapping from Hyr to Hy for all z and z’, defines an operator
K on'H. We can write

1) Ko =[K(wo) W] = [ [x@, z')wxfdx'] b eH, K e L(H).

Theorem 1 (Holevo [4]). Any covariant POVM to measure a momentum in H has
the form

y M) = [ia, o) e 2],

where [K(z,z')] is a positive definite kernel satisfying K(z,z) = I, the identity
mapping from Hy to itself.

Definition 3 (Helstrom [5]). A measurement is called an optimal measurement if
the system observable is optimally evaluated by the outcome of the probe observable.

Let us assume that W (p— P) is a deviation function, which expresses the variance
between the inferred ”measurement” outcome p of the system momentum before
the interaction and the measurement outcome P of the probe momentum after the
interaction, satisfying

(12) W(p) = - / P (dz),
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for an even finite measure W(dz) on R. Any measurement is limited to covariant
measurement. Then the condition for optimal measurement is to minimize the
variance

(13) Ry {M} = / W(p - P)up(dp),

where p,(dp) = Tr pM(dp) is the probability distribution for the pure state p =
X

Theorem 2 (Holevo [6, 7]). An optimal covariant POVM Mqy(dp) to measure a
momentum in H has the form

T
(14) Mo(dp) = { Yo Yy <>d_”] .

e el Tl © 27

Note that Eq. (14) does not depend on the choice of the deviation function
W (p— P) because of the covariance. The details of the proof of these theorems are
shown in [1, 7]. To make our exposition shorter, we assume that the wave functions
{1} are always normalized and the measure g—ﬁ is omitted in Eq. (14). Then Eq.
(14) is simply

(15) Mo = [% .wl,ei(m—z')p] _

4. MAIN RESULT
We show in the following section that a model Hamiltonian,

. 1, 1 ., 2
(16) Hcom = %pz + sz +gP§:5(t) -+ me

leads to the optimal covariant POVM (15), where a pair (&,7) are the position
and the momentum operators of the measured system, a pair (X, P) are those of
the probe system and &(t) is the Dirac d-function. We take the potential of the
measured system as a harmonic oscillator for simplicity and the probe system is
assumed to be a free particle system and the interaction be instantaneous with a
coupling constant g.

& = Ho + gP24(2),

5. OPTIMAL COVARIANT MEASUREMENT MODEL

Let us assume that the measured system itself is weakly coupled to a bulk system
at zero temperature. We consider the measuring process from the time ¢ = 0— to
t =ty. From Eq. (16) the evolution operator U becomes

N tro.
U=T exp <—z/ 'Hcomdt>
0—
ty € R
=T exp (—1/ Hgdt> exp <—z/ gPi(S(t)dt)
Etf ) A—e
(17) =T exp <—z/ Hodt) exp (—igPa?(O)) ,

where ¢ is an infinitesimal positive parameter and T stands for the time-ordered
product.



OPTIMAL COVARIANT MEASUREMENT OF MOMENTUM ON A HALF LINE
We construct the Kraus operator[fim/] from the evolution operator as follows.
Given the initial probe state |P), an eigenstate of the momentum P of the probe
system, we see that

Auwr = [(PI(el 010" P)aP
= Z(x|T exp (—-i /:f Hodt) |j)¢’fz,7j exp (—igpx(O))

(18) — 1y - wl, exp (—igf’x(O)) asty — 00,

where |P) is an eigenstate of P, 1z, is a wave function corresponding to the j-th
energy eigenstate |j) and ¥ = [t,] is the ground state of the free Hamiltonian Ho. In
the last line of (18), the ground state is picked up in the limit t; — oo, or physically
speaking, we measure the probe observable after sufficient time passes. Recall that
the standard ie prescription [8] implicitly assumes that the measured system itself
is weakly coupled to the bulk system at zero temperature. The equation (18) is the
matrix element of the Kraus operator [Agq/].
From the Kraus operator, we calculate the POVM as

(19) 3= | [ Ay duwnds”] = [l b oxp (~igP(a(0) - /(0))].

We identify gP with the measurement outcome P itself of the probe observable to
reproduce the optimal covariant POVM (15) on a whole line.

Finally, we consider the case where the extended system is reduced to the original
half line system. In the extended system, we obtain the calculated POVM explicitly
as

(20) IMIL = [, - 9], @+ =07+] @ (00| + [ - wf, === ] @ 1)1,
By taking the partial trace over Hsy, we obtain the reduced POVM

T — _ t _i(zs—=x,
(21) Mo =Tes M = [y, -], eie+=o00e]

up to a normalization constant. Here in Eq. (21), we have transformed (19) back to
M by the unitary operator II; and reproduced the optimal covariant POVM (15)
restricted to positive parameters z and z’.
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BICOLOR-ELIMINABLE MULTIPLICITIES ON THE
BRAID ARRANGEMENT

TAKURO ABE, KOJI NUIDA AND YASUHIDE NUMATA

0. INTRODUCTION

A hyperplane arrangement (or simply an arrangement) is a finite
collection of affine hyperplanes in a fixed vector space V over a field
K, and a map from an arrangement to non-negative integers is called
a multiplicity. A pair of an arrangement and a multiplicity is called a
multiarrangement. This is a very simple geometric object, but there are
a lot of interesting problems on arrangements. Among them, one of the
most interesting problems is the connection between its algebraic and
combinatorial structure. In this abstract, we introduce some basic def-
initions, results and concepts of (multi-)arrangement theory, and give
a survey of our recent result which completely classifies some algebraic
structure of multi-braid arrangements in terms of the combinatorics of
edge-bicolored graphs.
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gram in Hokkaido University, not only for holding CCYR4, but also for
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1. HYPERPLANE ARRANGEMENTS

In this section we introduce some elementary definitions and results
on (multi)arrangements of hyperplanes, for which we refer the reader
to [6].

1.1. Fundamental Definitions. Let K be a field of characteristic
zero and V = V* be an /-dimensional vector space over K. A hy-
perplane arrangement A is a finite collection of affine hyperplanes in
V. An arrangement A is central if each hyperplane H € A is a vector
subspace of V. In this article we assume that every arrangement is cen-
tral. An (multi)arrangement in V¢ is called an £-(multi)arrangement.



1.2. Logarithmic vector fields. In this subsection we introduce a
module of logarithmic vector fields associated to a multiarrangement.
Let {xi1,...,z,} be a basis for V*, S the symmetric algebra of V*
(hence S ~ Klz1,... ,z]) and Derg(S) the set of K-linear derivations
of S. For a multiarrangement (.4, m) and each hyperplane H € A, fix
a linear form ag € V* such that ker(ay) = H.

Definition 1.1. For a multiarrangement (A, m), the S-module of log-
arithmic vector fields D(A, m) is defined by

D(A,m) = {0 € Derg(S) | 6(curr) € Solpt™ (VH € A)}.

Roughly speaking, D(A, m) consists of the vector fields tangent to
each hyperplane in A4 with a given multiplicity. In general, D(A,m) is
a reflexive S-module but not necessarily free. For example, (A, m) is
always free if A4 is an arrangement of coordinate hyperplanes in V', but
(A, m) is not free for any m : A — Zso if A consists of hyperplanes in
a general position. To decide which (A, m) is free has been paid much
attention to as a very important problem.

Definition 1.2. A multiarrangement (A, m) is free if D(A,m) is a
free S-module of rank €. If D(A, m) is free with a homogeneous basis
{61,...,0.}, then the exponents exp(A,m) of (A, m) are defined by
exp(A, m) := (deg(6),...,deg(d,)), where deg(6;) := deg(0;(cu)) for
some linear form «; with 0;(c;) # 0.

To determine when a multiarrangement (A, m) is free is a very dif-
ficult problem. Even when m = 1 there are only few results. Among
them, let us introduce a beautiful characterization of freeness of some
arrangements by Stanley in the next subsection.

1.3. Graphic arrangements and their freeness.

Definition 1.3. The braid arrangement A, in V¢, or the Cozeter
arrangement of type A, is defined as

{Hij - {l‘z —Xj = 0}'1 S i,j S E—i— 1}
A graphic arrangement B is a subarrangement of the braid arrangement

Ay

To express a graphic arrangement B, let us use a graph G consisting
of the set of vertices Vg = {1,2,... ,£+ 1} and the set of non-directed
edges Eg. Define an arrangement Ag with respect to G' by

A = {H;l{i, j} € Eg},

where {i, j} denotes the edge between 7 and j. Then there is a one to
one correspondence between graphic arrangements and graphs defined
above. Now let us consider whether we can characterize the freeness



of graphic arrangements in terms of graphs. The answer is affirmative
due to Stanley. To state his result, we need some definitions.

Definition 1.4. Let G be a graph as above. A subgraph C C G is a cy-
cle if C consists of vertices iy, ... ,is (s > 3) and {{i1, 42}, {i2,3},. ..,
{is—1,1s},{is,01}} C Ec. A chord of a cycle C is an edge {i,j} for
non-consecutive vertices i,j on the cycle C. A graph G is chordal if
every cycle C C G with |C| > 3 has a chord.

It is known that a graph is chordal if and only if its vertex set admits
a vertex elimination order, see [4]. By using chordal graphs, Stanley
gave a complete classification of free graphic arrangements as follows:

Theorem 1.1 ([7]). A graphic arrangement Ag is free if and only if
G is chordal.

Then it is natural to consider whether we can generalize Stanley’s
characterization to multi-braid arrangements. In the next section we
introduce a generalized chordal graph, i.e., a bicolor-eliminable graph
and give a complete classification of free multi-braid arrangements with
specific multiplicities.

2. BICOLOR-ELIMINABLE GRAPHS AND THE MAIN RESULT

2.1. Main theorem. Let 2k be a constant multiplicity on 4, and
m : Ay — {—1,0,1}. We classify the freeness of multiarrangements
(Ag, 2k + m). For that purpose, let us introduce a graph G consisting
of the set of vertices Vg = {v1,v2,...,v,41} and the set of edges Eg
which has the decomposition Eg = E} U E; with E5 N EZ = 0. These
two sets of edges correspond to the coloring of edges of G.

Definition 2.1. The map mg on the braid arrangement A, is defined
by
1 if {vi,v;} € EE,
ma(H;;) =< —1 if{vi,v;} € Eg, and
0 otherwise.

To characterize the freeness of (A;,2k + mg), let us introduce the
following concept of graphs.

Definition 2.2. The graph G is bicolor-eliminable with a bicolor-elimination
ordering v : Vg — {1,2,... , £+ 1} if v is bijective, and for every three
vertices v;, v;, v € Vg with v(v;), v(v;) < v(vg), the induced subgraph
G {wiw; 00} 18 ot one of the following types:
(1) For o € {+,—-}, {vi,vx} and {v;,vx} are edges in EZ and
{vi, v} & Eg.
(2) For o € {+,-}, {vx,vi} € EZ, {vi,v;} € Eg° and {v,v;} ¢
Fg.



For a bicolor-eliminable graph G, v € Vg and 1 € {1,...,¢+1}, define
the degree deg,;(v) by

deg;(v) := deg(v, Vg, E§|u—l(1,2,...,i)) — deg(v, Ve, E(—;IV*I(I,Z,...,i))a
where deg(w, Vi, Ey) = {z € Vg|{w,z} € Eg}| is the degree of the
vertex w in the graph H = (Vy, Ey), and (Vg, Eg|s) with respect to
S C Vg is the induced subgraph of G whose set of edges consists of
{{i,j} € Egli,j € S}. Purthermore, define deg; := deg;(v~'(i)) for
eachi € {1,... 0+ 1}.

Then our classification result is as follows:

Theorem 2.1 ([1], Theorem 0.3). Let A be the braid arrangement
in V&1 G an edge-bicolored graph. Let k be a positive integer and

n1,. .. ,Ner1 non-negative integers. Define a multiarrangement (A, m) =
.Ag(nl, no, ... ,TL[+1)[G] by m(Hz]) = 2k+ni+nj+mg(Hij) and put N =

(04+1)k+ 21 ni. Then the multiarrangement Ay(n1, na, . . . ,nes1)[G]

18 free with

eXp(-A> m) = (0) N+ a_é_éQa s 7N + a_gé€+l)
if and only iof G is bicolor-eliminable.

2.2. Tools to prove Theorem 2.1. The proof of Theorem 2.1 re-
quires long and complicated arguments. Hence we only exhibit the
results which play the key roles in that proof. For the explicit proof
and details, see [1].

First, we introduce the theorem to show the freeness of multiarrange-
ments. Let (A, m) be a multiarrangement in an ¢-dimensional vector
space and fix Hy € A such that m(Hp) > 0. Define the deletion (A’, m’)
of (A, m) with respect to Hy by A’ = A and

oo | m(H) if H  Ho,
m(H)“{ Z(Ho)—1 iszHg.

Theorem 2.2 ([3], Theorem 0.4). If (A, m) and (A’,m’) are both free,
then there exists a basis {01, ... ,0,} for D(A’,m’) such that for some
ke {1, R ,6}, it holds that {91, e ,919_1, aHOGk, 9k+1, . ,9@} s a ba-
sis for D(A, m).

For X € A" := {H'NHy|H' € A\{Ho}},let Ax :={H € A|X C H}
and mx = m|a,. Since Ax is essentially a 2-multiarrangement, it
is free with a basis {3, (s,...,(, 0x,¥x} with deg(¢) = 0, O0x &
apg, Derg(S) and ¢x € apg, Derk(S) by Theorem 2.2. Then we define
the Fuler multiplicity m* on A” by m*(X) := deg(fx), and we call
(A", m*) the Euler restriction.

Theorem 2.3 ([3], Theorem 0.8). Let (A, m), (A’,m’) and (A", m*) be
the triple with respect to Hy. Then any two of the following statements
imply the third:



(i) (A, m) is free with exp(A, m) = (dy, ... ,de—1,dy).
(it) (A, m’) is free with exp(A',m/) = (dy, ... ,de—1,de — 1).
(iii) (A”,m*) is free with exp(A”, m*) = (dy, ... ,de—1).
In particular, if (A,m) and (A, m’) are both free, then all the state-
ments (i), (i) and (iii) above hold.

Theorem 2.3 is of an importance when we prove the “if” part of
Theorem 2.1. Next, let us introduce the result to prove the non-freeness
of multiarrangements, see [2] for details.

Theorem 2.4 ([2], Corollary 4.6). If a multiarrangement (A, m) is
free, then GMP(k) = LMP(k) (1 < k < £), where GM P(k) is the k-
th global mized product of (A, m) and LM P(k) is the k-th local mized
product of (A, m).

Also, it is very important to investigate the property and character-
ization of bicolor-eliminable graphs. In particular, the following two
theorems play the crucial roles in the proof of Theorem 2.1.

Theorem 2.5 ([1], Theorem 2.5). If G is bicolor-eliminable, then G
always has a complete bicolor-eliminable filtration (see [1] for the defi-
nition,).

Theorem 2.6 ([5], Theorem 5.1). Let G be an edge-bicolored graph.
Then G is bicolor-eliminable if and only if the following three conditions
are satisfied:

(C1) Both graphs (Vg, EL) and (Va, EZ) are chordal.

(C2) Any induced subgraph of G with four vertices is bicolor-eliminable.

(C3) G contains no mountains nor hills (see [5] for the definitions).

For details, see [1] and [5]. Also note that Theorems 2.1, 2.5 and 2.6
show that a bicolor-eliminable graph is a generalization of a chordal
graph.
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Study of quark confinement with Hodge decomposition approach
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The quark confinement mechanism is one of the most important problems in particle physics, and is listed as
the 7 difficult mathematical problems of the New Millennium by Cray Mathematics Institute. In this problem, it
is suggested that the monopole singularity of the Yang-Mills field plays a crucial role. To extract the singularity,

we introduce the Hodge decomposition of the Yang-Mills field, and numerically study the role of the singularity
for confinement in the lattice gauge theory.
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The Spectral Analysis of the Hamiltonian with a Singular Perturbation in
Quantum Field Theory
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XAgﬁ,A;&g(k) =<1 (Aﬁlﬁ < |k| < Agg)
0 (Ag <[Kk|)
N VIR, Awe 1RERSMIMT & BRIEN D, o DEFR X Y FRIMIETIE massive

(m>0) DL EFIHNTZENTE, massless(m=0) D& X IZOAMEEL 725
ZERbhD,

B L BTEVMMBAEERTIET VITIIWL ODDET VRSB, ,£7
GSB-ET VLS DET MIDOWTHENT 5, LAT, Py 1= (—idy,, —i0xy, —i0k;)
32,

(DNelson 7 /v (B 7 & 2 h T —8FOFMALEA, [11])

Hnv=L(R)OHx 553

<D,¥ >y= E Jrascron (D(")(X,kl, o akn)*\P(n) (x,ki, -+ Ky)dxdk - - dk,

n=0

Hy = ($+V (%)) 1+18 (fr o(K)afadk) +90,(x), q€R

(2)Pauli-Fierz &7 /)L (arBHL 7 & &7 BRI OMAEIEM, [12])

Her = L2(R3) @ Hegpug
<OY>pp=3Y 3 [feser @ (x,ky,s50, K, 50 PO (x, k1,51, -, Ky, 5)dxdK) - - dk,,

n=081+Sn

Hpr = 5 (Px @1 —eAp(x))* +1® ( o a)(k)a;r(,sak,sdk> +V(x) @1

§=

(3)Dirac-Maxwell &7 /v (Dirac i & &+ ERIHOMEEIEM, [4])

How =L (R CY) © Hagpug
<®,¥>py= 3% X fR3><R3" < (I)(”)(X,klasl;"' >kmsn):lP(n)(xaklasla‘" s K, 5n) >c4 dxdK; - - - dk,

n=08y8p

HDMz(a-Px+Mﬁ+V(x))®I+[®< Y Jrs w(k)a;f(,sak,sdk> +qo-Ap(x), g€R
s=1,2
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EEL. oa=(o,0,05) ThHY, 0, j=1,2,3 & B34 ROTNVI— MTF
T, R {0, 04} =285, {0, B} =0, B> =1 B 1=,

C DT BT SSREMR T HE T A DAY RIS TR
BRI FCRHIT B, EFE L L2210 H = Ky @ Hog 52 DA
TBET B, Hyy & Hygy EOBEREIFRE, Hy = (e oK)aladk) &
LT, Hi=Hys @H FOIERAFZEE

Hy=Hy 7 ®1+1Q® Hy,

H=Hy+H

ET %, ELH ZEBOEMFE L Lic, Hg DA bV
o(Hg) ={0}U[m,),  op(Hy)={0}
T D, Hy=Hyz @I+IQHyg DAY hUIX

o(Ho) ={A+p|A € o(Hyz), 1 € o(Hsg)},
0p(Ho) = {4+ |4 € 0p(Hyy7), 4 € 0p(Hig)}

Lo TWB DT massless (m=0) D& &, Hy DEANT FIVITEFEAY
R L [inf 0 (Hyp s ),o0) I HDIAEN TG = E Rbins, =0k 5 REHIEE
HREE A & MRS, Kato o analytic perturbation theory |3 BffHE B4 fE DO 1EE)
RIFEICRT LA TH 0 BEE A EICIIEESEA TE 2V, 20 L&D RT
FIODELLEHETWA,

LI H O BAF BT OV TR D,

(HH OB &S

WIRHNZIE H DAY bL o(H) IZ= 3N F = IE T2 b Do T
EHOHNEEG TR UTR BN,

Q) EEREOEFE

PR T 2HATZORECTEEMpEIND S TVD, TheHk
FHNCIRARD & inf(o(H)) 1T H DBRRETHD LV ZLTHDHR, Thz
RLTEV, EEERREOFEERDI-1BE. TOZEEOFE, BLV
A - TROMIIWT A LT RS b B RIREE M TFIE LT 202 & 5 T L &
2D,

Q) S OFE
s &%

,B‘in eitHe-—itHg (I ® aﬂ (h))eitHo e—itH, he L2 (Ri)
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DL ThBHN, ZOWBRNFET S 2 L 2R LIV, 72721, dl(h) = a(h)
Frital(h) £ LCWD, EWEEN D H DALY MLBTARS Z ENT
&5 ([10D),

[GSB £EFIL]

Z ZH 5 Generalized spin-boson &5 /L (GSB-E T /L, [2]) I DWW THERR T D,
K &Zbe A~V NZE/, A4, B, j=1,--,n, & K _EOIERAR CTROSMEHT
THOLT D,

(GSB.1) 4 1336 TH e B CILBRAEMSR,

(GSB.2) B; j = 1---n, I3 FEME T D(4) C D(B)) Zilhit= L. &
DI BRSIT B

e, dy2 05t " D), |BY| <4 PRI+ (=1, ).
TR UEREZE X O0EREE DX) & LTWD,
GSB-ET /IR D L S IZEERIND,

Hesp =K@H 25515
n
HGSB =AQI+IR® (fR3 w(k)a;r(akdk) +q 2 Bj ®¢pj(0)a €R.
j=1

GSB-E 7 /LX Nelson E7 /LT ¢p(x) = ¢ (0) & LI=fEMISR, 3 LU Pauli-
Fierz E7 /LT Ap(x) = A, (0) & LTE DI Ap(x)? DA T L LIfERFRIC
JSHTE 5, £z K IT—H722 e L~UL N2 Ch 5 O THTF L B AAE
AT 2E7 AT BEHWMRAERTET VCLEATE 5,

%1% (GSB.1), (GSB.2) & V) HIEMEFITE Hygp 12 MEREBIESR Ho 123 L CTHA
HMERELR>TWVWD, ko T Kato-Rellich DEHIZ & ¥ Hgsp P B 2342,
BROAREWE CHRBEENRD LS ITRESND,

[#1%8 [2]] (GSB.1),(GSB.2) 23Rk W SiH &5, ZD& & Hgsp 1TA KT
HY, BIEED Hy OF ETAEMIcE R EE R D,

EEREDHEELZ RTTZOILROFHEIRET D,
(GSB.3) % € L*(R})

(GSB.4) 4 X compact resolvent % £,
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AIRARE L ([6]) Z/EMLKRDZ ERREND,

[, [2]] (GSB.1)-(GSBJY), BIUWEATEL |q| IEt+H/hEWERET
B, TMDEE Heep WITEERENFET S,

[HFEE8)

Z T bR RGBS I EARIZ OV TR T 5, GSB E7 /L DA
HAFME Hggp 1T EAEEER R Ho 126t L CTHMAER L 2o TN DD T/
BEEEZOND, £I T, Hgg K0 b REREEMb o T AEAFRD XA
7 MR EDE DT B MnENDS Z N D, T 2T, Hgsg DEED
HEARRLERIC LERAZREZ2 RO L IITEHET D,

Hisg :=CQ¢p(0)*,
H::Ho—i—qH%ﬁ, q>0.

ZO%E Hyq 13 Ho 120 L THIRA R Tl3720, X - T Kato-Rellich OFE
HITEATE RV, (B]) ORREEAT S EUTOEHOS & THOK
T H SRR ST 5,

S.1) CIIFFATHER B R ERE,
[# 78] (GSB.1), (S.1) #{RET D, DL & HIZ
Do = D(A)® (@n=0L3ym,0(R%(n))

EOAREMICADEETH D, 7771 QT v VIV, @ 1A
Fn, L2, JRe") ={f € L2, (R |suppf iZ=1 /%27 F } L LT3,

> sym,0 sym

HiZDy L TAREMICAECEE THD Z ENDN2T2DT,

Hyp, = (Ho+Hg) 1D,

DAY MVEFITT 2, 7212 L X IXMERR X oazEKT,
Hyp, DERREOFEIC OV TIL T OFEMEZRT & ([2]) & RKRICAR
WRIIEZICH L TRE 5,

(S.2) C(D(4)) C D(A4) 7> CY2(D(4)) C D(4) H>

V> 050 "W e D), <¥,[CV2,[CV2,4]¥ > v||[¥|>

[FE ] (S.1),(S.2),(GSB.1),(GSB.3)-(GSB.4) 5 L ONE & EH |g| 1Z+H/h &
LRET D, ZDLE Hp, ITFIEERRENFET 2,
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RBCENESGIZ DWW TR 5, REMIZIE ([10]) OfEREIGHT 5,
(8.3) f5 € C(RY).
[FEHE] (S.1)-(8.3),(GSB.1) Z{RET 5, D& & heCoRN\{0}) izxfL
s— lim P20 (1@ ai(h))eMoe M0, ¥ € D(Hin,)

BIFET D,

25 3R
[1] Bk, 7+ 7 2@ & 745 (L, T), B AL, (2000).
[2] A.Arai and M.Hirokawa, J. Funct. Anal. 151, (1997), 455-503.
[3] A.Arai, J. Math. Phys. 32, (1991), 2082-2088.
[4] A.Arai, J. Math. Phys. 41, (2000), 4271-4283.
[5] J.Glimm and A.Jaffe, Phys. Review. 176,(1968), 1945-1951.
[6] J.Glimm and A.Jaffe, Ann.of. Math. 91,(1970), 362-401.
[7] J.Glimm and A.Jaffe, Commun. Pure. Appl. Math. 22, (1969), 401-414.

(8] BERIUAE, HOMRIC I 2 MERE A EOEBIRE, 27, 57, 2004, 70-92.

[9] F.Hiroshima, Trans. Amer. Math.Soc. 353, (2001) 4497-4528.
[10] R.H@egh-Krohn, J. Math. Phys. 9, (1968), 2075-2080.
[11] E.Nelson, J. Math Phys. 5 (1964), 1190-1197.

[12] W.Pauli and M.Fierz, Nuovo Cimento 15 (1938), 167-188.
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The approximation of instantons over
an arbitrary closed oriented 4-manifold

R E—BR* 1
R R AR RTERE A AR BORRP AR LR —

1 &

BB ORMEDZL < G IFEURM S HREROBIZRICRE S NS,
EoT, BFAPAFIIFURMD TR 2RI 5. AAICH
N2 IR AL, BPACEEZRE DLV TOHHAY RIC,
iRk & R D338 USEME & LIZIBIMICEATE D, T TITHMAC
KT 2 IR AERXOMRDOBE LAENDH S, EHIIHEIIT
B2k EOIFRERM A /710 TH % ASD TERZHIFEL TV 3.

SEOBHETI, Wi T ASD OIS DR mIED—H] & LT Taubes
WX BROGEEERELENL, BRCBZOFERZICHLTEONE
FZORERFZHENT LIz, 3BTl Taubes DFED 7 A 7 7 Ofifahilc iR
REE, AIPVEREEBTOEVTETHS. ZTT, TOLF—L
Tld, WENOHSZE LT, ASD HBEROEHEMCGR, EEHE
TSRO T ER IEHEIC NS,

HERICHEHOBER EZ T FEsT e 2EHNT-LET.

2 ASD A2

X ZPRIA A Riemann 284k, G Za>/37 b Lieffe LT, P%Z
X EDGFERETS.

*exotic@ms.u-tokyo.ac.jp
THe is suppoted in part by Grant-in-Aid for JSPS Fellows (19-5618).
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Lie A glc iz DO P LD 1B A € Q1 (P, g) BRI TH B &1d, K
D_DflcdLTHs:

L. PAOHEER L g \OBHEEHD SFHEE NS Q'(P, g) D G1EH]
WKRELT, ARGAETHS.

2. {EHED o € g DEMERNED S P EOARY MU o lEH LT,
i) A = a B D 7.

BRI EAE C L. GOIERHICKD P AT Z T 7
AN—g DX EDOXRT MVRZ gp L. —RIC, gp llfiZHD X
Fo kBRI, FIRFRUIC K28 QF (X, gp) — Q(P,gp) IC&D, g
WKfEZRD P LD kR RIS, 58, ZOR—HOFT, Clk
N (X, gp) LOT7 T 40 22 LI5S, TED A e CIlT LT, ZOHh%
F, e QZ(X, gp) ¢

FA=dA+%[A/\A]

EEREIND. TTT, [A]RQ DHEL g DENDEREINS.
Fz, X IFAM Riemann ZR{ATIURILIE 72D T, Hodge D * FHZE
x: QF(X, gp) — Q7F(X, gp) WEEIN, KR +: O(X, gp) — Q*(X, gp)
32 =1%Z7R717.
EC, PLOERKAcCHASDERITHD LIE

FA+*FA=0 (1)

ZFRIT L THO, K1) 7% ASD HEX & K 5. Taubes[2] 1 ASD /5
30 (1) DIfFEDFAEE B 2T U Tz,

3 Runge BLALIEE

Bi%8G T D Runge O LUERE & &, R T OTE_EOAEIEED,
TEFI 2 3280 FEGERAEICHR T UL, AR TW L STEAELT
%, LVWOHEMEIEo/. £ AT, BB L 13 Riemann Bk _EOAHE
RO & T, AHREIE L X Riemann BREINDIERIBBROZ L TH
%. 1€>7C, Runge DIELIEHDAENS & T AZFWVHA UL, Riemann
BRI OFAED 5 Riemann BREIA\DIERIEBIE, EFE 2 a2087 My
FLAICHIBR I UL, Riemann ER2fAh 5 Riemann EKAINDIEH 'S4
TV 5THIRBTES.
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—fi%lc, Riemann [fi_E® Cauchy-Riemann /525 & PRTTEZ ALK LD
ASD RSN D 5 & WS EHFEIEND S K572, ROEHIIZ
D—HITHD, ASDFER T Runge DITEHOFLINK D ILDT L%
FRLTWVS.

FIR : PUXoeA HE Riemann 286K X & ZDOFEDHREU NG5 X 5 W
N, T8I, UDEDSUR)FRPyWNG5Z26NET S, £, Ay
% Py EOASDEHiL 5. cOeE, UDMEREOIAINT MDY
EEKICHLT, X Lo SUQ) KO P, &ZD LD ASD $fi A,
LHREBIR po: Py — Py BEELT, pi(An) & K DR LET Ayl
Ce IR 5.
\_ J
X =8*DEEIIFTOEMIZ Donaldson[1] I X D /RENTW e, £
DA Taubes HBAFE U Tifiib7x /)b L\ & BRI TEO I RIS HIC
&%, X HBROBAIIE, Laplace BIEME did; OFEAZEMAIEE
B Al REME D D 2 O T, EBEERNTFEZ BMICEH T 5 7200 TRGEEAY
5T LIETERY. L L, Taubes NRE X 7= BFEIRORIM [3] Z
ST % T L TEFOREIIMRTES. TOFRERICDOWTIEmmX [4] 2
MU THB. £, BENHRTEHLOHERAMEIOENTED, T
LI DWW TEm ZHRTEHRERTH 5.

SE R

[1] SK. Donaldson, The approximation of instantons, GAFA 3 (1993),
179-200.

[2] C.H. Taubes, Self-dual connections on 4-manifolds with indefinite
intersection matrix, JDG 19 (1984), 517-560.

[3] C.H. Taubes, The stable topology of self-dual moduli spaces, JDG
29 (1989), 163-230.

[4] S. Matsuo, The approximation of instantons over an arbitrary
closed oriented four-manifold, in preparation.
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BIRREMEREFAICNT 555
YI1HA - (ERSMERBE DB OFAFHEIC DT

Bx FHF PrRX-1H)

1 =

R FIC 31T B BIRRGPECRAZRINC X9 2 RO W5 FHER &
up + f(U)g = Ugz, >0, >0,
u(0,t) = u_, t>0,
lim u(m t)y=uy, t>0, (1)
(xO)—uo() x>0,
DWW KIBR O ML 28 K GO R O WL i\ O & BRI R RHm I DUV
TERTS. T, R f(u) 1E C2HT £(0) = £/(0) = 0 27z L. #IHME uy &
Eé& U+ Li
w —uy € H, w(0)=u_, u_<0<u; (2)
Elzd T 5. f N
f"(w) >0 for u € [u_,uy] (3)
THRINZ M2 T2 3854, Lin-AAR-FaE (98 [3]) & (1) OfF u il (a) u- <
uy <0, (b) 0<u_ <uy, () u_ <0< uy DIFWOIFBEDNTFEN, (a) DHFE
Foul & ouy BERESERBIC, (b) OLAIE us & vy ZEESTERICHNLIL, (o)
DOFAFu_ & 0 BRESEEMRE 0 & uy BRESHEN LT OFELREDYE ¢+~
ICHIBET 3T e RR LT, T2, BHR ¢ = o(x) 3 H M /T O5 R RE
f(d)) = Qua (x > 0) ¢(0) =Uu-, ¢(+OO) =0
DT HZ B, T ¢F = f(z/t) IZEKRIC

0, x <0,
W3 = { (I)7HD), 0<z < fu)t,
Uy, x> f'(ug)t.

TEZ256N%. MUEEERDTZGEOMZEE LTE, Kl [6] DK f(v) IKDWT
flw) = v?(u—w) (K1) DX RGEEZERL, Ta/hEve > 0lcHL
U_ € (e —6,0) WD 0<uy < e THBEE ¢+ FHNELZETHS T L7Z2RL
Tz, EHI, AR [1] KB T T DFERE u_ € (u., 0) DHFAICILRT % &3
iy fu) D%

fO=F0)=0, f0)>0, f(w)>0 (u€ [u-,0)) (4)
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DVICTH T (K2) BIR), up BN TNTHZAELE ¢+ BINELETH
TR llc. TTTEHOTRIZROED TH%:

EIE 1 (BA-N (1)) FH f, 9HE wo MU uy 1I2DWT (2), (4) Z2IRET 5.
O, BEAEEB e NB>Tuy < e DD ||ug— ¢ — ()| < e THBEHI,
HIMEEE FYERTE (1) 1 EME—D DK u

u—uy € C([0,00); H),
{ u, € L*(0,T;HY), T>0
ZHb,
lim sup |u(z,t) — ¢(x) — 1/)R(%)| =0.

t—00 £>0
FEEAD RIS DWTIEZ T ) 4 V) A ARG TH % DY, Kilfl [6] Tl Lin-AH-
PHIR [3] TO L? T3 )VF—TRITHI ZA-PER B IR B N2 XS BEADE [P T
FIVE—ER NI DEH U, AR [1] 13 X 512 Mei[d] D7 A 77 A ED
B, RENBIE A B D E A BIRUE -V L 7244, 3T L WARHIBIEBUT N Lih THEA
DE RPIVF—EEAT 5 TRy 7V AV 2GS

/ U_Ts 0] € u+ 'e 3 .
U— €U
1 -

T (1) DFRLARNDFRDBEETHC ONTHENT S, X INETORMRE
BT 3. (a) TEREM ¢ BIBRILDHEENNE-FEM-FE] 2 IS K> Tug —uy €
D'NH &F5E, |lu—¢|le < CAL+1)"1 BEDILH, ¢ MBELTV25A
H)IS-HR- B [?7) KO CHBEFHERR D LD EARENTVS. K
(b) DJEFFH [N XD |lu— 9P|z < CL+1) 71 log(2+1), [[u— 5= <
C(1+1t)"21og?(2+1) DD I DT EMNRENTVS. AWIZETIE (c) DERED
HOHAICOWT fluxf(u) A (2), (4) DBHI BN TENZTNROFERZG .

EIE 2.()I|B- EB-BA) JEPIE f, OIE v KT ug IZDWT (2), (3) ZIRE
T3, COEE, P - BEFYAEME (1) 3ME—DORFRIREME u 25D, ROBE
BV AVARAY
lu— ¢ —¥R)(#)l|ze < C(1+ 7207 log?(2+1), (1 <p<o0),
lw— 6 —¥®)(B)= < C(L+1)7FF, (Ve >0).

IR 3. (1|1 B-LH-BAE) I f, FIHIE uo KT us l2DWVT (2), (4) ZIRGE

U
X 2

(5)
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T5. ZDEE, BBEER ¢ BNH>T, uy < e MDD |uo— ¢ — V() lm < e
TH5E5E, 9 - BEHERTE (1) dME—DDO KR v 25, B (5) A
DAL,

AEIDITIEICDOWTIE, 2J1C KB [P TXI)VF—EDNARENTH D, (1] LAk
I [4] DFi% FIVTRAIBIEZ 7| D B A B Uz FAL T2 U 7214, B LW ARHIBE
BUSH LS TEMIE [P T3)VF—HEZ2EHT 2 T, 87 TV A VUG
iz 157z,

2 MEOBERL

FIME (1) ZRERLT S.
O(z,t) == ¢(z) + ¢(z,1)
CEE, HEz
v(z,t) = u(z,t) — D(z,1)
CEBEL, vD0IKHNET BT e RRTCEICK > TuN Y+ ¢l T &R
TEWVIREICRETES. T2 Y(z,t) 1 pi(z/t) DB M EALETS. T
T, RDK S %% vIcBAd 3 ¥ HESE A MERMEZ S 5:
vy + {f(q) + ’U) - f(q))}m — VUgz = F(¢7,¢):
v(0,t)=0, t>0, x>0, (6)
v(x,0) = vo(z) == uo(z) — ¢(z) — ¥(x,0).
=izl
F(o,¢) = =(f'(@+9) = f(9)b — (f' (¢ + ) = f'(¥))bz + Yz
T2, ML, EH 2., B3 IR U TRIREZEH I ZNZTNRDRIC IR S:
T 4. IV f, PHME uo KT v IZDWVWT (2), @) ZIRETS. TOKF, &
BIEEe>0DRH>T,0<ur <e DD ||wlh €< e THBEHE, PIHAMESAE
R (6) 13 72 72— DDAk v
v € C([0,00); Hy), ;
vy € L0, 00; HY), (7)

Z2Fb,
lim sup |v(z,t)| = 0.

=00 70

5. JERUEH f, HIWHH uo KT uyp I2DWT (2), () ZIRET S, TOEE,
Y1 - BEFHERTE (6) 1 EME—DORFRIRIERR u 2R 5, ROWBEEFHMM LT 5.
[o(®)le < CL+6)720 P log? 2 +1), (1 <p<oo), (®)

[o(®)l|e < C(L+1)774, (Ve > 0).
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EE 6.()I|B- LH-BE) JHREHE f, PHIE uo KT ug 1IDWT (2), (6) ZIKE
3. COLE HBEEM ¢ BNH>T, uy < 6o B | ug — ¢ — b2l < e
TH57%0E, 91 - BEFERTE (6) dME— DO KRR v ZFF D, M (8) M
FK DD,

3 SRR

LP DI A)NVF—AEXOEHDRADOFE L /52D T, Z O ZFHT 5.
v(z,t) == w(e(z))v(z,t)
CEL. C2IC w 3B THROIEABEMTHS. 2hze (6) 1
v+ (f(®) = f(®))o — V2o = F(&,9)
KKRAT %L
(w(@))e + (f(@ +w(P)T) — f(P))s — (W(P)V)za = F (&, 9). 9)

(9) O |0P~20 ZHN) z THER T 2 &, H

D
=/ F@\@\P—u%w'mmdﬁ/ O] + || + |a]) Bl da
0 0
w153, T THAE R
|/ (Pofol—2 + 2 P L Plp)de| < c/ 671 Flda
?ﬁéﬁﬁﬁﬂ?—ﬁ@ N
O]+ ol + [w:D@ulilds < Cletlul) [ @ifoPde
0 0
ERHliEND. 2T, >0ICERTS. X, ROm#EZ V3
. w(u) == f(u) +g(u), g(u) == —w*™ +7r*", (u € [u_,r], 1 <m) LEL,
CTICART m KRB, CORRL () OB L 6 % FHIONE SR m 2t
MCRE HNUL L(f" (ww(u) — flu)w”(v) & wlu) Fu € [u,r] IKBWTHIC
Feis.
W rlEHBIEER IR LUT f(u) > ¢ (u € [-r,r]) ZifiTzd r Z2—DHD
BELEEDTHS. TTITu, <r ZIRET 5.

o T (10) i
p/‘(MWm+c /m%mﬁ—/wﬁd\%m</1wﬂmm

0 0
(11)

LRHE NS, T T (11) OFLE (1+1)* (a > (p—1)/2) ZHNT [0, t] THES
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ER:R

t 1 t »
(1 +t)a|5|§+/ 1+ 7)o@z |§dT+/ (L+7)°[(8]27'9)al3dr
0 0

t t o0 (12)
g|%g+c/k1+7f*wgd7+c/(y+ﬂa/ o171 Flde dr.
0 0 0
C T CHiIEAELR
[0]p < C [(|9]7710)a]," 0],
|50 < C [(|5]5710)al57 577
T (12) OADZTHEL, BICEHT (1 +6) ZHNT 2 &
5], <c (1+8)7797 log?(2 + 1) (13)
w185, 0

BE R

[1]

3]

[5]

[6]

[7]

I. Hashimoto and A. Matsumura, Large time behabior of solutins to an initial
boundary value problem on the half line for scalar viscous conservation law,
to appear in Methods and Applications of Analysis.

S. Kawashima, S. Nishibata and M. Nishikawa, L? energy method for multi-

dimensional viscous conservation laws and application to the stability of pla-
nar waves, J. Hyperbolic Diff. Equ., 1 (2004), 581-603.

T.-P. Liu, A. Matsumura and K. Nishihara, Behaviors of solutions for the

Burgers equation with boundary corresponding to rarefaction waves, SIAM J.
Math. Anal. 29 (1998), 293-308.

A. Matsumura and M. Mei, Nonlinear stability of viscous shock profile for a
non-convex system of vicoelasticity, Osaka J. Math. 34(1997), 589-603.

A. Matsumura and K. Nishihara, Asymptotic stability of traveling waves

for scalar viscous conservation laws with non-conver nonlinearity, Commun.

Math. Phys. 165(1994), 83-96.

J. Nagase, Large time behavior of solutions to an initial-boundary value prob-
lem on the half space for the generalized Burgers equation, Master thesis of
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Chow rings of Complex Algebraic Groups

BB B (Goint with w1l fERET)
20084 2H1 3H CCYR4 JhiE K

1 A

Chow ring & IZfRELREF I L CERI NS, a b B uP—RICBE(UUEAERETH 5. (ZOERN M
50X (7] 2208) 2 2Tk, BEGHEMEE Lie # G @ Chow ring 2IRET 2HNEETH 3.

BOHEEHIEE Lie B G 13, Z0o0EEH Iz L ) SL,, Spin,, Spn, Ga, F1, Fs, E7, BEg DIED H b3
PERBITHZ I EVPHOSNT V3.

FRE 1.1. £ CoOMEBEBEMESE Lie B G 12> W T, Chow ring A*(G) ZIREYR k.

Z ORREIE, 1950 £ Grothendieck, Chevalley 51 & - CTHIZE & 21, #2123 Grothendieck DFER
8] ok b, GIofibET 2 flag variety DBEFH TR —ROSFHHETE2ENRINL. ZL T, 20
B L LC G = SLn, Spp WM LT A*(G) BHWITH S = LTSNk,

torsion part A*(G) ® Z/p IZBAL TIE4&TD G izo>WnT, Kac [9] E L7-. HL Z QERILIZEERIC
5 Z 6N Twin,

HiZ, G = Sping, G, Fy 122\ T, R.Marlin [11] 4% Schubert calculus % fiV>T A*(G) ZWREL 7=, %
- RS ORIIK [14] 13, & 2T, 5 AT Marlin OF5R%Z HREZE L 7.

2L, ROFEZEZZ 2HIC L HFE L1 25K T 5.

F9RE 1.2. YHERIAMEE Lie# G = Fg, E7, Fg 122\ T, Chow ring A*(G) ZIREY k.

Bx o, BRI HRMA2ZE O H A58 % Schubert calculus DEEZHWTHRL7-bDLEE
Z5.

2 EAXHE

G % WS HAIRESR Lie B & L, Z @ Borel #i9# (BARERE) 2 B &9 2. £ TOD Borel S I3 A\
B ROT, BELTRENEZRBRATHREYL, 20K, SH%M G/B 1 projective variety DHEL KL,
Zh® (GIfIbET %) flag variety(BELHER) LMER. 21, G % n X special linear group SL, &7 %
&, B3T3 1 0 L=ZAT90 2 T a5 .

flag variety G/B ® 2t ®u P —8 (& b —#I21d (equivariant) K-theory % quantum cohomology) ®
TR L ARBER M, HlEdim, RIS OML 2#m» 6 0B » 2R E2RL, 202~ 2 DA Schubert
calculus &MEIEN B EFTH 5.

T, FRFERELEME X O Chow ring A*(X) L AL EHICATAS. FARBOXRE A*(X) =

* RER R BRI R
L =T/ =R A
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Do AH(X) ZFOBRTH Y, FREUTHWT AH(X) IBRRIL ¢ D algebraic cycle ® rational equivalence
class & WENLD B 2 AEEEATH . 22T algebraic cycle & 1&, (PR THRV) MALRRIEDOBEURE
WIMTH Y, 2 0FAHE L 25813 cycle map EWITN 2 BHERM ol : A*(X) - H*(X;Z) 27587 5
ZEDBHSNTWS,

RICH AT TR -2 TOFETHEHN T 5, Grothendieck DFEREZIANT 3.

EHE 2.1 ([8], I [2] D §3 #BM). cycle map WBRFER A*(G/B) = H**(G/B;Z) #%< . ¥, H¥
p:G— G/BIicX33IZREL p*: A*(G/B) — A*(G) 3 &4iT, 20Kz AY(G/B) TERINEAL FT L
THb.

CoOfNARE LTREES.
% 2.2. A*(G) = H*(G/B;Z)/(H*(G/B; 7))

DFE N AYG) DEMEERZIET 51, H*(G/B;Z) DB L 2 ROTLTERI NG A T 7 LB
R,

ZZTR 22 0B RREE ZORZ. £2TD G lconT H¥(G/B; Q) 1& 2 ROITLTHERI N5 HIHI
5NTVBDT, A(G)®Q=Q #H3. $7AKOMEYS, G = SL,, Sp, DEE A*(G) =Z #133.

3 flag variety D REOY—F

%221kt A(G) DRET H*(G/B;Z) DERIEEDREIWIFEI L2208, RICZD @Y ORT%E
N5, 2NZFN—R—HEdY, BRAXOHMICIIWTANEL 2 3.

3.1 Borel &R

—DHIZ Borel 78 N2, ZEHABROFRIRE L TORRTH 5.

NN T D BICFEODPEMBBLETH 2. (FELIE [12] F22H) K 2 G ofika v 87 FERoHE,
T #BRE—5 R, W % Weyl B, {wihi<ici ZEAY =24 F 5. %7, BT T OHFEM%2ET. 0
¥, H*(BT;Z) = Zlwy,...,w] TH2H, K — G BHHYFM K/T = G/B 25§ 2 F8HMo T 3.
¥z A*(G/B) ~ H*(G/B;Z) ~ H*(K/T;Z) <% 3. £ TR T — K — K/T O585& K/T % BT %
aRERY—ICHEET 254 H*(BT;Z) — H*(K/T;Z) 1% characteristic map &WIN 3.

EE 3.1 (8).  B&H T, AW HY(K/T;Q) ~ H*(BT;Q)/(HY(BT; QW) #&<. f{HL,
(H*(BT; QW) XIERBO W AELEATEREI NI A TTILTH 5.

B Z OfEFEIF Toda [16] 10 & W BFEHaFE 0P — H*(K/T;Z) O Borel £7R L WIN 3, ZLHAROF
KRB L 2RR2E 23 HEHRI 0, PIKZELBAORBMNNHEAAZEEDOF T, £ETDav Ry
I BUOEEHE Lie B K 122w T, H*(K/T; Z) O BN AFRE 2 6 0. ([3], [17], [5], [13], [15])

BB RH 2T <A S, BlZIE HY (B /T; Z) DBERDKLE 2 L T35,

EE 3.2 ([17)).

H*(Bo/Ts2) = 2ttt bob DAl iy =9, 1y = )
(b1, p2; p3; P4, P35, P Ps; P9 P12)

pr=c1 -8t py=cy—4t?, p3=cs—2y3s psa=ca+2t"—3ys, ps=cs—3tya+2’y3
p6 = ‘/32 + 2c — 3t2’)'4 + 18, p8 = 3742 — B6ty3y4 — 9t2cq + 15t4y4 — 6t5~/3 — &, po =263 — 3t3cq
p12 = 3cZ — 274> + 6ty3v4® + 3t%coya + 5t3ceys — 15242 — 10t8¢ce + 1984 — 6t%5 — 2412
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ZoFFTIR, HY(K/T;Z) = H*(G/B; Z) $$EABOHATTH 20T, % 2.2 2V 2 ki (i
RKNEREE LTOANG) 23K % 223, FREIZZ DEIuERET 3 algebraic cycle WRETE LW EF IHFT
2H B, TNRITHET 2510, RIC L ) BN LERZHBNT 5.

3.2 Schubert presentation

b ) —DDRIRIE, Schubert £ EWHIEN 3, Schubert variety &5 )RRk %2 Z LK ET 3, B
HINEE H*(G/B; Z) ®”Z-module” &£ LTORRTH 3.
G & Bruhat 7% ([4])
G= ][ BwB

wew
EIEN D Weyl BEIC k> TA v F v 7 2y &7z, Bz X % double coset DfE%#FH, ZiFA L <
Bruhat 4f# £ WX 2 XD G/B Dk a#l 2581 3.

G/B= [] BwB/B.

weWw
Z DI, Weyl # W OIL w IZXIGT 2 fatk BwB/B = CH™) O} X, & Schubert variety & FEEH 2 #6355
lw) X (FR) SRk k2. HL l(w) 13, Weyl #% Coxeter BEE RA LA EZDMw ORIZRTHDEL
T5.

Weyl BORETL® wo L5 5 &, H(wow) = L(wo) — I(w) = dimg G/B — l(w) &% 50T, Xuyw OEAME
@ Poincare ®xf1x HA W) (G/B;Z) DL Zy, #ED 5. 2% w KIS T % Schubert class & FE3.

Bruhat 73f% & Schubert class DEZED SHL DI, {Zytwew & H*(G/B;Z) ® Z-module #E% % 7.
ZOERRFTIEIFER Y —HORKILIE subvariety TH 2 D THIC algebraic cycle Th 5. Lo LREIE,
ZORTFTIIRIBERIRA 2 Z LI L WA, £22 2 #EAT 250 L . (E Marlin [11] 12 2 ORFD
AEFESTEHEL 75, BEOEVHISE Lie HOFEDSTELd o7

2% ), BEEDRL TV Borel £78 &, RFRITLDEED B> Schubert RIRDOM G 21T E R TENUL, &4
DHETERTE 2.

4 Divided difference operator

flag variety ® 2 F €0 ¥ —5 D Borel £78 & Schubert R % tHAICE EH#h 2 2 %1213, Demazure [6] &
Berstein-Gelfand-Gelfand [1] 2 & > THIZICBAFE S L7 divided difference operator YA TH 5. Tl
Schubert calculus 2RV T—DDEELEETH h IEFITIC AR D K23, 22 TREL DA -> T
fRT 5.

FEE R HEMT 5. (LR [12] %2 51) I = {ai}i<i<t # K D simple root & L, 59 % simple
reflection % {s;}1<i<i ED< &, K O Weyl BEW X {s;}1<i<i TERINZEIRAFTH 2.

s MW, divided difference operator DEFHEZ B RS Z LW TE 3.

EE 4.1 (6], [1]). £7 simple reflection s; <N LTIk, WIET % divided difference operator A; :
H*(BT;Z) — H*"2(BT;Z) BXRCEES N 3.

f_;i(f)’ f € HY(BT;Z) = Z|wy, .. .,w]

i

A(f) =

B, fEED Weyl BEOITLICH LT, 2D simple reflection DEIC & 2RERT w = 85,8, - 85, B
L, ST 3 divided difference operator A, : H*(BT; Z) — H*~ %) (BT;Z) 3 RRCEHEI N 3.

Ay =A; 00,004,
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—f& 1z Weyl BEDOITLIZN L TRERTD w = 84,81, -+ - 85, [ —ETIE %23, divided difference operator
DEFED well-defined TH 2 Z EIZEEIN TV 3.

EE 4.2 ([6], [1]). o A, : H*(BT;Z) — H*"2W)(BT; Z) i3 well-defined.
e ¢: H**(BT;Z) — H**(K/T;Z) # X
f)= D Du(HZw (EEALS)EZ)

l(w)=k
TEFET DK, ¢l Borel RIND characteristic map o* 125 L.
o (Giambelli formula) fEE D Schubert class Z,, WX L TR D LD,

Zw=c (Aw"lwo <—HQI—EV$I_+E))

BL Z 2T, At X positive root DEATH 3.

ZoEMIZ XY, FEMNICIE Borel R TEHZ 51 TWw 3% IHR % Schubert class DIFEMTEE T T3,
Wiz 5 2 507z Schubert class IZ3$ % Borel RROTL (FHN) 2525 2 L3 TE 3.

ERRIz Z 0B HABEAT 51213, ROBMN ARG TH 2.
HE 4.3. Ai(fg) =Ai(f)g+si(HAilg),  Ai(w;) =6y

BIBHEOREELRLTIE, HEL & 2 A I3,

5 #R
DEoEFHZHAWT, MEL2 2BRTEILNTES,

EE 5.1.
A*(Eg) = Z[X3, X4)/(2X3,3X4, X2, X3)

Z zfiﬁiﬁbi) X3 = p* (Xwosss432) = B(w0555452)B cG
X4 = p*(Xuwgsesssass) = B(wosesssasa)B C G L9 Schubert variety DI SIRL ELTES I ENT
X5.
Proof. % 22 12 £ 0, A°(G) = H™(G/B;2)/(HX(G/B;2)) = H*(K/T; 2)/(HA(K/T;2)) T 37,
Borel 7% 52 5% 32 &, HX(K/T;Z) = Z{tr, ... t,t} Th s 805, A*G) 1& H*(K/T;Z) 0
Borel RRIcBWTt=0,¢=0,(1<i<l) £ FTIUTRV. FIZFEH 4.2 2V, Borel RIRDIL%E Schubert
class TERT I EMNTE S, FHEE,
H*(Es/T;Z)/(t1, .. - te,t) = Zlvs, val/ (273, 374,73, 73) = ZlZsas, Zesaz]/ (27542, 36542, Zasa, Zisa2)
k&%.{EL,SiISi2"'Sik721:12'2"'7:)@ &Wﬁﬁﬂtf: O
EREIZ LT,

EE 5.2.
A* (E7) = Z[X3a X47 X5: XQ]/(2X33 3X4: 2X5’ X.’?: 2X9a Xga Xi: ng)
{H L: X3 = p*(Xwosss4sz); X4 = p* (Xw08685$432): X5 = p*(XwoSﬁsSsMSz): Xo = p* (Xwosesss4s3s7sssss4sz)'

EE 5.3.
A*(Es) = Z[Xs3, X4, X5, X6, Xo, X10, X15)/(2X3, 3X4, 2X5, 5X6, 2Xe, X2 —3X10, X3, 2X15, X3, 3X70, X3, X135, X10, 2X5)

BL, X;(i=3,4,5,6,9,10,15) I codimension i ® Schubert variety D5l ZFRL D & 3 #REIA.
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Abstract

For a closed orientable(resp. non-orientable) surface, we can always give finite
numbers of spin(resp. pin®) structures. And it is known that there are some
algebraic or geometric counterparts for them. In this talk and article, we see
their relationships and discuss some applications.

1 Preliminaries

1.1 The notions of spin and pin structures in general dimensions

First of all, we review general facts on spin and pin structures on smooth manifolds.
(For more details, consult, for example, [1],[2] and [3].) Let n 2 3 be an integer.
For the special orthogonal group SO(n), it is well-known that 7,(SO(n)) = Zo,
which implies that there is a universal double covering space over SO(n). We denote
it by Spin(n), which is a compact, connected, and simply-connected Lie group called
the spinor group. We denote this covering mapping by & : Spin(n) — SO(n). Now,
let p : E — X be a n-dimensional smooth oriented real vector bundle over a manifold
X and E; = R” be its each fiber. If we give each E, a Riemannian metric, we
can regard the structure group of this vector bundle as SO(n). In addition, if we
take the frame bundle of p, which is denoted by = : P(E) — X, it is easy to see
that each fiber P(E), of this bundle is isomorphic to SO(n). We define a spin
structure of the (oriented) vector bundle p : E — X as the double covering space of

Il : P(E) — P(E) whose restriction maps onto each fiber II,, : P(E), — P(E); is
equivalent to the covering map £. That is, the following diagram commutes:

p(E) Lberinduion pEyx Spin(n)
l " fiber inclusion l Iz l 13
P(E) ———— P(E); = S0(n)
l=

X

*Osaka City University Advanced Mathematical Institute COE Researcher
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We also define the equivalence classes of spin structures of p : B — X as the
equivalence classes of double covering spaces of P(E). We define a spin structure of
a manifold M as a spin structure of its tangent vector bundle T'M. We call manifold
M a spin manifold if M admits a spin structure.

Example 1.1. An oriented vector bundle p : E — S! has exactly two spin struc-
tures.

Remark. Note that not every orientable manifold admits a spin structure. For a
counterexample, the 4-manifold CP?, the complex projective plane, is not a spin
manifold. On the other hand, it is known that every orientable surface (= 2-
manifold) and orientable 3-manifold admit spin structures. It is also well-known
that an orientable manifold M admits a spin structure if and only if the second
Stiefel-Whitney class wg of TM vanishes. On the other hand, Rochlin[4] showed
that the signature of an oriented closed simply-connected 4-manifold is zero modulo
16 if the 4-manifold is spin.

Proposition 1.2. If an oriented vector bundle p : E — X has a spin structure,
then, Spin(X), the set of spin structures of X, correspondends bijectively to the
cohomology group H'(X;Zs) as sets.

This proposition follows from the fact that H'(X;Zsy) acts on Spin(X) in a simple
transitive manner, which means that the bijection is never canonical. (i.e., the bi-
jection between them is defined if any one spin structure is fixed) That is, Spin(X)
is isomorphic to H!(X;Zs) as an affine space. On the other hand, we can set up
pin structures on non-oriented vector bundles as we have set up spin structures
on oriented vector bundles. However, the theory of pin structures is comlicated
because there are two different possibilities ; they are pint structures and pin~
structures. (Note also that O(n) is not connected; they are composed of two con-
nected components.) Let p : E — X be a n-dimensional smooth non-oriented real
vector bundle and E, be its each fiber. If we give a metric on each E,, we can see
the structure group of this vector bundle as O(n). In addition, if we take the frame
bundle of 5, which is denoted by 7 : P(E) — X, each fiber P(E), of this bundle is
isomorphic to O(n). We define a pin™ structure (resp. a pin~ swture) of the (non-

oriented) vector bundle 5 as the double covering space of II : P(E) — P(E) whose

restriction map to each fiber IL, : P(E_)x — P(E), is equivalent to the covering map
&4 Pint(n) — O(n)(resp. £€- : Pin~(n) — O(n)). We also define the equivalence
classes of pin structures of p as the equivalence classes of double covering spaces of
P(E). We define a pint(resp. a pin~) structure of a manifold M as a pin™ (resp. a
pin~) structure of its tangent vector bundle TM. We call manifold M a pin* (resp.
a pin~) manifold if M admits a pin™ (resp. a pin~) structure.

Example 1.3. RP? admits two pin~ structures, whereas, admits no pin™ structures.
Moreover, there are pin~ structures but no pin™ structures on closed non-orientable
odd genus surfaces. On the other hand, there are both pin~ structures and pin™
structures on closed non-orientable even genus surfaces. In general, it is known that
RP™ admits a pin~ structure if n = 2 mod 4, and admits a pin™ structure if n = 0
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mod 4. These follow from the fact that the existence of a pin™ structure corresponds
to the vanishing of the second Stiefel-Whitney class wy of TM, and the existence of
a pin~ structure corresponds to the vanishing of wo + w%, where wy of TM is the
first Stiefel-Whitney class.

Remark. The groups Spin(n) and Pin(n) are also constructed via the Clifford
algebra, which is closely related to the spin and pin structure. (See [3]).

1.2 In the case of surfaces

Let ¥4 be a closed orientable surface of genus g, which is the connected sum of
g-copies of the torus. It is already known that there are 229 spin structures on X,,.
(See Propositionl.2 above.) On the other hand, for a closed non-orientable surface
P, of genus g, which is the connected sum of g-copies of the real projective plane,
it is known that there are 29 numbers of pin structures on it. In this subsection, we
review some algebraic counterparts for spin structures and pin structures. Related
references are, for example, [5], [6] and [7].

We fix a symplectic basis of Hy (X; Zs) satisfying (@i, ;)2 = (¥i,y5)2 = 0, (zi,yj)2 =
6ij (for all 1 < 4,j < g) with respect to the Zs-intersection form (', )2. A quadratic
form on Hi(X4;Zy) (associated with the Zo-intersection form ( , )2) is a map @ :
Hi(24;Z2) — Zs which satisfies Q(z + y) = Q(z) + Q(y) + (z,y)2 for all z and
y € Hi(Xy;Zs2). The Arf invariant of a quadratic form Q : H\(3g;Z2) — Zo is
defined as Arf(Q) := Y9_; Q(z:)Q(y;). It is also known that the value of the Arf
invariant does not depend on choices of the symplectic basis. Two quadratic forms @
and Q' : H1(Xy;Zs) — Zs are equivalent (we write @ ~ Q') if we have Q' = Qoyp,,
where ¢, is an element of Sp(2g;Zs) induced by a diffeomorphism ¢ € M,. Here
the group M, is the mappping class group (of a surface), which consists of isotopy
classes of self-diffeomorphisms of ¥,. It is also known that we have @ ~ Q' if and
only if Arf(Q) = Arf(Q'), which means that the Arf invariant is a complete invariant
for the equivalence classes of quadratic forms. A quadratic form is called even (resp.
odd) if Arf(Q) =0 (resp. Arf(Q) =1).

Proposition 1.4. ([5]) The set of quadratic forms on Hy(Xg;Z2) corresponds bijec-
tively to the set of spin structures on ¥, as affine spaces over H! (Xg;Z3).

The non-orientable version of this proposition is as follows. Here, a map q : Hy(Py; Zy) —
Zy4 is called a Z4-quadratic form associated with the intersection form (, )oifit
satisfies q(x + y) = q(z) + q(y) + 2(z,y)2, where 2 : Zy — Z4 is a unique inclusion.

Proposition 1.5. ([6]) There is a canonical bijective correspondence between the
set of Z4-quadratic forms on Hy(Py;Zs) and the set of pin structures on Py as affine
spaces over H'(Py;Zs).

We have to mention that a Brown invariant is a complete invariant for the equiv-
alence classes of Z4-quadratic forms, just as a Arf invariant is a complete invariant
for the equivalence classes of quadratic forms. See also [6].
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2 Applications and problems

We introduce a surface-knot invariants as an application of a spin structure. First
of all, we review that the Rochlin quadratic form associated with any smooth em-
bedding of ¥, into S% is an even quadratic form. Let f : ¥, — 5% be a smooth
embedding, and F, the image F, = f(X4). The Rochlin quadratic form (associated
with a smooth embedding f) is the quadratic form Qy : Hy(3g;Z2) — Z3 defined in
the following way: We embed a compact surface P in S* so that P is normal to F,
along its boundary &P and AP is contained in F,. Let P’ also be a surface obtained
by sliding P on Fy so that P’ intersects with P transversely. Then we define

Qs([0P]) = f(intP N (P' U Fy)) mod 2.

It is known that this is a well-defined quadratic form, which was originally introduced
by Rochlin, and known to be an even quadratic form for any embedding f : 3 — S,
For a quadratic form @ on H;(X,;Zs;), we define the subgroup

My(Q) ={p e My | Q(z) = Q(p«(x)) Yz € H1(Ey;Z2)}

of Mg, which is commonly called the spin mapping class group. If Q ~ Q’, then we
can check that My(Q) is conjugate to My(Q') in M,. Tt is well-known that the
group

Sg = {ps : Hi(Bg;Z2) — H1(Zg; Z2) | p € My}

is isomorphic to the Zs-symplectic group Sp(2g;Z2). For a quadratic form Q, we
define the subgroup

Sg(Q) = {px € Sy | v € My(Q)}

of Sy 2 Sp(29;Zs). This group is just the (Zy)-orthogonal group O(2g;Zs). Like-
wise, if Q ~ Q', then S,(Q) is conjugate to Sy(Q') in Sp(2g;Z2). Next we define

M(f) ={p € My | 3 an orientation-preserving diffeomorphism ®
of S* with ®|p, = fo ™"+ Fy — Fy}.

Note that, in this definition, f is a diffeomorphism from ¥, to Fy, and note also
that, if ¢q is isotopic to ¢1, then fopof~! is isotopic to forft. This implies that,
if foof ' extends to the diffeomorphism of S4, then fe1f ~1 also extends to the
diffeomorphism of S* by the isotopy extension theorem. An embedding f : ¥, — sS4
is trivial if F,; bounds a handlebody of genus g in S* and its image, the trivial
surface, is unique up to ambient isotopy. In [8], Hirose showed

Lemma 2.1. For a trivial embedding f, we have M(f) = My(Qj).

Let Qo be an even quadratic form defined by Qo(z;) = Qo(y;) = 0 on each symplectic
basis. Then Q; ~ Qo, which induces that My(Qy) is conjugate to My(Qo) in
M, which implies that My(Qy) is isomorphic to My(Qo). Hence, for any smooth
embedding f : ¥, — S*%, the group M(f) is isomorphic to a subgroup of Mgy(Qo)-
So we define the following group.
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S(f) = {90* : Hl(zg;ZQ) - Hl(ZgQZQ) ’ pE M(f)}

Then, it is easy to see that for any smooth embedding f : ¥, — 5S4, the group
S(f) is isomorphic to a subgroup of S4(Qo). As in [7],S51(Qo) = Za, which leads the
following theorem.

Theorem 2.2. ([7]) For embeddings f : 5y — S*, the groups S(f) are surface-knot
invariants. Especailly, for every smooth embedding f : 1 — S*, S(f) is isomorphic
to {1} or Zy.

We can ask which group listed above is “realizable”, that is, which surface-knot has
a group listed above? For the case of g = 1, this question is answered as follows.

Example 2.3. If f : £; — 5% is a trivial embedding, then S(f) 2 Z,. If f : £; — S*
is a smooth embedding for the spun-torus of a non-trivial knot, then S(f) = {1}.

For every smooth embedding f : &, — S*, the groups S(f) also define surface-knots
invariants. This is a generalization of the results in subsection 1.3, however, the cal-
culations do not seem so easy. (For example, calculate the group S(f) for the ribbon
surface knots.) On the other hand, we can set up the groups S(f) for a smooth em-
bedding Py into some 4-space, which should introduce some non-orientable surface-
knots invariants.

References

[1] Lawson, H. Blaine, Jr.; Michelsohn, Marie-Louise Spin geometry. Princeton Mathemat-
ical Series, 38. Princeton University Press, Princeton, NJ, 1989.

[2] Kirby, Robion C. The topology of 4-manifolds. Lecture Notes in Mathematics, 1374.
Springer-Verlag, Berlin, 1989.

[3] Atiyah, M. F.; Bott, R.; Shapiro, A. Clifford modules. Topology 3, 1964 suppl. 1, 3-38.

[4] Rokhlin, Vladimir A, New results in the theory of four-dimensional manifolds, Doklady
Acad. Nauk. SSSR (N.S.) 84 (1952) 221-224.

[5] D. Johnson, Spin structures and quadratic forms on surfaces. J. London Math. Soc.
(2)22(1980), no. 2, 365-373.

[6] Kirby, R. C.; Taylor, L. R. Pin structures on low-dimensional manifolds. Geometry of
low-dimensional manifolds, 2 (Durham, 1989), 177-242, London Math. Soc. Lecture
Note Ser., 151, Cambridge Univ. Press, Cambridge, 1990.

[7] M. Kawami, On the spin-preserving symplectic groups modulo two, Kobe journal of
Mathematics, vol.24; (2007) no.1, pp.53-66.

[8] S. Hirose, On diffeomorphisms over surfaces trivially embedded in the 4-sphere. Algebr.
Geom. Topol. 2(2002), 791-824.

—127—






Siegel disks with bounded type rotation number

Koh Katagata

Interdisciplinary Graduate School of Science and Engineering
Shimane University, Matsue 690-8504, Japan
katagata@math.shimane-u.ac.jp

Abstract

We give a brief survey of results on Siegel disks of some rational func-
tions with bounded type rotation number. A Siegel disk of some polynomial
with bounded type rotation number has the quasicircle boundary containing
its critical point. In order to construct such a Siegel disk not of a polynomial
but of a rational function, we consider some Blaschke product and employ the
quasiconformal surgery.

1 Preliminaries

We denote by C = C U {co} the Riemann sphere and denote by D the unit disk.

1.1 Fatou sets and Julia sets

Definition 1.1. Let Q be an open set in € and let ¥ be a family of maps from Q to
C. The family ¥ is normal in Q if every infinite sequence of maps in # contains a
subsequence which converges uniformly on every compact subset in Q.

Let f : C — € be a rational function. The rational function f can be written as

p()

f@) ==,

q(2)
where p and g are polynomials with no common roots. The rational function f is
continuous with respect to the spherical distance. The degree deg(f) of f is the

maximum of the degrees of p and gq. We denote by

fl=foof
N—
n-times
the n-th iteration of the rational function f. The degree deg(f") of f” is equal to
(deg(/))"-
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Definition 1.2. Let / : ¢ — € be a non-constant rational function. The Fatou set
F(f) of fis defined as

F(f)= {z e € : the family { f"}2, is normal in some open neighborhood of z} .

The Julia set J(f) of f is the complement J(f) = C \ F(f). The Fatou set F(f) is
open and the Julia set J(f) is closed.

1.2 Siegel disks

Let /' : C — C be a rational function of degree greater than one and let zy = f"(zo)
be a periodic point of period n. Since the Fatou set and the Julia set of /” is equal to
those of f, we can assume that n = 1. Taking the Mobius conjugation into account,
we can assume that zy = 0. The power series expansion of f near the origin is that

f@)=z+az? +---.

We call the complex number A the multiplier at the origin. We assume that 1 = 2™
and « is an irrational number.

Definition 1.3. The rational function f is linearizable near the origin if there exists
a conformal (holomorphic and bijective) map ¢ near the origin with ¥(0) = 0 such
that o f o () = R,(z) = €¥™z. The rational function f is linearizable near the
origin if and only if the origin belongs to the Fatou set. The Fatou component A
containing the origin is called the Siegel disk centered at the origin. The Siegel disk
A is the largest domain on which f is conformally conjugate to the rotation R,.

We consider the continued fraction expansion

1

o =aqy+

a +
1
a + —

of the irrational number a, where ay is an integer and a,, is a positive integer uniquely
determined by « for all n > 0.

Definition 1.4. The irrational number « is of bounded type if the sequence {a,} ",
is bounded.

Theorem 1.5. If the irrational number « is of bounded type, then f is linearizable

near the origin.
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2 Results

Let P,(z) = 2> + €™z, Then the following theorem holds if « is of bounded type.

Theorem 2.1 (Ghys—Douady-Herman-Shishikura-Swigltek, [6]). If an irrational
number « € [0, 1] is of bounded type, then the boundary of the Siegel disk A of P,

centered at the origin is a quasicircle containing its critical point —e*™ 2.

Let Q. m(2) = €¥z(1 + z/m)". Geyer showed the following theorem which is
extended to some polynomials. Note that P, is conformally conjugate to Q,, ;.

Theorem 2.2 (Geyer, [1]). Let m > 1 be a positive integer. If an irrational number
a € [0, 1] is of bounded type, then the boundary of the Siegel disk A of O, centered
at the origin is a quasicircle containing its critical point —m/(m + 1).

For complex numbers A and u with A # 1 and a positive integer m, we consider
two rational functions

Z"+ A
and .
z+ A
Fum(2) =z(‘uz+ 1) .

The two rational functions E, , ,, and F , ,, are semiconjugate via §,(z) = z”,
namely
F/Lu,m o Sm = Sm o E/l,,u,m-

Itis clear that £, , ; = F; ,,1. The origin is a fixed point of both £, , ,, and F ,, ,
of multiplier A and A™ respectively, and the point at infinity is a fixed point of both
E,,.mand Fy , ,, of multiplier 1 and ™ respectively. In the case that ;1 = 0,

From@=z@z+)".

Therefore the rational function F', , ,, is considered as a perturbation of the polyno-
mial F; o . Itis clear that F g, is conformally conjugate to Q, , if 1™ = e*".

Main Theorem 1. Let m be a positive integer and let i € D. If an irrational number
a € [0,1] is of bounded type and ¥y + 1, then the boundary of the Siegel disk
of E, ,.,m centered at the origin is a quasicircle containing its critical point, where

1= e27ria/
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Main Theorem 2. Let m be a positive integer and let 1 € D. If an irrational number
@ € [0, 1] is of bounded type and e ™ # 1, then the boundary of the Siegel disk
of F,,,..m centered at the origin is a quasicircle containing its critical point, where
A satisfies that A" = e*™,

Main Theorem 2 contains Theorems 2.1 and 2.2. Moreover we obtain the fol-
lowing two corollaries.

Corollary 1. Let m be a positive integer. If a and B in [0, 1] are irrational of
bounded type and &™“*P) % 1, then the boundary of the Siegel disk of E, . cen-
tered at the origin and that of the Siegel disk of E, .., centered at the point at infinity

are quasicircles containing its critical point, where A = e*™® and i = ¥,

Corollary 2. Let m be a positive integer. If a and B in [0,1] are irrational of
bounded type and &™*F) ¢ 1, then the boundary of the Siegel disk of F ,, , cen-
tered at the origin and that of the Siegel disk of F ), ,, centered at the point at infinity
are quasicircles containing its critical point, where A and p satisfy that A™ = *™@

and " = ¥,
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r=20 r=0.5

r=09 r=1

Figure 1: Golden Siegel disks of the rational function F, , 1 centered at the origin,
where 1 = 25112 gnd iy = 2 O5-DI2, In the case that » = 1, the point at

infinity is the center of another golden Siegel disk.
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Non-uniform asymptotic stability for linear time-varying
second-order differential equations

BIRXF HABTEMREN BEBR—

WL 2 D 2 BB My 7
" +a(t)r +b(t)z =0 (E)

L IRfEZE 2 RoekRIB Mo TR

0 1
x =A(t)x, A() <_ o) — a(t)) (S)
BEZD. 2120, 1751 A(t) DG a(t), b(t) 1 t > 0 1BV Tl rlREABIR L L,
N7 Mx=Yz,y) £T%. cDLE, HFEKXFRO) (BLIUIIAEN(E) EFHx=0
(B LA Pim 2z =2 =0) 2dD. HEXR(S) LAEX(P) BFMETHSH 5, FiE
B s =2 =0 & —HT 3.

CNETELOMFREIC K- T, HERR (S) DEMEH—HRlTAZE (uniformly asymp-
totically stable) SPHIIZZE (asymptotically stable) TdH % 72D T3 S&FOWZEN A ENT
X712 [2-5,7]. 1751 A(t) DR a(t), b(t) VT NEERE IS ANERTH 255135
fRO—REMN L e LWL EMEN T 3. TNEOEENO NS KIS, —ilkIC,
—REINAZE R DRI R E TH S (EHRIFEZICEET). L TAD, WL LZETHEIhE L
Wo T—RRIMEZE RS, B2, SR AR

'’ + "+z=0

—X
1+t
DO z =2/ =0 FHDERETH BN, —HRINLLZETHEY. TOHRRE, TONE
RNOBRAMTINZBKINTKRDZ T LN TEZ T ehbBEMNS. KK, BARITIIE

sint cost

141 +1
cost sint sint cost

1+t (1482 1+t (14172

THBM5, Coppel DEH [1] &2 VT —RlNLLEN LWL LEN 2T NZTNHET
5T EMTES. Coppel DEFEDZEMNCOWTIFEIET ZM, BHICKHANS L, ZDF
R —BHNEZOE (B L L&, WHAZE) TH 5 DRE DM NEAR T2 -y
ERTHEZBNETELTHD. LTAD, TORIDXSICHEARFTHZKRDSBENTE

—_
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ZHENIIFFICHTHS. Thbb, EARRTIERDZ T ENTEHRVWAERITHL
Tl Coppel DEHZHHTE V. COHEHEANS, SHICES X TEZL OMFEEDN—KE
WL 2 E PERHNE ZE M & W o Te B DM ZH] > TIO A TE Tz, T, Fid
DOBIART K DI, —RRlLLE L ZEDRNC IRz 0 DH 5. ETAM, ThHD
BT BB CNETHRE RSN TOVARLY. FIDSETE S &, BN —MRINLZE
TRWIZDDTEMFICET 2B DRy, —RICEEMNR (4 ThHs1zH0D) +
DEMEFERZDISHICRD SNTHEZ L FHET 2D, BENE (L TERWZHOD) +
DEMIHEORRETZEDONRZ L. L LW S, WLLELN oL ez 5L
TEehs, TOBREMR (—HEINLZE TRV D) Ttz RO % T & Tlnii
ETHZTDDTRFEMFORE NLZLE TH 2 MN—RNEZE TlRWEE) 2505 F4i
Mo eix%. ZT T, RKFETIEHERR (S) OFMEN—HINLLE TEW D175

[ E, TGt > 0 & U, #II5H x(to; to, X0) = Xo = (20, yo) BRIz T HIERK
% (S) DA x(t;to,x0) EET. £, ||x|| 1d x DILED /)VLET B, LUTFiC, K
%R (S) DEMOLELEDERZTEHT 5.

E.

() HIEXZR (S) DEMRHNLIE (stable) &%, TED e > 0 LAEEDHIARZ] ¢t > 01
XUT, 5 6(e,t9) > 0 FIEL, S-EERNDERED xo EHEED > 4 ICBNT
HX(t, to,XQ)H <e ki3 (1_)_3572(1\7),

(i) EFE () D 6 NPHHREA to ITRIFE LR b ¥, FRIT—ERLZE (uniformly stable) &
W9,

(iii) FEDRIN (attractive) L 1%, EEOYIARFL] to > 01 LT, 5 do(to) > 0 M
??E L/, ﬁE%i@ e>0¢& (50'3&{%'7‘]0)65%?@ Xo LC;@LT, %Z.) T(to,E,Xo) >0 i)‘ﬁ
FEL, FEDt> g+ TICBWT ||x(tto,%0)|| <e £XB L ERNS;

(iv) B (i) IKBNT, § BRI o IKKTFET, T H e ODAKEFET B L&, Fif
WE— BN (uniformly attractive) £\

(v) BN ZERE (asymptotically stable) &3, FMENEEN DRI TH % & Z 720
2,

(vi) FEN—RRLZE (uniformly asymptotically stable) & 1%, iR —RRZEN D—Hk
WU TH B & EZ2WN D,

(vii) BEDIEEONIZEE (exponential asymptotically stable) &%, % X > 0 DFEL,
TEDe> 01 LT, $3 6(c) > 0 WFEEL, EEOVIIARAZ to > 0 & §-3aF%
WOEED xo RTHEED t > to I2BWT ||x(t;t, %0)|| < ge™?t0) LixZd L&k
(AR

M HRERICBNT, FEMO—RinLZ e & 5802 EEEFETH 5 T EAH
5NTW3 BIZIE, [1]#SH). &g TlE, FEER (S) OFMRB—RilnL L E Tk
WZ R T RIS, ZOEMAIEEMNLEZE THRWT L ZIRT.
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D%, KRN (E) OWHhim ¢ = 2’ = 0 BIREZE TH 572D 1052 2 DML,
ZTNZhOEHIHEA TE 2012207 %. JEEMEBIEL o(t) 7Y integrally positive TH % &

&, Tt w < 0n < gt ERETEEOEE I = |, 0a] KBNT

n=1

/ b(8)dt = 0o

I

kb kS ([3,4,6-8] ZRK). X5, TDFRMICAT
Tn+1 S On + Q

BHIZT Q> 0DFET S EE, ¢(t) 1 weakly integrally positive TH% EWVD ([3,7] %2
ZiR). FlZIE, 1/(1+¢t) *®sin®t/(1+t) & weakly integrally positive TH % A3, integrally
positive T7ZXLO.

Sugie and Onitsuka [7] {ZFRIEM D SRR (B) ZETs 2 BEE AL 7O R
W2 ENE (Global asymptotic stability) I2 DWTER LUz, #REMD 12X () DEEIC
FR- 72 EDRERIEROED TH 5.

EEA H58abb>0MFHEL, FEDL>0ICHLT
la(t)| < a )
mD
b<b(t)<b )

DO DEIREE TS, TDEE, B 2a(t)b(t)+b (t) BIEELT weakly integrally positive
B51E, SN (E) OVFiIR z =2 = 0 3HNL%IE.

EHA ZHVNUE, TR

1 !
=0 E-1
1-|-tx +x (E-1)

Oz =2 =0 XA LETHS T bbb, EE, at) =1/(1+1t) FAERT
bt)=1&b0, K & Q) EHET. iz

xll _+_

2a(t)b(t) + ¥ (t) = %rt

THBN5, 2a(t)b(t) + ' (t) \dIEE T weakly integrally positive £7%5. Leh->T, &
A OZMETXNCHRET 2DT, HEK (B-1) OFERIEHINLZETH 5.
RIS, Duc F [2] W5 2 T2 /51230 (B) O s hNiinE %8 T & % Te 8 D+ 572 #i
N9 5.
EHEB. & () & N
/ b(#)dt = oo 3)
0
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RERETBRERESTS. COLE, HEIHb K, k>0 FEL, FEDOt>0IIHLT
0 <b(t) <b, “

ld (1) < Kb(t) HD kb (t) < 2a(t)b(t) + V() (5)
DO DR BIE, HEN(E) OFliN ¢ = 2’ = 0 I RIE.

L, AR . .
2+ —2+-—x=0 (E-2)

EHNCHT TS, R alt) =b1) =1/(1+1t) THZM5, FISMEMA (1),3) TL
T @) FRITS. £z, K=k=1EEL

/(1)) = (1it)2 < lit —Kb(t) HO KB = (1it)2

LIBDT, &6 EMETS. £oTC, (B-2) DF#HRHNELZETHS.
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NZNEHATE R0 ES R 5.

FBIEC. W) QEHRTETS. CDEE, L I1>0MFEL, £ED > 01X
LT

= 2a(t)b(t) + b'(2)

() <L D 1< 2a(t)b(t)+b(t) (6)
DR DK BIE, HE (B) DS 2 = 2/ = 0 1 —HRinE & E.

9, FEX(E-DIKBNTal) =1/(1+1),b(t) =1THE»5, FHFA) L@ %
R dT 5., LTAD, Vi) =0&D, 2a@0)bt) + V(1) =2/(L+1) £x2D5, (6) ZH
T l>0R2BLITENTERY. Ko T, HEK(E-DICEHCREHTEARN. —
¥, AR (B2 BV Talt) =bt) =1/(1+1t) THB. TDOLE, FF (1) ZilEET
AP, & Q) ERIZEEN. XoT, HERN(B-2) s EHCRBEHATEARN. TN
Tld, SRR (B-1) ® (B-2) Ol — Rl L E Tl Oh ? TORMWICEZ 2 DN
AR TESNAERTH .

EE 1. Z#a(t), bt) &

limsupa(t) <0< litrginf b(t) @)
mD
litril)(i)glf(2a2 (t) + d'(t)) > 0 > limsup(2a(t)b(t) + V'(t)) (8)

t—o00

EHtded s 0LE, HEAR (S) OFMIT—ARINLZETE.
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ON TORIC FACE RINGS

RYOTA OKAZAKI

1. INTRODUCTION
This is a joint work with Kohji Yanagawa.

Combinatorial commutative algebra is a branch of combinatorics, discrete geometry, and com-
mutative algebra. On the one hand problems from combinatorics or discrete geometry are studied
using techniques from commutative algebra. On the other hand questions in combinatorics mo-
tivated various results in commutative algebra. In this field, Stanley-Reisner rings and affine
semigroup rings are classes mainly studied (see [2, 6] for definition). The first rings are associated
with simplicial complexes, and the second with affine semigroups or cones.

The concept of toric face rings are first appeared in Stanley’s paper [5] to study h-vectors of
some kind of partially ordered sets (abbrv. posets). In Stanley’s definition, these rings, which are
called embedded toric face rings for some reasons latter, are associated with fans, and their concept
is a common generation of Stanley-Reisner rings and affine semigroup ones ([3]). Indeed, Ichim
and Romer ([3]) showed that embedded toric face rings combine the properties of Stanley-Reisner
rings and those of affine semigroup ones.

Recently, toric face rings are generalized more by Bruns, Koch, and Rémer in their paper [1].
(Henceforth the term “toric face ring” refers to toric face rings of their sense.) But their study
is devoted to the aspects of toric ideals, or only a part of properties, such as Hochster’s formula,
which embedded ones have, of toric face rings.

Squarefree modules over Stanley-Reisner rings and affine semigroup ones, which are defined
by Yanagawa ([7]), are a valid concept to study these rings; in fact the category of squarefree
modules has nice properties, which are valid for homological study (e.g. argument using derived
categories or sheaves ([8])).

In this talk, the speaker will introduce some results of his joint work with Yanagawa. These
results are concerned with the homological aspects, as stated above, of toric face rings. Even for
embedded cases, these aspects have not considered.

2. TORIC FACE RINGS

Definition 2.1. A (pointed) conical complex consists of the following data:

(1) a finite regular cell complex P with & and the intersection property, i.e. o N7 € P for
o, T E€P;
(2) a finitely generated cone C, C R4™7+! with dim C, = dimo + 1, for each cell o € P;
(3) there is an injection ¢, , : C; — C; for o,7 € P with o C 7 such that
(a) tr,0(Cs) is equal to a face C’ of C, and ¢, , gives an isomorphism of cones Cy = C’;
(b) conversely, for 7 € P and a face C’ of C., there is a face o of 7 such that 1, ,(Cy,) =
c’;
(¢) too =ide, and ty,r Oty = ty,e for o,7,v € P with o C 7 C .
We denoted it by X or more precisely (£, P).
Let (X, P) be a conical complex. Each cone C, with o € P is said to be a face of X. A maximal
face C, which means that ¢ is maximal in PP with respect to inclusion, is called a facet of . The

dimension of X, denoted by dim X, is the maximal value of dimensions of the faces of ¥; that is,
dim ¥ ;= max{dimC, | c € P}. (£, P) is said to be rational if so is each cone C; with o € P.
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Note that our definition implies that each cones C, are pointed, i.e. has 0 as its face. Bruns-
Koch-Romer’s original definition differs from ours, but pointed conical complexes of their defini-
tion coincides with ours.

A typical example of a conical complex is a pointed fan, i.e. a finite collection ¥ of pointed
cones in R™ such that C’ C C with C € 2 is a face of C if and only if C’ € &, and for C,C’ € 3,
CNC’ is a common face of C' and C’. In this case, a finite set is X itself, and the bijections 7 are
identity maps.

To grasp the image of a conical complex (3, P, 7), it is helpful to regard the conical complex
as the object given by “gluing” each cones along the injections ¢ 5.

Example 2.2. Of course, there exists a conical complex which is not a fan: in fact, consider the
Mobius strip as follows.

FI1GURE 1. Mobius strip

Regarding each rectangles as (cross-sections of) cones and gluing these cones according to the
figure, we have a conical complex that is not a fan.

Definition 2.3. A monoidal complex M supported by a pointed conical complex (X, P) is a set
of monoids {M, },ep with the following conditions:

(1) M, is an affine semigroup and M,, C Z3d™+1 for each o € P;

(2) M, C C, and R M, = C, for each o € P;

(3) for 0,7 € P with 0 C 7, tr s : C5 — C, gives an isomorphism M, = M, N, ,(C,) of
monoids.

In the rest of this paper, “a conical complex” always means pointed one.
For a conical complex (2, P) and a monoidal complex M supported by X, we set

M| = li_n}Ma, |ZM| := 121} M,,
geP oeP
where the direct limits are taken with respect to the inclusions ¢, : M, — M, and induced map
ZM, — ZM.,, respectively, for o,7 € P with o C 7.
Let k be a field.

Definition 2.4. Let (X,P) be a conical complex, and M a monoidal complex supported by .
Then k-vector space
k[M] = @ e,

a€| M|
where ¢ is a variable, equipped with the following multiplication

ja b = tott  if q,b € M, for some o € P;
0 otherwise,

has a k-algebra structure. We call k[M] the toric face ring of M over k.
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ON TORIC FACE RINGS

When ¥ is a fan, k[ M)] coincides with a toric face ring of Ichim-Rémer’s sense ([3]), and with
an original one due to Stanley ([5]) if moreover we choose C, N Z3™ > as M, for each o, (which
is possible since X is a fan). Henceforth we refer a toric face ring of M supported by a fan as
an embedded toric face ring. Most difference between an embedded toric face ring and a non-
embedded one, is whether it has a Z™-grading or not; an embedded toric face ring always has a
suitable Z™-grading but an non-embedded one does not always.

For a ring R, let Mod R (resp. mod R) denote the category of (resp. finitely generated)
R-modules.

Definition 2.5. Let R := k[M)] be a toric face ring of a monoidal complex M supported by a
conial complex (X, P).
(1) M € Mod R is said to be ZM-graded if the following conditions are satisfied;
(a) M = eaaeIZMl M, as k-vector spaces;
(b) Roy-My C Mgy if a € M, and b € ZM,,, for some o € P, and R, - My = 0 otherwise.
(2) M € Mod R is said to be M-graded if it is ZM-graded and M, = 0 for a & |[M]|.

Let Modzaq R (resp. modza R) denote the subcategory of Mod R (resp. mod R) whose objects
are ZM-graded R-modules and morphisms are degree preserving maps, i.e, R-homomorphisms
f: M — N such that f(M,) C N, for a € |ZM|. It is clear that Modzar R, modzr¢ R are
abelian.

Note that the ideals p, := (t* | a € M,) of R, associated with each o € P, are prime since
R/p, = k[M,]. Moreover it is ZM-graded. Conversely, every ZM-graded prime ideals are of
this form.

3. MAIN RESULTS

Let (X, P) be a conical complex, and M a monoidal complex. For o € P, set T, := {t* | a €
M, } C R :=Kk[M)]. Then T, forms a multiplicatively closed subset (abbrv. m.c.s.).

In the sequel, for 0 € P, we set R, := T; 'R and P' := {o € P | dimo = i}, for simplicity.
Now set L' := @, cpi-1 Ro for i =0,...,dim ¥ and define 8 : L* — L**' by

dx)= Y e(r,0)nat(z)
TEP, T D0

for z € R, C L, where ¢ is an incidence function on P and nat is a natural map R, — R, for
o C 7. Then (L°®, d) forms a complex in Modza, R:

rro0—rt Lt 2. L pams g,
L® is an analogy of Céch complex of Stanley-Reisner or affine semigroup rings.
Proposition 3.1. Let m be the mazimal ideal of R. Then for every R-module M,
Hy (M) = H(L* ®r M),
for all 1.
Corollary 3.2. Hi (M) € Modzym R for M € Modzam R.

For a € | M|, there exists a unique cell o € P such that rel-int C; 3 a. We denote C; or o by
supp(a).
Definition 3.3. Let ¥ be a conical complex, M a monoidal complex supported by 3, and
R := k[M] the toric face ring of M. An R-module M € modz R is said to be squarefree if
it is M-graded and multiplication My — M, by 2 is an isomorphism of k-vector spaces, for
a,b € | M| with supp(a + b) = supp(b).

Let Sq R denote the full subcategory of modz R whose objects are squarefree R-modules.
Sq R has nice properties, as in the case of affine semigroup rings or Stanley-Reisner rings ([7]).
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Proposition 3.4. Sq R is abelian, and enough injective. Any indecomposable injective object in
Sq R is isomorphic to R/p. for some o € P.

Since there is a polynomial ring S and a surjection S —» R, Sharp’s result ([4]) guarantees the
existence of dualizing complex of R. We denote the normalized dualizing complex of R by Dp,.
Well, set Iyt := @, cpi-1 R/po for i =0,...,d =dim R = dim S, and define I;; — I;;*! by
T = Z (7, o) nat(z),

TEXH,TD0
for z € R/p, C IX/ti’ where nat is a natural projection R/p, — R/p,. Then
IN: 0= I Iyt — .. 18 — 0

is a complex. Theorem 3.5 in the below states that I, is an analogy of an Ishida complex of
embedded toric face rings.

A monoidal complex M supported by a conical complex ¥ is said to be locally normal if k[M,]
is normal for each o € &

Theorem 3.5. Let (X,P), M, R be the above, and assume that M is locally normal. Then I},
is quasi-isomorphic to D¥.
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Homotopy type of the box complexes of graphs without 4-cycles

B R BORYERE AR BRI B (Akira Kamibeppu)

Institute of Mathematics, University of Tsukuba

A graph G is a pair (V(G), E(G)), where V(G) is a finite set and E(G) is a family of
2-elements subsets of V(G). We assume that graphs are connected. We follow [3] with respect
to the standard notation in graph theory. For a graph G, an abstract simplicial complex B(G)
which is called the box complex of G is introduced by J. Matousek and G. M. Ziegler in [5]. We
define the box complex of a graph following [5].

Let G be a graph and U a subset of V(G). A vertex v € V(G) which is adjacent to each
u € U is called a common neighbor of U in G. The set of all common neighbors of U in G is
denoted by CNg(U). For convenience, we define CNg(¢) = V(G). For Uy, U, C V(G) such
that U; N Us = ¢, we define G[Uy, Uy as the bipartite subgraph of G with

V(G[Ul, UQ]) =U; UU; and E(G[Ul, UQ]) = {u1u2 l Uy € Ul, Uo € UQ, U1Ug € E(G)}

The graph G[Uy, Us] is said to be complete if ujus € E(G) for all uy € Uy and uy € Us. For
convenience, G[ ¢, Us] and G[Uy, ¢] are also said to be complete.
Let Uy, Us be subsets of V(G). The subset U W U, of V(G) x {1,2} is defined as

U1 W U2 = (Ul X {1}) U (UQ X {2})

For vertices uy,up € V(G), {u1} W, ¢ W{uy}, and {u;} W {uy} are simply denoted by u; ¥ ¢,
¢ W us and uy W us respectively.

The box complex of a graph G is an abstract simplicial complex with the vertex set V(G) x
{1,2} and the family of simplices

B(G) ={U1 0 U |Uy,Us CV(G), Uy Ny = ¢,
G[Uy, Us] is complete, CNg(Us) # ¢ # CNg(Us) }-

An abstract simplex U; WU, and its geometric simplex are denoted by the same symbol U; W Us.
The simplicial isomorphism v : V(B(G)) — V(B(G)) is defined by

udopr— dWu and pWu— ud o

for each u € V(G). This induces a homeomorphism on ||B(G)|| satisfying v o v = idjg(q)-
Moreover, we notice that this homeomorphism has no fixed point. In general, a homeomor-
phism v on a topological space X satisfying v o v = idx is called the Zg-action on X and the
pair (X, v) is called the Zy-space. For two Zy-spaces (X,vx) and (Y,vy), a continuous map
f: X — Y satisfying fovy = 1y o f is called a Zy-map from X to Y. We define the Zy-index
of a Zy-space (X, v) as

indz, (X, v) := min{ n| there is a Zo-map f : X — S" },

where S™ = {z € R™™! | ||z|| = 1} with the Z,-action on S™ given by z — —z. If there exists
a Zo-map from X to Y, then we have indz,(X) < indz,(Y).
In [5], J. Matousek and G. M. Ziegler pointed out the following:

(1) For any graph G,
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indz, ([|B(G)])) < x(G) -2,
where 1x(G) is the chromatic number of G

(2) If a graph G has no 4-cycle, there is a Zy-retraction of ||sd B(G)|| onto a 1-dimensional
subcomplex ||L|| of ||sd B(G)]|| defined in [5], p.81, (H1). Then, we have indg,(|[B(G)||) < 1.
This indicates that the difference between indz, (||B(G)||) and x(G) —2 can be arbitrarily large.

Let G be the following 1-dimensional subcomplex of B(G):
G ={uwo,vWo dBWu, pWv, uwv, veu | uw € E(G)}.

Then, ||G| is the Zy-space with the restriction of the Zy-action on ||B(G)||. This Zy-action also
has no fixed point. The preceding 1-dimensional subcomplex L of sd B(G) equals to sd G.

Example 1. Let G be the graph illustrated in Figure 1. We see x(G) = 2. On the other hand,
we have indz, (||B(G)||) = 0. The polyhedron ||G|| is illustrated with the thick line in ||B(G)]|.

I1B(G)] s b2
G 4 o1 w4

9 44 ¢ 1o
24 ¢ 34 ¢

Figure 1. The graph G and its box complex ||B(G)||

We are interested in the relation between the combinatorics of G and the topology of
IIB(G)||. In what follows, we consider the topology of the box complex of a graph without
4-cycles. Such a box complex has the following two properties:

Lemma 2 ([2], Lemma 4.1). A graph G contains no 4-cycle if and only if for any simplices
U WU, € B(G), we have |Uy| < 1 or |Us| < 1. For such a graph G, each maximal simplex
U, WU, € B(G) satisfies |U;| =1 or |Us] = 1.

Lemma 3 ([2], Lemma 4.2). Let G be a graph without 4-cycles. For any two distinct
maximal simplices of B(G) with nonempty intersection, the intersection is a simplex of G.

Let X be a Zjy-space and A a Zj-subspace of X. A strong deformation retraction { f; }+ejo,1)
of X onto A such that each f; : X — X is a Zy-map is called a strong Zs-deformation retraction
of X onto A. Then, we notice that the retraction f; of X onto A and the inclusion of A into
X are Zy-maps, so we have indz,(X) = indg, (A).

Theorem 4 ([2], Theorem 4.3). A graph G contains no 4-cycle if and only if ||G|| is a strong
Zo-deformation retract of |B(G)]|.

Sketch of proof. If a graph G contains a 4-cycle Cy, then ||B(Cy)|| (C ||B(G)]|) is the dis-
joint union of two 3-simplices and ||Cy| is the disjoint union of two circles, each of which is
contractible in ||B(G)]|.

'Amapec: V(G) — {1,--- ,k} such that c(u) # c(v) whenever uv € E(G) is called a k-coloring of G. The chromatic
number of G is defined by x(G) = min{ k | there exists a k-coloring of G }.
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( The polyhedron ||Cy|| is illustrated with — . )
Figure 2. The box complex ||B(Cy)||

Suppose that there is a retraction 7 : ||B(G)|| — ||G||. We consider the nullhomotopic loop I
in ||B(G)|| which goes around one of two circles of ||Cy||. Then, we see that r ol is the circle in
|G|l which must be nullhomotopic. This is impossible since ||G|| is the 1-dimensional complex.

Conversely, we assume that a graph G has no 4-cycle. Then, by Lemma 2, we can divide
all maximal simplices of B(G) into the two sets of simplices

By = {vwU|vwU is maximal } and By = {U Wv |U W v is maximal }.

The Zs-action v on ||B(G)|| induces a one-to-one correspondence between B; and By. For
each simplex v W U € By, we define a strong deformation retraction {f{}ico,1) of v U onto
K; = ||G|| N (vW U) starting with a collapsing from the free face ¢ W U of v & U (see Figure
3):

v
v U The join of v ¢ and d(¢p W U) K;

Figure 3. The strong deformation retraction {f{ };cp1) of v& U onto K .
For each simplex UWv € By, a strong deformation retraction of UWwv onto K\ := |G|/ N(Uww)

is defined as {v o f} o v}iep1). Let X, = (W U) U (U W), for any v € V(G). Then, a strong
Zo-deformation retraction F), of X, onto K, U K is defined as

Fya,t) = fi(z) ifxevwl,
o vo flov(z) ifzeUWu,

where ¢ € [0,1]. Since the homotopies F, and F, are stationary on X, N X, for u,v € V(G)
by Lemma 3, we see that the homotopies {F, |v € V(G)} induce a strong Z,-deformation
retraction of ||B(G)|| onto ||G]|. O
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For (2) above, this theorem shows that ||L|| is indeed a strong Z,-deformation retract
of |B(G)|| if G' contains no 4-cycle. The theorem also shows that the converse of this also
holds and that we have indz, (||B(G)||) = indz,(||L||) = indz,(]|G]|). On the other hand, ||G||
is the 1-dimensional complex with the Zs-action which has no fixed point, so that we have
2indg, (]|G||) < 1. The homotopy type of ||G|| and the Z,-index of |G| are determined by the
following theorem:

Theorem 5 ([1], Theorem 4.4). Let G be a connected graph with k induced cycles of G.
(1) If G has no cycle of odd length, we have ||G|| ~\/, S* 11/, S! and indz,(||G||) = 0.

(2) If G has at least one cycle of odd length, we have |G|| ~ \/,._; S and indgz, (||G||) = 1. O

As a conclusion, if a graph G contains no 4-cycle, the homotopy type of |B(G)| and the
Zy-index of ||B(G)|| is determined by Theorem 4 and 5.

Corollary 6 ([2], Corollary 4.5). Let G be a graph without 4-cycles and k the number of
induced cycles of G.

(1) If G has no cycle of odd length, we have |B(G)|| ~ \/, S' I/, S* and indz, (||B(G)||) = 0.

(2) If G has at least one cycle of odd length, we have ||B(G)| =~ \/4_; S* and indz, (||B(G)]|) =
1. (]
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Generalized arcsine law in an infinite measure system

RRRHEAY SoER T Poo BE

REPEEDHRRAL T E A, s, R, 1B T < DOH OBIIBIR D R I 0
3 BIRREEH A8/ d %, Rayleigh-Benard Fi#i*® Belousov-Zhabotinsky /s £ ORIR Y75 H
Sk, WRREREO ¥R TIHRENE T LAHENTVS. BRLZ, AEMEICEET 573
HER TRV E S HETRIBIK O BRI MM IER O MICUURY 5 2 L 2Ry, DX S il
BERUE. MBI BII T —RNTH . MHBEEEIZZ 07 S ADBRIBESTHS. Lieh-> T,
ERRBIEUIARARINC T Y X ST D, BELEVEWVSFH LV AR G5 ENS.

1 Introduction

Boltzmann |2 & 0 & & n/e H EHEIGE 2 RAIORIAZ 5 X T2, 1220
Poincaré DHREMIC X3 FEMNMERE NIz, Z LT, JIFEMERRICIZZ &2 & HERENFE
TEOMEVSHEMEER Fh -7z, T OREICH LT, Boltzmann i3 T)Vd— F &5 #ERIC
EORDESICHRL &5 & Ul BEHENZZERIRIIHIRIN 22O BRI O BRI T H
%0 T ERAHRICTE, EEIREEIZ BB O RRHITEA —E L a5 T LIc KD RE
5. WEdhid, TERITY) = MEfry) BEardiid. BERNGEIES—EIcks &
WS SEERREE R RIS T 2D TH B, COWERTIVI—REEV S, BIIREEE g(x). BT
HOEE%® N, HZOWMFER T 31U, Kln DL ZOEHE F(n) 1,

n

F)=5 3 oT*o) (1)

k=n—N-+1

LELCENTES (1], AERENERTH D, BOAAZRTIRIE LA LT TOYHIRITH
LT F(n) &, FEOELn T—EEERD., ZOMEEIIFROFLNEICET 2 FAfEe —83
% [2]. Lizh->T. BEENEEIEE —EMEE 7% 0 FERENRIEN TN 5.

Rayleigh-Benard 5i#*® Belousov-Zhabotinsky [ jix7s £ DRIRIVEHR Tld. FIUABRZ
DIEMMBI NI ER TR ENB T EMHSNTWVS [3. TONHERTIE. 1/f AXNT R+
MY ER IR 2R Y, RETED BRI L TE R VA, RPN T TIRS #0,
SF D, EREES—EMEICIRETS VA LICARZ T EEMbBNTETVS [4]. 8 KD T

J 7)) ZAZ)VOREBTE BRI O BEMEHARRICBIII SN TV S [5].

1E-mail: k0-1law@toki.waseda.jp

2N I ERIEEIC B 2 MRNARRIOE X 2R L, HRNICRVEETSHS.

S TIE, TVd— PO RT3 BALH 20 /L A ERMEFEN—EMcALE TLIERESE
IVId—RNTHIGENDS.
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AWFROBEE, AEREICET 2 FENAERTEV K S ZEHBISCN U TRRF T OHR
BEVZEHOMCTHTETHS. TNETOMETIE, AEHWEICHT 2 FENARTH 5
¥ (Thze LY(m) B e E ) et UL TAT — )b Eniz EREEED Mittag-Leffler 43I YUR
L[] L'(m) BIECTERWERZRBINBIEICN LTk, RPN —EE N R U
RI BT ENRENTVS [6]. KX TlE. — (L ENTBEXDEICIERS 2 BRI D &7 5
AZHAMEICS 5 T & &2 NSO L (m) BIET I BHAIBIE O BRI DR 5 58y 72 SRR
ZRONERE UTERANIVE—A B2 TS 5.

2 NIV —AEE
2T TR BRI — A BEOFEHINEDO T LD ATS. BB R— 1 BIEIE.

T, + 2B 128 X, €Ip=10,1/2]
Tny1 =Tzp =

T, — 28711 - z,)B X, €I = (1/2,1], @

TERINSE —REBTHS. BIIINTARXTHY, TTTEB>1L9%. CORE 2=0,1
EHNAEETH D, AEEEICD DD TE—77%2£5, Frobeniu-Perron /5217 LI
IR T LIS K OAREEE p(z) 1F

p(z) ~ "B+ (1-a) P (3)

LiEBTENDHSTNS[7]. LizhoT. B < 2 TRALHEEEFIRILT ST LATESZM,
B > 2 TIERLIOALEEZHIMELTE N TEARLAES.

BNV R— A BB SEFRIE LI TOL S ICHETHT N TES 8. £ KRdlz
on = o(z,) TalB{kZ1T5. T T o(x)=-1(xe€ly),o(z)=1(zxel,) THD. §5& &
MW EE LR 0, DRIENEDB L TERTS. DED. oponp1 =—1. r—1[EE rBEOD
B E % £ TORM X, (r > 2) &, MVIFA—2 2R DOMERZHMTH Y. T OMEREERI
F. fn) &, n>1IEHLT f(n) x (n—1)"% (8=B/(B-1) T5x256N%[9. LEN>T,
COREE., EARL LTI 22 N TES. DUF, MERZH X, 3dEEZRDOED L
9 5.

f@)=(B-1)(z-1)"" (8=B/(B-1)). (4)

3 REHEFHORSEN
FPPHIC, RO & S EEIIBIHO ERBITOMRS B RS 5.

_Ja (< %)
I(z) _{ b (2> b, (5)
TTT. a,beR\{—0c0,00} THB. B I(z) &, Li(m)BETAL .

T, BNV —A BRHTT % Lamperti D—f& (b & Nz ELEHZENT S (10, 11].

-
-
Z
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EH 1 (Lamperti’s generalized arcsine law) X, ZZE )V X —A BN RS NIz HHT
WIS B 2 EH L BHOMORR & L, N, % n [BOFEH X TICRERY 2, DX I \CHHEL T
WAKRRIE TS, DED, zge g hDOnhaFHDEE N, =X1+ X3+ ...+ X, THB. <D
-

nlg& Pr(Np/n < z) = Go(z) (6)
L%%. T, a=p-1THOH, HEEEREB G, (z) &

_sinma 2*(1—2)* 1+ 2271 - x)*

U
Gale) = m x4 2z%(1 — x)*cosma + (1 — z)2*’ (M
THEZbN%.
ZOEHNSEBICROENEZ 5.
EIR 2 I(z) ORKHEE. — Bt E N/ B mciUR S 5.
1 n—1
- Z I(Tk) - Ya,a,b (8)
n k=0
T T T, WERER Youp b3, HEREERIE
a—b)sinma z—b)* 1 (a—z)>" 1
( ): (z—b)2°‘+2((:c—b))°‘(a—(m)a$():os7r(x+(a—m)2°‘ (CL > b)
atl®) = - ©)
(b—a)sinTa (b—z)* 1 (z—a)*~
T (b—z)2e+2(b—2)*(z—a)* cos ma+(z—a)?® (a < b)’
E& 1 (L, function with finite mean)
1—e¢
d
Je_loldm (10)
e—0 fel ¢ dm
iz Uy EED e > 01cxf LT .
/' lgldm < oo (11)
Wil E 5% 513, B g Z L (0,1) function with finite mean with respect to m LU
Lie m(0,1) function with finite mean &3 <.

EM2 & e— MEICK D ROFEHARENS.

EHE 3 g(z) 2 Llloc(O, 1) function with finite mean w.r.t. the invariant measure m & L. ¢(0) =
a,91)=b&TB. THIE, g@) A [0,0]U[L—51] ECHEEEEB RS0 <5 < LT
BL¥h. TOLE, g(o) DRMITIGE, DL LT Youp iR S, CTTT a=p-1T

bH%.
COEHENS., FHEIRE

1 N-1
Oln) = Jim, 3 s&)h(T"=). (12)

&, g(x)h(Tmz) WEH 3 DEMREIT 551, — ML E NIRERA R IGRT 5.
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B 1: F(n) DRZE. (9(z) =2,B =3.0,2 =0.1,N = 10°)

4 FLHEERE

T DFL T L,,,,(0,1) function with finite mean ORMFHIFNHT 2 MFREIZ IS
I U7z, DEROMIREITIE. BRIBEIEIIRRIAE DT 2> T ieh. TOFRERIE. RFH
SN —BAL E N FEZL D RICUNER T 2 BIBIE D 7 5 A 2R LTz, —fRIVIc, AHBEBIEY
BZZ DT T ADBEEICIE DT, HEBEBNT VA LTHD, WELEWVEW S FH LV RBELNG
SNz, RffE 5 NTBHIBEEICIE Uz R BT 2 MREHZ R 1 Ic X L7z [11].
Boltzmann I & » TIRESINzT)Vd— REOEERIZ. JI2RHEAROFERREEZ RIE T 2 L D
THDH, IPFHENRIBIC B 2 )V d— R 2R, BIEOR. @i hTtunau. 41
RLUTHB XS, IR TOEHRNAZENER F(n) ORHFEEIZXS VX LTHY, —ibEh
TR EBMR L IZEIC A2 EEZ DD, TO XD IC, HERRIESR TO RRFRFE
T RMRERIE, RRRTEEOT VX LEZRET 280 TH D, IFFIREIC BT 2 T)bd—
REFEIC ) feiim e M X B 3 LA LT 3. EBIC, Mittag-Lefler 070 EX Dl
PLECEIZD T O—YL & Nzl & OIFTEBRICEENICEN, FHZED TN S [12].
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Invariant measure g(x) Distribution

Finite (B < 2) LY(m) Delta

Finite (B < 2) L} .(m) with infinite mean  Stable

Infinite (B > 2) LY(m) Mittag-Leffler
Infinite (B > 2) Llloc,m with finite mean Generalized arcsine
Infinite (B > 2) Lj,., with infinite mean  Stable
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THE MODELING IN THE EQUATIONS OF FLUID MECHANICS AT THE DAWN OR
NAVIER-STOKES
(ZRBRHAIC BV 2 HENFEE L LIZ NAVIER-STOKES ARRXDETU VY)

FEE R (EEREIE KEBEHAI R BeEE I D3)

ABSTRACT. The original Navier-Stokes equations (NS) or Navier equations were introduced in the prime of
the second period of molecules in 1821 and also Stokes’ in 1845 respectively. The heated arguments for
modeling in the formulations of NS, based on or not on the then current topics on actions of molecules among
the géomeétres about the elastic solid/fluid, were published in the then jounals. Helmholtz and Thomson
discovered the theories of vorticies in 1850s, in not using NS. Moreover, “until Reynold’s[29] and Boussinesq’s
studies of turbulent flow in 1880s, NS remained completely irrelevant to hydraulics” (Darrigol[11]). We would
like to report on these modeling after fluid mechanics at the dawn, from the three points of view : two
parameters in the equations of the elastic solid/fluid, the boundary conditions, and at last, the modeling from
exact differential to vortices.

1. TWO PARAMETERS IN ELASTIC SOLID AND FLUID EQUATIONS BY P0ISSON, NAVIER, CAUCHY AND STOKES

We introduce the tables from Table 1 to Table 4, in which we show the equations, tensors and relations of
coefficients in each other. We can summarize such as :
o The partial differential equations of the elastic solid or elastic fluid are expressed by using one or the
pair of C1 and C: such that : in the elastic solid : %} — (C1Th + C2T2) = f. In the elastic fluid :
g—‘t’ — (C1Th + CoTa) + - - = £, where Th, T, -- are the tensors or terms consisting our equations. For
example, in modern notation of the incompressible Navier-Stokes equations, the kinetic equation and the
equation of continuity are conventionally described as follows :

Ou

E—vAu+u-Vu+Vp:f, divu=0. (1)
e Moreover, C1 and C; are described as follows :
Cl = ET19151, Sl = ffgg — Cg, Cl = CaCT1g1 = 2;—’5'57'191,
C2 = Lra2g2S2, So = ffg4 — Cly, Ca = CsLrags = _23££T.2g2.

e C; and C2 are two coefficients, for example, k and K by Poisson, or £ and E by Navier, or R and G
by Cauchy, and which are expressed by the infinite operator £ ( > 5" or [;~ ) by personal principles or
methods, where r1 and r2 are the functions related to the radius of the active sphere of the molecules,
rised to the power of n, for Poisson’s and Navier’s case, the relation of function in expressing by logarithm
to the base of 7 exists such that : log, 71 =

e g1 and g2 are the certain functions which are dependent on r and are described with attraction &/or
repulsion. '

e S; and Sz are the two expressions which describe the surface of active unit-sphere at the center of a
molecule by the double integral ( or single sum in case of Poisson’s fluid ).!

e g3 and g4 are certain compound trianglar-functions to compute the moment in the unit sphere.

e C3 and C4 are indirectly determined as the common coefficients from the invariant tensor. Except for
Poisson’s fluid case, Cs of Ci is 2L, and C4 of C2 is 2%, which are computed from the total moment of
the active sphere of the molecules in computing only by integral, and which are independent on personal
manner. In Poisson’s case, after multiplying by ﬁ, we get the same as above.

e The ratio of the two coefficients including Poisson’s case is always same as : %} = %

2. NAVIER'S BOUNDARY CONDITION

About Sds?E(udu + vév + wéw) in Table 4 and the total of the rest terms, Navier explains as follows :
regarding the conditions which react at the points of the surface of the fluid, if we substitute
e dydz — ds®cosl, [: the angles by which the plane tangents on the surface frame with the plane
Yz,
o dedz — ds’cosm, m : samely, the angles with the plane zz,
o dxdy — ds®cosn, n: samely, the angles with the plane zy,

o [[dydz, [[dzdz, [[dzdy — Sds®,

Date: 2008/01/09.
1We use “—” which means that it can not be described in using “=", because C3 and Cy are not always deduced directly, but
as the common factor of the tensor.
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TABLE 1. Ci,C2,C3,Cy : the constant of definitions and computing of total moment of molec-
ular actions by Poisson, Navier, Cauchy & Stokes

[no[name [elastic solid [elastic fluid [polar system ]
— 3 d. —f'r
a.ls Gr=-k= 75@012); Ly
=k = 22 T 3 r
O =k=E i =iy ey
—K=2 =_K=—
Poiss Ca=K =T”1§5 02__ rfr_ ET;;err z1 = 7 cos B cos v,
1 |Poisson C3 = d’on cosﬁsmﬁd,@g3=>{ ,—"}=>2_" —_Tme'f y1 = rsin Bsinvy,
[24, 26] 15 s 1 ad-gfr (= —-rcosf
Cy = d’yfo cos Bsin Bdf gs = 2 Cs: G= 15215 Y =

Remark: Cs is choiced as the common factor of {-,-}
10 3 0

Cy: (3-2 ps N= ;}B-err:%
Ci=e=2Z [Pdp-p f(p)

Navier Gi=e —;}E ® I do- st Co=E=7F Ig=de-p *F(p) a = pcosipcosp,
2 [22, 23] CSZI—% f cos pdyp g3 = {18, 1%, 2} C’s—f02 dapfoj coswddj g3 B = pcossinp,
@%%ﬁ=-il§r- 2{1‘]—’30}: i5 v = psiny
Ca= [o? dp [,? costpdip g5 = 3
= G £Es ' 'r}ogr)a;(r)lfi(r)]dr
Ca=G= r)ar cos a = cos
3 [CSTUChy Cs =1 [ cos qdg [ cos acos Bdp, cos B = S'inzz:::ps q
=1 [7" cos? qdqf cos® psin® psin pdp = 2T, cosy = sin psin g
C'4 = %fz" JT cos? asin pdgdp
7 J7 cos® psin pdp = 27,
4 |Stokes[31] Ci=p, C=E

TABLE 2. The expression of the total moment of molecular actions by Poisson, Navier, Cauchy & Stokes

[no[name [problem — [Ci[C2[C3]C4[L [ri]ra]o: [g2_[S1, S2, g3, ga[remark |
T I
1 Eil]sson elastic solid|k 21—’5r > :15 5 d.é‘rfr cf.Table 3
K| =X |° . fr
Poisson . d.=fr pid
2 [26] fluid k & > Els r3 —3— Cs=42=4%
Kl |25 | fr Ca=4F=3%
3 ggiuer elastic solid|e 2z J2dplet| |fe p : radius
Navier
4 1[“121;1]d fluid 3 2z [ dplet| |f(p) p : radius
. E 22| [>dp| |p* F(p)
Cauc . o =
5 5] Y |system R 2z Jo< dr 3 1f(r) f(r) = £[rf'(r) — £(r)]
1] c| |lfzar b? i) fr) # )
6 [Stokes|31]|{fluid u |5

then because the affected terms by the quantities du, dv and dw respectively reduce to zero, the following deter-
minated equations should hold for any points of the surface of the fluid :

Eu + £[ cos 1292 +cosm(dy + g—;’p) +cosn( %+ ‘3-‘;’)] =0,

Ev—i—e[cosl(@—}——)+cosm2d—”—|—cosn %—i—%)]zo, (2)

Ew—}—s[cosl(‘i—‘z‘ )+cosm(‘jz+%%)+cosn2‘i—‘;’]=0,

here the value of the constant E which varifies following the nature of the solid with which the fluid is in contact.
(2) express the boundary condition. The first terms of the left-hand side of (2) are defined by C2 = E =
2z fo dp - p*F(p) in Table 1 for the expression which we seek for the sum of the moments of the total actlons
Whlch caused between the molecules of the boundary and the fluid, and the second terms are the normal derivatives
of the component of the fluid velocity parallel to the surface. Moreover, by using Darrigol’s simple notation?, we
can express this condition as Ev + 9, v = 0, where 9, is the normal derivative, and v is the component of
the fluid velocity parallel to the surface.

3. FROM THE EXACT DIFFERENTIAL TO VORTECES

In the fluid mechanics, it is an important concept to analyze it, for example in three variables, for udz+vdy+wdz
to be satisfied with an ezact differentiability or a complete differentiability. By D’Alembert, Euler, Lagrange,

2¢f. Darrigol [10, p.115]
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TABLE 3. S1,S52,93,94 : the trianglar functions computing of total moment of molecular actions

in unit sphere by Poisson, Navier, Cauchy & Stokes

[no[name [S1, 52,493, 94
-ga and g4 are in the following tensor :
g =asinfcosy+bsinBsiny —ccos B, ¢ =gg: + h-f,l—; + lﬁ—:,

h=a'sinfBcosy+ b sinBsiny —c' cosB, h' =g +hg—; +ig,
l=a"sinBcosy+b"sinfsiny —c’cosfB, U'=ge +hd— + 14w

[22]

Q.

de
2) sin 4 cos ¢ sin ¢ + 4 sin® ]

|

+ cos 1 sin? ¢+( +

o

E cax 3 dlf
P=J ; [(9+9')Z~sfr+(gg’+hh’+ll)9277”7]A
i 1
s Ly
Q=fo " [(h+ )T 5 fr+ (99’ + hh + IR 25 25T A,
. i f
i R=f& 2 [0+ 1) S 2 pr + (o + b0 + W E 25 250 a,
ie.
P z gt+g (99 +hh +il)g z;_g_
=l q| = 02”f07A( h+h (gg +hh' +1U)h R )
R L+1 (g9 +hh' + 1)l T L
R K’
=3 07d5d7([g4 gs | & ),
1
where A :=cosf-sinf df dy, K'i=Y o4, ¥ =3 gl
-S1 and Sz are given from above.
‘g3
Navier gs = 362
2 |elastic solid f-p[ cos? 1 cos? Lp—}-(%f—}-%l)cos ¢51n¢cos¢+( +5—;—)cosd:sinzbcosw

‘g3 :
a = pcosypcosy, [B=pcosysing, v=psiny

‘g4t

95 =VoV =[a(2a+ 42+ %) + 5(Ra+ 26+ 42v) +v($2at 28+
[a(ddua+ 5duB+ sdu )+ﬁ(6du nde+ 5dv )+,7(6dwa+o wg 4 sdw ) i

42y 1 x

o' = pcosicosp = pcosTcoss, B = pcosising = pcosrsins, ' = psiny =psinr.

- From (49)c G = 48S[£rcos® af(r)v], R = 4S[rcos® acos® Bf(r)v]

G =£4 [ [27 [T r3f(r) cos® asin pdrdgdp

d 2 Jo Jo Jo )

an (50)0 — A foao 3 fﬂﬂ- 3f(r) c052a0052 Bsin pdrdqdp
= § -3= 15 = Cs,

Sz =1 &7 [§ cos® asinpdgdp = L27 [J cos® psin pdp = 3F = Ca.

Navier o'? (usin?r — vsinr cos 7)du,
3 |fluid (—usin7 cosr + v cos® r)év },
23 ; .
(23] ,6'2 { (u cos? rsin® s + vsinrcosrsin? s + w cos 7 sin s cos s)éu,
G =VsV (usinr cosrsin? s + vsin® rsin? s + w sin r sin s cos s)v,
4 = =
(ucosrsinscoss+vsinrsinscoss+wcoszs Yéw },
+'? { (ucos® rcos? s + vsinrcosr cos? s — w cosr sin s cos s)du,
(usinrcosr cos? s + vsin? rcos? s — wsinrsin s cos s)dv,
(—ucosrsinscoss—vsinrsinscoss+wsin2s Yow
g3 =gsa=5%:
G = G(cos® a1 + cos® B1 + cos® y1) = GAi,
L = L(cos* a1 + cos* B1 + cos* v1)
+6R( cos? 81 cos® y1 + cos? y1 cos? a1 + cos? a1 cos? B1) = LB + 6RC,
Y Y
44 R = R( cos? B3; cos? Y2 + cos? B cos? " + cos? y1 cos? az
(44)c 2 2 2 2 2 2
+ cos® 2 cos® a1 + cos® a1 cos® B2 cos® o cos 51)
+4R( cos 31 cos 31 COS y1 COS y2 + COSy1 COSy2 COS (x1 COS (r2
+ cos a1 cos a2 cos 31 cos 32)
4 [cé?u‘:hy +L(cos® a1 cos? az + cos? B1 cos? B2 + cos® y1 cos® v2) = RD + 4RE + LF
where cos? ay + cos® By +cos®y; =1, cos? as + cos? Bz + cos? vz =1,
COS a1 COS (v + €0s 31 cos B2 + cosyy cosyz =0

S1 = fo cos? acos Bsin pdp = % 0 ™ cos® qdgq [ cos?®p(1 — cos? p) sin pdp

Lemma (Stokes) If wi,w2, - ,wn are n functions of ¢, which satisfy the n differential equations

dwy dwn,

el Py + Quwz -+ Viwn, -0, el = Ppw1 + Qw2 - + Vown,
where P1,Q1, -+ Vn may be functions of ¢,w1,- - wn, and if when w1 = 0,wz =0, ,wn = 0, none of
the quantities Pi,---,V,, is infinite for any value of ¢ from 0 to T, and if w1, - wn are each zero when

t = 0, then shall each of these quantities remain zero for all values of t from 0 to T.

—157—

Laplace, Cauchy, Poisson and Stokes succeeded its theoretical side. Stokes proposed his lemma as the objections
to Lagrange’s proof of the theorem that if udz + vdy + wdz is an exact differential at any one instant it is always
so, the pressure being supposed equal in all directions as follows :
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TABLE 4. T1&T5 : the tensors & equations by Poisson, Navier, Cauchy & Stokes in fluid

[nolname  Jtensor & equations

- Poisson’s tensor : t;; = —pdij + Avg k85 + u(vi,]‘ =+ ’Uj,i) :
d¥yt

d d d d
U Ua U (f+d) (f+d) ro-&
BoVa Ve | = | c(fedn) poadft o G ey o
Wi W2 Wi ° ! X v

dyt rd d d
padft — GG ok (g 4p)
(k+K)a=¢, (k—K)a=¢, p=4t=K, then c+¢ =2ka.

dt _ ete! dyt

where 35 = 4% + 9 + du.
- Stokes’ equations with u :

Stokes D dp a2 a2 a2 d (d d
3 |fud Ao —X)+E-n(p+p+8) - 5G(E+a+
2 2 4+ du 4 duw

(L3 + Ly +
Bl |12s pBE -+ -p(Ly+iy+ay)-sh(s
(L% +4%+

i.e.
Du 4 du d“u d“u d%v d“w —
ﬂ(_t_x)+3£—ﬁ(4_ﬂ'2+3_T2+3_2'i+ﬂ_2+a_ul_2z 0,
Do dp _ p(qd2v %y d%y d2y d2w )
p(D_t—y)+T__3_2'+4_22'+3_,§+ + : R
p———‘;’—Z)+3—f—'i 3__7+3_11U_+4__z.7+ 22+ wz) s

Poi W= oGy T Tt di -
ﬂoison - Poisson’s equations in incompressible fluid :
1 [2%1] If yt(= density), xt(=pressure) = const. and incompressible
d?zy _ d d? a2 d?uy —
d?yy _ 4 d d a?vy —
= @ps (elY -4 = B b a2+ ED =0,
d
PZ- 58 =F+e(SH+ 5+ 5B =0
le. B% +LAu+iVo=f
- Coincidence with Stokes’ equations : by @ = p + %(K+k)(§—;i+d—:+d—f)
= Vw =Vp+ £V . (V.u),(9)pr = (12)s of Stokes.
- Navier’s tensor : ¢;; = —e(8ijurk + Uji + uij)
- Navier’s equations :
1dp _ d? d2 d2 2 d2 d d d d .
rE=Xre(3fp iyt Ly oty k) - W o B g v g v,
1dp _ a2 d a2 42 42 d d d d
;ﬁ—y+5d2?“+3# Py pofy pofe) o u-g2 v 2w
1dp _ d a2 a2 42 a2 dw _ dw ., _ dw  , _ dw
UG =z+e(fp+apraisrodd v242) - -8 u-F v w;
Navier ie. g—‘t‘—sAu+u-Vu+—;—Vp=f, divu=0
9 incomp. |’ Equations with ¢ and E :
fluid [P-42— (% +udt 082 +wiz)lou
23
[23] 0= [ff dzdydz [Q—g—z——p %+ug—;+vg—;+w%)]5u
[R- 42— p( 4 +ude +vde +wi2)low
3d_“§.tiy.+d_ﬂw_u+d_u¢w_u+d_vﬂ+ﬂ5du+d_§__'-k+d_w5du
de dz ' dy dy | dz dz T dy da z dy dz dz | daz dz
—e[[f dedydz { 2552 + R+ A 3R A B + A+ B W
du ddw | du éd: dv 5d dv ddw | dw sdw  dw sdw dw sdw
sartmupn s oA R e B R
+Sds udu + vév + wow).
- Stokes’ tensor : t;; = {p — 2u(vk,x — 0) + Y}di; — v, 36 = %% + 3—;+ 20y = p(vi,; +v5,0)
ie.
d 5 d d d
P T T poou(dt—o) —u(frd) -u(d+d)
BER] - | st ey somk-g) wen] |
2 Ty Ps
—u(%%%-%% —u(%%-%‘i—ﬁj p—2p ‘i—f—é)

From the geometrical point of view, Gauss and Riemann applied it. Moreover Helmholtz and W.Thomson applied
it to the theory of vorticity. To Helmholtz’s vorticity equation, Bertrand criticized but Saint-Venant sided. We

show it from the historical view of fluid mechanics according to Table 5.
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TABLE 5. Theories, applications and discussions about an exact differentiability of udz +vdy+
wdz for the fluid mechanics
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R 25 (R A¥Y)  minamoto@kusm.kyoto-u.ac.jp.

Q FERMRABEMAE ST ?

FETTIRALEL[EE L ) AR O D DR S D TTH,. 7 2 TOEMLMFELZHO VL DIE TH
ZHE R T 7 —_XNVERASPOZEM X Lo () EEEoOEE 22 L THRL LS. 1 L) b0
7.

%@mnﬁaaémummﬁﬂﬁi

EIE 1 (Gabriel,Rosenberg). fF&ED 2% — L X 137 O HEHTEE O E Qeoh(X) N6 REEZ DTV T—FEMN
IKEILEh 5,

COEHICENE, AR R L AF — L X ITH LT
Mod R ~ Qcoh(X)

ThHhiZ
X ~ SpecR

LY ET,
FJEOETR RIS LTI 7 74 Y A% — L SpecRIiE, L0 2 A, ERINTLI2HOITTEH Y TEAN
EFINZHLDEITE
Mod R ~ Qcoh(Spec R)

THA HH ETHINEDITTT,
CORICHBEDT — VB C I S0 0BRA & Z2efl] (. TS T500) X BEELT

C ~ Qcoh(X)

o TCNBIEAD EEZDLRTT,

= DPETIEEE OB & EE Ox ol (Qooh(X),0x) X EFL L LT, 7—~VEC & 2055
O e C Ol (C,0) WA X — L (quasi-scheme) & IFENFFFESNTNET,

77— " EEk>THDICRAT IEAR " ] > TREDAL S 1?2 o TA 2 %DT BN
BM6. LOIRTIFRCATTY, WREDIFELBARZI L bH>T, THLHHEO=—AE T 2/ X
o EE OWRE D(Qeoh(X)) & AR Z D | » TRABLFUTL T E T

(3T, Toén., Tabuada 52k Y DG EOLRTEOKRE b E—HGAMFEINHEE LR % LT
WET (AE [T, 225 T2 =ABELY b DG ELZZER L HRTONY —XF TIVERZET,)

& FEO[IRGTRARME L (F. ..

FEOT IR P2 TITEBA TS ST £ ([AZ, SVB]) ., ZOHFR L 22 DITROEIETT,
FIE 2 (Serre). R ZHMRBOKE 1 oL TEk FERES N TS k LoEAGRIBABIRE L. X 2@
R ONEMAX—LprojR & T 5, HIRAERNE RMBEOBE % grR. k FHRRITR KB R ME 0B %

torR & EL, ZLTURDIRITED B,
qgrR:=grR/torR
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o E, RoBFZIEREXHA S

«:cohX =5 qgrR,

T,:
TW(F) == @n>oH*(X, F(n)) mod tor R

FoEREOE qgr R OERICIE R Oulif 2 N TORWENRA VM TT, 22T (AR e3RR
&) REEE RICH L CBEC 7 — VB qgr R 2 it S € £ 7,

FH 3. kktk A%k LOFRIULAKE 75, A Loz F KBUR R I3 L CHERENREE R
i oBE% gr R, k FHERITRIESE RIMEFOEE tor R 2 #HL. £ L TRORRICED 5.,

qerR:=grR/torR
Zhr GREFLR) JEafifg M A% — b proj R FoMEEE OB & Rl 9.

AR 3.1, 1. L@E%llﬁb\TCiﬁFEmﬁﬁﬁA roRBEEREAE LA, ZhESEIOFETHIO T
PRS2 TY, Tiidtkk LOXRBIRESA 7,

2. J:O)féﬂki’ob\fliR PEIZN L REL £ L7=AS JEa[iBH BB TEICHEIN TS D
I RICR Y —MERELEBETYT., LAL. A.Connes MOIEA &ML OB FRE DTS20
IR R SIS E CEREINT B2ENRA REDEZ H T, ([Po] B L]

REEHE X L 20 LOBEME L5 2 6N HO=2# (cohX,0x,— @x L) ZET L& LTRD
Bic=>#(£,0,s) ZERLET. (Zhi MEFENALT—L) LIERCRILT20T 22T} =2
M LRz ECLET)

kxtk, Az k LORBRICARE LET., ABUE E & Home(0,0) 2 A ZWLIHRO e LTD
O s: £ — ED=DH (£,0,5) 2EA %7, FeEWHWLTF(n) :=s"(F) kLT 2 &ICLET,
zL T

T.(F) = @p>0 Homg (0, F(n)), Tn(F):=Home(O,F(n))

CEDET, LT FHICROBRIEDET,
R:=T.(£,0,s) :=T,(0), R,:=T,(0O)
z €TY(F),b€ Rp,a € Ry ITXTL T
z-a:=s"z)oa a-b:=s"(a)ob.

LEDDE RITA PERARREIRICRY T, (F) 3REEG RMERCZ Y 7.
GEFE D) WA TIIEEROWENKYI T L=, =2 & (£,0,s) WHEASN-2 & (BED)
SEMRHBELTEZ10LY (0,s) ol L THEEEMNERINET, ERFTEBL LI Ko
EHNERETT,

7E1E 4 (Artin-Zhang, Polishchuk). =2l (£,0,s) H > T (0,s) WEETHL LT D, ZOLE, R
WIFNTH Y., T (F) IFEENGR RN 25, 2L CTHFLRORICED D &

T.:€ — qgr R, T (F) :=T.(F) mod tor R

ﬂi'%ﬂ@@s)&@yRRUﬁa@ﬂLéﬁxé Sxbb, T, IERETHY T.(O) =R &

T.os=(1)oT, &AKY T2,
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f) 5 ([SvB]). HEMP! OHCER o : P! — P [a: 8 - [b: —a] €5 T s =0.(— R0, Op(l)) &
BEET, T5& s13=2# (coh(P!),Op1,s) L TEEICRY ET, /22 0=2»5RE SREIRITIX

DRI Y F7,
k(X1, X2)

(X2 +X3)

BUCETE 412 £ D =2 (coh P, Op1, 5) & proj ({%%;r;) YIFREECRY £, HoRoBREE K
Db ET,

F* (]Pl, O]pl s .S)

IR

T, : conP! = qgr < kX1, Xo) ) .

(X7 + X3)
O EREE AN ULERE & FEaT IR 22 D B R,
RIGHER_E OWEERE OEREIITEBRAICHR S T ET, ZOERED—D2TH 5 RD Beilinson

DEH ([Be]) 1. % MHAL L TR L ARORFEERAAL 20 JFTRRBSTOREN & b B
<.

7EEE 6 (Beilinson). n (KTCHTRZZER P™ 103 L Tl 5 BRI B, WEEL T, (R0 BAR =B 0l
EAFET D,
DP(mod-B,,) = D*(cohP™)

EH 6 OFFRKICAI By, 13 Beilinson 7 4 N— i A% & L TEAEKNIZHE SN E T, Beilinson 7 1 N—
RO ZBEGFRATED s A NN=T7,

a:go) zgl) mgz) mg‘n.—Z) zg’n—l)
A 0TI T2 T e Tn-1In
o 1 2 - n_
Tptl “’iz+1 zfl-{)-l znn-'l—l Trt1

RN zgl“)zgl) = x§z+1)wgl) fori,je€{l,...,n}andl =0,...,n —2.

n = 1 OFFICIT Beilinson 7 A /3—13 Kronecker 7 4 /X— Q: 0 =2 0 1275 CWT, ZDIENAE By 13K
ORRIATINENC bR R TEE T,
By — <k V)
0 k%
2T VIE2RITANY MVZERTT,
EI 6 TR S, RIEEHRE X 1S L TH B HRRITAE A WEEL TER2=ABoE E

DP(mod-A) =+ D*(coh X)

MEETL, LI B FFOEMINANALHY T,

TliE, &T. [HH2HEMRITARA G2 6Nz e 2T 2R EREK X 3FEET2007) &»
D BRI ASHNTRE T,

SEOFERIE, HEHED Y A N—DIERBUIIHAET 2 FEaIRTIEH 2T b) HELHANTFIE
THEWHIEELERTHLDTT,

DI, A LETHEOHHTT,

JAN—QDIERNMA=kQ LW ATk LHRXT R b DR EXHFICL £, BN HFRERER
B (=BT ERONED) 2 HREL A FLRne & QEIBRKRBR L FIIN, £5Thrne
SIHERRBER e tHIh £ 7, HREEMEOERBUC O W UIRMH LT,
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FIE 7 (Gabriel).
Q IHMRFHY < Q » T8~ 5 713 ADE [

HAREE, KtolE NBUIMRRBIC 2 > T L WA T T,
FEHIIRTTY,

IFH 8. VAN QIRERR AQ WHIRAILTH YV MIRERBET L 2, 1I(Q) & preprojective algebra &
T2, 2o EROARL=AEORENFEET S,

Db(mod-kQ) > D*(qgrI(Q))

X 8.1, 1. FEMOGIIICITE4 2 AVE T, KEPICEAIL, Serre {F S 0 —1 27 b o RFA3
BETHLZeRRL, TNEEFICEREZIHAL £7,
2. F 3L B £925 [Le] o T2 0 FEHIIREMICIL Lenzing SAIC L > TRENTHE L,
3. ZoOFBEENTOLIHE, TEHOIFHEZEV ZLOEHY ERA. LBL, TOILL R EH
A8 M) ICEk - T ET, BBRZR N FIEI'mICR > T &N, [ ]

Q 7% Kronecker 7 A /N — Q: 0 = o OB HICIE, EEE

Eol k(X1,X2) \ fiso@mIE 1
qer I1(Q) T <(X12 n X22)> cohP
MY ET, ZOBEEIC k- T, EEH 8 o= A[Hf#EIIFe o Beilinson DEEIC L - THFA LML=
A lalE
D®(mod-B;) = D®(coh P*)
12220 £,
& 7 A N—DORBELDOIETIRA LA SR .

B T 13 Serre FIF S 2555 2 AR m,n \H L 8™ = [n] 27T & EARIRTT Calabi-Yau
BerEidhEd, fle LT, EHb-Yekutieli 12 & 218K Picard B MR (MY]) 26, HRFEOIE
R kQ DEKE Db(mod-kQ) 13 Calabi-Yau B TH % £ \x5 Z 234D £7, Calabi-Yau B OEFRIL,
b A A, Calabi-Yau A AOEREOMEZHRML 72 b0 TIAL BIICHAL FEaIEKEFox
Fr L CEABRERTS] LORKMPSHETELbOTL & O, BUHEH»S T E Serre F o>
T hOWEF p NEETHDL I LS, HREFRDOENR kQ Dk E Db(mod-kQ) % Fano LIFAT
bRVWEEDbNET,

PLERS, 24 N—DFRBROFETRABBLAIFHRFHAI I BE o N LT,

% 9. Q BHEABEQ MWk FHRIITLR I AN—LT 5, ZOL X
Q [ FHRFEBRMN = Db(mod-kQ) | Calabi-Yau
Q 1FMPREIM <= DP(mod-kQ) 1& Fano

® BFT : Fano BERITRLSH S 17

RBUSE 5T RLERABHR (=785 7% LRI AR 3L KIS h TORE L,
KEDPZHFRDO ATEIRAND LI T o2 £ 7, BERwx WSERIHIIRILS Y £7, (A
B EOFENZZE/mTHY, SO ZNABEIEEZ AN BHENS > TRV RIS 2 E 4
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. F—SRBTRATTY, ABEMEOZTEY j REEBOALHV T, 2F 044 & bIEmERE
FREH Y £9. LA, HEER ux OWEE 2> % Y Fano ZHHUISIVEMR P 2 L2rH Y £
Ao HIENCIIRAICH > ¢ 2 AN REMEE b AL B oR T, flho “ficNs &
Fano iR 720 — AlE-> B2 A TT A,

UL, L, EEHICHTE I M 2 % — A qer L 1, EKid, KRIKIL1 07 —~VEIC
RoTWET, ZHE0S quIlid "t " THE L >THWTEL k9., 2F D, a2 L Fano
R —D2 LW A TR, BEUCIERT O FRICIRIAL & Fano 2 RIVFEET 2 & W I RTY,
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On the boundary of the moduli space
of log Hodge structure

i mEk

1 Introduction

FlZE 0 THLERILT 2 K5 LB A LOMMEROE f: E - ADSALNETS. DL
Et£0LEDT7AN= ISR UT, ZOY ATy, 6; ETO 1ILRMATER vy OBEDMER LB T 2IC
X0, "HEMHE A DD EHFMH H, NDEB

A* — H; ;t——»/wt// wy (-6 =1)
Yt 8¢

NEED. te A*DODEDLDE—FHITEZCLICEDT A IIVHEDL>TLED 12, TOEBRIIZMTH
35 (E/ FoI—EAD) . ThE PRI BEBICEOFRHLTNT, TOE/ FRI—#H2ZT &
THE, ~MOERER ¢ : A* - T\H, BEDNS. LIS DHEA, TOE/ FOI—FHERNFHT
Ho, I\H, = A TH5.

CCTTHRBFEEELT, D\H XA ORMIIIMZ 2T ICED, o ZERAE THESEZWV. F—Uw
7 ZREOERZ AL, C* & CICEAEfo> THDAL T LA TE, ZOHTO A* OFAONEEE ST
LT A* OBERBILE A MNEEND (&) LHALUEELETE f71(t) OV A VD DINTLES 128, ¥4
W EDERMC X BEBIEEINEV. A log iER 5 Z, ZNUCTRET % Als L THEKY A 7))Lz E
HER, ¢ DFEADIEEREZ S, £S5 O « AH=FIC K37 A7 7 Th5.

P EDOBNG—EORBERERDZEICHIRT 2T LN TES. VA7)V LEOHED, LY, 5%k el
ZTNTN—IRCEIAES, BEE, BNE&EIENS. RO RIE—ROFFEROSZEICH TS
(D\Hy1) U {0} Ic 7228 DT, ZNUL log Hodge FEmDEL b 51X, R log Hodge #iEDEY 25 1 22
TH5. HEICE > TLUE AL, FIERDSHFMEER OS5 UL, IERFEEOGEITEH L, SRR
DFEE EOFNCIIT S (] LREDBIEIC K > TZNRELNED, —ROGBERIE > LEMTHS.

KRR KRBT IEWIZERE t-hayama@cr.math.sci.osaka-u.ac.jp
LR SRS RR I 75 B DISHEZ AR D AN IR K3 ik £ DS Nz OA T, BIZ IS Calabi-Yau %
MlADB A IENFREKTH 5.
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2 {RiElog Hodge &N EY 15 1 ZEM
2.1 {RiE Hodge #§i&, HEZM, RAME%

Z & 7 LR Hodge il 012087 b Kéhler ZHE(AD 2R E 0 Y — RO M HEZ B RBENCHRL L7z
toLLTEAEIN.

Definition 2.1. Z HHMNEE H & He := H®C OWAD T 4 )V 2 — F = {FP}, W R%ZHicd & &, (H,F)
X w, Hodge ! {hP9}, , © Hodge HiE & 5.

(1) dimcFP = E,5,h™%~"  for all p.
(2) He =@, FP nFop,

Hodge 73fifIC & D, 22787 s Kahler Z8fk X ICH LT H = HY(X,Z), FP =@, , H71(X,Q9) &
ThE, (H,F)IZEE w D Hodge #i&ETH 3. B HY(X,C) (1 < w < dimX) DFEMAERDICIE,
Hodge-Riemann OFFIEERGRIR & D, H2MEER> ARERANEEENS. Ihz—RILLT, X%
EFRT 5.

Definition 2.2. #& w, Hodge & {hP9}, , O Hodge it (H, F) I LT, Hg:= H® Q LOREIEIE
Ky(, ) PREMTLE, v % (H F) OREBEV, (H,F,¢) Z{FE Hodge gL 1 5.

(1) wHFHD L E  EZAER, w HEED L X ¢ ERFER.
(2) Y(FP,F?) =0 forp+q>w.
(3) (V=1)P"%(v,0) >0 forallve FPNFI p+q=w. (TTTyYd He ENDOBERZHGE. )

B|E w, Hodge B {hP7}, , DIRM Hodge ¥& (Ho, Fo, vo) ZEET 5. ZH LA CROFMR Hodge fi&
TRTCOEE D, I45D5b,

D= {F: He Db 7 4 V2— | (Ho, F, 1) EE w, Hodge & {hP9},, , DIt Hodge H }

% ({w, {hP9}p,q, Ho, o} T0) fRIE Hodge HIEDSIEEM L 5. D IIHBRIAKD BN ZHAA DRI
EETHD. SR DDAV I D ERDESICEDS.

open .

D C D:={F:Hc D@ 7 1)VZ—| dimc FF = Z KPP 4o (FP,FY) =0 for p+q > w}.
p'<p
& LI D(resp. D) Il Gr := Aut(Hyr, q) = {9 € AutHor| 90(97, 9y) = qo(z, y)}(resp. G¢) WHEBANC
ERLT V3.
REZRADIEE I AT X - SHE5Z 5Nk E ¥, ZHUSHE L TR Hodge #iEDZEMFE NS
N, TNUIEBK ¢: S —>T\D ([ BT/ FoI—f) 28 ChzABRERETS. FHEGRIKTFZE
HIERTH .

Example 2.3. w =1, {h"* = %! = g,0 otherwise}, Ho & rank 29 © Z-HEME LT 5. Ho OE/EE
Ex & > T Hy LOXIMERE %

0 -1,

_t
Yo(u,v) ="u (Ig 0

)v (u,v € Hp)

LEFERITNI,

D

TE'Hg}

g

{ FO=Hoc D F! =Spanc{<;> DT T\}b} D F? = {0}
Hy (

o~

g R Siegel |72RY).
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T

L&MW O BRWRD, T4V Z—F = (FO = Hyc D F! =spang { (I

g
iu(})a%<.a<u9=1@a%

| oo { () rec o) o0

2.2 DEZEEOHGER, {Rillog Hodge iEDEY 15 1 Z=H

UL LB B LT REBEREEE Z 156, TO3RED Y —EHI—RIC Hodge DK D XL Tz /0128,
BIE LIS U TR EABSNER TE AW, Griffiths [&XRD K 5 &REIE#EZ LT3 DI [ERE
Ml ZmAs T EIic kD, ZnEIB{E U Hodge IED M FEZERM L Rixd 2 LI TERWVWH ?2—Z DR
R RE 72 5 2 B DDV « FAHIC X 2 H AR TH 5.

PLEETBLBENGZ DN L &, ZORPEBROMBROEENH 2 \FFEPBEIC L >THEUTES, &
WO RERM Schmid SIC K DB EN Tz, FIZITHEA M A | {0} THLERET MBI EGZ 5z
LE, A*=A—{0} LOFEEZ ¢: A* > T\DIZDWT, £/ FAI—HTIWE@HEINFHITTICE-T
P=2ZT L& F3. COLE D LEFHEH, ~DFB LT ¢: Hy — DITHL,

#(w) := exp (~wN)p(w) (N =logT/2mv/~1)
g, I MERREG T A* - D Z2EDHB. DL X 1(0) € DHMEEL,

)@mxarw}gpuqm>%

Hy — D ;w— exp (wN)7(0)

i Imw > 0 ICBW LD EAMEGROEL 1T ¢ 23R4T 5 (RNFBHEEH). DL X exp (CN)7(0) %
NFEHE LR,
—fRICANF R, NFBIPEERDLSICEET S, §2 TEDLLE {w, (kP4 Ho, o} ICHLT,

Definition 2.4. gr = Lie(GR) (G]R = Aut(H07]R,1/)Q)) @ﬁ&%f b*ﬁ%(%fcﬁ‘&%, N“#’—i@ﬁ&i@z’n
(1) 2D N € ¢ & End(Hor) & LTARFZE.
(2) fEED N,N' € o I3t L, NN’ = N'N.

Definition 2.5. "F%Fif o =) RyoN; IKH LT, Z = exp (oc)F C D (F € D) WhEifitzd & &, Z%
o-NFEHEL VS, EEDF e ZIIHLT,

(1) NFP C FP~! forallpeZ, N € o.
(2) exp(X;V-1y;N;)F € D for y; > 0.
NFFHEOLTHETICHLT, ZOAADANFTHFHETRNTOES
Ds, :={(0,Z)| 0 € &, Z is a o-nilpotent orbit}
WEHTES. ik - AHHE, Gz D neat BOEBT ICH LT, T'\Dy 3{FiR log Hodge #iED 7 71
Y154 THBT LRFELTNS (KU £ B).

Example 2.6 (Exm.2.3 05 O#ki). g=10D& %, N= (g é) ,0=RxoN &34,

({0 () 1 9)

2HICER e TV o b 21, MmN DFRERGEESHIEIET DL T B,
50 3 Vy ODEAMTERE NS C DFEDTMFIULER BV EE, T % neat £ 35.
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2.3 T'\Dy O¥ANLGIEE
FAERZIBANB T DICHE IR Tz, T\ Dy OBAMHHEEIC DOV TRIEICHRNS.

Definition 2.7. gr D X I L, Gz DR T HDROZDXEizdLE, TIE S Lisdliids, &
Wi,
FED o e TICHLT,

(1) yoy ' eX forallyeT,
(2) 0 =3 ,Rsolog(y;) forsome~y; € ' Nexp (o).

BEETNBRAMILLTWVWE LTS, fioe DKL, (o) :=TNexp(o) & s ¥EBETHS. (o) 1D
F—F R, BTV v 7LkEAE

toricy := Spec(C[['(0)"])an, torus, := Spec(C[[(0) %)) an

218%. LI toric, IZHERETHS. FHT IR Y LB TaI LD o=, Ryolog(y) £EFF3
M5, oc:=0®CH5 torus, = C* @ I'(0)8P NDLHF
e:oc — torus, 2 C* @ (0)®; 2z ® log (7) — exp (2mV—12) ® v

213%. b—5 AWUEDAE toric, = | |, _, torus, - 1, &V toric, DITIE e(z) - 1. (1 < o) DRICHIFS. T
DEE z € oc DED L log (D(0)8P) + 7¢ ikl LTHE—ICHRE S.
L ED¥EEDT, RaEHKT .

E, :=toric, x D, E,:={(e(z) 1,,F) € E, | exp (rc) exp (2)F 37— FHHH. }

#£5 E, & well-defined TdH 3. FIz toric, ICIZELRIC log HENA D, §8 E, — toric, ICK BT ERL
IC& Y E, i log WA AB. E, & log BATZEMTH S, LHMLT TTIENET &IC, By 13— fi#rzem]
T3, [KU] Tl ‘strong topology’ 7= 2 iitl% E, ICE#EL, E, — E, IC&B5IERLICED, E, I
log RIFTIRIT EEMEOMER 52 TW3. E, hBRXROBREBGENRE S,
7o 1By — T'(0)®®\D, — I'\ Dy,
(e(2) 1, F) — (1,exp (1¢c) exp (2)F) mod I'(c)%° — (7,exp (7c) exp (2)F) mod I

FED o e TITHL, 7, DERILIZD XS BRREEROIEE D\Dg OMEE LTEDS. 5L, TED
c ETIEH LT m, MIERIE A2 K SIC T\ Dy OEBEEDS. bbb, BESU CcI\Dg lIHLT,

Or\py (U) (resp. Mp\py,(U))
:={map f: U = C| form, € Og, (r~}(U)) (resp. Mg, (r~1(U))) (Yo ex)}

I K DIEIEE Or\py, BRUFBEDE Mp\p, WRED, T'\Dg I log RATRMN 2R & LTOMEDNAS.
[KU] FEH A KD, E, 13 log Rk, E5ICT A neat D& % T\Dy & log ZHE, E, — I(0)®\D, 1&
log ZH{EDE T oe-torsor* THB T LS NT NS,

Example 2.8 (Exm.2.6 25 Ofikfe). I'= SL(2,Z) £ d4ULT(0) = { ((1) i)

21+ 29 € Hi }LJ{ <0,(i>> E{O}XD

seN } ZDkx

zeC }

torus, = C — 0, toric, =C, E,=Cx D,

E, = { (exp(ZW\/_——lzl), <z12>> eC*x D

LET 7 AN—HOWEZ R MDBETEZ £ 0.
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3 EHER

Theorem 3.1. D BRFMEHOSGE, NFEHE 01X L TROKITULAIHE.

Es
C o ltrivial bundle
toricy, X YV D (toric, X Y)NE, = TI'(0)8\D,
U [ (&)
oc XY torus, X Y (T(0)8P\D)™)°
Al 2l U
exp (oc) - D ———T'(0)®"\(exp (o¢) - D) > I'(c)s\D

Paltrivial bundle
exp (ac)\(exp (oc) - D)
LT TTY W p, DUIEIDE, (D(0)gP\D)™)° I toric, x Y TOD ['(0)8P\D DEFLDWHR.
Example 3.2 (Exm.2.8 » 5 DHk#E). Y = {p} wherepe D — (;) .
AL b O r 2OV 32080 MEDEIRORORERZES (H]). D B—ROBE, 7, DEBME, (4) O

EEMIRIT B LIRS T, ZIUIEEOR D FIRET 3. BTE, o & p, OHEDOBEBREFTEL TV,
RERRITIZZ DFERICDOWVTEEL T2V,

SE R
[H] Bk, Siegel 22RO b oA Z)VES 2737 MEE{RkR log Hodge MIEDEY 25 1 22/

DWW, 5 4 EIRET A 2 —ERIE4E, 2007.

[KU] K. Kato and S. Usui, Classifying space of degenerating polarized Hodge structures, to appear in
Ann. Math. Studies, Princeton University Press.
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LT — LEESRDEEE
A Mathematical Principle of Evolutionary Game Theory

=l

7 (mitsurukikkawaGhotmail.co.jp)

* MEERAFAEREEFAEN EEFER

The basic concepts in the modern economics of today was constructed by the great mathematician (von Neu-
mann, Nash, Smale, etc). This paper deals with EVOLUTIONARY GAME THEORY in order to pursue the new
developments. It is said that it can explain the anomaly in the economics and it will be important field in the future.
This paper formulates it rigorously and rearranged by our researches. We propose the direction of the new research

(Equilibrium Concept, etc).

1. 1ZC&IC

HEORBZIC B 2 EELRFHITBRGEEE, von
Neumann, Nash, Debreu, Itd, Smale, etc. DERKIC X > T
BEEINZLE > THEE TEARL.

Z T AT — LR Ry — LHE8m) %
Kolmogorov D HIHERER DM & BEICERE (82)
L, EZOMFREIRD RS T LI K> THiz&WgRo Sk
5 (83).

2. LT — LB - ERER

2.1. #{/:7— LDERE
FT—LOERLZITS.

2.1. F&. IR (strategic form)n AT —LEITRD

BEOMICE > TEEINS.

(21) G = (N, {Si}ien,{fi}ien)

zTZT, () N={1,2,-- ,n} @ TLAVY—D%AH, (i) S

T LAY — i OFRARELITEID B WISHIEOES, £/

LEDOFIIEIELY b 5= 51, - ,5, £EERALTS. (iii) fi
RERES S = S x -+ x S, D OEHAOAHNTH
b, TLAYv—i OFEREREERT. —
COT—LERDESICTLAEND. $XNTDOT LA
Y—1,- n IO T LAV —DRIREHSFTICZNEN
DWW 51 € S1,--- , 80 € Sy BEIRT B, DEOHHED
REDHS. TOT—LOFER, TLAV— i l3FE fi(3)
18D, KleTOX ST s; 2T LA Y — i ORI
(pure strategy) &\ 9.
2.2. RE. Vi, S; R sehibitzetich 5. —
2.3. IRE. Vi, f; : § > R AEREHGBEHTHSD. —
2.4. IRE. LA Y—OBNEECOFIEBRKETHS.
2.5. IRE. HEHH (common knowledge): 'L 1Y —=%
BRAMICELTEEBAA, TLAV—2B0F S50
MoTWgd., —
2.6. B&. T n AT —L G OESIEK(mixed exten-
sion) & &, ROBROMTEREINS.

V27— LI L I3 B, #RICB 284 %Y — LIRc BT L
AY—DOBEBRTIIMAEICEEL, LA VY—E3FBED HS O
WFEU TH DT LA Y —DIIRIC B AR T B LS BT LAY —DHI[
RIFBRAE RIS 32— NG HEENTFHEDO T L Th 5.

21k U EFERMIGER LW S IRAIR 2V S LA EAT B
Fe I ENT 5 2 80D 5 B

(22)  G* = (N,{Qi}ien,{Fi}ien)

TTT, (1) N={12,- ,n} T LAVY—DHEA, (i) Q
3 S; FOMRLTHDRIKTHO, S; LOWERN R ¢ S
LAY —i DIRGEIREV, REHIZELTVS. £
TR MV T=q1, - ,q, ERLT 5. (iil) F; 3EMHE
HEG=Q1 x - x Qn FORBMEETHD, XDKS
ICEZEEINS.

23)  F@= [ &

TTTpld q*@éj\?‘ﬁ'(“%é. e F( # T LAY —i®D
HARFFITSRA%L (expected payoff function) &5 . 7 HARS
flEEKOy N2 F=F,..- |F, b &Xitd53. —
2.7. IRE. WEEH q;,i =1, -+ ,n IIRIT (independent)
ThHbLT3Y. —

2.8. FE. q1, g DI (RE 2.7.) TH ¢ DHH%
e €Qr T 2L, (23) ARDESICEETES.

@3)<M®=éﬁ®wm%wM%)

£/ T Q% S FOMERREDORIE, 1, iy ZEAH
WOty kgl ORFLT B, ZTT fir, fla € QITHL
T,

fo=cfii+(1—a)i, 0<ac<l
ETBTENTE, HILOVERHE i, € Q DEXTES
DT, QRMEATHS. 5B Q13 Q DHOMEATH 3.
2.9. BH. 7 —L G = (N, {Qi}ien, {Fi}ien) ORERA
BEE A (feasible set) U &, ROKX S ITERENS.

U={F@]| 7e @} —
2.10. EE. EHARHES U X, HIEFIEEE F oyt
o, AIRHiER R OB RGAES (I FER)
THs., —
2.11. B&. TLAV— i DMIE ¢ € Q; B n—1 A
DT VLAY —OEIEDHE g = (q1, -, Gim1,Git15 " 1 qn)
ot 2 RiEiGE (best response) TH 3 &,
(2.4)  Fi(qi,q-1) = mex Fi(ri,q-4)
THz &RV, WO ¢ IKHTET LAY —i D

3) AT IEATIZERT (Q, S;) (7272 L Q 13220, S; %220 Q DNk
B o- LS 3) LD 8; ZEBE L T2 FEEBI g DR
LHESTWBRTEERLTVS.

9z OWPSTHEIGE LEWIRSRERAICED SR TVS. flZIES
IR — LB IVF VP — VDR RN AN EE L 53 T
B35,
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BEINVEDEE%, Bi(gu) £ B —
2.12. EFE. B n AV —L G IZBVT, TLAY—0D
g oORE ¢ = (¢f,- -+ ,q;) M Nash BN (equilibrium
point) TH 3 &iE, TNTOTLAY—i(=1,---,n) I<H
U CHERG qF DD T LAV — DS DM ¢*, I3 2 il
IWEThHBLERVS. —
2.13. FE. G Bi(g-:) FEBER Q1 X -+ X Qi1 X
Qit1 X X Qn MOER Q; "\DEMNERERL G, 7
LA Y — i OF#ISE NS (best response correspondence)
EENng. ——

T T CHBIEORA qISxt LT, 84 B(g) = Bi(g—1) X -+ X
Bn(q-n) £ 5.

2.14. TE. F—L G EBVTREAHMKOME ¢ =
(g%, ,q;) M Nash i i TH 3 e d ORBE+ 541

RIMVEDIIDTETHB.
(25) ¢ € Blg") —
2.15. BE. J'— L G ZBWT, BAHIEOHF T %L
&% 1 D0 Nash RN FEET . —
2.16. FIE. (Kakutani’s fixed point theorem®) S %&f]
SselmBpBzE M DIEZE, Ao b ERE L, F() & S
M5 S NDEWEBEH/RT, RO 2 &M zhkl=d &3 5.

() IXRTDz e SICHLT F(z) & S DIEZTMERDE
BTHS.

(i) S NOEEDFS {z, ), & {y ], IKHLT,

Yy, € F(z,), v=1,2,---
%5, yo € F(zo) TH%.

TDELZE, z* € F(z*) LX2FHB F(-) OFREE z* H

Pl LB 1 DFET B, —
2.17. FE. AT EIREATH S LIEL
Teht, FEATREEED O30 MEZzEST L, REMIC
W HIFERRS DMERREE A T E bRV (FIEF (2003)). ——
2.18. BR. 7 — LW ROFM =T d £ &, €0 (zero
sum) F—L&WS.

2

, Ty — To,Yy — Yo (v — o0)

ZFI(JNIC) = 07 v] = 1a23'” 7m1aVk = 172,"' , .
i=1

2.19. FI¥. (Minimax theorem) ¥1f12 A7 — Ll
TRDRILT 5.

max min F = min max F ‘
Q1€Q1 g2€Q2 (Q17¢I2) BEQ2 a1 (¢11,Q2) —_—

T O Minimax EH 272 3l d, METH 5.

2.2. LT — LR

T T TRERY — LHERICDWVWTERD EF5. b —
LIS LI REREMIBOVTELAE T LA Y— 151
TIVELNCERL, ZNTNOMIRICEDE KIAICZ D
A RAT A2 ADNRED, THIKRACBNT, - W0
5 T ANERRICER D IRTIKAZ VS . £ — L
HERIC B IS 2 2R T 5.
2.20. EB&E. ¢ € Q; WELMICREREE (Evolution-

5) [HH Kakutani(1941) T R DFATEISDhTWBN, 2T
TlE K O — AR, Hiifl DY &2 52 5.

ary Stable Strategy: ESS) Th 3 ki, Dk > ik
Wi g,  q; I LT B, B3 g, € (0,1) BEHEL, TRTO
£ € (0,&) IKDWVWTRDAREXDED DT L RS,
(2.6) F[qi,sqj-f— (1-e)gi] > F[qj,eqj +(1 —5)q1~]. e
2.21. 8. Bishop and Cannings(1976) E% 2.20. TE
FUECNEZERBISIL T OERGEFETH 3.

(2.8)  Flg,9) = F(ai @)

(2.7) & Nash BHOZETBH D, (2.8) EHHELEHD
ZHThHs.

DL ET# U ESS EEIP A7 ne AC BT 2 LE LT
REEERNCERELIZEDTHS. ZTTT T TEE)
BT O ARFRINCEZ 5. ZODHICETROK
EZEL.

2.22. E&. B8 r: 7> R ZDELELTDOEMET
TLE, INRTCD ¢ € Q; T, BRAAF I X (selection
dynamics) £\

29 ¢=n=,
(2.10) (i) 7 & Lipschitz ##iTH 5.
211)  (3) Y m(@) =0

(2.12) (i) \9711 €Qi,:=0=>7(g) >0. —
2.23. FBH. 7 & (2.10)—(2.12) LU FOLSERITZT L
&, IERIEIRAFE (regular selection dynamics) £ &
5 ’ K m
(2.13) 0= ‘1111_1{10 e e
2.24. F&. m BGLUTOEMGZHT &£ ¥, B3l (mono-
tonic) TH 5. i,7/ € N, B
(014) Flaa-i) 2 Flangs) > 0 > 7D,

C ARG AT DBERE A F 3 2 ZDRIIA b
KREVWTEZRLTVS.
2.25. E&. EHGERAREN «» DA% ZEDO L X, XD
KSICERT BT EMNTE, CO/HER%EReplicator 572
RO L3, .
(2.15) ﬁq%@ = F(qi:q-) — Y, F(q, q-k). —
2.26. FI. (Picard—Lindelb'%_tkheorem) X c R* »B,
N7 MV ¢ : X — R* A Lipschitz B TH % LT 5.
TOLE(29) &, HOWBHIRE 20 € X ZiBZ—Efi
£(,29): T — X ZED. LI (20 EteTzeX
KDOWCHERTH S, ——

& > T Z D Replicator AFERUE (JAFR) MROTFEL —EME
WKL TREEEN TV 5.

RIS RIEITY) A = AT O L E5#5 2 A7 — L (sym-
metric two person game), FIfF{T5] A # AT O & ZIEWFR

8) Z DA B BIRRE ¢+ B - Te & Z2D ORI E D &
KEVEEICIE, ZOMRERZERNE A, £/ —LELTNS
A DT LAY —IZOMIEZIAHELENBNEEZOBINELEL LD
(9MEBYE (externality) DTFTE), LW D T EZRLTWS. TOHERDF
il Nash Hfli & &0, ZOPMEAMINLILZETHS L & ESS ThH3.
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2 N7 — L\ (asymmetric two person game) &\ 5 (Flf§%

1).
2.27. . ¥ERROEM 2 DOBAE DN 2 AV —LOGEE
Replicator 72zl

= (az—-by)zy, y=1-uz.
Ll b, IENFR 2 AU — L DA Replicator SRS KD
K31k 3.
(216) =yl -y){a—(a+c)z},
& = a(l — 2){d — (b+ d)y}.
iU,y 27 LAY— 1 DI 1 2 L B, 2 T LA
T— 2 HHREE 2 & L ZHER L T 5.

1N\2 | HEES 1 | BERE 2
HEME 1 a,b 0,0
B 2 0,0 cd

FITGR 1GEEFR 2 AT — 1)
COFIGRD a,b,¢,d DFFICL > THT —LIERD 4D
DBEICEIETZTENTES.
@ EVL V=, (1) NADY LA (M) 2—F 1 32—
g VB (IV) ZA =/ R
(1), (ID) | IHERERRR D ESS 2V 1 DTH D, (I11) I HTHEIS D
ESS A 2D, (IV) JIEEHIRD ESS N1 DH 5. ——

3. LT — LR . KER
3.1 Milnor Attractor

T OFITIEH LWISERES 23S U, Nash 1918, ESS, CSS
& DBIREIRANS. Z O DICHR IR N ERMHEET 3
BREEZS.

3.1, RE. MFHIIIEREASTDHD, TORHAMFEERS
URBERBES (A28 M) THa T3 (GEE 2.17.)7.
3.2. {RE. FASBIEL F(gi, ¢j) 13 qi, ¢; FEIT 2 B FTRET
»%. —
3.3. E#. Eshel(1983) W& ¢, HEKHIC R E HHEE
(Continuously Stable Strategy, CSS) Th 2 k1, (1)
ESS TH 5, (2) HED g, ICDWVT |gu — qu| < € EiHiTzT
£33 e>0MNEFEL, FED ¢; IKDWT gy — gl <n %
Wied ko5& n> 0 DEREL, ROBGRENI-TLEEN
3.
(3.1) Flqu,qi) > F(ai,q:)

if and only if [gy — qu| <|gi — qul. —

i g hHTNTVE L E ¢f KD g lGIWVZERE R
RN T RATES. Lich o THRRGIIZEIAZS FLIRRR D
RALBHROBED IR UIC K > TP ¢ i<
3.4. . Eshel(1983) §; M ESS T % 7z DB
i, ROZ&MGZHTTLETHS.

1o}
3.2 i) —F(q;,4 =0
82) O mFaa) _, =0
NZ Dk ED Replicator HEXWE, XKDEXS5hbDLik?
(Bomze(1990)).
dP

E(B):/]g(w(x,]’,y(s))—w(P,P,p(S)))P(d:c).

32
(i) 5—2—F(qj7qi) <0. —
q; q5=§:
T DFEMIIFUSBIDMK TH 5 12D DABEEGTH B.
3.5. . Eshel(1983)
(i) ESS qi 75\‘\ QG = q; = (jl LC‘«"SU\T, CSS Z:&%AZ\%%

g, ROFM =2z T L ETHS.
(3.3) O?F 0?’F

—F + % <0
8gidq;  Og7
(ii) ESS ¢ H' CSS TH 3 1=+, (3.2)-(id),
(3.3) DHEBZBRN\TCEDNRD DI L THD. —
Ko TESS & CSS DBFEMNSZRD K 55K 1 ICHHE
THENTES.

L =va0 (3.3) not (3.3)
(3.2)-(ii) (i) WHEZE | (ii)Lyapunov Z5E
not (3.2)-(ii) (iii)? (iv) #REARZE
%1

(1):FEARETREICHRI SN TH S, (iv)ALE
RPETREETH . (ii): ESS 72H% CSS Tla AW FHikeE
3, & LEOH S ZOFEREICHENE, ZETHID, &
NS Z DFENREN LD L TEITNTVE L, £TETITN
B AR ARDIR A LIEHNRE 3. (iii): ESS Tk
WY CSS Th 5 NIRRT MG D 2 iy (ks & BRI
SKMEREN TV 3 (Sasaki and Ellner(1995)). ZZ TZ
DR ERDT b T 72— &> TREMNT 3.

3.6. E&. Milnor(1985) BRI ES A C M IEZRD 2 DD
%M &729 & ¥ (Milnor) 77 b5 92— (Attractor) &
MEN .

(1) TUYFE L (realm of attraction)p(A), /b B w(z) C
ARz e M INTOES, ZHEBICEDHEZRD.

(2) ERIC/INE IREES A’ C A T p(4) B p(A) LI
POOEADARLERZFRNT—ET 5 DI EW.

COERICIZ, ZOHEFEORTOHENZ ITREIENS
EWSEENEENTVAEY. £oT7 57428 D
EHLLEENTOSHENFELTE K.

3.7. fl. XOR ED1XKTEH f:[0,27] — [0,27] &
z =0,7 1 Milnor 77 b5 7 2—%HD.

Tnt1 = f(#n) = 2, + sin® z,, (mod 27). ——

3.8. fEE. 5B ¢; H Milnor Attractor T&H 5 =D
42@7%{#@:5(2%‘2%7“:‘9“ TERVS.

(3.4) (i)
92F  8°F
5) (i) —— 4 — <0 —
(3.5) (ii) D400, + 5 eyt = |
TR ARZETH ZH, HEISE DWW T L B HED
EONGEETETERERLTVS.

ORRDEKRTOT b5 H Z—LIERDT LENS.
EE. N¥%R fOHAREEBADT S 2—ThdLiE, A DEFEU
—67

fU)cU»D A=) ()

n>0

LHEBEOWEET B ERVS, —

Ko THERDEKRTODT RS 7 Z—LiX, A DIl U NDS f TE
XNTBE A DEHRICHE DRI BT L EIKRLTVS.

0
—F(q;,4; > 0.
&)qf (q] Qz) 9;=4:
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3.2. ER[TESDHR

T T TIIRIENCESE LTz Replicator HEFICTHRERD /
ARXERDESICEANT S, Z T TIEAFED (nearly inte-
grability) ROBREBAT 2 T & THE CIHGIER b
BICANTOHZITS.
3.9. B&E. IEFR 2 A —LICBT B/ 1 XHH B Repli-
cator HRERD LiZXDT LENS.
(36) y=0-a)yl-yia=(a+a}+a(}-y)
37)  @=(1—d)z(1—z){d— (b+dy}+ b (% - m)
722U 0< 61,60 1. —
3.10. @R, AR (2.16) BV T, BHERIZOEE O fF
FRZZEMEIEROZEG R & &, SRR O T
BETHD. FIREWIROLE, M %
MarixsdeEIE, Vv A7) (limit cycle) £72 D,
Fekzr &L, a3,

(y*,z*) = (0,0) DE XX, a<0,d <0,

(y*,z*) = (0,1) DL &L, ¢>0,d >0,

(y*,z*) = (1,0) DL &iF,a>0,b> 0,

(y*,z*) = (1,1) DE&ZEIE, b<0,c<0.

F 1z ) A ADFIET % Replicator 712K (3.6), (3.7) ic$

abed S

\ - ﬁi,, S 7,
W, CFDIT) <0 D NEBEEIIFEEL X
h, ZOHEIIEEL, Yy MIA OV EER->TVWS. &
T HETRRIR DA D L E O RFTZEEEIIE D 515010,
3.11. THE. FRES L IR A IS & v S EEIEE R DA

. N bed
e P ] N a
REEIET— NI, /A ADFEEL, _——(a+c)(b+d)<0%

729 & %, Arnold #E87 (Arnold(1964)) WFEET . ——
3.12. EE. (Kolmogorov-Arnold-Moser DJEH, Arnold
and Avez(1968) ZZEH) IF LA ETXRTD by, do LT,
JAZXDEET BDARE =T AT/ A AVEELEVGE
DAE b —F AV E DN EQRIETEEST 3. ——
SERR O 1 A Z AW, AR R OEHREEA TS &
AN

3.13. fil. (1) LREDOFEMZMETITHIE UTRIRIERT — L
(the ultimatum game) NH 2. RIHRRT —L L IFIRES
EINEEBED2RAATDTLAY—HED, ZORTBEDOY
liEEZ, REEIEDE S LIREE T DN EEZ 17—
LTH%. RN — LER, b RBIEREIIGEE IR

9Replicator AR (2.16) lcBWVT, ZA 7 1 KDV TIH,

1,2 1,52
o (! ), 247 21e00TH, 52(l +1 ), LI HHRBAED
W, ToRBHEOHEzHEELEABRKTHS.

L) HF DML LTEZGE, RITREHIIEET RS AEET
BN, F—LIGROBH A TEZ b &, DE D HBIENE 1 ZH - R0
TG &, Mg 2 ZH-S FREOFIBEDS TN E W (/A4 ZE+0/hEw) B
&, BT LAY —3EIRINCITENS 2 T L3RV DT, EHNLET B
HIEEZTOEY. 72 LEIBOESNEROZEICIET DT L EEET
RNETHA5.

Wz 0% 1 Ko E, RDEUESFER (canonical equation) #ifi7= 3 0
T, Hamilton & 7452 T 2H0h5.

O0H(z, .
&= P(w,y)——éz—y), y = —P(z,y)
JzrZL, P(z,y) = z(1 —z)y(1 —y) TH 3.

OH(z,y)
oz

INENIEARR T 20, RERTIE DN FRIERMFEHET BT e
MonT»a (H)1(2005)).

(2) EREO&M &Rz 36l & U THAEE (common pool
resource) D7 —LHhH%. TN TRAEHIEELHID
ZbT BT LIc ko T, —MRRIENFE 2 A —L bk 5.
(IR — LR B T LA Y —H RSN ITEI L,
HhDFEE (tragedy of commons) & 753 T EAEHISNTL
5. L ULERDK S/ A XWMEET B &, OIS
FET B AT B B (1] (2006)).

3.3. {REEREMT

HIEITRIRERD S/ A X Tho Tz, TOMITIEHERM S
77121 (Langevin A1ER) ZHW 0 ZITS.
3.14. E&. MR (Q, F, P) LOWERER w := (wy)ier
TLURD 3 &4F (1)-(1il) 27z T b 0% (T HiZ4) 759
&%) (Brownian motion) & L5,

(i) wo=0. (i) wHEFRRE.
(iil) w@HSITERDMT2EDZED, Tabb5,

D=t <ti <ta<: - <1y L:}ﬁbf
(a) Wi;pq — Wy (i=0,---,n-1) WEEWICHT,
(b)  (wiyy —wi) ~ N0, tip1 — ;). —

T T TRDEK S TR HEXEE X % (Fundenberg
and Harris(1992)).
(3.8)  dri(t) = ri(t) [ui(r(t))dt + o dWi(t)].
Fel2 U, ui(r) &2 A 7 i OERRIE, W 20800 1 T, #
SEL0 D n XTT Wiener @B ETH 5. TNEROFFHEDOLN
XEMHTS L, DX S % Replicator AERZES T &
MTE5.

(3.9) ds; = ZJ: [a—rj]drj +5 ]2;; [W] drdry,

fel2U drjdri, = r;‘-’af-dt if j = k, and 0 otherwise.
3.15. EHE. (Ito’s Formula) a = a(t,w) i t IR L T&E
FRMEAREEL, v = {v(t,w)} e £L* T 5. HERAE
X ={X,} %
dX; = adt + vdBy, Bg =0, a.s.
9%, $hbb, as. T, Xtéilﬂ"@i%‘c’fi’l{%.
(3.10) X,(w) = Xo(w) + / a(s,w)ds + | v(s,w)dB,.
R2 L0 O2 0 f(zt) & 7= X DARTESNBHHE
BEY = f(X,t) £95. C@k%ﬁ(b;ﬁiﬁ@"%.
3.11)  dY, = %%dt + 8—£dXt + %%m—];(dXt)?
7212 L, (dX;)? = (adt +vdB;)? I&
(312) dt-dt=dt-dB,=dB,dt =0, dB; - dB, = dt
LUTCEHETS. 34bb, (dX,)? =v3dt Ick%. HERE
RO (3.9) &, FED T > 01DWVT, ROBBILT 3
TEERENTS. FETXTas. OEKTHS.
(3.13) T ngTﬂi)B; f(Xo, 0()9 vy
=/0 {6_{+§%J;U2+£a}dt+/o a—ivdBt.
3.16. fl. EEA 2 DEE, (3.9) ERD K51k B.
ds1 = s182[(u1(s) — uz(s))dt + (032 — ofs1)dt
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+o1dWy — 0adWh),
= s182[(u1(8) — ua(s))dt + (0352 — ofs1)dt

+adW],
7L 0 = \/o2 + 03, W = (W1 — Wa) /o |3KEHE Wiener
WHTHS.

RSB T LAV —OIRH 2 DT, WH#E 2 A — LD
A ROMELALD LD,
3.17. fmd. Fudenberg and Harris(1992)

) a—c>(6?-02)/2,d—b < (62 —03)/2 DL ¥,
t—ocoD&E, WHERIT s1(t)—1L%k5%.

(i) a—c< (62 —02)/2,d—b > (6} —03)/2 DL ¥,
t—ooDEE, HMEIT, s1(t)—02,%5.

(iii) a —c> (6 —02)/2, d—b > (62 —03)/2 DL ¥,
t—so00DEE, WRIL/L+1)T, s1(t) 1 &%b,
WR1-L/(I1 + 1) T, s1(t) -0 &%%. fzf2L I =

/051(0) eXp[~/;[2a(y)/ﬁ2(y)]dy]dw, I = /Sl
[ ato)/wdyds <55, —

3.4. BEHF

KBTI ERNT, e — LEREHEET 5.
CTTCREMONMICERL, ZONH CHEHIEEEH
Nz, TTTRIEART LM EDZHOT LA v —H0n
T, BEOT LAV —LilgZ 2 DEFD, 7'—LETS
£95%.

BHRMICIE 1 5 N ETOBEOES V =
{1,2,--- ,N} = {zh,. N ZWF, ZOBEHRKz ZY¥ A1 b
(site) BB VI TREMEII LICT S, FA 2 @D
EHEYICEDTES B={(zy);z,ye Z% |z —y|=1} %
ED, ZOBEE (zy) (R FH 2 VIR EEERI L0
(Bt $% (nearest neighbor) #&Fmd) T —LZ1TS. Z
TH— LOFER, Z T LAY —DREDINIGT S, T2l LT
DETIVTIEFERF (one-shot) 15— LE{TS DT, HEH
WTIEEL, HPHERTHD.

3.18. M. IRE 2.4. DL L TOT LAY —z DD 5
{s;},i=1,- ,NZWD, H3FE f 2BB V55 —L
DRI FICHEIE {s;} DMERDHIRDE S I1CES.

(315)  P({s:}) = Z~ ' exp(y/[).

TR (s} @ T LAY — i OWls, v 3EHD), f 1353
HEHE {5} %JHVRO e 2OFg, Z I3FRsLESZRL TV

3. XoTY P{si})=1t%3 —

C OB 3.18. 1, FIiE f AAEI UL, ZOWIE &
DHERNEL 5B T ERELTVS. EHRAICISHEIE
D2 Q = {—1,+1}2°, 7272 U {1, +1} IZHERE DR T
BFEL, {+1,+2} TV, TN EOMRAUE 41X
u(ds) o< explyf(s)lds i K> THZ BN (MFE 3.18.). &

(3.14)

12)y BEMTHZH, TOETFIVTRY —LEZ—FITV, ENED
&3 B E FNTVWBDMDD BV, F T TT DL v DMl D178
53, HIZIZTEDERBLZEERLTVS. Lo TEM v HEAD
L& BHOWAL — LI VRIS B . T2 72 LA (A LR

2L dsld Q Lo—Hnfhied5.

3.19. E&E. W —EORFZFF>TVENE S 2 7%Zf]
Wrd 2 EEHE/INT X—2 (order parameter) &\ 5
RERDE S Lzﬁ)\@*%&

(3.16) m=(s;) = %Zsl =

FREU () ETEEE LTS,
3.20. M. HEHhZEZERAVICERY — LHERIc B 51
(LA 2B MG L T RO M2 123
317 f(y.z) < f(=z,2), vy,
(3.18) |m—m*|<e.
fe1Z2 0 m* IZHSORZ FOMEERLTVS. —

¥z DS DR EEH EDBDT —LThoTzh, SV
BRIy F LT —LZTIETIVERETZHT
X%, FLEE (2008) ZZ0H.

4. bVl

LLED & S I EHNET — LR B ERIb L,
DFERIZZ BT EILE>T, SETOMEFEDS — LHERD
RAR L S%ROKEOR RN ZEE LTz,

T 07— LR EMEERMEHARADIGHARARE T
BB U 72BN A S H 5 . von Neumann AR IR
DELEDEIICE > ERIE, YRFOBZORERRED,
WOFZBIC K. BRIFEHIIEITEAEHOENE
BATHIELTELVL, ZOBRDZOFBEE LTOMR
NOEAEVE, F o UTEENEMMEIIC X > THEINS
OREBTH2ITINE L, BBRNGERN S HE DITEL
N3 L, BRI ZOEBENENERS LEEL TS,
TNEDHILICHRET 20 TIREL, HICHAERMGBERS
DD, KETBZ e IRL, AREZFAL L.

(ZsiP({si})).
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Large Time Decay of Solutions to
Isentropic Gas Dynamics

thiE Eft (REIXRKXF)

1 EA
JEAEIEFERPE SR O #EB) % F3o7 isentropic gas dynamics Z —IRILTHE R 5

pr+mg =0,
{mﬁ(%ﬁpw>=Q p(p) =p"/7. (11)

ZITpIXEE, mIBEBE, p(p) = p7/y ZES, 1 <y < 3ITLBULE RS &
Erxv=m/p LT 2. (1.1), & (1.1), 1%, TNENEERFR], ESERTAIL
FEEN TV D,

(1.1) ZHEDIZDIT

us + f(u)e =0, u="p,m) (1.2)

&<
PE L LT

uli=o = uo(x) := (po(x), mo(2)) (1.3)
52T, MIMERTE (1.2)-(1.3) 25 2 5.

(L) X EARITHE O IEE 5 2 TH, NEGE HEERE 2 /> &2
MOHNTND, ZOIDMROREY, NGtz 7 2B O £ TRIT2
FHuER b, 2 2 Cu(z, t) PHIHERRE (1.2)-(1.3) OBRETH D LI, (R
DpeCHRxR)ICHLT, LLFORE%K

ﬁwﬂhﬂ@+fWWAdﬂﬁ+/ﬁdw¢@ﬂMx:0 (1.4)

DRV SLHOZ & ThD. T T CHMMERE (1.2)-(1.3) © C $OfFIL, (1.4) Z
e Z EIZER SR,

BEEY SR

FPTOHMERE (1.2)-(1.3) DFEDOFIEICET 2/ RICOVWTHR~S. Ding-
Chen-Luo [4],[2],[3, Section 4] {Z XX, HIHUEDS po, vo € L°(R) 2T, I
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ERRA (1.2)—(1.3) X RIfE 2 & 2. 4% 51X Lax-Friedrichs Z20{EIC & - Tl
LUig (LLF Z OiEElfig D = & % Lax-Friedrichs i fBlfi & FES) ZHA L, com-
pensated compactness D FVEIZ Lo TE OISR IR T D Z & 2R LTz,

WIZIROWEZEENC OV TR S, Glimm-Lax [5] 1%, #IHHED (1) H2AR
KHOATIIERTHY, (i) RFTAREETHY, (i) +o/hS2REZ ST
i, MOSEBN 2 04 —F—THETHZ Lz, K#ERTIE, Zh
IR D Z A T OWEEENCONTEZ D,

STEEHEPIRARD DI, HFEHT R LX—

o =+ 20
ZHATD.
EHE 1 (EEFHE (Tsuge [9])) EHB>08B8K0C > 012k LT, FIHIE (1.3) 28
lvo(z)] < B, 0 < po(z) < B, (1.5)
/ 2% po(z)dr < C, / n(uo(z))dz < C (1.6)
R R

ELTW5HET 5.
TOLE NZEAETRTOL > 112% LT, Lax-Friedrichs dT{Elfi# DRER & L C
FHhiz(1.2)-(1.3) DIFFEIL,

6 3—
/ p(p(z,t))dr < pe (/ 2po(z)dz + —21/ n(uo(m))dx> (1.7)
R R R
A g
FE 1 (BE1OTREIZDONT) 88T —ETITRVWOT, WERISETIIM®

BRSO, RONMEHEPILETH D -
(1.2)~(1.3) DIfE u(z,t) 1T, BEEKOEKRT) = b =54

N+ ¢z <0 (1.8)
il SR NE RS RWw. 22T

- ()3

ThD.

T b e R AT (1.2)-(1.3) 0L, TrhOE—REMRS. TE
H o Lax-Friedrichs ITRUiEORBIR & L CELNZFRIE, Bl o br'—
ffChs. LnLenbZoxy ba b —Ro—FEE, SRS TR,
L7 TEEH & [ CEMA2 M MECx LT, €OEED=T Y b B —fi
B, (1.7) BT DA TZDh b0,

FE 2 (1.7) DAL, kinetic formulation Z VT, Perhtame [7] Tk &
nTn5g.
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2 BABGEFHELAEHADGEH

ZOHiTE, BRRFRIC LT (L7) 28 2 &ICT 5.
F7(L.1), x 2? — (1.1), x 22t + (1.8) x 2 £V,

F+G, <H (2.1)

F(z,t,u) = 2°p — 2xtm + t*n(u),
G(z,t,u) = z*m — 2zt(m?/p + p(p)) + t2q(u),
H(z,t,u) = 2t(1/6 — 1)p(p)

Thd. ZOLEQRN)EOIMHELT,
(P F) 4+ (07°G)y < =3 =Nz —tv)?p < 0.
ZORERZFEER < [1,t] THEYT 5 &,
/ 3 (x, t)dx < / F(z,1)dz (2.2)
R R

2D,
7, (2.1) ZfEER x [0,1] THST 5 &,

/RF(:B,l)dxg/RF(x,O)dx+/01 dt/RH(x,t)d:r
S/RF(:B,O)d:E-F(?)—fy) /Oltdt/Rh(x,t)d:v
< /R F(z,0)dz + (3 — ) /0 e /R n(z, 0)dx
< /R F(z,0)dz + > 27 /R n(z, 0)dz (2.3)

1G5, ZZIT2HBBOARFEN TR F—A%EE V.
£oT, (2.2)-(2.3) &b,

/t7_3F(:v,t)da:§/ F(I,O)d$+3—1/ n(z,0)dx.
R R 2 Jr

ZOREFEXING, O3F(z,t) > 3p(p)/0 12XV, (1.7) BUED.
L L7220y b EfioiEmmiy, UUTFTORED TR I biltTns.

(i) PR C*HRTHDZ L.

(i) z°p(z,t) = 0 (|z| = o).
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Bk L & 51 (1) 13, FRASFEERE 0T, {ETSHT ENTEARL,
F7 (i) b, HIEIC (1.6) 2E LT & LTh, SRECK LTHY o L 2R
TOIFEEL .

LREDTEAR L F R 2 T L TIELE LI VO TH D, THITIFERIZHE
LV, 53fRDER (1.4) DHNP LTI, BHEOMENE OLLRVDTHD.

ZZTHEEERHET LS. TRbbBEMREEENMT 20 TR, £7 Lax-
Friedrichs I{i#IZ %t L C, ERROBRELFHE LT 5. BIL~T, Zoiid
fROMEITE S Do TS, ZOMHEEEZRWT, £79 Z OSBRI LT (1.7)
8T 5. f)5, compensated compactness DHFIEN D, T OUTEERIT (1.2)-
(1.3) DEBRRICIURT 5. K5 RMICZ DIRHE T 2 BMITK LT H (1.7) AV
NEDTEA D LD TRRDNLO.

3 Lax-Friedrichs izl & Z DREFZRE

Z OHEITCIE, FTRANC Lax-Friedrichs DZEMEE R L, T2 HWT, Lax-
Friedrichs iT{Elf# 2 # 95 . WRIZZ OITLEED HEDN DV < D0 BRI
K OFHm AR T 5.

3.1 Lax-Friedrichs DZE%i%
ETERANERIEE v (2, 1) = (02 (2,1), m>(z, ) E<. S HITZERZED Ax
BILORHZESS At %, 0< At < 138 X OLLUF O Courant-Friedrichs-Lewy 454

A := max < sup I/\i(uA(:v,t))|) < % < 2A, (3.1)

i:].,Q Ogt,wER

BT EOICED. T TAL N T, BMEEE N =v—p% =0+ p? T
Hb.
SRR u? (z,t) ZHERKT 5.

(j,n)EZXZzO, Jn={j€Zn+j=ﬁ%l}

L BL.
ATFwT1 FET,

LEFTH., 2T

arn )1, ze[-a(l/Az),a(l/Az)],
X (@) _{ 0, otherwise
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ThY, a:Ry = Ryldalz) = oo (z— 00) ZWiT-THEONREHTHD.
RTYT2WIZuA(2,t) Bt < nALIZBWTERSNTWD LRETD. 2D
LEJEJ[LITHRLT, uf == (pf,m}) &

1 (j+1)Az
pr = ____/ p™(z,nAt — 0)dz, (j—1)Az <z < (j+1)Ax,
J 282 J(j_1)an
1 (j+1)Az A A N
m; Az -1 m (a:,nAt O)dl‘, (j ) r<zr< (] + ) x
LT 5.
t
1 I l (n+1)At
nAt
\l;
0 jbz (j+2)Az T

3.1: Lax-Friedrichs ¥T{LLf#

ATV T3 EEIInAt <t < (n+ 1AL, jAz <z < (j+2)Az IZBWVT,

ul(z, t) ZAHE R
ur+ f(u), =0, jAzr <z < (j+2)Ax,
up, z<(j+1)Az,

uP,, > (j+1)Az
DIRETFEFRT D, ZOXIZx=(j+ 1Az TV CORER L ER 2 PIHE & 3
HUEMERMEZ, 2= G+ 1)AzZH L& 35— B (1,[8]) £V o. Ih
TR DOER T2 D.

u|t:nAt =
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3.2 Lax-Friedrich it fgH 5E NN HEERR B & UFHE

Z O/NEITIE, Lax-Friedrichs JE{Elf# 7 &E v 2 BRI L Ol 2 #8 /4
4. ETRHUNNCBWCES LIOERRIZLL T 2624
(1)
{p*(2,0)}’/0 < B, —B < u®(z,t) < B (RO H ML),
A< B (ABREHEME).

(2) j € Jupr CRLT,

nil _ P A At
=T T A Mk

—mj_y),

j—
mi my, At f (m) (m3_)*

n+1 j+1 j—1 M1 n j—1 7

h = _— —|— A J— —_— S R
m; 9 IATL { o P(P]+1) o p(ﬂg 1)

n(vi) +nf,) At
+1 J+ J—1

n(vi™) < 5 - 2Ax(<1(v?+1)—q(v?_1))-

() 1E, ARBAEBEROGFELZTT I LICLoTHELND. (2) I FF BB
T, (1.1)IZ Green DAREZHAT 5 Z LIC L > THOND. KT (2) 13ERRE
T%ﬁw6ﬂéiﬁﬁﬁﬁ ([10)) TH 5.

D (2) LVHMEDIEN D, LLTOMEEES.

78 2 Lax-Friedrichs JT{EIf#IT LT & 5729

(1) BEkF
(+D)Az (j+DA
3 / A= 3 /

§€Int1 (G— l)Aw jedn 1)Aa:
B L ClZOIMEET 2 Mp o BFIEL T,

(j+1)Az
/ p;ldll S ]\/[B,C;

jed, Y G-DAz

(j+1)As
Z/ 2’ pYds < / z?po(z)dz + O(Ax)
R

jedo (1-1)Az
Gl ZZCTUHUDRE O(Az) 1L B & CIZDIHMEFT S,
(2) =HRAF—FEX

I N CED O N

Jj€Jns1 JEJn

Z/(JH)A;(U?)CZ% < /Rn(’uo(:v))dx <C.

G+1A

I)Aa:
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4 ZOFEEIZDOINT

EETIE, 32 THELNEZEBRREZAWT, 28 TR I o BRI st R 2T
PRIZH LCTITH. £ DL & Key I DaHBi& BT 5.

25 30K
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Irrational rotation algebras and real
quadratic fields

wFH AR
TR R A BB RO A R T 2 4F

Abstruct. Irrational rotation algebras are objects in C*-algebra the-
ory. They are also called noncommutative tori. Y. Manin proposed
the use of noncommutative tori as geometric framework for the study
of abelian class field theory of real quadratic fields. In this talk, we intro-
duce C*-algebra theory and explain the reason why Y. Manin proposed.

1 C-IR

CDETIE, C-IROER L REANZHIZENT 5. GEAFE, [1],[3) %
ExRBHDOT L.

EE 1.1 +-REIE C LOETH> TU R EfiT «+-HEZRD L Eld»
(D(a*)* = a. (2)(a +b)* = a* + b*.
(3)(ea)* = @a*(a € C). (4)(ab)* = b*a*.

)

—

EFE 1.2, ADC-REZ «RTHo> TN RIGTZT IV || - || ZFD
LEITVS,

(DA IV || - || WO TEZHEHTRMTHS.

@)llabll < [lallliol] (a,b € A).

(3)lla*all = lla]l* (a € A).

SMF (3) 1d C-RMELMIEND. T OFRMFIHMASKMIENE TE
WERIFTWAWALIEEZ R DI/ 5. C-EROEARNLFNC DN T
N%.
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Bl 1.3. n x n EHRITHEK M, (C) 1ZBFDOEETC LOIRTH D, *-1#
BRATHNOIERKE TERT S & «-RKIck3. /IVLA%Z ||al|? = max{|) :
MEa'a DEFREIICKDERT S L C-IRTHS.

L OBIDERITTRICDONTEZ 5.

Bl 1.4. H Z¥ERE V)L R2E], DX O ARG () ZRE B ZNMBIES N
/WA - ||g CRAGGREREZEME T 5. FIEER T H — H 3,
SWDge o g 2 WHIRTH 2 & SHRBIAFRRL LS. £z, Lo
6% T OFHZR/IVLESY, |T|| TET. HOEFRRBIERESKRE
B(H) T%9Y. B(H)IZHAIK C LORO#ERED. ZD T € B(H)
XU, (TEn) = (€, Sn) ZHilzd S € B(H) hWME—171Ed%. 2D S7%
T eRL, RGERR LS. B(H) BHBREHER «HE &L O
RICES. £Tz, HDERIITORX Lol & —83 5. —fKkic C-ERiE
B(H) O C*-E#57ER £ 7% % .(Gelfand-Naimark D7E )

TP C-ERDOITDOLNI R ERKT S.

EE 1.5. AZC-IRETB. ADTaNaa* =a*a=1%fz3 L&
ZRY o =a,a’ = BT L EHBE LTINS,

5 —DOEARIZHNC DN TIENRS.

Bl 1.6. X ZRFTa 87 b ARNVTZEMET S, X Lo C fE#E
TeBAEL f THIRES T 0 RZED, DEDVEED e > 0IIHL {z €
X;|f(z)] >0} a2y MMERICEZ ED2KR%Z Cy(X) LEL. Co(X)
BERTOWHFIC K> TCLORTH Y, +-HHE L LTERORRE L S
CelTBTLICE>T+RICESD. /IVLZ | f|| :=sup{|f(z)|;z € X}
TRERT DL Co(X) ldn#ads CIRICK B, RFIC T OIRIE Hilbert Z2[H]
L2(X) OENIRAEZR L LT B(H) DD ERE AND. —fRICh#x C*-
R ORI LA U & 7% % . (Gelfand-Naimark O EHE)

EOBRS & H C-ERIGIFATHAIFRZER] & EN 5.

2 C*-IEROBEMERER

CTOETIE, C-EBORERRICONWTIARRNS. 9 RE ARLKREEIC
DNWTEHRT 5.
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E$E 2.1. C-IR A BHRBTH S LIEU T2l s S EGHIEE S -
A— BIWMFET B L EICWVS.

(D)7 (ab) = w(a)w(b) (a,b € A). (2)n(a*) = 7(a)* (a € A).

Blir(a)ll = llall (a € A).

C*-ERODEVEE & UTREI, (3) DM (1),(2) Ziulc I RHAHRITE
RIS LTRBFICERD DT eMHIBENTWS. DED C-IRD / IV
BBV K> TERICHRE 3. T ORBIEAHC*-EE Co(X), Co(Y)
T# % % & Gelfand-Naimark OFH & 0 [AEIC A 2 0B 0 ME X &
Y BRMICRB T L THB T MDD B, Fz, Ma(C) & M(C) WA
IKHBD YR =m OB TH B, —fRIC C-ERiwmTld, TORBEICDON
THENREZLNT V3.

C*-BRICIE, M. Rieffel IC & O iAERBLOWZED T DITE A E N ARH
FE &S ALK D 55O FEER RN H 5. T OBERIGIFRATHHEM 2T K
FHEREOTHS. HARMERERTHAL T K> TEATNIZL DD
PELTEALGNIZEDTHEN, C-RERELTRIELEZEDEDLE
A>TV 3. ERICIIZ L DEE[FHNZDTEIZT 5.( 8] ZBIRDC
L) BPITEDX S TEDMFHAT 5.

B 2.2. AH C*38 Co(X), Co(Y) IEDWVTEZ 5. FRHEFRMHICR B 0E+
NEMHI X LY DERTHZTLLWVWH T ehbhnd. DEDIDLE,
AHEMEIEFER E R CICAKS.

Bl 2.3. C*-ER M,(C), My(C) ICDWVWTEZXB. TOLE, EFEDOEAK
n, kI LT M,(C) & M(C) iZFRHFEICKK S C DS, DED,
AR DL AL DEREIC K> TLES T L H B L 2IER
LTHL.

3 ETHEC-IR

COETIE, R %Y MTKIZER X, TTEEERE G LB o 5
C-RAEMKT 5. TOMEER, (FARERICBVLTRLEANZED
TH%. FIT ORI BIEENS OB MO NEANDIEH OB 5
LEBTHS LZFHT 5.

F I ATRHEHEE G ORFT 387 MIMHZER X ANOFHEM 0 1l2DWT
FAT 5. Hom(X) Zz X OECFRHEGEARN SIEoNZ8 LT 5. B
Ef o LIZBHERAYER G >t — 0y € Hom(X) DT ETH%. (X,G,0)
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AR LS. FRC G = Z DX, —D DO HCCFEHER o 1o LT
o ldoZtBWFHEE 2 0t LEZENS. GO X NOFEHIE Co(X) D
TEFISH LT (au(f) (@) = f(o7(z)) (z € X) £ T BT LT C-ER Co(X)
ANOEf a L ANB. (Co(X), G, a) & C*- 112 REMIENS. TD C*-T]
EHRNOIELNDS «BR Co(X)G ZUTO LS ICEHET . £HL LTI
Yieq feur (fi € Co(X), HRHD t € G ZBRVT f, = 0) &5 B
MOEEDL LT%. e «HEARUTOX S IE#T 3.

(Z ftut)(z grity) = Z Z fraw(gr ) tr.

teG re@ teG reG
(Z frw)™ = Z oy (fi-1)"ue.
teG teG

COEBE uf = ur & wpful = au(x) EVIHBERICEDIVTWVS. DF
D, 32XV EEZ i u ICX>TERLTNS - BREEZEZBNS.
IV B8 Co(X)G %2 e )V )U S ZER DA FAREAE R 2RO B
ELTEHRMICEREL TWEZDHIE—FREVEDEZR-TL %L
W T LZRSTEETS. ZTOXI BT ENTEEDONZAAT 20465
MHEZMZNIZ[10] BT BT L. Co(X)G 2T D/ VLT Uiz
L% (BR) MBI C-BLEEV, C)(X) 6, G LEL. TOWRICELS
RENZZB 22T 5.

Bl 3.1. 0BT 5. X =R/Z,G=7Z,0(z]) =[z—0] (zeR) &
EETD. TO (a(H))([z]) = f([z+6]) (f € Co(R/Z),z €R) 755,
TTTT7—V IHEGEGRDORERE D Co(R/Z) 1F g([z]) = €2 211 H—DD
AZRVITLTERENTWS C-ERTHB. £z, wgul = a(g) = ™y
%%, DED Co(R/Z) %o Z & wv = 2™vu iz =2 VT u,v T
ERENTVWS C-ERTHS. O C-RPEBHEERIIRE SV, 4y & E
. Fie, RIC O ZBE LT B LD C-BRIFAHICIE D b—F X Lo
HBABOR L AT /R %, DT b SEEMEHRERIZIEA N —F R &
ELREENS.

ZHFE C-BROFHRMEICONWTEZS. #fiEe LTXWEHEROA
HiZ2ERT 5. (X,G,0) 2t EHRETS. (FH o NEBLEEED
geG—{e} Lz e XITHLT, o,(x) £z L7xBRICES. 1EH o HE
BLIREED X DAV MEREE CICHLT, {t € G;0:(C)NC # ¢}
MANT MEBRICKRZRICE . Lofd BHRZENER T AW
NEROPNCIZ > T %, EREIEHOR#E U TEHIEZM X /o HYE
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FRa IS bINT A RIVT kB bnwd T ehdbd. DED, DL
% OB Oy(X /o) BEZ DT LN TES. KITBNBEHE T OFHHT
REEELXLDOTHS.

FIE 3.2. (Rieffel)
(X,G, o) Z{EMWEENDEBZAMAMEIFRETS. TDEE, Co(X/o)
& Co(X) x, GRAHRAFMTH%.

FOEETES EWVIEENEDSERICDWTERAS. $5 Lk
12 X /o &0 S 2R NT A RV 7278 5780 Tz DICEH DR
BRBTLIXTERY. LH L, TO XS HZEMEE Z T WIRDEES
2. (ROETEORIRRTE) ZOLE, FOEIHED Co(X) xa G LV
5 C-BEEZDTLETX/o DT ENDLHZDTIEENNEVSIEZN
hEN%S. THUX, A Connes KX BEZHTHS. TE, C-ERICH
SEZEAL TS, FHlllc DWW TR [2] Z25HRE K.

AE 3.3

(1) ZHRE C-BRICIT ETERE L/ )V A Tld7s S B0 ERIERBZ M H
LTEBN% B(H) DFPEBEANORRIZERN S D/ )V LIS KB 5Efm{t
L H 0 WINE LR C-BREMHINS. G HAHREORIE D/ )V LIE ET
EELI/IWVLE—HTEZIENHENTNS.

(2) TOFETR T LIF—RO[FTA 7 Mt & EREHT I
RO EMMTZ B, 1212 LRI BEORMMBIT ORI ZLE L T 5.
(3) EHE 3.2 X HEZERM & Z R C-ER) O [AEBIFR Th o 7o 22/ & dhifF
C-IREVIEDETRILENT NS,

(1),(2) IEDWTIE, [10] & (3) I DWVTI, [6] 2B d 25 L.

4 RIRE

TDETIX, C-BE > TREMBEGROMBIC Y Ta—F TEEW
MEWVS Y. Manin D FAEICDWTHAT 2. REMEBEGRICDOWTE
[4], Y. Manin D FRIC DWW T 5] Z23MRE K.

FFREEBEGRIC OV CREBICHAT 5. AHEEUA Q DFIRRILKR
KKOZ L R2REEE NS, K [K: Q) =2 L2 Ekz—RikL =
5. ZDEE 1 THRVESRTFREEVEH LY K=Q((Vd) L&
LTEWHKD. d>0DLERIRGELE N, d< 0D EEE-_RKLF
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5. RBAKOBBIROL LXK DILTHoTZ LOE=Z Y VR ZIHA
DIRE 52 EDDEEIMEBIRTH B, K BN RIED & ¥ Ok = Z[Vd]
(d=2,3mod 4) 7z, Ox = Z[l”;—‘/a] (d=1mod4) &7 %.

REESEGR & 3D BB S &, REUADIEK L/K HdH - 7=
O M5 OpNERELTEDKICETZNENH T e E2EZZMmT
5%, BILLIBIZIEEZTHENE DL BV TR KD henS
TERORDEATTINpZEpOL ELTOLDATT7IVE LIzRE, EDX
RS TTIVIRENZ WS T L ThD. ERATT7IVARE
& pOL, =p7p2- - por (g l&, OL DEAT 7, e, > 1) DIETEHRIT LT
H5. e = =e,= 10D, pALICBNTARAIKEFWV, ~ik
THVWEEDFTZLES. £, [K:Q=nbhkbLE, pdLicH
TREMAT DL S5 . AT TVONRE L/K W7 — VK TH -
TERRCENWIRT ENEEZ LS T BN T WS, iz, HICHEA
T T IVORREFRDZ L FNDT —N)IVEKDE DL BWIEET 5D
BT ENHKS. ETCEHAEESV T THENTNEMERGROE > T
WBZETHB. T—NERDEDL SWIFET 2D ZHS T &M
Hisk 2 o 7ehy, R TR EARNIC ED X 5 I3 UL 7 — )R
B TEEheWVnS52LlBHE0bOMLRV. ZTTRDX S ZMED
H5.

RIRE 4.1. K2REAL TS, coLE KDOEKT —NIUVERZHEERYE
. (FREUKORRKT—NUEK LR, KOREBEATICBNTIXTD
BRERT —NWIEROEHZ L > TTEHHTHS.)

T ORI, AEEUA Q L B IKICH L TIMON TV BN, E K
ARORHI X ZRRTH 5. E_RIKDKFC Z ORI 73Ry 1—D
HEOB LMIENTVT, AT —NIVEKIEEEBEEEZ & DR i
> THRENS. BBHITRICIZVWAVWARRANHZH, TOSHT
#5581 C/(Z+ZVd) &5 paZeil & U TR 2% 2 % HHVKY)
IZ%5%. TORRBRRETRALEICEZTHZER/(Z+ZVA) &
W3 282 E Z AU IR DFU TR T —NIVERD O D Z 5 7%
ST B, 272 L T OZEMIZNT X RV T ZZRINC /R SR T DI EED
BRI BT ENTERN. ZTTEHI20DEZF2MS. DFD,
R/(Z + ZV/d) % (R/Z)/Z+/d £ RCY. Manin 3RO K 5 & FE=Z Lz

F#8 4.2. (Manin)
KK Q(Vd) DEKRT — N IUIE RIS IR RIERER A 7 2> TIED
ns.
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2L, EOXSICHKT 20 s T iEeldbho> TR,

5 HEIRHEERR

COETE, MEHERROMEZHENT 5. £, ThH2fio> TR
5N 5 EG & FEERERD B LTV 5 & b NS KR 2/ 9 5. Ak
A7 13 [3],[9) Z2T B L.

C-IRALDML—RLIF A LOBERKNEEET (1) =1 & 7(ab) =
7(ba), (a,b€ A) 2T EDTH%. M,(C) TlEEED M L—AZIEM
L7zt DTHS. FL—RBEAREFERTARYIGEEDTH Y FEOR
TL2E M B T LM TE S, RACHEEHEELER Ay 3ME—DD ML —RA 7y %2
FD. b= AR EHEZEMADOT b—F A LOEGREBERIZEWP TRV

T ARR. UL U, SRR AHATRVHERH S T &n
IRENTWS. £z, ZORRZFA LT 0IC X 3RARHRHEFMED I
MTE%.

EIE 5.1. (Rieffel, Pimsner-Voiculescu)

(1){70(q); g € Ap, ¢ \EEHE } = (Z + Z0) N [0, 1].

(2) Ag & A, WA TH 212D DOREANFEMN I DB 2RI DH->To=
n+1EFo0=—-—n+1L%X2TLTHS.

(3) Ag & A, WAHRHFMETH 312D DE+EMNEH S g € GL(2,7Z)
WH->Tgd=nkixnrTHS.

g a b af+b
felzU. g8 = e d =ca:d~

(4) A ZBATTRRED OB LT 5,
A& Ay EREIRIEIC 7 B NEHH5HEH B 9K En 53 g € GL(2,Z)
BB >T AL My(C)® Ay BEEIC BT L TH 5.

NS DFERZFIH L TRARE S,

T 5.2.

0 % " RIEFRENC p0? + 10+ m = 0 BTz 8D LT 5. 1L, pldH
B El, KeAHEEUKIC o A TERINA2REBAL TS, COLE,
Ay AR CIROWARARIERER D IRZ S DR 61X p 3 K THIRE TS
DR %.

AE 5.3. COTHIFHRERN IR E L OMEEZEZ S LTREL
THTLK2EDTH5. 3T [7) #BRTB T &. iz, LOEMOYGR
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MR R T RIEDORK T — )UK BT % - Tld 7 < B EEUA
MEEZRENDIERONETHS. ZD7zHIC Manin DT & I ERE
BEMN DB E IS, EHICEERDS TIE ZOMEIE Gauss
DM XS HENTVWAEZ L THS.

B ik
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Generating functions for multiple zeta values with fixed
weight, depth and generalized height

BEMEF (ERREXZFREBSEIZEHRH)

ZEL—ZE 1L, H<IXEuler DR OHFEINTVWEIERMETHD. T
E, BRI TIER < WHESF e Eikx B CTAREE L LTEZEE— X EIBEN
BRZBIWTWD., ZEE—ZESFEE ETERT D7 MERORED
WELZ AT Z EBEERE LTHIFbh, ExRFEEZAVTIIERENT
Wb, BIROFED—D2 L LT, ZEP—ZEZFBHICESBEKIC OV TE X
HENIDONRBHD. ZIUIKE-Zagier([3]), FA-EBAR-KEF ([1]) = Li([4]) OHF%E
WRoTHBNTWS. SN, weight, depth 38X ULi([4]) ICk->TEHAZH

c— ki 47 height & EE L2 S5 & 2 EE — X EORBEED — kiR
BERWTHENDZLERETDH. ZORERIL, TERFEOFERER L KEE
ELORFRFETHELNTZLDOTHS.

1 Introduction
B b, BANCSZEE—ZEOHAEIEDTZDIL Euler([2])) TH Y, Riemann

zeta function

(=3 o (Re(s) > D

BRI & 7o T 5. Riemann zeta function @ 1E DEE R TOEIX Euler DAFZE
ko TanTnWa., iz,

72 6

,n.4

72 Y, —MIZ Bernoulli number By (€ Q) &AW T
(_1)k—122k—1B2k ok
(2K)!

tEXRIND. LEY—FE L 1T Riemann zeta function DFFER{E (Riemann
zeta values) ZHLRL72bDTH S, LEHE —ZEICITILROFIEIC LY 2 FEEH
DEER DB, EREK ki, by, k(27 LIRS by > 2 &3 5) 1K L,

(2k) =

(k e N)

1
k1m2k2 e mnkn ’

C(k) = C(ky, ko, ... k) = )
m1>m2>...>mn>0 ml

1
>1 miFimokz - - -y, ke

(k) = (ki ks, ... ) = D

mi2>ma>->Mn
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TEHEIND. BHE, MBEDO(EZLEY—XE, BEOC 2EENELEY—X
& FES. Euler DERANCHIZEZBD - DIXSEEHEEEL—FHECDOF Th-o
73, RETRHZER—FE(DOFIBEZIMAINTND. EHHHEWNIIMD
FEHERBOBERHEE TEERINDIOT, AWIEDIRT MZERIZ—ET 5.
n = 172 51X Riemann zeta values TH 523, ZDOMOZEE —ZEDEITFAE
DEGEBEAEBRMEIZ DD > TRV, K TIIESHEZEE—FE o0
Ty D.

HAREB DMk = (ki, ks, ..., k,) % index EFEY, wt(k) =k + ke +--+k, =
k, dep(k) = n, i-ht(k) = §{l|k; > i+ 1} = hy ZZTH LT k D weight, depth,
i-height & FES. i-height 1Z4 = 0 DFFiX depth TH Y, i = 1 DFFILEE height &
FENB B OTHD. > LEEEL, Bk n, by, ha, ..., he(k,n,hi > 0), j =
0,1,2,...,7 — 11 L Tindex set I,I; EIRTED B.

I(k,m, b hay o ) = {k = (i, ko, . .., ko)Wt (k) = &, dep(k) = n,
1-ht(k) = hy, 2-ht(k) = ho, . .., r-ht(k) = h,},

Ij(k’, n, hl, hg, ey hr)z{k = (kl, kg, ceey Iﬂn)|k € I(k, n, hl, h2, ey hr), kl > j -+ 2}
j=—10KEI =1L72%. FEMEZEE—FED index 2729 2 2D I
WEEND index THD. BEk,n, hy,he, ... he(k,n, b >0) KL, z; 23T
A — & LTRO & 5 3R Go(1), 5(1) 2 EHT 5.

GO(]-) = GO(k>n) h’17h2,"'ah1‘) = Z C*(k)a

kEIo(k,n,hl,hz,...,hr)

(I)S(].) = (I)g(.’l,']_, Lo, ... ,:L'r+2)

= Z Go(k,n,hl,hQ,---,hr;l)
k>n+y

=1 P

LIl 20 e Z1OP Y,

.xlk%—z;l hi$2n—h1x3h1—h2 . xr+1hr_1—h,~mr+2hr‘
T %E%ﬁ}: l./, bl,bQ,. --;br—}—l %f?}/’(k'.c]: D E&)%)

b1+b2+“‘+br+1 = "(.’IJ1+$2),
Z bilbig . sz = —(ZEJ'_H - $1£L’j), ]: 2,3,...,T+ 1.

1< <ip <<y <r+1
Theorem 1 B rm 0<m<r—-1)IKL A4, %

! J r—1
An = Z (Trio—j — T1Try1-5) m + Z1Z2 m

J=m

LD EDSD. REL, {PIIB AL —Y v B THD. ZOLERBRY
DASH

o5(1) = {1 — (z1 +22) — Ti(wr-l-?—q - xlxrﬂ—q)}

q=0
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r+1

r—1 m —
d 1—2,T1,1,...,1,1
> ZAm <__> tr+2Fr+1 Ty, 1,14,1,

=\t b+ 2,by+2,. . by + 2
t=1
il G o (‘;;1 St t) ES3e~
a1, 02, ..., Qpy2 kd : (a’l‘+2)n n
™ F’!‘ t
et </81> /82> s a/ar-}-l ) 7;) /61 (;62) (/Br—{—l)nn!

TEHSND BBTERCH .

KE-Zagier([3]) TiX, weight, depth 33 & (X height % EE L 7= ZEHE— X fED
MOBEBENOZEHEY - ERMOBRRNZEIFAERRIH, BEOLEL—X
EDFIDREBIEDS Gauss DEKETEIH TR I, & HIZ Riemann zeta values %
FBEETHLENTET L Z LB RENTND. FAR-BM-KE ([1]) TiL, &5
HELSEL—ZEOMOREEN —RBRABER  , VTR h, BT
52 L TESNELZEY - EROBBRAREINTND. SHIZLI4ICE-T,
— Ak E L7z height DB Z AV TR EF-Zagier([3]) 23953 S 41, weight, depth
B LU ST height Z EE L= L EE — ZEOFORBIED — i £/ EE
B F2HOTERSLTW S, Hx OFERIT, FAR-BAG-KRE ([1]) & Li([4])
BAL7e— AL S 17z height OEEEZAWTIHEELZH D TH D.

2 Proof of main Theorem1l

Theorem1 i%, Li([4]) & FEROFIETIHERTHZ LN TE 3.
IIZEET D.

Lii(t) = Lizl,kz ..... kn (t) = Z

my>my > >mp>1 1T

Tl WORDZ |t <1&F 5. k> 20Kt =11t LR L, Lig(l) = ¢*(k)
Lied. WIS, UTOLIRRMEED L. EBEr k,n, hi,ho, ... ¢y
(k,m,h; > 0) 2K L,

g

klm2k2 e mnkn )

G(t) = G(k,n, hl,hg,. ..,h,r;t) = Z L'Li(t),
kel(k,n,h1,ha,....hr)
G](].) :Gj(l{?,n,hl,hg,.‘.,hr) = Z C*(k),
kte(kJ,n,hl,hQ,...,hr)
G;(t) = Gj(k,n,hi, ha, ... hy;t) = Z Lig(t),

kel; (k,n,h1,h2,..hr)
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G(0,0,,O,t):lclf_j‘é j:0,1,2,“',,’._1c:ﬂb’
1

Gj(k,n, hl, hg, cevy hr) - Gj(k,n, hl,hg, ce ,h»,.; 1)
&9 5. HFEMELEABEROWOHANL LTHLNATND

d d + Lk, ) (k=2 DR
——-LZ* t) = _Ll* t) = t kl.*l,kz ..... kn = s
dt k( ) dt k1,k2,..., kn( ) { ——t(ll—t)LZk%kS ,,,,, kn(t) (kl =1 @H%),
BLO ;
1
—Li*(t) = ——
dt 7’1( ) 1 —t

AW Z TR L 97 Lemma #5 5.
Lemma 1 ()fEED k> n+Y, A BEITn>h > hy > ... > h, > 1ITKL,

d
C—ZZGT—l(k, n, hl, hg, ceey hr; t)
1
= Z{Gr_l(k - l,n, hl, hQ, ceey hr,t)

4 Groalk = 1,n ke hay oo by — 1:8) — Gyt (k — 1,1, ha, oy - B — 138)}
NS A/RVASR
(2)jZ0<j<r—208ELTI. EEDL>n+Y_1h,n>h >hy>
> he > 0B E W, > LTk L,
d
E{Gj(kan:hlah%"'ah?‘;t) _Gj—l—l(k:na hlahZa"':hT‘;t)}

1
- %_{Gj_l(k - 17n’ hl’h2’ T '7hj7hj+1 - 17h’j+2a e 7h7‘7t)
—Gi(k — 1,n, ki, hay ..o hyy higr — Lhjga, .o heyt)}

BEEVIEDH L =070,
d
%{Go(k,’, n, hl,hg, ey hr;t) - Gl(lc,n, hl,hz, ceny h,-,t)}
1
= AG(k—Ln, b = Lo, het) = Gok = L, ha = L ha, .. hri 1)}

LB
BVEED k> n+ T ki BETn > b > hy > ... > b > 0ITH L,

d
a{G(k, n, hl, hg, ey hr; t) — G()(k, n, hl, hz, ceny hr, t)}
1

:t(—l_—T)G(k'—l,n—l,hl,hg,...,hr;t)

NI A/RVASH
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Wi BB @5 (1) B T 5.

(D;(t) = @;((L‘l,l'% oy Tpy2; t)
= Z Gj(k,n,hl,hQ,...,hr;t)

k>n+z -1 h;

=57 _h - hi—h hr—1—h h
_mlk: n Zz=1h251;2n hl(IJg 1 2"‘-7:7-—}—1 r—1 "Tpio T

ZZTj=0,1,2,...,r—1&79%. D=td L{E L, KD Proposition D & 5
IS R E D zn 5.
Proposition 1 r Z# EEH L35 L,

p@wa@10+m%mxﬂ N»

D (®5(t) — 4 (1)) = 222 (5, (¢) - @;(t)) L j=1,2,...,r—2
D (®5(t) — @1(t)) = 22 (2*() — 1 — B5(¢)),,
D (®*(t) — @5(t)) = 1522 + 1572 (2*() - 1),

BROND.

ZIZTy = (), vy = () - 910) (U= L2, r - )BLT

yr = O*(t) — DX(t) & %< a, oo R

Dyy = z1y0 + =2y,

Tr+1
Dyj:z:i jyﬁl, j=12...,r—2,
Dy, = wf(yr_l)
Dy, = 5%2(yo + 1 + - +yr — 1) + 7522,

L, ROXSBRANEIND.

{yj TESL DIy — BESLDIyy, =12, — 1,

Tr4-2 Tr42

Yr = Ty Dr MDr 1y0+1

ZTr42 Tr42

LTe3o TRD K ) Ry HRABELND.

t
1—

—1
To T1To 1 = Tpa—j — T1Tptl—j i T
Drlyy— 22 prog — 2 | S ! LD yo +
Tr+2 Tr+2 1—1 j=0 Tr+2 Try2

DTZ/O) +

b &V, KDL S Proposition 15 5.
Proposition 2 ®*_,(t) 13RO HRERGE =7

r—1
{Dr+1 — (21 +23)D" — Z(%H—j — 1% y1-5) D’ —tD"(D — xl)} &7, (t) = tzryo.

=0
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EOWSFRAOTDIENE (D — 1) ZHTHFRFBERICT S &,

{D (D+1)"* = (z1+22)(D+1)" — Ti(xﬁuz_j — T12r11-5)(D + 1)
D+ 1D +1— xl)}g—‘%@ _

Lieh. ZIT, —ABEBEE oy (S5 er t) M AR
[D(D+b;—1)(D+by—1)--- (D+byp1—1)—t(D+a1)(D+az) - (D+ar42)|F =0
ERIETIENMONTNAEDT, ay=1—z1,00=a3 =" =012 =1 BIT

Z bubzzbz] = —(.’L'j+1—117133j),j 22,3,...,T+1.

1<i1 <2< <5;<r+1

{ b1+b2+"‘+br+1:——($1+$2),

L3 35L, RDOX D7 Theorem B2 LN TE .

Theorem 2 r Z1EEE L L, b,by,...,0 1 Z EDOX SR bDLETDHE,

74 ()
r+1
———
i £Cr+2't F ].—.’L'l,].,].,].,...,l,]. -
- -1 TR 4 2y 42, by + 2
1 — (21 +22) — Z($r+2—j — T1Try1—5)
=0

L.
X b,

— Trt2—j N)J _ T1ZTr42—j Mj—1 s _
Yj Trto D’yo Tra2 D Yo, J 1,2,...,7’ 1

{ Yr = (I)*(t) - <I)6(t)’
EOIRDE S A DB HFLND.
r—1

Lra2—j — L1Lr41—7 4 1T

* _ r+2—j 1dr4+1—j 142 ~p—1

5(t) = D'y + D™ yo.
§=0 Tr42 Tr42

EiRoRicBW\WT, EEOEHE I LT

gt (a)

LEXHZ, t=1LT5Z212LD Theoreml X5 5N 5.
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3 Specialization of main theorem

Theoreml {IZBWT, FIZEBDI > 2 Lr=I1-1, z1=29=--- =12, =
0, 2141 = EFFER LT D &

i:: (In L’_J)x”:gc(w)wn_gl{ﬁ(1__>—1}%

s, Eioi

) -1 ) -1
x T T
1-= R 1-=) -1
;‘;{g< J’) }ml E( Jl>
LERTHIENRTE, LESST,

1+§_°jg*(z,...z ﬁ<1——>_

L) BRRAME B NS. Zhd Zlobin([5]) IC ko THZ BRI (I, ..., 1) O

B THD.
EFROFERITRO L I RIETE 5:{c;}32, 2ESI L L,
N
Cm—1 .
nLZ:OCm (1— Cm >_C7L7
IIZT, e =0¢TB. ZHIZEATHS. ERORITH LT e =1, ¢ =
(1_a1)<1_$2) ey CEEHRD L, ROXIBREATRVRERS.
1+ Z Om - ﬁu—a )
—a)(l—az)--(L—am) o "
N 5 collBRBE LD E, DL HIREREEDZ ENHEKS.
o0 a o0
1+ - =[] —-an)™
L0 a0 e (a0

ZZT, Y am| FDORT D & AT
F 72, Theoreml {28\ T x4 = 7123, T5 = T2T3, Tg = ToT3, ..., Trig = T}

LTI E A BA- K ([1]) OB

* T3 1 371,1,1

o5(1) = F: L]

o) (1—z1)(1 — z) — z5° 2(b1+2,b2+2 )
(727ZL

{ b1 + bg = —-(IL’l + xg),
b1b2 = —(.’133 - 371332)
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YYD ) RETTB LN TS,

EFD L ST, Theoreml R LT 5 Z & TRRADOBEBRRZEDI Z LB Tx
5. 5% OFEIL, Theoreml 5L T2 Z & THATRWSESEY — X EB DM
FXEROTHTZETH S, ZEY—FEBOBERREZL O, LEP—
ZIERRD T MVEBOEEZAONMNITHIZENEETHS.

& 2K
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Classification of polarized manifolds containing

Castelnuovo manifolds as their hyperplane sections*

PRGOS P LAl he Sl LA Beast
A IR (Yasuharu AMITANTI)

1 BE

compact HHRLIRIE X & ZD LD very ample BN L2574 2% (X, L) ZARRETIE
{RAEZ R (polarized manifold) & FRE. EHRH L 12X L CTZ ORI YIWiD 72§ C-~ 27 b
W% D(L) TRL, N+ 1 :=dimc I'(L) £ BL. L D very ample i3 I'(L) DEJE
S0,...,5n WX o ThE 25K

o X — PNz (so(x) -+ 2 sn(z))

DM DIAATH 5 2 L 2 BRT 20T, WL (X, L) BHEERE o (X) C PV
RT3 2ENTES. @FHH C PV & o (X) Db Y & LTHRL NS SRHE
o (X)N H % (X, L) OEBFEHEIE (hyperplane section) & W) .

T, RS ERAR O RECEMIIIIZE I B\ TE—RIC, ZRREB DB DI Z Oy
WrDMEE DR C KRS 2 EEZ onTR D, BV »E 2 o L HE 2 b D fFii% R
WO ERIEICEY U Thk% % if%i03 % ST\ 5. Lanteri-Palleschi-Sommese [ [9] (37
SETHIEINGADY del Pezzo ZAkiA & 7 2 RIBEARIAZ 0L T 5. X 7z, B FIYIW2s
LhkiR & 75 BRI 2 AR O 7RI 2002 4E 1T Beltrametti-Fania-Sommese K [5] 12 & D
o7z, Z D, 2004 4F1C Andreatta-Novelli-Occhetta [ [3] 12 & D _FELHE 2 K>
Rt R O BRI 2 SRR BB o N Tn 5.

Castelnuovo Rk IE, RELE A-FEECR EE L 72 & EICWITAEERDHRK & 75 5 ZiRIET
H 53, del Pezzo ZRRAPLIAIHZREZ R GEE L LTEATYS. Z 2 TARET
&, YIS Castelnuovo ZAkik & 72 2 RIS BRIF D HRIEZ ZE L | 216 [k
SRR D R R 2 RET 5.

Evee)

o |L]: (X, L) DB FbIW D% 4.

5 4 PIRFRAET FORESR, 2008 48 2 A 12-15 H, A AL#ERFF M.
fe-mail: amitani@toki.waseda. jp
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o HY C PHH: | RITIERFEE d IR . RrICIERESE 2 Kl 2 QF °& 7.

o P(wg, ..., wy) : FEEEDERD (wy, . .., wy) € NOFHD @ | ROTE AN & FFE22[.
RPN B0 wy = -+ - = wp = P(wy, . .., wy) = PF.

o Ox(m) : Plwo,...,wg) ®m KEHMAIT X C P(wy,...,wp) V> THRSN2HT
LARiA % KIgUIW & L TR (X Lo) EFR.

2 HBFEVIKE UTOD Castelnuovo ZERIE

Castelnuovo ZRIEDIEZEZ FHT 2 72012, WBLRE (X, L) DAEREZENT 5.
R EER DR ITTLE n:=dimc X £ T 3.

o RELA(L) :=degyr(X), TbE PN D nfHO—MEVHT o (X) 2U)>7- L &
LN B KOS

o ATBE A(L) :=n+d(L)— dim I'(L).

o WRETEE o(L) :=(C DFERL), 7272 L CIZPY @ (n — 1) HO—MEEFE T ¢, (X) %
Yo7z & 2N 3 IERF R thig.

EREED AL) > 1,9(L) > 0IFHODTH B, A(L) > 0 BALT 5 2 Lo NTW»
5. N5 3DODARENMESI NI & EF, RBEHREOEIEZTR 2 2 & IFRBRM Y
BT 20 EDDHKRECIETS 5. AEBOMEHHER/NS WV (d(L) < 11, A(L) <
4,9(L) <5 D)HEITIZ (X, L) D BEERN 20 ERERBT S T2 (BT, [4], [8] 55).

T, ZNSDOARERDHLY ) 2EOEPICIE ED L I REHRIDBHEE SNZTH S ) »?
Z OMNZBIL T, 1990 4F IC P RIS [7) (BURT3ER) 13X, RS ERAEDOR B & A-TEED
[E SNtz & ZiC, Wi o R PRI 2 Tw3.

- (B [7]) RS RIE (4, H) 122V T,

F
() o(r) < A0 — (a(rt) — Ar) - 1) (3
picy . wrL P o oo, () ey S
K (%) ILBWTHESIALT 2856, (A, H) % Castelnuovo SHR{F & 750 O

1 XILD Castelnuovo ZAk{AIE 19 HALRIZ Castelnuovo [6] 1T & > THIZE S L7 M A f
Rt Ze S 2. Z D79, Castelnuovo Ak I3 MRS O SRouhik & H72 ¢
Z EDTE . Castelnuovo ZARMARICEI L Tk, SFEIckkA R OHIBH S LTV 5.
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Castelnuovo ZHr{EDHI

(1) (Hg, Ou(1));

(2) (G(2,6),04(1)), 22T G =G(2,6) C PHIEMIE I 745 6 KoL 7 b IVERN
D 2 RIGER 22 Ak

(3) (Pl x P! x P! C P7, OPIX]PIXPI(]_));
(4) (C,04(2)), 22T C C P?IE i ;

(5) (P(©),H(0)), T TPO)IFZP? LoE~T P VRO OHFALT, HO) X P(O) D
tautological TEFRIE ;

(6) (BL(P?),b*(Ops(2)) — E), 2ZTh:BI(P¥) - PP II 1 pD7T0—7v 7T, E =
b~(p).

2RI D Castelnuovo ZHkiA (A, H) 1, H® < 2A(A,H) & 7% 2561203, BEHIK [7]
WX D FEINT VDS, H® = 2A(A, H) DEHEICIE, (A, H) BAEHZRE (Thbb, K
BRHEEAR DY ! = HE D) & e BRI ARIER) &7 5 2 LD 208, TS DERRE
FHIRK [10] CRREIETH) X W I Tnwd. Lo L, H® > 2A(AH) L% 5%
HITIE, (A, H) OFFEM R HHE X35> T e,

Z 1T, Castelnuovo ZARKRDSHEEEYINT & 742 2 WRE AT ED X ) k&2 R
D> ? FMIRDRTEZ fE L 72

FEIRE ([1]) #E VLI A D3IERFE T, Y 72 ERR H 12 K D (A, H) 23 Castelnuovo ZAk{E
Lt EE, RBERRE (X, L) 208 k. 0

— %12, (X, L) %% Castelnuovo A TH UL, (A, L|4) b Castelnuovo ZHRIKIC 7 5
ZEDPHOENT VS, ZOBARIE, La2HTHD I EPEZIITD» 5. REITIE, X
BdoADRILn & H/INS Vg, ERREICN T 2WE 252 % (ELL). Z DR,
Lia2HERD (X, L)DEND 2 EWTHD. £, d>n>4DGHEITDOWTYH L
EELZL, (X, L) DBEN 2R 2187 (B 2).

3 BREEGH

EE 1([1]) X % compact HELHKELL, dmX =n+1¢,T52. Fh,n>d>1¢7
2. ZOEERD (I)-(111) IZFAETH 2.

(I) very ample [EHRI L & IERF SN A € |L| BEFEL, M ZERE HITLD
(A, H) D3XELd D Castelnuovo ZikiE & 72 5.
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(I1) (X, L) 1ZRD (i)-(iii) D $F 0 & [

(i) (W, Ow (1)), T ZTW, C P, 17+2) IZEAN & d ZBrITI D 1 | d
(ii) (Waa2, Ow (1)), T T T Wagape C P(1,17F3) 1Z (2,d/2) OBEAN TR ERS
Bk, d>4, ZLTl=2F711]d/2;
(iil) (Waga, Ow(l)), T T Whas C P(I, 17H4) 1% (2,2,2) MO EAN 582K KS
ik, d=8, ZLCl=1F%lF2

o ()~ ICBVT L2 H = 1=1. O

COEHED S MERE Castelnuovo Z kA Z HEHIVIN & L CE TR EEAIL, EA
HERERAILRBICR S NS ) BMErND. 22T, EAN ZHFEEMD T DOLIRE X
DEAN EFRRLEXTH 5 L, X DERTBRAOMEB E RRILOMEPIEFEL W L2 ).

ZNTR, d>n DA X OEIRZED L HICEZTHA I 0 ? HUOEAN EFELE
BRI B THH ) ?n > 4 DA, ROGERERBE 6N

EIE2([2]) (X, L) ZEBERAE L, dmX =n+1 8T 2. (A H) IEZXBDd>n >4
&7 % Castelnuovo ZHRIAETH 2 5. b L (X, L) D&M A e |L] ZTlT51E, X
DOTNDIILT 5:

(1) (X, L) IZEH 1(ID) I BT % (1)-(iii) DWW p & [,

(2) (X, L) % Andreatta-Novelli-Occhetta @V & I [3] DV §4h & [FIAY;

(3) (X, L) \& Lanteri-Palleschi-Sommese ® V) A I [9] D> § 412 & [FHY;

(4) X IZPr ko774 7v—vayv. 2L, — 7 7 A= FIZP1") BT 3
ﬁiﬁ\iﬁ’ﬁl‘% QW\EEFH@T% b, LIF = OF(Z) NN/ ‘ a;

(5) (X, L) = (P"",0p(2));

(6) (X, L) = (Pp(F), H(F)), T T H(F) X tautological BRI, 772 L (6-a) F IFHR
b B LOREEBn — 1 OxX27 PV, & L {1d (6-b) F i3 Castelnuovo Hhif B L
DR n D7 bV

(7) FERF IR C ~DEH g: X — CVEHET B, 12121, (T-a) g TP DERED
77AN=F 2P IZOWT LIp ¥ Op(2), b LI (7-b) gld Q-7 74 7L — 3
YO— T 7 AN=F 2 QU IZOWT L = Op(1). O

— M 4 RILLA LD B AN & FERAEH LRI DT, ERR D RIS & 7% 2 1
(Picard #) 13 Z L RBITH 2 Z L B> Twd. Z2D—75, BEL2(T-a) IKBIT 2 X D
Picard 251 H T2 &, Z ERABITR W ED30h 5. fime LT, TEXE Castelnuovo
LR % P IUIWT & L CE TR LRI, EAMN RN ERIETH S L3RG &
Vg DSEPND.
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Y7V =< Y ERADHR/NE AREICDNT

e KT
KBRS RZEEEAWISET COE _LAkiZER &

1 (FC&IC

WODEEHRAE LB L, ZO LDV —S VT 7AN—GtROMZY T —< %
BIKEMES, 2DV — VT 7 AN—5tBIEHIV/ - hT5TF RY—FIELEMIN, T
O R TIE RN B 2 Rodfl @ B LT\ 3. T TIRRICED D, £
DY rTarDT Iy MEETEEMERZERS LW EHZHTcT X5 BEDREX
%. TOZMIX, bracket-generating FizldIErm /) I —LMEENTWS. TOXSEY
7)) =XV ZRARD BTN IS DONWTERT 5.

LR LOBOMOMEIX, V7)) —< VBRHARICEBICBEFRLTWT, RixiE
BEZDETORFELES. RO/ I—THELI GBI HORENZEDELT,
Martinet 734, #iiEiE, Engel #E, HIVZ DO ENZET BN %. Martinet 770
& 3 RITTDERAD LD 2 RITDDHTH 3D, FERLAZEDRD, 2BOTZ 7w Ma
TR & 3MITDEERZRS N TES. THUIIEFEICTNCSWRETH 5. il
BEEXHSNTVEY, RUtl1 TERLEEDTHS. U 1EDT STy ME
THEEMEERERS EWVWSELWEESR LT3, Martinet 3 LT & IFFITTR W
RTVRRTH 5. Engel Hitild 4 KTOZHEL LD 2 ZotDERHT, ThE 1EIOT
F Y MEICK > TIRITT DORITH ENS. DED, 2ET 5Ty F2EVIRT & 4R
TEOBZEMZRS. Engel M, HilE L FARKICRFMNEARERZ ETEVELWS
HDOELDTHB. ZTLT, WVEAYDFHEWNDDIF, 5RITDZEME LD 2 RTDsy
T, 1EDOTS7y MET LR END 2mEZET & 5 RO ZEMZR->TLE S
X9k, Rtz Ei> T\, E.Cartan Ic & D ZOHECFABEEI 14 Tl FTH
D, RARITERFDEDIIFINTDY —FE Gy ICAIL LR BT LHARENTNS. TDX
S BREREK LOBATRIC, V-V T 7AN—GIEZAND. DEOTT Y-S UZERE
BEZD. TOLE, INLESHELES LVWISHENERICEZONS. £, BN
DHTHREBIAIAINCERTH 2 EMEEZRFIC L. [1]IcBNT, FEEY TV —
< MRS ORI NE SRR OO RS ) — BRI, ZORR, 2n+1 TotdZ
AR LT, SER/NECEENE, (n+1)2 Ol e &, RRRTZEDEDIE 3D
DI NB T ehbhrolz. Fiz, ZTOZMMEIE L.

T, EClRTEZ U IUESIC N T B T ) = SR T TV s T
MG LR LT D, 22T, ZXoY T - UEMEEE YT -3 - T
VIVREE L OBIRE RN D, #ESOER/NE CRBEICDONWTERET 5.
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2 Y IJU—EmtSiRE

ok sic, 7)< UEMERAk L X, TETEHAE M oGS D & Z 0
FDV—= YT rAN—FTROMEEVS. I, ZDDOY TV UEEREK (M, D,g) &
(M, D', ¢") DEEITH % 2 ld, MOANES o M — M WFIELT oD =D, o*d =g
R TEERVS. KT (M,D,g) = (M',D',g") DL &, TDOX57% ¢ Z ARG
LEXU, TS 2ERORTRIEY TV —< VERKIK (M, D, g) ODBCRERFLEVS. V-
VERAD E CRBEEDNEIRXTO) — A2 LT T LIERLHILNTWEN, YTV —<
ZRADECEMBIC OV TR, ThETERHE ORI NTVERN. 22T, £
T — VR ADO H CRABHC OV TN S. &¥, HEFAMHZOEOLD L&
AT AV —REICH =260, ThidH, EBENECAEOHDETY —REDE L
LS. ) —REoOERFED. M EORFNY MU X TLxD C D,Lxg=0
BRHRITEO%R (M,D,q) OER/NECRBEFEATNS. £z, Rae MBS L
DER L, THEDT. B L, 3 [X]a— Xo € TLM DIRTD a € M Tz LTS
THBLE, LFHBNTHS, £-E (M,D,g) 3FHATHZ LS (TTT[X], &
HaeMIEBIE X OFETHY, X, 3 X Dac MICBIZETHD) . L, ZNE
A DFHER O THAT. EREICIE L, D) —RE 2> T0B D, ZTORIRIE
) —REDE (Lie algebra sheaf) DiEFMICIFET 2D TZD XX sheaf DFLFZHWV S
cllics 3. £9, TOHRIONWTHRB Z LICT 5.

Theorem 1 £ Z%5E &Y 7)) —< V ElZAAOMI/NE A OHFDZ I ) —REL
LIBLE, LEIERIIT (n+1)2 LD, KT LS EDIE, 3DOMICTH
N, ThZhun+1), unl), b=t 0t 108 ICAREZS. TTT, £ =R,
b =C'=R™ g =u(n) THY, 7 F77 v FOFRIEBLLITOED.

(i) [,] ttoxEp—0
(i) []: 8 xtg —t_q; [Az]:=Az (Acty,rect )
(i) [[]:to x b — bo; [X,Y]:=XY —YX (X,Y €t)

(iv) []:to1 xty — tg; [Z,W]:=1Imh(Z, W), TTT h(,) & C* LOFAEMNZT
VI — AR

RIC, V=B LED, EDOXSIHY T )= VERKE LTEEAESNSDZRTHES.

() LH et @t 1@t AL RBIGA, T, 2=/ (R*™, D, g) O HER/NE R
o) —REE LTHEREAENS. T, D i

n+1

1
dz — 3 j;(xjdyj — y;dx;) =0

TEZBIND R*™ N (21,...,%0,91,...,Un, 2) DEMEEETHD, D LOFE g 13,
9= (dz1|p)* + -+ + (dwn|p)? + (dy1|p)* + -+ + (dynlD)®

THEZBNTWV5.
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m)ﬁﬁwn+nunmat%ﬁm,megﬁﬁbyw%DﬂbMDﬁm$éaﬁ@@
Y _,f—k‘:éyt bfifﬁ‘éh% Ta 32n+1 & (Ilayla e amn-i-layn-l—l) S R2n+2 <

()% + W)+ + (@ng 1)+ (Ynr1)> =1

Z#HIETLDORERDEETHS. DI

n+1
indyi - yidmi|52n+1 =0
[

TEb BN D EMREET
9= (dz1)? + (dy1)* + -+ + (dznt1)? + (dyns1)®

(iii) £Hu(n, 1) ICEE BG5S, Thud, BRE (21, D, g|p) OHEE/NECRED
V—REe LTEREEINS. 22T, 22 13 (21,91, -y Tot1,Yns1) € RPVT2 T

(@1)2+ W1)? + - = (@n41)? — (Yn1)? = -1

EHIZTEDREOES. £, D I

n
Z yjdx] deyj (yn+1dxn+1 ~ Zn1dYns1) =0
j=1

THALBNSEMEHETH 5.

9= (dz1)* + (dy1)* + - + (dzp)? + (dyn)® — (dzps1)® — (dyns1)?

& R 2(z1,y1,., Tnst, Yns1) LD pseudo-riemannian FHETH D, Zhx ik
MG DICHIRR L7z g|p & IEEENEE K.

3 HIJU—<Tr « TUFIVBIEE

Flg BT XS I, TUPURELIE, A RTOERHE LD 2 RIEDBNET 2T S
o M EREBDIET T LIk > THEERShRAEES X3 KEDTHS. TAICY—TV Ty
A N—EHRE AN BOETT = « T2 VRS (SRE) LIERC LIcLES. 4
RTELRE LD TV 7 URSE SN R B (2, y, 2, w) RN

dz —ydxr =dy —wdx =0

TEEINS. k<HZE, wi=dz—ydr & wy =dy —wdz &, THhZN 3 RTDOZEM
ZEf] (z,y,2) & (z,y,w) D LOEMERICK>TVWB T ehbhd. DFED, =27 )L
WS, ZDOBEMENSERINS LWV FlAfEEZ LTWa DI THS. Thid
order A 2 @ higher-order contact struture ¥FEEN TV 3. T OREXR jet Z2fd & PEE
NHZELEDOZBELTEIDLFLIANS Z LICT 5.
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—fRICT 7 AN—ZHE 7 M — N Iz LT, ZD v-jet 220 JY(M, N) i& order
v @ higher order contact structure ZHfD. T4xbbH, ROXSICE>TWVS !

TJ'(M,N)=D"V'>5D7%">...0D%

TN, RFTEEEHVTROESICEREINS. (ub,---,u") Z N DRFTEER,
(ul, - ut wt e w™) B M ORIFEERET S TOEE, JV(M,N) OREER
(ut, -+ ,um, - ,ph) Z18%. TTT, 1<p<m,a=(a, ,om) o =3 a v,
ph=w’ TH%.

wh=dpf =Y phyde’ (1<p<m,0<|a|<v-1)
i=1
EBLHLU, a+ = (a1, 05+ 1,- ) THB. TOEX, WHRR Do < —1)
i3,
D“:{wg:O,p:I,---,m,|oz|§l/+oz}

TEHBBNG. £z, J'(M,N) EORZ FUBOT &% order v OB U L IE
S5 Thbld, MHORE D EEAZICL, WDTH order v+ 1 DAY FVIGICEK
BRFBCENTES. b, JUH(M,N) DR FURICES LIP3 W TR,
FOMAXRZAZICT .

T, TOTBICHZE, EXTHMZ K, JA(R2R) THY, HEEE

wo = dpg — prdz =0

TEHEEING. i, TUVVERKE, 0L 2(RELR) ICESTEY, TUXVH
i

wo = dpy — prdx = w1 = dp; — p2dz =0

TEHENDS. =X RE JHR2,R) O MUBEX, T2 7VEHEK J2(R4R)
B TR TETC, TOMHMEERAZICT S, 2O ehd, YTV — il
ZREEOE/NACAT 7)) —< Y « TUFIVEREOENE CFEED, H354
EBVWT—HLTWS EHRITE S, RRICGIHEZET & TENST 5 EDONFELE.
KRHEWMTIE, TOHRARSZLIDT, Y7V =< « TU7)IVERAOERR/NE RN D
WTHEET 5.
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A~V F b e CREMEEREIZRIT D o b OEEMRYT

Analysis of the Alpha Particle Orbits in Heliotron Type Fusion Device
Bl AT AN YN T
R R

[IZL®HIZ]

A~V A b o CORIEREIEE LT, AN A VOB TH UIADSGE AT 2 h— T ZABI(R—F Y 7Y)
BGM CIADBMAIEED 1 Th Y, KEMIZEF BN AR TH LR EOFIERHD. P TH, KM
~ U VB (LHD)E, IR i d oA BHEFEITIC b 2 R E KR~V A b o U AEEE
P & EROMmEm N DIFZERHED Hit T B[],

ZDOBGH CADIZ X DEMAF 2FEB T 2720120%, MWR—2E(7 T A< E N ERKIE L D)
DERBVLETHSD. ZDT=DIZIE, 77 A<HIZBWT, BRITEMICEENGFEL, BETHD I &,
2 OFFERFNREHRF T2 2 ER/RE L IND. B, X—% (T T X< EN)OWEIN X > Tk
GHENEL LT2GETO, 77 XA~ g, Rl G CAER S L lcm T RV X —Of kL 03 K
REFCE 20, ZOMBERTFNEBNTED X S REBZRT 0%, R UEMRTE O CHREET 2 Z
EE, B UIADERMAEE OMREZ M T 5 LT, EbOTEETHD.

H7E, LHD OFEBRTIE, X—%lEN 5 %DEm—F 77 XAvZEREINTWA[2l. 2o LHD OF -~
— 4 7T X< TREDOBKmE A ELI, ISR EOCEFS) /NS 725, DG ERNIRN 570
DEALBNBLLN B3], 2D X 2 ef, BoMERRE MU O B EES EEI HT b ORI
HRIZER - T < % Re-entering particle(FF2E Nk ) N EE A% E 2 R- 4 AlfetEn | <, BLIrGEE S
GO EERNX R OIRBENE NI T 2 MLERH 5. K512, Deuterium (D)-Tritium (TEZRELA BT
FORELTITAMENZHANOND abifiE 3.5 MeV DEWZRAF—% o TN D708, K iuE
DERIPHDALTHAHIRNY 7 MRKREL, 7T X~ IOk b fedb ks & m sl
WCH B ETHETESD. 2070, o b FONTTlX, Reentering Fi 123 L 0 BELKEI 2 RI-T L5 %
biLd.

Z ZCAMIIE T, FEROBBALEE CORSLME LAE SN D Bix = 6 THTO o ki7(3.6 MeV)D
WE & IEIER CHUEZ RO, Bu=1THTHO7 1 b (100 keV)ZBH L, o Ri1(3.5 MeV) Dl O Reik
X° Re-entering DFER EE D L HIE Lz,

G

X 2 s L L .
24 29 34 39 4.4 49 54
R {m

1. LHD OR:5H#EER = 2.7 %)
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(HFEEERD— F]
ABFIETIL, BT OP0E 2B 2 72 0 RN L (RS P C O BRI ORERI L) OS2 Fiik 45

dx B M ,\BxVB
==y (ﬁﬂ- d prE (1)
dr B q B
BEIO
dy B-VB
i, BVE 2
@ 3 (

PEEANES 22— RZHZE L. 22T, xI1IRTONME, MITRTOEE, ¢l TRFDOEM, uidhi
[E— AV b, W FEBIHAT AR OKFORE, BIIHGZThThRLTND

B Lz a— RO, EFUIMEME & LChiT o= 30X —, P ey FAMEIMR &R EE L DR
), HFE S, BB 2 5 %, 3, (2)% 6 KHEE O Runge-kutta 1£[41% F VW CHAERIZMEV . 2 DR
WL L T DRIF OBIEREICE 7‘56@5‘, R o AllE 3 YWHEE AT T 4 AL 2 vk
Wiz, £z, BEF ORI T AEERREICEE LGS, TORFIIRRNTLARL, SHREREKTL
7.

[RFD53E]
ARBFFECH, B U 72RRE OFE S (UE L TV A2V PR = — K, HINT 22— K5, 6z kv 45
BNT=N—Z P = 2.7%, WIHHRE B = 1 T OFHHSEZ AWT, M=F X —71 b OFERNFLO
% 30 msBBF L7, ZOLE, Tu b ORI, MME TR EEL ICELSE, SHORT
B LT

T ORER, B OIS T OBEORET 2 SR T 2@l T, /TR, B4 AR, ARSI
D AFFEICE LT, 2D OBEOFIZ K 2RT. K255, Bk & ST RT3 U e 2
VTS 2 L8 b %, BAABUBKLTIE, BRI T —IC L5 LiBila YR L7 bIES ke
BRI AED LT 5. E7z, BHRRKFIER A # A KT 1LE b REEPIBRT 20T Th 5.
BB LR 7 A AL T BHA SR T

-1 05 0 05 1 A 05 0 05 1

2. B FHEDOEI(Bix=05T, p=0%)

(B F O ER ]

EFo 4 SOOI IS, LHD (2B DR O#ERHE A X 3 1277 . KoY, Z=0m To
HIEEZRLTRY, fHtIn TR ShEZIHE v FAZERL TS, 20N, WY Y T A
0.5 ORI F D%, NFFRIT & A A APUERL T2 Z LN D. KT, BEETLZ %
T HRFTIE, I Y F M4 0.5 DRFDL L N H A ABIERI 272D, ZTDIFE A LD 30 ms DRI
BELTWAZ ERNbD. £z, R = 3.6 mfHLZz MR L2+l Py 7/ 0.5 (xR,
F D% < ORIFIRIBKIA 272 > TV D, TR 1272 2018 ©y A O, HAE RN RIMEEK
EFHEIZES <o T, L 25, ALK 71T, BR=3.06 m ~ 4.0 m ORIIFB LI TIC, Kbk
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BRmIMANZ 2 < Bl £z, BIBRRFiX, vy FMA 035z b LI, vl Yy M 0.7«
FHEDRIFIZ H BT,

LCFS

7 f‘ lxxxxxl ‘

AAMIII:I

AAEEEEE x

Illll lll BEA AABBE x|x x

| AREEEE AL lllllllAAAAAnlnxxxxx
A Al”l;l‘liAlAAAl@ ©x XH x X x x x|x x

X x
i xx

ITCH ANGLE)/x
B .999°°99999999999°

05 x x @@@@ oDIDIIIICDDIDDDDIIIDIDDIDE '5@|

R(m)
X 3. RiFOHLEEM (O5@E, AN, B2, x:BHB%E 4L LIkT)

[Re-entering particle]
Re-entering i1 D o K7D LiAD~D R EF 2572912, Re-entering Fi 2 EBEL1-HE &

Re-entering Hi 7 Z K & Ao LB AIZHOWT, oz*ﬁ?@?%ﬁiODil AEFHMMLE. K 41%, EYTFAE
BWENHBERFOEEEZ R LTV D. E#HIX, Re-entering ki ¥ & WUNIH - =B LR FOEIETHY,
#RIE Re-entering Bi 121K & A /p LTGRO KK T OEIETHD.
Z DM 5, Reentering b+ EE LI2HE
(FE#) L Re-entering K&K L AR LIZHE
(AR ORI REREBWVWRHHZ LR OND. L%.:S m“’ﬁz:’aﬁ‘& 1'@‘3
ThIE, BRI AR BN T, £ 0 2 bl it |
Re-entering Wi 7723 fFIETHI L EZRLTVD.
FEZ, R =3.3m {Hilr % I3 DRI & SR
DFEVWRREL, ZOFFINLHIE LI D%
< M Re-entering Wi 1L 725 Z L H/RL TV A,
¥ 72, Re-entering Wi+ &2HEK L AR LI-5HE
(FE#R) TlX, Re-entering K 7% %[ L71-5A4(E
BN BB OFNIE Z W KFHI L TWnWbd 2
ENphD. ZOFERIE, LHD OF_—4 77X _ ,
T a K FO & 5 72T ¥ —RF OBE b e o i

oy, m— FEY TR0 T
v

LOEE BAETICLE RATIC

A
fi#tt T, Re-entering Ri¥Z 8Nz 5> Z L 23 [ 4. 84K T OEE (B:i = 1T, B = 2.7 %)
BECHHIEEZRLTWND. (32## re-entering, f#Eno re-entering)
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[aBFOEALASD]

W, D-TEMAEICEVRAETD ahiFOATIADIZONTELETSH. Bx=6THD 3.5 MeV D o hi
FOT—FTHRIE, Bx=1THTHD100keVDOTa b DT —FET7HREIFFEREUTHY, Bx=1T
HFCD 100 keV D71 ko TOFENTIL, Bax=6T D o bi DT L IZIER CTH .

D-T ERAIZ LV RET D o B FORAEMBEIL, 77 XAENORHIEKFELTEY, akitld7 7
AX=a7DEINCT T AENREVEER CTEEHEET D, 22T, ahiFOALIADZRHRLTDI,
75 A< a7 EHB.3m< R<42m))bBH SR TIcEB T 5.

3D, 7T A a7 (3.3 m < BR< 4.2 m)) HiBEF S -k, W CHERFF CHEA T SR
BRI FRFEL TWARWI ERNbng. £7-, ZOMEET, 30 ms O], EZEEREOHNHANZE CiAd
SN TWARI IR 7 & N F TR FTHY, 1IFLAEDOI A APIBERTITHEEL TS, ZhbD
b, akifo lifetime” (LT D E TORDIE, B A ABIERL T D lifetime” I K> TRO HILD
ZE Wb,

Z D H F ABIERL T OEE D lifetime”l, §) 103 s Th o7z, Z D lifetime” & 58 H (= R L ¥ —fE
TR, %5 EER) A BT 5 2 LT, abi TR T T X~ 2 MET 5 DI +4 2P CiAd Hh T
AW bnh. T, AFETIE, A A RE T =10 keV, 4 AV HEE n= 102 m3, EFRE Tt =
10 keV, BEFHEE no=102m3 %S D-T S I A% HD T 7 A< L LTHE L. ZOHA, ahitd
A F L D%EFHERIT ~ 0.9 s THY, kit B FEDOTRAX—FMEFFIL 1.~1.6X102%s ThH
-7,

TN OEERRE & B, A AERIT O lifetime’lE, FEFIZENT ERbND. TOZ &I,
A AMBERFN T T A<M HENCERLTCLEI ZEZEKRLTWD. ZHRIZMAT,
BIEDAT TIZE LIAD SN TV D@kl + & N F TR FIiZoWTh, b—F X Z ARG 5 HIZH Ok
FLOERIZL>TE Yy FARBIL, DAABBERITE720, BERTDRENDRH L. T D120, @i
BT oNRFFRFTHoTh, 7—a U EEICL DT T A~DMBART I TERVWENYE D D.

AR CIE, BED LHDOUCER R = 3.9 m, FH 7T X< a = 0.64 m[8]) T o it D#LED
fENT 24T~ 7=. L, F3k, Bma skt 2aa 35 X 222~ U WA T, B =10 m, ap
= amBEORE SPBESH TSI 20k ) 23EE Cldh A AWREKLF O MEE) AfREFRIA N L,
TT AR BTN TE DL BVEWKME, o R TR LADLND LHFTE D,

F7m, 7 —u U HEIC LD T T X< MBADR VI, “alpha-channeling” & FEIEIL 5 7° T X< B 1
B AN TWA[10l. = alpha-channeling” Tl, 7 —n U EZE X D FWKFHA 7 —/L T, abifiZL-o
THIREINEHICL > TF I A=dmevEns. ZomBFkEszfAcEE, 7—e HEEL Y EN
BFI A r— )V C, I X~EMEAT A ENTED.

(EXL)|
AR TIE, LHD ® Bx=6T, @_X—% 75 A<D o hi 7(3.56 MeV)DFLEZFE L <~ 7=, 207
W, AFFECIE, Bx=6T ® 3.5MeV D akiFhiF&13& A ERILT—E7 ¥ REFOMLHRE 1T f
® 100 keV 71 b2 RNPLOFERREZHEMICMLS Z L TR L., 20ER, LToMmR A5
7.
- ISR a7 HBEE LR T, Bimki A%, L, FIEIE Y FA 0.5 x 2R oK 1T
HAABERI T THY . ZDIFE LT, FHEEROMICEL L TV -,
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- LHD OE~_—4 75 A= ZBWWT, akifo X ) RE =3 /r¥ —hif OPuEMET T, Re-entering
BT 2N D Z ENEETH 5.

BT lifetime” X, FOIEE A EMEE L TV DB A ARLERLT O lifetime”IZ Ko TRES N D.

C DA RABED o RiFE, ok F L EFOZFLF—ERRR LY b o LEVRRTRAT 2. 20
e, HAABED a hiF13, 77 A< koM TE R0,

RO HAVBUSRA B, AR TG L2 LHD KV b RERDTETHD. £DE I 7%
LB I, BUEOMT CHREL TV A I A RMED o kit b, 77 A~ & HRIIMEATE 2 bV E
WEFRIEA LA H D ATREMED & 5 .

- “alpha-channeling’# fA\\ 5 2 & T, ki1, Z 0 lifetime”lc £ 6F7 7 X v & IEAT & 2 FIAEHE
BH 5.

L1%1%, WZEEEIE LT o KT OMRHTR, IR DIERA SR & 10 L 72 KM OE TO o K7 O LiA

W, Re-entering DB CEHRHTETH 5.
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THE GENERALIZED FEYNMAN-KAC FORMULA WITH A
LEBESGUE-STIELTJES MEASURE AND RANDOM VARIABLES

JUN TANAKA

1. INTRODUCTION

I will discuss my adviser Dr. Michel Lapidus’ result titled the Generalized
Feynman-Kac formula with a Lebesgue-Stieltjes measure, mostly discussed in Chap-
ter 17.2 in the book, "The Feynman Integral and Feynman’s Operational Calcu-
lus,” (Oxford Univ. press, 2000) by Gerald W. Johnson and Michel L. Lapidus.
This Feyman-Kac formula was obtained for an arbitrary Borel measure. For this
talk, I will concentrate on the more physically relevant case of a measure with a
finitely supported discrete measure and for simplicity, on the case of a continuous
measure + a Dirac mass at 7; ’s. I will show that the function defined by the func-
tion u(t) associated with the corresponding generalized Feynman-Kac functional
satisfies a suitable differential equation and integral equation. I will then deduce
that u(t) has a discontinuity at ;. It will follow that in the quantum mechanical
case, u(t) satisfies a suitable form of the Schrodinger equation between the time
discontinuities (i.e, here, in the open intervals determined by 7;s ). Theorem 1 to 4
hold only for the fixed 7;. In order to obtain a more realistic model for scattering
process, we must provide some kind of randomness into 7;. For my research, I will
introduce the Poisson process into Theorem 4 of Dr. Michel Lapidus’s result.

2. MAIN RESULTS

Definition 1. Let 7 be a complex Borel measure on [a,b] and n = p + v be the
unique decomposition of 7 into a continuous measure p and a discrete measure v.

We limit ourself to the case when v is finitely supported.
Assume

h
v= préﬁ,
p=1
with
o<1 <T< <7 < Tht1 =0b.

Definition 2. Let C be the space of continuous functions from [a, b] to RV.

Let Cy = {z € C|z(a) =0} , ¢ € [a,b], and ReX > 0.

Define a bounded linear operator K%(F) , from L%(RYN) to itself by the wiener
integral:

Date: January, 10, 2008.
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(4E9)(©) = [ FOa+ 9B Ha() + imiz)

where ¥ € L2(RN) , ¢ € RV, and

F(z) =exp </[ ) 0(s,z(s))d77(ds)) ,z€C

associated with the potential # and the Lebesque-Stieltjes measure 7).

Theorem 1. For p= 0, ---, n, the operator function u satisfy the Volterra-Stieltjes
integral equation

t
u(t)=e_(t'TP)HTQew*P6(TP)u(Tp) + /6_@_8)%9(3)11(5)#((18).

Tp

for all t € (7p, Tp11] where u(t) := K& (F).
Theorem 2. For l-a.e. t € (7, Tp41],

) Fo = |- + Lo uo.

where 3—1;(75) denote the Radon-Nikodyn derivative of u with respect to Lebesgue

measure l.

Remark 1. Equation (1) is associated with Heat Equation when X = 1 and the
Schrodinger equation A = i.

Theorem 3. The function u is strongly left continuous in (a,b]. Moreover, for p=
0, -+, n, u is strongly continuous in (7, Tp+1] and

u(rpt) = e50Cu(r,)
where u(p+) denote the strong limit of u(t) ast — 7p , t > Tp.

Corollary 1. Assume that n = p is a continuous measure. Then for all t € [a,b],

t
u(t) = e~ -5 / e~ =2 o s)u(s)u(ds).

Moreover, u is strongly continuous for all t € [a,b] and satisfies the differential
equation (1) l-a.e. in (a,b) .

Theorem 4. let n = p+ v be defined as previously.

u(t) = P(t,a),t € [a, 7).

U(t) = P(t, Tl)ew’ly(Tl)P(Tl, a),t (S (7‘1, 7‘2].

u(t) = P(t,Tg)ewW"(T"’)P(TQ,Tl)e“’*la(”)P(n, a)
te (7’2,7’3].

u(t) = P(t, Tn)ew‘fng(fn)P(Tn,Tn_l)ean—lg(T"“l) - elee(TI)P(Tl, a)’
t € (Tn, b]
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GENERALIZED FEYNMAN-KAC FORMULA WITH A STOCHASTIC PROCESS

3. MY RESEARCH

Here, we would like to provide a model for multiple scattering.

Please imagine that a particle is projected onto a target. It is then subjected
to multiple scattering when it collides with the atoms of the target. When the
projectile leaves the target, it is in the state ¥ (t) = u(t) ¥ with u(t) as in the last
equation.

The factor €“»%("») can be interpreted as the result of a change of phase due to
a scattering by the potential w.,0(7,) at time 7,. Similarly, it can also be thought
of as being created by a hit of a particle.

A problem here is one does not know how many scattering occurred or at what
times they took place before one detect it. Since this equation holds only for fixed
time discontinuities from 71 to 7, in order to obtain a more realistic model, it may
be necessary to use an averaging process. For my research, I would like to introduce
the Poisson process into the equation in Theorem 4 and handle it as a stochastic
process. In addition, I would like to give an physical interpretation of it.

Let t < b and {£,}52; be independent and identically exponentially distributed
and 7, =&+ &+ &+ -+ &, Then let N(¢) be a Poisson Process and {w, }52;
be LLD. and ¥ € L%(RV)

We would like to consider this stochastic process below,

w(t) () = P(t, Tny)e” ™ VO P(ry ) myay—1 )N o-10 TN O L gwn 00 P(ry 0) W (¢)
,t € (TN(t),b]

N(t) represent the number of interactions before one detect the particle which
was shoot onto a target, so E(u(t)¥(£)) would be interpreted as the expected state
of the particle.
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Scaling Factor % F] & & L7z #%{2l Radial Basis Function % fv 7z
N~ 75 X~ B E 5 DR BERIEMRET

Boundary element analysis of tokamak plasma current profile
using quasi radial basis functions with variable scaling factors
6 R T R TR & 3 TR
MR

1. HR

N~ 2 7T X~ Ol % ek T 5 Grad-Shafranov HRAUT, BtV — AT y R j, % FefE OB b e
BMCRRMT 2 LERES FRCER X 2 V. fO & 20v72B%k E L TSERE AV Moz &
NTWENRY, JLOBEFY —AHEDNARTRIC L > TEE ORISR ICHERR H 5.

ERBIEELOKEE R EoTobiz, 2RO Y 2L Radial Basis Function (2l RBF) % fv /-
BEARS SNTEZ2 AT, ZnE To#HE RBF TIXEE &L TV 7z Scaling Factor % 7128
LT LT, BRBESMMOELUEEO—Eom LR A7z, S 512, #EE RBF A< SEREHRMR
DIEE R~

2. ¥l RBF IZ & 5 B B 43 Am DIl

RBF &%, 2R EOREFLE L, ZOHRLIDL DO RIS LK (BF) Th 5. Figl()
WWRT LI, ZOBF 2ZERPICEHREL, TNENICEMEBEZ R L CERGDLELZ L Thfikx
T 5. BKEEKE £, B R o, L35 L E, BEREEN), %=

R (R,2)=) o.f(R,z) )
T

EIEELL, Ry, OHIT — 25 LR o, #EHDH. RBF Il& SR EREMIT~#EAT 554,
RBF 12559 % Grad- Shafranov AR OFHEEZE LERH D, —MKIZZ OBFHIZREE 272D, A
72 T1% Gauss ¥k exp(-D,* /c*) Z¥ifig & L, Zi1% Grad- Shafranov FEERITRALTELND

2 2
1 :%[1+%—2%Jexp(—%J 2

ZEEREHE Lz, ZTNAEELELRBF LS. 22 C, D2 =(R-R,)*+(2-2,)* TH Y, o % Scaling Factor
& RS,

z{m}
k=3
T

7 0 1%k DL

0 1k B
56.2% 96.0%
ST T
@ o [EE b)) o AE
Fig.1 Scaling Factor "Iz & 5 B BAVT{LL Fig.2 #EL RBF 2 L % EREE OFRRAZES 1

3. Scaling Factor % R % & 3 5 3T{)
K@2)FTHEHXK? 1L Fig.1@D L 91 —EfE% & - T 7z Scaling Factor, o % Fig. 10)2/m3 X 9 12 a]
BL425Z&LTBFOBRICEHEZFZY, HLEEOM E2M5Z L8 TES. Fig2 @llod—E
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L LG A OBBRBESMOELFERTHSD. KL, o ZA[E L LA, Fig2 ORI L5
IS FE IR M E LT .

BMEHE TR AL L Lizfa, )T CH D72 0EN — R FRKUCEETE 553, o bR
T 5 ERBIIIERIE L 72D, 20, % Newton IEIZ K D57 VT Y XA 2 AT BB

2

F= 3)

R Jj,(R,z)- Za)L (R,z,0,)

ZR/MET D2 LT, Ko, Lo, ZKRDT.

4. BREREMT~OHEH
Grad-Shafranov 725

o(1 0 0 .
”{Réﬁ(iaj*g}w—uoRJq,(R,w) @

IZBWNT, A pRj, 1 RBF 2 HIWCEL, k& HO RBF OFHiEZ of TREIET T X~ LN
ROSER FOEBEDOE IICBW TR Y 5 2 2R S 7R

v oy oy
cw,— | AL L 27 Yr
Vi -‘;{R on R 811}

v (v o9t ot oy
- of - [| Y222 %V \ar
Zw"{c“” -L(R on R Bn) }
NEHND, 2T, ¢ (XN TIE 1.0, R ETIX0.5 L RDEHTH D, £z, v, 1T 1R TORIR,
IEARETH D,

(5)

5. BEHMEHE
XTI RMBE Yy BEEND D,

o(1 o 0
D - T B 0 — 506D Y 1
{ GR(R 6R)+ az} =A"7 R j,(Ry ™) (121) ©)
DX REAEMEL L TREREZT 20 ERD L. BAEAY T
A0 = 40D Loiat (7)

L 20D jw R w("") do
- CEFISND. T2, 377 A~ORERTHD. BRBEEZEANY MrvORERHES
Jo=CVi+e,V, 4 4c,V, =20jvj ®
J

THEDbTLE, EAEAFZELT— OB MLy ISHIET 2 BEAEICRT 2 Y. BAEE S
&1Z Scaling Factor #2{b ¥ 2% &, KE@)DBEA XY MOFIREREIZENT 5720, Fig.d DOIRT
o ICEAMEAY IR L2y (Fig.3 ©). ZO7=0ARMFE T Figd O+ Trahd Xk 9 itHE %L
TokricLi.

£7, Scaling Factor & —/E & L7 iERIHA (Fig.d @) LV EHELZ —EICRE 5 (Fig.3 @).
WIZ, FOBICE LN ERBE N i % Scaling Factor #A[Z & L7z RBF TEMT 2 (Fig.3 @). =
DERD Scaling Factor O EBEE LT, HE, EAMXKERFTH (Figd ®) #1752 LT, HEREER
R DNEEE DA B3 D DO Tz,
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6. EMEFEH

BERES R LEREE ST M, S8 171 HOIEEE 2 RERICHHUL L, ERERIEICEY b
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Factor # A28 & LTh, BIRBENMOREEIZRE < B Lieho7z(Figd (b). L LEEERBBEOMEE
M6l DKL (Figd @©)Th, RKERKE 306 EAE L TV 2554 (Figd b)) LRFREENELN

7. ZhlX, Scaling Factor [0z -85 &, LD WEEEE CHEMNEKBEOMENFELND
Z BT

E O- < E OF 1E o -
N [ )
- T wssome ]
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HOOK FORMULAS FOR A GENERALIZED YOUNG DIAGRAM

KENTO NAKADA

LAnpscAPE oF Hook FORMULAS

r Colored Hook Formula | g-Hook Formula (of Gansner type)

Hook Formula (multi-variable version) Fq-Hook Formula (of Stanley type)

U 4

Peterson’s Hook Formula |<=| Hook Formula (scalar version) J:}l Hook Formula (for standard tableaux) |

1. PRELIMINARIES

Let A = (aj); jer be a (not necessarily symmetrizable) Cartan matrix of a Kac-Moody
Lie algebra [3][4]. We denote the set of real numbers by R. Let ) be an R -vector space and
b* the dual space of h and (,) : h* X h — R the cannonical bilinear form. We suppose the
existence of linearly independent subsets IT := {a,- | iel } cbh*and 1Y := {al\.’ | iel } ch
such that (a, aiv> = a;;. An element A € h* is said to be an integral weight if

(A alyez, i€l
The set of integral weights is denoted by P. For each i € I, we define s; € GL(b*) by:
St A A—{4, cx}’)a/,-, Aep.
The group W generated by { S; | iel } is called the Weyl group, which acts on §) by:
W), w(h)y = (A, h), weW,2€b*  heh.
We define the root system (resp. coroot system) by ®:=WII (resp. ®":=WII"). We denote:

0. := (PNai (€ P).
iel
where N is the set of non-negative integers. We denote by @, and ®_ the sets of positive
and negative roots of @, respecively. The dual p¥ € ®" of aroot 8 € ® is defined so that

w(B") =w(pB)’, we.
For each 8 € @, we define s3 € W by:
sp() = A= (A, BB, A€,
or, equivalently, by

ss(h) = h— (B, B, heD.
We note that s,, = 5, = s;. For each w € W, we define a set ®(w) (€ @) by:

o) :={y e 0y W) <0}.
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2. PRE-DOMINANT INTEGRAL WEIGHTS
Definition 1. An integral weight A is pre-dominant if
(LBY2-1, Bed,.
The set of pre-dominant integral weights is denoted by P>_;.
Definition 2. For A € P,_;, the set D(1) defined by
D(D) :={B e ®, |18 = -1}

is called the diagram of 1. An element of D(1) is called a A-move. A pre-dominant integral
weight A is said to be finite if #D(1) < co.

Lemma 2.1. Let A € Ps_j and B € D(). Then we have:
(1) s5() € Pooy.
(2) D(sp(D) = 55(D(D) \ D(sp))-

Definition 3. Let 1 € P»_;. Let B € D(1). We define a set H, (5) by:
H, (B) := D(D) N (sp).

The set H, (B) is called the hook at 8 (in the diagram D(A) ). The number #H, (B) is called
the hooklength at B (in the diagram D(Q) ).(See [9])

Theorem 2.2. Let A € P>_y. Let B € D(XA). Then we have:
#H, (B) = ht (B) .
3. A-Parus anp Cororep Hook FormuLA

Definition 4. Let 1 € P>_;. Let [ be a nonnegative integer. A sequence of positive roots
B = (p1,P2.--- ,B1) is said to be a A-path if

ﬁp € D(S,Bp_1 R Sﬁl (/l)) , 1 < p < I
We call [ the length of the A-path B and denote it by £(B). Note that £(B) may be 0. The
set of A-paths is denoted by Path().

Theorem 3.1 (Colored Hook Formula). Let A € P»_; be finite. Then we have:

(3.1) LN _ (1+_>_
(ﬁ“..%pm(/u Bipi+B Pt +p ﬂl;(l/l) B
>

where both hand sides are considered as rational functions in [a/,- ] iel } ch*

Let A € P,_; be finite. Put d := #D(1). We denote the set of A-paths of length d by
MPath(2).
By Lemma 2.1 and Theorem 2.2, a A-path B in MPath(4) is a sequence of simple roots of
length #D(2).

Corollary 3.2. Let A € P»_; be finite. Put d := #D(Q). Then we have:

(3.2) > . ! - 7L

(@ )EMPath() o @ + @, + -+, $eD() B

Proof. Let t be an indeterminate. For each color variable «; (i € 1), we substitute to;
in (3.1). Comparing the coefficients of the lowest degree ¢ of both hand sides, we get
(3.2). ]
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Corollary 3.3. Let A € P,_; be finite. Put d := #D(X). Then we have:
d!

3.3 #MPath(1) = ——— .

) @ [1genay ht(B)

where ht(B) denotes the height of p € @,.

Proof. For each color variable «; (i € I), we substitute 1 in (3.2). Then we get (3.3). o
Applying Theorem 2.2 to (3.3), for a finite pre-dominant integral weight 1, we have:

#D(A)!

3.4 #MPath(d) = —————.
G4 ath(2) [1pen(a #Ha (B)

4. A-Firers, A-Firrations AND g-Hook FormuLA

Definition 5. Let 1 € P>_;. An element 8 of Q, is said to be a A-filter if the following
condition holds:

there exists some B = (81, - - - , ) € Path() for some k > 1 such that 6 = 81 + - - - + By.
The set of A-filters is denoted by F (1). Note that k # 0.
As a corollary of Lemma 2.1(1), we have:
Corollary 4.1. Let A € P5_i and 0 € F (X). Then we have:
A+6€Ps_y.

Definition 6. Let A € P»_;. Let ] be a nonnegative integer. A sequence @ = (6,65, ,6))
of elements of O, is said to be a A-filtration if

HPEF(/1+91+~-+91,_1), 1<p<l

We call ! the length of the A-filtration ® and denote it by £(®). Note that £(®) may be 0.
The set of A-filtrations is denoted by Filt ().

Theorem 4.2 ( g-Hook Formula). Let A € P5_;. Then we have:

01 e9| +6> eﬂ] 40

e

-1 =
0 1 _ 040 ] _ oott0 —_ B
(9‘,-»4,?,)6Fi1t(,1)1 FRES e pep@y L @
>0

4.1)

where both hand sides are considered as rational functions in {e"I | iel }

Let A € P,_; be finite. We denote the set of A-filtrations of maximal length by MFilt (1).
By Lemma 2.1(2) and Theorem 2.2, a A-filtration ® in MFilt (1) is a sequence of simple
roots of length #D(A).

Corollary 4.3. Let A € P_; be finite. Put d := #D(A). Then we have:

1
4.2) 1t ! = -,

. . N . .. + a
(ay - arg)eMFil(r) Y Fi Ay @y F i pepey B

Proof. Let ¢t be an indeterminate. For each % (i € I), we substitute 1 — ta; in (4.1).
Comparing the coefficients of the lowest degree ¢ of both hand sides, we get (4.2). O

Remark 1. Let A € P,_; be finite. Then we have MPath(1) = MFilt (1) as sets. Hence,
(4.2) is equivalent to (3.2).

—231—



KENTO NAKADA

5. Hook ForMULA FOR THE STANDARD TABLEAUX
Let d be a non-negative integer. We denote the totally oredered set { 1,2, --- ,d} by [d].

Definition 7. Let P = (P; <) be a finite partially ordered set. Put d := #P. A bijection
T : [d] — P is said to be a standard tableau of shape P if the following condition holds:
(STab) If T'(j) < T'(k), then we have j > k.

The set of standard tableaux of shape P is denoted by STab(P).

Definition 8. Let A € P»_;. We define a set D(1)" by:
D) :={B"|BeDW) | = {B" € BY |1 ) = -1}.

We call D(1)" a shape of 1. We note that D(1)" is a (possibly infinite) partially ordered set
with the order < over @Y.
Theorem 5.1. Let A € Ps_; be finite. Put d := #D(1)".

d!
[Tpeny ()
Remark 2. Let Y be a Young diagram. Then, for sufficiently large », there exists some

A € P,_; of a Lie algebra of type 4, such that Y is isomorphic to D(1) as partially ordered
sets. See [6][12].

#STab(D(Y)Y) =

6. MmuscuLt ELEMENTS aND PETERSON’S Hook FormuLA

Definition 9. Let A be a dominant integral weight. Following D. Peterson (see[1][5]), we
define w € W to be A-minuscule if

6.1 (Siy. ---sid(A),a};) =1, 1<p<d
for some (or equivalently, any) reduced decomposition w = s;---5;,. If w € W is A-

minuscule for some dominant integral weight A, then we say that w is minuscule.

Proposition 6.1. For a pair (A, w) of a dominant integral weight A and a A-minuscule el-
ement w, we put 1 := w(A). Then, Ais afinite pre-dominant integral weight. Furthurmore,
the correspondence (A, w) — A is bijective.

For w € W, we denote the set of reduced decompositions (s;,, i,,- - , 8;,) of w by
Red(w). As a corollary of the proof of Proposition 6.1, we get:

Proposition 6.2. Let (A, w) be a pair of a dominant integral weight A and a A-minuscule
element w. Let A := w(A) be the corresponding finite pre-dominant integral weight. Put
d:=#D(Q). Let (a;,, - -, @;,) EMPath(). Then we have (si,,: - -, 5i,) €ERed(w). Furthurmore,
the correspondence (i, -+ ,a;,) > (Siy, -+ , 8i,) from MPath(2) fo Red(w) is bijective.

By Corollary 3.3, Proposition 6.1 and Proposition 6.2, we get a proof of Peterson’s hook
formula:

Theorem 6.3 (Peterson’s hook formula). Let A be a dominant integral weight. Letw € W
be a A-minuscule element. Then we have:

ow)!
6.2 Red =
6.2) R = oo D)

Remark 3. Minuscule elements are classified by R. A. Proctor [5][6] (in simply-laced case)
and J. R. Stembridge [7] (in non-simply-laced case).
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Generalized Schur operators

on the vector space spaned by rooted planar binary trees

NUMATA, Yasuhide*

=

We introduce new families of operators on the vector space spanned by rooted planar binary
trees. We prove that they are generalized Schur operators. For this purpose, we construct a
correspondence, which is an extension of Fomin’s r-correspondence.

1 Introduction

Young K £kH 575 % Rid Young’s lattice & FEIZH, Stanlay IC & D EA N7z r-differential post[8, 9]
RZD— k& LT Fomin I & Y EA XNz r-dual graphs[2] O prototypical & TH%. Young’s lattice
L@ paths i& standard Young tableaux &FEIENZ & D L [E—HT 5 LK S DY, standard Young
tableaux OFFDEE/LHESEIRAMEE D—DIZ, Robnson it & 5 5 & DDEFENZET 5%, Robnson i
JME B ORB E FHICEE L TH Y, REMMICMIRT 2226 TE5. (FLAE, IR 5] 225
I Niz\.) Fomin I X D, r-dual graphs I8V T &, r-dual graphs 10 paths X LT, Robnson i
WS T 2 — 0 —R/IEMERHENT V3 [1, 3]. WWH X3 &, r-dual graphs (&, Robnson SINNCEE L7z
Young’s lattice D—fR{LTH 3.

Semistandard Young tableaux 7% % fH &R &R &, standard Young tableaux W4k, RIliHE LD
FTHICEVWTEERREZRZ LB BERINICHIEE N TV S, Semistandard Young tableaux &, &
3% 2723 Young RIEDS| L RA—HTZ T eRHERZENBLALNTWVAS. %7z, Robinson-
Schensted-Knuth X & FHEN 5 —3t—3HIEA R < 15N TV %. Fomin i& standard tableaux DOFRDF:
% semistandard tableaux I & 5/ L, Robinson-Schensted-Knuth ¥fi5ic& H U7z Young’s lattice D—fi
tTH% & T AD, generalized Schur operators £ WS ¥EEA LT3 [4].

Semistandard tableaux ® weigted generating function (& Schur Bt & FEIE N 2 A%, T hld, MFRBILEOR
DZLERZEZ%, FHRREHOBMNEELZE5X 528 Vo e B 2D, Generalized Schur operators
ZMWa T LT, Schur BHO—RILICIHY § 2 LHAZEET 5 T EMNHKRED, COZTHACENTE,
Cauchy identity, Pieri formula & & &\ 57z Schur BEIC BV TRENTWIZRAREOHLD D 1> T
B EBRENTLS [6).

AR Tld Generalized Schur operators DFH LWWHIZE5Z2%. KW LLED &, B FH -2 REEL &
TEEZEK LTS X GTREZEM KT _EICRBBEBROK U;, U, D; Z8AL, T 5 generalized Schur
operators Lo TV LW FHRTH 3. T T THAINSRLEHROMBEIIARN & FEH /77K L0 binary

* Hokkaido Univ., Kita 10, Nishi 8, Kita-Ku, Sapporo, Hokkaido, 060-0810, Japan. nu@math.sci.hokudai.ac. jp
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searching labelling *® left(right)-strictly increasing labelling & PFEIEN 2% TNV V5 L BEELBEGRZFEEOMN,
REBA8E D generalized Schur operators THZZ L EHAVD &, TNHDITNY Y JICEHTIHAETD
FERPZORBBICET 2R EERELTHEZ T ENTES (7).

2 Definition and Notation

T T T, Fomin IC & DA E N7z generalized Schur operators DEZEZIBN, ZDH &, BT Fm_7n
AEREL$ 2CZERM EOWREER U, U, D; ZEAT %.

2.1 Generalizes Schur oprtators

T T Tl generalized Schur operators DEFERDIHIBNS. FFL I [4] ZBRE iz,
K ZAETC t,t t1,ta,... ZBTEEODKET S, i € ZICHRLT, V; ZARRXIT K fpzEf e L,
V=@,V bB. 7, 0 { A} ERET iU, A(z) THERMFRE Yo, A ZRI T LICT 5.

Definition 2.1. ROZEMHZH2 W, D(t1)--- D(tn) & U(ts) - - - U(t1) % generalized Schur operators with
{am } LS

e { an } is a sequence of elements of K.

e U, is a linear map on V satisfying U;(V;) C V;4, for all j.
e D, is a linear map on V satisfying D;(V;) C Vj—; for all j.
e The equation D(¢')U(t) = a(tt')U(¢) D(t') holds.

2.2 Rooted planar binary trees and definition of our generalized Schur operators

F % alphabet { 1,2} THEREI NS, word 2D TR L L, 013 0 XFHHM2 word ZHDDT LT
3. v,weEFICRLy<vw EEETBI LT, FIZ poset DEDPAS. T C FH‘w<vforsomeveT
implies w € T” %/ LTV 5K, T 1% (Poset D)ideal TH B LW 5. F OHREDITN S S ideal 2, 1R
FEFE_DAECBHICKEES. T ZRAEEROLTHEELTS.

TeTtd%. ToOzTDnode &5, T; TiflD node 157525 AKEMH%ZLYT. Node v ICHLT,
node v2 (resp. v1) % v @ right (resp. left) child £\ 3. Child D7\ node % leaf £\ 5. T HZETRUVX
5,0eTThHs. 0% TORLVS. TeT,ve FIcL, Ty :={weT|v<w} £¥5.

Ezample 2.2. T ={0,11,2,21,211,22,221,2211 } KR L TERD X 31 7%%:

the right child of

0: the root

the left child of 1——» &'11 227

L

T, |

leaves

RicU; BAT 5.
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Definition 2.3. Gy ZROEMEZHIZTADORT (T, T) h b 3EELEHRT S:

e T CT.
e For each w € T' \ T, there exists v,, € T such that w = v, 1™ or w = v,,21™ for some nonnegative
integer n if T # 0.

o For each w € T\ T, w = 1™ for some nonnegative integer n if T = {.

(T, T') € Gy THB L&, T % T IT |-strips BFHIMATESNBARTHZ LS. i e N={0,1,2,... }iC
L, Gy, ZRCEET 3:

Gu, = {(T,T) € Gy ||T| +i = T"| }.
Definition 2.4. i e N, T e TICH LT, KT FOREE/R U, %

ur= > T

T/: (T,T")€Cy,

CRBMICEETS. SVEBZBE, U;TI1E TIC i D node h 5% % l-strips 2 INZ TEHE SN2 ARKDH
TH5.

Ezample 2.5. Us & {0} IZRD K S IC/EAT %:

o&/+/>+//\+>

Definition 2.6. Gy ZROFEM =TT ARKOXRT (T, T) b5 bEEL LTEERT 5:

RS U] EERT .

e T CT.
e For each w € T"\ T, there exists v, € T such that w = v,2™ or w = v,,12" for some nonnegative
integer n if T' # {.

e For each w € T \ T, w = 2" for some nonnegative integer n if 7' = (.

(T,T') € Gy THBHEEIL, T' % T I r-strips EMATESNBATHS LS. i € NICHLT, Gy R
TEHKT 5:

Gy ={(T,T") € Gy ||IT| +i=|T"| }.
Definition 2.7. i € N, T € T icH LT, KT LOp5E Ul %

ur= > T

T (T, T")EG

LRBMICERTSD. SWVWEXS L, U/T & T I i i node 57 % r-strips ZHMA TRHH5NBEDDFT
bH5.

BBV B D; BEHKT 3. T OIEE4IE binary searching labellings & Z#ZBHEMNHS. D, ZE
ETADIHEOMILEEHAET 3.
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TeTicHL, {weT|lfw=vlw thenv2 ¢T } % Ep b ELCLIZTS. RHHEICES &, Ep 3, T
DR T—HFLD leaf LIRDMD nodes 545 2EAETHS. T e T, {weT|w2¢ T} % Ry TEL,
rr%Zrr = Er N Ry TEFKT S L, rp i chain %%, 22T rr ={wry <wra <wrz< - < wr }
&9 %. i flD nodes 5% % rp D ideal { wr1, wr 2, W3, ..., wr, } & rr; TEI T LICT 5.

Ezample 2.8. ROKNCHNT, Ep EKOIRD LD nodes, £z Ry 1 ¢ TRENTWA nodes hH 75 5:

wr,1

wT, 2
wT, 3

wT 4

wr,s -
LI T, rp = { 0,122,1221, 12211, 1221112 }, 773 = { 0,122,1221 } TH 5.
Definition 2.9. w € Ry I LT,

Tow=(T\Ty)U{wv|wlveT,}

EEETD. ChZAWV, Torr; ZROK S ICRAICEET 3:

(Towr;)8rri—1 >0
T i=0.

Ezample 2.10. fIZ &, Example 2.8 D TIZH LT TS rr3 ERTHZBN5:

— =T6TT’3.

Definition 2.11. Gp 2, T =T O rp ; £75% i DEETBARORTY (T,T') h OB EGLERTS.
T, i € NISH L, Gp, BRCEET 5

Gp, ={(T,T') € Gp||T|+i=T"|}.
Remark 2.12. EHX Y, Gp, = {(I,T)|T €T} Th 3. £z, %i L T e TICHL, DEREY LD
(T, T") e Gp, |T" =T} <1
Definition 2.13. i e NIZH L, KT FOIEEG D; % T € TICHLT

D,T = > T
T/: (T",T)EGp,

LIRBRRICEERT 5.
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Ezample 2.14. D3 l&RD X SIC/EHT %:

3 Main Results

PIEDE S ICEHR LR Ui, Ul, D; It UTROFERZEG Iz, ST TRIROMATEFICE EDHB. FH LI
(7] ZBRE N,

Theorem 3.1. The operators D(t) and U(t') satisfy the equation

DU = %FU(t’)D(t).

Equivalently, D(t1) --- D(t,) and U(t,)---U(t1) are generalized Schur operators with {1,1,1,...}.

Theorem 3.2. The operators D(t) and U'(t') satisfy the equation
DU () = (L + ") U' (') D(¢).

Equivalently, D(t1) -+~ D(t,) and U’ (t,) - -- U’(t1) are generalized Schur operators with {1,1,0,0,0,0...}.

SE

[1] S. Fomin, Generalized Robinson-Schensted-Knuth correspondence, Zariski Nauchn. Sem. Leningrad.
Otdel. Mat. Inst. Steklov. (LOMI) 155 (1986), 156-175, 195 (Russian); English transl., J. Soviet
Math. 41(1988), 979-991.

[2] S. Fomin, Duality of graded graphs, J. Algebraic Combin. 3 (1994), 357-404.

[3] S. Fomin, Schensted algorithms for dual graded graphs, J. Algebraic Combin. 4 (1995), 5-45.

[4] S. Fomin, Schur operators and Knuth correspondences, J. Combin. Theory, Ser. A 72 (1995), 277—
292.

[5] Fulton,W., Young Tableaux; with applications to representation theory and geometry, volume 35 of
London Mathematical Society Student Texts, Cambridge University Press, New York, 1997.

[6] Y. Numata, Pieri’s Formula for Generalized Schur Polynomials, J. Algebr. Comb. 26 (2007), 27-45.

[7] Y. Numata, Generalized Schur operators on planar binary trees, prerpint, to appear in RIMS
Koyuroku Bessatsu.

[8] R. Stanley, Differential posets, J. American Math. Soc, 1 (1988), 919-961.

[9] R. Stanley, Variations on differential posets, Invariant theory and tableaux (Stanton,D..ed.), IMA

volumes in mathematics and its applications, Springer-Verlag, New York, 145-165.

—239—






AR DR 7
(Geometry of tangential distribution)

B BRI TR AR D2
ANCINE R )

1 BX

BT L1, ZRMAD R FICBWT, ZTOEZEM O 22 M2 5 Z 20
JEDT LBV . TOEHHII T EIELBHEOE DNH O, FIRZEN
Bl BEBICTATVS T EME L OMFEEICK > TRENTWVWAS. Lt
o T, REREE TIRE O DRIEENED D DIRE T 2B A D
THEERd 5.

2 EDMODEA

T TRAXDFEETH BN MHEEA L, AN N EE L B4 %2
WL DOHEET S,
Definition 2.1
M 7% C® 28K, TM % ZD¥RET S, D&, TM O rank n DR
SR D 72 M _ED rank n DMBRR LW, D :=T(D) %2 M D rank n
ODEDTEWVS. 212U, 2T TDIE DOYIMDEKTZEMTHS.

Example 2.2 ((12%) $&fi537n)

M =R ={(2,y,2)}, 0 :=dy — zdz £ B . TDELE D :=kerf LIED
%L, THUER® LD rank 208NHICHRS. TOX S &I, R® O
(F2UE) $efoh A & FEIE N5 .

Remark 2.3
Pl K0 —RUCERD XS ITEREND. 2n+1 0TEhK M ED
1-form 0 INEERLT O A (dO)™ # 0 &7z 3, rank 2n OB D = kerf
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Z M O LV, Z2EMAL O (M, D) TEZREAE WS . E
TIbNT2B DIFZ DRFHEHRITH 5.

Example 2.4 ((12%E)Engel 537)

R* = (z,y,2,w) ZEZKD. 0, :=dy — zdz, 0 = dz —wdzx EBE,
rank 20701 D := {0, = 0, =0} &2 5. D%z R* L (¥74€ )Engel 77
mewvd.

Example 2.5 ((1R%)Cartan 9375)

R® := (21, T2, T3, T4, 75) ZHE A D. RS LOMNI7L 3DD I-form wy := dxg—
%(:I)lde—l'zd.’lfl), Wy 1= dx4-|-(x3—%x1x2)dx1, Wy 1= dx5+(x3+%x1x2)dx2
ICH U, rank 2 DDA D = {w; = wy = ws = 0} HEEXS. TDH%Z RO
L (B ) Cartan DA LWV S .

3 EDHOR/HEOW

COFITE, MIOHTEALELORIZIUD & T BRAEESMIHTL
T ORI D B WITRE R RO I DO T LRz e[S | &
T, ST REMIC DWW TEAT 3.

Definition 3.1
(M, D) ZZFA M LA D T3, Do X, YIIHL, X, Y]eD
Lo TWB I, D Z5ERED AIREG R LS.

T OSBRI AIHEMEE, ZREAD S R THEAMIC K > THINT % (#2200
D) R ZEM 7 BEZEMIC B D K 5 7% (BRRAD) Hyn 2 hkik (T 7z D D
DNEFEKE NS DIFfEEE5Z28DTH 5. LD I DOEMKFITHAL
T, RO TR 2N B &, WINBIERHESD, bbb LOER
DRI ERVERNT SHENDLENS. T2 L HARICKICES DN
DD ERDAIRE T o Te & &, ZOHR TN & (57) ok
LTEDEIBREDNRENEZONEVWSHIETHS. THUCBEL TED
XOWILH 5.

Definition 3.2 (Cauchy $4XR)
(M, D) ZWMn XK, D = [(D) ZMIET50MET 5. ZTOEK, DD
Cauchy Rl Ch(D) R TEEINS:

Ch(D)(z) :={X(z) € D(z) | X € D, [z,y] € D,YY € D} for z € M.
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LOEBOFKMNS, DEDHREMISNDE T LNDNS.

Theorem 3.3
W& (M, D) icxt U, Z®D Cauchy FlE% Ch(D) \dHR TM OERITR
W5 5755, EeEATRETH 5.

CORMERZEAPITRIRL THS.

Example 3.4 (Example2.2 Dfi¥)
D := span {% + z—a%, %} THY, TO2DDRERT MVDT 7w
MEZ L2 LB TWRVWDT, AR THS. TO Cauchy FitERIE,
['(Ch(D)) := span {% + Za%} THEz5N%. THUIERE, HSMNCT S
ry MCBL, BICTWA. Lo T, TORMISH LT, BRI F
19 %. TOX D HHEDHRZ Bl /)i D Legendre BRFR &V S .

T, DEWRDHOD (weak) derived system ZEAL LS. &, FF
AN B HOE RTINS E T T EEGMZTHS.
Definition 3.5
WMHHK (M, D) D kRED derived system, 7% 5 TS k FED weak derived
system ZRXRD XS ICEDB. D:=T(D)ICHL,

"D = oF'D + [0F'D, 9" 7' D,
OMD = g*-Up 4 [D, *-VD],

TCTC,D=0"DELLTWVWA. ZHITHL,

0D :={X(z) € T,M| X € 9"D}
¥ D : = {X(z) € T,M| X € 9%D}

LBE, TNTN D D kBED derived, weak derived system &9 .

HIEIORNCH L, ETEDT- weak derived system W ED K S ITXR DML
5 &, I Doy WX U TR, Deone> € W D2, = TR® £75 D Engel
WL, Denga® C OWD3, , C 0®DE = TR* £7%D, Cartan 771iild
Degrtan? C OWD3 Cc 9@DE . =TR®> &/x%. TT T, ALIZEWL
T8 E rank KT

TC, S5E TR T3 DOEMKFNCBIL T, Cartan DHEF 0D S

HEEE > TWS. FHUL, Cartan 72 D RFANICIEAIEDTHS.
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Remark 3.6

45 E TOMAICBNT, i micx U T —iNAERZ LT, Engel
& Cartan ICEHL T, —MICITEEL TWVWERW. £ T, T T
derived system & %\ & weak derived sytsem M\[E Uz & D, DX O | [A]
CENDAZT2MrHKR (M, D) zZNZThoO—REsmELES.
ZDEMT Example 2.4, 2.5\ 3EHEL V> TWVWBEDTHS.

T, SRR E TR MR EEN R OBMZNRIEIC DV THRNTA,
SEIFREINLD S DDA OFHEDTICONWTEZ XS . G A b ih
DHDEARRZEE L LT symbol algebra & FEIX115 Lie algebra A' weak
derived system M SAESND. £, RD X S AR D D weak derived
system DI 72#E 2 %

DcoVDc....cog®p=9ktlp ...
T T T, £ derived system 0% D l&—ED rank, 3 7/&b BREROERIHRIC
o TWBERETS. TOKD EMAXRZEAMGHARRETS. C
UL, LT XS 1L
Bire MITHL,
g_m(z) == 0™ VD(z) /0™ P D(z) form =1
72720, 00V D(2) := {0} £ T %. ZLTHLDENY MIVZEFOEZ
BB
8(z) = g-g+y(z) & - - - B g-1(2)

M EOXY MVGDT Sy b &, | ZHWS T T, TOZEM EDOT
Z v MEMEREINS.
Definition 3.7
ERZE MR (M, D) I3 LT, DX S U THEEE N5 Lie algebra
g(z) ZRlz € M ICHF % symbol algebra &5
EC, RN T BAAHN 720 LT, Z D symbol algebra B E 5755 T
WEMNEWVS & LIFDEXSIC/E> TS,
Example 3.8 (Example 2.2 D& &)
Bl 2.2 DIEFAER M 7> 4315 U, symbol algebra i3,

g9(z) = g-2(z) ® g-1(z)

£i%%. TTTC,dimg_,=1,dimg_, =2THY, FRICBWVT, 2D
symbol algebra l& 3 Xt Heisenberg algebra \C[FH{TH % .
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Example 3.9 (Example 2.4 D#i¥)
il 2.4 DFEAE Engel 5741} U, symbol algebra i3,
9(z) = g-3() B g—2(z) ® g-1(2)
7%, 2T TC,dimgs=1,dmg.o=1,dmg_ =2 ThH5.
Example 3.10 (Example 2.2 D#iE)
il 2.5 OREAE Cartan 7370 L, symbol algebra i3,
9(z) = g-3(z) ® g2(z) © g-1(2)
£7%%. T T,dimg_s=2,dimg_o=1,dimg_; =2 TH%.

Remark 3.11

HcBIBEADHTHDEHH S K ST, symbol algebra i3l K5
BEETHS. TN ITRTORICENT, b BESEMN %729 nilpotent
Lie algebra m(fundamental graded algebra & KIEN T3 ) ICFARITH
BLE, EZTVSEAEMARXR (M, D)% type m OIEAIIH R &
W9 . BRACEEZET T EABIETRT, FRTHBELOTIONEZ
£D.

BE R

[1] Thomas, A. Ivey, J. M. Landsberg, Cartan for Beginners:Differential
Geometry via Moving Frames and Exterior Differential Systems,

[2] N. Tanaka On generalized graded Lie algebras and geometric
structues I, J. Math. Soc. Japan, 19 (1967), 215-254.

[3] K. Yamaguchi, Differential systems associated with simple graded
Lie algebras, Advanced Studies in Pure Math., 22 (1993), 413-449
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THE GENERIC SMOOTHNESS OF THE GAUSS MAP AND
THE REFLEXIVITY FOR A PROJECTIVE VARIETY

TREE J (RG24 B/ B A2 IR B R R RN ZE )

1. HO A B

R} WO f: U » R OFR I LT, ZOHATENRY MV (F 721387 0m) %
WINER BB Ry, U—- S? (E123 U - P)RAVRAEGE JIENTW5. LRiID
HRE, AV RS K-> TEBEINzimIcH 2 L Bbhs. UEDDOERE—RIL
E LT, SN Lk M cPY #EZ, AU ABEHKRE LTIE HDAEN
7o) e WL SR 2 5B x » TLX B LD L VIRELDHB. AR TIZLLR,
CORETHEZD. CTTEHBMAIR, C, /2I3REEAK L T 5. AU RABBRITZFN
TNEZT-WAHTI) —TEHRINS.

X c PV 7% n JoTHESRRIAe 3%, X 3R THRVWERET S, X OIERFR S
x € X TOHEHZERZE T.X c PV . LB WAND 2N, G2 T,.X
L, PY @ affine open AY _FTRIZEFD x Z1F8% (affine) HZEM DN FAELTH 3.
G(n, PY) 1& PY D n KITHRBIZER RN 5752 T I AR V2K L 5. X DIFRER
o o UTHZE T.X Z /bS8 % X 5 G, PY) "NDOEEHEBR y 2 AV RE
Hewns.

Xlyeos Xy 2 X DR x DEDODRFTFELEEL L, X D PV \NOMDAHDE R %

p=ixy i Xy frurioot fy) EBEL T EICT B, TORF, 22/ T.X € G(n, PV)
WX OEDITHTEREINS:
P 1 X1 X2 ... Xp ﬁ,+1 fN
i | |0 1 0 .o 0 furm - S
dp|dx,, 00 0 - 1 fuw - fuw )

AFELRTIE, IEERECR M OB AL 5 H Y A EGRZEMET 5. B, HoXE
8D generic smoothness & FEZAHICEI T % reflexivity DRERZFIAMT 5 &L TH
%. 717 ABEABD generic smoothness 3\ % 15 52 72 KEi T, reflexivity Ic DUV T 3 i
TRz, DUF, R K 18 p > 0 OBk L T2 2 &2 BRFLIEE 20,

AFELROERRE, HITK (RRBHAKRY) LofFEMRIC L DEoNTE.
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THE GENERIC SMOOTHNESS OF THE GAUSS MAP AND THE REFLEXIVITY
2. LiNeartTY THEOREM & (FAZEUC U B A A 'EiR
Example 1. P! > P};(1:u) > (1:u:ub:u) DIFTERINZHM C 2EZS. C
OEEH I A By : C — G(1,P) IZXRDITHTEHE 2 5N %:
1 u ¢ o 1 0 —Su® —6u’
0 1 6w 7ub 01 61 7ub .

HEHA K O 0 THNUE, EOH T ZAEBITIF L A E D THE (IEREICIE,
LR FERES ETHE) Th B T bbb, REEEADO AT IV —TI, ch
HEANREFBBRIC TR > TW5 . —RIIT T, RDT EHFSNTVS ([2,8, 16]).

Linearity Theorem

ERSMA K 2850 ORBEMA L 3% . T O, HI AE Ky DT 7 43—
PR TH 5. FFIC dimX = dimy(X) 5,y : X - y(X) INEHTH 5.

dim X > dim y(X) OK¥, Linearity Theorem (& X ICHRASMGEM A 2 (24 THED
N2y bxTHRT 3. flZIE dmX =2 > dimyX) =1 &3, X ZERTED
N3 e 7%, COMmOR e LT, #Eapihm (HhROEROMIc X D 1F o N5k
1) & (AR & 1 Mz SERIC X 0B 5n5Hhmm) DM 5N TVS. KiHic,
dimy(X) = 1 %80 X i3 s 2SN, AlEdhim e KiEnTnws. 2o
22 —RIE LT, dimX > dimy(X) 7z 3 242 TRBSHRE L LT LICT 32

T EHmAE DL LS, L EZ BT EEERRT L EEDNS N, TNH
EREDLGE L AREDE 2 TIIATTRETH S T LM, A GBIZAR L THB LD
»%. Example | ZHEH(3 TRTHALS. TOKF6=0TH5. HVAEK y 3,

1 0 5 0
( 01 0 u )
THZBNB. TOWE, y(—u) = y(u) TH Y,y D—RT 73—l 2 N, Linear-
ity Theorem AL L CWEWT EDVbh 33, 722D & & C ORI TanC c PP
3 XX - XiXo THZ 56N 3% EMEEICEK > ThED D 5, TanC 0] JERH T Tl
BNC EEH b5, (FEEE TR EIC BT TH > 72 [2]). & SIcA]Eh
[T 2 WEEHEE N A SRVl & UL TR B S (cf. [3]):

L5, IR R 51E dim X = dimy(X) £725 Z EAHIBNTV3 ([8, 16]).

2| 213 [15] TTOEHZFAL TV 3. (1] IS ESHEOTIELI RN I N TVEA, T
ONUHICERIER TH S, FIEETIE FISRRS T LD T ORUHIBHEYTRVEAT 5.

3K ABBORT 7 A IN—HVEEGRIC T 5 IR R AT ABERR OB — I3 LY. <o

FIEHETLE & Rathmann 12 & 3. F/ABRIC & D, D 2 LLETIRZO &S A ERZRNT LA
FRAEN TS ([11]).
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THE GENERIC SMOOTHNESS OF THE GAUSS MAP AND THE REFLEXIVITY

Example 2. {Z8(% p=3 L, XcP % f: A2 > P5(,y) > (1:x:y: 20+ D
BROATEL T 5.y DT 7 AN—I3IERFE 2 Rithkr & 72 5.

A EARE LS, EERICBWTH Y AEBRORSFHWVIEHEZDHBETHD
([3, 4]), M, A ABGEDOR 2 iR d % T LIFIEFHICHE L < & 5. Linearity
Theorem M EAFEX CHOL UZRWEREIZ AN 2 _E5D 2 B DWT, Y ABBRZMr U
THZE, RoFDEICIZS>TLES TN s, BB, H REHICEET % generic
smoothness® (Sard’s Theorem) DRHILNZ DEHROEMHD VL DEEZENS. T
V&A™ AEHLD generic smoothness Z{RE 3 41U OK M ? C DRTEI reflexivity & U
5 ME &, Kleiman-Piene OREICEEHR L TL 5.

3. RerLexivity & KiEMAN-PENE D [1]H

X c PV 7z n RoTHE 2K L 9%, PV OEHE AN 5 7% 5 OGRS 2E [ 2 PV
(=2 G(N - 1,PY)) &0 <. CX = {(x, H) € Xgn x PM*|T, X c H} c PY x P¥* % conormal
variety £\ 9 . HIRAGHEE 11 CX — PY* 7% conormal map, DR X* := n(CX) =N
WERAELE NS, X c PY* @ _EICE conormal variety CX* ¢ PV x PV = PV x PV 7%
EBEABTENTES.

Definition 1. CX = CX* DRI 7 T B KE, X 13 reflexive TH S LS.

Fact 1 (Monge-Segre-Wallace criterion [9]). X is reflexive © 7 : CX — X* is generically
smooth.

CNC XD, BRFICBO TR, EREOHEZRAD reflexive TH 2.

Proposition 1. X /" reflexive 7 SIE RN T 5.
(1) (HAE) X = X.
(2) (Linearity Theorem) }7 A4 v D—f% 7 7 A 73— (scheme-theoretic 1<) FR
BITH 5. FRC, y 1 (18\) generically smooth TH % .

T DX ST reflexivity ZRET UK, IEEEUC BN T EAREEE & [AIRR O D HIR
TE2%. X HHfROKHCIE, reflexivity & 4™ XA BARD generic smoothness M3 [AIfE T &H
5T EMNHMSNTUWE. S. Kleiman & R. Piene (& D ERITTHRILT B 72 [
515,

LEBE N D (Zariski) B2 ORI D SH general i TRETH B, LV 3 Bk KO SERERL,
BREINSBEBEOEEARAN DN TH S LV S T & EEBETIEWDTERILT 5.

Sz MR L BEERIE. IEHARIEIER 5 3 HODEEERRT S TV 5. AKD Kleiman-Piene
DORIEIC T BIRENEENE 5T, H7 AE 40 generic smoothness & reflexivity Z & T 5, &1
SMEDITHS.
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THE GENERIC SMOOTHNESS OF THE GAUSS MAP AND THE REFLEXIVITY

Kleiman-Piene’s question [14, pp. 108—-109]
[7’3“‘7 AEAG y HY (5N generically smooth 7% 51 X I reflexive TH 2 ? ]

Bl1%, Kleiman-Piene DOFIEIC N T B RENEEMN LT B &, D ABIEN generi-
cally smooth 7% 5 (X Linearity Theorem & K173 % Z & 1075 5.

4. 7777 A’B {80 GENERIC SMOOTHNESS & REFLEXIVITY

B M B () Kleiman-Piene DB T 2 fiFEIE—MRICIIBENTH 5. T
KNURREICKD, ROERMBENTVS.
(1) EEEEE - 3L EDEERITT, HU ABBRHI AR non-reflexive 21k
AWEIET 5. ([5, 12, 13]: ZD X 5 K EMAHIZ3ER.)
(2) B DG A, H 7 A B 5D generic smoothness & reflexivity Z &K 5.
(feD
DL EDOWIZEIC & - T, Kleiman-Piene DA TZRICHRR I NIz, ROEFEEL LT:

Question 1. £ D X 5 IS L AN, 7 ABALRA generic smooth TH D HD non-
reflexive & X BHDIAHZE DD ?

WS T ENEREIE LS. FOEONRE & L TR EET:
Main Theorem (F-ft [7])
X c PV i 3 Ot EOSRERIKE T 5. X DI T AELRDOWT
[EEHNCEBTHIUT, X X OF 22 PM A\DHHIAR T, X B non-reflexive T
HOWOHI ABGEHNNEHEKZEDZED.

T OEHDGE ZHTz 36l & LT, G2 P (DT U ABRD TS 7), R
Bhimodp T1 k37 o)bx—@BiEAHITENS. THUCKD, Kleiman-Piene
DORIFEDRBIDNED I EAFET B WD > TE.

Section 2 DL DICIBRZREAE ZEBA L EL LRDEK S ICKEBN, THIERE
KR TH B
Question 2 ([13], Question 2). H™7 ABA% y A generically smooth 7% 51X, y D—fi%
T7AN—RBRETH B0 ?

Question 2 I3AEEZFIC 5T D, Linearity Theorem DEERAIC DWW THT 7z & fERE
#2% 9 %. Linearity Theorem DaEHHIC I T reflexivity 2 Uz & OHEAER) &
TNTVBEEIITHDN DD, EEFIC BT, reflexivity 2 I AT AGHBD
WHEZI DS, Z D linearity ZR7z L TEITEZDTHAIMN?
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THE GENERIC SMOOTHNESS OF THE GAUSS MAP AND THE REFLEXIVITY
5. {50 MR & OBfR

FOWFICHBWTIE, F)1RIEREK [10] 1 & © JEREF AT R ARBUERE AR S 1
TW3. TOMHNE, BRANITXRTERICH 5 b, ROMA TR AR ZR > TV
V. THUTREEAE FOREBEZRED T TV —TREELERNEDTH S ([16)).
T OFIN, B TEEH XN TV S Severi 24K ([16]) 1CX]9 % secant Zhkik
OBEEYINIC L > TEHEBNTWVWS EE, IFFICHERZEN. OBSRIIH DM &R
BEMDLEDX S GHEGROHENTHA I N ?
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Hermite W ZERDOEFEARIED:EFHEEIRE
EkmRDFZHRERM

2008 £ 2 H 12 H-2 H 15 At

=S

LI BRI AN OFZRhC Bk 2 5> TV 5. ARRTE, FEE 2 ORESH AT >R
2+ Hermite SRR OF 7 RBLOET REGD, WL EEAZMI T/ VL 2 FER
DVERRR L % T L 2R,

1 HFHEHmEE X

Riemann Z4k{k (M, g) ORI N HEEFHEEE (isoparametric hypersurface) Td
LI, NDBDM EOFEEXEB f M —-ROLNVERICE>TWEEZ NS, TC
T, Riemann Zkk{k (M, g) LD OB f € C™ (M) HFREEE (isoparametric
function) TH5 &k, % A(zx), B(z) € C*(R) WEFEELT

lgrad f||* = g(grad f, grad f) = A(f),
Af = B(f)

LBEERNS. TTT A(S), B(f) @ZNZNEROAKEERT %
SEBHEICE L TRUTOC EARBN TS ¢
o T, HEBMTEI TR RN T % . R BRiE N O M R —
W CH % C & L SR TH % T LI,

* IRERER B A SR B B AR RS 2 &
5 4 ERRAECEETIIRER (R JLiEERE)
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Bk S NSRBI O 2 FHROEE g 13 1, 2, 3, 4, 6 DVWINHT
H5.

Bk SM WOSEBMTET, g =1, 2, 3 5% 8DIFWI N FHBHMETH 5.
BRI OEEHBEIN T g =4 53 3 OORICIIIFFE R L OMHZ FHFET 5.

o g = 4 OBFADEKEHNDOERBHTH O N HRTEIZ KRR TDH 5.

g =4 OBADOREANOFERBHEO N EBIRBRTHZ LLHD, BHETHTE
KICHRENT NS, TTT g=4 OBEOHHECOVTIHHICE LD THEL. FHEL
DIZB U Tld Hsiang-Lawson[4] 1< & > TEBERZ AW EN TV S, K5ORS
BB ROFELILHRIED

EE 1.1 G/K ZHEH 2 ONKE#E L, g=tdp Z G D Lie X% g ® Cartan 7 &
FBLE, SHER KA p OF K-S RENOSERIE CTH 5. Wi, REM 0%
AR, B 2R 2 OMERZEN G/K 0% AEHOY K- HETH5.

—J TR [6, 7] 12 & > TERIEI N OIFEE /5 S ORI O HIAR R E Nz
% D%, Ferus-Karcher-Miinzner[2] 1€ & - C Clifford fRE(D &I & HIV T b BRIEIC AR
ANtz IEHELEDOONFICE L TIE Cecil-Chi-Jensen[1] IZ & > TIEIFEHR L TED,
1Z & A8 O3 Hsiang-Lawson OFEHR & Ferus KHDFERTHEONSEDICRS, &&
ZbNTn5.

Cecil K6 DT AHEGRZ M, —F4, FEKGEONMHEERIHRIHNLNTY
%. g =4 OBEOKRENOFEXBMEZ, FENMIFFETH 20K EEVH—1I%
FETHBFLIW] 205 LR BADHADEFN—a DB EDTHS.

2  Hermite AR ZEROEARIFDEEEER

B4 DOBRKERZ g =4 ORAOKRENOEXBMEZ, FEMFEFETH 50K
SRV AETHR LIV WS T ehOED, ZRICITEHEEHRMEZ 2D
TREVNEBEZTNS.

ZT T, EHEEROER L ZOWEIC DOV THEIICANTET 5.

EE 2.1 2n KT C¥-2Rk p LZDLOWH 2 w T, dw =0 DD " #£07%&
2LO0 (p,w) BV TLIT 1 v 7 %8E (symplectic manifold) &5 .

EF 2.2 Liefif K WYY Lo 70w 7E2KA (pw) IMFHILTVWE LT 2. TD K-
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VERIDLL R #2729 & & Hamilton A (Hamiltonian action) &9
(1) K-EHEZE w 2R7F79 5%,
(2) ROZODZEWLTER p:p — & DMEET S !
(i) HED EetIicHLT dp, &) = w(E,*),
(i) HEDO Pep LEED ge K IZHLT u(g.P)=Ad* (g7 )u(P).
TTT e 3 K @ Lie fO & OFRRIZER] & LTORNZEMTH D, Ad™ 13 K O &
DRBEIETHS. €1 P ep IK LT (d/dt)|,_oexp(tf).P ZXIEEES p FON
I MVIETHS.

£# 22 POEMH p o p — € & Hamilton KAFHICATEY 2EEBEEBR (moment
map) £S5 . EEEESR o p — & OMH (i) & p D K-REBBRTHS T L2ER
35,
G/K %R 2 O Hermite HAFZERH £ 2 L XRD 2 DD ENEZRS
(1) HHEH K S p OXHESERBMETH 5. LA > T NEd 3 5EM
Ho:p—ROLNVEATHD, p ld K-FELEKTHS.
(2) S5%B K 7S p & Hamilton (I TH 5. LIt CEBIREE p:p — &
MEET 5. B p & K-RAEBERTHS.
SRR DAL LEBH B EGROREMEICER L, A GROFRETL .

F48 2.3 FEEH p LEFRGER p BEFRLDS.

FOFEEESDUFHICES &, ¢ L0 K-FRENK (, ) hDEE3 /IVA || #
P ICARLTESNS p tomsp L e R I3 K- FETHS. OB ¢ LG
NH 3L FHRLTND.

3 EEH
S, FADBRERINROEITEH B,

FFEE 3.1 B 2 OREE IR Hermite WFAZERM G/K 25 Z%. BAAMICIELIRO 3
RATTHbB:

SO(2+n)/S0(2) x SO(n), SU(2+n)/S(U(2) x U(n)), SO(10)/U(5).
ZOEE a,be RICHUTHEE fop:p—RZ PeplcfLT

fap(P) = allpa(P)|* + bllpz(P)II” (3.1)
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TEETS. TDEE a,b ZEFGENG fop IFEEBICKD. BANGRERIGLIT
DERDFD TH 5.

type G/K (av b)

B SO(2+n)/SO(2) xSO(n)  (-%,1)
BC SUQR+n)/S(UQ)xU(n) (5255,-1)
BC SO(10)/ U(5) (35 —1)

FIEU, ||+ BHEHER 7 K-AZENRE (, ) Z—DEEL, ThhHEEXS /IVLTH
3. G/K DS 2 © Hermite MEZERADT, ¢ =u(l) @ ¥ &% (Lie {8 LTD) 4
EED. i p e e ul) OBKT, mEp e oY 0aRTHS,
FRC py, po 13 K—ARETH 5.

) )
— —

FEMOGHD DG p OFEPRETHS. ZNIKIEROEHDEHTH 5.
I 3.2 (Ohnita[5]) Z>/$% Ml Hermite %20 G/K 0% KR K 7/ p O
FEESR p:p - LIIEED Pep lciHLT

u(P) - u(0) = (adp)?*(2) (3.2)

LERINB. FFEL, Z1E0TlEED e OFLDILT J = adz H p LOEEMEZED
5LDTH5.

fl 3.3 G =S0(2+n), K =S0(2) x SO(n) DHZHDEARHADEHNEFBZFIRLT
HES. TOHEp I
0| -
p= {l: X 0 ] € M2+n(R) { X e Mn,Q(R)} (33)

THY,p LOBEEMGZEDD Zctld

7= [%%} CREU = [ o } € My(R) (3.4)

Th% TOLE G/K OEAEROENREG u: p — & ZEH 3.2 BV TEHET
3=
(3.5)

[ AXX-XXA |0
up) = { 0 2X 7 X

%18%. 7270 u(0) =0 L LTWV3.

E QWL LT (X,Y) = Te(XT) 2 LD, ChDDEES /IVLEANTEL DS
BIE fap BRDT, 0 fop LRM-VINOE 6, 7] & ZHET 5T L TLEMERS.
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ON THE SHAPE OF THE STABLE PATTERNS FOR
ACTIVATOR-INHIBITOR SYSTEMS IN A DISK

YASUHITO MIYAMOTO

1. INTRODUCTION

1.1. Known results. One of the main concerns in the nonlinear analysis is the pattern for-
mation. One way to understand the patterns is to find the stable steady states. In this article
we are interested in the stable steady states of reaction-diffusion equations and systems with
several classes of nonlinearities.

In 1975 Chafee[C75] showed that every non-constant steady state to a scalar reaction-
diffusion equation with the Neumann boundary condition is unstable. Hence if a steady state is
stable, then it should be constant, i.e., a homogeneous function. In 1978 Casten-Holland[CHT8]
and in 1979 Matano[Ma79] independently showed that the same conclusion holds for a reaction-
diffusion equation on a convex domain in RY. Hence every model that can be described by
a scalar reaction-diffusion equation does not have a stable inhomogeneous pattern when the
domain is convex. When a domain is not convex, there are a scalar reaction-diffusion equation
and a non-convex domain such that a stable inhomogeneous steady state exists [Ma79].

Before going to the next result, we will explain the shadow system. Let us consider the
Neumann problem of the reaction-diffusion system

(FS) us = DyAu+ f(u,v) in Q xRy, Tv; = DyAv + g(u,v) in Q xRy,
O,u=0 on 90 xRy, Ov=0 on 00 xR,.
Let D, — +o0o. Then we can expect that v(z,t) tends to a spatially homogeneous function £(t)

which depends only on t. Letting v(z,t) = £(t), and integrating the second equation of (FS)
with respect to z over €2, we have

(SS) up = DyAu+ f(u,€) in Q xRy, TE = |?12—|/ g(u,&)dz in Ry,
Q

Ou=0 on 00 xR,.
The first equation of (SS) is a scalar homogeneous equation if £ is fixed. Hence the techniques
of analyzing a homogeneous equation can be used. (The first equation of (FS) may be an
inhomogeneous equation when v is fixed.) The behavior of a solution of (SS) is close to that
of (FS) provided that D, is large, and (SS) is easy to analyze mathematically. Hereafter we
consider (SS). We call (SS) the shadow system of (FS). Dynamics of the solutions of two systems
are also close to each other if D, is large [Mi0O6a].

In 1994 Nishiura[N94] showed that every steady state to (SS) in a finite interval with certain
conditions on f and g is unstable when u is neither constant nor monotone. Hence if an
inhomogeneous steady state (u,£) is stable, then u should be monotone. This result was
generalized by Ni-Pol4¢ik-Yanagida[NPYO01] in 2001. Table 1 shows the summary of the results
that are explained above.

[ The dimension | Scalar equations | (Shadow) systems |
1 constant [C75] monotone [N94, NPYO01]
N (N >2) constant [CH78, Ma79| ?

TABLE 1. Instability results on convex domains.

Date: January 7, 2008.
Key words and phrases. Reaction-Diffusion system; Stability; Hot spots; Boundary spike layer.
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1.2. Activator-Inhibitor system. Next we study the stable steady states to a shadow system
in a high-dimensional domain. It is known that there is a stable inhomogeneous steady state
to (SS) even if the domain is convex, e.g., a ball. For example, the shadow Gierer-Meinhardt
system

P 1
(GM) ut=£2Au—u+%q— in QxRy, 75t=—§+m‘/nu’"dx in Ry,

O,u=0 on 00 xRy,
0<(p-1)/g<r/(s+1),p>1,¢g>0,7r>0, s=>0.
has a stable inhomogeneous steady state called a boundary one-spike layer even if the domain
is convex. For example, see [W97] for existence and see [Mi05] for the stability.

On the other hand, there are several classes of nonlinearities such that the system does
not have a stable inhomogeneous steady state. Jimbo-Morita[JM94] showed that the reaction-
diffusion system (FS) with the gradient structure does not have a stable inhomogeneous steady
state provided that the domain is convex and that 7 = 1. Yanagida[Y02a] showed that the
same conclusion holds for the reaction-diffusion system (FS) with the skew-gradient structure
on a convex domain if 7 > 0 is not small. The skew-gradient (shadow) system includes the
(shadow) Gierer-Meinhardt system when p, ¢, r, and s satisfy a certain condition. Yanagida’s
result looks to contradict the existence of a stable inhomogeneous steady state to the (shadow)
Gierer-Meinhardt system. However, his result does not cover the case where 7 is small, and a
stable inhomogeneous steady state can exist when 7 is small.

Before explaining an effect of 7, we intuitively explain (FS) and u and v in (FS). The
activator-inhibitor system (FS) is a model describing the interaction between the (short range)
activator u and the (long range) inhibitor v. The shadow system (SS) is a limit system where
the strength of the diffusion of v is infinity. Thus v becomes a spatially homogeneous function
¢. The activator activates the production rate of the inhibitor (g, > 0), and the inhibitor
suppresses the production rate of the activator (f, < 0). The production rate of the inhibitor
decreases as the inhibitor increases (g, < 0). However, we do not assume the monotonicity of f
in u. We want to consider the case where the activator reacts autocatalytically. In that case f is
not monotone in u. A typical example of f is f(u,v) = u(l—u)(a—u)—av (0<a <1, a>0).
This non-monotonicity induces complex patterns. We call (FS) the activator-inhibitor system
if f and g satisfy

(AI) fo<0, go>0, and g, <O0.

Hereafter we consider (SS) satisfying (AI). Note that if (u,£) is a steady state to (SS) for some
7 > 0, then (u,€) is a steady state to (SS) for all 7 > 0. 7 is the rate of reaction speeds
between the activator and the inhibitor. When 7 is large, the reaction speed of the inhibitor is
slow. Dividing the second equation of (SS) and letting 7 — +o00, we see that £ changes slowly
in time. Therefore we can expect that the behavior of the solution to (SS) is close to that
of the solution to a scalar reaction-diffusion equation and that all the inhomogeneous steady
states are unstable provided that the domain is convex (cf. [CH78, Ma79]). When 7 is small,
the inhibitor reacts quickly. This effect stabilizes an inhomogeneous steady state, and a stable
inhomogeneous steady state can exist.

By the way, there is a possibility where a stable inhomogeneous steady state becomes unstable
when 7 is large. In this case a Hopf bifurcation occurs. [NTY01, WWO03] studied in detail the
pair of complex eigenvalues that pass through the imaginary axis. This change from stability
to instability does not appear in a scalar equation, and appears only in a system. The range of
7 for which a steady state is stable is important when one studies the stability of steady state
to a system.

1.3. The problem setting and the main results. The following problem naturally arises:
In the case of the shadow system on a high-dimensional domain, we want to find all the stable
steady states. However, it is actually impossible to find all the steady state. Hence we will
change the setting of the problem: If stable, then what shape is it? Our strategy is to find a
sufficient condition, which can be determine by the shape, for the steady state to be unstable for
all 7 > 0. Then the contrapositive of the sufficient condition becomes the necessary condition
for the steady state to be stable for some 7 > 0. In other words we know the shape of the stable
steady states. We want to find a sufficient condition that captures many unstable steady state,
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(D

FIGURE 1. The shape of a stable pattern

because the contrapositive of the sufficient condition narrows candidates of the stable steady
states.

However, there are not so many results of this problem. It is because there is a potential
problem how to describe the function defined in a high-dimensional domain and the method
to attack this problem is not clear. As far as the scalar equation is concerned, a stable steady
state is constant. Hence we need not answer the problem. In the case of the shadow system
in an interval, every inhomogeneous stable steady state can be described as monotone. Our
answer or suggestion here is the following: Using the number and the locations of the critical
points, we describe the function defined in a high-dimensional domain.

From now on, we consider the shadow system on the disk D := {z € R?; |z| < 1} satisfying
that

(11) f(-, ), g(-, -) are of class C?, f¢ <0, g¢ <0, and
- there is a function k(£) € C° such that g, (u,&) = —k(&) fe(u, §)-

This class of nonlinearities includes the shadow system of the activator-inhibitor type. We give
two example later.
We are in a position to state the main result.

Theorem 1.1 ([Mi06b, Mi07a]). Let D be a disk, and let (u,§) be an inhomogeneous steady
state to (SS). If (u, &) is stable for some T > 0, then u has ezactly two critical points on D, and
those are on OD. Hence if u has a critical point inside D, then (u,§) is unstable.

Fig. 1 shows the shape of u when (u, &) is stable. We do not assume smallness or largeness
of the diffusion coefficient D,, in (SS). The proof does not rely on the singular perturbation
technique. When D,, is small, there are many results about the shape of inhomogeneous steady
states. This theorem says that only the steady state whose shape is like a boundary one-spike
layer can be stable even if D, is not small. If D, is larger than a certain value, then we can
show that u is symmetric with respect to a line containing the center of the disk [Mi07b]. It
is well-known that every positive steady state is radially symmetric if the Dirichlet boundary
condition is imposed. However, there seems to be few results about the symmetry of the steady
state to a Neumann problem when the steady state is not the least-energy solution.

We can say the result of Theorem 1.1 as follows in terms of the chemistry: Only the pattern
where the activator has the maximum density at one point on the edge of the shale (plate) can
be stable.

If the activator has an interior peak (e.g., spike or spot), then the top of the peak is a critical
point, hence the steady state is unstable. The stable pattern does not have an interior peak.

Let us consider the assumption (1.1). The assumptions f¢ < 0 and g¢ < 0 are included in
(AI). Therefore those are natural in some sense. Although the last assumption seems to be
artificial, (1.1) includes the following two systems:

Ezample 1.2. The shadow Gierer-Meinhardt system is (GM). (GM) always satisfies (AI). If
p=r—1, then (1.1) holds.

Ezample 1.3. The shadow system with the FitzHugh-Nagumo type nonlinearity is
1
(FHN) up = DyAu+u(l —u)(u — a) — o, TE = |T2—|/ Budr — ¢ in Ry,
Q

O,u=0 on 09,
0<a<l a>0, >0, and v>0.
(FHN) always satisfies (AI) and (1.1).
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[ Morse index || Linear | Nonlinear |
0 The first eigenfunction of Ay is constant [CHT8, MaT79]
1 Conjecture 2.5 Conjecture 2.4

| n | What shape is an eigenfunction? | What shape is u? |
TABLE 2. The relation among [CH78, Ma79] and Conjectures 2.5 and 2.4

2. THE PROOF OF THE MAIN THEOREM AND RELATED TOPICS

2.1. Lemmas used in the proof. The proof of Theorem 1.1 consists of the following three
lemmas:

Lemma 2.1. [Mi06b, Lemma 3.2] Let @ C RY be a bounded domain. Let (u,&) be a steady
state to (SS) satisfying (1.1). If the second eigenvalue of the eigenvalue problem

(EVgq) DyAp + fu(u, &) = Ap in Su=0 on 9N

is positive, then, for any T > 0, (u,&) is unstable. Specifically, the linearized operator of (SS)
at (u, &) has an eigenvalue with positive real part.

Lemma 2.2. [Mi06b, Lemma 3.4] Let D C R? denote the disk with radius 1. Lel u be a
non-constant solution

(2.1) D,Au+h(u) =0 in D, d,u=0 on OD.

By U(6) we define U(0) := u(cos ,sin 6). If Z[Us(-)](:= #{Us(0) = 0; 0 € R/27Z}) > 3, then
the second eigenvalue of (EVp) is positive.

Lemma 2.3. [Mi07a, Lemma C] Let u be a non-constant solution to (2.1). w has a critical
point inside D, then the second eigenvalue of (EVp) is positive. Here we say that (zo,yo) is a
critical point of u if uz(Zo, Yo) = uy(zo,Yo) = 0.

In Lemmas 2.2 and 2.3, there is no assumption on the nonlinearity A and the diffusion
coefficient D,,.

In the proofs of Lemmas 2.2 and 2.3, the detailed analysis of the zero level set of —(z —
To)uy + (Y — Yo)us is done. The zero-level set (or the nodal curve) gives the relation between
the shape of the solution and the Morse index. The zero-level set is corresponding to the
zero-number in a one-dimensional case.

2.2. Extension to a convex domain. We consider Lemma 2.3. When Theorem 1.1 is ex-
tended to a convex domain, we are faced to the following problem:

Conjecture 2.4 ([Y06, Yanagida]). Let Q@ C RN be a conver domain. Let u be a non-constant
solution to

Au+h(u) =0 in Q, O,u=0 on ON.
Ifu has a critical point inside 2, then the second eigenvalue of the associated eigenvalue problem
1s posilive.

E. Yanagida pointed out that this conjecture is a nonlinear version of the “hot spots” con-
jecture of J. Rauch.

Conjecture 2.5 ([R74, Rauch]). Let Q@ C RY be a bounded domain. The mazimum and the
minimum of any non-zero eigenfunction corresponding to the second eigenvalue of the Neumann
Laplacian are atlained on the boundary.

The “hot spots” conjecture immediately follows from Conjecture 2.4. Lemma 2.3 is the
positive answer of Conjecture 2.4 when the domain is a disk. Table 2 shows the relation among
the known results and conjectures.

Table 3 shows the relation between Conjecture 2.4 and a problem of Ni and Takagi. If we
ignore the restriction on the domain, then Conjecture 2.4 can be seen as a generalization of a
problem of Ni-Takagi[NT91, NT93].

Acknowledgment. The author thanks to Professor E. Yanagida for informing him that Con-

jecture 2.4 is a nonlinear version of Conjecture 2.5. This work was partially supported by a
COE program of Kyoto University.
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| I Equation | Domain | Solution |

Conjecture 2.4 Au+ h(u) =0 | Convex domain | Any solution
Ni-Takagi e?Au—u+uP=0]| Anydomain | Least-energy sol.
TABLE 3. The relation between Conjecture 2.4 and a Ni-Takagi problem.
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Some relations in universal enveloping algebras

of three dimensional Lie algebras

PRI EEGRRYYEREEWIERE A HEEH (Shunsuke MURATA )

1 ZCHIC

C LD 27RO 3HKe) — B L %2EZ 5. 3K —RE L X derived ideal DT & center
7Y derived ideal ICEFENZHENICED, RDS5Z—VICHEENTWVWAHE I EAMLNTY
% [2].

(a) L X abelian

®) LEINA L)V TRE (BLF, 9 eELLIICTS)

)L=CedCfaCg s.t.

[e,fl=e [e,g]=0 [f.g]1=0
dL=CearCfaCg s..

[e, f1=0 [e,gl=e [f.gl=af (D-(@)
[e,f1=0 le.gl =e+Bf [f.el=f (d-B)
722, a,BeECTHY, a0 =1 LB Falc X>THREZ LD L[AE.

(e) FFARRIE Y — (8 (AT sl £ELS T &ICT )

FRONBICBWT 2 ERICTERVSZ— I ) KT (d)-(@) D a =10 2BHDOEGED
AT, MIEET2RERICTER T EHIMENTWVS [3]. -T, TOHAZBRVT L = (x,y)
(2R EIREL, ZTOEMRB UL #EZ2%. coLX, UL ICET5EHERE 27T X,y
OICEVEIND, ARTIE, £THZBOMBRNICK > T ERDODBICHT B ERZITS. £
LT, TOMFRICEMEL TEMT UGsh) OFiTmEEKOWREZZIIT, TO qHLUTHLET
B Uy(sh) IKBIBH LWERZ KD 5.

DIFASEOMDFRTH 5.

Main result

() L%Z3ZXm)—RELTS. »E, BEFER

k _ k k+1
&) yjy ] ET_I—xykn RN
o A R A

Z (H) BEMPRT LI % ERDEFEEDWRD ILD.
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L=9 < HMIEED x,yeL s.t.L={(x,y) ICHUTHKILT 5.
cL=sl, < M) MEMZT x,yeL stL={(xy) ldfFELERW.
L9, < MH)MET x,yeLs.t.L={xy) BWMF{EL,

H) Bz HET- &0 x,y € L s.t.L = (x,y) H1FET 5.

(i) Uy(sh) % s, OFEFHETSH. TDEE,

Uq(512)=( @ Ceifjek)@( @ (Ceifjek)t

i>0,j>k>0 i>0,j2k>0

ANDRVAC ISR

2 3! —RBCHITFBEFRR
2 TR 3 00T — % L A REL UL) 1I2BWT, UTOREENMNSNTWS [3].

Fact2.1. L: C 32V —HR#
U(L) : L Ok
L={xy) : 270N EIE
U= D, Co"+C"x+Cy") (k20) LT 5.

0<m<k

zZok¥E, UL IKBWTLLFORDIIT S.

k 1
(Ay) yxf = T lxyk+1 s 1yk“x (modUy)

1 k
By Yxy= 7(—_:—1xyk+1 + k+—1yk+1x (modUy)
(Co) YUr S Urs1, Uiy C Ugsi

Fact2.1 13 3 X7t ) — IO AKARE T T A EBRROPHAZED TS, Z ORGRRIE
) —REOREE L EBOTORUHICE ST, BIRE U, FIMNE(T S, LHH P sh, OLEICIE
Uy DEDMNEFNFNEELZS>TED, RDOLIKEBTEMNENTVS.

Fact2.2. (i) L=9, 9%&bb
[p.ql=r, [r,pl=0, [rql=0
FiiledT VR H=CpaoCqgaCrds. DL

qk+1 p

‘ -

k
(A qpd* = k—;r—lpq"“ 4

=~

+1

1 k
k _ k+1 k+1
By qpq= P4 Tl P

ANDRYAC RSN
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() L=sh, 3%bbH
[h,e]l =2e, [h,fl==2f, le,fl=h

ailed ) —H#shb =Ce@CfoCh L d%. TOLZE
k _ k k+1 k+1 k
(A0 feft = gl 4 g MTe ks

1 k
(Bk) fkef:h_lefk+l+mfk+le+kfk

MMILT B.
O

LUF, Fact22 ® (i) D& 5 LRAREMN 01272 2 BOMGRNAE (H) B LT, (i) DL S HFRREA
M kfk LIx2OBGRAZ (S) BEFERT LICT 5.

T, §Xsh KBWTIEEIRIE Uy DEZRRDZENTER. LML, Uy DERZVE—E
BTHBE, FREU I DERAERZ LD S 3 bbb, EE, —RICEFERAZIY
n—L33c X 2IERFICHLL. LAL, Lo H) R (S) MoOMEFRRIC K> T, iido) —K
OIS T U ICE BRI ZIT5 T e TES. bbb, ROMENRILT 5.

Proposition 2.3. L 7% 3 X)) —#e L, LIZ2tEKTH2 LIRETSH. TDLEE,
D LzshabE, L=(x,y) £T5LZ

1
k+1 k+1
xy + y
k + 1

1 k
k _ k+1 k+1
B Y=gty X

A k=
(Ar)  yxy 1

Ziilz 9t x,y € L MFIET 5.
() L=shkblE, L={(,y) td5LX

1
k+1 k+1
+.
Xy X ly X

k
A k=
(Ap)  yxy 1

1 k
B k — k+1+ k+1
Br) yxy 1" w1 *

Zilzd It x,y € LIZTEE LR,

Proposition 2.4. L% 3 X0 —R¥& L, LIZ2tERTHS EUETSH. TDOEE,
OL=97E5E, L=(xy) Ziizd2TD x,ye LICHLT

k 1
k _ k+1 k+1
(Ax) Y=Y T Y
1 k
k _ k+1 k+1
(By) Yw=e ¥ et
AL AVAC I
(i) L = (x,y) ZHlilzd2TD x,ye LICHLT
k 1
k _ k+1 k+1
(Ax) Y=Y et
(Bk) ykxy= 1 k+1 + k yk+1x

+17 Tkt
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DV T 2% L9 Lixb.

FomELb, LZz3Xoc) —RE& L, L= (ny) (27040 EIET S L&, wsBics
FERFRIELTOL S K LD BT ENTES.

L O | s EBuc B % BRI
$ (H) B BRI HE
sy (H) BB AT HE

ZOMiD L (H) TUAVETA BE

LD HTE s TERVWZOMD LCBIBFRE U IEAV FA—)ILTET L EXELNE
AR L7z. LA L, 2L OFRBEOFRE, d)-B) DHLEICBWT, HHMTEHLENaY Fao—)VTE
BHERDIZTENTE. TNEB LS L xy ZIOBZ S L H) MBI 20 THB. T
D7 LU MICHINS 5.

Proposition 2.5. L=Ce®Cf & Cg %

le.f1=0, [egl=e+pf, [f.8]l=Ff BeCT

iz ) — e 9 5.
Dx=gy=e&BLEXRD H) DXL KILT 5.

k 1
k_ ™ k+l o~ k+l
(Ag) Y= et

1 k
koo k+1 k+1
Bx) YYo=t

() x=e,y=g LB EHERED 01 LRV RDADKILT B.

k 1 «Ci . 1
A k k+1 k+1 k 1 i
xy :_._x)y [R— _xy +_.___
Aoy k+1 +k+1y * +Zk—i+1yx k+1x

(_1)k+1

1 ( l)k 1+lkC .
k — =kl z k
B Yy = Z —ivl 2 T T

3 s, DEFHEICBITEEDRE
ETC, 3XTV—RELICBWT L=sh £/kiZ L=9DGEE, ThZhoausEick e
u® = ), Crigp*

i,j,k>0

Ush)= ) Ce'fle*

i,j,k=0
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BT ENMNBNTVWS [3]. TTT, j2kewor&zANns L, EREzheh

v = P crdr

i>0,j2k>0
Ush)= (P Cefie* (%)
i20,j2k>0
LRBTEMHBNTVS [5]. RTHNBED, ThbEZhFNOUKARED PBW HE L 13
B BEEICE>TWVW3.
TZTsh, DETEEEZS. CREHERKLT S, ge C*Z 1 DEEL, H£EDO me N ITH
L, q"#1 k3%, 2OLE, sh OBTEIT e, f, 1! TEREIN, ROEAMFHNAZHIZT C L
DFEERETH %,

M =1, et = Pe, tftt =g f, e fl=

WE, sh ORTEZ Uysh) LB LE, Uysh) IcB1 3 (S) DX S LRBRANFET 5. &
Tz, Uy(sh) ICBNTERDIERMVH SN TS [4].
U,(sh) = ( Z Ceifjek) +( Z Ceifjek)t
i, jk=0 i,j,k>0
TOMREZIIT, Uysh) EBVTE () DBEUNMISNIRWNEZTAER, EORIC j2k &
WHIEEEAND T LT, ROBRERB T LHNTE.

Theorem 3.1. U,(sh) % sl, DE TR LT 5. TOLE,

Uy =( P cefiea( P cefe)
0

i>0,j>k>0 i20,j2k>

ANDRVACIY
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The Plethystic Program

POy A E
Bl RERE ZTEEIR AR

20084F 1 H 11 H

T

Plethystic program & (&, #F8¥)FE%2# Hanany-Feng-Yang HIic K> TIREE N, v A
FXT 4 v % 7% Single trace & Multi trace ICB§9 % Gauge Invariant Operator(GIO) D%
ZEFOFETHS. T TIREEMIC N = 1 SUSY 77— VHERIC BT, Calabi-Yau(CY)
ORFEFIC N D D-3brane #3%7E Lz ET, EDOREIC LT mesonic GIO DARBIMFTERE
TEZNERD. Flc n3EENICIE, KA C EZ2HENIR S = C[X1, -+, Xn] (deg Xi = dy)
EREBNEIRE AR L,S LAIRERINEE O Hilbert series %ﬂi&béfﬁkﬁmb'(b\%. Z Dk
AR ENEEZED TEN Lz,

1 Physical Background

ETHADITIFEICE L TORLERNEZHRNT & LT, ROENFEF LN L.

Problem 1.1. {FE® CY-3fold Ic N € N #® D3-brane ZFEL, T >/37 M xniz 4 Rk

1. Single-trace M GIO DAL fv ZRkDS.

2. Multi-trace ® GIO DK gy 23RO 5.

3. D3-brane DHE N M,N — co DEEH B WIIAERED N ICEE Uiz & Z1iC, B fv, gn
MEDKICED B2 LS.

CORBECELTE 1] TEmEINTEBD, ZTTONBEELDBERDESICKES.
Proposition 1.2.
91(t) = foolt) = PE[f1(t)], goo = PE[g1(¢)], gn(t) = PE[fn(?)]

{HL,PE & Plethystic exponetial ¥ FHE1, £(0) = 1 &7z 92 ik

LEEETWS OV b EEES.
*2 J2pR 1%1C5 2 % Hilbert series DEFKIC L 0, EBRBEEE f(0) = 1 HMEIMEE N TV
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f(t) = Xalo ant™ € Z[[t] IEH L,

t") — f(0 1
PE[f (Z f( ) )> Hfzozl(l _ tn)an

E B, HABDE MM Z T & TRORRIMNRENS.[2]

Proposition 1.3.
tk )Pk

N = H g;kvkpk

pipa k=l
Ek=1pkk—N

ZNBOHEREN G, 5D Probleml.1 IZDVTIE g1(t) = foo () 23R ZHANAEMN T H % HAH
DInB IS, F2UE CNASCETE S Hilbert series LFFEN3 & DIEBHT:S

2 fo(Hilbert series) MEHE
Hilbert series DN EZERITRTEZ 5N 3.[3)]

Definition 2.1. R = @, R, % Nother WREER,M = @D,5 M, ZHEREKDRE R fin
B, Ro 1 Artin IR 9 5. COK;, HIE R Mt M,, D Ry EFL LTOEEZ [(M,) < co T&EL
fz& ¥, M @ Hilbert series fo (M;t) Z

Foo(M,t) =Y UM )" € Z[H]

TEDS.
IR, 2O M ZBLIZEDICEZT, PLEATHES.

Example 2.2 (Orbifold C"/G @ Molien DAK*4 % V5.

58).
n=2%L,8=C[X;,X] &G << ) ( (1)>> 5% 2 DOFHITER T MBI
8 OBEERSD. COW o= () € G IH L,

o(X;) = Z api Xp o(f(X1,X2)) = f(o(X1),0(X2))
P=1
LEDB. ZOERICEZAERR SC .= {f € S|o(f) = f (Yo € G)} ® Hilbert series %3k&
7z, ThIEERE, Molien DA,
1

1
G. —_
fOO(S ’t)_|G|O;G’det(IQ—‘tO')

*3 fy OFHEIE LD PE 054 ThH5 PE~L #HWT fy(t) = PE L gn(t)] B ORDBENTES.
*4 Molien DARICDWTIE [4]Th 1.10 2B,
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icko,

1( 1 1 6 1t
ﬂ”wyﬁﬂzé{a—w2+a+ﬂ2+l+ﬁ}:ﬂ—#Pu—ﬁ)

WRES. a

Example 2.3 (F2RXXZKEDIFG).
Example 2.2 D SC 12 L,A = Xf+ X5, B=X?X2 C=X1Xo(X{—X3) € C[Xy,Xo]

L33,
S¢ =C[A, B,C]/(C* — A’B + 4B®)

MEBICWVWZ %.([4]:Prop 1.14) it>T,C2/G = V(h) h = C? — A2B + 4B3 b h n*s
Example 2.2 @ Orbifold i h ZE#K#2:X & 9 % Hyperplane TH 25 HEH DL

T DRRICEZRAD LRI TH % & Zicld, Plethystic logarithm EH:Cih%%f%%ﬁ@T%T £
BARDIEI 2GR ZG 2 RN TE 5.

Definition 2.4. f(0) = 1 Ziilz 9§ NEFEEROTT f(¢) € Z[[t]] i< L, PE~ %
1 s u(l I
PE[f(2)]: ; —  tog(7(1)

TED,f D Plethystic logarithm &5 . AL, u(l) & Mobius BI#LT

0 p?|l; p lFFEL
pl) =<1 z: 1
(=)™ l=p1- pp; pildHRIZ DL

CORICLTED PET &, ROMEE 2R DENHRNBEH LRI Z D DB

Proposition 2.5. 1) f(t) — f(0) = PE~[PE[f(t)]] = PE[PE~[f(%)]]
2)

$mi) .
H(l—t“’J thJ Zt 1

it > C Proposition 2.5  2) A5 Example 2.2 @ foo I UT,PE  foo] = 2t* + ¢ —¢12 &
72%. Thud,Example 2.2 DERAN 2 DOXE 4 DZIHN A, B £ 1 DORE 6 DZIHK C %
HAWT, 1 DD 12 ROERLER b IC KD EEZHEERT 5. TOWEIE—MRICHEIIL, 5T2RI
ZREDGEICE, EERAEXDHERN S fo ARITETE 5. O

PE!

Example 2.6 (Toric DiFH). Toric Diagram Z 5%
Conifold C ZHNICEHE L TH%. Conifold ® Toric Diagram &, Z® Dual @ (p,q)-web (X T
HEZONBENELHSENTWS.([6],[7])

*5 [5]:Ch7 §4 Th10 HHE.
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(0,-1,1)
Dual
L e
; (1,11
(0,1,1)  (L,1,1)
& )
Typel
Flop
C & \Jypell
(0,0,1)  (1,0,1)

Toric Diagram

(p,q)-weblIl

Z Ok, Triangulization & L TC,2 D0 Type BEN S W, A EIF O C D Triangulization
X 2TV, R I DI

fro(z,y,2,C) =

FOHh b5,
1 1
_I_
1—5) (1-y)(1-2) (1-z)(1-1) (1—5)
#1%% .Mesonic operator @ Counting & LTI, THB5DAMNK D IEE L WA % DIZH Hilbert

series & DEEE MDY 121 Reeb vector*® I & % graded WA E TH 5. Bl ,Conifold D Reeb
vector(1,1,2)*" ZHWVT,(z,y, 2z) — (t,t,t?) & graded L, fOA L7fER &I,

fao(@,y,2,C) =
(

foo(c3t) = (1—:2)—4

4
L75%. AUk Conifold 7Y, BIEFERE (21, 22, 23, 24) € C* ZAVT,Y 2 = 0 TEE 5 Hyper sur-
=1

face THEHHEHEL—HKT 3! O

*6 Reeb vector i DWW TH [7], [8] Z#BR.
*7 Counting DI L graded W HFICEEIETH 2 RENH .
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3 mfglc

T OFEIC, Plethystic program |3 EFEMIE2IC 1) % Gauge Invariant O A T Z BT &
LTIREENEFHETH B D, 72 ICid Hilbert series 15 Syzygy ICE 5 F TDE L DBEEHIN
HixtD—AT, %113 Mckay Xi*® Quiver 7' — V7 & L OFVEEMDENTVS. Z
SV o B HHICHE S B0+ ER, & 5IiEA VAR Y b YOBA BT L O EDISH
HEHEENTVS LTS L DADHIENAAEDSHOBRELENZS.

SE R
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Study of neoclassical transport of LHD plasmas
using the DCOM/NNW neoclassical transport database

L ERFRFZRE LEM AR ETEH TERHK
A (Arimitsu WAKASA)

Abstract. We have developed a neoclassical transport database for LHD plasmas,
DCOM/NNW. The mono-energetic diffusion coefficients are evaluated based on the Monte
Carlo method by DCOM code and the mono-energetic diffusion coefficient database is
constructed using a neural network technique. In this study, the database construction related
to the plasma beta is investigated. The improved DCOM/NNW database is applied finite beta
LHD plasma, and the neoclassical transport coefficients and the ambipolar radial electric field

are evaluated.

Keyword: Monte Carlo method, Neural Network, neoclassical transport

1. HR

h—7 ABBGHA CADERME R T, BE, MRS RMmE RV N~ 3
MERREZR->TEY | BHEAZMEERIFATER)[1]S F <~ 7 AR L LB S 5 2
ELRROBEBMA ST N ED b TV Dd, —F, T, Hiode b— T 2B
B & LT, IR RSB RN 2 AV i~ ) D VB AP IC B 5 ERE L O HER N
MAEBEATETND, ~U DAREBORHEE LT, A2 A LV CADE
GEERT DD, I XA-NNERZLBLEET, EHEBRIARETHY, £z, 7
FATHOHBMTRAX—RNS T FRECHENICEEBE 5157 T X~ DHIE
REDfEHREN RN ERHITF 5N 5,

B B2 SRR O KB Y 2L FE B & (Large Helical Device: LHD)[2]13, 5 K
BD~Y BT S ERER CTH /‘_J\_U_w_/l/;;;;ﬁ%i&__
%, LHD 75 X< [ ZMEMoOM@EIC D 17\ " '
EoTRESHTFEL I DRHHERDT ! v sk
7R~ OFPH - REMENELT 5., / \_ / —
LHD Tid, BXEALE R,=3.75m © . = PSR
AR RAL & W B IAL & L BRR -{';__‘;\?'_‘/’;;L%E';ﬂjz""; V7T sk
WL Ryom 3.60 m ONFERESRE  fiooomooo R
ERRFIEN BBALD 2 D OENL E

Fig. 1 ~ Y W VBIRLELG 38 O IEBUAR B

—277—



WWERMTbhTWN5
TR OB FIIHARE PO L LEEREREE ZT-> TR ZOBBBETY —n
VAL S WL EL, MG OMBICERK T A2 FH ML, SHIC IS TIRHATE
R, KO REREFLHEOLHMALELF|ESRIL, 77X~ LADEBEET S,
~U BVEIBGEA S E TIX, Figl 2R3 L9510, BmEBABEEMENH A, il L
AR N BT 2E A BT R L TR 2 Uy A FET 5, WRBEBEITREZED
32 RICKWBITH2DT, BIROT T X~ %52 %546, B B2 B HERE £
TRELL>TLEW, BRAET 7 A~ LADEHLSELIREER->TLE I,
o Y A VREE IO MR O B REENERE L 2D,

2. ARR—ZZEBRLIEHHTHEXT —FX—2X
2.1 ARR—F 7T A<ITBIT DIEHAREK

AREFFETIX, EBEROFHIZ, kT M) 7 MEBH B2 E T I eiETRY
THFHLEZBIR L. A8 E 25 5% 9 5 22— K. Diffusion Coefficient Calculator by
Monte Carlo Method (DCOM) [3]1% 5 L7z, DCOM [T H — T R L ¥ —K FDE v F A
EIC X DR R ILHARZEE T 52— FThH 5,

FE, ZHET, PFLR—FE fo=0%DEET T X< & E L., i Mgk fEiT &
ToT&, ARN—F T I A=TRHV Y 7T/ 737 MZXo T, MEREMILET D
oo, EEAEBIE KT 5, BFE, LHD TiX, M CTOERPMTOATEY . D7D

BRIRHT 21T 511X, COFWRR—FOHREZBET L LEPRBETH D,

RS EALIC B T DD 7 — 1Y =AY hV B, % Fig2 (2777, Fig.2 (a) I
Bo=0%. Fig. 2(b) I¥ fo= 3% BHMEERL TS, HEL, KD FE ra, fit
il RS ENZ 3BT D RS D (0,0) 55 Boo THUEIL LT Bun TH D, 2O D So=0%

TIE, NV IALE—FOERSTHDQRI0MDE b AT 1 27 1 2R3 (1L,0)K7 D
RO THDHZ ENDMD, £, O EFITHEV (2,100,  (1,0)f 7 23D
TH—HT . ZOMDEL D7 — Y ZlAyBREHRK L EENEHEELL TV DR D,

Fig. 3 12, EHERIBENLICB VT, r/a=0.5 1B 5, BHMES G=0 DHE OILH IR
% R¥, Fig3 i, DCOM = — RiZ L o TEHAE S Lo SRR 3T Bl 2 1 AR AL 7
ZRJE W RV, HER BRI R 2 D' AR LTV D, SO ERICHEV, /v Rk,
J O}, plateau FEIKOIEHARBMABE AR L TWABZ LR bnD, Fiz, P-S I TIE, pE
DOERITHED . RO EITH LR,
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22 =a—IFNVRy N =7 EAVEHERBXT — X N — X DHEE

DCOM 3. ZH DK F 2580 L2 OB S Y 2 bIMREEZHET 20T, k& 4q
FRFRIN BT 5, B IS 220 [ O R VMK 22 B e I TR L BRI OB B Ry
MlbR<2Y, ZODICHEKICLDHERMOEKRT D5, RRT — Z -8R %

T 24T
722 DCOM THEZITH D

IGEI, A ICEREARBLERTMESL, NEEAE, RV, fEEZEETD
FERER TR,

T, =a—F %y hT— 2 (NNW)[4]& T 5 FERFE LT X, NNW IL4E

(@) (1, 0) =( 2,20
0.3 o ~( 2,100 = ( 0, 10) [
= ( 1,10) -o-( 2,-10)
0.2 L[(3,20) o ( 1,60)|  #
~+((3,10) = ( 4,20)| »
= 0.1} '// .

e: . /'/.

CQE” 0L —kﬁﬁ:&:ﬂ:mmsm@ﬁﬁﬁ
-0.1 1L i
-0.2 ‘ i ‘ .

0 02 04 06 08 1
r/a

(b) —=(1,0 -~ (4,10)

0.3 | =(1,10) = (5100}
*=(2,10) = (3, 0)
(2,00 ~(6,10)

0.2 =o(0,10) —=—( 7,10)|
= (3,10) ~-( 1,10)

= 0.1 ] .

ga

caE 0L
-0.1 L
- .2 1 1 Il Il 1

02 0 0204 06 08 1
r/a
Fig. 2. Amplitude of dominant B,

component normalized by BO0,0 (r/a) as
function of normalized minor radius r/a with
(a) So=0% and (b) Sr=3%.
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RO ARG % 4 L 72 54l © L 3RV FERRIE
MER->TEY  EEOIHERIEEEEE
BTEIZ PRI NTNS[5], 2
TAMIETIL, DCOM DFHEMERON
R NNW 2 FH L. #7 dr Bl 6 (2 5 o
T I N—REBELT,

AHBFFETIL, Fig. 4 1273 X 5 228
BINNW Z i ] L 7=, RSB B 0 NNW 1,
ANMEFEZZITWMY ho=a—m~
EEEBETIAIMA=a—nm L 4

10 .
10° | ]
*Q ]
1 H
107 —®—-vacuum
——beta 1%
i —##-beta 2%
-1 oL "% beta3%
L e e R
107 10" 10 . 10° 10 10
1%

Fig. 3 Normalized diffusion coefficient as
function of normalized collision frequency
without radial electric field at r/a = 0.5 in
Raxis=3.75m.



HAHOESEETHAIA=a—ny BLO, ZOHBCTESOBEELIT PH==
—RYDO3BREAD=a—a UPOMRIND, TNENOEREANE., PRIE. HH
J8 LIRS, Fig 4 ZFRMEN 120, 3BNNWEZRLTWD, TONNWIZBWNT, A
NJE x & PHE hy BT D ELE W, PHE b EHNE y 2 ERT 2ELE Wy
e BRI

Y, (xl,xz,...,xl)=f(iw;nf(z_l:wrlmxl)] (1

TRYZEANMED, 22T, bias LLTHA 1 O=a—nYEZMEL, ZOEH wy
BE=a—arORELR>TND, A%, & LT,

e —e”

e +e”
ZEA L7, (D)2 5 BEFE T NNW
WEBWT HAwa ELLRETH
L AMEC T D@ 22 ) E &
BHZERNTERZ RN,
NNW OEEOEH LD HD A
NEBIZHTHNNWOEE LV H
NuEHEERS LS, W 2D A
NEFLFEEFOMEZMAELT
BEADEHEHTOA Y MY 00 Schematic view of MLP1 neural netyork
JOHNEEN  HFEE L2 L used in calculations of normalized D .
I =a—nrOBELERRT D,

AHFFETIX, LHD OIFERSGENL . NFERIGELNALZ N E IOV T, HZE AR
Vi BB G NERAE ra, PON— 2B AT KRB D R LTS
HHEE 1B ORET O NNW 2 B ERISEAL L N TG ELALO 2 S DB Zh €
MICHE Lz, Xy b Y — 27 OFBIMHE T 5 %07 — #1213 DCOM THHA L& (v,
G, r/a, po, D) DIMERE L1z, BERBEALIZOWVTIL, 2688 OFET —2 % W
FHRALE 1777 MMOFRET— 2 AE L., #ET —% & LTHEM L. BFGS # B2
K[6]EFIH LIz #=a— b UiE[6,7] 2 HWVWT, BEAwZEEH L, BEES NNW I,
FHBO2Z =y FIZL>TEOHENRESIND, FiZ, FHEO=2 =y NN ELT
DL Xy NI =7 OFFITEER AN D200 Tiaa @7 EBlE WO MBERELD
Do TNEBET DD, BER/NRO2=y NEEERIRT Z2LENH D, AUFET

f(x)=tanhx =

)

output signals (D*)

output layer

hidden layer

intput layer

input signals (v*, r/a, G, Rax, beta value, and others)
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X, hEE 1S EEEAL. ry b
U— 7 BREE LI,
3. fER

ARHFFECTHTZITHE Lz, BIRA
— X & EBE LR xT — ¥
NR—= 2 b DM O—HI% Fig. 512
R9. Figs 3. FHERSGEALICE
5 1/a=0.5. G=0.0 TOHIEIHL
Rtk D' &Mt . B (LB Ze A
B, RO, RLR—2{E B &
fElZ & o> TWd, P-S I TIT.
TEBAR TN — IR L2 W
S &L Vv, RO Plateau B ooefficient, D" as a function D'(V, G, r/a, i) in

Tl B EOBEMZ W IEER I R..s=3.75m, where G and r/a = constant (G=0.0
AT EREFELIHAENT and r/a = 0.5), which are outputs of DCOM/NNW.

Fig 5. The normalized monoenergetic diffusion

W3,

AWFZE TR, NNW ZFIH LT, EERIGEN ., NHFERBEAL, £ OB
¥& D'(V, G, r/a, Pyl VIHIEBTRTZLICLY . FEMEgET - -2 EMEL
oI fFEDV, G, ra, fo \ZB 1T DILBBREEBRFEIZHED Z L BAIEIZRY
Atk O ERBIT~OERNHHEIND,
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An introduction to the theory
of reproducing kernel Hilbert spaces

Yoshihiro Sawano

January 20, 2008

1 Preliminaries

This talk is oriented to the introduction to the theory of reproducing kernel Hilbert spaces.
1.1 Hilbert spaces

Let us review the definition of the Hilbert space.
Definition 1.1. Let H be a C-vector space.
1. H is said to be a pre-Hilbert space, if it comes with a mapping ||- : H|| : H — R, called
the norm, satisfying the following.

1-a (Positivity) ||z : H| > 0 for every z € H. Equality holds only for z = 0.
1-b (Homogeneity) ||k-z : H| = |k| ||z : H| for all z € H and k € C.
1-c (Triangle inequality) ||z +y : H|| < ||z : H||+ ||y : H|| for all z,y € H.

2 (Middle line equality) |z +y : H||?+ |z —y : H|*> =2(|z : H||*+ |y : H|?) for
all z,y € H.

2. Given a pre-Hilbert space H, we tacitly regard it as an inner product space as well as the
topological space. The inner product is given by

4
1 .
<x,y)H=(w,y>=ZZZ’ le+iy : H|?
j=1

for z,y € H. Meanwhile the topology is, of course, induced by the distance function

dz,y)=|lz—y : H|, z,y € H.

3. If a pre-Hilbert space is complete with respect to its distance, then it is called a Hilbert
space.
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1.2 Examples

Here we shall exhibit some examples of Hilbert spaces.
Example 1.2. C is a Hilbert space with | - | its norm.

Example 1.3. [?(N), the set of all square summable complex sequence indexed by N, is a
typical and fundamental example of Hilbert spaces in the sense that it is isomorphic to any
separable Hilbert space.

Example 1.4. This example is connected with algebraic geometry as well as analysis. Let 2
be an open set in C" and identify naturally Q with an open set in R?". Then define

AQ):={f:92— C : fis holomorphic on Q and ||f : A(Q)| < oo},
where the norm is given by

1
2

I A= ( [ If(Z)Ide)% - ([ 15t iyt i) dody

One of the key observations for the proof of the Riemann-Roch theorem is that the embedding
A(Q) C A(92*) is compact, whenever Q* CC Q.

Example 1.5. The set of all square integrable martingales carries a structure of a Hilbert
spaces.

2 Reproducing kernel of Hilbert spaces

Let E be a set. Then define
F(E):={f : fis just a mapping from E to C }. (1)

Suppose that we are given a mapping
h:E—MH, (2)
where H is a Hilbert space.

Then define Lf € F(E) by
Lf(p) := (f, h(p))n 3)
for f € H. We also define
K(p,q) = (h(q), h(p))n-
Denote by R(L) the image of L : E — F(E). Then R(L) is a subset of F(E). This function
space R(L) is denoted by Hy as well.

Lemma 2.1. Equip Hx = R(L) with the norm
|F : Hg| :=inf{||f : H|| : f€H, Lf =F}.
Then ||- : Hg|| is complete and it satisfies the middle line equality:
1
IF : Hyl? +11G : Hxl? = 5 (IF + G : Hxl +|F -G : HylP)
for F,G € Hg.

In particular, Hx carries a natural structure of a Hilbert space induced by this norm.
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The following theorem explains why this function spaces is called a reproducing kernel
Hilbert space.

Theorem 2.2. Let F € Hig. Then we have
F(p) = <F>K(*’p)>HK

For the proof we need a notation: Denote by N(L) C H the kernel of L, that is, the set of
all f € H such that Lf = 0. Then as is easily seen,

IF: Hell:=IIf : |,

where f € N(L)* is a unique element in H with Lf = F.

Proof. Let F = Lf with f € N(L)t. Let us fix p € E and choose g € N(L)* so that
h(p) — g € N(L). Then we have

K(g,p) = (h(p), h(q)) = (g, h(a)) = Lg(a),

yielding K (*,p) = Lg. Then a polarization gives us

(F’K(*’p)>HK = <Lf> Lg>Hx

4
- iZik(L f+9), L(f +i* 9)) i

k=1
1 &
212 (f+i* g, f +i" g
k=1
= (f,9)n = (f, Mp))n = Lf(p)-
This is the desired result.

The function K : E x E — C is universal in the following sense.

Proposition 2.3. Let L: E x E — C be a function satisfying the following two properties.

1. L(*,p)EHK.
(p) (fa ( P )) foralleHK.

Then we have L(p,q) = K(p, q).

The second property is called the reproducing property.

Before we come to the proof, we remark that K does satisfies the above property.

Proof. Let p,q € E be fixed. Then we have

L(p, q) = (L(*,q), K(x,p))

because K satisfies the reproducing property. Now that L satisfies the reproducing property,
we obtain

L(p,q) = (L(*,q), K (x,p)) = (K(x,p), L(*,q)) = K(q,p)-
From the very defintion of K, we have K(p,q) = K(q,p), yielding K(p,q) = L(p, q). |

—285—



Proposition 2.4. L:H — Hyg is isometric if and only of N(L) =0

Proposition 2.5. K : ExE — C is positive definite. That is, for any finite subset {p1,...,pN}
and complex numbers {a1,az,...,an},

N
> o;aEK (pr,p;) 2 0 (4)
Jk=1

and the equality holds precisely when
Z o K(x,p;) = 0. (5)

Proof. The inequality is clear from the following formula:

Z o;ar K (pr, pj) = Z a;ax(h(p;), h(pk)) = <Z% h(p;), Zaa (pj > (6)

k=1 7,k=1

If this is 0, then we have

N
Zaj (r, p5) <ZO‘J (ps); > 0.
j=1

Conversely if (5) holds, then from (6) we have

N

> oaK (pr, ps) Zak <Za, (p5), h(pk)>

J,k=1

which proves the equality in (4). B

The notation Hx seems to reflect the fact that K determines the Hilbert space. This fact
can be formulated precisely as follows:

Proposition 2.6. The set {K(*,p) : p € E} spans a dense subspace in Hg .

From this proposition we conclude that it is a positive definte function K : E x E — C that
determines Hy .

Proof. Suppose that f is orthogonal to any element in {K(*,p) : p € E}. This amounts to
assuming
(f,K(*,p)) =0forallpeE.

From the reproducing property this identity is nothing but f = 0. As a result Hg is spaned
by the above subspace.

Now a natural question arises: Suppose that we are given a positive definite function
K : E x E — C. Then does there exist a Hilbert space H and h : E — C such that K is the
reproducing kernel of the reproducing kernel Hilbert space constructed in the way described in
the beginning of this section ? We shall answer this question in the affirmative. The crue lies
in Proposition 2.6.
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Lemma 2.7. Define a linear subspace Ho C F(E) by
Ho := Span{K (x,p) : p€ E} = Za] (*,pj) : p1,...,oN €E, a1,...,an €C

Then the function

N M N M
S K(xp;), > B K(xq) | € Hox Ho— > Y a;Br K(ak,p;) €C
j=1 j=1k=1

k=1

defines a well-defined inner product. In particular, via this product we can equip Ho with a
structure of the pre-Hilbert space.

Proof. What is difficult about the proof is that the definition of the inner product does make
N

sense. That is, we have to show that it does not depend on the presentation of Z a; K(*,p;).
=1
It can happen that { K (x,p)}pcE is linearly dependent. In this case, we have to be more careful.

Let us consider the function

N N N
> i K(xp) = ||> 0 K(xp)| = | Y @ %K (pr,ps)-
=1 =1

Jk=1

From the definition of positive definiteness we see that this function is well-defined. Let us
consider the function

N N N
F=Y o K(xp) = || 0 K(x,p)|| = | D @i GrK(pr,p))-
i=1 i=1

j,k=1

The matter is to establish that

Z a5 akK pkap] Z ﬂ] ﬂkK(qkan) (7)
J,k=1 k=1
if we assume N
F——'Z%'K(*:p] Zﬁj *,5)- (8)
Jj=1
This can be achieved as follows: First, we compute
N N M
Z o; 0k K (pk, pj) = Zak Za; (prop) | = a&F(pr) = Y @& ) B; K (b 45)-
J)k=1 k=1 k=1 j=1

Now that K (*1,*3) = K (2, *1), we have

Z o; @k K (pk, pj) = Zak Zﬂy (g5,pk) = Zﬂ; (Z%K(%,pk)>
j=1

Jk=1
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Inserting (8) once more, we obtain

M
Z a; arK (pk, pj) Zﬁg (ZﬁkK qg,th)> = > BiBeK (g, 5),
j=1

Jk=1 jk=1

which establishes (7).

Since

k=1

N M
<Zaj K(%,p;), Y Br K(*,qzc)>
j=1

can be obtained by polarization, that is, we have

N M
<Z a; K(x,p;), Zﬁk K(*a‘]k)>
i=1

k=1

e M (PN M 2
=1 Do K(up)+ Y B K (x| —|[Da; K(xp;) — Y Br K% qx)
j=1 k=1 j=1 k=1
2 2
& M N M
T2 ZQjK(*;pj)'*‘iZﬂkK(*,Qk) — D K(xps) =i Y B K(x, 1)
=1 k=1 =1 k=1

This identity shows that the definition of the inner product is meaningful. B

Let H be the completion of Hy with respect to the inner product above. As the following
lemma shows, H can be seen as a subset of F(E).

oo

N
Lemma 2.8. Let ol K ,p(k) be a Cauchy sequence in Hy. Then
J J

j=1 k=1

1l

flp )—klin;oza(k)Kp, )

exists.
Proof. This is because f(p) = llm <Z a(k) K (%, p(k)) K(*,p)> N |

In view of this lemma, we can write H out in full.
H={f € F(E) : fis a pointwise limit of Cauchy sequence in Ho}

and the norm is given by

£ = Hll = Jim 5l

where {fr}$2; is a Cauchy sequence in H, converging to f.
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Theorem 2.9. Let us define
h:E— M, h(p) = K(*,p)

and

L:H— F(E), Lf(p) = (f,h(p))-
Also equip R(L) with the norm given by

IF: R =, ot If : .

Then L is a trivial embedding mapping from H to F(E) and it preserves inner product of H.

With this theorem in mind, let us denote Hx = R(L)

Proof. Let p,q € E. Then we have

LIK (%, q)](p) = (K(x,9), K(x,p)) = K(p, q).
A passage to the limit yields Lf = f for all f € H. This shows that R(L) D H.
Let us show that L is isometry, that is, it preserves the inner product of H. To see this, as we
have seen, it suffices to show that L is injective. Let f € H and Lf = 0. Then (f, K(*,p)) =0

for all p € E. This readily yields (f,g) = 0 for all g € Hp. A passage to the limit yields that
this is valid for all g € H. Thus, f=0e H. il

From the definition it is easy to prove

Proposition 2.10. Let H; and Ha are Hilbert spaces Suppose that h; : E — H; is a mapping
such that

Rj : feH;— g (f.hi(@)n,] € F(E)
is an isomorphism from H; to a subset of F(E) for each j = 1,2. Here we equip R;(H;) with
an wmner product indicated above. Assume that they give the same kernel, that is,

(h1(p), h1(@))ry = (ha(p), h2(@)) e

for all p,q € E. Then H1 and Ha are mutually isomorphic and the mappings h1 and hy are
compatible with the isomorphism from Hy and Ha.

Let us summarize what we have obtained. There is a one to one cannonical correspondence
between the set of all positive definite functions K : E x E — C and the set of all pairs of a
Hilbert space H and a mapping h : E — H such that L is an isomorphic. It is such a function
K that counts. Below, given a positive definite function K : E x E — C, we write Hyx as the
Hilbert space obtained in this way.

Before we conclude this section, let us exhibit an example. In our application we envisage
the following one.

Example 2.11. Let w : (0,00) — (0,00) be a continuous function such that w1 is integralbe
over (0, R] for any R > 0. Then define

Hg(w) ={f:(0,00) —» C : f is absolutely continuous and ||f : Hg(w)| < oo},

where the norm is given by

I Hy(w)] = ( IR dm)
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Then Hg(w) is a reproducing kernel Hilbert space whose reproducing kernel K (s,t) is given
by

min(s,t)
K(s,t) = /O w() ™ dé. (9)

Proof. We can prove with ease that Hx (w) is a normed space such that it satisfies the middle
line theorem. Therefore, for the proof that Hy (w) is a Hilbert space, it suffices to show that
Hyg (w) is complete. The key estimate for this is

o< ([ wods) s - Hclwl

By using this inequality we can prove in particular that any Cauchy sequence { fx }ren converges
locally uniformly to a continuous function f. It is not so hard to show that f is a limit of the
Cauchy sequence.

Let us show that the kernel is given by (9). By the fundamental theorem of calculus we
have diK(S’ t)l = X(0,0)()w(€)™". Let f € Hyx(w). Then from the definition of the inner
s
s=¢£

product of Hy (w), we have

G KD = [ 252 pou©de = [ =10,

S

because f(0) = 0 by definition. Therefore, we conclude that the kernel is given by (9). i

3 Application to the transformed Laplace transform

In our actual talk we shall allude to our own result and apply it to computational analysis.
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A distinguished bounded realization and a symmetry characterization
of homogeneous bounded domains

FZE T4} (Chifune KAI !, Kanazawa University)
(BHET H2 K& DIHLFRBIFE (Joint work with Hideyuki ISHI (Nagoya University))

ABSTRACT. We collect interesting properties of the Bergman mappings
of homogeneous bounded domains, which were defined for bounded do-
mains by S. Bergman. Also we show that the Bergman mappings of ho-
mogeneous Siegel domains coincide with the Cayley transforms defined
by R. Penney and T. Nomura, so that we can rephrase in a simple way
the author’s characterization theorem of symmetric Siegel domains by
the convexity of Cayley transform images.

1. ¢

AT, FEHARRBICHEO BNEREEEHZ 5 2 2 A DN THRFEL Licw,
T T THEARMER L, ARMEE D c CY ¢, D OIERIH MBS 528 (GRX
7t Lie BfTH 2) DHBMIHERH L TW3 0205 . £IARBEEINTH S L1, 8
OB LT, ZNEINIEER LT 5 K5 %Mi# 2 DIERIE CRMEESIEET 5 T
L TH 5. BREEOIZEEER: Kahler 5HE T5H % Bergman sl &ICB L T, MFVEFaEELE
FET 27 MO Hermite SFFZEM & 75 % . KoM EREEIIFETH 5. 4 0Tl ET
FIERME FEHARBEELNEAEL, I 7ol Biciz s &, FEASNREO ERFFER
BT EGHRRR AT 5.

D K 51— RXIE Tl Riemann OBEMSEMHIC KD, R FHEA L BEAS2EEOH
SRR AT FIARIC IERIAF T H %, T DFRIE, “HAIFRD —XnoOFEH A SR EHEO
EHEM s AR Z 52 TWVWA7 LA BT N TES. EHICHAMRIE Cayley 2
I K-> CTIFER G LB EFmEED ES

I SRAEEEIET >R T R, ”0) Hermite WHMEMITH B h 5, FEAER 745 S s
1T % Harish-Chandra EEHA & D. HAIFHRDNZ 5 TH 5 K 51, Harish-Chandra SEH
W/ IVLICEET 2HABKE LTEL T LD TES. Jiaf%hbi&%ﬁf“&') D, N. Mok & I.-
H. Tsai Ic KB RDAFEHIRT & S I, MPEE Harish-Chandra SEE ORI MEE & 75> T
W5 “T 2702 DL OB IR Ao A RS T 7& £ 01, Harish-Chandra
KT T 7 A VEBTE LI DICRS (1]

—77, (RO FE AREEE, PEFROERTUETH 25H Siegel TABICIERIFMETSH
%. Y Siegel HHIHIZ T 7 7 A VEHEH K, WO S -H K TH 0, FEHARBUROIEAERNZ
JEE R fEEEEZ 5 2 TW5 . Ve SRAEE OGS 1C1E, Harish-Chandra B2 XH5 Siegel
TIICE S Cayley 2% Kordnyi & Wolf Lué&ofﬁ%é‘ﬂfb‘% [7].

IEI AR A S O A, *Eﬂ—ﬁﬁﬁﬁ??wﬁﬁiﬁbifﬁ:bﬁb‘@f&iﬁ:b‘b‘éﬁ%Z_
bNTE. Ll lﬁg@ﬁb‘ﬁﬁﬁﬁ%ﬁ#ﬁfﬁ"é S5LWEVS T EN, R. Penney 0%
WFERFERIC & > THNVZICFE R T Nz, Penney (&, Harish-Chandra %ﬁ@i%%d‘ LEFT
5T LI THERGAICHBETES T LR LTz (17]. £z, FH Siegel HIZEOETR
IR FBNC G E%% Cayley ZH#1 L FEATZ. T HUIFIDHFRE G 1C1E Kordnyi & Wolf
@ Cayley Z#1 (DWZHY) L —89 3. £BREKIE, FH Siegel T D Laplace-Beltrami
YEH 3R & Berezin ZHOTHMEN W & ORI % T & 27 U 72BRIC [12], £ DR]
Pt 2R T CEREFEIENENS T L 2 BO, 200 Penney DEDE—E T BT L

'E-mail: kai@staff. kanazawa-u.ac.jp
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A2 T4t (C. Kai)

&z, 2 Bergman #ZICIBE L TERSNEEDTH o 72D, BNIKIE Szegd #
WATBET % Cayley Z#1EEE L, [16] TIEA LTz, EHIC, INE D%, FH Siegel
D Cayley 2 Tﬁ@ﬁ%%ﬁ&bt [15].

BEA LT D Cayley ZHOR%E FIWT, ZDBROMPEIC K > THFR Siegel mals 7z Kt
137z [6]. XK Siegel FHID Cayley ZH#aD{Td % Harish-Chandra FEEID MO EEN:
I& Mok & Tsai DFHFTEREINTVS L, HIFHNEMHETH S ML HEETEETH S
WIEDRE UM < W05 BHERIGEBREN. UL LD S, FH Siegel D Cayley Z#i0D
M ED X S HERBEEFREZEZ TWEh, 3%bb, ZhoO & DNIENREKRM AN &
W T EIFHASH TR o Tz

CDXSIIRPLDOHT, ZOMERORI & 752 B FTREMEDN B 5 RO DHDFHEAH] 5 H»
WKl fz. £9, S. Bergman AHVEFRAAEL (1 ERIFHHZ&5IK) 16 UTRERBEIRZ 2 E D%
ERLERLTWC L THS. ZTOHME, ERITOMEEZ DT 57201, HEOEH]
FEHEORE T ZECH T L TH- Tz, JUL HHAE RS OREKRENE s R 2
5.2 % T 7% Xu Yi-Chao BGEHIL TV WS FHHETH S [18] (Xu &, ARSI Z K EH
HICE 4B %% Bergman BAREMEATE). Z LT, FH Siegel HEICH LT Bergman i
H#EZ % &, Bergman I(IT % Cayley Z#il —33 % < LD, S RIOHLFMIZE THERR
hie.

Bergman {4l Bergman #%7% FVTIFFICIRRICERTE, ARNHEEO KO ERFEE
BOIREFEHOMOA=_ 2V BRICKZHED, ZELWHEZED (82). £IHFEA R
DOBAIIE, REFEEEE U < S. Bergman HE R Uzt NEIC £ 755 (83). Mv)\iEE &
1&, %2 ET Euclid (AFZMUNC S 2D ETH 5.

b‘iiﬁf\‘f’: Bergman B3 A S EBOEHER) s Kahler 518 T % Bergman &St
W32 DTH BN, b 5D Kihler ZEIAD 7 5 A BV TRIKDEBRZEZ 5 LH
TE%. TNk Bergman G & PES (§4). Kiahler ZEkiA L U T, FH Siegel fHEE Z
O FOEYE Kahler GHEZZZ % L2 ROFRIMELNS: “FH Siegel T D Cayley £
BRI, FHH Siegel FHIKOTFE Kahler st&ICfHi L TEE T NS Bergman BRD
BTH 57 CAUCE T, REEAGI LI 2H (6] 2R & 5 i SVHA 5T LA
TE%: “DEEFHARFHE U, h 27D FOFHE Kihler 5H8& L5, CTOEE, hicAIBE
9 % —fi% Bergman 51§ oy, D 04 (D) DT H 512D DRE+ITSEME, D AT D,
D hH Bergman stEDIEDOEELIm>TWVWB T & TH5. —i% Bergman FFN r‘i’h
CBWEWY 5 AD Kahler ZRHAICH L TENKE L DOD, HB 0T ET, —fi% Bergman
BROGHITL D Kihler ZEADERE ENTZITRIFT B0 LV o @R, SERORE
THs.

2. S. BERGMAN DAZEFEE

D c CN ZEHREECERFEEZAMEE 5. DO Bergman ZEf§ H?(D) (D LO—3n]
Fa5y 75 IERIBEE O 5 X % Hilbert Z2[H]) & Bergman &% EWMHIN S B4 Kp: Dx D — C
ZED. BRMICEL L RD K515 %: {¢;(2)}; & H2(D) DIEHERREEKE TS &,

2,¢) =Y _¥;(2)%;(0)
J

Bergman #%348 SEIKOIZHEN) 7 Kahler 518 T5H % Bergman 5TEZEDH %:

ds?) = Z 8z38_ log Kp(z, z)dz;dzZ.

2Dorfmeister & FEHITKIC X 2 XOEAEIIC & - T, HY Kahler ZHEAD 7 5 AU BT % SHAE FHE
BOMEIHVERTES: “EEOEY Kihler ZHifAld, FHARBEHZEZM L L, FHZEE Kihler %
Rtk & BEE T a8 N % Kahler 2RHAOERE T 7 A N—LF B ERT 7 A N\—ROMEZ LD (18
EEBRAL LT, 2hDE 3DDERERS).”
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2, € DICHLT,

2 2
az?—anlogKD(Z:O BZ?BzN log Kp(z,¢)
TD(zaC) =
52 -
8y B2 10g KD(Z, O ’ A nzn IOg KD(Za C)

LBL. 2= DL E, Tp(z,2) & Bergman sz &K LM Hermite 75 TH 5. LA
Bz Tp(z,2) 7 Tp(z) £EL. ¢: DS D ZIERIFEHEBR LT %. 13 Bergman &t
BICEALTEHERTHEM D,

t

0
To(z) = 22 (2) T (p(2) 9 (2 (21)
MERATT %, KD~ ROZEHAIN K D VD!
"D ]
To(0) = 5e(Q) Tor(e(z), #(0) 5 (2) (2.2)

HBEpe DBWEFEIELT, Kp(z,p) # 0 (z € D) ZHiiled LRET 5. RplcBI5
Bergman Bffo},: D — CN @RO LS ICEHETNS:

Kp(z,(Q)

Kp(p, <) ¢=p (=& D).

o (z) = Tp(p)~2 grad; log

7272 URIERIBIEL () 1SR L T,
of of )
d_ = ey =
g 1(0) = (L 5L
LWz, S. Bergman 31% of) (D) Z D ORKREIFH LA
EE. o), % Bergman R EMATZDE Xu THD. REREELTEINZLEH 5. O

EHRPBIEING, of (2) 1 2 KB L TERITH S, £72 o(p) = 0 THB. of OEA
Jacobi fTANIRD L H 7% %:

%% (2) = T () 4T =, ). (23)

& o T—fiicid Bergman BARIEJFHATINC & ERIAM & 1EBRS 200D T, RER “ris” AV
Thwittdhs.
o: D5 D' ZERIFAMEESRE T 5.

t
1 0 1
Lp,p) =T (¢(p)) "2 5 (K7 Tn(p)?
Lk, (21) &b Lip,p) Za=& V5 L7 %, ROMmEIE Bergman FIRORHICE L
WHETH 5.

il 2.1. Bergman BRI o 20T 5: o

D——D
o5 0 = L(p,p) 0 o}, , .
%L:{%ngg LT, W@Eﬁ%ﬁﬁiﬁ@‘% UD\!‘ L(O ) laD/
®) ¢y p cN = cN
op”’ (D) = L(e,p)(a(D)).
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Bl 2.2. D ZHAMR {z € C; |2| < 1} £9 3. Bergman #%i¥ Kp(z,() = 7711 — 2{) 2
THZA BN, —logKD( ,0) =22(1—20)" 1, Tp(z,2) =2(1 — |2|>)"2 &% %. X>TpeD

L,

_1—|p|2< 22 2p )zx/i(z—p)

P — — .
o)== \T=5 TP 1—2p

P ZIAREMALL of) (D) 1&H% V2 OB & 75 5.
LUR O 2 DO D I3 HAIFRICIERIFETH 20, M 2.1 AR &80, REFEIE
A 2 OBIFIR E 75 % T E DTN SNB.

QD%J:#:F@{ZEC \sz>0}bg}:% Bergman #%3 Kp(z,() = n~ (55 C) T
BY, LlogKp(z,¢) =2(z—0) L Tn(z,2) = 2(555)2 k3. &oTpeDic

XL,
0= 5 7) (- 25) 5553

itk s, K<HS5NTz Cayley ZHDERLH Lc_“r“f('d'%
ﬁ—lﬁ(wﬂﬁz{z eC;-1<Rz<1}ic k.

Kp(z,¢) = m(16 cos®(m(z +C)/4)) ™
5% log Kp(z,¢) = 5 tan(m(z + () /4), Tp(z,z) = 7?(8cos?(m(z + 2)/4))
%%, Ko TpeDICHL,
o}(2) = V2cos(n(p +p)/4){tan((z + p)/4) — tan(m(p+ 1) /4)}.

) ac

a

R of (D) DHE RV OMETTHT 5. o NEAFMERTHS LITET 3.
(2.3) & (2.2) &)

TO.P (D) ('U), 0) = E (’LU € U%(D)) (24)

%135 (En 1& N ROEMFTEET). che L2(p) = Tp(p)Y/2 &b L(o%,p) = By &
5BDT, fif21T e =) LBV,

Jg%(p)(w) = EN (w € o} (D))

MWRKILT .
3. FHEAMMAEKD BERGMAN B

AT CIRN7z K 51, Bergman ERIZERIFMHEBRTH 5 LIZR SRV U, GAVEEKIC A
blhwnwc kb dHb. UL UKEEFEHOEEICE, Bergman EBIFIEHICH F HEE
HEOBWEREHIEI %52 %. Xu Yi-Chao 1RO T & ZitH L7z,
FE 3.1. D c CN ZEHHERMEKE L, p e DEZEROR LTS, TDLE Kp(z,p) #
0 (z € D) TH Y, Bergman 54§ o) 13 A oF, (D) ~NOIEAIFRIHERZ 5 X %.
AE. FH3LIKBNT, pe DORECHIZAEMN TR, 3%bbp &E&%}ﬁp’ Lo
e LTh, DOFHEMENS p & p IKET ¢ € Hol(D) WFIEL, of, & o) da=2 1) B

L(p,p) D73 ULhiEDEW. O

5l 2.2 T L F D Bergman GAAY Cayley 24t & B BUSGZ RN T—H T 5 C &%5’7‘7’?_
P EHDO L TH B Siegel HHIICH LTE, ROEMNKILT 5 ((EDOEE L,
TIE%'H Siegel T D Cayley ZHDERZIRND T LN TEEWVD, #EL <13 [19] 75:%5?@
TNEn):
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fRE 3.2 (i, ). D c CN 2% 'Y Siegel i L T 5. WMk mip € D ZHERT &I
& 5T, Bergman Ef§ of, I& Bergman I L TEFEE NS Cayley £ (R. Penney
[17], BPAIBEAA [14]) & —3T 5.

FFF Siegel THIHDIGEICIE, Bergman #ZICTHid % Cayley Z#2i% Kordnyi & Wolf 2
E# LTz Cayley ZHUC—HT 205, RO LHhbh5b.
el 3.3. WA RO EHE I Harish-Chandra R & —Hd %.

3.1. RFREEHDET S affine FIEE. D c CN ZHFHEREHE L, pe D ZERORL
T5%. 0} D— CN FFRIFHEEGTHZ0 5, (2.4) DX I E—EWENDH 5.
i 3.4. D LIFAIFRMASE D c CVN T,
“Q € D s.t. Tp(z,t) (z € D) IFEEITHI
EiE-T DNONKB T TR A, —DD affine [FEHEE KT .

S De AL, te DICHUT Tz, t) (2 € D) BERITAITHS LT3, v % CN LD
JER(b7: affine L 9%, D' :=¢(D) £BL. (2.2) &Y,
N 8
To(z,1) = 920 Tor(p(2), () 9 (2)
WAL B DT, T (w,(t)) (w € D) FERITIITH 5.

R, D, D' € AL L, Tp(z1t) (2 € D), Tp(w,t) (weD)BENTNERITHITHB L
95, DEHEEND, o(t) = ¢ LaBIFARAMERy: DS D AEET 5. HU (22) &
D () EEBITIE 7D, TR Y D CN FOIEE(LTR affine ZHUCHERE N B W15 T
Sl 5730, U

EE. D AFHTHEWEEICE IS, AR of, (D) HEY % affine A, ipe D
DD FIHAFT 5.

3.2. KRBEHDOEROME /) VL.

E& 3.5. D C CN ZARARAEK L 2. DA te DEFDETHMIMBHTH S L1,
RDT =N

det %(t) =1 THEEEDOFHIRMEER p: DS DI UT, vol(D') > vol(D) 75 5.

— T AR AR MR T 75U, S EA TR OB I RD T IR R B,
5 3.6 (FHT, L), SEUA TR REARI AL LT 2 M NERTH 5.
DRI BB B R M
i

B

& 3.7. D c CN #FHARERK LT3 &,
KD(zaC) _
m = const. (Z,C S D)
A, RIS 21,20 € DR LS. DIFFERENDS, p(21) = 22 £755 ¢ € Hol(D) BMFET 5.
P 2
Kp(z1,21) = Kp(zq,22) |det 5(’5(21) ,
Op 2
det Tp(z1,21) = det Tp(z2, z2) |det —a—z(zl)
X0, Kp(z,2)/detTp(z,2) (z € D) IZEETH 5. Kp(z,(), detTp(z,¢) & zIcBIL TIE
Al QI U TRIFRIZEDN S 2 = ( ODRFOETRE 3. B A mMEENS. O
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i 3.6 DFEMH. D c CN ZHHARFHKE L, pe D 2EREDORETS. Di=oh(D) &F
. p: DS D %, det $2(0) = 1 W/ T HEDTRIRAMEGR LT3, 7,

Vol(’D')=/D/alw=/D

D @ Bergman ZEHDTT f(2) T, f(0) = 1 272U || f(2)| 12 ZE/NCT 2EDE f(2) =
Kp(2,0)/Kp(0,0) THEZHNZ T EHHLENTVS (ZDHEIDHFEATEL TEHRILT
%). £72(2.4) &Y det Tp(w,0) (w € D) FEHTHZM 5, il 3.7 XD Kp(w,0) (w € D)

LERTHB. £oT
vol(D) Z/D Kp(0,0)

&30, DIFERZHLE T BMUNEEKTH 5. a

FE.Dc CVzteDrehLbddwNEEeds. EAFEHEEEe: D S5 D M
det %2(2) = const. (z € D), @(t) = ¢ ZihizT LT B L, D & ¢ ZHLE T ZHVNEKT
H5.

det £9~<‘e(z) i dz
0z '

2

Kp(z,0) dz = vol(D)

3.3. KFRBEHDOMME. F'H Siegel fHIEID Cayley ZHIDRDMPEIC K > THFR Siegel FHIE
Z ¥ 72 [6, Theorem B, Theorem 3.1] ZRD K ICFWHZ 5T LMW TES (2T T
@ Cayley 22443 Bergman BICHBEL TERENZEDTH2Z. —ROGZEDEMDHE
AIEIFEH 4.5 TIT9 ):

THE 3.8. D CN 2EFHEREE, pec DEIEDHLTS. COLE,
EHE of, (D) WER < D AR
3.4. ARBEHD “HWHME”. Hol(D) Dmip € DICBIF BEEEDHEZ Isop(D) TET:
Isoy(D) := {¢ € Hol(D); ¢(p) = p}.

p€elsop(D) LI B L, fE2.1 KD L(p,p) FREHEK o (D) Z2IR17F9 5. Isop(D) D “K
TINCOVWT, RDT EHERB.

EIE 3.9 (7).
dim Iso,(D) > 1.

EH 3.8 X0, IEFA S E A RO MREEEIE M TRV, EH3.9IND, HEIEE
D W EE > TV 5.
4. —fi% BERGMAN G4

Bergman BARIIRD LS LT, BRIC—RIEENS. (M, h) Z N Xyt Kahler Z4
KU, DK S %5BE Y: M x M — CHFEET S EIRET 5:
(1) Y I FEHE—ZEHICBEIUTIER], B2 BB L TRIERITH %.
(ii) Bz € M T, (ERIRBFTERE (21, ...,28) KEALTRDO K S 1CRE %:

N 52
h(z) = Z mw(z, z)dz;dzZy.
Jik=1
DX 5B % Kéhler GIE A DRT VI v VKL R LICT D, ze MIIXHL, K

IERIBIEL v*: M — C Z *(() == ¢((,2) TEHET 5. pe M 2t %. —fif Bergman B
oy, M- TMOD RO &S CEHEnD:

o%n(2) =B (p) —DYP(p)  (C € M).
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WASING ol EIERITH D, o}, (0) =0 THB. o), 1dp € M DECTHKIFS 2, K
T v JUIZDELD JTIC I3RS T
W 4.1. ¢: M x M — C& Kihler it& h ORT Vv IUKTHE LT, COLX
M*(C) = () (2,¢ € M).

Kéhler ZEk{K (M, ) NOFEZIERIFEMER p: M > M BMFEETZELES. 2D
& & Kahler GHE M DRT V¥ )ik HERICGHEEINS:

V(¢ =97 (Z),e7H(¢) (7, e M)

ROEZE 2.1 O—fR(tichiz3

i 4.2. FOKRXEIHTHB. Thbb,
* o 5P(P) _ D M
P OO P =0pp l

M/

o o
(0,1)

»(p)

R MY, T"MOD i NE R W B iAEE NS Hermite sFEHEBIL T, o* 3
—R)BIBTHS.

4.1. FEEREHOFE Kihler FHEIC{IHET 52—k Bergman Ef&.

iR 4.3 (PR, F2E). S Siegel B Yz m% £ 0, FH Kihler sHEDFICHREL
TEEINS K Bergman BEOHEREZ 3 L, %hbi#ﬁ Siegel #HEKD Cayley 220D
J% [15] Ic—8(9 %.

TDT ENSROMERES.

Ed 4.4. D ZHEEARMEERKE U, h % D FO%Y Kihler 5t ET5. FRICpe DEE
%. TOLE, —ff Bergman Fi& o}, , 1& D % H5 HH 0, (D) I AR S

CNZEEE 2T, FBEEDREA L 72/ FR Siegel FAIBKD RS EHE [6, Theorem B, The-
orem 3.1) DBERLZITS:

FIE 4.5. D 2FHHEAREHE U, h 2 D FOFY Kahler stE L3 %. TElcpe D %L
5. DL E,

ol (D) MNTH B =

ANDAVAC RN M
T*MIEO,].) |4 T*Ml

o D HXFF,
o h /¥ Bergman at&EDIEDEEAS.
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