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1. Introduction 

In the previous paper [15J, we considered the determinants 

of.characters. The purpose of this paper is to study further 

about the determinants of induced characters and to apply 

them to some transfer theorems. For groups H < G 

define the character theore"tic transfer T~: H 
, we 

"'-
--~) G 

'" for all A € H. Elementary 

properties about induced representations yield some properties 

of character theoretic transfers. For example, T~ is a 
'" ... 

homomorphism of H to G and to tell the truth, it is 

the dual of the ordinary transfer of GIG' to H/H'. The 

Mackey decomposition theorem about the restrictions of induced 

. representations is translated as follows: 

"'-

Proposition 2.2. Let H, K ~ G and A € H. Then 

where . g runs over a complete set of representatives of 

(H, K)-double cosets of G. 

This result shall be used most frequently in this paper. 

Over and above these we state the concept of A-stabilitties, 

Tate theorem, etc., in Section 2. 
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In Section 4, applying the character theoretic transfers, 

we shall prove some transfer theorems which are our purpose. 

Section 3 is the preparations for Section 4 and we introduce 

the concept of singularities. Since a· character theoretic 

transfer is the dual of an ordinary transfer, we can rewrite 

the prDofs ·of known transfer theorems by the use of character 

theoretic transfers. We give a typical example. For what 

type of p-groups P does the condition 

(1) P n G' = P n NG(P)' 

for every finite group G with Sylow p-subgroup P holds? 

By Tate theorem (Proposition 2.5), the condition (1) is 
.,;". 

equivalent to 

(2) P n GPG' = P n NPN' , ·where N = NG(P). 

Suppose (1) is false and take element x 

of minimal order. Then there is a linear character A of N 

of order p such that A(X) t 1. Clearly, TG(A)(X) = 1. 

We shall apply Mackey decomposition to N\G/P. As A(X) t 1, 

we have that 

(By 

not 

an 

of 

Lemma 

hold). 

element 

there is g € G - N 

where S = P n pg 

such that T~(~)(X) 
. -1 

and ~ = A
g Is. 

2.6, this is eq ui valent to the fact that (1) 

Now, assume y = xipu 
E S for an integer 

t 1, 

does 

i and 

u of P. Then it follows from the minimality 

the order of that -1 
€ P n NPN' < Ker A, and so x gyg 
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we have ll(y) = 1. Hence we proved that if (1) does not 

hold, then there is a proper subgroup S of P such that 

(a) II is a linear character of S of order p, 

(4) (b) 
P . 

TS(ll)(X) i 1, and 

(c) whenever ipu x € S for some integer i and 

some element u of P, x ipu 
€ Ker ll. 

Assume first th.at the p-group P is regular. Then 

considering the dual of the proof by Wielandt, we have that 

the regular p-group P has no proper subgroup S of P 

satisfying the condition (4). For the reason, we say that 

the subgroup S satisfying (4) is a singular subgroup in P. 

Now the contradiction .yields Wielandt theorem : (1) holds 

for regular Sylow p-subgroup P. Does the converse hold? 

We wish to know about p-groupswhich have no proper singularities. 

Very happily there exists a far larger class of p-groups which 

have no proper singular singular subgroups. 

Proposition 3.7(1) A p-group P has no proper singular 

subgroup if and only if P has no quotient group isomorphic 

Hence we have 

Theorem 4.2. If a Sylow p-subgroup Pof the finite. group G 



has no quotient group isomorphic to 

P n Na(P) t • 

then 
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P n at = 

This theorem is more useful than Wielandt theorem. For 

example, it is conjectured that almost all unipotent groups 

of simple groups of Lie type satisfy the hypothesis of the 

theorem. 

We can similarly generalize some other wellknown transfer 

theorems, too. For example, observing the proof of the above 

theorem, we know that even the assumption that P is a 

Sylow groups is not necessary. (See Theorem 4.3 and 4.6). 

When we try such generalizations, we need to introduce the 

functor ~~ on p-groups and the concept of subgroups of 

Sylow type (De fini tion 3.1). Replacing the word "weakly 

closed" to " Sylow type", Hall-Wielandt theorem holds again 

(Theorem 4.3, 4.4, 4.5 and 4.6). 

Finally, we consider the relation of transfers and fusion. 

By the focal subgroup theorem,the complete description of 

fusion determines the structure of the focal subgroup. Clearly, 

the converse does not hold, but the knowledge about transfers 

shall give some important informations about fusion. In his 

paper [1], Alperin proved that local subgroups control the 

global fusion. As a corollary, he had that if P is a Sylow 

p-subgroup of a group G, then 



(5) P n G' = ([F, NG(F)J I F < p) . 

We shall try to add some conditions to the subgroups F, that 

is, we wish to find a family which controls transfers. If 

A ~ P, then there is g € G and B = Ag < P such that 

Np(B) is a Sylow p-subgroup of NG(B). Hence we have that 

the collection of the pairs (F, NG(F» such that the 

subgroup F ofP contains a G-conjugate of Np(A) for 

some A < P is a conjugation family. About families which 

control transfers, the comparable condition with this is the 

fact that F contains a G-conjugate of a singular subgroup 

in P (Theorem 4.8). Similarly as Goldschmidt [8J, we can 

add further conditions to F (Theorem 4.9). As the search 

for singular subgroups is easier than for conjugation families, 

the~e theorem is useful to determine the structure of some 

local subgroups in simple groups with given Sylow 2-subgroups. 

Such examples are given in Section 5. 

Our notation and terminology are almost standard and 

follow that of [9J. The notation G and p denotes always 

a finite group and a prime, respectively. For a character X 

of a finite group G, the determinant of X is defined by 

(det X) (y) = det p (y), where p is a representation with 

character X. Then det X is a linear character of G. We 

extend the definition of det to generalized characters, so 
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det is a homomorphism of the additive group of generalized 

characters to the multiplicative group of linear characters. 

Some of the terms, which are not so standard and are used 

in this paper are : 

'. I'" 

TG( e) .- T~( e) 

x
y 

Xy 

A-stable 

" " G = G 

RX = Ny y 
" G 
P 

G' (p) 

.G~(p ) 

Sylow type 

~* (P) = ~~ CP) 

~:CP) 

= det (e G + eel) 1 G) 
H , 

= . {?Cy , x € X Y € Y }; , 

= n{XY , y € Y } ; 

see Definition 2.2 ; 

the set of linear characters of G . , 
" " the restriction X --7 Y for Y < X ; 

a Sylow p-subgroup of 

= G'OPCG) , 

= G' GP 
r 

see Definition 3.1 , 

" G • , 

= n {<I> C M) I M ~ P, I P : M I ~ p} , 

see Definition 3.2 , 

weakly regular p~group see Definition 3.3 , 

see Definition 3.4 , (weak) p-singularity 

[A, B; nJ 

Bender groups 

= R n H
g , see Proposition 4.1 , 

-1 
- A-I, • A

g , ' see Proposition 4.1. R· R g g 

= [[A, B; n-lJ, B J, [A, B; 0 J = A , 

= 2n > 4· - , 
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Steinberg modules absolutely irreducible GF(2)B-

St(B) 

modules of a Bender group B 

belonging to the block of defect 0; 

the semi direct product of the Steinberg module 

by a Bender group. 
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2 •. Character-theoretic transfers 

~ th~~ ~ect~on~ we shall study some basic properties of 

character-theoretic transfers. 

Definition 2.1. For H < G and a € ch H , we set 

The mapping TG : ch H ----~) a 
H is called a character-theoretic 

transfer. 

If there is no danger of confusion we shall denote the 
,.. 

restrictions of TG 
H to subgroups of H by the same notation 

Lemma 2.1. Let H < G and a, aI, a2 c ch H. Then the 

following hold : 

( 1) G T (det e). 

G ,.. 
In particular, T Iff is a homomorphism of H 

,.. 
to G. 

( 3) 
G K G If H < K < G , then TK(TH(e» = TH(e). 

(4) E ch G G ( de t X) I G: HI. If X , then T (X
IH

) = 
.. 

Proof. We prove (1) • We may assume that e is a character 

of H . Let p be a matrix representation of H with character 

e and degree d. We extend the definition of p to all of G 



2-2 

by setting p (y) equal to the d x d 0 matrix for all y in 

G - H. Let xi' 1 < i ~ n, be a complete set of right coset 

representatives of H in G. Then the induced representation 

G 
P : G -->;> GL(nd, C) is defined by the rule 

G ) -1 ) P (y = (p(xi Y Xj ) , Y E G • 

Thus 
G . 

P (y) is an n x n matrix of blocks whose (i, j)-th 

. entry is the dx d matrix ( -1 
P xi y x

J 
) . See [9; 4.4]. 

Let y E G. For. each i) there is a unique coset H xi 

containing xi y. 

follows that 

If j 'I I, then 

(det pG) (y) = (sgn(y»d TIi det(p(xi y xII)), 

Thus it 

where G 
sgn = det IH • Replacing P by det p, we have 

. . G 
sgn(y) TTi 

-1 (det(det p) ) (y) = det«det p)(xi y xi » 

sgn(y) TIi 
-1 = (det p)(xi y xi ) 

= (~gn(y) )l-d (det pG)(y). 

Thus oy the definition of TG we have , 
The remainder of this lemma follow from (1) and the fact 

that det(Sl S2) = (det Sdd2 (det S2)d 1 , CSK)G = sG , (XIH)G = 
·X_IG 

H .' 

In .the remainder of this paper) we corisider only the 

restriction' TG : H --~> a. This is a homomorphism. 
H 



'Proposition 2.2 (Mackey decomposition). 

(1) 
A. 

Let H, K ~ G and A (i H. Let G= Li Hgi K be a 

decomposition of G to (H, K)-double cosets. 
g-l 

and :Ai =, A i IKi' Then 

For each 
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i, 

(2) 
A. 

Let H < G , x ~ G and A € H • ,Let G = Li Hgi(x) be 

a decomposition of G to (H,<x»-double cosets. 

I <x) : (x) f'\ Hgi I. Then 

, TG,(A) (x) '= TT i, A(gi xr1 gil) . 

Set 

Proof. Mackey decomposition theorem ([4, (44.2)J) yields 

Thus (1) follows from the definition. 

r = i 

Let K = <x). We"define Ki and, Ai as 

IK : Kil. Since K is cyclic, for each 

in (1). Then 

i, K has a 

, r
1 = Pi by Lemma 2.1(4). Since xr1 & K ,(2) follows from (1). , 1 

A. 

Corollary 2.2.1. Let H < G , x Eo G and A E H . Assume 

TG,(A) (x) t- 1, then <x)G () H 4: Ker A, where (x)G =' {yg 

y ~ (x) " g G G}. 

Corollary 2.2.2. Let H <l G and A be a se1f-conj ugate linear 

character of H Then for x E:: G , 

TG(A)(x) = ~(xrG:HI). 
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. Corollary 2.2.3, A character-theoretic transfer is the dual 

of an ordinary transfer, 

The proofs of these corollaries are easy. Proposition 2.2 

shall be frequently used after this. In view of Corollary 2 •. 2.3, 

this is comparable to [2, XII"Prop. 9.1J. 

In order to translate results given by the use of character-

theoretic transfers to results'about groups, we use some 

properties of abelian groups and the dual groups (particularly, 

the duality theorem), In the remainder of this paper, we use 

the following notation , 

Let X be any finite group and Y < X, Then RX 
y (or 

simply Ry) denotes the restriction homomorphism '" X '" ) y . 
For A < X , we set A J. = {x € X I. >.(x) = 1 for all >. ~ A}. 

Xp denotes a unique Sylow p-subgroup of X. We set X' (p) = 
r 

X'OP(X) and X~(p) = X'XP for r > 1. If there is no danger 

X X of confusion, R
ylXp 

and Tylyp are again denoted by 

X 
Ty . 

and 

'" Definition 2.2. Let; K < H < G and A < H . Then K is called -
R~(A) RG 0 G A-stable provided < TH(A). - K 

'" Lemma 2.3, Let K < H < G and A < H . Then K is A-stable 

if and only if K n TG(A).L. < AJ.. . 
- In particular, if K is 

r , 
A 1... A-stable and the exponent of A is p , then K f\ Gr(p) ~ 
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Proof. The first statement follows from the duality theorem. 

The second follows from the fact that TG isa homomorphism. 

Lemma 2.4. Let Hbe a su~group of G of index prime to p. 

Then the following hold : 

(1) The composition T~ 0 ~ G 
p 

"- "---.,> Hp > Gp 

an isomorphism and Hp = (1m ~) x (Ker TG). Furthermore, 

(H.t\ G' (p) )/H' (p) is·a direct factor of H/H' (p). 

(2) Let K < H , r· > 1 - - and A < ° (H ) •. Assume that 
- r p 

is 

and that. whenever A ~ A and TG(A) = 1, then 

: A I K = 1. Then 

particular, K 

G 
T (A) IK = 

is A-stable 

AIG : HI 
IK 
and 

"-

for each A ~ A . In 

K f) G~(p) = K" 11..1... 

"- "- "-
(1) R = ~ G . Proof. Set G ) Hp and T = TH • H > Gp 

lllG:HI 
p 

By Lemma 2.1(4) , T(llIH) = for 
"-

IG : HI II E Gp ' Since 

is prime to p, T 0 R is an isomorphism. Thus R is a 

monomorphism, T is an epimorphism and (1m R) " (Ker T) = 1. 

A A ". 

Since 1m R 'V G ,..... H /Ker T, we have that H = (1m R) x (Ker T). 
0= p= p. p 

, 1., 
By the duality theorem of abelian. groups, (1m R) /H (p) = 

(H f\ G' (p) ) /H' (p) is a direct fact or of H/H' (p), as required. 
"-

(2) Let A E A By (1), A = lllH-v for some II E Gp 
"-

v €: Ker T. Since A > R(Or(Gp », we have lllH E- A and so 

v E- A f) Ker T. By the assumption, vlK = 
IG:HI 

1. Thus T(A)IK = 

is prime to p, we .A 1K . by Lemma 2.1(4). Since /G:HI 

have RKoTG (A) = RK(A) , so K is A-stable. By Lemma 2.3, we 

conclude that K f\ G~(p) = K t\ A J., as required. 

and 
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Proposition 2,5 (Tate-Thompson [13J). Let H be a subgroup 

of G of index prime to p 
, 

and K'=: H ('\ G (p). Assume that 

H n G~(p) = Hi(p)K. Then the following hold 

(1) H" G' (p) = H' (p)K • 

(2) If K <1 H and K5 .. Op(G), then .H () OP(G) = OP(H)K 

Proof. (1) Set A = (H/H'(p)K)~. Since K'=: H "G'(p), we 

have that A ~ ~(ap)' By the assumption and Lemma 2.3, H is 

G 
01 (A)-stable. Thus ~ T (Ol(A» = 0 1 (A). By Lemma 2.4(1), 

0l(A) " Ker TG = 1, so.A f'\ Ker TG = 1. By Lemma 2.4(1), 

A = 1m ~. Thus (1) follows from the duality theorem. 

(2) This is proved by the similar way as in [13J. Use 

[16, Theorem 5J for [13, Lemma 2J. 

Corollary 2.5.1. Let K <P < H < G and P be a Sylow 

p-subgroup of G Assume that 
, 

(P 1\ HI (p»)K 

Then the following hold : 

(I) If K'=:' G', then P f'\ G' = (P "H')K • 

(2} If K-~ OP(G) and K <1 P ,then P f'\ OP(G) = 

(P I) OPCH})K 

. 'Lemma> 2" 6. Suppose H is a subgroup of G of index prime to 

p and RHG(O (G ») < A < 0 eli ). 
r p - - r p 

Then H is A-stable if and 

on ly if fo rea ch g c G an d A 6 A , 

where K = H n H
g 

• 
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" . Proof. For each g E- G , we define the mapping 4>g H > P 
" Hp by 

) TH( llg 
-1 

" 
4>g 

. II I IK) for all llE- H . 
P 

, 

where K = H {'\ Hg Let ~ = ~ G then 4>g and ~ . o TH , are 

" endomorphisms of H p It follows from Lemma 2.1 that for 

all . g ~ G and 

where K = H n H
g . We shall use additive notation on the 

" abelian group H p Then (1) is rewritten by 

(2) ~ 4> = 4>g ~ = /H : H ('\ Hgi ~ for all g E- G . . g . 

Let G = Ii HgiH be a decomposition of G to (H, H)-double 

cosets, K = Hn 
. gi 

IH Ki l and IG HI· Set H , r = . n ;:: i i . 
fl = ~ - n I and o = i 4>gi - r i I for each i. Since n = 

Ii r i , Mackey decomposition(Proposition 2.2) yields that 

By (2), we have that 

(3) yields that Ker /). > n . Ker O. . 
- J. J. 

Conversely (4) yields 

that n 0i(Ker /).) = 0 for each i. Since n is prime to p, 

Ker fl' < Ker. 0 i and hence 
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Since H is A-stable if and only if A < Ker ~ by Lemma 2.4, 

the lemma follows from (5). 

Remark. Our stability is an imitation of the concept of stability 

in homology theory of groups ( [2 , XII.9J). . In fact, if H < G 

Hl(H, c* ) 
A 

and A is a stable element of = H then by the , 
-1 

de fini tion, Ag I g = A I H I) Hg for each g t:- G , so H is 
Hf\ H 

<A)-stable in our sense. 

Lemma 2.7. Let H be a subgroup of G of index prime to p 

and P a p-subgroup of H Set L = (x -lxG f'\ H I x E P> . 

Then the following hold 

(1) P () G' < LH' . -
(2) pG l\ H G C L(Ker TH) , where pG = {xg I x ~ P, g E G}. 

Pro 0 f . Set A = (H/LH') A • I f A € A , x E p,. g E- G an d r = 
g r 1 r r -1 I(x) : (x) n HI, then gx g- € x L, and so A(gX g ) = 

By Proposition 2.2(2), we have that TG(A) = A1G : HI for . Ip IP 

all A EA. Thus P is A- and (A n Ker TG)-stable. The 

lemma follows from Lemma 2.3. 
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.. 3. Preparations for Section 4. 

In this section, we introduce some terminology and notation, 

that is, subsets of Sylow type, the functor 

and p-singularities. 

cp* 
.r 

on p-groups 

Definition 3.1. Let H < G and S a subset of H. Assume 

that if sg is contained in H for. g c G ,then sg is 

conjugate to S via an element of H (that is, g E NG(S)H). 

Then S is called a subset of Sylow type in H (with respect 

to G). 

For example, if S is weakly closed in a Sylow subgroup 

of H ,then S is of Sylow type in H. The proof of the 

following lemma is easy. 

Lemma 3.1. Let H < G and Pap-subgroup of H of Sylow 

type in H with respect to G Then the following hold 

(1) If H <I N < G , then N = NN(P) H 

(2) H contains a Sylow p-subgroup of G if and only 

H contains a Sylow p-subgroup of NG(P). 

if 

( 3) If NG(P) < H , then all p-subgroup of G containing -
P are contained in H 

(4) Let X and Y be P-invariant subsets of H which are 

conjugate in G. Assume that H contains a Sylow p-subgroup 

of NG(X). Then there is u E-HNG(P) such that Y = Xu. 
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Definition 3.2. For any p~group P and 0 ~ r ~ 00, we set 

where M ranges over all subgroup of P of index at most p. 

Furthermore, ~~(P) is simply denoted by ~*(P), that is 

~*(P) = n ~(M). 

Definition 3.3. We say that a p~group P is weakly regular 

if P has no epimorphism onto Zp( Zp 

Regular p~group are clearly weakly regular. However the 

weakly regularity is far. general than regularity. For example, 

extra-special 2~groups are weakly regular except for DS ' 

but they are not regular. Some other examples shall be found 

in Section 5. One of the purpose of this paper is to prove 

that Wielandt theorem ([11. IV. S .1J) holds also for weakly 

regular Sylow p-subgroups. See Section 4. 

Lemma "3.2. Let P be a 'p~group and 0 < r < 00. Then the 

followi~g hold : 

(ll ~* (P) is the intersect.ion of all subgroups of P 

of index at most 2 
.p • In particular~ ~*(P) > ~(~(P)). 

(2) If Q ~ P, then ~*(Q) < ~*(P). 
r - r 

(3) If N'~ P then ~* (P IN) .,.-. , r < ~;(P)NIN . If furthermore -
N < ~* (PI ~ then ~ ;C.P/N) = ~;(P)/N ...- r 



(4) el(P/~*(P» ~ p. 

(5) ~(P) ~ Zp_l(P mod ~*(P». 

(6) [ul(P), PJ ~ ~*(P). 

(7) The following conditions are equivalent 

(a) P is weakly regular. 

3-3 

(b) For each maximal subgroup M of P, cl(P/~(M» < p. 

(e) cl(P/~*(P» < p. 

(8) When p = ,2, the following are equivalent 

(a) P is weakly regular. 

(b) All subgroups of P of index at most 4 are normal. 

Proof. We prove only (7). The remainders can be easily proved. 

By the definition, (b) and (c) are equivalent. Since cl(Z" Z ) 
p l P 

= p, (b) implies (a). Ass ume, by the way o'f contradiction, 

that P has a maximal subgroup M with cl(P/~(M» = p. Then 

M has a maximal subgroup L which does not contain Z l(P p-

mod ~(M». Let N be a maximal normal subgroup of P contained 

in L . Set P = PIN . Since N > ~(M), M is an elementary 

abelian maximal subgroup of P. It follows from the choice 

of L that cl(P) ?:.p and I pi < 
p+l Thus PIN is - P • 

isomorphic to Z 1 Z p p , that is, P is not weakly regular. 

Hence ( a) implies (b). The proof of (7) is complete. 

In the remainder of this paper, we shall use the following 

notation: For subsets X and Y of a group, we set 



x
y 

=' {xY I x E- X, Y € Y}, an d 

XY • 

Don't mista.ke the meaning for notation 'in other papers. 

Finally we introduce another concept which shall play an 

important part in the next section. 

" Definition 3.4. Let H be a finite group, S ~ H '. ~ fE Sp 

and x Eo H. We say that (S,. ~,x) is a weak p'-singulari ty 

in H provided 

(a) x is a p-element, 

(b) ~(~) (x) -:f 1, and 

(c) <xP)H f) S S Ker. A. 

When .I AI 
d d 1s called the depth of the weak singularity. = p , 

When 1'1.1 = p, we say that (S '. ~, x) is a (p-)singularit~. 

The subgroup S, the character A and the element x are 

called a (weak) singular subgroup (or simply a (weak) singularity), 

a singular character and a singular element, respectively. 

Ji'o;r example, ;l. t ;follows ;from Lemma 2 .1C 4} that abelian 

Po::-groups have no proper weak singular subgroup. 

We shall study. groups with (weak) singularities in the 

remainder o;f this section, 
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Lemma 3.3. Let H be a finite group and (S, . A, x) a weak 

p-si~gularity in H of depth d. Then the following hold . . 
(Sa, 

-1 
xb ) (1) If a, b E H ., then A

a , is also a 

p-singularity. 

S - Ker A contains a conjugate of x. (2) 

( 3) R If S < R < H ,then (R, T (A), x) is a weak 

p-singularity in H of depth at most d. 

weak 

(4) If S < L <'H , then there is a conjugate y of x 

such that (S" A, y) .is a weak p-singularity in L of depth d. 

(5) If N <I H and N ~ Ker A, then (SIN, A', xN) is 

a weak p-singularity in H of depth d, where A' is the 

linear character of SIN induced by A. 

(6) If x E L < H , then there is a conjugate R of -
such that L (\ R is a weak p-singularity in L of depth at 

S 

most d with singular element x. Furthermore, if H = L S, 

then (S Ii L ,.Al s f'\ L' x) is a weak singularity in L . 
{n If r is a Sylow p-subgroup of S , then (p,. A I p' 

is also a weak p-singularity in H of depth d. 

'pr,o:of. (11 Clear. 

(21 This follows from Corollary 2.2.1. 

(31 Set 11 = TR.CA1, If y ~ <xp) H n R 1 then yR () S 

'. S (xI) H r\ S C Ker A. Thus Corollary 2.2 .1 yields that 11 (y) = 

TH(A) (y) = 1, and so (xP)H f'\ R £ Ker 11, whence (R, 11, x) is 

a weak singularity in H • 

x) 
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(4) Since H H 
T (A) (x) = TL(V)(x) i 1, 

Cerellary 2.2.1 yields that there is a cenjugate y ef x 

with v(y) i 1. Since (xP>H () S c Ker A, < yp)L (\ S C Ker A. 

Thus (S, A, y) is a weak singularity 'in L. 
.' 

(5) Clear. 

, (6) Since H 
(T (A)IL)(x) i 1, Prepesitien 2.2(1) yields 

that there is an element h E H with L T (~)(x) i 1, where 

h- l h 
~ = A IR n L and R = S. Since 

-1 -1 
<xP)Lh (\ S Il Lh C 

Ker A, <.xP,L 1\ R (\ L C Ker~. Thus (R t"L , ~, x) is a weak 

singularity in L. If H = S L , then we may take h = 1, 

and so. Thus 

is a weak singularity in L. 

H H S 
( 7) By Le mma 2. 1 ( 3) an d (4), T (A I p) = T ( T (A I p» = 

~(A) IS:PI. Since IS: pi is relatively prime to. p, we 

have that and Thus 

(p, Alp' x) is a weak singularity in H . 

Lemma 3.4. Let 

stabilizer S 

H be a transitive permutatien greup with a 

d and let C be a cyclic greup ef erder p . 

Censtruct the wreath preduct H = C ~ H with base subgreup V 

( 'V C IIf: S I) . Then VS is a weak p-singu1ari ty in H of depth 
= 

d,with singular element centained in V. 
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Proof. Let vi.' 1 ~ i ~ n, be the generators of V permuted 

by H and assume that S fixes v 
n Set S = V S and 

a linear character of S with kernel K Then 

d is a primitive p -th root of unity. 

AH(X) = n - 1 + A(X), l~(X) = n. 

Thus 

and so 

~(A)I(vn> = AI(v
n

) . 

d = P 

For any x .E: 

Let x be an element of (vn) of order p. Then TH( A) (x) = 

A(X) t 1. Thus (S, A, x) is a weak ~-singularity in H . 

Lemma 3.5. Let P be a p~group and let (S, A, x) be a 

p-singularity in P. Set V = Sp and K = Ker A. Assume 

that x f. V. Then P /Kp -::: Zp ~ (p /V), where the wreath product 

is constructed by the faithful permutation representation of 

P/V on the set PIS and the base subgroup is V/Kp In 

particular, m(V/Kp ) = Ip SI and V = <xP) Kp . 

Proof. We may assume that Kp = 1. Set p* = Zp (P/V) and 

let V* be the base subgroup of p*. Then the induced 

representation AP yields a monomorphism of P to p*. We 

d P p* Then P* = V*p can regar < • and V < V*. We need to 

show that V = V*. Since P/V acts transitively on a subset 



3-8 

of V* generating V* , [V*, P] is of index p in V*. Since 

TP o.)(x) 
* = TP (A')( x ) of 1, where A' is a linear character 

of V*S which extends A, we have that x $ [V*, P]. Since 

V <t p* V* = P (The - , we have that <x ) ~ V, as required. 

necessary facts about wreath products are found in [11, 1.15-

and V.IS). 

Lemma 3 . 6 . Let P be a p-:-group, A a maximal sub group of P, 
,.. 

A E: A K = Ker A and u G P - A Then the following hold , 

( 1) P AU - 1 p-l 
T (A)IA = where u = + U + .... + u , and , 

TP(A)(U) = A (uP) . If x E r2 1 (A mod Kp), then TP (A) (x) = 

A([X, U; p-l]) . 

(2) (r21 Zp_l)(P mod Kp) 
P 

~ Ker T (A). 

(3) (A, A, x) is a weak singularity in P of depth d 

for an element x of P if and only if r2 1 (A/Kp ) I Zp_l(P/Kp). 

(4) (A, A, x) is a singularity in P for an element x 

of P 

Proof. 

if and only if P/Kp ""'" Z ) Z . = p l. p 

P ui 
(1) Since A -IA = Ii A and 

P P 
lAIA = P lA ' T (A) IA = 

i -
TTi AU = AU. By Proposition 2.2(2), TP(A)(U) = A(UP). If 

x t r2
1

(A mod Kp), then TP(A)(X) = A(XU) = A(x(l~U)P-l) = 

A([X, u; p-l]). 

(2) This follows from (1). 

(3) We may assume that Kp = 1. If (A, A, x) is a weak 

singularity in P, then xP E Z(P) n Ker A = 1. By (1), 



[x, u; p-1J t 1, so x E nl(A) - Zp_l(P), Conversely, if 

x E nl(A) - Zp_l(P), then TP(A)(X) t 1 by (1). Thus 

(A, A, x) is a weak singularity. 

(4) If IAI = p, then A/Kp is elementary. Thus (4) 

follows from (3), Lemma 3.4 and 3.5. 

Proposition 3.7. Let P be a p-group. Then the following hold 

(1) P has no proper singularity if and only if P is 

weakly regular. 

(2) If Cl(P/~~(P)) < p, then P has no proper weak 

singularity of depth at most d. 
"-

(3) If Q < P and A E nr(Q), then (n l Z l)(P mod ~*(P)) p- r 

< Ker TP (A) . 

Proof. (1) If P is not weakly regular, then P has a 

quotient group isomorphic to Zp? Zp , so P has a proper 

singularity by Lemma 3.4. Conversely if P has a proper 

singularity, then by Lemma 3.3(3), P has a singularity of 

index p. Thus P is not weakly regular by Lemma 3.6(4). 

(2) 

( 3) 

and let 

This follows from Lemma 3.3(3) and 3.6(3). 

Let M be a maximal subgroup of 

~ = TM(A), then I~I ~ IAI ~ pro 

P containing 

Since ~*(P) < r -

(Ker ~)p , it follows from Lemma 3.6(2) that 

(nl Zp_l)(P mod ~;(P)) ~ (n l Zp_l)(P mod (Ker ~)p) 

< Ker TP(~) 

< Ker TP (A) . 

Q 



Lemma 3.8. Let P be a p-group and (S, A, x) a weak 

singularity in P of depth d. Then the following hold 

(1) Np(Ker A) = S . 
·(2) Let Q < P and assume that [x, y; p-l] E: ¢~(Q) 

for all y € Q . Then (Q , x) is contained in a conj ugate 

of S . 
( 3) Let Q be a subgroup of P normalized by x. 

that Cl(.Q/¢~(Q))'::' p-2. Then (Q(x) is contained in a 

conjugate of S . 

(4) Np ( (x») is contained in a conjugate of S . 

(5) If p is odd, then Ipl < IsI 2 . 

Assume 

(6) If N <l P and N (\ S .::. Ker A, then N is contained 

in (Ker A)p . 

Proof. (1) Suppose false. By Lemma 3.3(4), we may assume that 

Ker A <l P and Ip: SI = p. But then Lemma 3.6(3) implies 

a contradiction. 

(2) Suppose false. By Lemma 3.3(6), we may assume that 

p = (Q ,x). Let M be a maximal subgroup of P containing 

S and let ~ = TM(A). By Lemma 3.6(1), TP(A)(X) = TP(~)(x) 

= ~([x, y; p-l]) ¥ 1, where Y.E Q - M. But [x, y; p-l] 

¢~(Q) .::. (M (\ Q)~(p) .::. Ker ~, a contradiction. 

(3) Since [x, y; p-lJ E [Q , y; p-l] ~ ¢~(Q) for ever~ 

y E Q , (3) follows from (2). 

(4) By Lemma 3.3(6), we may assume that P = Np«X») 

and (Ker A)p = 1. Then x is of order p, so x t Z(P). 
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By (2), S = P. 

(5) We shall first show that xP is irreducible. We 

argue by induction on Ip: SI. Let M be a maximal subgroup 

of P containing S. Since S is a weak singularity in M 

with singular character X, XM is irreducible by induction .. 

If xP 
is not irreducible, then. xP 1M = p XM . Since p =J 2, 

PPM M P 
T (X)IM = det(X 1M) = det(p X ) = (det X) = Thus 

TP(X)(x) = TM(X)(xP ). But since (xp>M n S C Ker X, we have 

that TM(X)(xP ) = 1 by Corollary 2.2.1. This is a contradiction. 

Hence xP is irreducible. By [9, Lemma 4.6.3]' XP (1)2 = 

Ip : sI
2 divides Ip . Z(P) I , proving (5) • . 

(6) We may assume that (Ker X)p = 1. If N =J 1, then 

1 =J Z(P) ~ N < S ~ N ~ Ker X, a contradiction. 

We shall add some results about singularities. 

Lemma 3.9. Let (S, X, x) be a singularity in a p-group P 

with K = Ker A and Ip: SI = pn. Set P = P/Kp' Then 

the following hold : 

(1) S = K x Z(P) and I Z(P) I = p. 

(2) If S < Q .s. P , then Q is not weakly regular. 

( 3) If S < R .::!. Q ~ P, then m(R/<p(R)) ~ IQ : RI· -
(4) Let P = P > 0 PI > > P = S be a series of 

n 

subgroups such that IPi Pi+ll = p for o < i < n. Then 
P 

Ker T i(X) f. Pi +l for 0 < i < n. Let aO E Po - PI and -
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P 
a i € Ker T i(A) - Pi + l for 0 < i < n. Define inductively 

elements xi' 0 ~ i ~ n, by the rule Xo = x and xi +l = 

[xi' a i ; p-lJ. Then TP(A)(x) = A(X
n

) "II. 

(5) x¢ Zn(p_l)(P), cl(P) > n(p-l)~ Ixi .( pn, exp(P) < 

pn+l, ~(P) ~ Z(p), ~(~(P» ,= un+l(p">= 1. 

(6) If Kp = 1 and N is a cyclic normal subgroup of 

P, then x2 ~ Cp(N) and <x)N/<x2) is dihadral or sernidihedral. 

Proof. (1) follows from Lemma 3.8(4). (2) follows from 

Lemma 3.3(4) and Proposition 3.7(1). (3) follows from Lemma 

3.3(3), 3.3(4) and 3.5. 

We shall prove (4). 
P' 

Set A = T i(A). Then . i 

a singularity in Pi with singular character Ai +l 

3.3. Since TPi(Ai +l ) = Ai' Lenuna 3.6 yields that 

Pi +l is 

by Lemma 

Pi + l • We shall argue the second statement by induction on n. 

We may assume that n > 1. Set Q = P n-l 

By Lemma 3.3(3), (Q, ll, x) is also a singularity in P. Thus 

by induction, we have that 

if xn_
l 

4: S , 

if xn _ l E S • 

Thus we may assume that xn _ l 4= S. By Lenuna 3.6, Q/KQ~ zp 1 zp' 

xn_lP f KQ and an _ l
P E KQ .. It follows easily that 



mod KQ . 

Hence P 
T (A)(X) = ~(xn_l) = A(Xn ), as required. 

P can be regarded as a subgroup of a Sylow p-subgroup 

of the symmetric group of degree pn+l SO E5) follows from 

(4) and some properties of Sylow p-subgroups of symmetric 

groups. See [11. Section 111.15J. 

We shall finally prove (6). We may assume that P = <.x)N . 

Let y be a generator of N and z = y/Y//2. Then Z(P) = 

<z). By the structure of the automorphism groups of cyclic 

. groups, we have that if 

X
2 is . t t 2 conJuga e 0 x z. 

2 x does not centralize N , then 

Since z ~ Ker A, the definition 

of the singularities derives a contradiction. Hence x2 = 1 

and P is dihedral or semidihedral. 

Lemma 3.10. Let P be a 2-group and (S, A, x) a singularity 

in P . Let N be a subgroup of P normalized by x . Assume 

that exp (N/N T ) < 2n 
- , n ~ 2, and that all sub groups of P of 

index at most 2n +l contain NT. Then there is a conjugate 

T of S such that IN :NI\ TI < 2n. 

Proof. Let K = Ker A. By Lemma 3.3, we may assume that 

Kp = 1, P = N(x) and I P : S I = 2n. Since IN: N{\ KI 

the hypothesis of the lemma implies that NT ~ N n K ~ P = NS , 

and so we have that NT = N A K = 1. By Lemma 3.9(1), N ~ S = 

Z(P) and IN A sl = 2. Thus INI = 2n+l. Let P = Po > Pl > 

••• > Pn = S be a series of subgroups with IPi Pi+ll = 2. 
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P 
Since N is abelian, we have that Ker T i( A) f'\ N ~ P i+1 for 

" i > 1. Let Ni = N ~ Pi and let v € N be an extension of 

. AIN (\ S ( :f 1). Then INi : Ni+ll = 2. By Lemrria 2.1(4) and 

Proposition 2.2, 

P N 2n- i 
T i(A)IN

i 
= T i(AI S) = (vl Ni 

) . N ("\ 

Since IN i : N f\ sl = 2n- i . and K()N = 1, this implies that 

N1 is cyclic of order 2n and Ker v 
" Nl 

= 1. Let M = Pl. 

Since exp(N) ~ 2n, Ker v :f 1. Let l:f a c Ker v, then a ~ 

N - M. By Lemma 2.1(3) and 3.6(1), we have 

P M 2n - l 
T (A)(X) = T (A)([X, a]) = v([x, a]) • 

n-l 
. Since a E Ql(N) 4 P and n ~ 2, [x, a]2 = 1. This is 

a contradiction. The lemma is proved. 

Lemma 3.11. Let p. be a p~group and (S, A, x) a singularity 

in P. Assume that P is the central product of two subgroups 

PI and P2 . Assume x = xl x2 ' where xi E: Pi for i = 1, 2. 

Then for some i, (S, A, xi) is a singularity in P. In 

. particular, for such i, (S () Pi' AIS (\ Pi ' xi) 

singularity in Pi and S ~ Pj , where j:f i. 

is a 

Proof. Since TP(A)(X) = TP(A)(xl)oTP(A)(X) :f 1, we have that 

TP( A)( xi) :f 1 for i = 0 or 1. We need to show that (Xi
P) P 

() S C. Ker A. By Lemma 3.8(4), we may assume that C(x) < S . 

Then Xl' x2 E S. Take k > 1 

E:: S Since 

and u G Pi such that 

= Xj kpu E Ker A for 

kpu x. 
1 

j I i. 
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Since ~u ~u x = xi Xj and x E Ker. A, we have that xi E Ker A. 

Hence <xiP>P n S C Ker A, and so (S, A, xi) is a singularity 

in P. Since Pj ~ P and P
j 
~ C(xi ), Lemma 3.8(4) yields 

that Pj < S. Thus S = (S n Pi)P j and P = Pi S. By Lemma 

3.3(6), we have that (S n Pi ' Ais P , xi) is a singularity 
f\ i 

in 
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4. Applications to transfer theorems 

In this section, we prove some transfer theorems by the 

applications of character-theoretic transfers. In Section 2, 

we saw that a character-theoretic transfer is the dual of an' 

ordinary transfer. Thus using character-theoretic transfers 

instead of ordinary transfers, we can rewrite the proofs of 

Some transfer theorems ([9, 9.4J, etc.) and Wielandt method 

suggests generalizations of these transfer theorems. We list 

some well-known theorems which shall be generalized in the 

later. 

Let P be a Sylow p-subgroup of G. 

(1) If P is Z "Z free, then pl p 
P G~ = P N(P)'. 

" f\ 

(Wielandt, see [11, IV.SJ). A generalization shall be found 

in Theorem 4.2 in this paper. 

(2) P f'\ G' = <P f\ N(P)', P (\ Q' I Q E- SYlpCG). (GrUn's 

first theorem, see [9, Theorem 7.4.2). See Theorem 4.3. 

(3) If Q is a weakly closed subgroup of P and 

[x, y; p-l J = 1 for all x € P and y ~ Q , then P n G' = 

P n N(Q)' . (Hall-Wielandt, see [10, Theorem l4.4.2J). See 

Theorem 4.4. 

(4) If A is a strongly closed abelian subgroup of P, 

then P f\ G' = P f\ N(A)'. (Glauberman [7, Theorem 6.lJ). See 

Theorem 4.5. 
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(5) If W 1s a weakly closed subgroup of P, then 

n I ( Cp (W) 1\ a ') S. N (W) I. ( Z ap p a ?). See Th eo re m 4. 6 . 

(6) , (-1 P f\ a = x y I x, YEP, x"'-"y in a). (Focal 

'subgroup theorem, see [9, Theorem 7.3.4]).See Theorem 4.7 and 

Lemma 2.7. 

(7) If' $. is a weak conjugation f'amily f'or P (see [lJ, 

[8J), then P f'\ a' = <pI, [H, TJ I (H, T) €: ~ ). (Alperin [lJ). 

See Theorem 4.8 and 4;9. 

The f'ollowing proposition shall be use in the proof's of' all 

theorems in this section except Theorem 4.6. 

Proposition 4.1. Let and x be a p-element 

of' R. Assume the f'ollowing : 

(b) For each is not a weak p-

singularity in R, where 

-1 g-l 
R = R Hg and ,'-, • , 

g () 1\ - I\IR .1\ IR 
. g . g g 

Then 

Proof'. Suppose f'alse. Let a = Li HgiR be a decomposition 

of' a to (H, R)-double cosets. Set and A' = A' 
. i gi 

Since 



decomposition yields that 

Thus there is . g 6 G such that TR(A')(X) ~ 1. 
. g . 

By (a), we have A(y) = A(gyg-l) = 

R C Ke r " . Thi th t 1\ S means a g - g 

a weak p-singularity in R, contrary to (b). 

4-,3 

Let y E 

, 
(R , A , x) 1s g . g 

Corollary 4.1.1. Let P, R ~ H ~ G , (/G:HI, p) = 1, P be a 

" p-group and A < H 
P 

Let x be an element of 

of minimal order. Assume that x E R and that 

Then there is g E G and A E A such that (Rg , A~' x) 1s 

a weak p-singularity in R , where 

R R " H
g 

and ~' = 
-1 g-l 

= A/ • A I . g g R· R 
. g . g 

Proof. There is A f A such that A(X) ~ 1. By Proposition 

4.1, it will suffice to show that 

<xp>G" H C Ker A. 

" 
Let Y E <xp>Gf\. pH , then /y/ < Ixl and y f pH f\ TG(A/. 

Y E AJ.. < Thus the minimality of the order of x implies that 

Ker. A, as required. 

_." .. --.-.~,...--. --_.- .. _ .. -- .'._'- •. -.--~-.--.. -. . 
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The following theorem is another refinement of Thompson's 

fusion lemma than [15J. This is an easy corollary of Proposition 

4.1, but we shall prove at the b'egining. 

Theorem 4.l. Let P be a Sylow 2-subgroup -of G and M a 

maximal subgroup of P • Let x· be an element of ' P n G' - M 

of minimal order. Then there is an element g of G such 

that x E; Mg 
and P n pg is a singular subgroup in P with 

singular element x. 

Proof. Let A be a linear character of P with kernel M. 

For each . g E; G , we set 

-1 
'\ = ,\g 

. Ag A Ip n pg • 

Assume that for some. g € G - N(P), TP(A )(X) F 1. By the 
, . g 

choise of x, we have that (x2}P n pg c P n Mg = Ker A , g 

Thus (P n p
g

" ~g' xl is a singularity in P. Set S = P n pg 

and K = P n Mg = Ker Ag • Let R be a subgroup of P such 

that I R SI = 2. By Lemma 3.3(4), we may assume that 

(S, ,~g' x) is a singularity in R. Then R/KR ;: D8 ' so 

we may assume that x E; K. In this case the theorem holds • 

Since TG,o,) (x) = 1, by Mackey decomposition we may assume that 

1 = ~(P)(A) (x). As IN(P) :pl is prime to p, there is g 

E; NCP) such that A(gxg-l ) = 1, and so x E; Mg. Thus the 

theorem holds again • 

.. -.-----"--.-~---- .... -.-- --,_ .. ' -." ... _---_.-._--.-...-.-_._--_._._- --. 
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We shall first generalize Wielandt theorem. 

Theorem 4.2. If G has a weakly regular Sylow p-subgroup P 

(that is, P has no epimorphism onto Z '1. Z ), then P I) G' = 
P v P , 

P (\ NG(P) . 

Proof. Suppose false. Set H = N(P) and A = (H/HPH,)A. By 

Proposition 2.5, P is not A-stable. Let x be an element of 

P () TG(At - AJ- of minimal order. Applying Corollary 4.1.1 

to R = P, we have that there is . g in G such that (P , 
g 

A~, x) is a singularity in P. By Proposition 3.7, P has 

no proper singularity, and so . g ~ H. Since H' < Ker A, we 

have A~ = 1. This is a contradiction. 

The following result is a generalization of Grun's first 

theorem. To apply to Theorem 4.5., the expression is somewhat 

unsys temati c. 

Theorem 4.3. Let H be a subgroup of G of index prime to p 

and Pap-subgroup of Sylow type in H with respect to G. 

Let be the p-th term of the lower central series of P 

and set 

K = ({Pp - ~;(P) G t\ H) .[P, N(P)] H~(p), 

L = < <xP} G '"' H - pH I x e P (\ G~ (p) - K) 

Then P (\ G~(p) ~ KL ~ < ~(P)G f\ H) [p, N(P)] H~(P). 

. ~, 
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A"= " Proof. Set (H/KL) . It will suffice to show that P is 

A-stable. Suppose false and let x be an element of P f\ TG(At 

_ AJ- of minimal order. Then 

<xP)G (\ :H: C pH L C pH 
(\ -

Applying Corollary 4.1.1 to R = P, we have that (P g' A' g' x) 

is a weak singularity in P for some "g ~ G and A ~ A. Since 

P g () (Pp - <I>;(P» < P g () Ke"r A () (Ker A) g 

< Ker A' g , 

we have that Pg = P by Lemma 3.8(6) and Proposition 3.7(2») 

and so P < Hg . Since P is of Sylow type in H , g E H N(P) . 

But then 
, 

Ag = 1, a contradiction. 

Corollary 4 .3.1. Let H, P, K and L be subgroups as in the 

theorem. Then the following hold : 

(1) If Cl(P/<I>;(P» < p, then P n G~(p) < [P, N(P) JLH' (p). - r 
(2) pG n H pH , 

If = then P 1'\ Gr(p) ~ K , 

( 3) If pG f) H = pH and Cl(P/<I>;(P) ) < p, then" P A G~(p) 

= [P, N(P) J(P () H~(P». 

(4) If y E: P, then G PKL c yKL . Y f\ 

(5) If pG (\ H pH then G 
f\ H ~ yK for each y ~ P = y , 

Corollary 4.3.2. If P is a Sylow p-subgroup of G, then 
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These corollaries follow directly from Theorem 4.3 and 

Proposition 2.5. 

The following is a generalization of Hall-Wielandt theorem. 

Theorem 4.4. Let P IS Syl (G) p and Q ! P < H < G . Assume 

that Q is of Sylow type in H and that [x, y; p-l] IS 4>*(Q) 

for all P, y Q Then P G' (P n H')(P 
, . 

X IS IS . n = n N(Q) ). 

Proof. Let N = N(Q) and A = (H/HPH' (P n N,))A. Let x be 

an element of P n TG(A)~ - A~ of minimal order. Applying 

Corollary 4.1.1 to R = Q, x we have that there is g IS G , 

and " IS A such that (Rg , " ' g , x) is a singularity in R . 
By Lemma 3.8(2), we have R = R . Since Q is of Sylow type g 

in H , the element . g is in 

Take an element h of H n N 

,,'(x) = ,,(x- l hgxg-1h- 1 ). But . g 

HN. We may assume that g € N . 

-1 -1 such that hgxg h IS P, then 

-1 -1 -1 N' d x hgxg h IS P n ,an so 

,,'(x) = 1, a contradiction . 
.. g 

Hence P n GPG' < A~ = HPH'(P n N'), 

The theorem follows from Proposition 2.5. 

The following theorem is a generalization of G1auberman 

theorem. 

Theorem 4.5. Let P IS Sy1 (G) 
P 

and Q.! P .s. H .s. G . Assume 

that Q is of Sylow type in H with respect to G Set K = 

(y-1y G n ply IS Q). Then P n G' = K(P n H')(P n N(Q)'). 
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Proof. Set N = N(Q) and A (H/HPH'K(P , " = n N )) . Suppose 

P n GPG' ~ Al.. By Lemma 2.4, there is A E: A such that TGO.) 

= 1 and Alp of 1. By Lemma 2.7', we have QG n He QKH' < -
(Ker TG)K < Ker A. Set- R = Q(x}. By Corollary 4.1.1, there H 

g E: G such that (Rg , A~ ,x) is a singularity in R . 

Since Rg n Q = Q n Hg,~ Rg n Ker A n (Ker A)g ~ Ker' A~ , it 

follows from Lemma 3.3(2) and Lemma 3.8(6) that Rg = R , and 

so g E HN. Since P n N' ~ Ker A, we have A~(X) = 1. This 

is 

is a contradiction. Hence P n GPG' ~ Al., so the theorem, follows 

from Proposition 2.5. 

Corollary 4.5.1. Let P, Q and H be the same subgroups as in 

the theorem. Then the following hold : 

(1) P n G' = (P n H')(P n N(Q)')«QG n p) n G'). 

(2) If QG n H = QH , then 

P n'G' = (P n H')(P n N(Q)') ((Qp - q,*(Q)G n p). 

(3) If QG n H = QH and Q is weakly regular, then 

P n G' = (P n H')(P n N{Q)'). 

Proof. These follow from Theorem 4.3 and 4.5. 

The following theorem is a generalization of Zappa theorem. 

The proof does not need Proposition 4.1. 



4-9 

Theorem 4.6. Let H be a subgroup of G of index prime to p, 

Q be a p-subgroup of Sylow type in H with respect to G, 

and P be a p-subgroup of NH(Q). Assume that P is generated 

by P n H~(p)[P, N(Q)] and elements x's such that (x
p> [x, 

p-l] E ~;(Q) 
, 

y; for all y E Q . Then P n Gr(p) < -
H~(p) [P, N(Q)]. 

Proof. Set N = N(Q) and A = (H/H' (p)(H n [P, N]))". Suppose . r 

P is not A-stable. S.1nce 

that TG(A) = 1 and. Alp :J 

x E P such that A(X):J 1 

all Y E Q. Set R = Q{x). 

A' as in Proposition 4.1. 
g 

A.! < G'(p), there is 
- r 

1 by Lemma 2.4. Thus 

and <xP) [x, y; p-l] E 

A E A 

there 

~;(Q) 

For g E G , we define R g 

such 

is 

for 

and 

By Mackey decomposition and Lemma 

2.1(4), there is .~ E G such that By Proposition 

3.7(3), we have that R = R so we may assume that g E· N . g , 
[P, N] TRO.') (x) 

, 
A(X -1 -1) Since n H .:s.. Ker A, = A (x) = . gxg = . g .. g 

This is a contradiction. Hence the theorem is proved. 

'Corollary 4.6.1. Let Hand Q be the same subgroups as in 

the theorem. Let P be a Sylow p-subgroup of CH(Q). Then 

0l(P) n G' .:s.. H'[Ol(P), N(Q)]. 

1. 

The following theorem is a further generalization of the 

focal subgroup theorem. (Compare with Lemma 2.7). This theorem 

shall suggests Theorem 4.8 and 4.9.· 
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,Theorem 4.7. Let P E: Sylp(G) and P < H < G. Take elements 

• • • 

(a) 

(b) 

of P such that 

H = HPH' (x • • • x' and l' , mt' 
p '(' xk is an element of P - H H xl' ••• 

minimal order for each k. 

of 

Let Gk , 1 < k ~ m, be the subsets of G which consist of 

g E: G - H such that 

'(c) H n H
g 

is a p-singularity in H with singular 

element xk ' 

(d) P ~ P n pg E: Syl (H n Hg ), and 
p . 

(e) Op' (NCQ)) I C(Q/~CQ))H , where Q = P n pg. 

-1 
Finally, set Pk = <x~lxkHg n pig E: Gk ), 1 ~ k < m. Then 

P n G' = Pl··· Pm(P n H')[P, NCP)]. 

Proof. Set A = (H/P l ••• Pm[P, NCP)]HPH't. It will suffice 

to show that P is A-stable. Suppose false. The'n by Lemma 2.4, 

therp is A € A such that TGCA) = 1 and AlP ~ l. Take x = 

xk 
such that xl' • • • , xk _

l 
€ Ker A and A (x) ~ 1. By (b) , 

(xP) G n H ~ Ker A. By Proposition 4.1, there is g E: G such 

that (H n Hg , 
x) is a p-singularity in H Choose , Ag , . g 

such that Ip n pgl is maximal. Set Q = P n pg. If a, b € H, 

then (H n Hagb , 
, x) is also a singularity in H by , Aagb 

Lemma 3.3(1), and so Q € Syl (H n Hg ) . Set C = C(Q/~(Q)) 
P 

and suppose pg n N(Q) < HC . If Q = P, then g € N(P). But 
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then TP O. ' ) (x) = A'(X) -1 -1 = 1, a contradiction. = >.(x . gxg ) 
.g .. g 

Thus Q < P, so Q < pg n N(Q) < HC . Thus there is c E C 

such that Q < pgc n N(Q) < H , and so IH n H
gc 

I > IH n Hgi - p p 

Since P is a Sylow p-subgroup of H , it follows from the 

maximality of Q that (H n Hgc A' , x) is not singularity 
' .. gc 

in H. But since Q < H n H
gc 

and. A~C I Q = A~I Q. , we have 

a contradiction by Corollary 2.2.2 and Lemma 3.3(3), (7). 

Hence we have pg n N(Q) t HC , so g E Gk . By Lemma 3.3(2), 
H 

x n Q t Ker 
, 

Ag . On the other hand, if xh E Q for h E H, 

then A' (xh) 
g = A(X- l gxh g-1 ), since g E qk . 

contradiction. The theorem is proved. 

This is a 

The following theorem is a generalization of Alperin's 

theorem [IJ. 

Theorem 4.8. Let P E Syl (G), P < H < G and 1 be a weak 
p 

conjugation family for P . Take elements xl' • • • x of , m 

P such that 

( a) H = P , 
x ), and H H (Xl' • • • , m 

(b) is an element of p '( ... x
k

_
l

) of xk P - H H xl' , 

minimal order for every k. 

Let <J.' be the set of all (F, N) E 1- such that F contains 

a G-conjugate of a singular subgroup Q in H such that 

(c) For some g E G and 

and OP'(N(Q)) f C(Q/~(Q))H. Furthermore, the singular 

element of Q is xk . 

. 
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Then P n G' = (P n H')[P, N(P)] ([F, N] I (F, N) .€: CJ"'). 

Proof. Let p* be the right side of the above statement .. 

Set A = (H/HPH'P*)~. Suppose the theorem is false. By 

Proposition 2.5, there·is A €: A such that TG(A) = 1 and 

x = x k 
such that ••• , x

k
_

1 
€: Ker A . AlP =I 1. Take 

and ).(x) =I 1. Then P G x . n H ~ Ker A. By Proposition 4.1, 

there is g E G such that (H n Hg , A~ ,x) is a singularity 

in H. We choose g such that Ip n pgl 

P n pg €: Syl (H n Hg ). Set Q = P n pg and 
. p 

is maximal. 
-1 

R = Qg 

Then 

By 
, 

Lemma 3.3(8), (Q , AglQ ,x) is also a singularity in H. 

Since [P, N(P)] :s. Ker A, we have Q =I P. Suppose N(Q) n pg 

~ C(Q/~(Q»H. Then there are c €: C(Q/~(Q» and h €: H 

such that Qh < pgch n N(Q)ch ~ P n pgch. Since the 

element c ceptralizes 
, 

Q/Ker AglQ ' we have that 
-1 

A' = . glQ 

. A~C I Q ' and so A~ I Q can be extended to 
ph n pgc. By 

.corollary 2.2.2 and Lemma 3.3(3), we have a contradiction. 

Hence we have that N(Q) n pg f. C(Q/~(Q»H, and so aP ' (N(Q» 

I- C(Q/~(Q»H. Now, we take (Fi , Ni ) €:1 and gi €: Ni' 1 :s. 

i ~ n, such that 

Then 

have 

g ••• g 
. 1 i .R ~Fi,i=l, ••• ,n, 

-1 ,-1 
R

g
' = Q '. A

g 
IQ =. A

g 
IQ' where g' = gl··· gn· 

, , 
·~gIQ=Ag'IQ 

Q €: SYlp (H n 

and Q:s. P n pg'. By Lemma 2.1(4), we 

Hg '), so Q = P n pg'. Since (H n Hg ', 

A~,., x) is also a singularity in H , we may assume that 
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g =. g' • Since Q satis fies the condition (c), (F
i

, N
i

) ~ 

y' for every i. We set, for 0 -< i ~ n, 

,-1 , , 
= 1, Ai 

. g:l. 
. gi = gi+l-·- gn'· ~ = A 

IQ , , 
Since Q -< F gi -< pgi 

. Ai are well-defined • We have - i - , 

Thus for some i. Since 

-1 
Ker A, we have that· (Q '. Ai Ai_I' x) is a singularity 

H -1 . in H. By Lemma 3.3(2), x n Q ¢ Ker(Ai Ai_I). Let y 

E: xH n Q d " -1 Th (A -1 A ) ( ) an z = giygi en. i . i-I Y = 
, t 

'( -1 -1) Si Q < F gi F gi-l h -1 -1 
: A z gizgi . nce _ i n i ' we ave z gizgi 

H -1 
E: [Fi , Ni ] 2. Ker A. Thus x n Q c Ker( Ai . Ai_I) • This 

is a contradiction. The theorem is proved. 

Now, we shall prepare for Theorem 4.9. Let 1 ~ P E: 

Sylp(G). We say that G is p-isolated (or G has a 

p-strongly embedded subgroup) provided 

G =/ (N(A) I 1 ~ A ~ P) 

If G is a 2-isolated simple group of 2-rank at least 2, 

then G is isomorphic to L2 (q), Sz(q), or U
3
(q), q = 2

m 

>, 2 (Bender's theorem). These simple. groups are called 

·~e·nder groups. 

Let B be a Bender. group. By Richen and Steinberg theorems 

([12J1, the followi~g hold 
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(a) B has a unique 2-block of defect 0; 

(b) If N is an irreducible GF(~)B-module, then 

. dim N ~ I B I 2 • 

Let M be an irreducible GF(~)B-module belonging to the 

unique 2-block of defect O. Then there is a GF(2)B-module M 

such that M = GF(2°O) 0 M The module M is called a 

Steinberg module of B. Then dim M = IBI 2 . Let St(B) 

be the semidirect product of the Steinberg module M by the 

Bender group B . 

The Steinberg module is constructed as follows. Let T 

be a Sylow 2-subgroup of the Bender group Band q* = ITI. 

It is wellknown that B has a doubly transitive permutation 

representation on the set Q = {O, 1, •••• , q*}. Let V be 

a vector space over GF(2) with basis {vi i E: Q}. Then B 

acts on V by vib = vib for i E: Q, b E: B , so we obtain 

a GF(2)B-module of degree q* + 1. Set M = [V, BJ = (vO + vii 

.1 ~ i ~ q* >. It is easy to prove that M is an absolutely 

irreducible GF(2)B-module, so M is the Steinberg module of B. 

The Steinberg. modules of a Bender group are isomorphic. 

In order to prove Theorem 4.9, we shall prepare two lemmas. 
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Lemma 4.1. Let B be a Bender group with Sylow 2-subgroup T 

of order q* ahd M an irreducible GF(2)B-module. Assume 

that [M, T; q*-lJ ~ O. Then the following hold 

( 1) M is isomorphic to the Steinberg module of B . , 
(2) The Sylow 2-subgroup M'T of the semidirect product 

M·B is isomorphic to Z2 1 T, where the wreath product is 

constructed by the regular permutation of T. 

1 2 
(3) H (B, M) = 0, H (B, M) = o. 

Proof. As GF( 2 j ® M is complete reducible, (1) follows from 

Richen and Steinberg theorems. (2) is clear by the above 

construction of the Steinberg module. By (2), we see that 

1 2 H (T, M) = 0 and H (T, M) = O. Hence Gaschutz theorem ([10J, 

Section 15.8) yields (3). The lemma was proved. 

Lemma 4.2. Let G be a 2-constrained group such that O(G) = 1 

and 0 2 ' (G) = G. Let S be a Sylow 2-subgroup of G , F = 02(G) 

and G = G/~(F). Assume that m(S/F) > 1 and that 

[F, GJ ~ ([F, N(T)J I F < T ~ S). 

Then G/F is 2-isolated and there are U, V ~ G such that 

(G/U)/O(G/U) ~ St(G/022 ,(G)). 
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Proof. We may ass ume that F is elementary. Set H = < N (T) 

F < T ~ S). Then [F, HJ =I [F, G], so H < G. This means 

that G/F is 2-isolated. As m(S/F) > 1, H contains 022,(G). 

If Q is a Hall 2'-subgroup of 022' (G), then G = N(Q)F and 

F = [F, QJ x CF(Q), so we may assume that Q = 1. Then B = -G/F 

is isomorphic to a Bender group. If F involves a chief 

G-factor isomorphic to the Steinberg module, then the lemma 

follows from Lemma 4.1. We may assume that G is the semidirect 

product F·B of B with kernel F. Let E be a minimal 

normal subgroup of G contained in [F, GJ. Since Z(G) n G' 

< S' ([7J, Proposition 4.4), we see that if E = [E, HJ or 

E < Z(G), then G/E satisfies the hypothesis of the lemma, so 

the lemma holds by the induction argument. Thus we may assume 

that [E, HJ < E and further that E = F. Then F is an 

irreducible B-module and F n G' = F 1 H'. Since B is a 

TI-group, it follows from Corollary 4.1.1 that F is a singular 

Subgroup in S. By Lemma 3.5, we have that dim F > IS/FI, and 

so F is isomorphic to the Steinberg module, as required. 

In the following theorem, we find an especial family which 

controls the transfer. A part of the conclusion (a) - (f) are 

satisfied by Goldschmidt's families [8J, too, and the rest gives 

the subset of his family which controls transfers. The proof 

was suggested by the idea of Masahiko Miyamoto which simplified 

the ordinary proof. 
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Theorem 4.9. Let P E Syl (G) and P < H < G . Take elements p 

xl' in P - HPH' such that H P '( • • • x = H H xl' , 
m 

xk 
is 0 f minimal order in P P '( - H H xl' . . . x

k
_

l
) 

Let ~ be the set of paires (F, N), where F < P 

F ~ N ~ N(F), satisfying the following conditions 

(a) Np (F) is a Sylow p-s ub group of N (F) ; 

(b) N(F)/F is p-isolated; 

(c) F is a Sylow p-subgroup of 0p'p(N(F»; 

(d) For any X E Np(F) - F, N = (x
N

, Np(F» ; 

(e) 

then N = CN(Fl /F2 )Np (F); 

(f) N(F) is p-constrained; 

x ) and • • • , 
m 

for every k. 

and 

(g) F contains a conjugate of a singular subgroup Q in H 

with singular element xk for some k. Furthermore, P # Q 

= p () pg E Sylp(H () Hg ) for some g E G and oP' eN (Q) ) I-

C(Q/<P(Q»H ; 

(h) Np(F) has a normal subgroup K such that <p(F) < K 

.and Np(F)/K"'" Zp ? (Np(F)/F), where the wreath product is 

constructed by the regular permutation of Np(F)/F and the 

base subgroup is F/K. In particular, m(F/K) ~ INp(F) :FI. 

Furthermore, if m(Np(F)/F) > 1, then [F, 0pp,(N(F»] < K ; 

(i) If p = 2 and m(Np(F)/F) > 1, then there are U, V 

N = N/<p(F) such that F = U x V, [V, °22 , Un] = 1 and 

(N/U) /0 (N/U) is is omorphic to St (N/022 , (N) ) . 

< F -

4 -
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Define the equivalence relation 

(F2 , N2 ) if and only if Fl and F2 are conjugate in G 

Let YO be the complete set of representatives of equivalence 

classes of Y. Then 

P n G' = (P n H')[P, N(P)] ([F, N] I (F, N) E ~o >. 
Proof. Let p* be the right side of the statement. Suppose 

P n G' < p*. T ake a subgroup F of P such that 

(1) [F, N(F)] ~P* and F satisfies the condition (g) in 

this theorem; 

(2) IFI is maximal subject to (1); 

(3) INp(F) I is maximal subject to (1) and (2). 

Since there exists a conjugation family by Alperin theorem, the 

existence of F follows from Theorem 4.8. Next, take a subgroup 

N of N(F) such that 

(4) Np(F) 2. N and * [F, N] t P ; 

(5) IN I is minimal subj ect to ( 4) • 

Clearly, the subgroup N exists. 

We shall show that (F, N) E s;. As [P, N(P)] ~ p*, 

we have F < P. By Alperin theorem, if g E N(F), then there 

are Ei < P and gi E N(Ei ), 1 < i 2. n, such that g = g ••• 
1 gn 

g ••• g 
and for each i, Np(Ei) E Syl (NeE.)) and F 1 n < Ei . 

P l -
By induction argument on n, we have 
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. gl g ••• g 
[F,. g] < [F, gl] [F , g2] • • • [F 1 n-l, ~] -

< [E
i

, N(E
i

)] I 1 < i < n -

Thus the maximalities of IFI and INp(F) I yield that Np(F) 

SYlp(N(F)), and so (F,N) satisfies the condition (a). By 

the maximality of IFI, we have that N(F) i (N(F) n N(E) F < 

E ~ Np(F). This means that N(F)/F is p-isolated, and so 

(F, N) satisfies (b). If E is a Sylow p-subgroup of 0p'p(N(F)) 

then N(F) = ° ,(N(F))(N(F) n N(E)). Thus [F, N(F)] = 
P . 

[E, N(E)]. By the maximality of IFI, we have E = F, so (F, N) 

satisfies (c). Let x be an element of Np(F) - F. Set L = 

(xN, F) and E = L n P. As L ~ N , we have that E E Sylp(L), 

so N = NN(E)L. Since [F, N] < [F, L] [E, N(E)] and F < E, 

we have that [E, N(E)] ~ p*, and so the maximality of IFI 

yields that [F, L] I p*. By the minimality of INI, we have 

N = Np(F)L and so (F, N) satisfies (d) • Assume F2 ~ Fl , 

NN(Fl /F2 )F x E CN (F)(Fl /F2 ) 
N F) < N = and - F. Then (x , 

p 
C

N
(Fl /F2 )F ~ N . Thus (d) yields that N = C

N
(F

l
/F

2
)Np (F), so 

.(F, N) satisfies (e) • If Cp(F) I- F, then (e) yields that 

N = CN(F)Np(F), so [F, N] ~ p' , a contradiction. Thus Cp(F) 

< F. Thus N(F) is p-constrained, so (F, N) satisfies (f). 

The condition (g) is already satisfied. Set M = (NN(T) I F < 

< - F, 

T < Np(F). Then by Tate theorem, we have F n NPN' iF n MPM' • 

(Notice that F n NPN' = [F, N] <P(N p (F)) ). By Corollary 4.1.1, 

there is g E N - M such that Np(F) n Np(F)g = F is a singular 



subgroup in Np(F). By Lemma 3.5, the first statement of (h) 

follows. Assume that m(Np(F)/F) > 1. Let Q be a Hall p'-

subgroup of 0pp' (N), so that N = NN(Q)F. Set N = N/<p(F). 

Then F = [F, QJ x CF(Q). As Q 2 M , we have 
- -, 

CF(Q) t M . 
-

Thus by Proposition 4.1 and Lemma 3.5, we can take the subgroup 

K as in (h) in this case.· Thus (F., N) satis fies . (h) . Finally, 

it follows from Lemma 4.2 that (F, N) satisfies (i). Hence 

we proved that (F, N) € 11 . 
Take (Fa' NO) € <Jr a such that Fa and F are conj ugate 

in G • We will show that [F, NJ < p*. By Alperin theorem, -
we may assume that there are E < P and g € N(E) such that 

(F, Fa> ~ E and F = Fog· But then [F, N(F)J ~ [Fa' N(Fa)J 

[E, gJ ~ P*[E, N(E) J, so by the maximality of I FI , we have 

E = F = Fa. This is a contradiction. The proof of the theorem 

1s completed. 

Remark. The above proof is essentiall same as the method by 

M. Miyamoto. A complete set of representatives of ~-equivalence 

classes of the family of the pairs satisfying the conditions 

(a) to (e) (respectively, (a) to (f» is a conjugation family 

(respectively, a weak conjugation family). This is proved by 

the similar way as [8J. 



5 •. "Examples 

In this section, we give some examples and outlines or their 

proofs. 

Example 5.l.(Compare with [5J). Suppose G has a Sylow 

p-subgroup P or maximal class and p is odd. Then the 

following hold 

(I) If P ~ Z 1 Z then P n G' = P n N (P) , . 
- p p , 

(2) Ir P,,-,Z (Z 
= p p , then P n G' = P n N (J) , , where J is 

a unique elementary abelian subgroup of P or rank p . 

Proor. When P ~ Zp l Zp , the statement follows rrom Theorem 4.4. 

When P 1:: Z ') Z ,show that P is weakly reo gular and apply - p { p 

Theorem 4.2. 

Example 5.2. (See Thompson [5, Theorem 10.lJ). Let p and q 

be distinct primes, p odd. Assume that all p-local subgroups 

of G are p-constrained and that SCN
3

(P) is not empty. Let 

P be a Sylow p-subgroup or G and Q a maximal element of 

V1 G(p;q). Then PnG'=PnN(Q)'. 

Proof. By Thompson transitivity theorem ([9, Theorem 8.5.3J), 

an element A 

respect to G 

have P n N(A)' 

Theorem 4.4 . 

of SCN
3

(P) is of Sylow type in N(Q) with 

and N(A) = (N(A) n N(Q))Op,(N(A)). Thus we 
, 

~ P n N(Q) . The statement rollows from 

. -.- .. '-'-'---'. _ ...... _---- .--~--"'. -.. _- _._ ..... - ... ,-_--..-_.- .-- -- -.- ---_ .... --_._-
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Example 5.3. Let P ~ Sylp(G), p ~ 5, and N(P) < M < G . 

Assume that m (M n M
g

) ~ 2 or Ip n M
g l2 < Ipi for every p 

g ~ G - M. Then P n G' = P n M' . 

Proof. Suppose false. By Theorem 4.7, there is g € G such 

that Q = P n pg is a singularity in M and N(Q) £ M If 

m(Q) ~ 2, then IQ/~(Q) I 2 p3 by Blackburn theorem ([11, Satz 

III.12.4J). Thus Lemma 3.8(5) and 3.9(3) yield that Q = P, 

a contradiction. 

Remark. K. Harada conjectured that if P is a p~group of 

.·rank m, then Ip/~(p) I 2 p2m. If the conjecture was correct, 

we can replace the condition mp (M n M
g

) 2 2 with mp (M n M
g

) 

~ (p - 1)/2. His conjecture will suggest the refinement of 

some results in this paper, for example Theorem 4.9. 

Example 5.4. (See [9, Theorem 6.5.2J). Let G be a p-solvable 

group with abelian Hall pI-subgroup and let S € SYlp(G). Then 

the following hold 

(1) If S is weakly regular, then G is of p-length 1. 

(2) If N ~ S and cl(N/~*(N)) < p-2 - , then N < 0 , (G). - p p 

Proof. We may assume that 0p' (G) = 1 and op I (G) = G . Then 

N(S) = S so (1) follows from Theorem 4.2. In case (2), we , 
may further assume that. S = 0 (G)N p . Then N is of Sylow type 

in S. By Theorem 4.4, G has a normal p-complement, proving (2). 

-.. <'--~.~~-'-'----.~-----"-- _ .. 



Example 5.5. Let G be a p,q-group with weakly regular Sylow 

p-subgroup. Assume that G = 0pqp(G), 0q(G) = 1 and oq(G) = G . 

Then Sylow q-subgroups of G are special. 

Proof. This is an easy corollary of 5.4. Apply Thompson's 

lemma ([11, Satz III.13.6J). 

Example 5.6. If G has a Sylow 2-subgroup S of class 2, 

then S n G' = ([F, N(F) J I F ~ S , Is: F I < 2) . 

Proof. Use Lemma 3.9(5) and Theorem 4.7. 

Example 5.7. Let S € Sy12(G) and A an abelian subgroup 

of S of exponent at most 4. Assume that lAg n N(A) I 2 IAI/4 

for every. g € G - N(A). Then S n G' = S n N(A)'. 

Proof. Apply Lemma 3.10 and Theorem 4.7. 

Example 5.8. (Compare with Hall-Wielandt theorem, [10, 14.4J). 

Let W be a weakly closed subgroup of a Sylow p-subgroup 

of G. Assume * cl(W/~ (W) ~ p-2. Then P n G' = P n N(W)'. 

Proof. Apply Theorem 4.4 (or Lemma 3.8(3) and Theorem 4.7). 

Example 5.9. If S is a Sylow p-subgroup of 
m 

GL (n, p ), p ~ 5, 

then S is weakly regular. In particular, if G has a Sylow 

b S* ° h O t S th s* n G' -- S* n N(S*)'. p-su group lsomorp lC 0 , en 

Proof. Since ~*(S) ~ ~(~(S)) = [S, s, s, SJ, S 1s weakly 

regular. The remainder follows from Theorem 4.1 . 

• _ ..... _ ............... _. __ ~'_,'_ ... __ -. ___ • _________ ••• '_.""" ___ -;:,_::;--':_ ••• _.- "W_ ... "_ ••••••• __ • ___ •••• __ ._ •• --",' • 
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Remark. It is conjectured that almost all unipotent groups 

of simple groups of Lie type are weakly re'gular except for 

some cases: Ln (2), Un (2), Sp(2n, 2), Sz(8), etc. 

Let }: be the root system of type A with fundamental 
n 

roots ai' 1 ~ i ~ n, and Dynkin diagram: 

0-0-- • • • • -0--0 

a l .a2 . a a n-l n 

Then 1+ = {ai + . . . +a
j I 1 ~ i ~ j ~ n} . Let U = <xa> a 

be the root subgroup of GL(n+l, 2) for a e: }: and let U = 

(u I a e: I+). Then U is a Sylow 2-subgroup of GL(n+l, 2). 
a 

We have that for a, B e: I+, 

For each i, we set U
i = (Ua I a 

if a + B e: I+, 

if a + B /. I+. 

e: I+, a 'I a i ) . 

Now, it is wellknown that the family { (Ui , N ( Ui ) ) I i 

1, 2, • •• , n} in Ln +l (2) is a conj ugation family for U • 

How about all groups with Sylow 2-subgroup U ? This is 

probably a difficult problem. But it is very easy to find 

a family which controls the transfer. 

= 

Example 5.10. If G has a Sylow 2-subgroup U of typ Ln+l(2), 

n 'I 3, then 

... n) . 
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Proof. Set xi = x ,1 -< i -< n. Let F be a proper subgroup 
o.i 

of U such that N(F)/F is 2-isolated, ~U(F) e Sy12(N(F» and 

F contains a conjugate of a singular subgroup S with singular 

element xi for somei. We claim S > ui - l n U1+1 < U. By 

Lemma 3.8 (4), we may ass ume that S ~ Cu( xi) . We can easily' 

find an elementary abelian subgroup E of U such that 

CU(xi)[E, CU(xi )] = Ui - l 
n Ui +l . 

Thus by Lemma 3.10, we have S > Ui - l n Ui +l . Without proof, 

we refer to the fact that U and (ui - l n Ui +l , xi _ l xi +l ) have 

no nontrivial automorphisms of odd order. Since F has a 

nontrivial automorphism of odd order, we havethat F = Ui - l 

ui+ l . The statement follows from Theorem 4.9. 

or 

Example 5.11. If G has a Sylow 2-subgroup of type A8 and 

02(G) = G, then there is a 2-10cal subgroup. N such that either 

(1) N/O(N} ~ St(L2(4), or 

(2) N/O(N) is isomorphic to the semidirect product of 

Z2 3 by L3(2). 

Proof. Let P be a Sylow 2-subgroup of G , so that P is 

isomorphic to Z2l 
Z 2 

2 • Let A be a unique elementary abelian 

subgroup of P of order 16. It follows easily that IN(P):C(P)PI 

= 1 or 3. Assume first that N(P) > C(P)P. Then P = 

A(P n N (P) , ) . By Theorem 4.7, we have that P .:: N(A)' . Let 
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. M be a maximal subgroup of P containing A. If N(M) has 

no normal 2-complement, then all elements pf A# are conjugate 

each other in N(A). Thus 22.32.5 I IN(A) ~. By Sylow theorem, 

we have a contradiction. Hence N(A)/A· is 2-isolated, and so 

(1) holds. Next assume that NCP) has a normal 2-complement. 

Let E be an extra special subgroup of P of order 32. Since 

N(A)/A has a normal 2-complement and a proper singular subgroup 

of which singular element is an involution of T - A is E, 

it follows from Theorem 4.7 that N(E) has no normal 2-

Complement and P = (P n N(E)' )A. In particular, E < NCE) t • 

Since N(A)/A has a normal 2-complement, there are an element 

u of N(A) - C(A) of odd order and an element e of T - A 

such that [u, e] = 1. Since all involutions of T - A are 

contained in E, we have e ~ E. Set B = CA(e)<e>. Then 

B < E, B < T and u ~ N(B) - C(B). By an easy caluculation, 

we see that N(E)/C(E)E is isomorphic to S3 and any element 

of N(E) - C(E)E of odd order normalizes B. Hence N(E) 

has no subgroup of index 2. From this, (2) follows, as required. 

Example 5.12. 

and 02 (G) = G 

If G 

, then 

has a Sylow 2-subgroup of type 

N(E)/O(N(E»E ~GLC3, 2), where 

an extraspecial group of order 27. 

E" .is 

Proof. Let P be a Sylow 2-subgroup of G containing E . 

Then . E is the unique subgroup of T isomorphic to DS*DS*DS· 
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We shall use the notation defined above Example 5.10. Then 

P is generated by the subgroups . CUi N(Ui ) ] i = 1 2 3 4 , " ",. 
Suppose [U2 , N(U2 )] ~ P'. The subgroup Ul 

n U3 n U4 contains 

an elementary abelian subgroup A of order 26 . Since P 

contains only two elementary abelian subgroup of order 26 ; 

they are weakly closed in P. Thus we have P < N(A)'. But 

PIA Z D h t d · t' Hence [U2 , N(U2 ) ] as ~ 2 x 8' we ave a con ra lC lone 

t P'. Similarly, [U3 , N(U3 ) ] /. P'. Since E < U2 
n U3 and 

E is weakly closed, we have that (N(U2 ), N(U 3) = N < N(E). 

Investigating the structure of the automorphism group of E , 

we have that N/O(N)E is isomorphic to GL(3, 2) and 

N(E) = O(N(E))N. Thus N(E)/O(N(E))E is isomorphic to GL(3, 2). 

Remark. For the ab ove group G, we have P ~ N (E) '. But 

without the assumption 02(G) = G , the conclusion P n G' = 

P n N(E)t does not hold in general. 

Example 5.13. Let P be a Sylow 2-subgroup of G and E 

a weakly closed extraspecial subgroup of P. Set N = N(E). 

Then the following hold 

(1) If lEI 
, , 

> 32, then EnG = E n N . If E is 

quaternion, then E n G2 G' = E n N2N' ; 

(2) If E is not dihedral and E is strongly closed, 

then P n Gt = P n Nt ; 

----... ------_ .. -- - _.- .~.--- ... -.----~----.-- .......... -~ ... -'" .-" - .... ~. , ..... :-- .... 
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(3) If lEI ~ 128 and lEg n pi < IEI/2 for every 

g E: G - N, then P n G I = P n Nt. 

Proof. The following properties about E are easily proved 

(a) 

(b) 

If E ~ D8 , then E 

If lEI> 32, then 

is weakly regular; 

q>* (E) = q>(E); 
00 

(c) If lEI> 128, then all subgroups of E of index 8 

are normal. 

NOw, (1) follows from (a), (b) and Theorem 4.6. (2) follows 

from (a) and Corollary 4.5.1(3) If S is a singular subgroup 

in P and lEI ~ 128, then IE: E n SI ~ 2 by (c) and Lemma 

3.10. Thus (3) follows from Theorem 4.7. 

Example 5.l4.(Chabot [3J). Let P be a Sylow 2-subgroup of 

G. Assume that the commtator group pI is cyclic and 02(G) 

= G Let Q be a Hall 2 1 -subgroup of N(P) and set C = 

Cp(Q), D = [P, QJ. Then D is weakly closed in P and 
, 

P ~ N (D) . Furthermore, one of the following holds 

(1) P ~ N (P) I and clep) < 2' - , 
(2) P = CD, [C, DJ = 1, cl(D) < - 2, C is generalized 

quaternion and IC n DI < 2' - , 
( 3) p = C x D , C is dihedral, semidihedral or wreathed. 



Proof. We need two results about groups whose Sylow 2-subgroups 

have cyclic commtator groups. We will omit the proofs, as 

they do't relate to the purpose of this paper. 

(*) Let P be a 2-group with cyclic commutator group 

and let Q be a 2'~group of automorphisms of P. Set 

C = Cp(Q) and D = [P, QJ. Then P = CD, [C, DJ = 1 

and D' < Z(p). 

(**) 

and 

Let X b~ a 2-constrained group such that O(X) = 1 

2 ' ° (X) = X. Assume that a Sylow 2-subgroup P 

has the cyclic commutator group and that X is not 

2-closed. Then X/02 (X) ~ S3 and P n 02(X) is 

quaternion or homocyclic of rank 2. 

Now, we begin the proof of the example. We shall argue 

by induction on the order of G Suppose D = [P, QJ is not 

weakly closed in P. Then b~ Alperin's theorem [lJ, there 

is a subgroup F of P containing D such that N(F) t N(D). 

Suppose F is maximal with this property. Then we have that 

2' N = ° (N(F» I N(D), N(F) is 2-constrained and F is a Sylow 

2-subgroup of 02'2(N(F». Set N = N/O(N). By (**), we have 

N/02 0n ~ S3' Thus [Q, IfJ ::. F, and so FQ <3 If. This 

implies that IT = [F, QJ <3 N , a contradiction. We proved 

(1) D is weakly close d in P .'-
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Let N = NeD) d b 1 t f P - N2N' an x. e an e emen 0 of 

minimal order. Then by Theorem 4.7, there is g ~ G - N such 

that P n pg is a singular subgroup in N with singular 

element x. Since P is the central product of C and D , 

it follows from Lemma 3.11 that P n pg contains D, contrary 

to (1). Hence we have that NeD) has no subgroup of index 2. 

Thus we may assume that 

(2) N(P) has a normal 2-complement. 

By Corollary 4.6.1, we have that nlezep)) ~ N(P)' n P = P'. 

Since p' is cyclic, we have that 

(3) Z(P) is cyclic. 

By (3), (*), (**) and Example 5.6, we see that if cl(P) ~ 2, 

then P is dihedral of order 8. Thus we: may assume that 

(4) cl(P) ~ 3. 

Let F be a subgroup of P such that N = 02 ' (N(F)) is 

2-constrained and has no normal 2-complement. Then N/02 '2(N) 

~ S3 by (**). Let R be a Hall 2'-subgroup of N. Suppose 

I[F, RJI > 16. Then [F, RJ is homocyclic of rank 2, F = 

CF(R) x [F, RJ and nl(p') ~ [F, RJ. The subgroup F. is a 

unique maximal abelian subgroup of Np(F), so F = [F, RJ ~ P 

and P is wreathed. In this case, the cesired conclusion holds. 
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Thus we may assume that I [F, R] I < 8 for. every F and R 

as the above. Then by Alperin's theorem Cor Theorem 4.9), 

P is generated by such [F, R], so we have 

(5) P/Z =Q1 CP/Z), where Z = Q1 CP'). In particular,. 

p' = <pCP). 

Let xl' • • • • , X m be the generators of P such that 
2 

E: QICP'). If possible, we take the element of order xk xk 
For each k, there is g E: G - NCP) such that S = P n pg is 

a singular subgroup in P with singular element xk . We will 

show that each inverts p' • Let A be the singular 

character of S with kernel K, x = xk P = P/Kp. Then 

(S'. A, x) is a singularity in P. Since x E: SP' < P and 

P' is cyclic, Lemma 3.5 yields that M = SpY is of index 2 

in P. Set ~ = TM(A). Then for u E: P - M , 1 ¥ TP(A)Cx) 
P . 

= TMC~)Cx) = ~C[X, u]). By_ Corollary 2.2.2, we have that 

1 ~ AC[X, u]IM:sl). Since Sp is elementary, Is n p' I = 2. 

Since I[x, IT] I ~ 21M: 81 = Ip' I, we have p' = ([x, u]) 

From x2 
E: Z CP), we conclude that x inverts P'. We proved 

that 

(6) Ip: Cp(P') I = 2 and any involution of P - <PCP) 

. inverts P'. 

2. 

By (6), we have Ql(Cp(P'» ~ <PCP) = p', so CpCP') is cyclic. 

Thus I P : pt I = 4, and hence P is dihedral, semidihedral 

or generalized quaternion. The proof is complete . 

.. --- - ._--_ ... _.- ""--' _ ... --- .---------.------.... --~-- .. - ... ,...... .. .- .. _-_. '~'-'----"- - •... ------_ .... _--- . ---'-" 
," .... ,,', 
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6. Concluding remarks. 

In his paper [1, Section 6J, Alperin expected further 

relations between fusion and transfer. This paper will give 

the answer to a part of his question. 

For H < G , we have 

theoretic transfer T~ does not yields the information about 

det(l~). Since the values of det l~ is ± 1, the consideration 

G 
of det IH is valuable in the study of 2-fusion. In fact, 

there are some results about transfer and fusion which can be 

never given by the ordinary or character-theoretic transfers. 

(See [15J), 

Some problems about transfer are still left. Let consider 

about Theorem 4.9. We wish to add further restrictions to 

the family ~ which controls the transfer. Can we add the 

condition that F is a singularity? When G is simple, 

can we say that INp(F):FI ~ 8? What can we say about the 

structure of F? For example, if M is a minimal normal 

subgroup of N covering V in (i), then M is abelian or 

there is K < N such that M/K is extraspecial of negative 

type or positive type according as N/022 ,(N) is isomorphic 

to' L2 (4) or not, 

It is possible to prove Theorem 4.2 by ordinary transfers 

or the method in [15J (without even them, if p = 2). But 



such proofs are nothing but the rewriting of the proof in 

this paper. 

Let consider the classification problem of simple groups 

with a given Sylow 2-subgroup. First, The consideration of 

transfer is not useful to characterize simple groups with 

weakly regular Sylow 2-subgroups (Theorem 4.2). But it is 

useful to characterize sporadic simple groups and simple 

groups of Lie type over a small fields of characteristic 2. 

The largeness of the order of a 2-group is not a big impediment 

to determine the singularities. For example, When G has 

a Sylow 2-subgroup of type CI , C2 , M(22); or Rd and 02(G) 

= G , it is not so difficult to prove that G has a 2-local 

subgroup N such that N/0 212 (N) is isomorphic to L
3
(2), 

Sp(6, 2), M22 , or L3(2), respectively. Finally, the 

consideration of transfer is important to characterize simple 

. groups of Lie type of odd characteristic. But for the 

Present, Theorem 4.9 is not so conven~ent. 
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