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1. Introduction

In the nrenious paper [15], we considered the determinants
- of.eharacters. The purpose of this paper is to study further
.about the determinants of induced characters and to apply

them to some transfer theenems; For groups H ilG s We

qefine the character theoretic transfer Tg . H ————} 8

by Tg(x)-= det (A% + lg) for-all A e H . Elementary
properties about indueed representaﬁione yield some properties
'of‘eharacter theoretic transfers. For example, Tg isla.
hOmomorphism of H to G and to ﬁell the truth, it is

~the dual of the ordinary transfer of. G/G' to ‘H/H'. The

Mackey decomposition theorem about the restrictions of induced

,representations 1s translated as follows :

Proposition 2.2. Let H , K < G and ‘A ¢H . Then
%0y, =TT KOE T )
k= e |k o HE'’
where g runs over a complete set of representatives of

(H, K)-double cosets of G .

‘This result shall be used most frequently in this paper.
Over and above these we state the COncept of A—stabilitties;q

Tate‘theorem, ete., in Section 2.
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In Section U; applying the character theoretic transfers,
we shall prove séme transfer theorems which are our purpose.
Section 3 is the preparations for Section 4 and we introduce
the concept of singularities. Sinée a- character theoretic
transfer 1s the dual of an ordinary transfer, we can rewrite
the proofs of known transfér theorems by the use of character
theoretic transfers. We give a typlcal example. Fbr what
type of p-groups P - does the condition

(1) PG =P aNJ(P) |
-for every finite group G with Sylow p-subgroup P holds ?
By Tate theorem (Proposition 2.5), the condition (1) is
‘equivalent to

(2) P n GPG' =P n NPN', where N = N4(P).

Suppose (1) is false and take element x of P n e’ - NpNﬁ
of minimal order. Then fhefe is a linear character A of N
of order p such that A(x) # 1. Clearly, TG(A)(X) = 1.
We shali apply Mackey decomposition to N\G/P. As A(x) # 1,
we have that

(3) there is g e G - N such that Tg(u)(x) 1,

- -1
where S = P n p& and u = 28 |S .

(By Lemma 2.6, this is equivalent to the fact that (1) does

ipu

not hold). Now, assume y = X ¢ S for an integer 1 and

an element u of P. Then it follows from the minimality

1

of the order of x that gyg = e P n NPN' < Ker A, and so



we have u(y) = 1. Hence we proved that if (1) does not

hold, then there is a proper subgroup S of P such that

(a) # 1s a linear character of S of order p,
(4) () TE(W(x) # 1, and

(c), whenever xPY ¢ S rfor some integer i and
ipu '

some element u of P, X € Kéfvu.

AsSume fifst that the p-group P is regular. Then
considering the dual of the‘proof by Wielandt, we have that
the regular p-group Pv has no proper subgroup S of P
safisfying the condition (l4). For the reason, we say that

the subgroup S. satisfying (4) is‘a‘singular subgroup in P.

_Now the contradiction yields Wielandt theorem : (1) holds

for regular Sylbw p—subgroﬁp P . Does the converse hold ?4

Ve wiéh to know about p-groups which have no proper singularities.
Very happily theré exists a far 1arger class of p?groups which

have no propér singular singular subgroups.-

Prdpdsition 3.7(1) A p-group P has no pfoper singular

subgroup if and only if P has no quotient group isomorphic

Z_ .
to sz b

"Hence we have

Theorem 4.2. If a Sylow p-subgroup P of the finite group G
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{
has no quotient group isomorphic to Zpl Zp , then P n g =
t
P n NG(P) .

This theorem is more useful than Wielandt theorem. For
example, it is conjeétured that almoéf all unipotent groups
of simple.groups of Lie type satisfy the hypothesis of the
theorem.

We can similarly generalize some other wellknown transfer
theorems, too. Fof example, observing the proof of the above
theorem, we know that even the assumption thatA P is a
Sylow groups is not necessary. (See Theorem 4.3 and 4.6).
When we try such generalizations, we need to introduce the
functor Q: on p-groups and the concept of subgroups of

Sylow type (Definition 3.1). Replacing the word "weakly

closed" to " Sylow type", Hall-Wielandt theorem holds again
(Theorem 4.3, 4.4, 4.5 and 4.6).

Finally, we consider the relation of transfers and fusion.
By the focal subgroup theorem,the complete description of
fusion determines the structure of the focal subgroup. Clearly,
the converse does not hold, but the knowledge about transfers
shall give some ilmportant informations about fusion. In his
paper [1], Alperin proved tﬁat local subgroups control the
global fusion. As a corollary, he had that if P is a Sylow

p-subgroup of a group G , then



(5) P og =([F, Ng(FP)1 | P<P).

- We shall try to add s?me coﬂditions to the subgroups F; that
is, we wish to find a family which controls transfers. If

A < P, then there is g ¢ G and B = AB < P such that _

‘ NP(B) is a Sylow p-subgroup of NG(B). Hence we have that
the collecfion of the pairs (F, NG(F)) such thét the
‘subgroup F of P contains a G-conjugate of NP(A) for
some A <P 1is a cdnjugation family. About families which
control transfers, the5comparable condition with this is the
fact that F contains a G-conjugate of a singular subgroup
in P (Theorem 4,85. Similarly as Goldschmidt [8], we can
~add further conditiohs to F (Theorem 4.9). As the search
for siﬁgular sﬁbgroups is easier than for conjugation families,
thése theorem is useful to determine the structure of some

. local subgroups in simple groups with given Sylow 2-subgroups.

Such examples are given in Section 5.

Our notation and terminqlogy are almost standard and

| follow that of [9].‘ The notation G and p denotes always
a finite_group and a prime, respectively. vFor a character Y
of a finite group G , the determinant of X is defined by

. (det X)(y) = det p(y), where p 1s a representation with ;
character X. Then det X i1s a linear character of .G . We

extend the definition of det to generalized characters, so
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det 1s a homomorphism of the additive group of.genefalized

characters to the multiplicative group of linear characters.

Some of the terms, which are not so standard and are used.

in this paper are

% () = T ()

xY

Xy
Anstable
¢" =@
y = By

p
¢'(p)
.: Gr.(p)

Sylow type

jos}
]

¢*(P) = o] (P)

o (P)

weakly regular p-group see Definition 3.3

det (0% + 6(1) 13) :

x| x e X,y €Y}
ﬂ{Xyler};

see Definition 2.2 ;

the set of linear characters of G H

A A

the restriction X ——Y for Y < X

.
3
A

a Sylow p-subgroup of G ;
cg'oP(a) ;

[l

.
see Definition 3.1 ;
=N{em | m<p, |p:M <p} ;

see Definition 3.2 ;

]

(weak) p-singularity see Definition 3.4 ;

Rg = R n H® ', see Probosition h,1 ;

4 _ =1 g .
‘Ag = A IR *A | » See Proposition 4.1.
' , o g g :

[A, B; n] = [[A, B; n-11, B], [A, B; 0] = A ;

Bender groups

L,(a), Sz(a), U3(q), q =2" > U
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Steinberg modulés absolutely irreducible GF(2)B-
modules of a Bender group B
. belonging‘to the block of defect 03
St(B) the semidirect product of the Steinberg module

by a Bender group. ]‘ -



2.“Character-theoretic transfers

In this sectlon, we shall study some basic properties of

_character—théoretic transfers.

. Definition 2.1. For H < G and 6 &€ch H , we set

TG(e) - Tg(e) det (6% - 6(1)13).

The mapping Tg : ch H—— G 1s called a character-theoretic

transfer,

If there is‘nb danger of confusion we shall denote the

restrictions of Tg to subgroﬁps of i by the same notation Tg .

Lemma 2.1. Let H <G and 6, 6;, 6, € ch H . Then the
following hold : | ‘

(1) 7%(0) = 78(det ).
‘ d d

(2) 1%, 82) = T9(8,)°2 T%(e2) !, where &, = €,(1).
In particular, TG|ﬁ is a homomorphism of fi to G . '

(3) If H <K < G, then TG(TK(G)) = TG(e).

o= - K'"H _ H

(4) If x €ch G , then TG(le) = (det x)lEH]

Proof. We prove (1l). We may assume that 8 1is a character

of H. Let p be a matrix representation of H with character

@ and degfee d. We extend the definition of p to all of G
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t
By setting p(y) equal to the d x d 0 matrix for all y 4in
G-H . Let X4 1 <1 <n, be a complete set of right‘cqset
representatives of H In G . Then the induced represenfation

pG : G —> GL(nd, C) is defined by the rule

Pl = Gy v ), yea.
Thus- pG(y)"is an n x n mafrix of blocks whose (i, j)—th'f

J

-entry is the d x d matrix p(xi y x-l). See [9, 4,47,
Let y € G . For each 1, there is a unique coset H X7
containing Xy V- If J # i,vthen p(xi y xgl) = 0., Thus it

follows that

(aet p%) (y) = (sen(y)? TT, det(p(x, v x33)),

where sgn = det 13 . Replacing p by det P, we have

-(det(det p)G)(y) sgn(y) TT; det((det p)('_Xi v xil))

sen(y) TT, (det p)(x; y x31)

)l—d

(sen(y) (det pq)(y).

Thus By the definition of TC , we have T0(8) = T0(det 6).
The remalnder of this lemma follow from (1) and the fact

)¢ =

that det(8; 6,) = (det 6,)9% (aet 0,)31, (6%)% = o€ | (X |

_ G
X lH"

In the remainder of this paper, we consider only the

restriction 'TS . H —> 3. This 1s a homomorphism.
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fPropoSition 2.2 (Mackey decomposition).

(1) Let H,K<G and A€ f . Let G=1], HgK bea

. decomposition of G +to (H, K)-double cosets., For each i,
) T 1 - ,

- B1 ong -2, = o1
§et ‘Ki K n H_ . and -Ai A |K; AThen

(2) Let H<G,xe¢G and A€f . Let G=J, Hg (x) be
‘a decomposition of G to (H, {x))-double cosets. Set r; =
| {x): <x> A H%1|, Then

TN =TT, Mgy X g,

'5Er00£, Mackey decomposition theorem (L4, (4b4,2)]) yields

G _ K .G _y 4K
S T T Sl PR

 _ Thus (1) fpllows from the definition.

Let X = (x). We.define K, and 1A; as in (1). Then

ry, = [K : K;|. Since K is cyclic, for each 1, K has a

character ui such that M1 Ky = 2 . Thus TK(Xi) - ui|K:Ki|

. PE : r: : "
= My 1 by Lemma 2,1(4). Since x i,& Ki , (2) follows from (1).

Corollary 2.2.1, Let H< G, x €G and A € ﬁ.. Assume
TG(A)(X) # 1, then (X)G‘q H ¢ Ker A, where (X)G = {y® |

y é(X>,,é € G}.

. Corollary 2,2.2.' Let H 4 G and A be a self-conjugate linear
character of H . Then for X €G ,

(2 (x) = a(xl®Hy,



. Corollary 2.2.3, A character~theoretic transfer is the dual

of an ordinary transfer.

The prgofs of thésé corollaries are easy. Proposition 2;2
shall be frequently used after this,. in view of Corollary 2.2.3,
this is comparable to [2, XII,,Prop. 9.1].

In order to translate results given by the use of character-
theoretic transfers to results'about‘groupé, we use some
properties of abelian'groups and the dual groups (particularly,
the duality theorem), In the remainder of this paper, we use
the following notation ., | |

Let X be any finite group and Y < X . Then R¥ (or
simply RY) denotes the restriction homomorphism X —— 7 .

For A<® ,weset A'={x e€X | A(x) =1 for all A € A}.
ﬁp denotes a unique Sylow p-sﬁbgroup of X . We Set X'(p) =

r
x'oP(x) ana X;(p) = xX'x¥%*" for r > 1. If there is no danger

of confusion, RX P and TX ¢ are agaln denoted by RX and
Y| X, Y|¥, : Y

X
TY"

Definition 2.2. Let K<H <G and A <H . Then K is called

A-stable provided Ry(A) < RY o TI(A).

Lemma 2.3, Let K <H <G and A <H , Then K is A-stable

L
if and only if K o T0(A)" < A*. 1In particular, 1f X 1is

r

A-stable and the exponent of A 1s p , then K p G;(p) < At
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Proof, The first statement follows from the duality theorem.

‘The second follows from the fact that TG i1s a homomorphism,

.Lemma 2.4, Let H be a subgroup of G  of index prime to p.
Then the following hold : ”

. . G o g6 . a . 74 - A |
(1) The composition TH o RH : Gp ‘,-Hp. ,va. is

an isomorphism and ﬁp = (Im RH) X (Ker*TG). Furthermore,

(H A G'(p))/H'(pj is ‘a direct factor of H/H'(p).

(2) Let K < H,r>1 and A< Qr(ﬁp). " Assume that

A <H ,Gl(p) and that whenever A € A and TO(A) = 1, then
l:H|
I

particular, K is A-stable and K n GL(p) = K 5 AT,

SAjg = 1. Then TG(A)IK = A for each A €¢.A . In

. G A A ) . G A. . o A
f. Set R = : G H d T=T] : H G .
Proof. (1) Se Ry ? —_ p an g ¢ H, —> G
By Lemma 2.1(4),‘T(pIH) =y G:H]| for p e Gp. Since |G : H|

is prime to p, T o R 1is an isomdrphiém. Thﬁs R 1is a

- monomorphism, T 1is an epimorphism and (Im R)'n (Ker T) = 1.
vSince Im R Q;GP ;'ﬁp/Ker T, we have that ﬁp = (Im R) x {Ker T).
'By the-duality.théorem‘of abelian groups, gim R)L/H'(p) =

(H A G'(p))/H'(p) 1s a direét factor of H/H'(p), as required.
(2) Let A e A . By (1), A = Mgty for some u € ép and

v € Ker T, Since A > R(Qr(ép)); we have M|y € A and so

vV € A n Ker T. By the assumption, vig = 1. Thus T(A)IK =

.A=g=H|'by Lemma 2.1 (4), Since |G : H| is prime to p, we

have Reor®(n) = Rg(A), so K is A-stable. By Lemma 2.3, we

'conclude that X ,\G;(p) =K A AL, as required.
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(

“Proposition 2,5 (Tate~Thompson [13]). Let H be a subgroup

of G of index prime to p and K < H (yG'(p). Assume that

H o G;(p) = H{(p)K . Then the following hold :

(1) HAG'(p) = H' (DK . o
(2) If K 4H and K < 0P(G), then H »0P(G) = oP(H)K

Proof. (1) Set A = (H/H'(p)X)". Since K < H p ¢'(p), we

have that A > Rg(’ép). By the assumption and Lemma 2.3, H is
| L -

Ql(A)-stable. Thus RH T (Ql(A)) = Ql(A), By Le@ma 2.4(1),

Q,(A) A Ker ¢ - 1, soo ‘A Ker o¢ = 1, By Lemma 2.4(1),

A= 1Inm Rg . '

(2) This 1is proved by the similar way as in [13]. Use

Thus (1) follows from the duality theorem.
- [16, Theorem 5] for [13, Lemma 2].

Corollary 2.5.1, Let K <P <H <G and P be a Sylow

p-subgroup of G . Assume that P G;(p) = (P 4 Hl(p))K .

Then the following hold
(1) If K <G', then P G' = (P o HDK .
(2) If K <O0P(G) and K 9P , then P p OP(G) =

(P A oP (1)K .

'Eémma‘Q}G. Suppose H 1s a subgroup of G of index prime to
G A Ay
p and RH(Qr(Gp)) <A< Qr(Hp). Then .H is A-stable if and

only if for each g € G and A € A ,

-1 . ‘
- (a8 K = AI'H'KI, where K = H o HE .



" Proof. For each g €& G , we define the mapping ¢g : ﬁ —_—>
g . . .
D y
-1

) pl————9~TH(ﬁg IK) for all ﬁ e H

| - p’
where K = H HE |, Let ¢ = Rg o T8 » then ¢ and ¢ are
| H g _

p

endomorphisms of i . 1t follows from Lemma 2.1 that for
all g¢G and pe A -

p °?
(1) (2 0 ¢,)(0) = (9, © &)(w) = @(u)IH=KI,

" where K =H 0N ué . We shall use additive notation on the

abelian group Hp . Then (1) is rewritten by

(2) ¢¢,=0¢,¢=[H:H AH® ¢ for all geaq .

Let G = Xi Hg;H be a decomposition of G to (H, H)-double
' 8 | o

cosets, Ky =HAaH ~, r, = |H : Ki] and n = |G : H|]. Set

A=3%-~n1I and 61 = ¢g1 -y I for egch‘ i. Since n =

21 ry, Mackey decomposiﬁion(Proposition 2.2) yields that
(3) a=17; 8 .
By (2), we have that

(3) yields that Ker A > /\ 1 Ker 6i . Conversely (4) yields
that n Gi(Ker A) = 0 for each 1. Since n is prime to‘ P,

Ker A < Ker.$ and hence

1
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(5) Ker A = (\i Ker Gi .

Since H 1s A-stable 1f and only if Alg.Ker A by Lemma 2.4,

the lemma follows from (5).

Remark. Our stability is an imitation of the concept of stability
in homology theory of groups ([2, XII.9]). In fact, if H < G
and A is a stable element of HY(H, C¥) = i , then by the

-1

g > = 3
definition, A lH N g8 AIH A g8 for each g e G , so H is

(A)-stable in our sense.

Lemma 2.7. Let H be a subgroup of G of index prime to p
and P a p-subgroup of H , Set L = (x—le(1 H]xepr).
Then the.following hold :

(1) PG <LH'.

(2) PG H € L(Ker TG) , Where PG = {x8 x € P, g € G}.
n® = H

Proof. Set A= (H/LH')". If X €A, x €P, ge G and r =

[{x) : ¢x)  HE|, then Agx?g_l € x'L, and so vA(gxrg_l) = A(x").
By Proposition 2.2(2), we have that TG(A)IP = A:ngl for

all A €A . Thus P is A- and (A Ker TO)-stable. The

lemma follows from Lemma 2.3.



3. PreparationsAfor Section 4.

'In this section, we introduce some terminology and notation,

fhat is, subsets of Sylow type, the functor @; on p—groups

and p-singularities.

Definition '3.1. Let H <G and S a subset of H . Assume

that if S& is contained in H for g e G , then S8 1is
conjugate to S via an element of H (that is, g e:NG(S)H).‘

Then S 1is called a subset of Sylow type in H (with respect

to G).

For examplé, if S 1is weakly closed in a Sylow subgroup
~of H, then S is of Sylow type in H . The proof of the

following lemma is easy.

Lemma 3.1. Let H < G and P a p-subgroup of H of Sylow

type in H ‘with respect to G . Then the following hold :

(1) Ifr H 4N <G, then N =N (P)H .
..(2) H ‘contains a Sylow p-subgroup of G -if and only if
H contains a Sylow p-subgroup of NG(P). |
(3) If Ng(P) < H , then all p—subgroué of G containing
P are contained in H ; .
() .Let X and Y Dbe P—invariaﬁt subsets of H which are
conjugate In G . Assume that H contains a Sylow p-subgroup

of NG(X). Then there is u € HNG(P) such that Y = X~ .



Definition 3.2, For any p-group P and 0 s r < «, we set

oL(®) = M) , ol(®) = N,

where M ranges over all subgroup of P of index at most p.

Furthermore, @i(P) is simply denoted by‘ Q*(P), that 1is

o*(p) = ) em.

Definition 3.3. We say that a p~-group P 1s weakly regular

if P has no epimorphism onto sz Zp .

Regular p-group are clearly weakly regular. Howéver the
weakly regularity is_far_general than regularity. For example,
‘extra-special 2-groups are Weakly regular except for D8 5
but they are not regular. .Somelother examples shall be fqund
in Section 5. One of the purpose of this paper is to prove
that Wielandt theorem ([11., IV.8.1]) holds élso for weakly

_regular Sylow p-subgroups. See Section 4,

" Lemma 3.2. Let P be a p-group and 0 < r < ». Then the

following hold :

(1) o*(P) 1is the intersection of all subgroups of P
of index at most p2. In particular, o* (P) > ¢(2(P)).
~(2) If Q@ <P, then o}(Q) < ol(P). |
.(3) lf N'q P, then @i(P/N) < Q;(P)N/N . if~furthermore

N 2 Q;(P), then @ 7(P/N) = @’;(P)/Nv .
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(4) ci1(p/2*(P)) < p.
(5) e(P) <z, (P mod o*(P)).
(6) [u(P), P] < o*(P). |
.(7)' The followihg conditions are equivalént :
(a) P 1s weakly regular.
(b) For each maximal subgroupA M. of P, El(P/@(M)) <p.
(e¢) cl(p/e*(P)) < p. | |
(8) When p = 2, the following are equivalent :
(a) P 1is weakly regular,

(b) All subgroups of P of index at most 4 are normal.

i

" Proof. ‘We prove only (7). The remainders can be easily bréved.
By the definition, (b) and (c) are equivalent. Since cl(Zpl Zp)
= p, (b) implies (a). Assume, by the way of contradiction,

that P has a maximal subgroup M with cl1(P/®(M)) = p. Then

M has a maximal subgroup L which does not contain Zp—l(P

mod $(M)). Let N be a maximal normal subgroup of P contained
in L. Set P=P/N . Since N > ¢(M), M is an elementary

abelian maximai subgroup of P. It follows from the choice
of L that c¢1(F) >p and |F| < p™l. Thus PN 1is
iSomorphic to ZPI Zp , that is, P 1s not weakly regular.

Hence (a) implies (b). The proof‘of (7) 1is complete.

In the remainder of this paper, we shall use the following

notatibn : For subsets X and Y of a group, we set



gy

x¥

¥ | x €X, y €Y}, and

. y
. N .

X :
er . . _

Don't mistake the meaning for notation in other papers.
'Finally we introduce another concept which shall play én
Important pért in the next section.

~N

Definition 3.4, Let H Dbe a finite gfoup5 S<H, A € 3

. _ p
and x €& H . We say that (5, A, x) 1is a weak p-singularity

in H provided

(a)‘ x 1s é p4element;
) T)(x) # 1, and
(@) &P s cker A

'pd, d 1s called the depth of the weak singularity.

When |A]

When |A]| = p, we say that (S, A, x) is a (p—)sihgularity.»

The subgroup S, the character A and the element x are

.called a (weak) singular subgroup (or simply a (weak) singularity),

a singular character and a singular element, respectively.

For example, 1t follows from Lemma 2.1(4) that abelian
P=groups have no proper weak singular subgroup.
We shall study groups with (weak) singularities in the

remainder of this sectlon,



Lemma 3.3. Let H be a finite group and (S, A, x) a weak |

p-singularity in H of depth d. Then the following hold :

-1

(1) If a,bé€H, then (s?, 2% , xP)

1s'also a weak
p—singularity. | |

(2) S - Ker A contains a conjugate of x.

(3) If S<R<H, then (R, TR(A), x) 1s a weak
.p—singularity in H of depth at most d. |

(4) If S <L <'H , then there is a conjugate y of x
such that (8, A, y) .1s a weak p-singularity in L of depth d.

'(5) If N4H and N < Ker A, then (S/N, A', xN) is
a weak p-singularity in H of depth d, where ‘A' is the
linear character of S/N induced by A '

(6) If x el <H, then there is a conjugate R of S
suéh that L A R 1is a weak p-singularity in L  of depth at
most d with singﬁlar element x. Furthermore, if H = L S,
then (S A L s Mg o L2 x) 1s a weak singular;ty in L .

(7)) If P 1s a Sylow p-subgroup of S , then (P’vAIP’ x)

" 1s also a weak p-singularity in H of depth d.

“Proof. (1) Clear.

(2) This follows from Corollary 2;2.1.

(3) Set w=T0), I1f y e &PHE AR, then y% 4 s
:‘é Cﬂﬁ}{d S € Ker A. Thus Corollary 2.2.1'yields that p(y) =
TR(A)(y) = 1, and so (xp)H n R € Ker p, whence (R, u, x) is

" a weak singularity in H ,
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(4) Set v = TM(A). Since TH(A)(x) = TH(v)(x) # 1,
Corollary 2.2.1 yields that there is a conjugate y of x
with v(y) # 1. Since (xp)H n S & Ker A, (yp)L NS C Ker .
Thus (S, A, y) is a weak singularity in L .

(5) Clear. . |

(6) Since (TH(A)lL)(x) # 1, Proposition 2.2(1) yields

that there is an element h € H with T'(u)(x) # 1, where

n~1 -1

| -1
W= A g o and R=8" since P T s A2 ¢

Ker A, (zp>L,q R AL g Ker u. Thus (R AL , u, x) 1s a weak
sihgularity in L. If H=3S1L > then we may take h = 1,

and so R=S‘,u='AlSnL. Thus (S(\L,AISnL,x)

is a weak singularity in L .

(7) By Lemma 2.1(3) and (1), T'(h|p) = T (App)) =

TH(A)IS:PI. Since [|S : P| 1is relatively prime to p, we

" have that TH(AIP)(x) #1 and (PYH P ¢ Ker A Thus

|P
(p, AIP » X) 1s a weak singularity in H

" Lemma 3.4. Let H be a transitive permutation group with a
stabilizer S and let C be a cyclic group of order pd.
Construct the wreath product H = Cz H with base subgroup  V

IH:S1y | mhen VS is a weak p-singularity in H of depth

=

d with singular element contained in V .
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Proof. Let Vg l1<1i<n, be the generators of V permuted
by H and assume that S fixes A Set 8 =V3S and

K = (vl, e, V1Y S , so that S = K x {v,y- Let A be

a linear character of S with kernel X . Then |[A]| = pd

and A(vn) is a primitive pd-th root of unity. For any =x €
(vn) b
H _ H
A(x) =n -1+ Mx), Ig(x) =n.

Thus

H  .H o
()‘ - ls)l<vn> "" (>\ 1S)l<vn> 5

and so

IITH(A)I(Vn> =.-AI<Vn> .

Let x be an element of (v ) of order p. Then TH(A)(x) =

A(x) # 1. Thus (S, A, x) 1is a weak p-singularity in H

.Lemma 3.5. Leﬁ P be a p-group and let (S, A, x) be a
p-singularity in P. Set V = SP and K = Ker A. Assume
'that x € V. Then P/Ksz'sz (P/V), where the wreath product
is constructed by the faithful permutation representation of

P/V on the set P/S and the base subgroup is V/KP . In

particular, m(V/Kp) = |P : S| and V = (XP) Kp -

Proof. We may assume that X, = 1. Set P¥* = sz (P/V) and

let V* be the base subgroup_of P¥. Then the induced

representation AP yields a monomorphism 6f P to P*. We

can regard P < P¥. Then P* = V*P and V < V¥. We need to

*

show that V = V°. Since P/V acts transitively on a subset



~of v* generating V*, [V*,.P] is of index p in V¥. Since
T (A) (x) = TP*(X')(X) # 1, where A' is a linear character

of V*S which extends A, we have that x & [(v¥, P]. Since

V 4 P*, we have that V* = (xP> < V, as required. (The
necessary facts about wreath products are found in [11, I.15-

and V.18).

Lemma 3.6. Let P be a p-group, A a maximal subgroup of P,
A€A,K=Ker A and ué€ P - A . Then the following hold

(1) TP(A)lA = Au, where U= 1+ u+ s+ + up-l, and

() (W) = A(P). If x € 0 (A mod K;), then T (A)(x) =
A([x, u; p-11). | |
(2) (9 2, 4

(3) (A, A, x) 1is a weak singularity in P of depth 4

) (P mod K;) < Ker TP(A).

for an element x of P 1if and only if Ql(A/KP) £ Zp_l(P/KP).
(4) (A, X, x) 1is a singularity in P for an element x

of P if and only if P/K, sz Zp

1 _
P u P p _
Proof. (1) Since A-IA =7y 2 and lAlA =pl, , T (A)IA
4 =
TTi A=t By Proposition 2.2(2), TP(A)(u) = a(P). If
. B o
x € 2 (A mod K,), then T (M) (x) = A(x%) = N (WP

AMIx, u; p-11).

(2) This follows from.(l).

(3) We may assume that Kp = 1. If (A, A, x) 1is a weak
singularity in P, then <P e 7(p) N Ker A = 1. By (1),



3=9

[x, u; p-1] # 1, so x € Ql(A) - Z (P). Conversely, if

p-1
x €9(8) - Z_,(P), then TE(A)(x) # 1 by (1). Thus
(A, X, x) 1s a weak singularity.

(4) If |A| = p, then A/Kf is elementary. Thus (4)

follows from (3), Lemma 3.4 and 3.5.

- Proposition 3.7. Let P be a p-group. Then the following hold :

(1) P has no proper singularitj if and only if P 1is
weakly regular. |

(é) If cl(p/o* (P)) < p, then P has no proper weak
singularlty of depth at most d.

(3) If Q<P and A € Qr(é), then (Q )(P mod &%(P))

1 p 1
< Ker TP(A).
Proof. (1) If P is not weakly regular, then P hés a
quotient group isomorphid to sz Zp s SO P'>has a proper
singularity by Lemma 3.4. Conversely if P has a proper
singularity, then by Lemma 3.3(3), P has a singularity of
" Index p. Thus P 1s not weakly regular by Lemma 3.6(L4).
(2) This follows from Lemma 3.3(3) and 3.6(3).
(3) Let M be a maximal subgroup of P containing Q
and let u = T(A), then |u| < |[A] < p¥. Since % (P) <
(Ker u)P s it follows from Lémma 3.6(2) that

(Q (P mod é;(P)) < (9) 2, 1) (P mod (Ker u)p)

1 p 1)
P
Ker T (u)

A

< Ker TP (2).
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. Lemma 3.8. Let P be a p-group and (S, A, x) a weak

singularity in P of depth d. Then the following hold :

(1) Np(Ker A) =S |
(2) Let Q < P and assume that [x, y;‘p—lj € QZ(Q)
for all y € Q . Then (Qi, x) is céntained in a conjugate
of S N | | o |
(3) Let Q be a subgroup of P normalized by x. Assume
that ¢1(Q/83(Q)) < p-2. Then ‘Q¢x) 1is contalned in a
conjugaté of S | 'A
| (L) NP((X)) is contained in a conjugate of S
'(5) If p 1is odd, then |P| < |S|2 . |
(6) If N AP and N AS < Ker A, then N is contained

in (Ker‘A)P .

Proof. (1) Suppose false. By Lemma 3.3(4),'we may assume that
Ker A 4 P and |P : S| = p. But then Lemma 3.6(3) implies
a contradiction. |

(2) Suppose false. By Lemma 3.3(6), we may assume that

d

= (Q ; x>. et M be a maximal subgroup of P contalining
and let p = TWA). By Lemma 3.6(1), TE(A)(x) = TF(u)(x)

4]

u([x; y; p-11) # l; where y &€ Q- M. But [x, y; p-1] .

Qg(Q) < (MnQ)ylp) < Ker 4, a contradiction. |
(3) Since [x, y; p-1] €[Q , y; p-1] < QZ(Q) fér every

'y €Q, (3) follows from (2).

(4) By Lemma 3.3(6), we may assume that P = NP(<k))

and (Ker A)p, = 1. Then x 1s of order p, so x €Z(P).
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By (2), S = P.

(5) We shall first show that _AP is irreducible. We

argue by induction on |P : SI. Let M be a maximal subgroup
of P containing S . Since S 1s a weak singularity in M
M

with singular character A, A is irreducible by induction. .

If AP is not irreducible, then AP = p AM . Since p # 2,

TP(A)IM = get(AF, ) = get(p M) = (aet AMP = ™MA)P. Thus

2
P S p p\M
T (M) (x) = T (XN)(x7). But since (x) 5 S € Ker A, we have
that TM(A)(xp) = 1 by Corollary 2.2.1. This is a contradiction.
Hence AP is irreducible. By [9, Lemma 4.6.3],‘AP(1)2 =
P : S|2 divides |P : Z(P)|, proving (5).
(6) We may assume that (Ker A)P = 1. If N # 1, then

1# Z2(P) AN <3S AN < Ker A, a contradiction.
We shall add some results about singularities.

Lemma 3.9. Let (S , A, x) be a singularity in a p-group P

with K = Ker X and |P : S| =p". Set P =P/K, . Then

the following hold

(1) S=Xx2(F) anda |2(F)] = p.
(2) If S <Q <P, then Q is not weakly regular.

(3) If S <R <9Q <P, then m(R/2(R)) > |Q : R|.

(4) Let P = P0 > P1 > eee > Pn = S be a series of

subgroups such that |P =p for 0 <1 <n. Then

1 % Pygal

for 0 <1 < n. Let ag € Py - Py and

P .
1
Ker T 1(1) £ Py q
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o | - o |
a, €EKer T T(1) - P for 0 < i < n. Define inductively

1 i+l

elements Xy s 0 <1 <n, by the rule ,XO = x and Xi41 =

[x,, ai;bp—l]. Then T?(A)(x) = alx,)) # 1.

(5) T 2,0 1) cL(®) > n(p-1); [3] < 5%, exp(®) <
P, B < 2(B), e®) =s™hE - 1 .

(6) If Kp = 1 and N is a cyclic normal subgroup of

P, then x° ¢ CP(N) and .<x)N/(x2) 'is dihadral or semidihedral.

- Proof. (1) follows frdm Lemma 3.8(4). (2) follows from
" Lemma 3.3(4) and Proposition 3.7(1). (3) follows from Lemma

3.3(3), 3.3(4) and 3.5.

P '
We shall prove (4). Set A, =T i(k). Then P is

i i+l
a singularity in Pi with singular character xi+l by Lemma

b |
3.3. Since T 1(a = A,, Lemma 3.6 yields that Ker Ay £

A1) = A

P We shall argue the second statement by induction on n.

i+l°
We may assume that n > 1. Set Q=P , and u = TQ(A).
By Lemma 3.3(3), (Q, u, x) 1is also a singularity in P . Thus

by induction, we have that
P _ mP,.. - ‘
T (M (x) = T (W(x) = ulx _q)-

Lemma 3.6(1) implies that

v : D ,
o = {200 1 %, &5
n-1

AMIx 95 a5 93 p-lJ) if x4 éAS .

: ~
Thus we may assume that X1 é S . By Lemma 3.6, Q/KQ ~ Zp}_Zp,

x P P ‘
n1 €Ky and a P €Ky . It follows easily that
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P - . b=
X1 = Ix_qs a 15 p-1] mod K

Q L]
Hence TP(A)(X) = u(xn_l) = A(xn), as required.

P can be regarded as a subgroup of a Sylow p-subgroup
of the symmetric group of degree pn+1.' So €5) follows from
(1) and some properties of Sylow p-subgroups of symmetric
groups. See [11. Section III.15]. ‘

We shall finally prove (6). We may assume that P = {xPN
Let y be a generator of N and gz = y|y|/2. Then Z(P) =
{z). By the structure of the automorphism groupsvof cyclic
_groups, we haye that if x2 does not centralize N , then
%% 1is conjugate to x°z. Since z & Ker A, the definition

of the singularities derives a contradiction. Hence x2 =1

and P 1s dihedral or semidihedral..

Lemma 3.10. Let P be a 2-group and (S, A, x) a singularity

in P . Let N be a subgroup of P normalized by x. Assume
that exp(N/N') < 2n, n > 2, and that all subgroups of P of
n+l contain N'. Then there is a conjugate

T of S such that |N : N, T| < 2R,

Proof. Let K = Ker A. By Lemma 3.3, we may assume that

A
N

Kp =1, P = N{x) and [P : S| = 2", Since |N : Nj K|

the hypothesis of the lemma implies that N' < N,\ K4aP

]
=
45}

v

and so we have that N' = N K = 1. By Lemma 3.9(1), N 4 S =

n+l _
. Let P = P0 > P1 >

e > P =8 be a series of subgroups with IPi : Pi+ll =2,

Z(P) and |N A S| = 2. Thus |N| =2
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: P
Since N 1is abelian, we have that Ker T i(A),\ N <P for

i+l
i > 1. Let Ny = N§[ P, and let ve N be an extension of

'AIN A S ( #1). Then [N, : N;,7l = 2. By Lemma 2.1(4) and
Proposition 2.2,

P N } on-1
1 = i =

-1

Since [Ny : Np S| =2"" -and K 4 N = 1, this implies that

i,:

Nl is cyclic of order 2"

AV = =
and Ker f\Nl l. Let M Pl'
Since exp(N) < 2n, Ker v # 1. Let 1 # a € Ker v, then a &
N - M. By Lemma 2.1(3) and 3.6(1), we have

: ' n-1
TG = MO0 (Lx, &) = v(lx, ab? .

_ n-1 , '
-Since a e,ﬂl(N) 4P and n > 2, [x, a]2 = 1. This is

a contradiction. The lemma is proved.

Lemma 3.11. Let P - be a p-group and (8, A, x) a singularity

In P . Assume that P is the central product of two subgroups

Pl and P2 . Assume x = X1%5 where x, € P for 1 =1, 2.

i i
Then for some 1, (S, A, xi) is a singularity in P. 1In

particular, for such 1, (S 5 ?i’-A|S APy xi) is a

singularity in P, and S > P, , where J # 1.

1 J

Proof. Since TE(A)(x) = ™ (1) (x)-TF(A) (x) # 1, we have that

TP(A)(xi) #1 for i =20 or 1. We need to show that (xip)P

N S C Ker A. By Lemma 3.8(l), we may assume that C(x) <SS .

Then xl kpu

€ S . Since [Pl, P2] = 1{ Xy

s X5 € S. Take k >1 and u € Pi such that 9

kP o x KPU e ker A for j # i.

J
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kp

Since x = x and xPY ¢ Ker A, we have that xikpu‘e»Ker A.

1%
Hence <Xip>P n S € Ker A, and so (S, 2, Xi) is a singularity
in P . Since PJ 4 P and PJ < C(x;), Lemma 3.8(4) yields

that P, < S . Thus S = (S A Pi)Pj and P =P, S . By Lemma

i
s xi) is a singularity

J

3.3(6), we have that (S n P Alsr\Pi
1 _
n Pi.



4. Applications to transfer theorems

In this section, we prove.some transfer theorems by the
applications of character-theoretic transfers. In Section 2,
we saw that a character-theoretic transfer is the dual of an
ordinary transfer. Thus using character-theoretic transfers
instead of ordinary transfers, we can rewrite the proofs of
Some transfer theorems ([9, 9.4], etc.) and Wielandt method
suggésts generalizations of these transfer theorems. We list
some well-known theorems which shall be generalized in the

later.

Let P be a Sylow p-subgroup of G .

(1) If P is Z,) 2, free, then P, G =P N(P)'.
(Wielandt, see [11, IV.8]). A generalization shall be found

in Theorem 4.2 in this paper.

(2) PAG =4P AN(P)', PAQ | Q éSylp(G)). (Grin's

. filrst theorem, see [9, Theorem 7.4.2). See Theorem 4.3.

(3) If Q is a weakly closed subgroup of P and
[x, y; p-1]1 =1 for all x € P and y€ Q , then P g =
P o N(Q)'.(Hall-Wielandt, see [10, Theorem 14.4.2]). See

Theorem 4.4,

(4) Ir A 1is a strongly closed abelian subgroup of P,
then P A G' =P n N(A)'. (Glauberman [7, Theorem 6.1]). See

Theorem 4.5,



(5} If W 1s a weakly closed subgroup of P, then

,Ql(CP(w)‘W G') < N(wW) . (Zappa ?). See Theorem 4.6,

(6) P,\G' =(x_ly | x, y € P, x~y in G). (Focal
subgroup theorem, see [9, Theorem 7.3.4 ]). See Theorem 4.7 and

Lemma 2.7.

(7) If % is a weak conjugation family for P (see [1],

[81), then P ya' =<P', [H, T] | (H, T) e % ). (Alperin [1]).
See Theorem 4.8 and 4.9. '

The follbwing proposition shall be use in the proofs of all

theorems in this section except Theorem 4.6.

A

Proposition 4.1. Let R <H < G, A € H

p and k be a p-element

of R . Assume the following :

(a) <%, ® <€ Ker A, and |
(b) For each g e G , (Rg, Aé, x) 1s not a weak p-

singularity in R, where
/ -1 .Ag—l
R_ R
R, IR,

R, =R HE and_)\éél .

g
Then

2P0 (x) = acx) [EH]

Proof. Suppose false. Let G = Xi HgiR be a decompoéition

| 1
of G to (H, R)-double cosets. Set R, = Rgi and -Ai = Agi

R:Ril

Since TR(AlR ) = A R
' i

and J, |R:Ry| = |G:H|, Mackey



decomposition yields that
1 128Gy ) = Ty ffo) .

Thus there is g € G such that TR(Aé)(x) #1l. Let y &

| ,<xp>Rn Ry- By (a), we have A(y) = A(gyg"l)

' 1
=1, so y € Ker Ag.
Hence <xp>R11 Bg C Ker Aé . This means that (Rg,_lé, x) is

a weak p-singularity in R , contrary to (b).

Corollary 4.1.1. Let P, R<H <G, (|G:H|, p) =1, P be a

P-group and A < ﬁp . Let Xx Dbe an element of P n TG(A)* - AL

of minimal order. Assume that x € R and that

<P>0 0w ety

Then there is g € G and XA € A such that (Rg,‘Aé, x) 1is
a weak p-singularity in R , where
-1

R =RaH® ana A" = -1'-Ag|R

A
MR
g g I'g
Proof. There is A € A such that A(x) # 1. By Proposition

4,1, it will suffice to show that

<xp>G n H C Ker A.

Let y €& <xp>G(\ pHl , then |y|:< [x] and y e pHt

G 1
n T (A) .
L
Thus the minimality of the order of x implies that y e A <

Ker A, as required.
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The following theorem is another refinement of Thompson's
" fusion lemma than [15]. This 1s an easy corollary of Proposition

4,1, but we shall prove at the begining.

Theorem 4.1. Let P be a Sylow 2-subgroup of G and M a

maximal subgroup of P ., Let x ' be an element of "P n ¢' - M
of minimal order, Then there is an element g of G such
that x ¢ ME and P n P& is a singular subgroup in P with

singular element x.

Proof, Let A be a linear character of P with kernel M .
For each g ¢ G , we set
-1

- 18
A _A .
8 ’ IPﬂPg

Assume that for some g e G - N(P), TP(Ag)(x) # 1. By the

choise of x, we have that =>>F o p8 <P M= Ke‘r_xg .

Thus (P n Pg,'x , X) 1s a singularity in P . Set s =P n P8

g .
and K =P p Mg.= Ker}\g . Let R ‘be a subgroup of P such

. that |R : S| = 2, ByiLemma 3.3(4), we may assume that

(S;'Ag, x) 1is a singularity in R . Then R/KR fod D8‘, so

we méy assume that x e K , In this case the theorem holds .
Since TG(A)(X) = i, by Mackey decomposition we may assume that
1= T?CP)(A)(X). As |N(P):P| 1is primebto p, there is ‘g

1)

e N(P) such that A(gxg ™) = 1, and so x e M®, Thus the

theorem holds again,
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We shall first generalize Wielandt theorem.

Theorem 4.2. If G has a weakly regular Sylow p-subgroup P

(that is, P has no epimorphism onto Zpl}Zp), then P A ' =
.

P n NG(P) .

~ Proof. Suppose false. Set H = N(P) and A = (ﬁ/HpH')". By
Proposition 2.5, P 1s not A-stable. Let x be an element of
P A TG(Af' -~ A" of minimal order. Applying Corollary 4.1.1
to R = P, we have tﬂat,there is g in G such‘that (Pg,
_ké, x) 1is a singularity in P. By Proposition 3.7,.P has

no proper singularity, and so g € H . Since H' < Ker?l, we

have vxé = 1. This is a contradiction.
The following result 1s avgeneralizatidn of Grun's first
theorem. 'To apply to Theorem 4.5, the expression is somewhat

unsystematic.

Theorem 4.3. Let H be a subgroup of G of index prime to p

and P a p-subgroup of Sylow type in H with respect to G .
Iet Pp be the p-th term of the lower central series of P

and set

K

(@ - 05N A H) [P, (BT HL(),
L = ((xp)GnH - P x € P nG;(p) - K).

Then P o Gl(p) < KL < {a(R)%n H) [P, N(B)] HL(p).




h-g
Proof. Set A= (H/KL)". Tt will suffice to show that P is
A-stable. Suppose false and let x be an element of P ‘I‘G(A').L
-~ AY of minimal order. Then

P ame suept

Applying Corollary 4.1.1 to R =P, we have that (Pg> Aé, x)

is a weak singularity in P for some g &€ G and X € A . Since

| A

' ' ¥ . , g
?gf\ (Pp - ¢ (P)) ?g n Ker A A (Ker 1)

' 1
< Ker_?\g s
we have that Pg = P by Lemma 3.8(6) and Proposition 3.7(2),

and so P < #®. Since P is of Sylow type in H , g g H N(P).

But then Aé = 1, a contradiction.

Corollary 4.3.1. Let H, P, K and L be subgroups as in the

theorem. Then the following hold :

(1) 1Irf cl(P/¢§(P)) < p, then P g G;(p) < [P, N(P)]LH;(b).

(2) 1f PPAH =P, then P, GL(p) <K . |
(3) 1 PP H = PT and’ cl(B/8}(P)) < p, then. P q Gp(p)
= [P, N(P)I(P o H_(p)).

(4) If y e P, then y°n PKL c yKL .
G

L

o

5) 1r P H =P, then y%, HcyK for each y & P

Corollary 4.3.2. If P is a Sylow p-subgroup of G, then

Pac = p, N(®)1 L&, - o* ()% A PY .



These corollaries follow directly from Theorem 4.3 and

Proposition 2.5.

The following is a generalization of Hall-Wielandt theorem.

Theorem 4.4. Let P « Sylp(G) and Q 4 P <H <G . Assume

that Q 1s of Sylow type in H and that [x, y; p-1] € Q*(Q)

for all X e P, y e Q. Then P n G = (P n H')(P n N(Q").

Proof. Let N = N(Q) and A = (H/HPH'(P a N')) . Let x be

an element of P n TG(A)l - AY  of minimal order. Applying

Corollary 4.1.1 to R = Q, X , we have that there is g ¢ G

g
By Lemma 3.8(2), we have Rg = R . 8Since Q 1is of Sylow type

and A € A such that (Rg , A, x) 1is a singularity in R .

in H , the element g 1is in HN . We may éssume that g € N .

N P, then

' Take an element h of H n N such that hgxg

vlé(x) = 1, a contradiction. Hence P n GP@' < A* = HPH'(P n N'"),

1l

A(x"lhgxg— h™ But x “hgxg h™" ¢ P n N', and so

. The theorem follows from Proposition 2.5.

o

The following theorem is a generalization of Glauberman

theorem.

Theorem 4.5, Let P e Sylp(G) and Q 4 P <H <G . Assume

that Q 1s of Sylow type in H with respect to G . Set K =

%P | yeq). Then P =KPaHDIE 0 NQ.
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Proof. Set N = N(Q) and A = (H/HpHYK(P anN')”. Suppose
P n GG £ ', By Lemma 2.4, there 1s A ¢ A such that TO(A)
=1 and X #1. By Lemma 2.7, we have Q% o H < qku' <

(Ker TOK < Ker A. Set' R = Q(x). By Corollary 4.1.1, there is
' .

A
> g

g € G such that '(Rg ,lx) 1s a singﬁlarity in R

Since Rg nQ=qnHE® ¢ Rg n Ker A n (Ker 1)& < Kervkg , 1t
follows from Lemma 3.3(2) and Lemma 3.8(6) that Rg = R, and
SO g e HN . Since P n N' < Ker_X, we have Aé(x) = 1., This

1is a contradiction. Hénce‘bP n ¢Pg' < Al, so the theorem follows

from Proposition 2.5.

Corollary 4.5.1. Let P, Q and H be the same subgroups as in

the theorem. Then the following hold :

(1) Pana" = (aoE)E 0 NDDK® 0 B) ng'y.

(2) 1f Q% nH = Q¥ , then |

PaG = (PaH)EPaNQ") Loy - " @)% ap) .
(3) 1If QG n H = QH and Q 1s weakly regular, then

PnG =(PaH")PNQY.

Proof. These follow from Theorem 4.3 and 4.5,

The following theorem is a generalization of Zappa theorem.

The proof does not need Proposition 4.1.
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Theorem 4.6. Let H be a subgroup of G of index primé to p,
Q be a p-subgroup of Sylow type in H with respect to G ,

and P be a p-subgroup of NH(Q). Assume that P 1is generated
by P n H;(p)[P, N(Q)] and elements x's such that (xPY[x,

y; p~1] € 22(Q) for all y ¢ Q . Then P o Gl (p) < )

H (p)[P, N(Q)].

Proof. Set N =N(Q) and A = (H/H.(p)(H n [P, N1))". Suppose
P 1s not A-stable. Since A' < G;(p), there 1s X ¢ A such
that T%(A) = 1 ana Ap # 1 by Lemma 2.4. Thus there is

X ¢ P such that ;A(x) # 1 and (xp}[x, ¥y; p-11 € Q;(Q) for

all y «eQ . Set R=Q¢x). For ge G, we define R, and
t

g
2.1(4), there is g ¢ G such that TR(Aé)(x) # 1. By Proposition

A as in Proposition 4.1. By Mackey decomposition and Lemma

3.7(3), we have that Rg = R, so we may assume that g ¢ N

- Since [P, N] n H < Ker A, TR(Aé)(x) =‘Aé(x) ='A(x—;gxg-l) = 1.

This is a contradiction. Hence the theorem is proved.

-Corollary 4.6.1. Let H and Q be the same subgroups as in
the theorem. Let P be a Sylow p-subgroup of CH(Q). Then

2,(P) n G' < H'[QI(P), N(Q)].

-The following theorem is a further generalization of the
focal subgroup theorem. (Compare with Lemma 2.7). This theorem

shall suggests Theorem 4.8 and 4.9. .
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'V~Theorem'u.7. Let P ¢ Sylp(G) and P < H < G . Take elements

Xys **c 5 Xp of P such that

]
(a) H= HpH (Xl’ ] s Xm>’ and »
(b) X, is an element of P - H H,<X1’ cer Xk_1> °f,

minimal order for each k.

Let G, , 1 < k < m, be the subsets of G which consist of

g e G- H such that

(e) H n H® is a p-singularity in H with singular
element x , _
(d) P#P n P8¢ Syl (H n H?), and
(e) o' (N(Q)) £ C(Q/8(Q))H , where Q = P n P8,

-1
-1_ H
Finally, set P, = <xk xk-g nP|geG) 1<k<m Then

Png = Py *++ P (P n H')[P, N(P)].

Proof. Set A = (H/Pl--- Pm[P, N(P)]HpH'f\. It will suffice

to show that P 1s A-stable. Suppose false. Then by Lemma 2.4,
there 1s A ¢ A such that T3(A) = 1 and App # 1. Take x =
x, such that x;, ++- , Xp_q € Ker A and A(x) # 1. By (b),
(xp)G n H ¢ Ker A. By Proposition 4.1, there is g ¢ G such
that (H n HE, Aé » X) 1s a p-singularity in H . Choose g
such that |P o P®| 1s maximal. Set Q=P n P®. If a, b e H,
then (H o H2EP, !

agb
Lemma 3.3(1), and 5o Q ¢ Syl (H o H8). Set € = €(Q/2(Q))

» X) 1s also a singularity in H by

and suppose P® o N(Q) <HC . If Q =P, then g ¢ N(P). But
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then TP(xé)(x) ='Aé(x) ='A(x";gxg"l) = 1, a contradiction.
Thus Q < P, so Q < P® o N(Q) < HC . Thus there is ¢ ¢ C
such that Q < P8% q N(Q) <H , and so [H n chlp > |H a Hglp

Since P 1s a Sylow p-subgroup of H , it follows from the

maximality of Q that (H n ch,.léc ,» X) is not singularity

ge ' I :
in H . But since Q <H nH and 'Agle }gIQ s we have

a contradiction by Corollafy 2.2.2 and Lemma 3.3(3), (7).

Hence we have P® n N(Q) £ HC , so g e G, -
xH n Qg Ker_ké . On the other hand, if xh e @ for h e H,

then lé(xh) =_A(x—;gxhg_l), since g e G

By Lemma 3.3(2),

K T#ls is a

contradiction. The theorem is proved.

The following theorem is a generalization of Alperin's

theorem [1].

Theorem 4.8. Let P e Sylp(G), P<H<G and F be a weak

conjugation family for P . Take elements Xys *t° 5 X of
P such that

(a) H = HpH'(xl, cee, xm), and

(b) x, 1s an element of P - HpH'<xl, AL D of
minimal order for every k.
Let ‘}' be thé set of all (F, N) € % such that F contains
a G-conjugate of a singular subgroup _Q In H such that

(¢) For some g e G and k, Q = P n P® ¢ Sylp(H n HE)
and Op'(N(Q)) £ C(Q/2(Q))H . Furthermore, the singular

element of Q is Xk .
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_Then P a6 = (¢ HP, NPV (IR, N1 | (F, M) € FO).

Proof. Let P* be the right slide of the above statement.
Set A = (H/HpH'P*)A. Suppose the theorem is false. By
'Proposition 2.5, there is X e A such that TG(A) = 1 and

'A|P #F 1. Take x = Xy > Xpq

such that xl,.-°-
and A(x) # 1. Then &L @ n Hc Ker A. By Proposition U.1,

e Ker A

there is g ¢ G such that (H n Hg,.lé , X) 1s a singulérity

in H . We choose g such that |P n Pgl 1s maximal. Then
, -1
PnP®ecSyl (HoH®). Set Q=P aP° and R=0% . By

Lemma 3.3(8), (Q , AélQ , X) 1s also a singularity in H‘;’
Since [P, N(P)] < Ker A, we have Q # P . Suppose N(Q) n pE

< ©(Q/9(Q))H . Then there are c ¢ C(Q/2(Q)) and h € H

h

such that Q° < PB°P o N(Q)®® <P o PB". Since the

element ¢ centralizes Q/Ker_kélQ , we havé
-1

h c
:}éle , and so 'AélQ can pg extended to P n P8%. By
Corollary 2.2.2 and Lemma 3.3(3), we have a contradiction.

' -
that ASIQ .

Hence we have that N(Q) n Pg £ C(Q/2(Q))H, and so Op'(N(Q))
£ C(Q/%(Q))H . Now, we take (Fi, Ni) ¢ f and gy € Ni’ 1<

1< n,'such that

g aofg
RT <P ,1=1,,n,

1
RE = q , a8

IQ = IQ s Where _gf = 8°*°8,-

' . .
Then and Q <P n pE . By Lemma 2.1(L4), we

t ot
el ™ terle ™ ' ,
have Q € Sylp(H-n HE ), so Q=P n P& ., Since (H n H® ,

.Aé,_, x) 1s also a singularity iIn H , we may assume that
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g =g'. Since Q satisfies the condition (c), (F;, N,) e

%’ for every 1. We set, for 0 <1 <n,

=1
v - v _ .8
B1 T Bi41ttt Bps By S 1, A = AT g
. g gi
Since Q < F,°1 < p s A are well-defined. We have

Cy n -1 ‘
ele T JT s T A

Thus"TH(A;l_Ai_l)(x) # 1 for some 1. Since (xp)G nHc

Ker A, we have that- (Q 5-*1—1\11—1 » X) 1s a singularity
1l

in H . By Lemma 3.3(2), xH n Q £ Ker(a,~

e xH Q and =z =,giyg£—1

Ayq). Let

-1 ' _
Then (?1 Ao =

. t
, -1 =1 ‘ 84 8i-1 -1 -1
Az 84285 ). ‘Since Q 2F n‘Fi‘ » We have z g, zg,
‘ H : -1 '
¢ [Fy, Ny] <Ker A\. Thus x n Q¢ Ker(d; “A; ;). This

- is a contradiction. The theorem is proved.

Now, we shall prepare fdr Theorem 4.9, Let 1 # P ¢

Sylp(G). We say that G 1is p-isolated (or G has a

p-strongly embedded subgroup) provided
G#(NCA) | 1 #A<P).

If G 1is a 2-1solated simple group of 2-rank at least 2,
then G 1is isomorphic to L2(q), Sz(q), or U3(q), q = 2™

> 2 (Bender's theorem). These simple_groups are called

" Bender groups.
Let B be a Bender group. By Richen and Steinberg theorems

(L1231}, the fdllowing hold :




RANE

(a) B has a unique 2-block of defect 03
(b) If N is an irreducible GF(2®)B-module, then

.dim N < |B|2

Let M be an irreducible GF(2®)B-module belonging to the
unique 2-block of defect 0. Then there is a GF(2)B-module M
such that W = GF(2®) ® M . The module M isvcalied a

Steinberg module of B ., Then dim M = |B . Let S8St(B)
2 —_—

be the semidirect product of the Steinberg module M by the
Bender group B . '

The Steinberg module is constructed.as foliows. Let T
be a Sylow 2-subgroup of the Bender group B and q* = ITI.
It is wellknown that B has a doubly transitive permutation
representation on the set Q = {0, 1, *+++, q¥}. Let V be

a vector space over GF(2) with basis {v i e Q). Then B

1 |

acts on V by v,b =v for 1 € 2, b ¢ B, so we obtain

i ib
a GF(2)B-module of degree q*¥ + 1, Set M = [V, B] = <V0 + Vil
1 <1 <q¥). It 1s easy to prove that M is an absolutely
irreducible GF(2)B-module, so M is the Steinberg module of B.

The Steinberg modules of a Bender group are isomorphic.

In order to prove Theorem 4.9, we shall prepare two lemmas.
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Lemma 4.1. Let B be a Bender group with Sylow 2—subgroﬁp T
of order q*¥ and M an irreducible GF(2)B-module. Assume

" that [M, T; q*-1] # 0. Then the following hold :

(1) M 1s isomorphic to the Steinberg module of B ;

(2) The Sylow 2-subgroup M<T of the semidirect product
MB is isomorphic to Z,] T, where the wreath product 1s
constructed by the regular permutation of T.

(3) HY(B, M) = 0, H(B, M) = 0.

 Proof. As GF(?“3 ® M 1is complete reducible, (1) follows from
Richen and Steinberg theorems. (2) is clear by the above
construction of the Steinberg module. By (2), we see that
Hl(T, M) = 0 and H2(T, M) = 0. Hénce Gaschutz theorem ([10],

Section 15.8) yields (3). The lemma was proved.v

lemma 4.2. Let G be a 2-constrained group such that 0(G) = 1
' .
and O2 (G) = G . Let S be a Sylow 2-subgroup of G , F = 02(G)

and G = G/¢(F). Assume that m(S/F) > 1 and that
[F, ] # {[F, N(T)] | F<T <8).

Then G/F 1s 2-isolated and there are U, V < G such that

F=1Ux V‘, \ L 06(0221(6)) and

(6/U)/0(G/U) = 5t(G/0,,,(G)) .
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Proof. We may assume that F is elementary. Set H ={N(T) |
F<T<S). Then [F, H] # [F, G], so H < G . This means
that G/F 1s 2-isolated. As m(S/F) > 1, H contains 022,(G).
If Q 4is a Hall 2'-subgroup of 022,(G), then G = N(Q)F and
F=1[F, Q] x CF(Q), so we may assume that @ = 1. Then B = G/F
is isomorphic to a Bender group. If F 1involves a chief
G-factor isomorphic to the Steinberg module, then the lemma
follows from Lemma 4.1. We may assume that G 1s the semidirect
product F+B of B with kernel F. Let E be a minimal
normal subgroup of G contained in [F, G]. Since 2Z(G) n a'

< 8" ([71, Proposition 4.4), we see that if E = [E, H] or

E < 7Z(G), then G/E satisfies the hypothesis of the lemma, so
the lemma-holds by the induction argument. Thus we may assume
that [E, H] < E and further that E = F. Then F 1is an
irreducible B-module and F n G = F £ H'. Since B is a
TI-group, it follows from Corollary 4.1.1 that F 1is a singular
subgroup in S . By Lemma 3.5, we have that dim F > |S/F|, and

so F 1s isomorphic to the Steinberg module, as required.

In the followling theorem, we find an especial family which
controls the transfer. A part of the conclusion (a) — (f) are
satisfied by Goldschmidt's families [8], too, and the rest gives
the subset of his family which controls transfers. The proof
was suggested by the idea of Masahiko Miyamoto which simplified

the ordinary proof.
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Theorem 4.9. Let P ¢ Sylp(G) and P < H < G . Take elements

N JO I | - p 1

Xy, *** , X in P - H'H' such that H = H'H (xl, e+, x_) and
i i — p ! e o0

X, is of minimal order in P - HYH <X1’ Xk—l) for every k.

Let “f be the set of paires (F, N), where F < P and

F < N < N(F), satisfying the following conditions

(a) NP(F) is a Sylow p-subgroup of N(F);

(b) N(F)/F is p-isolated;

(¢) F 1is a Sylow p-subgroup of Op,p(N(F));

(a) For any x ¢ Ny(F) - F, N = {x", N,(F)) ;

() If F, aF <F,N=N(F/F)F and CNP(F)(Fl/FZ) £ F,
then N = C (F;/F,)N,(F);

(f) N(F) 4is p-constrained;

(g) F contains a conjugate of a singular subgroup Q in H
with singular element x, for some k. Furthermore, P # Q
=P n P8 ¢ Sylp(H n H®) for some g ¢ G and Op'(N(Q)) £
C(Q/2(@)H 5 |

(h) NP(F) has a normal subgroup K such that ®(F) <K <F
_and NP(F)/K ;;Zp ?(N?(FW/F), where the wreath product is
constructed by the regular permutation of NP(F)/F and the
base subgroup is F/K . In particular, m(F/K) > INP(F):FI.
pp,(N(F))] <K ;
(1) If p =2 and m(NP(F)/F) > 1, then there are U, V 4

Furthermore, if m(NP(F)/F) > 1, then [F, O

—

N = N/¢(F) such that F=1UxV, [V, 0,,,(M)] =1 and

(N/Uu)/0(N/uU) is isomorphic to St(N/0,,,(N)).
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Define the equivalence relation ~ on f; by (F N

1° 1)
(F2, N2) if and only if Fl and F2 are conjugate in G .
Let GFO be the complete set of representatives of equivalence

classes of ﬁﬁ . Then

PaG = (paH)[P, NB)] {[F, N] | (F, N) e Fo)-

Proof. Let P*¥ be the right side of the statement. Suppose

PanG <P Take a subgroup F of P such that

(1) [F, N(F)] £ P¥ and F satisfies the condition (g) in
this theorem;
(2) |F| 4is maximal subject to (1);

(3) IN,(F)| is maximal subject to (1) and (2).

Since there exists a conjugation family by Alperin theorem, the
exlstence of F follows from Theorem 4.8. Next, take a subgroup

N of N(F) such that

() Np(F) <N and [F, N] £ P*;

(5) |N| is minimal subject to (4).

Clearly, the subgroup N exists.
We shall show that (F, N) ¢ . As [P, N(P)] < P¥,
we have F < P, By Alperin theorem, if g € N(F), then there

are E; <P and gy € N(Ei)’ 1 <1 <n, such that g = 8" 8

. g e s 0 g
1 n
and for each 1, NP(Ei) € Sylp(N(Ei)) and F < Ei

n

By induction argument on n, we have



, 8 g1°°° 8. _
[F, g] < [F, gJ[F *, g,] <=+ [F 1 ™1 g7

IA

A

[E;, N(E{D)] |1 <1i<n

Thus the maximalities of |F| and IN;(F)| yield that N, (F)
Sylp(N(F)), and so (F, N) satisfies the condition (a). By

the maximality of |F|, we have that N(F) # {N(F) n N(E) | F <

E < NP(F)>. This means that N(F)/F is p-isolated, and so

(F, N) satisfies (b).‘ If E 1is a Sylow p-subgroup of Op,p(N(F))
then N(F) = O, (N(F))(N(F) n N(E)). Thus [F, N(F)] =

[E, N(E)]. By the maximality of |F|, we have E = F, so (F, N)
satisfies (c). Let x be an element of NP(F) - F., Set L =
N, FY and E=L nP. As L 9N , we have that E e syl (L),

so N = Ny(E)L . Since [F, N] < [F, L] [E, N(E)] and F < E,

we have that [E, N(E)] < P*, and so the maximality of |F|

yields that [F, L] £ P¥. By the minimality of |N|, we have

N

I

NP(F)L s and so (F, N) satisfies (d). Assume F, 2 F1

N
Ny(F/F,)F and x ¢ CNP(F)(FI/Fz) - F. Then {(x, F) <

< F,

it

N
Cy(F;/F5)F 9 N . Thus (d) yields that N = Cy(F1/F,INL(F), so
.(F, N) satisfies (e). 1If CP(F) £ F, then (e) yilelds that

N = CN(F)NP(F), so [F, N] < P', a contradiction. Thus Cp(F)

< F. Thus N(F) is p-constrained, so (F, N) satisfies (f).
The condition (g) is already satisfied. Set M = (NN(T) l E.<

T < NP(F)) . Then by Tate theorem, we have F n NpN' %'F n MPM',
(Notice that F n NPN' = [F, N]@(NP(F)) ). By Corollary 3.1.1)

there i1s g ¢ N - M such that NP(F) n NP(F)g = F 1s a.singdlar
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subgroup in NP(F). By Lemma 3.5, the first statement oﬁ (h)
~follows. Assume that m(NP(F)/F) >1. Let Q be a Hall p'-
subgroup of O (N), so that N = Ny(Q)F. Set W = N/¢(F).
" Then F = [F, Q] x C(@). As Q < M , we have Cg(3) £ W .
Thus by Proposition 4.1 and Lemma 3.5, we can take the subgréup
K as in (h) in this case.” Thus (F, N) satisfies (h). Finally,
1t follows from Lemma 4.2 that (F, N) satisfies (i). Hence
we proved that (F, N) e‘?l .

| Take (FO, NO) e'fﬁo such that F0 and F are conjugate
in G . We will show that [F, N] < P¥. By Alperin theorem,
we may assume that there are E < P and g e N(E) such that
(F, F) < B and F = F 8. But then [F, N(F)] < [Fy, N(F,)]
(E, g] < P*[E, N(E)], so by the maximality of |F|, we have
E=F=F, . This is a contradiction. The proof of the theorem

0
is completed.

Remark. The above proof is essentiall same as the method by
. M. Miyamoto; A complete set of representatives of ~-equlvalence
classes of the family of the pairs satisfying the conditions
(a) to (e) (respectively, (a) to (f)) is a conjugation family
(respectively, a weak conjugation family). This is proved by

the similar way as [8].
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5. 'EXamgles

In this section, we gilve some examples and outlines of their

proofs.

Example 5.1.(Compare with [5]). Suppose G has a Sylow

p-subgroup P of maximal class and p 1s odd. Then the
followling hold :

(1) 1f P#£2z,12, , then P ng'
(2) 1If p

P n N(P)'.

2

P n N(J)', where J is

ng Z2, , then P q '

a unique elementary abelian subgroup of P of rank p.

Proof. When P ;'sz Zp » the statement follows from Theorem 4.4,

When P 1—Zp ?Zp > Show that P 1s weakly regular and apply
Theorem 4,2,

Example 5.2. (See Thompson [5, Theorem 10.1]). Let p and gq

be distinct primes, p odd. Assume that all p-local subgroups
*of 'G are p-constrained and that SCN3(p) is not empty. Let
P Dbe a Sylow p~subgroup of G and Q a maximal element of

L/1G(P; Q). Then P a G =P n N@Q"'.

Proof. By Thompson tranéitivity theorem ([9, Theorem 8.5.3]),
an element A of SCN(P) 1s of Sylow type in N(Q) with
respect to G and N(A) = (N(A) 0 N(Q))Op,(N(A)). Thus we
have P n N(A)"ﬁ P n N(Q)'. The statement follows from
‘Theorem 4.4, .
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Example 5.3. Let P e Syl (G), p 25, and N(P) <M<G.

Assume that mp(M nM8) <2 or [P Mg|2 < |P|] for every

g € G‘- M. Then PnG =P aM.

Proof. Suppose false. ‘By Theorem 4.7, there is g ¢ G such
that Q = P n P® 1s a singularity in M and N(Q)_ﬁ M. If
m(Q) < 2, then |Q/2(Q)]| < p3 by Blackburn theorem ([11, Satz
ITT.12.4]7). Thus Lemma 3.8(5) and 3.9(3) yleld that Q = P,

a contradictlon.

Remark. K. Harada conjectured that if P 1s a p-group of
crank m, then |P/®(P)| < p2m. If the conjecture was correct,
we can replace the condition mp(M n Mg) < 2 with mp(M n Mg)
< (p - 1)/2. His.conjecture will suggest the refinement of

some results in this paper, for example Theorem 4.9.

Example 5.4. (See [9, Theorem 6.5.2]). Let G bé a b-sbl&able
group_with abelian Hall p'-subgroup and let S e Sylp(G). Then
" the following hold :

(1) If S is weakly regular, then G 1is of p-length 1.

(2) If N 45 and cl(N/¢*(N)) < p-2, then N < 0L 1p (@)

‘ . , |
Proof. We may assume that 0 ,(G) = 1 and oP (6) = G . Then
N(S) = S, so (1) follows from Theorem 4.,2. In case (2), we

may further assume that. S = Op(G)N . Then N 1is of Sylow type

in S . By Theorem 4.4, G has a normal p-complement, proving (2).




Example 5.5. Let G be a pP,q-group with weakly regular Sylow
p-subgroup. Assume that G = Opqp(G), Oq(G) =1 and 0o%¥a) = g .

Then Sylow q—subgroups of G are special.

Proof. This is an easy corollary of 5.4, Apply Thompson's
lemma ([11, Satz III.13.6]).

Example 5.6. If G has a Sylow 2-subgroup S of class 2,

then S n G = {[F, N(F)] | F<s , |[S:F| < 2) .

Proof. Use Lemma 3.9(5) and Theorem b7,

Example 5.7. Let S ¢ Sy12(G) and A an abelian subgroup

of 8 of exponent at most 4. Assume that [A® n N(A)| < |A|/8

for every g e G~ N(A). Then S n G' =38 n N(a)'.

Proof. Apply Lemma 3.10 and Theorem .7,

Example 5.8. (Compare with Hall-Wielandt theorem, [10, 14.4]).

Let W be a weakly closed subgroup of a Sylow p-subgroup P

"of G . Assume c1(W/9*(W)) < p-2. Then P n G =P n N(W)'.

Proof. Apply Theorem 4.4 (or Lemma 3.8(3) and Theorem y.7).

Example 5.9. If S 1is a Sylow p-subgroup of GL(n, pm), p >5,

then S 1is weakly regular. In particular, if G has a Sylow

¥

p-subgroup s* isomorphic to S, then 8% n ¢' =s¥ q N(s*)'.

Proof. Since o*(S) > #(#(S)) = [S, S, S, S1, S 1s weakly

regular. The remainder follows from Theorem 4.1.
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Remark. It 1s conjectured that almost all unipotent groups
of simple groups of Lile type are weakly regular except for

some cases : Ln(2), Un(2), Sp(2n, 2), Sz(8), etec.

Let 2 be the root system of type An' with fundamental

roots oy s 1l <1 <n, and Dynkin diagram :

O—0—— ¢ & e & —— o4
1 % %h-1 %n

+—‘ o e @ | -
Then } = {o; + +aj|151535_n}.Let U, = <z
be the root subgroup of GL(n+l, 2) for a ¢ } and let U =
<Ua | « « J¥). Then U is a Sylow 2-subgroup of GL(n+l, 2).

We have that for a, B € X+,

+
{xa+3 if a+ 8 e},

[x , x,1 =
@8 1 1r a+ 8 £ 7).

For each 1, we set UT = <Ua | o e JF, a # ai> .

Now, 1t is wellknown that the family {(ul, n(ul)) | 1 =
1, 2, »*+, n} in Ln+1(2) is a conjugation family for U .
How about all groups with Sylow 2-subgroup U ? This is
probably a difficult problem., But it 1s very easy to find.
a family which controls the transfer.

Example 5.10. If G has a Sylow 2-subgroup U of typ L (2),

n+l
n # 3, then

U G' = (tUi, NG(Ui)] | 1 =1, 2, ny.

e PP —— e e e e [P O U —
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t

Proof. Set Xy = X“i s 1 1 <n. Let F be a proper Subgroup
of U such that N(F)/F 1s 2-isolated, Ny(F) e Syl,(N(F)) and

F contains a conjugate of a singular subgroup S wilith singular

element x, for some 1. We claim 3 > vttt cu . By

Lemma 3.8(4), we may assume that S > Cy(xy). We can easily
find an elementary abelian subgroup E of U such that

T | i+l
CU(Xi)[E, CU(Xi)] = U n U .

Thus by Lemma 3.10, we have S > Ui"l n Ui+l. Without proof,
i+l

we refer to the fact that U and {ul™1l o vi*l, Y have

1-1%1+1
no nontrivial automorphisms of odd order. Since F has a

nontrivial automorphism of odd order, we havethat F = Ui_1 or

Ui+l. The statement follows from Theorem 4.9.

Example 5.11, If G has a Sylow 2-subgroup of type A8 and

02(G) = G, then there is a 2-local subgroup N such that either
(1) N/O(N) ~ St(L,(4)), or
(2) N/O(N) is isomorphic to the semidirect product of

3
Z,” by L3(2)-

Proof. Let P be a Sylow 2-subgroup of G , so that P is
isomorphlic to 222 222 . Let A Dbe a unique elementary abglian
subgroup of P of order 16, ‘It follows easily that [N(P):C(P)P|
=1 or 3. Assume first that N(P) > C(P)P. Then P =

" A(P n N(P)'). By Theorem 4.7, we have that P < N(A)'. Let
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M be a maximal subgroup of P containing A . If N(M) has

no normal 2-complement, then all elements of A# are conjugate

each other in N(A). Thus 2°.3%.5 | |N(A)}. By Sylow theorem,
we have a contradiction. Hence N(A)/A 1is 2-isolated, and so
(1) holds. Next assume that N(P) haé a normal 2—comp1emenf.
Let E be aﬁ extra special subgroup of P of ordef 32. Since
N(A)/A has a normal 2-complement and a proper singular subgroup
of which singular element is an involution of T - A 1s E ,
it follows from Theorém 4,7 that N(E) has no normal 2-
complement and P = (P p N(E)")A. 1In particular, E < N(E)'.
Since N(A)/A has a normal 2-complement, there are an element
u of N(A) - C(A) of odd order and an element e of T - A
such ﬁhat [u, el = 1. Since all involutions of T - A are
contained in E, we héve e e E, Set B = CA(e)<e>. Then

B <E, B<T and u ¢ N(B) - C(B). By an easy caluculation,
‘we see that N(E)/C(E)E 1is isomorphic to S3 and any element
of N(E) - C(E)E of odd order normalizes B . Hencé N(E)

. has no subgroup of index 2. From this, (2) follows, as required.

Example 5.12. If G has a Sylow 2-subgroup of type L5(2)
and 0°(G) = G , then N(E)/O(N(E))E ~ GL(3, 2), where E . is
o7,

an extraspecial group of order

Proof. Let P be a Sylow 2-subgroup of G containing E .

Then E 1s the unique subgroup of T Il1somorphlc to D8*D8*D8
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We shall use the notation defined above Example 5.10. Then
P is generated by the subgroups '[Ui, N(Ui)], i=1, 2, 3, 4.

2, N(U2)] < P'. The s ub group U1 n U3 n Uu contains

Suppose [U
an elementary abelian subgroup A. of order 26. Since P
contains only two elementary abelian subgroup of order 26;

they are weakly closed in P. Thus we have P < N(A)'. But

as P/A ~Z, X Dg , we have a contradiction. Hence [Uz, N(U2)]

2 n U3 and

£P'. Similarly, [U3, N(U3)] £ P'. Since E < U
'E 1s weakly closed, we have that (N(Ug), N(U3)> = N < N(E).
Investigating the structure of the éutomorphismvgroup of E ,

we have that N/O(N)E is isomorphic to GL(3, 2) and

 N(E) = O(N(E))N. Thus N(E)/O(N(E))E is isomorphic to GL(3, 2).

Remark. For the abovévgroup G , we have P < N(E)'. But
wlthout the assumption OZ(G) = G , the conclusion P n G' =

P n N(E)' does not hold in general.

Example 5.13. Let P be a Sylow 2-subgroup of G and E
a weakly closed extraspecial subgroup of P. Set N = N(E).
Then the following hold

(1) If |E| > 32, then EnG =EnN'. If E is

°¢' = E n N°N';

quaternlion, then E n G
(2) If E 1is not dihedral and E 1is strongly closed,

then P nG' =P nN';
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(3) Ir |E| > 128 and |E® 4 P| < |E|/2 for every
e G- N, then Pn G' = Pn N',

Proof. The following properties about E are easily proved :

(a) If E ¢ Dy, then E is weakly regular;

(b) If |E| > 32, then o*(E) = o(B); _

(c} If |E| > 128, then all subgroups of E of index 8
are normal.
Now, (1) follows from (a), (b) and Theorem L.6. (2) follows
from (a) and Corollary 4.5.1(3) If S 1is a singular subgroup
in P and |E| > 128, then |E : E n S| <2 by (c) and Lemna

3.10. Thus (3) follows from Theorem 4.7.

“Example 5,14,(Chabot [3]). Let P be a Sylow 2-subgroup of

G . Assume that the commtator group P' 1is cyclic and 02(G)

it

G . Let Q be a Hall 2'-subgroup of N(P) and set ¢ =
CP(Q), D = [P, Q]J. Then D is weakly closed in P and

P < N(D)'. Furthermore, one of the following holds

(1) P <N(P)' and cl(P) < 2;

1A

(2) P = cp, [C, D] 1, ¢1(D) < 2, C 1is generalized
quaternion and [C n D| < 2;

(3 P=CcxD, C 1is dihedral, semidihedfal or wreathed.
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Proof. We need two results about groups whose Sylow 2-subgroups
have cyclic commtator groups. We will omit the proofs, as

they do't relate to the purpose of this paper.

(¥*) Let P be a'2—group with cyélic commutator_group
and let Q be a 2'-group of automorphisms of P. Set
C=0Cp(Q and D= [P, Q). Then P = CD, [C, D] = 1
and D' < Z(P). |

(¥*¥) Let X bé a 2-constrained group such that O(X) = 1
. _

and O2 (X) = X . Assume that a Sylow 2-subgroup P

has the cyclic commutator group and that X is not

2-closed. Then X/0,(X) ~ S, and P n 0°(X) 1is

3

quaternion or homocyclic of rank 2.

Now, we begin the proof of the example. We shall argue.
by induction on the order of G . Suppose D = [P, Q] is not
weakly closed in P. Then by Alperin's theorem [1], there
1s a subgroup F of P containing D such that N(F) ﬁ‘N(D).
Suppose F 1s maximal with this property. Then we have that
N = 02 (N(F)) £ N(D), N(F) is 2-constrained and F 1is a Sylow
2-subgroup of 0,,,(N(F)). Set N = N/O(N). By (*¥¥), we have

N/0,(N) = s Thus [Q, N] < F, and so FQ <N . This

3 L]
implies that D = [F, Q] « N , a contradiction. We proved

(1) D 4is weakly closed in P.
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Let N = N(D) and x be an elément of P - N2N' of
minimal order. Then by Theorem 4.7, there is g € G - N such
that P n p& is a singular subgroup in \N with singular
element x. Since P is the central product of C and D ,
it follows from Lemma 3.11 that P n P& contains -D s contrary
to (1). Hence we havé that” N(ﬁ) has no subgroup of index 2.

Thus we may assume that

(2) N(P) has a normal 2-complement,

By Corollary 4.6.1, we have that ,(Z(P)) < N(P)' n P =P'.

Since P' is cyclic, we have that
(3) Z(P) is cyclic.

By (3), (¥), (*¥¥*) and Example 5.6, we see that if ¢c1(P) < 2,

then P 1s dihedral of order 8. Thus we may assume that

(8) cl(p) > 3.

]
Let F be a subgroup of P such that N = O2 (N(F)) 1is

2-constrained and has no normal 2-complement. Then N/02,2(N)
:;83 by (¥¥), Let R be a Hall 2'-subgroup of N . Suppose
|(F, R]| > 16. Then [F, R] 1is homocyclic of rank 2, F =
CF(R) x [F, R] and Ql(P') < [F, R]. The subgroup F 1is a
unigque maximal abellan subgroup of NP(F), so F=1[F, R] 4P

and P 1s wreathed., 1In this case, the cesired conclusion holds.
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Thus we may. assume that |[F, R]| < 8 for every F and R
as the above. Then by Alperin's theorem (or Theorem 4.9),

P 1is generated by such [F, R], so we have

(5) P/Z2 =Q,(P/Z), where 7 = Ql(P'). In particular,.
= o(P). |

\

P

Let Xys **0s X be the generators of P such that

.xkz € Ql(P'). If possible, we take the element Xy of order 2.
For each k, there is g ¢ G - N(P) such that S = P n P® is
a singular subgroup In P with singular element Xy . We will

show that each X, inverts P'. Let A be the singular

character of S with kernel K , x = x, P = P/Kp . Then

k
(8, A, x) 1is a singularity in P. Since x ¢ SP' < P and

P' is cyclic, Lemma 3.5 yields that M = Sp'

is of index 2
in P. Set p = TWHA). Then for ueP - M, 1 # TH(A)(x)

= Tﬁ(ﬁ)(x) = u([x, ul). By.Corollary 2.2.2, we have that

17 allx, u]lM:Sl). Since S, 1is elementary, |5 n P'| = 2.
Since |[%, Wl| < 2|M : S| = |P'|, we have P' = {[x, ul) .
From x° ¢ Z(P), we conclude that x inverts P'. We proved

~that

(6) |p : CP(P')I = 2 and any involution of P - &(P)

Inverts p'.

By (6), we have Ql(CP(P')) < o(P) = P', S0 CP(P') is ecyeclic.
Thus |P : P'| = U4, and hence P 1s dihedral, semidihedral

or-generalized quaternion. The proof is complete.

I g | e 1 e+ v s b e ¢
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_6{ Concluding remarks.

In his papef [1, Section 6], Alperin expected further
relations between fusion and transfer, This paper will give
the answer to a part of his question.
For H< G, wé have Tg(lH) = 1, , so the character-

theoretic transfer Tg does not yields the information about

det(lg). Since the values of det lg is # 1, the consideration
of det lg is-valuabie in the.study of 2-fusion. 1In fact,
there are some results about transfer and fusion which can be
never glven by the ordinary or character-theoretic transfers.
(See [151), |

Some problems about transfer are still left. Let consider
about Theorem 4,9, We,wish to add further restrictions to
thebfamily T which controls the trénsfer. Can we add the
condlition that F d4s a singularity ? When G 1is simple,
can we say that [NP(F):FI < 8 2 What can we say about the
structure of F ? For example, if M is a minimal normal
subgroup of N covering V in (1), then M 1is abelian or
there is K < N such that M/K 1is extraspecial of negative
type or positive type according as N/022,(N) ‘is isomorphic
to L2(4) or not,

It 1s possible to prove Theorem 4,2 by ordinary transfers

or the method in [15] (without even them, if p = 2). But



such proofs are nothing but the rewriting of the proof in
this paper.

Let consider the classification problem of simple groups
with a gi&en Sylow 2—subgroup. First,'The cohsideration of
transfer is not useful to charécterize simple groups with ‘

,’ weakly reguiar Sylow 2-subgroups (Theorem.4.2). Bﬁt it is
useful to characterize sporadic simple groups and simple

groups of Lie type‘oyer a small fields of characteristic 2.

" The largeness of the order of a 2-group is not a'big impediment
to determine the singularities. For example, When G has

a Sylow 2-subgroup of type C M(22), or Rd and OZ(G)

1 C2’
= G , 1t 1s not so difficult to prove that G has a 2-local
subgroup N such that N/O2‘2(N) is isomorphic to L3(2),
Sp(6, 2), M,,, or L3(2), respectively. Finally, the
consideration of transfer is important to characterize simple

~groups of Lie type of odd characteristic. But for the

Present, Theorem 4.9 is not so convendent.
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