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Generic bifurcations of varietie-s 

Shyuichi Izumiya 

Dedicated to Professor Minoru Nakaoka on his 60th birthday 

We study the zero point set of a parametrized smooth 
map germ. It is not only a natural generalization of 
~ather's theory of smooth map germs Ccf. [11J,[12J), but 
also it contains the bifurcation theory of stationary 
solutions of parametrized ordinary differentia'l equations. 

One of our main results is a classification of 
parametrized smooth map germs under a certain equivalence 
relation. 

1. Introduction 

Let f : (RnxRr,O)---?>(RP,O) be a smooth map germ. For 

each u E (Rr,O), we have a germ of "varieties" f-1 CO) 
u 

defined by fu = flRnxu. In this article, we shall study 

bifurcations of these varletles. 

Let C~(RnxRr) be the ring of smooth function. germs 

(RDxRr , 0) -----+ R. This ring has a maximal ideal Mn+r 
D T" 

consisting of all germs (R xR-,O) )(R,O). For each 

smooth map germ f : (RDxRr ,O)---7(RP,O), we define a ring 

homomorphism f* C~(RP) --7 C~(RnxRr) by f*(h) = hof. 

DEFINITION 1.1. Smooth map germs 
f, g : (RDxRr,O) )(RP,O) are P-K-equivalent (respectively 

S.?-K-eauivalent) if there exists a diffeomorphism germ 
- I' 

~ : (RnxRr,O) ) (RnxRr,O) of the form <p(x,u) = 
(<Pl(x,u),~(u)) (respectively <p(x,u) = (<Pl(x,u),u)) such that 
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4>*(I(f)) = I(g). Here, I(f) = f*(Mp)C~(RnxRr). 

For each map germ f : (RnxRr'°)----~?(RP,O), the 
-1 r bifurcation map germ ~f : (f (0),0) >(R ,0) is defined 

by ~ f ex, u) = u. 

DEFINITION 1.2. For two smooth map germs 

f, g : (RnxRr,O)-~)(RP,O), bifurcation map germs 1T~, ~ 
I g 

are A-equivalent if there are diffeomorphism germs 

4>. : (RnxRr,O) )(RnxRr,O) and cj> : (Rr ,O)--7 (Rr,O) such 

that 4>(f- l (O)) = g-l(O) and cj> o 1T
f 

= 1Tg04>. 

PROPOSITION 1.3. For two map germs 

f, g : (RnxRr,O) ---7(RP,O) , if f, g are P-K-equivalent, 

then 1T f , ~ are A-equivalent. 
g-

The proof is trivial by Definition 1.1. 

REMARK. The converse of Proposition 1.3 does not always 

hold. For example, let f, g : (RxR,O) ) (R,O) be defined 

by f(x,u) = x 2 and g(x,u) = x. We have ~ = 1T but f and 
f g 

g are not P-K-equivalent. In [lOJ, Martinet showed that, 

provided df and dg are surjective; 1Tf and 1Tg are 

A-equivalent if and only if f and g are P-K-equivalent. 

Besides being very attractive and_ geometrically 

interesting, the study of bifurcations of varieties arises 

naturally in a number" of occasions such as in the study of 

differential equations and economics, etc. (cf. [3J,[6J,[8J, 

[13 J , [15 J , [ 18 J ) . . 

The theory of P-K-equivalence (or S.P~K-equivalence) is 

interpreted as a natural generalization of the A-equivalence 

theory for map germs : 

For each smooth map germ f : (Rn , 0) ~ (RP ,0), we 

def-ine D
f

: (RnxRP,O)--+(P...P,O) by Dr(X,y) = f(x) - y. 

By Proposition 1.3 and its remark, Df and Dg are 

P-K-equivalent if and only if f and g are A-equivalent in 

the sense of Mather. 



IZUMIYA 3 

Moreover, it contains the "Rigt-equivalence" theory 

for function germs on singular varieties. (cf. Section 4). 
In the case where r = 1, the P-K-equivalence relation 

has been studied by M. Golubitsky and D. Schaeffer ([6J). 
But the situation is quite different in the case where r ~ 2. 

(See Section 3, Proposition 3.14). 

All map germs and diffeomorphisms considered here, are 
00 

diffe~entiable of class C , unless stated otherwise. 

Main results in this paper have been announced in [9J. 

2. Implicit function theorem for the P-K-equivalence 

In this section, we prove some fundamental theorems 

for the P-K-equivalence theory. We now define 

lI s ingularities ll via the P-K-equivalence's version. 

by 

Let f : (RnxRr , 0) ----+ (RP ,0) be a map germ. We define 

dfx To(RnxRr ) ----7 ToRP 

( ,n af ,n af 
dfx v l '·· .,vn'wl,···,wr ) = (Li=lviax~(O),. "'Li=lviax~(O)), 
and l l 

dfu To (R
n xRr )--7 ToRP 

by ,r af ,r af 
df (v l "'" v ,wl "'" w ) = (L' lW' ~ l( 0) , ... , L' lW' ~p (0) ) . u n r J= Jou. J= JoU. 

r J J 

by 

Since 
dfK 

u 

Ker(dfx ) ~ ToR, we may define 

: Ker(df ) ~ Coker(df ) x x 

dfK = nodf IKer(df ), u u x 
where n : ToRP ---7 Coker(dfx ) is the canonical projection. 

DEFINITION 2.l. Let f : (RnxRr , 0) ---7 (RP ,0) be a map 

germ. We say that f is non-singular at ~ (in the contact 

sense) if rank(dfx ) = min(n,p) and rank(df~) = 

min(r,p - min(n,p)). We say that f is singular at 0 (in 

the contact sense) if f is not non-singular at 0 (in the 

contact sense). 
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REMARK. We interpret that f is non-singular at 0 (in 

the contact sense) if 

a) n ~ p fO has rank p at 0 

b) n < p fO is an immersion, and f has maximal 

rank at o . Here, fO = f I RnxO. 

By the above interpretation, the following theorem is 

obvious. 

THEOREM 2.2. (Implicit function theorem for the 
n r p P-K-equivalence). Let f : (R xR ,0) >(R ,0) be a 

non-singular map germ (in the contact sense). 

1) If n ~ p, then f is S.P-K-equivalent to the 

following germ : (xl,···,xn,ul,···,ur)~ (xl,···,xp )' 

2) If n < p and r ~ p - n, then f is P-K-equivalent to 

the following germ : 

( xl ' ... , xn ' ul ' ... , ur ) ~ (xl' ... , xn ' ul ' ... , ur ' 0 , ... ,0) . 

3) If n < p and r > p - n, then f is P-K-equivalent to 

the following germ : 

( xl ' ... , xn ' ul ' ... , ur ) --7 (xl"'" xn ' u l ' ... , up_n ) . 

The following proposition will be useful in Section 5. 

n r p PROPOSITION 2.3. Let f : (R.xR ,0) ---? (R ,0) be a map 
. K 

germ with rank(df
x

) = s and rank(dfu ) = q. 

1) f'is S.P-K-equivalent to ~ germ 
S n-s r s p-s f' : (R xR xR ,0) ) (R xR ,0) of the form 

, 1 2 I - 2 1 -- --- ----2 
f (x ,x ,u) = (x ,f(x ,u)), where x = (Xl"" ,xs ), x = 

(x +1"'" x ) and u = (u l "'" u ). s n --- r 
2) f is P-K-equivalent to a germ 
f' : (RsxRn-sxRqxRr-q,O) ---')- (RsxRqxRP-(s+q) ,0) of 

.t:' , 1 2. - 1 2 _ 1 1 (2 1 2 (2 I 2) ) the form i (x ,x ,u ,u ) - (x ,u +gl X ,u ,u ),g2 x ,u,u , 
1 2 1 

w~ere x = (xl,···,xs),x = (X
S

+1 '· .. ,xr:)' u = (ul,···,uq ), 

u = (u +l""'u ) and the order of g. lS at least 2 (i= q r ------ -- l---- , 

1,2). 
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Proof. 1) If necessary, by the coordinate change of 

(Rn,O) and (RP,O), we may assume that 

«) dfx ~( ~ I ~ ~, where E is the sxs-unit matrix. 

Then f : (RnxRr,O) >(RsxRP-s,O) has components fl and f2 
p S p-s 

with respect to the splitting R = R xR . We now define 

a map germ '1' : (RsxRn-sxRr,O) ) (RsxRn-sxRr,O) 'by 

'¥(x
l

,x
2

,u) = (f
l

(xl ,x2 ,u),x
2

,u). By the assumption (*), '1' 
1 2 

Hence, we put ~(x ,x ,u) = is a local diffeomorphism germ. 
1 2 2 

(~(x ,x ,u),x ,u) as the local 

Now, we have fo~(xl,x2,u) 
clear that I(xl,f2o~(xl,x2,u)) 
the proof of 1) is completed. 

inverse of '1'. 
112 = (x ,f2°~(x ,x ,u)). 

.. 1 _ 2 
= I(x ,f

2
0<l?(O,x ,u)). 

It is 

Thus 

5 

2) By the statement 1), it is enough to prove the 

statement in the case where rank(dfx ) = ° and rank(dfu ) = q. 

If necessary, by the coordinate change of (Rr,O) and 

(RP,O), we may assume that 

(**) dfu ~ ( *) , where E is the qxq-unit matrix. 

Then f : (RnxRr,O) >(Rqx-RP-q,O) has components fl and f
2

· 

We now define a map germ '1' : (RqxRr-q,O) ---7 (RqxRr-q,O) by 
1 2 122 

'¥(u ,u ) = (fl(O,u ,u ),u). By the assumption (**), '1' is a 

1 1 d ·ff h· H t ~(ul,u2) --oca 1 eomorp 1sm germ. ence, we pu ~ 

(~(ul,u2),u2) as the inverse of '1'. If we represent 

fo(lRnx~)(x,ul,u2) = (fi(x,ul,u2),f2(x,ul,u2)), then 

fi(O,u l ,u
2

) = ul. H~nce, the first order term of fi is 

1 
u = (u l ' ... , uq ) . 

This completes the proof. Q.E.D. 

3. Finite determinacy 

We now turn our attention to the question of whether a 

map germ is P-K-equivalent (or S.P-K-equivalent) to a 

polynomial. 
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DEFINITION 3.1. Let f, g : (RilxRr,O)~(RP,O) be a 

map germs. 

i) f, g are k-jet equivalent if (f* - g*)(Mp ) 

li) f, g are (k
l

,k
2
)-jet equivalent if 

(f* - ~*)(M ) C (Mkl+ l + Mk2+1)Cooo(RnxRr). 
o p n r 

C k+l 
M + . n r 

These are clearly equivalence relations ; we 

respectively denote j~f and j~kl,k2)f of equivalence classes 

represented by f. If we want to find "normal forms" for 

P-K-equivalence classes, the following are a rather 

important chain of ideas 

DEFINITION 3.2. A map germ f : (RilxRr,O)~ (RP,O) is 

k-determined (respectively (k
l

,k2 )-determined) relative to 

~ if every map germ g : (RilxRr,O) ---+(RP,O) such that j~f 
= j~g (respectively j~kl,k2)f = j~kl,k2)g) is S-equivalent 

to f. The notion of finite determinacy is same as the 

usual case. Here, S denotes P-K or S.P-K. 

In order to characterize finitely determined map germs, 

we need some algebraic tools. Let f : (RilxRr,O) )(RP,O) 

be a smooth map germ. The set of all smooth vector field 

germs along f is written by e(f) ; it is a C~(RnxRr)-module. 

We also write e(r) = e(lRr). 

DEFINITION 3.3. 1) tf : e(n) >8(f) is defined by 

tf(O = dfoi(t;), where 1l'n : (RnxRl:,O)--? (Ril,a) is the 

canonical projection and i: e(n) 18(n+r) is the 
n 

canonical inclusion. This is a C~(RilxRr)-homomorphism. 
2) Tf : eCr)---7 eCf) is defined by Tf(n) = dfol(n on

r ), 

where n : (RilxRr,O)~ (Rr,O) is the canonical projection 
r 

and 1 : e (n ) ---7' e (n+r) is the canonical inclusion. This 
r 

is a C~(Rr)-hornomorphism. 
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The proof of the following theorem is same as usual 

method. And it is a corollary of Damon's very general 

theorem. (cf. [2J). 

THEOREM 3.4. (Characterization theorem). Let 

f : (RnxRr , 0) ) (RP ,0) be §:. map germ. Then the following 

are equivalent 

1) f is finitely determined relativetoP-K . 

(respectively S.P-K). 

2) dimRe(f)/tfCe(~ »+TfCe(r»+f*(M )eCf) < +00 
n p 

(resDectively dimRe(f)/tf(e(~ »+f*(M )e(f) < +00). - \, n p 

From now on, we make estimates of orders of variable 

separated determinacy. Define Jk(n+r,p) (respectively 

J(kl ,k2 )(n+r,p» to be the set of k-jets j~f (respectively 

(k l ,k
2
)-jets j~kl,k2)f)·. By the same argument as in [12J, 

we can show that P-K-equivalence classes and 

S.P-K-equivalence classes. in a k-jet space are smooth 

submanifolds. Moreover, we can calculate their tangent 

spaces. Under this observation, we introduce some notations. 

For any map germ f : (RnxRr,O) ) (RP,O), we define 

T(P-K)(f) = tf(M ~ e(" » + TfCM 8(r» + f*(M )e(f), n·r n r p 
T CP-K)(f) = tf(e(~ » + Tf(e(r» + f*(M )e(f), e n p 
T(S.P-K)(f) = tf(M + e(" » + f*(M )BCf), n r n p 
T (S.P-K)(f) = tf(e(~ » + f*(M )B(f).· e n p 

The following proposition is the key of estimates of 

orders of determinacy. 

n r ) PROPOSITION 3.5. Suppose that §:. map. germ f : (R xR ;0 

--~)(RP,O) is k-determined relative to P-K (respectively 

S.P-K). Let (kl ,k2 ) E NxN be such that kl + k2 ~ k. If 

(*) (Mkl + Mk 2)e(g) C T(P-K)(g) + Mk++le(g) 
. n r n r 

(respectively 

(Mkl + Mk 2)8(g) 
n r 

for any map germ g 

(k l ,k2)-jet as f. 
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P-K (respectively S.P-K). 

For the proof, Ttle need the following two lemmas. 

LEMMA 3.6. Let f, g have the same (k l ,k2 )-jet. Then 
k +1 k +1 co n r 1) f*(4)) - g*(4)) E CM 1 + M 2 )COCR xR ) for any n r --- ---

4> E 
co P 

Co (R ), 

2) tf(~) - tg(~) E R ( M k 1 + M k 2 ) 8 ( f ) for an y' ~ E R 8 (TI ) 
n r n 

and for any subring R C 

3) Tf(n) - Tg(n) E 

Coo(Rn Rr) Ox, 
k M 28Cf) for any n E 8(r). r -----

Proof. The statement 1) is trivial by the definition 

of the (kl ,k2 )-jet equivalence. Let (xl,···,xn'ul ,·· .,u
r

) 

be a system of local coordinate at O. Then 
a d a(f. - g.) d 

tf(--a ) - tg(--a ) = I~-l a,J J '-a of (i = 1, ... ,n). x. x. J- x. y. 
1 l' l J By the definition, 

a(f. - g.) 1 

J J E (MKl .+ 
ax. n 

l 

Mk 2+ l )8Cf) 
r 

Since any element ~ E R8CTI ) n 
combination of the ~ 's, 2) 

aX. 

is an RC~(RnxRr)-linear 

follows. The proof of 3) is 

same as that of 2). l Q.E.D. 

LEMMA 3.7. Let G be ~ Lie group acting on a manifold 

M : and let V be a connected submanifold of M. Then V is 

contained in ~ single orbit if and only if 

a) TV C T(Gx) for any X E V x x -- ---
b) dimT(Gx) is constant for every x E V. x -

Here, Gx is the orbit through x in M. 

Proof. See (3.1) of [12J. 

Proof of Proposition 3.5. The idea is apply Lemma 3.7 
with M = Jk~+r,p), G = (P_K)k (respectively CS.P-K)k) and 

V = {.k E Jk( + ) 1·(kl ,k2 ) = J·
o
(k l ,k2 )f}, where CP-K)k Jog n r,p J O g 

(respectively (S.P_K)k) is the Lie group of k-jets of 

P-K-equivalences (respectively S.P-K-equivalences). 
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k +1 k +1 k k Since (M 1 + M~2 )8(g) C (M 1 + M~2)8(g), the n L . n L 

condition (*) implies that TV C T«P-K)kw) (respectively - w w-
k k TVw C T«S.P-K)"w)w) for every w = jog E V. 

Moreover, we consider the following exact sequence : 

T(P_K)(g)+Mk:1S(g) 'Tl" T(P-K)(g)+(Mk l+Mk 2)8(g) ° -+ KerCrr) -+ n r 4 n r -+0 

Mk+le(~) .(Mk l+Mk2)8(g) n+r 0 n r 

for any jkog E V, where rr e(g)/Mk ++18(g) -+ 8(g)/(Mkl+Mk 2)8(g) 
n r n r 

is the canonical epimorphism. Since 

Ker(rr) = 
(TCP-K)(g)+Mk ++ 18(g») n (Mk l+Mk2)8(g) n r n r 

Mk+18(~) 
n+r 0 

it has a constant dimension by the condition (*) and 

Lemma 3.6. Hence, 

. T(P-K)(g)+M~:;8(g) 
dlmR k+l 

M + 8(g) n r 
.k is constant for every Jog E V. This implies the condition 

b) in Lemma 3.7. This completes the proof. Q.E.D. 

The following simple and algebraic lemma is very useful. 

LEMMA 3.8. Let R be a commutative ·ring. Let E be an 

R-module, and Z C R be ~ subring (not necessarily with unit) 

such that ZkE = ° (for some integer k). If E = ZE, then 

E = 0. 

Proof. If E = ZE, then ZE = z2E = 
k . 

since Z E = 0, E = 0. 

= zkE . So, 

Q.E.D. 

We now have the following estimate. 

THEOREM 3.9. Let f : (RnxR
r , 0) ---7(RP ,O) be ~ ~ 

germ. 

i) Suppose f is Q.-determined relative to P-K for 
co n r 

sufficiently large Q.. Let D be ~ Co(R xR )-submodule of 

8 (f) . 
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If D C T (P-K)(f) + (Msl + MS2)B(P) - e n r ~ 

and 

(Msl + MSZ)B(f) C T(S.P-K)(f) + M D + M (Msl + MS 2)8(f). 
n r r n+r n r 

Then f is (sl,s2)-determined relative to P-K. 

li) Suppose r = 1 and f is t-determined relative to 

S.P-K for sufficiently large t. 

If 

(M~l + M~2)8(f) C T(S.P-K)(f) +. Mn+l(M~l + M~2)B(f). 
Then f is (sl,s2)-determined relative to S.P-K. 

Proof. i) Suppose g 

It follows from Lemma 3.6 
(1) D C T (P-K)(g) + 

has the same (sl,s2)-jet 

(with R = M ~ ) that n.r 

as f. 

e 
(Msl + A.{s2)B(g) 

n r 
and 

(2) (Msl + MS2)8(g) C T(S.P-K)(g) + M D + n r r 
M + (Msl + MS2)8(g). 

n r n r 
co n r 

Let E be the CO(R xR )-module 

T(S.P-K)(g) + M D + (Msl + MS2)8(g) r n r 
T(S.P-K)(g) + M D + Mk+ (Msl + MS2)B(g) , r n r n r 

where-k + s ~ 1 + 1 and s· = min(sl,s2)' Then, (2) implies 

ZE = E (with Z = M +). By Lemma 3.8, E = O. 
n r 1 

(MSI + MS 2)B(g) C T(S.P-K)(g) + M D + MK+ (Msl n r r n r n 
Substituting for D, 

Hence, 
s + M 2)8(g). r 

(3) (Msl + MS2)8(g) C T(P-K)(g) + M (Msl + MS 2)8(g) + n r r n r 
Mk (Msl + MS2)8( ). n+r n r g 

co r 
Let E' be the CO(R )-module 

T(P-K)(g) + (Msl + MS2)8(g) n r 

Then, (3) implies Z'E' = E' (with Z' = M ). r 
Since Mk c 

Mk. Z,k~, = 0 By Lemma 3.8, E' = O. n+r' W • 

r 
Hence, we have 

(Msl + MS2)8(g) C T(P-K)(g) + Mk (Msl + Mr
s 2)B(g). 

n r n+r n We now 

have the following inclusions 
k . s s k s t+l 

M +r(M 1 + M 2)8(g) C M ~ M . B(g) C M. + B(g). n n r n.r nTr n r . 
l-c follows that 

s s 1+1 
(M 1 + M 2)8(g) C T(P-K)(g) + M +-e(g). n r n r 
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Since this holds for all g with the same (sl,s2)-jet 

as f, it follows by Proposition 3.5 that f is 

(sl,s2)-determined relative to P-K. 
The proof of ti) is same as (easier than) that of the 

case i). This completes the proof. Q.E.D. 

REMARK. In ([6J, Theorem 2.8), there is the following 

estimate: If M~+16(f) C T(S.P-K)(f), then f is S-determined 

relative to P-K. The statement ti) of the above theorem 

fills up their estimate. 

llie have many other estimates as corollaries of the 

above theorem. Since the estimate of li) in the above 

theorem is very nice, we will only consider the case ~here 

r 2:: 2. 

COROLLARY 3.10. If 

(1) (Mkl + Mk 2- l )6(f) C T (P-K)(f) + (Mkl+~ + Mk 2)B(f) 
n r e n r 

and 

W M~6(f) C T (S.P-K) (f) + M 8(f) + (Mkl+~ + Mk 2)e(f), 
n ern r 

then f is (k
1 

+ ~,k2)-determined relative _to __ P_-K_. 

Proof. Multiply (2) through by 

Mkl+~e(f) C tf(Mkle(~ » + U Ukle(f) 
n n n r n 

Mkl(Mkl+~ + Mk 2)6(f). 

Mkl, to obtain n 
+ f*(M )MklB(f) + 

p n 

n n r 1 

We always have the inclusion: MK
r 2e(f) C tf(M 8(~» + n+r n 

M Mk2- l e(f) + f*(M )B(f). 
r r p 

By (3), (4) and the inclusion 

Mkl(Mkl+~ + Mk 2)8(f) C M (Mkl+~ + Mk 2)B(f) 
n n r n+r n r ' 

we have (Mkl+~ + Mk 2)e(f) C T(S.P-K)(f) + M (Mkl + Mk2~1)e(f) 
n r r n r 

+ M + (Mkl+~ + Mk 2)6(f). 
n r n r 

The result follows, from this and (1), by Theorem 3.9. 
This completes the proof. Q.E.D. 
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COROLLARY 3.11. If Mk+ 8(f) C T (P-K)(f), then f is 
n r e ----

(s(k,r),k + l)-determined relative to P-K. Here, 

{ 

k(r + 1) 
s(k,r) = 

k(r + 2) 

if rank(df ) = p, 
-- u 

otherwise. 

E = 

Proof. By the hypothesis, 

Te(P-K)(f) + MrTe(P-K)(f) 

T (S.P-K)(f) + M T (P-K)(f) + (Mk + )r+lT (P-K)(f) 
ere n r e 

has an Rk-module structure, where Rk is a subring of 

00 n r k 
Co(R xR ) generated by Rand Mn+r Then, 

Tf(8(r» 
dimRE ::;; dimR Tf(M 8(r)) = r. 

r 
By Corollary (1.6) in [llJ applied to Rk-module E, it 

follows that 

(Mk + )rT (P-K)(f) C T (S.P-K)(f) + M T (P-K)(f). n r e ere 
In the case where rank(df ) = p, e. = (0, ... ,1, ... ,0) 

u 1 

(i = 1,2, ... ,p) are elements of T (P-K)(f). Then 
1 k r e 

(MK+ )r8 (f) C (M + ) T(P-K)(f). n r· n r e
k In other cases, since M + 8(f) C T (P-K)(f), n r e 

Mk(r+l)S(f) C Mk (Mk )re(f) C (Mk )rT (P-K)(f). 
n+r n+r n+r n+r e 

In either cases, we have inclusions 

MS(k,r)-ke(f) C (Mk )rT (P-K)(f) C T (S.P-K)(f) + M e(f). 
n+r n+r e e r 

The result follows, from this and Corollary 3.10. Q.E.D. 

COROLLARY 3.12. If 8(f) = Te(P-K)(f) then f is 

(r + l,l)-determined relative to P-K. 

Proof. In this situation, by the same argument as 

Corollary 3.11, we have 

Mr e(f) C T (S.P-K)(f) + M 8(f). n+r e r 
Hence, by Corollary 3.10, the result follows. Q.E.D. 
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REMARK. The estimate in Corollary 3.12 is a 

generalization of Mather~s estimate for stable map germs. 

(cf. Proposition 3.5 in [12J). 

We now consider the finite determinacy relative to 

S.P-K. 

DEFINITION 3.13. For any map germ 

f (RnxRr,O) >(RP~O), we let 

Z*(f) = {(x,u) E (RilxRr~O) 

f(x,u) = a}. 

rank(df (x~u)) 
x 

< p and 

We say that E*(f) is a bifurcation set of f with 

respect to S.P-K. This notion is defined also on the 

complex field C. 

13 

w For any C map germ f (RilxRr , 0) --'" (RP , 0), we denote 
il r P the complexification of f by fC : (C xC ,0) ~ (C' ,0). 

By the same method as the usual case, we have the 

following proposition which indicates the difference of 

situations in cases of r = 1 and r ~ 2. (cf. Wall [16J). 

PROPOSITION 3.14. Let f : (RnxRr,O) -~)(RP ,0) be ~ 

smooth map germ with r ~ 2. The following are equivalent 

1) f is finitely determined relative to S.P-K. 

2) f is S.P-K-equivalent to the -- following germ 

(xl'" .,xn'ul ,·· .,ur ) ~ ( Xl ' ... ,xp) . 

3) E*(f ) c {a} , if f has the complexification co 

C 1 C. 

REMARKS. i) By the above proposition, Golubitsky and 

Schaeffer's estimate (Theorem 2.8 in [6J) is not useful in 

the case where r ~ 2. 

n) The above proposition is related to the well known 

remark : the "Right-equivalence" theory for map germs 

(Rn,O) ----?(RP,O) p ~ 2 is "almost impossible!r. The reason, 

why the above situation happens, is the S.P-K-equivalence 

theory for f : (RilxRr ,0) -7 (RP ,0) implies the Right-
-1 r equivalence theory for TI f : (f (0) ,0) ~ (R ,0). 
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EXAMPLE 3.15. 

(k::?: 1; s, m::?: 0). 
(kxk ± musxm kxk-lu 

In the cases 
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k Consider a map germ f(x,u) = x + 

One calculates T(S.P-K)(f) = 
s+l m-l k ± mu x ,x ± s m) 

u x C~ (RxR) . 

s m u x 

m ::?: 2 : uk f- T(S.P-K)(f) for any kEN, so f is not 

finitely determined .relative to S.P-K. 

m = 1 ; k = 1 : x, u E T(S.P-K)(f), so by Theorem 3.9 

n), f is (l,l)-determined relative to S.P-K. 
k 2s m = 1 ; k ~ 2 : x ,u E T(S.P-K)(f), so by 

Theorem 3.9 n), f is (k,2s)-determined relative to S.P-K. 
k s m = ° : x , u E T(S.P-K)(f), so by Theorem 3.9 n), 

f is (k,s)-determined relative to S.P-K. 

EXAMPLE 3.16. Consider map germs 1) f(x,y,u) = 
±u + x3 - Xy2, 2) f(x,y,u) = ±u + x3 + y3, 3) f(x,y,u) = 

2 4 ±u ± (x y + y). By the same calculation as that of 

Example 3.15, 1) and 2) are C3,1)-determined relative to 

S.P-K and 3) is C4,1)-determined relative to S.P-K. 

EXAMPLE 3.17. Consider map germs 1) f(x,y,u) = 
( + s + ,2 + 2) 2) f( ) _ (+" + S + 2 + 2) _u xy,x _ y, x,y,u - _xy,_u x _ y , 

3) f(x,y,u) = (±xy,±uS + x2 ± y3). By the same argument 

as that of Example 3.15, 1) and 2) are (2,s)-determined 

relative to S.P-K and 3) is (3,s)-determined relative to 

S.P-K. 

EXAMPLE 3.18. Let f : (Rn xRr ,O)----7(R,O) be a map 

germ given by 

( * ) 

One calculates 

Te(P-K)(f) = (xl,···,Xnf(xl,···,xn'Ul,···,ur)b~(RnxRr) + 

( dg dg ) th~' Cco(Rn Rr) d 1 au 1 ' ... , au r C ~ ( R r), so a ~ ° XL - mo u e 

D ( dg dg) '" ., T(PK)(~) = dUl""'durC~(RnxRr) lS con~alneQ In e - ~. 
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By (*), (M~ + lvl~)8(f) C T(S.P-K)(f) + MrD, so, by 

Theorem 3.9 i), f is (2,k)-determined relative to P-K. 

4. Versal deformations 

15 

In this section, we consider deformations (unfoldings) 

of map germs. Notions of the deformation of a map germ and 

its versality with respedt to-P-K (respectively S.P-K) are 

analogous to those of in [5J. In which, we denoie S as 

P-K or S.P-K. The versality theorem is the following 

theorem. 

THEOREM 4.1. Let F : (RnxRrxRs,O) ---7 (RP,O) be an 

s-parameter deformation of f : (RnxRr,O) ~(RP,O) : 

~ necessary and sufficient condition for F to be S-versal 

is that it should be infinitesimally S-versal. Here, we say 

that F is infinitesimally S-versal if 

() -C) C ) - < aFI n r aF I n r \ 8 f = T S f + VF , where V~ = ~ R xR xO, .. ,-~- R xR xOh' e .t' ov_ dV K 
1. s 

The proof is the same as that of in [7J. Moreover, it 

is a corollary of Damon's more general versality theorem in 

[2J. But we remark that there are some applications of the 

above theorem. 

f g 
A) For any' composed map germ (Rn,O) - (RP,O) ~ (Rq,O), 

we define DCf,g) : (RilxRPxRq,O) ~CRPxRq,O) by 

D(f )(x,y,z) = (f(x) - y,g(y) ~ z) and 
,g . il P P q v-

d(f,g) . (R xR ,0) ----7 (R xR ,0) by d(f,g)(.r.,y) -

(f(x) - y,g(y)). We now have the following theorem as an 

application of Theorem 4.1. 

THEOREM 4.2. For a composed map germ 

(Rn,O) ~ (RP ,0) g) (Rq~O), the fO~~ing are equivalent: 

1) (Ril,O) ~(RP,O) g)(Rq,O) is stable as ~ composed 

is a P-K-versal deformation of d(~ ~)' 
.L '0 

The proof is trivial by arguments in [4J and [13J. 
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B) All arguments in this article remain valid for 

holomorphic map germs on the complex number field C. 

Let (Cn,O)~ (C,O) (i = 1,2) be holomorphic map germs. 

gi 1 l 

(Cp,O) 
. -1 

TIle say that fl : (gl-(O),O) ----".(C,O) and 

f2 : (g;l(O),O) --7 (C,O) are right-eauivalent II there is 

biholomorphic map germ c/J : (Cn , 0) ---')- (Cn , 0) such that 

c/J*(I(gl») = I(g2) and flocplgil(O) = f2Ig;1(0). This 

equivalence relation is a natural equivalence relation for 

holomorphic function germs on varieties. 

situation as follows : For each map germs 

We can treat this 
n -L (C ,0) ,(C,O) 

gt 
(Cp ,0 ) 

we define K(f,g) 
(g(x) ,f(x) - y). 

: (CilxC,O) -----7 (CPxC,O) by K(~ )(x,y) = 
1 ,g 

It is clear that Kef ) and Kef ) are 
-l,gl 2,g2 

-1 
S.P-K-equivalent if and only if fl (gl-eO) ,0) -----7 (C,O) 

and f2 : (g;l(O),O) -----7(C,O) are right-equivalent. By an 

s-parameter deformation of a system (Cn,O) ~(C,O) 
gl 
(Cp,O) 

we mean a system of holomorphic germs (CnxCs,O) ~ eC,O) 

Gl 
(Cp,O) 

such that (F,G)ICnxO = (f,g). Then, we have the following 

versality theorem. 

THEOREM 4.3. Let (CnxCs,O) ~(C,O) be an s-paremeter 

Gt 
(Cp,O) 

n f 
deformation of a holomorphic germs (C ,0) ---7 (C,O) 

gi 
If (Cp,O) 

f\'"' a-r 
e ( g) 60 = (t g ( e ( n ) ) + g * (M ) e ( g) ) ttl c< ~ I ,"', ~ ,g 1 ' ... ,g b + 

n -1 p ox, x. - p n 
VG~VF' then FIG (0) is ~ right-versal deforfriation of 

flg-~(o). Here, 0 is the local ring of holomorphic -- n---
n function germs on C at 0. 
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Proof. Define Gf : (Cn,O)--~~(CnxC,O) by Gf(X) = 

(x,f(x». Then, we have a surjective map 

(G~)* : 8(K(f » ~ 8Cg)~O defined by (G~)*(~,n) = 
1 _,g n 1 

(~,nof). Since Ker(G f )* = (f(x)-yb ,the result 
n+l follows. Q.E.D. 

5. Classifications 

In this section, we will classify parametrized map 

germs under some conditions. At first, we must argue 

relations of P-K-equivalencesand K-equivalences. The 

K-equivalence theory has been developed by Mather ([llJ, 

[12J) and Martinet [lOJ. Notions and results for the 

K-equivalence theory in these articles will be employed. 

For each map germ f: (RnxRr,O)~(RP,O), we define 

1* : 8(f)----+ 8(fg) by l*(n) = no1, where 

1 : (Rn,O) ---+(R xRr,O) is the canonical inclusion and 

fO = flRnxO. This map 1* is a surjective R-linear map 

whose kernel is M 8(f). 
r 

LEMMA 5.1. The map 1* : 8(f) ---+ 8(fo) induces an 

R-isomorphism 

1* : 8(f)/(T (S.P-K)(f) + M 8(f) ~ 8(fO)/T (K)(fO)' ere 
where Te(K)(fO) = tfoC8(n» + f6(M p )8(fO). 

The proof is trivial by definitions of TeCS.P-K)(f) and 

T e ( K ) ,,( f 0 ) . 

DEFINITION 5.2. For each germ f : (RnxRr,O) ---7(RP,O) , 

we de(ine P-K-cod(f) = dimR(8(f)/T (P-K)(f»j. S.P-K-cod(f) = 
l. e 

dimR(8(f)/Te (S.P-K) (f), K-cod(fO) = dimR(8(fO)/Te (K) (fO»· 

We respectively call these a P-K-codimension of f, an 

S.P-K-codimension of f and a K-codimension of f O. 

REMARKS. 1) S-codimensions are S-invariant for S = 
P-K, S.P-K or K. 
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2) By Lemma 5.1, 

K-cod(fO) = dimR(B(f)/Te(S.P-K)(f) + MrB(f). 

We need the following lemma. 

LEMMA 5.3. Let f : (RnxRr,O) )(RP,O) be ~. germ 

i) K-cod(fO) ~ P-K-cod(f) + r. 

li) If rank(df ) = sand rank(dfK) = q, then' - x -- u 
P-K-cod(f) ~ P - (s + q). 

Proof. i) K-cod(f O) = dimR(B(f)/Te(S.P-K)(f) + 

~ dimR(B(f)/T (S.P-K)(f) + M Tf(8(r» e r 
T (P-K) (f) 

= P-K-cod(f) + dimRTe(S.P_K)(f) + Tf(M B(f») 
e r 

~ P-K-cod(f) + r. 

M B(f)) 
r 

li) By 1) of Proposition 2.3, we may assume 
s n-s r s p-s germ (R xR xR ,0) --+ (R xR ,0) of the form 

that f is a 
1 2 f(x ,x ,u) 

1 - 2 = (x ,f(x ,u». We define an R-epimorphism 

II B(f) ) BCt') by II(~;) = d7fo~Qi where 

7f (RsxRP-S,O)--~)(RP-s,O) is the canonical projection and 

i (Rn-sxRr,O) (Rs Rn - s Rr 0) . th . 1 --~) x x~, 1s.e canonlca 

inclusion. Then, we have II(Te(P-K)(~» = Te(P-K)(f). 

Hence, we may assume that rank(df ) = o. 
x 

By 2) of Proposition 2.3, fis a germ 

(RllxRqxRr-q, 0) > (RqxRP-q,O) of the form f(x,u l ,u2 ) = 
11212 . 

(u +gl(x,u ,u ),g2(x,u ,u ), 1n where orders of 

at least 2 (i = 1,2). Then, we have tf(B(7fn » c 
Tf(B(r» C (el, ... ,eq,*, ... ,*b~(Rll) and f*(M p ) C 

Hence, P-K-cod(f) ~ p - q. 

gi are 

Mn+r 8(f), 

Mn+r' 
Q.E.D. 

The following theorem is the classification theorem 

for germs of zero P-K-codimension. 

THEOREM 5.4. Let f : (RllxRr , 0) ----;.. (RP , 0 )be a germ 
- K --

of P-K-cod(f) = 0, rank(df ) = sand rank(df ) = q. x -- u 
Then, p = s + q and there is ~ polynomial map germ 

g : (Rn - s ,0) -7 (Rq,O) of degree at most r + 1 with 

rank(dg) = a and K-cod(g) ~ r such that f is P-K-equivalent 
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s n-s q r-q s q 

~ germ fl : (R xR xR xR ,0) ---+r(R xR ,0) of the form 
f 1 (1 2 1 ) _ (1 1.J... (2) , \" r-q -1:"-(-') x , x , u , u +1"'" u - x, u ,g X T L· l-u +. s· X 2 ) q r. 1= q 1 1 

where 1;1"'" I; are genera~or of the R-vectorspace r-q -- ---
Mn_ s 8(g)/T

e
(K)(g). 

REMARK. In the above theorem, g is the K-finite map in 

the sense of Mather. Hence, Mather's classifications of 

K-versal deformations are applicable for the case of zero 

P-K-codimension. 

LEMMA 5.5. Let f : (RnxRr,O) -7(RP,O) be a mao germ. 

Then the following are equivalent 

(1) 8(f) = T (P-K)(f). 
e 

(2) 8(fO) = Te(K)(f
O

) + V
f

. 

Proof. Let 1 : (Rn,O) ---?(RnxRr,O) be the canonical 

inclusion. Since 1*Ctf(8(n » = tfO(8(n», l*(f*(M )8(f» n p 
= f6(M )8(fo) and 1*(Tf(8(r» = V~, the proof for (1) ~ 

p -
(2) is trivial. By Lemma 5.1, (2) is equivalent to 

af af 
(*) 8(f) = T CS.P-K)(f) + M S(f) + <--" , ... ,-;-- L. 

e r oU l oUrR 

Hence, we have SCf) = T (P-K)(f) + M 8(f). e r 
By the Malgrange preparation theorem, SCf) = Te(P-K)(f). 

This completes the proof. Q.E.D. 

This lemma indicates the fact that P-K-codCf) = a if 

and only if f is an r-parameter K-versal deformation of fO' 

Proof of Theorem 5.4. Since P-K-cod(f) ~ p - (s + q), 

we have p = s + q. By 2) of Proposition 2.3, we may assume 
. s n-s q r-q s q that f is a map germ CR xR xR xR ,0) ---7(R xR ,0) of 

~ 1 2 1 2 1 1 -2 1 2 
the .Lorm f(x ,x ,u ,u ) = (x ,u + fCx ,u ,u ». 

Let ~ : 8(f) ~e(fl) be the R-epimorphism induced by 

the canonical projection (Rs xRq ,O)--7(Rq ,O), where 

f l (x
2

,ul ,u2 ) = u l + f(x 2 ,ul ,u2 ). Since ~(Te(P-K)(f» = 
Te(P-K)(f l ), we also have P-K-cod(f l ) = 0. We define 

g : (Rn - s ,0) --7 (RQ,O) by g(x2) = fl (x 2 ,0,0). Bv i) of 

Lemma 5.3, K-cod(g) ~ P-K-cod(f l ) + r = r. 
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Then, there are vector field germs ~l"'" ~ E 8(g) such r-q . 
that these generate M 8(g)/T (K)(g) over R. If we define . B-s P 
a map germ fl : (RsxR -sxRqxRr::q,O) ) (RSxRq,O) by 
~I( 1 2 1 _ 1 1 2 \r-q . 2 
.L x, X ,u ,u + l' ... ,u ) - (x ,u + g (x ) + 1..' lU +. C (x )), q r l= q l l 

then fO = f O· By the uniqueness of K-versal deformations, 

f and fl are P-K-~quivalent. By Corollary 3.12, we may 

choose g as a polynomial of degree at most r + 1. 

This completes the proof. Q.E.D. 

Throughout remainder of this section, we will partially 

classify smooth germs of low P-K-codimensions. 

germ. 

DEFINITION 5.6. Let f : (RnxRr,O) ---7(RP,O) 

We say that f has a Ek-type at ° if s - --
rank(df ) x = min(n,p) - k and 

rank(dfK) = 
u 

min(r,p - rank(df )) - s. 
x 

be a map 

LEMMA 5.7. Let f : (RnxR,O) ---., (RP,O) (n ~ p) be a 

map germ with P-K-cod(f) ~ k. Then f has the E~-type 
(0 ~ i ~ k + 1) or the Ei-type (1 ~ j ~ k). 

Proo~. By i) of Lemma 5.3, k ~ p - (s + q), where 

rank(dfx ) = s and rank(df~) = q. Since r = 1, q = ° or 1. 

If q = 0, then p - s ~ k. If q = 1, then p - s ~ k + 1. 

This completes the proof. Q.E.D. 

For classifications, we need classifications of germs 

with respect to K-equivalences. 

DEFINITION 5.8. Let f : (Rn,O) ~(RP,O) be a map 

germ with E.-type and k-determined relative to K. We say 

that f is o~ discrete algebra type if the orbit Kk(j~f) in 
k 

J (n,p) has a neighbourhood which contains only finitely 

many K-class orbits of type Ei . Here, f has a Ei-type 

if dim(ker(df)) = i. 
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REMARKS. .) r t- n l Le v I : 

map germ. -I In ('" p) ~ s cont- ~ ~ neo" ,._ n rn' ,p lIn_-i, Cp -ranc::;pll _ 11,.L ",eLL _ v __ • -~ '::0- in the 

sense of Mather, f is of discrete algebra type. (cf. [lJ). 

n) All stable map germs of discrete algebra types are 

classified by Damon ([lJ). 

PROPOSITION 5.9. (Damon and Wasserman). 

1) Let f : (Rk,O) ----7 (Rk,O) be §:. smooth germ of 

discrete algebra type with K-cod(f) ~ 5 and k ~ 5. Then f 

is K-equivalent to one of germs in Table 1-(1). __ ~~~~___ __ ___ __ x __ 

n 
2) Let f (R ,0) ~ (R,O) be §:. function germ with 

((-cod(r) ~ 5. 

Table 1-(2). 

Then f is K-equivalent to one of germs in -- --- -- '-'-'-'----

Proof. Since the K-equivalence relation is an unfolding 

invariant, the notion of discrete algebra type is also an 

unfolding invariant. Hence, the classification is reduced 

to Damon [lJ and Wasserman [17J. Q.E.D. 

Let f 
n .,... P 

(R xR~,O) ---7(R ,0) be a map germ with 

P-K-cod(f) ~ s. By Lemma 5.3, K-cod(f O) ~ s + r. Let 

~l(x), ... , ~£(x) be generators of the R-vector space 

8(f
O

)/T
e

(K)(f
O

) (where £ ~ s + r), then 

F(x,vl,· .. ,v£) = fo(x) + vl~l(x) + .•. + vQ,~£(x) 
is a K-versal deformation of fO' where x = (xl'" .,xn )· 

(See Theorem 4.4 in [lOJ). By the definition of the 

K-versal deformation of f O' there exists a map germ 

~': (Rn,O) )(R£,O) such htat ~*F is P-K-equivalent to f, 

where ~*F(x,u) = F(x,~(u». Hence, we will classify map 

germs of the form ~*F. 

LEIVIMA 5.10. 

deformation of fO 

vi~£(X». 

n £ P Let F : (R xR ,0) ) (R ,0) be ~ K-versal 

(i.e. F(x,v) = fO(x) + vl~l(x) + ... + 

r £ 
1) Let ¢, t/J : (R ,0) ------"7(R ,0) be map germs. If cjJ 

and I~ are right equivalent (i.e. there exists §:. 

diffeomorphism germ h : (Rr,O) ----7(R
r

,O) such that 
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</> = tjJoh) , then </>*F and tjJ*F are S.P-K-equivalent. 

2) Suppose that r = l.--;hen </>*F has a l:~-type if and 

only if ~<I>! ~ Ker(dF ). au u=O v 

Proof. The statement 1) is trivial. 

2) By Propositi?n 2.3, we may suppose that rank(dfx ) = 
O. Hence, </>*F has l:~-type if and only if rank(d(</>*F) ) = 1. 

By the chain rule, d(CP*F) = I~ l~F(O) .~CPi(O). . uQ•E . D . 
u l= oV i u 

Our classifications are the following theorems. 

n n THEOREM 5.11. a) Let f : (R xR,O) ~(R ,0) be ~ map 

germ with P-K-cod(f) ~ 3. Then f is P-K-equivalent to one 

of germs in Table II-(l). 

b) If f is of discrete algebra type and P-K-cod(f) ~ 4. 
Then f is P-K-equivalent to one of germs in Table II-(l) or 

II-(2) . 

THEOREM 5.12. (l-parameter bifurcations of 
n hypersurfaces). Let f : (R xR,O) ---7 (R,O) be ~ function 

germ with P-K-cod(f) ~ 4. Then f is P-K-equivalent to one 

of germs in Table TIT. 

Proof of Theorem 5.11. a) By Proposition 2.3, 

Lemma 5.7 and Proposition 5.9, we may consider germs in the 

following list : 
k-2 k (1) CPO(u) + CPl(u)x + .•. + CPk 2(u)x ± x , 

- 2 k 2 
(2) (CPO(u) + xY,CP1(u) + CP2(u)x + CP3(u)y + x ~ y ), 

where 2 ~ k ~ 5 and </>. are polynomial function germs. 
l 

(1). Let s = min{order(</>.)! i = 0, ... ,k-2}. 
l 

Case (1)0' If s = order(cpo), then f is P-K-equivalent 
s k-2 k to ±u + </>l(u)x + ..• + CPk_2(u)x ± x. By Example 3.15, 

±us ± xk is (k,s)-determined relative to P-K. Hence, f is 

P-K-equivalent to 
k s + S ~ + a uSvk-2. k 
~u alu x ' k-2 ~ ~ x . 

k-2 . Since ±l + g(x) = ±l + a x + ... + a x lS an unit 
1. k-2 -- k 

elemnt, f is P-K-equivalent to ±us ± (l/(l+g(x)))x·. 
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B ,s k. (' \" t- . " 1'· '-: ecause =u _ X lS ,K,Sj-Oeverm1nea re~a~lve ~o P-K, 
k k 

± (l/(l+g(x»))x' is P-K-equivalent to +u
s 

± x . 

In this case, one easily computes that ?-K-cod(f) = 
s (k - 1) - 1, sot ha t , ( k , s) mu s t be (2, 1), (2, 2 ), (2, 3 ) , 

( ~ il) (3 1) (~~) (li 1\ (~1' c:.", , , j , c:., " j or --' , _) . 

Case (l)j. If s = order(¢~) where j ~ 1, then f is 

?-K-equivalent to a germ of the form 
s j k-? k ±u (x + IP

O 
(u) + ••• + W (u) x -) _ x . 

'k-2' 
If order(~o(u» = 1, then f is (k,s + 1)-determined 
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relative to P-K, so that, it is P-K-eauivalent to a germ of 

the form 
S i s+1 

±u x J + aOu T iJ~(u)x + ... 
.l.. 

k 
~ x , 

where degree(~i(u» s S + 1. We can easily show that 

P-K-cod(f) ~ s(k - 1), so that, (k,s) must be (3,1), (3,2) 

or (4,1). In the case where k = 3, j must be 1, hence 

f = ±usx + a
o

u S +1 ± x3 where s = 1 or 2. In this case, if 

s = 2, then P-K-cod(f) = 5. If s = 1, then f is 

P-K-equivalent to the germ x3 tux. In other cases, by the 

same method of the above, we can show that f is 
li 

P-K-equivalent to the germ x' ± ux. 

( 2 ) . Let s = min{order(tP·) I i = 1, 2 or 3 } . 
1 

Case(2)0· If s = order(¢O)' then .c- is P-K-equivalent .L 

. s 
¢2(u)x ¢3(u)y 

2 2, 
to (±u + xY'¢l(u) + + + x + y ) . 

s 2 
,.., 

3.17, (±u c:. 
is (2,s)-determined By Example + xy,x ± y ) 

relative to P-K. Thus, f is P-K-equivalent to 
s s s ~ s_ 2 .l.. _2 (±u + xy,alu + a 2u x + d 3U y + x ~ y ). 

Suppose that s = 1. 

If a
l 

= 0, then P-K-cod(f) ~ 5 except for the case of 

(a
2
,a

3
) = (0,0). Hence, f is P-K-equivalent to 

2 2 
(u ± xy,x ± Y ) in this case. 

If a
l 

~ 0, then P-K-cod(f) ~ 5 except for the case of 

a
l 

= ±l. Hence, f is P-K-equivalent to 
2 2 

(u ± xy,±u + a
2

ux + a
3

uy + x ± y ). 

We can easily show that P-K-cod(f) ~ 5 except for the 

(0,0), so 
2 y ± xy). 

that, f is P-K-equivalent to 



24 IZmUYA 

In the case where s ~ 2, one easily computes that 

P-K-cod(f) ~ 5. 
Case (2)1- If s = order(¢l)' f is P-K-equivalent to 

(¢O(u) +-Xy,±US + ¢2(u)x + ¢3(u)y + x
2 

± y2)_ 

s 2 . 2 
By Example 3.17, (xy,±u + x ± y ) is (2,s)-determined 

relative to P-K, so that, f 

( s+ ,s+ s 
aouxy,~u a 2u x 

is P-K-equivalent to 

+ s, 2 2) 
a~u y ~ x ± y . 

j 

By the same calculation as in Case (2)0' f is 

P-K-equivalent to (±u + Xy,X 2 ± y2), (xy,±u + x 2 ± 

( + 2 + 2 ) u - xy,x _ y ± xy . 

2 
y ) or 

Case (2)2- If s = order(¢2)' then f is P-K-equivalent 
s 2 2 

to (¢O(u) + xY'~l(u) ± u x + ¢3(u)y + x ± Y ). 

Suppose that order(¢l) =~. By Example 3-17, f is 

P-K-equivalent to a germ of the form 
. ~ s 2 2 

($O(u) + xY,au ± u x + $3(u)y + x ± Y ), 

where $O(u) and $3(u) are polynomials of order ~ sand 

degree ~ ~. 

In this case, one easily computes that P-K-cod(f) ~ 5. 
The case of (2)3 is in the same situation as in the 

case of (2)2' This completes the proof of the statement a). 

b) In this case, by the same calculation as in the 

case of a), f is P-K-equivalent to one of germs in 

Table IT-(2). This riompletes the proof. Q.E.D. 

The proof of Theorem 5.12 is the same as that of 

Theorem 5.11. We respectively use Proposition 5.9 2), 

Example 3.15 and Example 3.16 instead of 

Proposition 5.9 1) and Example 3.17. 



Table I-(l) 

K-cod(f) 

4 

5 

Table I-(2) 

K-cod( f) 

4 

5 

IzurlIYA 

germ 

germ 

Here, Q(x .. , ... ,x ) = ±X~±X~.J..I±" ·±x2. 
1 n 1 1. n 

Table II-(l) 

P-K-cod(f) 

o. 

1 

2 

3 

germ 

(XI""'X 1,U±X2) n- n 
3 

(xI""'x l'u+x) n- n 

( + 2+ 2) xl"" ,x l'-u-x n- n 

(XI""'X 1,u±x
4

) n- n 
3 (xl' ... , x I' X ±UX ) n- n n 

(xI""'x 1,±u2+x 3 ) n- n 
( 3+ 2) xI'···'x l'u-x n- n 

5 (xl' ... , xl' u+x ) n- n 
( + 2+ 4) xI""'x l'-u-x n- n 

3 3 
(xI""'x l'u +x ) n- n 

(xI""'x l,x
4
±ux) n- n n 

( + 2 + 2) xI""'x 2'u_x IX'x I-X n- n- n n- n 

( + + 2 + 2) xI""'x 2'':''x lX ,u-x. l-x n- n-_ n n-_ n 

( 2 2 + 2 + 2) xI'···'x 2'x l±x ±X IX ,u_x l':"x n- n- n n- n n-_ n 
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Table II-(2) 

P-K-cod( f) 

4 

Table ill 

P-K-cod(f) 

o 

I 

2 

3 

4 

IZUMIYA 

germ 

(Xl'" .,x l'u±x) n-_ n 

(xI""'x l,x
5
±ux) n- n n 

2 ~ 
( xl' ... , x '"' , ± X 1 X ,u± X 1 t.x..J ) 

n-~ n- n n- n 

germ 

U+Xi+Q(X2 ,·· .,xn ) 

±u
2

+Q(X I ,···,x) 
n 

U±X~+Q(X2""'X ) _ n 

±u
2

+xi+Q(X 2 ,·· .,xn ) 

3 U +Q (xl' ... , xn) 

xi±uXI +Q(X 2 ,·· .,xn ) 

5 u+x I +Q(x 2 ,···,x
n

) 

u±(xi+x~)+Q(x3"",xn) 
u±(xi-xIX~)+Q(x3' ... ,xn ) 

4 . 
U +Q ( X I ' ... , xn) 

4 
x l ±uxl +Q(x 2 ,···,x

n
) 

U±X~+Q(X2" .. ,xn ) 

u±(xix2+x~)+Q(x3'" .,xn ) 

5 U +Q(xl"" ,xn ) 

xi±uxI +Q(x 2 ,···,xn ) 

2 ::: ±X.±- - -±x 
l n 

In the above lists, P-K-versal deformations can be 

obtained by Theorem 4.1, but we don't have the space where 

these lists are displayed. 

By Example 3.18, we have the following proposition. 
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PROPOSITION 5.13. Let f : (RxR2 ,O) ~(R,O) be ~ map 

germ with K-cod(f
O

) = 1 and P-K-cod(f) s 5. Then f is 

P-K-equivalent to one of the following germs 

P-K-cod(f) 

a 

1 

2 

3 

4 

5 

germ I P-K-versal deformation 

2 ? 2 ±x ±u:;-±u,,+v 
1. c. 1 

-"-x2 +u2 .... 3+ """11 u -'-. - 1,u2 v 1·, ·22 

REMARK. In [15J, T. Poston points out that the germ 

x
2 

+ ui + u~ describes the phenomena of babbles broken off 

and dying. 
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