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Generic bifurcations of varieties

Sayuichi Izumiya
Dedicated to Professor Minoru Nakaoka on his 60th birthday

We study the zero point set of a parametrized smooth
map germ. It is not only a natural generalization of
Mather’s theory of smooth map germs (cf. [11],{12]), but
also it contains the bifurcation theory of stationary
solutions of parametrized ordinary differential equations.

One of our main results is a classification of

parametrized smooth map germs under a certain equivalence
relation.

1. Introduction

Let f : (RHXRI,O)————a(Rp,O) be a smooth map germ. For
each u € (RF,O), we have a germ of "varieties" fal(O)
defined by fu = fanxu. In this article, we shall study
bifurcations of these varieties.

Let C;(RPXR?) be the ring of smooth function germs
(RHXRI,O)————éR. This ring has a maximal ideal Mn+r
consisting of all germs (RHXRr,O)————ﬁ(R,O). For each
smooth map germ f : (RHXRr,O)———é(RP,O), we define a ring
homomorphism f¥ : c‘;(RP) ——ec‘a’(Ran’:) by £%(h) = hof.

DEFINITION 1.1. Smocoth map germs
£, g :_(RnXRr,O)-———é(RP,O) are P-K-equivalent (respectively

S.P-K-squivalent) if there exists a diffeomorphism germ

P (RHXRF,O)————e(RFXRF,O) of the form o(x,u) =

(2, (x,u),9(u)) (respectively ®(x,u) = (e, (x,u),u)) such that
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2#(1(£)) = I(g). Here, I(f) = £¥(H_)CT(R7xR™).

For each map germ f : (RHXRI,O)————+(RP,O), the
bifurcation map germ Ta (f-l(O),O)-———%(Rr,O) is defined
by ﬂf(x,u) = u.

DEFINITION 1.2. For two smcoth map germs
f, g: (RFXRF,O)————>(RP,O), bifurcation map germs ., T
are A-equivalent if there are diffeomorphism germs
5 : (R™xRY,0) —— (R™xRY,0) and ¢ : (RY,0)— (R",0) such

that @(f‘l(o)) = g‘l(o) and ¢om, = ngo@.

o
o

PROPOSITION 1.3. For two map germs
£, g : (Rper,O)-—-—é(RP,O), if f, g are P-K-equivalent,
then m, T, are A-equivalent.

The proof is trivial by Definition 1.1.

REMARK. The converse of Proposition 1.3 does not always
hold. For example, let f, g : (RxR,0) ——(R,0) be defined
by f(x,u) = X2 and g(x,u) = x. We have To = but f and
g are not P-K-equivalent. In [10], Martinet showed that,
provided df and dg are surjective; o and wg are

A-equivalent if and only if f and g are P-K-equivalent.

Besides being very attractive and geometrically
interesting, the study of bifurcations of varieties arises
naturally in a number of occasions such as in the study of
differential equations and economics, ete. (cf. [31,061,[817,
(13]1,0151,0[181) ..

The theory of P-K-equivalence (or S.P-K-equivalence) is
interpreted as a natural generalization of the A-equivalence
theory for map germs

For each smooth map germ [ : (RP,O) ———%(RP,O), we
define Df : (RnXRP,O) ——f+(RP,O)_by Df(x,y) = f(x) - y.

By Proposition 1.3 and its remark, D. and Dg are

PQK—equivalent if and only if f and g are A-equivalent in
the sense of Mather.
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Moreover, it contains the "Rigt-equivalence" theory
for function germs on singular varieties. (cf. Section U).

In the case where r = 1, the P-K-equivalence relation
has been studied by M. Golubitsky and D. Schaeffer ([6]).
But the situation is quite different in the case where r > 2.

(See Section 3, Proposition 3.1&).

All map germs and diffeomorphisms considered here, are
differentiable of class Cm, unless stated otherwise.

Main results in this paper have been annocunced in [9].

2. TImplicit function theorem for the P-K-equivalence

In this section, we prove some fundamental theorems
for the P-K-equivalence theory. We now define
"singularities" via the P-K-equivalence’s version.

Let f : (RHXRr,O)-——-é(Rp,O) be a map germ. We define

X 0
by
= (70 8f n a1
AF (Vs esV W seesw ) = (1L vies i(O) ceeslis 1Vlax°(0))
and _
. n ,Tr p
af,, : Ty(R™xR")—— T R
by
- r
dfu(vl""’vn’wl""’wr = (ZJ -1 Jau1(0) .. ZJ -1 Jaup(O))
Since Ker(dfx) > TOR , wWe may define
K
dfu : Ker(dfx)-——a Coker(dfx)
by

K _
dr, = w dfuIKer(de),

where w1 TORP ———>Coker(dfx) is the cancnical projection.

DEFINITION 2.1. Let f : (RPxRY,0) —> (RP,0) be a map

germ. We say that f is non-singular at 0 (1n the contact

sense) if rank(dfx) = min(n,p) and rank(df Y =

min(r,p - min(n,p)). We say that f is 51ngular at 0 (in

the contact sense) if f is not non-singular at 0 (in the
contact sense). '
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REMARK. We interpret that f is non-singular at 0 (in

the contact sense) if

a) n=2p : fy has rank p at 0
b) n<p : fO is an immersion, and f has maximal
‘rank at 0. Here, £, = £|R®x0.

By the above interpretation, the following theorem is
obvious.

THEOREM 2.2. (Implicit function theorem for the
P-K-equivalence). Let f : (Ranr,O)————>(RP,0) be a

non-singular map germ (in the contact sense).

1) If n 2 p, then f is S.P-K-equivalent to the

following germ : (xl,.t.,xn,ul,...,ur)-——+ (xl,...,xp).

2) If n<pand r <p - n, then f is P-K-equivalent to
the following germ

(xl,...,xn,ul,...,ur)-———>(xl,...,xn,ul,...,ur,o,...,0).
3) If n <pand r > p - n, then f is P-K-equivalent to
the following germ : '

(xl,---,xn,ul,~--,ur)-——+ (Xq5-eenX sUysenu ).

pP—nn

The’following proposition will be useful in Section 5.

PROPOSITION 2.3. Let f : (R™xR",0) —> (RP,0) be a map
germ with rank(dfx) = s and rank(dfi) = q.

1) £'is S.P-K-equivalent to a germ

£' : (RSxR™TSxRT,0)——> (RSxRP7%,0) of the form
f'(xl,xz,u) = (xl,f(xz,u)), where x* = (xl;...,xs), x° =
(XS+1,...,XH) and u = (ul,...,ur).
2) £ is P-K-equivalent to a germ
- - -(s+
£1 s (RSxRPTSxRIXRT L, 0) ——s (RSxRIxRP (57D g of
- : 1 2 1 2
the form f'(xl,x25ul,u2) = (xl,ul+gl(x2,u ,ug),g2(x su,u)),
where xl = (x x ) x2 - (x X_) ul = (u u_)
5 l)"': s ? ‘*S_{_l:-'-:*n: l:"‘aq:
u” = (uq+l,...,ur) and the order of g, is at least 2, (i =

1,2).
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Proof. 1) If necessary, by the coordinate change of
(RP,O) and (RP,O), we may assume that

E 0
(#) r = , where E is the sxs-unit matrix.
0 0
o . n r S P-S .
Then £ : (R"xR7,0) ——(R"xR ,0) has components fl and f2

with respect to the splitting RP = R°xRP7%. we now define
RP7SxRY ,0) by
,u). By the assumption (¥), V¥
is a local diffeomorphism germ. Hence, we put @(Xl,xz,u)
(¢(X1,X2,u),X2,u) as the local inverse of V. ‘

Now, we have fo@(xl,xz,u) = (xl,fgoé(xl,xg,u)). It is
clear that I(xl,f2 L ¢ 26(0,x°,u)). Thus

i(x ,F
the proof of 1) is completed. |

a map germ VY : (RSXRH—SXRI,O)————>(R82

1 .
W(x“,x2,u)_= (fl(xl,xz,u),x2

1

o@(xl,xz,u)) 5
2) By the statement 1), it is enough to prove the
statement in the case where rank(dfx) = 0 and rank(dfu) = q.

If necessary, by the coordinate change of (Rr,O) and
(RP,O), we may assume that
E 0
(*¥%) ar, = , where E is the gxg-unit matrix.
| 0 0
Then £ : (R™xRY,0) — (RIxRP79 ) nas components f, and f,.
We now define a map germ ¥ : (RIxR*7%,0) — (RIxR*"9,0) by
W(ul,uz) = (fl(O,ul |

local diffeomorphism germ. Hence, we put @(ul,ug) =

,uz),uz). By the assumption (¥%), ¥ is a

(¢(ul,u2),u2) as the inverse of ¥. If we represent

fo(lRpXQ)(x;ul,uz) = (fi(x,ul,u2),fé(x,ul,uz)), then
fi(O,ul,u2) = ul. Hence, the first order term of fi is
1 _ .
u- = (ul,...,uq).
This completes the proof. Q.E.D.

3. Finite determinacy

We now turn our attention to the guestion of whether a
map germ is P-K-equivalent (or S.P-K-eguivalent) to a
polyncmial. |
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DEFINITION 3.1. Let f, g : (R™xRY,0)—— (RP,0) be a
map germs.
k+1
n+r-

i) £, g are k-jet equivalent if (f* - g*)(Mp) C M
i) £, g are (kl,k2)—jet equivalent if

. - k_o+1 k.+1 ©
(£% - g=)(Mp) c (Mgl M52 ')CO(Ranr).

These are clearly equivalence relations ; we
respectively denote jgf and jékl’kZ)f of equivalénce classes
represented by f. If we want to find "normal forms" for
P-K—equivaience classes, the following are a rather

important chain of ideas

DEFINITION 3.2. A map germ f : (RPxRY,0)—— (RP,0) is
k-determined (respectively (kl,kz)—determined) relative to

ko
O.L
1

= jgg (respectively jékl’k2)f = jékl"z)g) is S-equivalent

to £. The notion of finite determinacy is same as the

S if évery map germ g : (RPXRF,O)-———>(RP,O) such that j

usual case. Here, S denotes P-K or S.P-X.

In order to characterize finitely determined map germs,
we need some algebraic tools. Let f : (RHXRr,O)————9(RP,O)
be a smooth map germ. - The set of all sméoth vector field
germs along f is written by 6(f) ; it is a Cz(Ranr)—module.
We also write 6(r) = e(er).

DEFINITION 3.3. 1) tf : 6(m_)——>6(f) is defined by
6f(g) = df+i(g), where m_ : (R™xR",0) — (R™,0) is the

canonical projection and i : e(nn)-—-+8(n+r) is the

canonical inclusion. This is a CE(RHXRr)—homomorphism.

2) tf : 8(r)— 6(f) is defined by tf(n) = dfOl(ﬂOﬂr),
where LS (RHXRr,O)————>(RF,O) is the canonical projection
and 1 : e(wr)————>6(n+r) is the canonical inclusion. This

is a C;(Rr)—homomorphism.
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S =3

The proof of the following theorem is same as usual
method. And it is a corollary of Damon’s very general
theorem. (cf. [2]).

THEOREM 3.4. (Characterization theorsm). Let
f : (R™xR",0)——(RP,0) be a map germ. Then the following
are equivalent

1) £ is finitely determined relative to P-K-
(respectively S.P-K). .

2) dimRe(f)/tf(G(wn))+Tf(6(r))+f*(Mp)8(f)‘< 4o
(respectively dimRe(f)/tf(e(wn))+f*(Mp)e(f) < o),

From now on, we make estimates of orders of wvariable
separated determinacy. Define J (n+r,p) (resDecrlvely
J(k 2)(n+r p)) to be the set of k-jets JO (respectively
'(k k )~jets J(k Z)f) By the same argument as in [12],
we can show that P-K-equivalence classes and
S.P-K-equivalence classes in a k—jet.space are smooth
submanifolds. Moreover, we can calculate their tangent
spaces. Under this observation, we introduce some notations.
For any map germ f : (RHXRr,O)————>(RP,O), we define
T(P-K) () = tf(Mn+r6(wn)) + rf(Mre(r)) + f*(Mp)e(f),
Te(P—K)(f) = tf(e(w )) + tf(e(r)) + f*(M )6 (1),
T(S.P-K)(f) = tf(M +r6(n )) + "“(M )e(f)
Te(S.P—K)(f) = tf(e(n )) + f“(M )e(f)

The following proposition is the key of estimates of
orders of determinacy.

PROPOSITION 3.5. Suppose that a map germ £ : (E'xRF;0)
f-——?(RP 0) is k-determined relative to P-K (respectively
S.P-K). Let (k Ky ) € NxN be such that ky +k, < k. If
(*¥) . M 1+ M 2)8(g) C T(P-K)(g) + M e( )

(rcsnectlvely

(M 1+ M ~2)8(g) © T(S.P-K)(g) + M “6( ))

for any map germ g : (R <R ,0)————%(R O) with the same

(kl,k2)—jet as f. Then f is (kl,kz)—determlned relative to
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P-K (respectively S.P-K).

For the proof, we need the following two lemmas.

LEMMA 3.6. Let f, g have the same (kl,x )-jet. . Then
1) £*(9) - g*(9) € (Mil+l + M§2 )C (R™xR") for any
¢ € CO(RP),
2) tr(E) - tg(g) € R(*viﬁl + 4£2)6(f) for any € € Re(m )
and for any subring R C C (R «RE )
3) tf(n) - tgln) € M 26(1) for any n € 8(r).

Proof. The statement 1) is‘trivial by the definition

of the (kl,kz)—get equivalence. Let (xl,...,xn ul,...,ur)
be a system of local coordinate at 0. Then
3(f., - z.)
Iy _ 9y - 3P J_2dT.9 e (1 o= 1
tf;axi tg(axi - Zj=l 9K 3yt (1 =1,...,n).
By the definition,
B(f. —g.) 1 b
%x J e (M 1 + MK +1)8(f) C (Mil + M?g)e(f) for any 1i.
i
Since any element £ € Re(ﬂn) is an RCO(RHXRI)—linear
combination of the %E ’s, 2) follows. The proof of 3) is
i

same as that of 2). Q.E.D.

LEMMA 3.7. Let G be a Lie group acting on a manifold
M : and let V be a connected submanifold of M. Then V is

contained in a single orbit if and only if
a) TVX‘C T(Gx)X for any x € V

b)‘dimT(Gx)X is constant for every x € V..

Here, Gx 1s the orbit through x in M.

Proof. See (3.1) of [1l2].

Proof of Proposition 3. 5 The idea is apply Lemma 3.7
with M = J (n+r p), G = (P K) (rosnectlvely (S.P-K) ) and

{Jog = J (n+r, p)IJ ) = (k 2)f} where (P- K)
(resnectlve (S.P-K) ) is the Lle group of k-jets of

P-K-equivalences (respectively S.P-K-equivalences).
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1 ,
+ 2 he(g) (51 + Mkz)e(g), the

\O

Since (M 1 t1

condition (%) 1molles that TV C T((P- K) w) (respectively

TV C T((S.P- K} w) ) for every w = Jgg e V.

Moreover, we con51aer the following exact sequence

T(P- K)(g)+M&+16( g) . T(E=K)(g)+(MS1+u52)0 (g)
by n r
0 = Ker(w) — I - " r -0
Wi e () (iEL+i2) 8 (g)

k+1
n+r
is the canonical epimorphism. Since

(T(P-K) () +M< 1o (g)) N (MS1+E 2)e(g)

k+18( ) ?

for any jgg €V, where T : 8(g)/M 6(g) — 8(g)/(Mi1+Mi2)e(g)

Ker(mw) =

it has a constant dimension by the condition (#*) and
Lemma 3.6. Hence,
k+1
T(P-K) (g)+M_ -8 (g)
R~ k+
l&)'(g)

n+r
]
is constant for every jgg € V. This implies the condition

b) in Lemma 3.7. This completes the proof. Q.E.D.

dim
M

The following simple and algebraic lemma is very useful.

LEMMA 3.8. Let R be a commutative ring. Let E be an
R-module, and Z € R be a subring (not necessarily with unit)
such that zXg = 0 (for some integer k). If E = ZE, then
E = 0.

Proof If E = ZE, then ZE = Z2E = e = ZkE. So,

since 7 E =0, E=0. _ Q.E.D.
We now have the following estimate.
n_.r P
THEOREM 3.9. Let f : (R'xR7,0) —=>(R",0) be a map

germ.
i) Suppose f is &-determined relative to P-K for

sufficiently large 2. Let D be a CE(RHXRI)—submodule of
6(f).



10 ' IZUMIYA

S s -
If D C Te(P—K)(f) + (Mnl + Mr2)6(;)
and

s s s S -
(Mnl + Mrz)e(F) C T(S.P-K)(f) + M D + Mn+ (Mnl + Mr2)e(L).

Then £ is (s 1555 )-determined rclatlve to P-K.

i) Suppose r =1 and f is 2-determined relative to

S.P-K for sufficiently large %.
e
S S s s .
(M 1 +-M12)9(f) C T(S.P-K)(F) M ML+ Hj2)8(r).

Then f is (sl,sz)—determined relative to S.P-K.

Proof. 1) Suppose g has the same (s ,S )—jet as f.
It follows from Lemma 3.6 (with R = M ) thac

(1) D C T (P-K)(g) + (M 1+ MS Z)S(g)
and

(2) (M 1+ M3 2)e(g) C T(s.P-K)(g) + M D +

(Msl + M 2)6(g)

Let E be the CO(RHXRr)—module

T(S.P-K)(g) + M_D + (Mil + M32)8(g)

’ k S S

"T(S.P—K)(g) + MrD + Mn+r<Mnl + Mr2)6(g) ’
where k + s 2 ¢ + 1 and s = min(sl,sz). Then, (2) implies
ZE = E (with Z2 = M +r) By Lemma 3.8, E = 0. Hence
(M 1+ Mo 2)8(g) C T(S.P=K)(g) + M D + M (Mil + MiZ)e(g).

Suostltutlng for D,
(3) (Mil + Mi2)6(g) C T(P-K)(g) + Mr(Mil + MiE)e(g) +
k S s
M +r(Mn1 + Mr2)e(g).oo y
Let E' be the CO(R )-module
T(P-K)(g) + (MO1 + M>2)8(g)

; k S S
T(P-K)(g) + Mn+r(Mn1 + Mrz)e(g)

1
Then, (3) implies 2'E' = E' (with Z' = M_). Since M} C
M§+f, 2 K50 = 0, By Lemma 3.8, E' = 0. Hence, we have

] S k S . uS
(Mnl + MPE)G(g) C T(P-K)(g) + Mn+r(Mnl + Mrz)e(g). We now
have the following 1nclu51ons
k y L2+1
Mo (M 1+ 45 n2)e(g) < Mn*r hepB(g) C Mo 8 (g).
lE follows that

1
(51 + W52)8(g) C T(P-K)(g) + W o 8(g).
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—
l...l

Since this holds for all g with the same (sl,sg)—jet
as f, it follows by Proposition 3.5 that f is
(sl,sz)—determined relative to P-K.

The proof of i) is same as (easier than) that of the

case i). This completes the proof. Q.E.D.

REMARK. In ([6], Theorem 2.8), there is the following
estimate : If Mi+le(f) C T(3.P-K)(f), then f is s—-determined
relative to P-K. The statement i) of the above theorem

fills_up their estimate.

We have many other estimates as corollaries of the
above theorem. Since the estimate of #1) in the above

theorem is very nice, we will only consider the case where
r > 2. '

COROLLARY 3.10. ;g
(1) (Mil +'M§2'1)e<f) C T_(P-K) () + (Mﬁ*2 4 M§2)e(f)
and

1
(2) M2o(£) € T (S.P=K)(f) + W 8(r) + (L™ + wkaye(r),
then f is (kl + l,kz) determlned relatlve fo P-K.

Proof. Multlply (2) th;ough by Mkl to obtain

M‘l*“e(f) c tf(M 16(n ) + M_ ux “16(r) + £ (M )Mﬁle(f) +

I 1(Mk oy Mrz)e(f).
‘ i
We always have the inclusion : M;26(f) - tf(Mn+re(wn)) +
M Mk2 0(£) + £2(M_)B(£).
By (3), (4) and the inclusion
M 1(Mk1+“ + Mkz)e(f) C M (Mk L Mk2)8(f)
we have (Mk1+2 + MK 2)e(f) C T(S.P-K)(f) + M (M 1+ ¥ 2 )e(f)
+ (Mk e + Mr2)8(f).

The result follows, from this and (1), by Theorem 3.9.
This completes the proof. ' Q.E.D.
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PR o N
COROLLARY 3.11. It Mn+r8(1) - Te(P—K)(I

) s
(s(k,r),k + 1l)-determined relative to P-K. Here

|_ln

f rank(dfu) = p,

k(r + 1)
s(k,r) = {

k(r + 2) otherwise.

Proof. By the hypothesis,

5 - Te(P—K)(f) + MrTe(P—K)(f)

k r+1
Te(S.P—K)(f) + MrTe(P—K)(f) + (Mn+r) Te(P—K)(f)
has an Rk—module structure, where Rk is a subring of
© T , k
CO(R xR") generated by R and Mn+r' Then,

. < a4 T£(8(r)) _
dlmRE < dlmR Tf(Mre(rj) = r.

By Corollary (1.6) in [11] applied to R
follows that
k r o
(Mn+r) Te(P—K)(L) - Te(S.P—K)(f) + MrTe(PfK)(f).
In the case where rank(dfu) =p, e; = (0,...,1,...,0)
(i =1,2,...,p) are elements of Te(P—K)(f). Then
‘ k r k r
(Mn+r) 6(f) C (Mn+r) Te(P—K)(f).
re(f) - Te(P—K)(f),

k—module E, it

In other cases, since M

k(r+l) k k r k r
Nt 8(f) C Mn+r(Mn+r) g(r) C (Mn+r) Te(P-K)(f).

In either cases, we have inclusions

MZii’r)'kSCf) C (M§+F)PTG(P-K)(f) C T (S.P-K)(f) + M_8(F).

The result follows, from this and Corollary 3.10. Q.E.D.

n+
M

COROLLARY 3.12. If 6(f) = Te(P—K)(f) then f is

(r + 1,1)-determined relative to P-K.

Proof. 1In this situation, by the same argument as
Corollary 3.11, we have
r _
Fa) — EX .
Mn+r6(L) - Te(S.P K)(f) Mre(f)
Hence, by Corollary 3.10, the result follows. Q.E.D.
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REMARK. The estimate in Corollary 3.12 is a
generalization of Mather’s estimate for stable map germs
(cf. Proposition 3.5 in [127).

We now consider the finite determinacy relative to
S.P-K

DEFINITION 3.13. For any map germ

n_.r
£ ¢ (R™RT,0)——(RP,0), we les
v/ o n_,r A .

LF(0) = {(x,u) € (R"xR7,0) | rank(df_(x,u)) < p and
f(x,u) = 0}.

We say that I*(f) is a bifurcation set of f with
respect o 3.P-K. This notion is defined also on the
complex field C.

w " n_,r o) .
For any C map germ £ : (R xR",0) ——=(R¥,0), we denote
. o . - n_.r
the complexification of f by fc : (CxC ,O)-———+(CP,O).

By the same method as the usual case, we have the
following proposition which indicates the difference of

situations in cases of r = 1 and r > 2. (cf. Wall [161).

PROPOSITION 3.14. Let f : (R™xRY,0) —>(RP,0) be a

smoofth map germ with r =2 2. The following are equivalent

1) £ is finitely determined relative to §.P-K.

2) f is S.P-K-equivalent to the following germ

2 2

(Xl,...,xn,ul,...,ur)-——» (xl,...,xo).

3) L¥(fy) C {0}, if f has the complexification f.

REMARKS. 1) By the above proposition, Golubitsky and
Schaeffer’s estimate (Theorem 2.8 in [6]) is not useful in
the case where r 2 2.

ii) The above proposition is related to the well known
remark : the "Right-equivalence' theory for map germs

(rR" ,0) — (R? ,0) p 2 2 is "almost impossible”. The re

)
)

on,
why the above situation happens, is the S.P-K-sguivalence

A o n_,xv A
theory for © : (R XR‘,O)-———%(RP,O) implies the Right-

equivalence theory for = (f_l(O),O) —— (R ,0).

f



14 IZUMIYA

EXAMPLE 3.15. Consider a map germ f(x,u) = xk + u®x"
(k 21 3; s, m=20). One calculates T(S.P-K)(f) =
Clevc! s_m k-1 s+l m-1 k. s m
kx' £ mux , kx u £ mu X s, X f u'Xx CO(RXR)‘

In the cases

£

m = 2 : uk & T(S.P-K)(f) for any k € N, so f is not
finitely determined relative to S.P-K.
s k=11 x, u€ T(S.P-K)(f), so by Theorem 3.9
#), £ is (1,1)-determined relative to S.P-K.
m=1;kz=2:x%, uSeDs.PK)(f), so by
Theorem 3.9 i), f is (k,2s)-determined relative to S.P-X.
k, = T(S.P-K)(f), so by Theorem 3.9 ii),

f is (k,s)-determined relative to S.P-X.

m= 1

m=20 : x

EXAMPLE 3.16. Consider map germs 1) f(x,y,u) =
ry + x3 - xyz, 2) f(x,y,u) = zu + x3 + y3, 3) f(x,y,u) =
tu * (x2y + yu). By the same calculation as that of
Example 3.15, 1) and 2) are (3,1)-determined relative to

S.P-K and 3) is (U,l)-determined relative to S.P-K.

EXAMPLE 3.17. Consider map germs 1) f(x,y,u) =
(xu® + xy,x2 + y2), 2) f(x,y,u) = (ixy,tus + x2 + yz),
3) f(x,y,u) = (ixy,ius + x2 + y3). By the same argument
as that of Example 3.15, 1) and 2) are‘(2,s)—determined
relative to S.P-K and 3) is (3,s)-determined relative to

S.pP-K.

EXAMPLE 3.18. Let f : (R™RY,0) ——(R,0) be a map
germ given by

_ 2 L2 ;
f(xl,...,xn,ul,...,ur) = *x] % tox, g(ul,...,ur)
such that

' Mr < Mr(aul""’BuP%O(Rr)' (%)

One calculates
T (P-K)(F) = (xl,...,xnf(xl,...,x

+

n’ul""’ur>%§(Ranr)

e
og 3g IR S . s N
<3—u' R T %: (Rr)’ so that CO(R xR ) -module
1 r’0
- —3-%— g.g_ [o's) 3 12 . a . _ o
D <3u1>-~-,3urko(Ranr) is contained in Te(P KY(o).
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By (%), (Mi + H5)B(5) C T(S.P-K) (D) + D, so, by

Theorem 3.9 i), f is (2,k)-determined relative to P-K.

4. Versal deformations

In this section, we conéider deformations (unfoldings)
of map germs. Notions of the deformation of a map germ and
its versality with respect to P-X (respectively S.P-K) are
analogous to those of in [5]. 1In which, we denote S as
P-K or S.P-K. The versality theorem is the following
theorem.

THEOREM 4.1. Let F : (R™xR"xR%,0) —(RP,0) be an

s—-parameter deformation of f : (RHXRI,O)-———%(RP,O)

A necessary and sufficient condition for F to be S-versal

is that it should be infinitesimally S-versal. Here, we say

8(f) = T_(S)(£) + V,, where V, = (2|R

oF , n__r
7> xR XO".’WéR xR XO)R.

The proof is the same as that of in [7]. Moreover, it
is a-corollary of Damon’s more general versality theorem in
[2]. But we remark that there are some applications of the
above theorem.

Doy DR ooy B (gl

A) For any composed map germ (R ,0) = (R,0) = (R%,0),
(r.g) (R®xRPxRY 0) —— (RPxrR%,0) by
Dig g)(xgy,Z) = (f(x) - y,g(y) =~ z) and
a, . i (R®RP,0) —> (RPxR%,0) by d,. . (x,y) =

(f(x) - y,g(y)). We now have the following theorem as an

we define D

application of Theorem 4.1.

THEOREM 4.2. For a composed map germ

)

(Rn,o)—i;(RP,O)-—5+(Rq,0), the following are equivalent

map germ.
2) D(f,g) is a P-K-versal deformation of d(f,g)'

The proof is trivial by arguments in [4] and [13].
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B) All arguments in this article remain valid for

holomorphic map germs on the complex number field C.

Let (cn,o)—?——>(c,o) (i = 1,2) be holomorphic map germs.
g, *
(cP o)
We say that fl : (gl“(O) 0) ——(C,0) and
f2 : (02 (0),0) — (C,0) are right-equivalent if there is
biholomorphic map germ ¢ : (CO ,0) —— (cP ,0) such that

- - walo— L _ -1 s
o (i(gl)) I(g2) and f; @]gl (0) = legz (0). This
equivalence relation is a natural equivalence relation for
holomorphic function germs on varieties. We can treat this
situation as follows : For each map germs (Cn,O) —i;é(C,O)
2]
(c?,0)
we define K o .y : (C™xC,0) —— (CPxC,0) by Kip gy (5,0

(g(x),f(x) - ;?. It is clear that K(Fl, 1) and K(f ) are
S.P—K—equivalent if and only if £ <g1*(o) O)-——%(C 0)
and f2 : (O) 0) ——(C,0) are right- eouﬂvalent By an
s-parameter deformation of a system (C 0) >(C,0)

:|

(cP,0)

we mean a system of holomorphic germs (CnXCS,O) —2;9(C,O)
c|
(cP,0)
such that (F,G)|C™x0 = (f,g). Then, we have the following
versality theorem.
THEOREM 4.3. Let (szcs,o) —E;e(C,O) be an s-paremeter
G

(cP,0)
deformation of a holomorphic germs (CH,O)——£—>(C,O)
g
Ir (cP,0) )
8(g)e0_ = (va(8 () #2* (4,0 (g PEICE N ..,gi ByaeesBg)
V ®Vy, then F FlG (O) is a right-versal deformation of
£lg™"(0). Here, 0 is the local ring of holomorphic
function germs on Cn‘gg 0.
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Proof. Define G, : (C%,0) ——(C"xC,0) by G.(x) =

(2,f(x)). Then, we have a surjective map

(Gf)* : 6<K(F )) —_— e(g)GBOn defined Dby (Gf)“(E,n) =
(£,nef). Since Ker(G )E = (f(x)—yb , the result
follows. n+l Q.E.D.

5. Classifications

In this section, we will classify parametrized map
germs under some condifions. At first, we must argue
relations of P—K—equiValences-and K-equivalences. The
K-equivalence theory has been developed by Mather (f117],
[12]) and Martinet [10]. Notions and results for the
K-equivalence theory in these articles will be employed.
For each map germ f : (RHXRr,O)-———é(RP,O), we define
1¥ © 8(f)——>68(f,) by 1¥(n) = net, where ’
1 (Rn,o)-———+(RRXR?,O) is the canonical inclusion and
£, = f]Rnxo. This map 1* is a surjective R-linear map
whose kernel is Mre(f).

LEMMA 5.1. The map 1% : e(f)———%-e(fo) induces an
R-isomorphism

Tz . 8(£)/ (T (S.P-K)(f) + M () = 8(f, )/T (K)(£4),
where T (K)(f ) = tf (6(n)) + f‘(M Yo (f )

The proof is trivial by definitions of Te(S.P—K)(f) and
Te(K)ffO).

DEFINITION 5.2. For each germ £ : (R™xRT,0) ——(RP,0),
we defline P-K-cod(f) = dimR(G(f)/Te(P-K)(f)), S.P-K-cod(f) =
dimR(S(f)/Te(S.P—K)(f))5 K—cod(fo) = dimR(e(fO)/Te(K)(fo)).

We respectively call these a P-K-codimension of f, an

S.P-K-codimension of f and a K-codimension of £a-

REMARKS. 1) S-codimensions are S-invariant for S =
P-K, S.P-K or K.
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| 2) By Lemma 5.1,
K-cod(fy) = dimp(8(f)/T (S.P-K)(f) + M 8(f)).

We need the following lemma.

LEMMA 5.3. Let £ : (R"XR",0) —>(®P,0) be a germ

i) K—cod(fo) < P-K~cod(f) + r.
i) If rank(dfx) = s and rank(dfﬁ) = q, then’
P-K~cod(f) =2 p - (s + q).

Proof. i) K—cod(fo) = dimR(e(f)/Te(S.P—K)(f) + Mre(f))
dimR(S(f)/Te(S.P—K)(f) + Mrrf(e(r))
Te(P—K)(f)

P-K-cod(f) + dimRTe(S.P-K)(f) +TE(H 8 (1))

P-K-cod(f) + r.
i) By 1) of Proposition 2.3, we may assume that f is a
RP7SxR",0) — (R°xRP™° 0) or the form f(x',x°
(xl,f(xg,u)). We define an R-epimorphism
8(f)——>08(F) by N(E) = dwefoi where
(RSXRP—S,O)————>(RP-S,O) is the canonical projection and

(Rn_ser,o)-———+(RSXRn'SXRr,O) is the canonical

,u)

inclusion. Then, we have I(T_ (P-K)(F)) = Te(P—K)(f).
Hence, we may assume that rank(dfx) = 0.

By 2) of Proposition 2.3, f is a germ

(RHXRqXRr_q,O)————>(RqXRP—q,O) of the form f(x,ul,ug) =

(ul+gl(x,ul,u2),g2(x,u

l,uz)), in where orders of gy are

at least 2 (i = 1,2). Then, we have tf(e(wn)) - Mn+re(f)’
% %) o %
tf(8(r)) C (el,...,eq, S e %O(Rn) and f (Mp) C.Mn+r'
Hence, P-K-cod(f) = p - q- Q.E.D.

The following theorem is the classification theorem

for germs of zero P-K-codimension.

THEOREM 5.4. Let f : (R™xR",0) — (RP,0) be 2 serm

of P-K-cod(f) = 0, rank(dfx) = s and rank(dfi) = q.
Then, p = s + g and there is a polynomial map germ

g

(R*7%,0) — (&%, 0) of degree at most r + 1 with

rank(dg) = 0 and K-cod(g) < r such that f is P-K-equivalent
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a geim g' : (RSXRH_SXRQXRr-q,O)'*——+(RSXRq,O) of the form
. 1 _ 1 1 2, , vr-=q \
£r(x7,x",u ,uq+l,...,ur) (x7,u” + g(x) + zi=1ug+i€i(xz))

where El,..., Er q are generator of the R-vector 'space

M 8(2)/T_(K)(8)

REMARK. 1In the above theorem, g is the K-finite map in
the sense of Mather. Hence, Mather’s classifications of
K-versal deformations are applicable for the casé of zero
P-K-codimension.

LEMMA 5.5. Let £ : (R"xR,0) — (RP,0) be a map germ.

Then the following are equivalent
(1) 8(f) = T_(P-K)(£).
(2) e(fo) = Te(K)(fO) + Vf.

Proof. Let 1 : (Rn,o) ———>(RPXRr,O) be the canonical
inclusion. Since 1*(tf(6(nn)) = tfo(e(n)), lﬁ(f*(Mp)e(f))
= fS(Mp)e(fO) and 1*¥(tf(6(r)) = Vf, the proof for (1) =
(2) is trivial. By Lemma 5.1, (2) is equivalent to

(%) 8(f) = T_(S.P-K)(£) + H_8(f) + <%§1""’%§£ .

Hence, we have 8(f) = Te(P—K)(f) + Mre(f).

By the Malgrange preparation theorem, 6(f) = Te(P—K)(f).

This completes the proof. Q.E.D.

This lemma indicates the fact that P-K-cod(f) = 0 if
and only if f is an r-parameter K-versal deformation of fo.

Proof of Theorem 5.4. Since P-K-cod(f) 2 p - (s + q),

we have p = s + q. By 2) of Proposition 2.3, we may assume
that £ is a map germ (RExR7T7SxRIxR 79 0) —— (R®xrRY%,0) or
the form f(xl,xz,ul,uz) = (xl,ul +_f(x2,ul,u2)).

Let & : 8(f) ———>6(fl
the canonical projection (RSXRq,O)———>(Rq,O), where
fl(xg,ul,uz) = ol o+ F(x%,ut,u®). Since #(T_(P-K)(£)) =
Te(P—K)(fl), we also have P-K—cod(fl) = 0. We define
g+ (R™°,0) —> (r%,0) by g(x”) = £,(x°,0,0). By i) of
Lemma 5.3, K-cod(g) < P—K—cod(fl) +r =r.

) be the R-epimorphism induced by
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Then, there are vector fileld germs E -, gr—q € 8(g) such

that these generate M __ e(g)/m (K)(g) over R. If we define

a map germ f' : (RSXR XRQXR‘ “q O)-————*(R XRq,O) oy
1 2 1

Fal | i

' (x7,x",u ,uq+l,---,ur) = (xt ,u +g(x )+Zj_1 G+1E (x> )),

then fé = fo. By the uniqueness of K-versal deformations,
f and ' are P-K-equivalent. By Corollary 3.12, we may
choose g as a polynomial of degree at most r + 1.

This completes the proof. ' Q.E.D.

Throughout remainder of this section, we will partlally

classify smooth germs of low P-K-codimensions.

DEFINITION 5.6. Let £ : (R™xR",0) ——=(RP,0) be a map
1
germ. We say that [ has & Zg—type at 0 if
rank(dfx)

min(n,p) - k and

rank(dfg) min(r,p - rank(dfx)) - s.

LEMMA 5.7. Let £ : (R®xR,0) —> (RP,0) (n 2 p) be a

map germ with P-K-cod(f) < k. Then f has the Zo—uype

(0 <1<k + 1) or the Zi-type (1 <3 < k).

Ezggg. By i) of Lemma 5.3, k 2 p - (s + q), where
rank(dfx) = s and rank(dfi) = q. Since r =1, gq = 0 or 1.
If q =0, thenp -s < k. Ifgqg=1, thenp - s <k + 1.

This completes the proof. Q.E.D.

For classifications, we need classifications of germs

with respect to K-equivalences.

DEFINITION 5.8. Let f : (R™,0) —>(RP,0) be a map

germ ‘with I, —uype and k-determined relative to K. We say

that f is of discrete algebra type 1f the orbit K (Jof) in
J (n,p) has a neighbourhood which contains only finitely
many K-class orbits of type Zi. Here, f has a Zi—uype

if dim(ker(df)) = 1i.
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REMARKS. 1) Let f : (R%,0) ——(RP,0) be an A-stable

(
map germ. If (n,p) is contail

o]
M
Q
*—I
o

the "nice range" in the

sense of Mather, f is of discrete algebra type. (cf. [11).
classified by Dameon ([1]).

—_

PROPOSITION 5.9. (Damcn and Wasserman).

1 .
1) Let £ : (RS,0) —> (RX,0) be 2 smooth germ of

discrete algebra tyve with K-cod(f) < 5 and k < 5. Then T

P L

is K-equivalent to one of germs in Table I-{(1).

n ] . . L.
2) Let £ : (R7,0) ——>(R,0) be a function germ with
K-cod(f) <« 5. Then [ is K-equivalent to one of germs in
e it — = —— ——— —————- e —

Table I-(2).

Proof. Since the K-equivalence relation is an unfolding

invariant, the notion of discrete algebra type is also an

unfolding invariant. Hence, the classification is reduced
to Damon [1] and Wasserman [17]. Q.E.D.
Let f : (RHXRI,O)-———%(RP,O) be a map germ with

P-K-cod(f) < s. By Lemma 5.3, K—cod(fo) < s + r. Let
El(x),..., Eg(x) be generators of the R-vector space
e(fo)/Te(K)(fO) (where 4 < s + r), then

F(x,Vy5-.05v,) = To(x) + v 8 (x) + «+0 4 vy &y (%)
is a K-versal deformation of fo, where x = (xl,...,xn).
(See Theorem 4.4 in [10]). By the definition of the
K-versal deformation of fo, there exists & map germ
¢ (Rn,O)-———%(Rl,O) such htat #*F is P-K-equivalent to [,
where ¢*F(x,u) = F(x,¢(u)). Hence, we will classify map

germs of the form ¢*F.

LEMMA 5.10. Let F : (R™xR*,0) ——(RP,0) be a K-versal

deformation of f, (i.e. F(x,v) = fo(x) + vlgw(x) Foeee +
v B, (x)). r .
1) Let ¢, ¥ = (R7,0) ——(R7,0) be map germs. If ¢

and % are right equivalent (i.e. there exists a

diffeomorphism germ h : (Rr,o) ———%(Rr,o) such that
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¢ = Yoh), then ¢*F and Y*F are S.P-K-equivalent.
2) Suppose that r = 1. Then ¢*F has g'zé—type if and

do .
c1u]u g & Ker(dF ).

cnly if

Proof. The statement 1) is trivial.
2) By Prooosition 2.3, we may suppose that rank(df )
0. Hence, ¢#*F has Zo—uype if and only lL rank(d(m‘“) ) =

By the chain rule, d(¢% F)u Zi lav(O) L(O) Q.E.D.

l_‘
.

Our classifications are the following theorems.

THEOREM 5.11. a) Let f : (R™xR,0) —> (R™,0) be a map
germ with P-K-cod(f) < 3. Then f is P-K-eguivalent to one
of germs in Table T-(1).

b) If f is of discrete algebra type and P-K-cod(f) < U,
Then f is P-K-equivalent to one of germs in Table T-(1) or
o-(2).

THEOREM 5.12. (l-parameter bifurcations of
hypersurfaces). Let [ : (RPXR,O);—~—+(R,O) be a function
germ with P-K-cod(f) < 4. Then f is P-K-eguivalent to one
of germs in Table TIT.

Proof of Theorem 5.11. a) By Proposition 2.3,

Lemma 5.7 and Proposition 5.9, we may consider germs in the
following list

(1) ¢gCu) + ¢ (u)x + <+ + ¢k 5 ; ,

(2) (dg(u) + xy,0,(u) + ¢5(u)x + o5(wy + x° £ y7),
where 2 < k £ §5 and ¢i are polynomial function germs.

(1). Let s = min{order(¢i)] i=0,...,k=-2}.

Case (l)o. If s = order(¢o), then f is P-K-equivalent
to tu® + ¢l(u)x + e + ¢k_2(u)xk—2 + xk. By Example 3.15,

o # XK is (k,s)-determined relative to P-K. Hence, f is

2
(u)xk - Xk

P-K-equivalent to _
+ s S s e ‘ Svk—z + -k
tu” +ajux 4 ta, sux T ox.

Since 1 + g(x) = =1 + aqx +,"' + 2, 0%

k
elemnt, f is P-K-equivalent to +u® (1/(1+g(x)))x

is an unit
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Because tu = x is (k,s)-determined relative to P-K

]
~
R
e

su” % (1/(1+g(x)))x is P-K-eguivalent to fu = x

In this case, one easily computes that P-K-cod(f) =
s{k - 1) - 1, so that, (k,s) must be ( (
(2,4), (3,1), (3,2), (4,1) or (5,1).

Case (l)i, l

-ty

s = order(¢,) where j = 1, then f is
J

P-K-equivalent to a germ of the form

20 (xd + g lu) + oee + 0, S(u)x

Ir order(wo(u)) = %, then

relative to P-K, so that, it is P-K-equivalent to a germ of
the form
S_J S+4 k-2 k
tu"xY 4+ a.u + gt (u)zx + cee + oy (u)x £ X,
0 1 k-2
where degree(mi(u)) < s + L. We can 2asily show that

P-K-cod(f) > s(k - 1), so that, (k,s) must be (3,1), (3,2)

or (4,1). 1In the case where k = 3, j
P .S s+% . 3 - -
f = zu"x + agu + X7 where s = 1 or 2. In this case, if
= 2, then P-K-cod(f) = 5. If s =1, then f is
P-K-equivalent toc the germ x3 tux. In other cases, by the
same method of the above, we can show that f is
¢ on b

P-K-equivalent to the germ x + ux.

(2). Let s = min{order(¢i)| i =1, 2 or 3}.

Case(Z)O. If s = order(@o), then £ is P-K-equivalent

2
<.

so (2u® + xy,0, (0) by ()% + b5 (w)y + <%t yoy.

~

By Example 3.17, (ius + xy,x2 + yé) is (2,s)-determined

relative to P-K. Thus, f is P-K-equivalent to

(u® + xy,alus + azusx + a3usy v %% e y2)-
Suppose that s = 1.
Iif a; = 0, then P-K-cod(f) 2 5 except for the case of

<a2’33> = (0,0). Hence, f is P-K-equivalent to

(u £ xy,x”~ ¢ y2) in this case.

if al # 0, then P-K-cod(f) = 5 except for the case of
a, = tl. Hence, f is P-K-equivalent to
2 2
(u £ xy,zu + a ux + a5uy + x° £ yT).
We can easily show that P-K-cod(f) 2 5 except for the
case of (az,aS) = (0,0), so that, f is P-K-eguivzlent to

I+

2
(u £ xy,x vy o+ Xy).
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In the case where s 2.2, one easily computes that
P-K-cod(f) = 5.
Case (2)1. If s = order(¢l), f is P-K-equivalent to

(¢0(u) + xy,:u’ + ¢2(u)x + ¢3(u)y £ x° e yg).

By Example 3.17, (xy,ius + x° i'yg) is (2,s)-determined
relative to P-K, so that, f is P-K-esquivalent to
2

(aouS +.xy,ius + a2usx + a3usy + x° = yz).

By the same calculation as in Case (2)0, f is

2 4 yz), (xy,zu + x° + y2) or

P-K-equivalent to (#u + xy,X
(u = xy,x2 + y2 t xy).

Case (2)2. If s = order(¢2), then f is P-K-zsquivalent
to (9,(u) + xy,¢;(u) # u’x + oo(w)y + x° £ y%).

Suppose that order(¢l) = L. By Example 3.17, f is
P-K-equivalent to a germ of the form

(bglu) + xy,auZ £ u’x + w3(u)y +x° s y2),
where wo(u) and wB(u) are polynomials of order 2 s and
degree < L.

In this case, one easily computes that P-K-cod(f) = 5.

The case of (2)3 is in the same situation as in the
case of (2)2. This completes the proof of the statement a).

b) In this case, by the same calculation as in the
case of a), f is P—K—eduivalent to one of germs in
Table T-(2). This completes-the proof. Q.E.D.

- The proof of Theorem 5.12 is the same as that of
Theorem 5.11. We respectively use Proposition 5.9 2),
Example 3.15 and Example 3.16 instead of
Propeosition 5.9 1) and Example 3.17.
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Table I-(1)
K~cod(f) germ
L+1
g (xl,phb,xk_l,xk )
5 2 2
b (xl"'"xk—2’xk—lxk’xk;lixk)
. 2 ,.3
5 (Xl""’Xk—E’Xk—lxk’xk—l‘Xk)
Table I-(2)
K-cod(f) - germ
2 Xy +Q(x2,...,xn)
3..3 ‘
. X§+x2+Q(x3,...;xn)
2
x%—xlxﬁ+Q(X3,...,xn)
5 xlx2+x2+Q(x3,...,xn)
Here, Q(Xi,-..,xn) = ixiixi¢li---txn
Table I-(1)
P-K-cod(f) germ
0. (xl,. ,xn_l,uixi)
L (x5 ,Xn_l,u+X§)
S ERERFEN l,iutii)
i
(Xl, ,xn_l,uixn)
5 (le ‘:xn 1:Xn_uxn)
(Xl) ;Xn_l:iu +X]§1)
(xl,. X l,u3ixi)
(xl,. ,xn_l,u+xg)
(Xl’ ’Xn—l"ug'xi)
(Xl" ,xn_l,u3+x3)
3 (xl,. ,xn_l,xgtuxn)
2 2
(XpseeenXy oo UEXy 1 XpoX, g 5X))
+ 2 2
(Xp5enXy o X (X sudxy G ¥X))
2 2 2 .2
(Xl, X _osX_ EX_EX X LUEX. L ¥X )
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Table TI-(2)
P-K-cod(f) | | germ
(xl,, ,Xn_l,uixis

4 (xq,- ,xn_l,xgtuxn)

(Xl’ '?Xn—2’ixn—l n,uixi_1;xi)
Table 1II
P-K-cod(f) germ

0 utQ(xy, .- 5%)
u+xi+Q(x2, ,X )

. 2
tyu +Q(Xl’ ,xn)
uixi+Q(x2,...,xn)

, i;2+xi+Q(X2,...,Xn)

' u +Q(xl,-..,xn)
x%iuxl+Q(x2,...,xn)
u+x§+Q(x2,...,xn)
ui(x%+xg)+Q(x3,...,xn)

3 | ui(x%—xlx§)+Q(x3,...,Xn)
uu+Q(kl,...,xn)
xituxl+Q(x2,...,xn)
uix§+Q(x2,...,xn)
ut(x§x2+xg)+Q(x3,...,xn)

4 u5+Q(xl,...,xn)
xiiuxl+Q(x2,...,xn)

Here, Q(Xi,...,xn) = ixii---ixi

In the above lists, P-K-versal deformations can be
obtained by Theorem 4.1, but we don’t have the space where

these lists are displayed.

By Example 3.18, we have the following proposition.
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PROPOSITION 5.13. Let [ : (RXRZ,O)-———+(R,O) be a map

germ with K—cod(fo) = 1 and P-K-cod(f) < 5. Then f is

-

P-K-equivalent to one of the following germs

oS-~

P-K~cod(f) germ P-K-versal deformation

0 ix2+ul tX2+uT

1 txgtuitug ix2iu§iu§+v1

2 ixziu§+ug *tﬂ+ui#ug+vl+v2u2

3 ixgiuitug txztuitug+vl+vzu2+vgu§
+X +ui—ulug iX2+ui—ulu§ Y RV U FY ul+vu(u§+u§)

4 +x2+ui ug °X2+u§ §+vl+v2ul+v3u¢ Vyug s
txziui+ug ix2+ui g 1*v2u2—v3u§ uug
ixzt(u§u2+ug) ixzi(u§u2+ug)*vl+v2ulfJ3u2 uui

5 +V5u§
ix2tuitug ix2iuiiug+vl+v2u2+vsu§+vaug+v5ug

REMARK. 1In [15], T. Poston points out that the germ

x2 + ui + ug describes fthe phenomena of babbles broken off
and dying.
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