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Abstract 

The free, transversevibration$ of thin isotropic 

plates of various shapes are investigated in the present 

study. The main objectives of the study are to demon­

strate methods of obtaining series-type solutions for 

vibration of plates of arbitrary shape under various 

boundary (constraint) conditions, and to present accurate 

and extensive numerical results on the topic. 

Analytical procedures are described in detail and 

the frequency equations obtained are expressed in con­

venient forms. The natural frequencies and nodal patterns 

of the plates are presented in figures and tables. Vari­

ations of these results with wide ranges of parameters 

are shown and their physical significances are thoroughly 

discussed. 









CHAP. I PREFACE 

1-1. General statement of the problem 

The attention of recent technology has been directed 

toward faster and larger, and therefore the need for more 

flexible and lighter structures is obvious. This trend 

has increased the practical importance of dynamic analysis 

in addition to the classical static analysis, and the 

numerical evaluation of vibrational characteristics of 

structural elements has become an important part of the 

design process. Particularly, thin flat plates of various 

shapes are found in many structures and the natural fre­

quencies and mode shapes of the plates are indispensable 

information from a technical point of view. On the other 

hand, plate vibration has been an academic subject that 

·famous physicists in the 1800's, such as Poisson, Kirch­

hoff and Rayleigh, have engaged in. For the reasons of 

both practical and academic interests, numerous publi­

cations concerned with the vibration of plates have been 

published. 

The object of this work is, first, to present ana­

lytical methods to deal with the free transverse vibration 

of thin elastic plates of various shapes and edge condi­

tions. The author introduces new series-type solutions 

which are mathematically exact, satisfying the differ­

ential equation of plate vibration, although truncation 

of the series is necessary. Secondly, extensive and 
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accurate numerical results are presented to demonstrate 

the effectiveness of the methods and to provide compre­

hensive data on the topic. Convergence study by succesive 

truncation of the series and comparison with other values 

in available, open literature are made to show the validity 

of the results. Frequency data are presented in terms of 

nondimensional frequency parameter. Both tabular and 

graphical results are given whenever possible, because 

tabular results are important for considering the accuracy 

of the method and the comparison by other researchers,and 

curves are useful for qualitative studies. 

A survey was made to collect references mostly from 

technical journals published after 1967, thereby avoiding 

duplication with Leissa's monograph [1]. Since a thorough 

survey covering the recent development of this decade was 

not found, the author believes that this survey is a good 

supplement to Leissa's work. Inasmuch as the complicating 

effects of plates such as anisotropy, in-plane forces, 

variable thickness, surrounding media, large deflections, 

shear deformation and rotary inertia are not considered 

in the present work, literature involving these effects 

has been basically excluded in the survey. 
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1-2 Comments on the methods of analyzing plate vibration 

The classical (thin) plate theory is used to analyze 

vibration of plates in the present study. This theory is 

based on some assumptions in deriving a governing differ­

ential equation of motion. For a thin plate whose deflec­

tion is small in comparison with its thickness, the govern­

ing equation can be derived by making use of the linear­

lized strain-displacement relation and the assumption that 

"Normals to the midplane of the undeformed plate remain 

straight and normal to the midplane during deformation." 

For solving the differential equation thus obtained, 

it is naturally desirable to obtain the exact solutions. 

However, the exact solutions are found only in a limited 

number of problems such as a simply supported rectangular 

plate, and it is well known that the exact analytical 

methods cannot be applied to problems of plates with 

irregular boundaries. Approximate mathematical techniques 

have been developed to remedy the situation. Concerning 

bending problems of plates, a valuable study was made by 

Leissa et al. [2] to compare approximate methods, and it 

is the author's opinion that most of the comments in that 

study are useful also in considering vibration problems 

because the governing equation of plate vibration is 

obtained only by substituting the inertia force for the 

static load in the equation. 

The approximate methods available in the plate vi­

bration problems are classified into some categories 



depending upon whether the solutions satisfy the differ­

ential equation or the boundary conditions. The Rayleigh­

Ritz method consists of minimizing the Rayleigh quo-

tient of the plate and using trial functions satisfying 

the given boundary conditions. This method is widely 

applied in the field and the products of beam functions 

are commonly used to represent the plate deflection. The 

Galerkin method requires that the residual of the differ­

ential equation be orthogonal to each term of the series 

that satisfy the boundary conditions. Point-matching is 

a convenient technique, utilizing the exact solutions of 

the differential equation and meeting the boundary con­

ditions at discrete points along the boundary. The finite 

element method (FEM) has advanced recently with the develop­

ment of computers and has its own practical advantage, 

particularly its applicability to problems having irregular­

ly shaped boundaries. 

Although various approximate methods, as described 

above, have been developed and a great number of technical 

papers are available using those methods, analytically 

oriented methods are still of importance. The present 

methods are good means to yield accurate numerical results 

since the solutions satisfy both the governing equation 

exactly and the boundary (constraint) conditions with an 

arbitrary degree of exactitude. Two types of the series 

solution are given in the present study, and both solutions 

employ Fourier series to deal with the boundary (constraint) 

conditions. 
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solution (a)--- Suppose that a plate is constrained along 

an internal segment. With the reaction force and bending 

moment acting on the segment regarded as unknown harmonic 

force and moment, the stationary response of the plate to 

these loads is obtained in terms of the Green function. 

The unknown force and moment distributed along the segment 

are expanded into Fourier (sine) series with unknown coef­

ficients, and the frequency equation is given in a matrix 

form by using constraint conditions on the segment. This 

method is applied to elastically constrained rectangular 

plates (Chap.2) and extended to clamped polygonal plates 

(Chap.4) and irregularly shaped plates (Chap.5). 

Solution (b)--- Suppose that a plate has a non-uniform edge 

condition. The boundary conditions along the edge are 

represented as accurately as necessary by expanding them 

into Fourier series. The exact solution of the differential 

equation of motion for the plate is substituted into the 

obtained boundary conditions. The frequency equation is 

then given by rewriting the products of trigonometric series 

into single series and equating coefficients of trigonometric 

functions having the same periodicity. This method is ap­

plied to circular plates having non-uniform elastic edge 

conditions and edge mass (Chap.3). 
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CHAP.2 RECTANGULAR PLATES WITH INTERNAL SUPPORTS 

2-1. Introduction 

This chapter presents an analytical method using Fourier 

series and its applications to rectangular plates having in-

ternal elastic supports. In Sec.2-2, a general analytical 

procedure is presented and a frequency equation is given in 

general form. The detailed equations are derived to determine 

natural frequencies and mode shapes for rectangular plates 

with combinations of simply supported and clamped edges (Sec. 

2-3) and plates with internal line or rectangular supports 

(Sec.2-4). 

Research on vibration of rectangular plates has a long 

established history, and more pUblications have been obtained 

than those on circular plates because a rectangular plate 
m 

accomodates twenty-one distinct combinations of clamped, 

simply supported and free edges. Fifty seven pertinent ref-

erences concerned with vibration of thin isotropic rectan-

gular plates are reviewed and available results are presented 

for comparison purpose. 

2-2 Analysis * 
This section involves a general analysis to deal with 

vibration of rectangular plates having elastic constraints 

along some segments parallel to the edges. The analysis will 

be applied to various rectangular plates in the following 

sections. 

* [56] 
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(2-12) 

The forces and moments distributed along the segments 

are expanded into Fourier sine series. 

(2-13) 

Here it is also possible to use Fourier series with both 

sine and cosine terms or cosine terms only. Substituting 

Eqs. (2-13) into (2-12) yields 

are elastically constrained along the segments, the follow-

ing conditions must be satisfied. 

(2-16) 









natural frequencies of rectangular plates. Twenty-one 

combinations of clamp, free and simple support are con­

sidered. Exact characteristic frequency equations are 

given for six cases having Levy-type boundary conditions, 

namely a plate with two opposite sides simply supporc.ed, 

and the remaining cases are analyzed by the Ritz method 

by use of beam functions. Tabular results are available 

for all the cases. 

Laura and Saffell [9] presented an analysis using 

the Galerkin method with a simple polynomial expression, 

and applied to a clamped square plate. This technique 

is used to determine the response of a clamped rectangular 

plate subjected to sinusoidal excitation [10]. To this 

work, Warburton [11] made a comment suggesting that the 

Rayleigh-Ritz method with beam functions is an alternate 

method of solution, which may be more accurate for higher 

excitation frequencies. Laura and his co-researchers widely 

applied this variational technique (the Galerkin or Ritz 

method with simple polynomials) to the fundamental freq­

encies of a rectangular plate having zero deflection and 

different rotational stiffness at the edge [12], and a plate 

both translational and rotational stiffness at four edges 

[13,14]. A rectangular plate elastically constrained 

against rotation along three edges and free on the fourth 

edge is also analyzed [15] to discuss a problem which has 

received no treatment. 

14 







nary differential equation by substituting the basic 

function satisfying boundary conditions along two opposite 

edges into the partial differential equation of plate vib­

ration, and solved the resulting equation in finite differ­

ence form. 

17 

Due to the difficulty arising in the analysis, a rectan­

gular plate having nonuniform edge conditions has received 

sparse treatment. Kurata and Okamura [31] dealt with a 

simply supported rectangular plate partially clamped along 

central portion on two opposite or four edges. An analytical 

method presented is to satisfy the condition of clamped edge 

by introducing a resisting moment so as to keep zero slope 

along the relevant section, and the fundamental frequencies 

of the plate are obtained. This method was extended by 

Gajendar [32] to include free edges. A similar method was 

employed by Ota and Hamada [33]. Keer and Stahl [34] con­

sidered the problem, which was formulated as dual series 

equations and reduced to homogeneous Fredholm integral 

equations of the second kind. They presented numerical 

results including a free plate simply supported along 

adjacent edges symmetrically from the corners. Venkateswara 

et a1. [35] employed the finite element method to demon­

strate the effectiveness of the method in solving the 

problem with mixed boundary conditions, and the results 

were compared with those in [34]. 



2-3-2 Application of the method 

Since the analysis in the previous section makes use 

of an eigenfunction for a simply supported rectangular 

plate, the present method is applicable to vibration of 

rectangular plates having combinations of simply supported 

and clamped edges as shown in Fig.2-2. Natural frequencies 

of a rectangular plate simply supported along the entire 

edges (Case (a» are readily given by Eq. (2-l9), and the 

exact frequency equation can be derived for a plate simply 

supported at opposite edges (Case(d» [8]. Among the four 

remaining cases, a rectangular plate clamped along the 

entire edges is considered, when the aspect ratio is taken 

to be unity (a square plate), to show the validity of the 

method by comparing with other available results. 

The segments constraining the plate rotation rigidly 

are located along the entire edges to form a clamped 

square plate on an original simply supported plate. 

(a) 

r -r 
I I I I 
I r r r 
I I 

(d) 

(b) 

D 
(C) 
------, 

I 
I 
I 
I 
I 
/ 

Fig.2-2 Square plates having possible 
combinations of simply supported and 
clamped edges 
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2-3-3 Results and discussion 

The numerical results obtained by using Eq. (2-35) 

are presented in nondimensional form of X= Wo.2,fP/D, with 

reference values by other authors in Table 2-3. The 

present values are calculated by 20x20 matrix with m ( n) = 

48 terms. The methods used by other authors are indicated, 

and upper and lower bounds are given for [38,39,41]. It 

may be noted that the present method yields lower bounds 

for a clamped square plate. This can be shown by referring that 

all the present values are lower than those by the Rayleigh 

Ritz or Galerkin method which is known to give upper bounds 

of the solution. 

Table 2-3 (continued) 

Authors (Mode) 9 10 11 12 

present 242.154 296.024 308.498 340.509 

adman 242.66 296.35 309.038 340.59 

Gorman 242.2 296.3 308.9 340.6 

Vijayakumar 242.197 295.698 308.929 340.244 
242.154 296.376 308.902 340.596 
242.154 296.342 308.902 340.584 

*method (1) series solution 
(2) Ritz method with beam functions 
(3) Galerkin method with hyperbolic functions 
(4) Rayleigh-Ritz method with non-orthogonal polynomial 
(5) method of orthogonal invariant 
(6) Galerkin method with polynomial 
(7) decomposition technique 
(8) extended Kantrovich method 
(9) method of superposition 

(10) semi-analytic solution (Reduction into an ordinary 
differential equation and finite difference method) 

(11) Bolotin method 
(12) Ritz method with admissible function obtained from 

Bolotin method 
(13) Rayleigh method with admissble function obtained 

from Bolotin method 



2-4 Rectangular plate having internal supports 

2-4-1 Review 

As reviewed in Sec.2-3-l, rectangular plates con-

strained only along the edges have been extensively 

studied. In practice, however, many plate-like struc-

tural elements have internal constraints in addition to 

the boundary conditions, for instance, in form of rivet 

and spot welding. 

Rectangular plates supported at some points have 

been studied by some researcherso Cox and Boxer [42] 

obtained the fundamental frequencies of a free plate 

point-supported at four corners. The lowest five frequen-

cies are calculated by a finite difference procedure. 

John and Nataraja[43,44] also used the finite difference 

to solve the governing equation and the results are re-

ported for a wide variation of support location. Reed [45] 

employed two approximate methods, the Ritz method and a 

series solution to the differential equation, to discuss 

advantages and disadvantages of the methods. Dowell [46] 

presented a Rayleigh-Ritz analysis with support conditions 

expressed by means of Lagrange multipliers, and the numeri-

cal results for a square plate with four internal point 

supports, located symmetrically on the diagonals. Venkates­
Rao 

waraAet ale [47,48] have calculated by the finite element 

method the lower frequencies of square plates supported at 

four points on the diagonals. Comparison was made with the 

results in [42,44]. An experimental study was conducted 

26 



by Sadasiva et al. [49]. Leuner [50] studied the problem 

by a Rayleigh-Ritz analysis and by an experimental inves­

tigation through the use of holographic interferometry. 

27 

Yang [52] formulated the eigenvalue problem of a point 

constraint and Damie et al. [51] used the finite element method. 

In comparison with the number of references concerned 

with point-supported plates, only a limited amount of 

papers deal with vibration of rectangular plates constrained 

along internal segments. Klein [53] derived approximate 

solutions by using the Rayleigh-Ritz technique and Lagrange 

multipliers to account for the constraints. The method 

was applied to a clamped rectangular plate with an internal 

line of support, but the results presented are few. 

Stahl and Keer [54] also treated a plate with a centrally 

located rigid line support by an approach using integral 

equations. Takahashi and Chishaki[55] obtained a solution 

for a rectangular plate supported at oblique segments by 

replacing point constraints with the segment reactions. 

The natural frequencies and mode shapes are presented for 

the plate,. 

2-4-2 Application of the method 

(a) Rectangular plate simply supported at the edges and 

elastically constrained at a cross-shaped support 

Consider a rectangular plate simply supported at all 

edges and elastically constrained at a cross-shaped sup­

port located in the cent.er as shown in Fig. 2-4. In this 





'm and Yl in Eqs. (2-37) through (2-40) take odd or even 

integer as directed in the parentheses. SS-type mode 

is symmetric vibration about the two symmetric axes and 

not influenced by the rotational stiffnesses Xx, X"; of the 
I 

cross-support. Likewise, SA-type is not affected by Xx, X , 
I 

AS-type is not done by X, X; , and AA-type is not by )1, i\ • 

When the plate is clamped at the cross-support (X = ){'= J1x=X; 

= (0), all the first terms in the brackets of Eqs. (2-37) 

through (2-40) vanish. When the plate is simply supported 
I I 

at the support (X =.K = co, Xl< = X"Y= 0 ), SS-type mode is the 

same as that of a plate clamped there. SA-type and AS-type 

mode are obtained by taking Hy.j. = 0 in Eq. (2 - 38) and 11 xJ = 0 

in Eg. (2-39), respectively. In this case, equation (2-40) 

has no physical meanings, and AA-type mode is reduced to 

that of a plate with no constraints on it. 

(b) Rectangular plate clamped at all edges and an internal 

rectangular support 

Figure 2-5 shows a sym-

metric rectangular plate clamped 

at the edges and an internal rec-

tangular support. According to 

the same procedure explained in 

(a), the following equation is 

derived for the four types of 

Fig.2-5 vibration modes. 
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AA -type mode of a plate clamped at the support have 

higher frequencies than that of a plate simply supported 

there, and different mode shapes appear on the plate. 

Figure 2-8 shows the effect of length of the support 

on the frequencies of SS and SA-type modes of a square 

plate simply supported at the edges and the support. 

Although the frequencies increase monotonously as the 

length is extended, the rate of increase of the frequencies 

has different characteristics depending upon modes of 

vibration. The case of t= 0 = 0 corresponds to a plate 

simply supported at a single point in the center and 

t= J = 1.0 to a plate simply supported along XX and YY 

axes. The frequencies of such plates which have been 

already obtained [8,57] are shown with o. The frequen­

cies obtained for these special cases are in good agree­

ment with the reference values except for SA-type modes. 

The reason why the frequencies of SA-type modes of a 

plate supported at a small cross-shaped support is higher 

than those of a point-supported plate must be that even 

a small support constrains the rotation of plate, clamping 

the plate in the extending direction of the + (cross­

shaped) support. 

The effects of varying stiffness of the support 

on the frequencies are studied in Fig.2-9. with the in­

creasS of stiffness of the support, the frequencies also 

increase accordingly. When the stiffness parameters 

approach 0 or 00, the plate becomes free and simply sup-
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ported or clamped at the support, respectively. In SS-

type mode, as shown in Fig.2-9(a), the difference bet­

ween the frequencies of SS-2 and S8-3 disappears with the 

decrease of the stiffness, and finally both frequencies 

tend to the frequency of the second mode of a plate 

without internal constraints. 

Figure 2-10 presents the convergence characteristics 

of the frequency parameters A of S8-1 and 8S-2 modes 

of a square plate clamped at the outer and inner square 

boundaries (t= f = 0.20) when the number of Fourier 

series terms is increased. It may be noted that the 

rate of convergence depends on the mode of vibration. 

Figure 2-11 shows the frequency parameters and mode 

shapes of a square plate clamped at both inner and outer 

edges. Frequency equation (2-41) was employed with 
-m x n =40x40 terms and l x!=4x4 terms resulting 24x24 

matrix. Therefore, about 1 percent error may be expected 

/2.8 

{ 
0 0 0 0 0 0 

SS-2 
12.6 

1/.2 

11.0 

10.8 m)(n= 4ox40 

12 24- 36 48 
matrix size 

Fig.2-10 Convergence of frequency parameters A 
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for the values in the figure. The frequencies of an 

internal clamped rectangular plate are also calculated 

in this procedure, but these values can easily be removed 

utilizing the known results for a clamped square 

plates. 

55-mode 

SA-mode 

AA-mode 

11.16 12.77 14.95 

11.29 13.73 14.95 

11.62 15.81 17.22 

Fig.2-11 Frequency parameters A and nodal 
patterns of a square plate clamped at the edges 
and an internal square support (r = 0= 0.20 ) 
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not depend explicitly upon the geometry of the plates 

when the frequency is expressed in terms of the maximum 

deflection of a uniformly loaded plate. He extended the 

idea to other plates and boundary conditions, and presented 

an approximate formula for several different plates in-

cluding a circular plate clamped or simply supported. 

Johns [72] also presented a two-term approximate solution 

which results the fundamental and second frequencies. 
c 

Jaguot and Lindsay [73] examined the influence of Poissonrs 
A 

ratio on the fundamental frequency of a simply supported 

plate. The number of useful results, however, is limited 

and a thorough and accurate study for a simply supported 

plate still needs to be done over a variety of Poisson's 

ratio from a technical point of view. 

The elastically constrained boundary is a more general 

form of boundary condition, and in fact the classical 

boundary conditions of clamp, free and simply support are 

obtainable by taking two (translational and rotational) 

elastic constraints to be zero and/or infinity. Kantham 

[74] first dealt with a circular plate constrained rigidly 

against deflection and elastically by a rotational spring, 

and presented variation of frequency parameters between 

a simply supported and clamped plate. Laura et ale [75,76, 

77] treated a problem having in-plane force by the Galerkin 

method used with a simple polynomial expression. This 

convenient method was extended to problems of a plate 

subjected to sinusoidal excitation [78], a plate holding 
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a concentrated mass [79] and a plate having two types 

of springs [80]. Singa Rao and Amba Rao [81] employed 

the Rayleigh-Ritz method with a three-term approximate 

expression for the elastically stiffened plate. Snowdon 

[82] considered response of simply supported or free 

circular plate possessing internal damping to a lateral, 

driving, central or concentric ring force. The same 

procedure was applied to a clamped circular plate [83]. 

Saito and Nakazawa [84] dealt with a circular plate 

mounted with an elastic annular support, taking the effect 

of the inertia of the support into consideration. 

3-2-2 Analysis 

The differential equation governing free vibration 

of a thin homogeneous plate is 

4-DV W-PW'"W = 0 (3-1) 

where the biharmonic operator in polar coordinates t.akes 

the form of 

(3-2) 

An exact solution to Eq. (3-1) for a solid circular plate 

with a uniform edge is 

with regular and modified Bessel functions JI1 and II? of 

the first kind, and undetermined coefficients Ah, tn . 
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Frequency parameters A are given with six significant 

figures. The parameters >t by other authors are presented 

in Table 3-7. It is seen that inaccuracy exists in the 

previous data except for Pardoen's values, probably due 

to errors in calculating the Bessel functions. Comparing 

Table 3-1 through 3-6, it can be known that the effect of 

Poissonsratio upon the frequency parameter A is significant 

only for the lowest frequencies. This effect is observed 

clearly in Table 3-8 wherein the ratio of X(0.5)/ A2 (0) 

is shown for selected modes of YJ and S with X(o.5) and 

53 

).!- (0) being the values of )..,2- for V =0.5 and 0 , respectively. 

The squared values AZ are used here to observe the differ­

ence more clearly. When the ratios of the frequencies 

themselves are compared, the effects of Yare more pro­

nounced as seen in Table 3-8. The circumferential stiff­

ening is particularly important in the lowest axisymmetric 

mode where the frequency can be differ by as much as 35 per­

cent for different V. The number of presented data in 

these tables must be sufficient for most practical needs. 

Another significant lack of data on circular plates 

is variation of frequencies for a plate supported by a 

translational spring only. Table 3-9 presents frequency 

parameters of the plate with four significant figures 

by use of Eq. (3-14,17). The mode shapes are identified 

by (n, s ). For a completely free plate (K = 0 ), the 

lowest and second frequency vanish and the plate physically 

shows rigid body motions of translation and rotation, 
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Table 3-7 Comarison of frequency parameters 

with those by other authors for V = 0.30 • 

n s Gontkevich [66J Wah [67] Pardoen (69] Present work 

0 0 4.977 4.94 4.9352 4.93515 

1 29.76 29.72 29.7200 29.7200 

2 74.20 74.15 74.1561 74.1560 

3 138.34 138.3181 138.318 

1 0 13.94 13.47 13.8982 13.8982 

1 48.51 47.89 48.4789 48.4789 

2 102.80 103.43 102.7734 102.773 

3 176.84 176.8012 176.801 

2 0 25.65 25.60 25.6133 25.6133 

1 70.14 68.89 70.1170 70.1170 

2 134.33 134.56 134.2977 134.298 

3 218.24 218.2025 218.202 

Table 3-8 Ratios of frequency parameters 

and frequencies for different Poisson's ratios 

n S ).,2{.5Y;No) W (.SVw (0) 

0 0 1.17307 1.35454 

0 1 1.01981 1.17758 

0 2 1.00743 1.16328 

0 10 1.00045 1.15522 

1 0 1.04736 1.20934 

2 0 1.02375 1.18212 

10 0 1.00257 1.15470 







3-3 Simply supported circular plate constrained by partial 

rotational springs 

3-3-1 Review 

In most works conce.rned with vibration of circular 

plates, the uniform boundary conditions have been used 

and circular plates with mixed boundary conditions have 

received sparce treatment. This is mainly attributed to 

the mathematical difficulty in obtaining analytical 

solutions of the problem. 

Nowacki and Olesiak [86] have dealt with the problem 

using a Fredfolm integral equation but the results were 

few. Bartlett [87] obtained the fundamental frequency by 

use of a variational approach. The variational expressions 

were determined by separation of variables, and two dif­

ferent procedures gave upper and lower bounds of the 

solution. Numerical results are given in good accuracy. 

Noble [88] also obtained the fundamental frequency from 

an integral equation involving unknown functions along 

the circumference of the plate. The solution of a certain 

static problem was used to find an approximation to the 

fundamental frequency. Hirano and Okazaki [89] employed 

the variational method to obtain the lowest two frequencies 

for plates having three combinations of free, clamped and 

simply supported edge. Hemmig [90] obtained both finite 

element and experimental results for the problem, but the 

number of frequencies presented are few. Thus, these 

previous studies revealed only the lowest two frequencies. 
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Moreover, apparently no one has been able to deal with 

the mixed boundary conditions for the case when a plate 

is constrained by elastic springs along part of the 

boundary. 

In this section, the author deals with the problem 

Of a simply supported plate having some partial rotational 

springs, and shows natural frequencies and mode shapes 

up to higher modes. Numerical results are also shown 

for partially clamped plates, utilizing the concept that 
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the edge condition of zero deflection and rotational elastic 

constraint is reached in the limit as the elastic spring 

constants are taken to be infinite. The analytical proce-

dure used is an extension of a previously developed method 
m 

[91] for accomodating spring stiffnesses which vary circum-
1\ 

ferentially around the boundary.. The method is straight-

foward and applicable to wide variations of edge constraints. 

An analytical solution of the differential equation of 

plate vibration is derived in a simple form, thereby avoid-

ing a formidable task of the variational procedure. The 

natural frequncies are obtainable to the desired accuracy 

by using the frequency determinant of larger order. Numer-

ical results presented in figures provide some interesting 

observations. 





















a .. 
Mode 
Sequence 

t 

7T/4 

2.547 

1T12 

2.770 

31T14 

3.047 

, 
(

Exact for ) 
1T Clamped Plate 

2 

3 

4 

4.131 4.184 

3.866 4.232 

5.219 5.536 

5.337 5.504 

5.767 5.898 

4.305 

4.578 

5.638 

5.776 

6.187 

3.196 
(3.196) 

4.6\0 
(4.611) 

5.905 
(5.906) 

/'" 

6.306 
(6.306) 

Fig.3-l0 Frequency parameters and nodal patterns of 

plates clamped along one segment and simply supported 

on the remainder (aK-.y/D = 10+ , V=0.30, 20x20 matrix). 
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Fig.3-l3 Variations of the frequency parameters 

for a simply supported plate elastically constrained 

along three segments (01. = 7f /6, lJ =0.30) • 
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mode type of -/ 

num. mode 0 10 

1 S 2.222 2.22 

S 3.728 3.73 
2 

A 3.728 3.73 

3 S 5.061 5.06 

A 5.061 5.06 

4 S 5.452 5.45 

5 S 6.321 6.32 

A 6.321 6.32 

mode type of 10-1 

num. mode 0 

1 S 2.222 2.22 

2 S 3.728 3.73 

A 3.728 3.73 

3 
S 5.061 5.06 

A 5.061 5.06 

Table 3-12 

0 
10' 10 

2.29 2.45 

3.79 3.98 

3.74 3.78 

5.09 5.15 

5.09 5.19 

5.48 5.62 

6.34 6.41 

6.35 6.44 

Table 3-13 

10° 10' 

2.35 2.66 

3.84 4.21 

3.75 3.85 

5.11 5.21 

5.11 5.32 

10,2 

2.52 

4.10 

3.84 

5.21 

5.30 

5.73 

6.48 

6.54 

2-
10 

2.85 

4.47 

3.96 

5.27 

5.55 

103 

2.55 

4.13 

3.86 

5.22 

5.34 

5.77 

6.53 

6.56 

10
J 

2.90 

4.53 

4.01 

5.30 

5.64 

10 4 

2.56 

4.15 

3.89 

5.23 

5.38 

5.78 

6.56 

6.56 

101-

2.93 

4.56 

4.05 

5.31 

5.70 

-J 
W 
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Fig.3-l5 Variations of the frequency parameters 

for a simply supported plate clamped along two 

segments (aKr/ D =104 
, V =0.30) • 

77 



7 

6 

5 

4 

3 

2 

o 0.2 0.4 0.6 0.8 1.0 

3afT( 
Fig.3-l6 Variations of the frequency parameters 

for a simply supported plate clamped along three 

segments (o.K'I'/ D =10 4 
, Y =0.30) • 
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'.i'ab1e 3-15 One Rotational Spring (Hatrix Size 10x10) 

Mode Type of a./'fr 
Sequence Mode 0 0.1 0.2 0.3 0.4 0.5 

1 S 2.222 2.44 2.52 2.61 2.70 2.80 

S 3.728 4.01 4.11 4.17 4.18 4.19 
2 

A 3.728 3.76 3.83 3.95 4.10 4.28 

S 5.061 5.21 5.21 5.28 5.42 5.58 
3 

A 5.061 5.15 5.29 5.113 5.50 5.51 

4 S 5.452 5.64 5.75 5.81 5.85 5.94 

S 6.321 6.45 6.50 6.65 6.76 6.77 
5 

A 6.321 6.46 6.56 6.57 6.66 6.82 

0.6 0.7 0.8 

2.91 3.02 3.12 

4.21 4.28 4.43 

4.45 4.56 4.60 

5.63 5.64 5.71 

5.57 5.74 5.88 

6.09 6.17 6.22 

6.88 6.98 7.00 

6.85 6.91 7.09 

0.9 

3.19 

4.61 

4.61 

5.90 

5.90 

6.30 

7.14 

7.14 

1.0 

3.196 

4.610 

4.610 

5.905 

5.905 

6.306 

7.144 

7.144 

...J 
\.0 



Table 3-16 Two Rotational Springs (Ma.trix Size 10x10) 

Mode Type of 2ahr 
Sequence Mode 0 0.1 0.2 0.3 0.4 0.5 0.6 

1 S 2.222 2.61 2.69 2.81 2.89 3.00 3.06 

S 3.728 4.21 4.32 4.44 4.52 4.57 4.60 
2 

A 3.728 3.75 3.81 3.89 3.97 4.14 4.26 

S 5.061 5.25 5.26 5.26 5.29 5.38 5.49 
3 

A 5.061 5.12 2.25 5.42 5.56 5.75 5.83 

4 S 5.452 5.86 5.96 6.09 6.14 6.18 6.20 

5 6.321 6.50 6.51 6.54 6.68 6.83 7.05 
5 

A 6.321 6.43 6.60 6.68 6.70 6.70 6.74 

0.7 0.8 

3.16 3.19 

4.61 4.61 

4.47 4.60 

5.81 5.90 

5.90 5.90 

6.26 6.30 

7.14 7.14 

6.97 7.13 

0.9 

3.19 

4.61 

4.61 

5.90 

5.90 

6.31 

7.14 

7.14 

1.0 

3.196 

4.610 

4.610 

5.905 

5.905 

6.306 

7.144 

7.144 

00 
o 



Table 3-17 Three Rotational Springs (Hatrix Size 15x15) 

Mode Tvpe of 3a./rr 

Sequence Mode 0 0.1 0.2 0.3 0.4 0.5 0.6 

1 S 2.222 2.69 2.76 2.B7 2.95 3.04 3.OB 

S 3.728 4.00 4.07 4.16 4.26 4.36 4.46 
2 

A 3.72B 4.00 4.06 4.16 4.25 4.36 4.45 

S 5.061 5.33 5.41 5.51 5.59 5.67 5.74 
3 

A 5.061 5.32 5.41 5.51 5.58 5.66 5.74 

4 S 5.452 5.62 5.66 5.74 5.81 5.96 6.06 

S 6.321 5.76 6.82 6.85 6.86 6.86 6.90 
S 

A 6.321 6.38 6.52 6.70 6.83 7.01 7.0B 

0.7 O.B 

3.16 3.18 

4.55 4.60 

4.55 4.60 

5.B3 5.90 

5.B2 .5.90 

6.25 6.30 

7.05 7.13 

7.13 7.14 

0.9 

3.18 

4.60 

4.60 

5.90 

5.90 

6,30 

7.14 

7.14 

1.0 

3.196 

4.610 

4.610 

5.905 

5.905 

6.306 

7.144 

7.144 

00 
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3-4 Free plate partially constrained by translational and 

rotational springs 

3-4-1 Review 

Several references were found on vibration of circular 

plates supported either inside the plate or along the edge. 

Bodine presented the fundamental [93] and higher frequencies 

[94] of a circular plate supported on a concentric circle, 

and Singh and Mizra [95] treated axisymmetric vibration of 

a plate supported on two concentric circles. Nagaya et al. 

[96] obtained a solution for a plate with an eccentric cir-

cular elastic support. The boundary conditions at the edge 

vlere satisfied by means of the Fourier expansion method. 

For circular plates supported on some arcs, Irie and Yamada 

[102] analyzed vibration of a plate whose lateral deflection 

and rotation are elastically constrained on some circular 

arcs inside the plate. Okazaki et al. [103] dealt with the 

problem by the weighted residual method. 
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Free circular plates supported on some discrete points 

are also important structural elements and are found, for 

instance, in point-supported large optical mirrors [97]. 

Nakazawa [98] dealt with a free plate whose lateral deflec­

tion is elastically supported at some points on the boundary. 

Chi [99] employed a similar procedure to obtain natural freq­

encies and nodal patterns of a plate supported on three equal­

ly spaced points on the boundary. Irie and Yamada [100] 

analyzed more general case of a plate whose deflection, ro-

tation and torsion are elastically constrained by some points. 



Ichinomiya and Maruyama [101] compared experimental results 

by the holographic interferometry with the values in [100], 

and good agreement was reported. 
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Difficulty in obtaining analytical solutions arises when 

non-uniform edge support is taken into consideration. In 

addition to the difficulty in the mathematical formulation, 

another difficulty may take place in the numerical calculation 

to obtain good convergence of the solution 0 Generally, ana­

lytical solutions for mixed boundary conditions cause bad 

convergence, particau1ar1y for the case involving free edges. 

In contrast, it is relatively easy to have convergent values 

for mixed boundary conditions of simple support and clamp. 

Hemmig [90] presented some results for a free plate partially 

clamped along a portion of the edge, by the F.E.M. program 

(NASTRAN) and an experiment using the holography technique. 

Hirano and Okazaki [89] employed the same method as used in 

[103]. A method developed by Irie and Yamada [102] is also 

applicable to problems having nonuniform edge conditions 

only by taking circular arc supports along the edge. However, 

these methods introduced here are too complicated to practical 

engineers, and it is necessary to develop a simple and 

straightfoward method. 

In this section, a method shown in the previous section 

is extended under more general boundary conditions, namely 

a free circular plate elastically constrained by partial 

translational and rotational springs. 
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Figure 3-18 shows the lowest six frequency parameters 

and nodal patterns of circular plates elastically constrained 

by translational and rotational springs along a quarter part 

of the edge. The solid lines shown inside the circular 

boundary denote nodal lines; i.e.,lines of zero deflection. 

The fundamental modes have no internal nodal lines. In this 

figure, moving from left to right, the stiffness of a trans-

lational spring is gradually increased, starting from a com-

pletely free plate and going to a plate simply supported 

along a quarter of its boundary. Then, sufficient rotational 

rigidity is added to make the boundary segment effectively 

clamped. The generation of two sets of modes, symmetric and 

antisymmetric, from the degenerate modes of a completely 

free circular plate having one and two nodal diameters, is 

clearly seen. 

A more comprehensive study of the variations of the 

frequency parameters with increasing spring stiffness is 

shown in Fig.3-19. Solid lines denote symmetric modes and 

broken lines antisymmetric modes. It is observed from the 

figures that considerable increases of frequency parameters 

take place between nondimensional rigidity 10° and 109 in 

both types of springs. The values used in plotting these 

figures are presented in Table 3-18 and 19. 

Table 3-20 shows the convergence study of frequency 

parameters for the lowest six modes of a plate constrained 

- - 6 
along a quarter part of the edge (fffZ = Kfj} = 10 ) presented 





















3-5 Free plate with nonuniform edge mass 

3-5-1 Review 

It is shown in this section that how the method 

developed in Sec.3-4 can be utilized to analyze a free 

circular plate having varying mass distributed around 

its boundary, a type of problem which can be encountered 

in practical situation. This problem has received prac­

tically no treatment, but several references were found 

for the case when circular plates are reinforced by uni­

form rings. Kirk and Leissa [105] studied axisymmetric 

vibration of a circular plate reinforced by a concentric 

ring and presented the variation of the fundamental fre­

quencies with some ring parameters. Takahashi treated 

a circular plate with its inner boundary built-in and a 

rigid ring around its outer boundary [106] and a plate 

having weights or a bar on the outer boundary [107]. The 

analysis was conducted by minimizing the Lagrangian of 

the plates. stuart et ale [108] presented a short note 

discussing the effect of edge beam on the frequencies. 

These references dealt with internal or edge ring 

having uniform mass and stiffness, and there are no 

literature concerned with circular plates having non­

uniform edge mass. In the present study, it is assumed 

that mass distributed along the edge has no stiffness, 

100 

.but the more general problem of a plate having a nonuniform 

edge ring with both translational and rotational mass and 

stiffness can be treated by the same general method. 









3-5-3 Results and discussion 

To demonstrate the application of the method of 

analysis described in the previous section, consider a 

circular plate having its boundary a completely free of 

external constraints, but having a uniformly distributed 

mass attached along part of its boundary. Let the total 

added mass be MA, with 

(3-64 ) 
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where Inc is the constant density (per unit length) of the 

added mass and 2(3 is the included angle of the boundary 

segment to which it is attached, as shown in Fig.3-23. 

Fig.3-23 

mass coefficients are 

Choosing the coordinate 

system to take advantage 

of the symmetry of the prob-

lem, the free vibration modes 

divide into two classes, 

those symmetric and anti-

symmetric with respect to 

* -Jf .t. () = O. Then, m;. = Jr1i. = )3(8) 

= f4({))= a in Eg. (3-6Ia), and 

typical values of the non-

dimensional Fourier cosine 

(3-65) 
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where Mf is the mass of the plate by itself, 7fd"P. 

Numerical results for frequency parameters and 

nodal patterns are shown in Fig.3-24 for various segments 

2(3 of added mass. In this figure, it is assumed that 

the density of the added mass remains a constant as !3 is 

increased (i. eo, I1A 111, = (3 I 71 ), with HtllMp = 1 when added 

mass occurs completely around the boundary; that is, the 

total mass added proportional to its circumferential strip 

length. Results are given also in Table 3-23e 

With no added mass «(3 ITT = 0) the frequencies and nodal 

patterns are those of the classical free plate. The funda­

mental frequency (other than the zero frequencies corre­

sponding to rigid body translation and rotation) has a pat­

tern of nodal lines consisting of two equally spaced diam­

eters. The nodal pattern corresponding to the second fre­

quency has one interior nodal circle, and the third one 

yields three equally spaced diameters. 

As strip mass is added around the boundary (i.eo, in­

creasing (317f ), as can be expected, the natural frequencies 

all decrease. However, the decreases are not at a steady 

rate, as seen in Fig.3-25. Furthermore, the frequency 

changes are accompanied by drastic changes in nodal patterns 

within the same symmetry class, as seen in Fig.3-24. 

Of particular interest is the behavior of the modes 

which are degenerate at (3 17r = 0 , giving A =2.315 and 3.527. 

The lower curves of Fig. 3-25, begining at A =2.315 cross 

each other three times as (J 17T is increased, yielding a 
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