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'On the COQvergence of the Kroll Method 

By 

Kwai UMEDA and Tomiyuki TOYA 

(Received March 15, 11149)-19 

Solving directly Kroll's set of equations, the nature of the soJution of Bloch's 

integral equation has been investigated. It is a slowly varying and nearly even 

function, as it was assumed. 'By means of the results, the degree' of accuracy 

of the solution in polynom has been testei by the degree of convergence of the 

,variational expression of Bloch's integral equation towards the extremum. The 

polynom of 7. or 8 terms seems to be a practicaily suffici~nt approximation. 

To solve Bloch'sintegrai equation, KrolI\l) has transformed it 

into an infinite set of equations which enables the solution to be 
l ' 

found' in a power series systematically to any desired accuracy. 

In practice, however, it is impossible to solve an infinite set bf 
equations, so that we have to, take necessarily only a finite number 

of equations, that means to replace the power series by a polynom. 

Then its degree of accuracy is to be questioned. Recently one of 

~s(K.U.)(2) has transformed Bloch's integral equation into a vari­

ationalform whicheis expressed by means of thepolynom in s terms 
for, c(,n ("I)) 

c(n) ("I)) = c~n) + Gin) "I) + C2
lnV + ...... + C~':'y-l (1) 

in a very simple form as a: function of s 

b~n)c~n) + b~n)cinj + ...... +b~n)C~~,= extremum, (2) 

provided that c~n), c~n) ; ..... are the roots of Kroll's set of equations. 

This enables the questioned degree of accuracy ,of the polynom to 
,4· . 

be dete~mined by seeing how closer, this variational expression (2) 

does conyerge towards the maximum as the number o( terms in 
the polynom s increases. This procedure provides at the same time 

-1(. Presented partly at tht: semiannual meeting of The Illsti'tute of I'hysical and Chen.ical 

Research in Tokyo, June 10 and December 11, 1942. The publication was delayed 
owing to the wartime external condilions. 

(257) 
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a method to test the convergence of the power series (1) or the 

validity of the~ Kroll method. 
In order to evaluate the variational expression (2), it is prima­

rily necessary to determine the values of Co, C1 , •••••• by solving 

numericaliy for every temperature Kroll's set of equations, which 
is put iri the case of monovalent metals for the convenience . -of 
com:~mtation into the following form, where only the ratio fJ/( ap­

pears as the material constant of the. individual metal. 
. . 3 & 

i = 1, 2 ...... 8, n = 2' 2 ' . (3) 

where 
.1' 
'~, (x) = hi' (x) + -'-a.Jx\ 
..J J X" 'J \ 

kT a
i

. (x)\, 
( .1 

t'+j=even i+ j:= odd 

."-- 1 1 fJ X=-x=--, 
2i 21 T 

fJ' x=-. 
.T 

i 1 2 3 4 5 6 7 8 9 
. 

b·m. 1 kT _7_71:4 kT 31 6 kT ]27 8 kT -71:2 -, . 
2 1;' ]0 I; 1471: -1;-' 1071: -1;-' 

1, ..!..7I:2 7 4 31 6 127 . 
15n8 • 3 ' 1571:, 2171:, 

b ('1) . 
i • ~7I:2~ 

6 1;' 
...L7I:4 !Z-. 

6 1;. ' 

]55 6 iT 127 71:8 kT '4271: -1;-' 6 1;' 

These values follow from the neglection of (kT/()2, which is 
at most of the order of lO-s in the temperature range lower than 

2fJ, though there remain some more considerations for the second 
order phenomena: 

f" z4dz f+oo (r; + zY-lr;i- 1 . 

aij (x) = J,) ;Z-=iJ -co (1+ e~)(l+e-~-Z) dr; i+j=even, 

= f" z?r1~ ,+00 27ji+j -l - (r; =+ z)i 7jH-.(r; + zy-lr;i dr; 
, J, e'-l Loo (1 + e~) (1 + e-~-') t'+j=odd, 

hi' (x) = 2 r" z~d~_ [+00 r;!+H"':' (r; + z)!-lr;H dr; 
. J. - Joez-1 J-oo (1 + e'1)(1 +e:-~-Z) • (4) 

These" integrals can be expressed by th~ radiation integrals 
J .. (x), as tabulated in tl}eappendix.Our quantities in Gothic letters . 

are related to the corresponding ones"used-by Kroll or in reference 
(2) ih the following manner. 
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a
tj 

== {(kf)rc2~)_1 alj 

atj • . i+/=odd, 

i+/=even, 

b\i = (2~)-1 bi.i , (5) 

b~n) = en bin), 

c~n) = ,-n+l cin) • 

We have solved the set of equations (3) for every number 

of terms from s == 1 to s = 8 in the temperature range TI f) ~0.1--
2. The even coefficients Co, C2, CJ, Co, .•. converge m{)notonously to the 

final values, while. the odd ones C1> C", c~, c,' ' ... oscill,atorily, as the 

numb\~r of terms s increases. Fig. 1 shows this situation for Tlf) 

= 0.5 ,s an example. The temperature dependence of these coef-

,u'" 

-.. 
.... 
.. '" 

l 2. :s 4 5,' 7 I 

/'II~. of 1et<1n.s ""'''' 

,-"", 

!:I,OIIlS 

2. '3 -'\0 5 6 7 ~ 
f4Q. oJ tef'WI.5 _(I) 

Fig. 1 .. Convergence of Co and Cl for Tle=C/5 as 
functions- of the number of tenus in. (I). 

ficients are traced in Fig. 2. At lower temperatures than the 

Debye temperature, the odd coefficients are markedly smaller com­
pared to the 'even ones, as seen I from the or~ers of magnitude 
given in TABLE I, so that the, functionc(n) (1)) is nearly even, as 

Bloch(~) has ever assumed. Due to the exceptionally large value 

of Co the func~ion c(n) ('1)) is a slowly varying function, as it was 
also supposed. ' At the limit T~b, however, all the odd coefficients 

increase infinitely as 7'-\ whereas the even ones tend to the finite 
limiting values, except Co increases strongly infip.itely as T -2. 

TABLE I. Orders of magnitude of the coefficients of the 
power series (1) at several temperatures. 

Tie Co Cl CJ C3 Cj C. Co C7 

2 10 JO-l 10-2 10-5 10~1 10-7 10-6 10-9 

1 1 10-2 10-2 . 10-5 Jo.,.J 10-7 • 10-6 .. 10-9 

0.5 1 10-3 . 10-2 10-5 10-1 10-7 10-5 10-0 

0.1 10-1 10-J 10-3 10-6 JO-!S 10-8 10-7 10-11 
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Now 'we ca!levaluate the varia:tiona( expression (2) in every 

number ~f terms at every temperature. Fig. 3 shows the relative 
value.s of the. variational experssion (2) in 3 or 4 terms and in 5 

" 
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~~ / r--
.~ . 

05 10 T 
6 

{ , 

Ii " J 

0.98 

0", ~ 
s { s .... ').".·'t, . 1t.~~ IS""5<7't6 • 
=1 's = 1crr e, ,. 

\ I. 
v 

0.9 

0.90 

Fig. 3. Relative values of the vari· 
ational expression (2) in three 
approximations ~s functions of 
the temperature. 

t.1>.~7"l 
K,K .. Ks 

. :l. 1+-.--\-----,,£-+---+-~'__1 

Fig. 4. Variational expression (2) as 
well as principal quantities 
I{"K2· and Ir3 in the ap­
proxim~tion of7 or 8 terms as 
functions of the temperatnre. 

or 6 terms at every temperature with respect to the value of (2)' 

in 7 or 8 terms. That the curves of these three approximations 
diverge from each 'other at intermediate tempei'atures markedly 
larger than at lower and higher temperatures, indicates .that the 

convergence of the Kroll method is relatively poor at intermediate 

temperatures. Since the discrepancy between the approximations 

in 5 or 6 terms and the one in 7 or 8 terms is at ~ost 1%, the 

polynom of 7 or 8 terms, i.e. the ~bstitution of 7 or 8 equations 
for the infinite set of equations, shoul~ be an approximation with 
the practically sutficient accuracy. 

Beca>use the variational expression (2) is forn = 3/2 and 5/2 

respectively equivalent to the principal quantities Kl and Kg, and 

the difference between K1 , K2 and Kg is too small to be shown in 
the figure, the temperature' dependence of the variational expres­

sion (2), given in Fig. 4 by means of the obtained values of b, ap.d 

c,. r~p'resents' at the same time that of .K], K2 and E.g, 
3 5 

111, n=2' or 2" (6) 
" . 

which determine several quantities in the cQnd,uction theQry, e.g .. 
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directly the electrical conductivity, and by their difference' of the 

or~er (kT/() the thermal conductivity;O the thermoelectric po.wer, the 

Thomson c.oefficiefit etc. as functions of the temperature. These 

practical applications of the obtaIned results. Will be given in the 

continued article. 

In conclusion, we wish express our sincere thanks to Dr. Kroll 

who has stimulated us while his stay in Sapporo as the visiting 

lecturer. The financial supports of The Department of Education 

and The Hattori-Hokokai are. gratefully acknowledged. 

Appendix 

roo rt" (1 ) f1m= Jo1+ev dr;= 1- 2m m!.((m+l) , 

((m) = 1 + ~ + ~- + ~ + ...... 
. 2'" 3'" 4'" 

O[ = (1/12)n2, Os = {7/120)rr4, 05 = (31/252)n 6, 07 = (J2//240)n8, cg7(5Jl/]32)n[O, 

Oll = (14]4477,32760)",12, 013= (8192/]2)",14, 01" = (1l8518239/8160)n16: . 

10.= (1_e- z)-1 [z~, 

Ij= (1_e-Z)-I[_(1/2)z2], 

12 = (1-~,rZi -1 [401Z+ (1/3)z3], 

13= (l_e-zj'-1 [-6alz2-(1/4)z4~, 
, 14= (I _e-z)-1 [80sZ+8olz3+(1/5)z5]" 

15 = (I _e-z) -I [ _20oSZ2_100[z4- (1/6)z6], 

-]6 = (I _e-z) -1 [1205z+ 40113Z3 + 12111Z5 

+ (1/7)z7]. 

17= (l_e- z)-l[ -4205Z2-700sz4_14111Z6 

-(1/8)z8J, 

Is = (1-~ -.) -1 [16117Z + 1 ~2a5z3 + 112agZ5 

+ 160,z7 + (1/9)z9J" 

19= (1_;-z)-1 [-72117Z2_252<15z4-168<1gZ6 

~]8alz3-(1/10)zIO], 

Ijo = (l~e-z)-1 [20agZ+ 240a7zs +504<15Z5 

+ 240a3z7 + 20a,z9 + (1/11)zI11 

Ij[ = (l-e- z)-l [-1l0<19z2-660a7zL-924.05z6 , 

- 330113Z8 - 220,z10 - (1/12)z I21, .-
112 = (1-e-z)-1[240I\z+440<1gzS+1D84a7z5 . 

1- 158405z7 + 440a3# + 2401ZU + (1/13)zI3]; 

Ijs= (l-e- z)-1 [-]560I1Z2_1430<19Z4 

- -343207Z6_257405es-572'03~o-26alzI2 

-(1/14)zI4J, 

Ij4= (l-e-z)-I [281113Z+7280uzs+4004I1uZ5 

+ 686407z7 + 400411529 + 728<13211 + 28<11Z1S . 

+ (1/15)zI5J, 

Ij5 = (1_e- z)-1 [-210013Z2_273001~ 

-1001009s6-]287007Z8-60060(;zI0 . 

-9100s012_300[ZI4_(1/16)zI6J, . 

Ij6 == (1-e-zr-I[321115Z+ 1120a13zs+ 8736011Z5 

+ 2288009z7 + 22880117Z9 + 873605z11 

+1120a3z13 + 32111Z15 + (1/17)zI1]. ' 
, '. 
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I,/x) -1: (e' _ ly;i ,-e-Z) dz, . 
e 
T' 

I,,(;"'}=n! C(n), 

J5 (00) '" 1.244313-102, J7 (00) 5.082080.10a, J9 (00) = .3.f-3.'088.1(}5; 

In(oo) =3.993653.107, /IS(OO). 6,~27785.109, JiG (00) = 1.307714.1012, ' 

J17 (00) =- 3.55690lol014, JI~ (00) '" 1.216453-1017• /21 (00) 5.109093.1019• 

au =J5. 

al2 =' (1/2) /5, 
aia 411IJ5+(1/3)J7. 

. al4 BI1175'+(1/4)/7. 

a15 ";'·8aaJ5+8111-.h+(lj5)ig\ 
-

al6 = 2Oaa/r,+10alJ7+(1/6)J9' 

al7 = 12aoJ5+40aa77+12al/9+(lj7jJlt, 

alS 42a5/5 + 70a3J7 + J 4alJ9 + (1!.8)Jll. . 

al$ .. IB1l7J5+1i2ar,J7+112asJ9+1BaUu 

+ (1/9)Jb 

0 22 = 4a115-(1/6)J7. 

a23 ~ 14a1J5+ (5/12)J7. 

aM =- 8aaJ5+ 2al/1-(1/20\]g, 

a25 = 52t78Js+ 22i1tJi+ (3/1O'Jg, 

a26 = 12tr5J5+20aal7+2al/g-(1,'42).1u. 

027'= 114t75J,+ 170118J'1+300119 
+ (13j5B).11l' 

a2S 16a7 .15+70a5J7 + 42asJ9.+2a1JiI 

-(1/72)/13,·: 

029 200117 J5 + 644a5J, + 39~a3.19 + 38I1IJ1I 

+ (17j90).1ta, 

aS3 = 8aaJ'i+(1/30)/9' 

a34 ==:68a3/o+24111J1+(17{60)J9' 

a35 = 12rrslv+8aal7+(ljl05\Jll. 

162a5J5 + 210(1sJ; + 32a1l9 
. " -.. 

+(37/168)/11, 

04;; = 186a5/5 +222;'3J1 + 32al /9 

+ (187/84'0\]11. 

046 == 16a7/5+22a5/7+2a3J9..,-(1/504).113' ' . 

[('47 = 36J)a7/:'i't-954au/7+4780s/7+40,11/1I 

+ (51/280)/ta. 

U,J8 20rr9J5 + 72(11J7 + 42arJ'J + ZaSJI'· 

- (1/1320)jj5. 

(t49 == 590fl9J5+2804a7J7+80S0t15J9 

+ 878as.1u +48(1JI~+ (183/1188))10, 

((55 = l6ad" + 16011J7 +(1/630)J13. 

((56 392£11/5+ 992aoJ7+ 480a3J9 + 40al /U . . . 
+ (687/37801JI31 

flu7 =20<19/5-1 48(17/7+12175J9+(112310))15; 

.U58= 670~9J5+3012a7J7t3150a5J9 

+880<l3JI1 +48dlJ13+ (203/13201)15, 

a39 = 24'IIJ5+ 120<1911 + 112q·J9 +16anJh 

+ (1(643&)J1I, 

flfJ6 "" ~OagJ5 -k 40a7J7 +411519-(1/2772)]15. 

(./trl= 71Oa.Js+3100a,J7+316605J9 

+880"3Jll + 43alJI3+(853/5544\]15. 

.. ':a68 '" 241711J5+9009J7+44177J9+2(16JU, 

- (1/10~96))17. 

a69 1116~ItJ5+76301l'9J7+ 13640111/9 

+ 8006a5JI 1'+ ] 456a3J m+ 56alJ15 

+ (12013/90990)JI7. 

aS7 = 16a7l5 + 40a" 17 + 12a3/9+(1/252)/I:;, 

a:;s = 296(17/r,+854as/i+462Ils/9+40al.1n 

+ (13/72).113. 

a77 ,= 24allJ5 +S009J7,f- 24a7 J9 
1- (1/12012)]17. 

a7S 1164all J5 + 7800agJ7 + ] 3798117 .19 

+800805JI1 + 1456aV13+ 56t1t /iG a39.= 2009 15 +112111.17 + li2a5.lg+ 16flS lu 
+ (1/495)/t5, + (4304h/360360))11. . 

a79 = 28aiaJG+152alIJ7+124ag/9+16I17JII 

+ (1/45045))19, 
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aS8 = 28aI3/5+140i111/7+84a9/9+4a~Ju 

-(1/51480)/19' • 

aS9 = 1778aI3/5+16954(tll/7+45654a9.19 

+4575~a7.11l + 17472a5/13 

+ 2240a3 fl5+ 64d j ./17 

+ (12113/io2960) 121> 

a99 = 32aI5.15+224aI3./.,+224all.l9 

+ 32aalu +(1/218790)/21' 

b 22 =.15. 

b24 = 12al/r, + (1/2)/7, 

b 26 = 40ila.l5+ 20al/7+(1/3)./q, 

b.2S = 84a5/s+14Q173.11+2SaI/9+(1/4).Ill, 

ba3 = 16a1.15 +(1/3).17, 

cb35 = 64a3/5 + 24al.l7+ (4/15)/9, 

b 37 = 144a5./5+ 2QOaaJ7 + 32al.fy+ (3jl4)ilh 
. " 

b;9 = 256177.15 + 784'5/7 + 448173.19 + 40al.ll1 

+ (8(45)/13' 

b<H ;, 72aa.l5+2'4at:!7+C3/1Ol./9, 

b 46 = 180a5/5+220a3.17+32a1.19 

+ (19/84)Ji I, 

b48 = 336a7J5+924"5.17+476aaJ~+40al.l!l 

+ (1l/60l./la, 

·b55 = 192a5./5 +224"3.17 + 32al./9 

. + (23/105).111, 

b57 ,;" 384a7.15+984as.l7+480aa.l9+40al.1u 

. + (.i9/105l./13, 

b09 = 640a9.16+2944177.17+3136175.19 

. + 880aa.lll + 48alJi3 +(76/495).115./ 

b e6 = ~00a7 J.'j + 1000175.11 + 480aa.l9 

+ 40al.lJl + (23/ 126l./1:1, 

b ss '" 700a9.15 + 3080a7.17 + 3164a5J9 

+ 880aa./Jl + 48at./13 + (61/396).115. 

bn '" 720179.15 + 3120a7.17 + 3168175.19 

+ 880a3.111 +48al.lW+ (71, 462).115. 

b,9 = 1152allJ5+7760a9.17+136~6~7J9 

+&008a5./Ji +1456a3JI3+56';'i /15 

+ (6004/45045l./17, 

bss = 117617u.l5+7840"9.17+!3720a7.f9 

+8008a5.111 + 145.6a3.1la+56al.li5 

+ (3433/25740)/17, 

b99 = 1792al3.15 + 17024allJ7 + 456'96179.19' 

+ 45760a7.1Jt + 174'72ii5.113 

+ 2240a3.115 +64al.l17 

+ (12869/109395lJlg. 
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