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Kwai UMEDA and Tomiyuki TOYA
(Received March 15, 19497

Solving directly Kroll’s set of equations, the nature of the solution of Block's
integral equation has been mvestlgated ‘Itisa slowly varying and nearly even
function, as it was assumed. By medns of the results, the degree of accuracy
of the solutlozr in polynom has been tested by the degree of convergence of the

_variational expression of ‘Bloch’s integral equation- towards the extremum. The

polynom of 7 or 8 terms seems to be a practically sufficient’ approximation, "

To solve Bloch’s integral equation, Kroll'” has transformed it
1nto an infinite set of equatlons which- enables the solution to be
found in a power series systematlcally to any desired aceuracy.
In pract1ce, hOWever, it is 1mposs1b1e to solve an- infinite set of
equations, so that we have to, take necessarily only a finite nuimber
of equations, that means to replace the power series by a polynom.
‘ Then its degree of accuracy is to be questioned. Recently one of
‘us (K.U.)® has transformed Bloch’s integral equation into a vari-
. ational form whlch is expressed by means of the polynom 1n s terms
for. ¢™ (7)

' ™ (77) — C(”’ + c‘")q +c‘")77 S + c’;vi‘:y/sq . (1) )
in a very simple form as a function of s ' i
' B o 4 B 6 e R = extremum, (2)
' provided that c™ ',' ™ el are the roots of Kroll’s set of equations.

ThlS enables the questloned degree of accuracy of the polynom to
be determined by seeing how closer. thls variational expression (2)
does converge towards the maximum as the number of terms 1n
‘the polynom s 1ncrea,ses This procedure prov1des at the same time

* Presented partly at the semlannuql meetmg of The Instxtute of Physical and Chen.xcal
Research in Tokyo, June 10 and December 11, 1942. “The publication was delayed
owing to the wartime external conditions. :

(257)

.

%
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a2 method to test the convergence (;f the power series (1) or the
- validity of the:Kroll' method. '

In order to evaluate the variational expression (2), it is prima-
rily necessary to determine the values of ¢y, ¢, :o-ee- Dby solving
numerically for every temperature Kroll’ set of equations, which
is put in the case of monovalent metals for the convenience of
computation into the following form, where only the ratio 0/¢ ap-
* pears -as the niaterial constant of the individual metal. - - -

s . I "n S - 3 B .
gFii(x)cjf)l,:bz() 2?1)2 """ S, n="9> 97 (3)

S , 1 kT \
where F;; ()= b, (z) + — a,;(x (),
N . ’ . ’ X“ » C )
itj=even - . _ - i+ j = odd
- o= 1 x=_1‘£’ x:ﬁ.
3 1T T
i1 2 3 4 5 6 7 8 9
p, L T B, 4T 12 w7
¢ 2 T 0" T e 0" ¢
. £ i
1 3 " . B o1 g 15728
@, 5 T 4T . 185 - AT 17 g A
T e ¢’ 6 ¢’ R 6" ¢

" These values follow from the neglection (')f (kT/c’) , Whlch 1s/
at.most of the order of 105 1n the temperature range lower than
20, though there remain some ‘more cons1derat10ns for the second
order phenomena

= S-i-iSZ (1(1;)?;:: 5 sHi=ens

» :S 24 SJM 2P — ( F 2) (g + )~ ’777
e-—-l (14 e?) (14 ¢ 7-%)

b — % 2T S+oe piHi-2 __(77 + gzt =1 it : )
ij(x) 2508 -1 ) (1+e7)(1—}-e"77 z) o ’ (4)

dy - itj=o0dd,

' These 1ntegrals can” be expressed by the radiation mtegrals ‘
J (), as tabulated in the appendix. OQur quant1t1es in Gothlc letters
are related to the correspondlng ones” “used by Kroll or in reference_
(2) in the followmg manner.
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- {(k@)?(w)-?aﬁ' © ipj=even,
(hj = E N . .
Ay; : ' i+ j=0dd, ‘ .
b, = (25)" by, o o ®) -
bfn)z e bgm, . ) .

c(n) - C—n—l—l c(n)

We have solved the set of equations (3) for every number’
of terms from s=1 to s= 8 in the temperature range T/@ - 0.1~
2. The even coefficients ¢, ¢, ¢, c, ---converge‘monotonously to the
final values, while the odd ones ¢, ¢, €, ¢, --- oscillatorily, as the
number of terms s increases. Fig. 1 shows this situation for T/6
= 0.5 13s an example. The temperature dependence of these coef-
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Fig. 1. - Convergnce of co‘ and ¢; for 710=05 as -
) functlons of the number of terms in (1).

ficients are traced in Fig. 2. At lower temperatures than the
Debye temperature, the odd coefficients are markedly smaller com-
pared to theeven ones, as seen|from the orders of magnitude
glven in Tapre I, so that the function -¢™ () is nearly even, as
" Bloch® has ever assumed. . Due to the exceptionally large value
-of ¢, the function ¢™ () is a slowly varying function, as it was
also supposed. At the limit 7—0, however, all the odd coefficients
increase infinitely as 7'~', whereas.thé even ones tend to the finite
limiting values, except ¢, increases strongly infinitely as T - ‘

TasLE 1. Orders of magnitude of the coe ficients of the
power series (1) at several temperatures.

7/6e I G Cy G C3 - Oy Cs - G - é7

2 10 - 101 10-2 - 10-5 10—+ 10-7 . 10-8  10-9
1 1 10-2 10~ " 10-%  10=4. . 10-7- 10-6 . 10-?
0.5 1 10-3 - 10~z 10-5 10~ 10-7 10-5  10-9
0.1 10-1 10-4  10-3  10~-6 -10-5  10-8 . J1O-7 10-11
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Now we can evaluate the variational expression (2) in every -
number of terms at every temperature. Fig. 3 shows the relative
values of the variational experssion (2).in 3 or 4 terms and in 5

. & »
o o5 - 19T — —
' N / . @ 1 éﬂk"‘t&“ L )
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Fig. 8. Relative values of the ‘vari-\ Yig. 4. Variational expression (2) as
ational expression (2) in three £ ‘ well as principal quantities

K, Ky and K5 in the ap-
proximation of 7 or 8 terms as
functions of the temperature,

approximations as functions of
the temperature.

or 6 terms at e.very t;emperature'with respect to the value of (2)‘1
in 7 or 8 terms. -That the curves of these three approximations
-diverge from each other at 1ntermed1ate tempelatures markedly
larger than at lower and higher temperatures, indicates that the
convergence of the Kroll method is relatively poor at interme-diate
temperatures. Sincé the diserepancir between the approximations'
inb5oré6 terms and the one in 7 or 8 terms is at niost.l%, the
~ polynom of 7 or 8 terms, i.e. the subs‘titution of 7 or 8 equations
" for the infinite set of equations, should be an approx1mat10n with
the practically suﬁiclent accuracy.

Beca=use the variational expression (2) i§ for n = 3/2 and 5/2
respectively equlvalent to the principal quantltles K, and K, and .
the dlfference between K, K, and K, is too small to be shovvn in
the figure, the temperature dependence of the variational expres-
sion (2), given in Fig.4 by means of the obtained values of b, and
¢, represents  at the same time that of K], K, and K,,

S BME® + BIC™ g :Km%_‘ - m, %:g or g, (6)

Whlch determme several quantltles in the conductlon theory, e. g
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directly the electrical conductivity, and by their difference of the

Or(jler‘ (kT /¢) the thermal conductivity; the thermoelectric power, the:
These

Thomson coefficient ete. as functions of the temperature.
practlcal apphcatlons of the obtalned results will be given in the
continued article.

In conclusion, we wish express our sincere thanks to Dr. Kroll
who has stimulated us ‘while his stay in Sapporo as the visiting
The financial supports of The Department of Education
and The Hattorl Hokékai are gratefully acknowledged

* lecturer.

Appendlx -
hmESm ”_ v—(l———)m'C(m+1),
B 147 n
1 1 1 o
C(m)_1+%+§7n+ﬂ+ ...... :

=(1/12)72, ay=(T/120)n%, as=(31/262)n6, ay=(127/240)n3,
ayy = (1414477,32760)%, 5= (8192/12)r%,

ag=(b11/132)m10,
a=(1 185i8239/8160)n16; ]

> 1
: - no "T—?—[S 1+ " wa1] rTee
B\ i S (2=t no ’
Cd € & 1 [S 2" —(n+ 2)"—(n—=) dy— ____a]n odd
T 1 Jo 1 4e? +1_ :

Iy= (l—e=5)2[g, -
ff= (=91 [—(1/2%],
= (l—e=%) - [daya+(1/9)%],

Iy = (1—3 2y~ i[ ]101792"—-660(1"24 9244526
— 3300555 — 220510 — (1/12)21%],
Zig= (1=~ 1 [2hayys+ 440053 + 15840755 -

13~ (A—e=2)=1[~6ay2— /427,
Zj= (1—e=#)=1[8agz+8ays-—1/B)F],
Zy= (1—e=%) =4 [—20ags?—10az— (1/6):5],
L= (1 —em?%) Y [12a52+ 402477 +12a1z5
+ /N, -
Iy = (L—e=?)~1[—42a52%—
~(1/8)28), ) ‘
Zo= (1—e=#)1 [16ays+ 1120528 + 112055
, + 16137+ (1/9)29], S
Zy= (1—e=#)~1[— 7247z2;252a524 16845
—18ay8—(1/10)310],

70:135‘1 ~ 14228

Jig= (1221 [20ag3+ 240735 + 504055 ;

+ 2400557 +20ay9 -+ (1/1DAL],

. fig= (=)= ¥[—156a3322—
572}13zjo-j26a1212

+ 15845 -+ 44009+ 2y 4 (1/13)215,
1430@24
- 34320736 — 257455 —
—(1/14)214), ‘
Dig= (1 —e—2)~1 28432 +7280132% + 40044325
+ 68640727 + 40042529 - 728521l - 281y 43+
+(1/15)215], -

L 210aa3z2—-27301z.1z4

100104476 — 128704728 — 6006nr21°
— 9103012 — 302244 — (1/16)16], -

- Lg= (1= —1[32ay55+ 11200453+ 878604355

-+228800g7 + 22880479+ 8786astl
| 11200505 + 820y 4 (117)a7). © -
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o= S@—n—m

J5(00) = 1244318:10%,  Jy (o0) = 5.08208010%  J; (o) = 3.63°088-10%,

‘

T

\

Jiv(e0) =8.993653.107,  J15(00). = 6.227785:109, Ji5(00) = 1.307714-1’01’2,. R
Jiz (09) = 3556901:10M, - J1(o0) = 1.216453-10%7, jg. (o0) = 5.109093-10’19.

ay = J5 .

e =12 ), SEE

s = day J5+(1/3)/ ;

“@ig = 60y T5 4 (14

s = 8ay J5+-8a T+ (B o

atrs = 2003 J5+10a1 J1-+(1/6) Jor

g = 1205 5 +40as J+12m Jo+ (/T ity

s = 4203 J5+T0as Jy+ 14ay Jo=(18) Jar, |

Ay = 16117j5+ 112(1?]7"‘-112&3]9“" 164 fu
(9N

Cse = day [5—(1/6)./7,

Qg = Uay J5+(5/12) /7,

Aoy = Bas Js+2ay J1—(1/201 f,

dzs = B2as J5+22m Ji+(3/10V5,

dtzs = 1905 J5+-20a3 Jo+ 2y Jy—(1/42) Jir,

= 114a5_J5+ 17005 Jy +30a1 S

L (13/56) [ :
= 16a7 J5+ 7005 J7 + 42a3 /5. +2alju
—(1/72) /15y

' dlay = 20007 5+ 644as J; +39%s [y +38ay [y

+(17/90) /13 -

Qs5 = 8as J5+(1/30) /o

Qsq = 68ag f5+24a1 /7 +(17/60) Jo

g5 = 1205 J5-+8as J1+(1/108) /11,

g = 16205 J5-+21005 J1-+ 32y
+(37/168) /11, A

ds; = 1607 J5+40a5 [+ 1243 Jo+ (1/252)11 s

a5 = 2960y [5-+854as Ji-+ 4625 Jo+ 400y iy

+(18/72)/1
Asg = 2Wag J5+112a7 J71+- 112(1;;}9-}- 16{%3 Ju
+ (1/495) /155 ‘

g = 12a5 [5-+4ag J1—(1/140) /1y,

a5 = 18605 Jot 222113/ 7+ 32121 7 9
+(187/840) /iy, o
Qs = 16ay J5+22a5 J1+2a3 /9~ (1/504) /i3y -
g = 360 - 90has 4 4T8as b A0 i
-+ (51/280) [13,

g = 20”9./ 5+ T2y [+ 4205 fo+ 2as /i i

—(1/1320) /15,

(g = 590ug J5+-2804ay -+ 8080a5 Jy

+878a5 [y +48ay /3 (183/1188) 15,

= 16a; J5+164a5 /74 (1/630) /13,
Uss = 8920y J5+992a5 1+ 48043 [, +4Oa1 Ju
+(687/3780\ /13,
Asy = 2009 J54 48ay J1+ 1205/ 9+(1/2310)./15-

tH5g = 670a9 /54301207 Jy 4 3_150(15 o

| +880a3 /1y +484) Ji+(203/13203 /s,
sy = 24 J5+1200g J7 +11205 J4 + 1645 )0
-+ (1/6435) /17,

U= 20ag [5+ 40ay 7 +4(:5 jg —(1 /27721/;
dor = T10a, J5+3100a7 J; +3166a5 J,
88003 i1 +48a;_J15-+(853/5544) Ji5,

T rdgg = 24ayy J5490ag J7+ 4407f9+2ﬂsf i

—(1/16296) /17, - o

lgy = 11,1_6411./5-*-7630”9]74- 1364007 /5 .-

+8006a5 /1y + 145645 Jis+ 56a; Jis
+(12013/90990)j:7,

1177 = 24n;;f0+80ng]7+24a7j9
£ (1/12012 /7, .
atzs = 1164ay; J5+7800a0 J++13708a; Jy
+8008a5_/iy 145605 J13+56m Jis
+ (4804%/360360\ iz, ’

© g = 28ais Jp +]52anf7+124(19/9+161b7fn

+(1/45045) /1o,

o 7
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Ass = 28myg [5+-140ayy [+ 84(!9 /9+4(l7 fu

—(1/51480) /1o, . .

sy = 1778ay3 J5-+ 169540y [+ A45654a Jy -
- +45758ay [y + 1747205 Jis

| 224005 Jis+ 64 Jrr
-+ (12118/102960) /o,
o = 32ar5 [+ 22403 Jr+ 2240y T,
S +82ay Ty +(1/218790) [,

“{':r

by =iy = bip =Dy =Dyg= - =0,
by =5
boy = 12a1 J5+(1/2) /7,
bgs = 405 J5+20a; J5+(1/8) /0. »
boy = 84as J5+ 14005, /1+ 280y Jo+ (1AL 01,

bg3 = 164, J5+(1/8) /%
~bygs = 6dag J5+24a; Jr+(4/15) 7
by = 14dag J5+200a./1+-320Jy+(3/14) i
by = 25647 J5+ 784 15 J7 + 448as. [y +40a iy
+ (8/45) /13y

by = 205 S5+ 2401 T+ (3/10)75,
byg = 180a5 /522025 J7+ 82y [y
+ (19/84)/1 [T
b4s = 336a7./5 +924155 Jy+ 47643f9+ 40m / "
(11/ 60)]1 %

B b55 ='1‘92(l5j5 +224/13_[7+32ﬂ1j9

* (23/105).[11,
bw = 384(!7]5+984a5f7+480a3_/9+40ax_fn
+(19/105) Jia, :
bsg = 6400y [5-12944ay [+ 813645 [y .
+ 88025 fn +48ay [is +(76/ ‘495\]15,

 Deg = 4000y [ ,L'looon5 T +480as [,

+40ay J13 + (23/126)_/}31

b = 700[19_/:5 +3080(Z7J7 +3164£15j9 .

+8802;./51+ 484 f 15+ (61/396) /15,

b,7 = 72000 /5+ 812047 /74-8168¢5 7,
o 880a3 /11 +48a) Jia+ (71,462 /15,
Bio = 116251 J5+ 77605 /3 + 1369603
+8008as /i +1456a5 Fiz-+56ai /s
+(6004/45045) /17,

b = 1176ayy 5+ 78400, 7+ 1872007 J,
+8008(l5j“ + 14:5.6113_}:13-1-.‘56(1]][5
+(3433/25740) /i,

 Dgy = 179215 5+ 170240 Jy+ 456964, fo

4576007 11+ 17472285 i
+2240a35 /15 +64ay J1q
+ (12869/109395) /1.
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