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The vector method, which hag hitherto been used to estimate the degree
of contrast of phase-microscopic image, can only be applied to sufficiently
small objects. In Part I it is shown that, if certain idealization is allowed
on the nature of phase plate, we can generalize the vector method so as to
enable one to calculate the contrast of the image for objeets which have
arbitrary (finite) dimension. In Part II it is shown that by means of Fourier- -
transformation we can caleulate easily the intensity distribution of the phase-
microseopic image of transparent cbjects. This method leads to a vectorial
caleulation, whose relation to the ordinary vector method is explained. The
interrelation between the contrast of image, width of the ring of the phase-
plate, and the dimension of the object is discussed, with recourse to a few
examples of caleulation.

INTRODUCTION

In the prevailing literature on the phase-microscopy, so far as
the author is aware, the mechanism of contrast-building in the phase-
microscopic images is explained either by rather cumbersome calcu-
lation or by roughly approximated vector construction, and we have
had to make use of these methods, especially on the latter, in de-
ciding what sort of phase plate should be used to obtain the best
image, i.e. the image with maximum econtrast and clear-cutness.
The former method,” being essentially based on Fourier-transforma-
tion, ig entirely correct in itself, but on account of its two-dimensional
character, the calculation hecomes very much involved if we try to
apply it to the actual cases. The detsiled intensity distribution of
the image can hardly be caleulated, except rough order of contrast.
By the latter, 1. e.,, by Kucx-Brice and others’ vector method or its
mathematical equivalent,” ® which is very simple and can well be
vigsualized, we can easily obtain the degree of contrast, but can never
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predict the details of the image. Moreover, this vector construction
has in its original form only an unduely narrow range of validity,
being strictly valid only in the case of a vanishingly small object.
In Part I of this paper, it is shown that the vector method can be
generalized, so that it may claim much broader validity than has
so far been considered. There it permits us to evaluate the con-
trast of the image of any simple (uniform) “phase objects” (objects
which are transparent and have only phase retardation relative to
the surrounding medium), regardless of their dimensions, in so far
as an ‘“ideal” phase plate is introduced.

Fiven this adapted method (which we shall call generalized veetor
(GV) method) is not, however, adequate enough for our purpose. It
is based on a too much idealized aszumption that the phase retarda-
tion (or acceleration) and absorption take place on the phase plate
only at the central infinitesimal portion of the Fraunhofer pattern
of the object (ideal phase plate), which can never be realized in the
actual experiment, On account of this limitation it can predict only
the contrast, but not the in‘ensi’y <isiribuiion eaused by the finiteness
of the portion where phase change takes place.

In order to be free from this serious limitation more general
method which is based upon the principle of Fourier-transformation
has been developed. It will be explained in Part II. 1t leads to
a relatively simple vector-graphical ealeulation similar to GV method.
It is shown that in the limiting case mentioned above this actually
reduces to the GV method. -

PART 1
Generalization of the Vector Method.

Keéox-Brior and others considered the mechanism of contrast-
building in the phase microscopic images of transparent phase object
ag follows: We imagine the phase object that gives the plane light
wave passing:through the object plane a constant phase retardation
(27«) within & finite region. Let OS in Fig. 1 represent the light
wave corresponding to the uniformly bright background, and OA
that referring to the object, which is retarded by 2z« from 0S. OA
can he split by the parallelogram of forces into two components, one
of which is equal to CEB), and the other represented by OD. Tn other
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words, the light wave, after passing
through the object plane, can be re-
garded as eonsxsung of two parts, one
of which OS is the complete plane
wave having the same amplitude and
phasge as the incident one, and the
other (6_}3) is the diffracted wave due
to the presence of the phase object.
We shall call these components S~ and

D~ wave respectively. In case the ob- S;
ject is sufficiently small, the D-wave ,
will spread almost uniformly to infinity Fig. 1.

in the plane of Fraunhofer pattern. Thersfore if the phase plate
of the so-called A (+) type™ is put just behind this plane, it exe
only an infinitesimal effect on the D-wave. On the other hand, the
S-wave concentrates at one point (at the center) of the plane, and
consequently suffers a phase retardation 220 and amplitude reduction
(1—A4) by the phase plate™. In other words, the vector 08 suffers
a contraction (1—A4) and rotation 2.6, We can choose the values of
A and ¢ so that OS becomes O-g’: which ig just equal and opposite
to 65 The D-wave arrives at the image plane within a small de-
finite region where it is distributed with uniform amplitude, while
the S—-wave spreads uniformly in the whole image plane. Thus we
get the dark image on the bright background, since these two waves
cancel each other in that definite region, and outside this region
only the S—wave remains,

In the above explanation it was assumed that the object be suf-
ciently small. If it is large, the D-wave will also more or less con-
centrate into the central region or at least spread only fo finite
extent in the plane of diffraction pattern. As the result some finile
(not infinitesimal) portion of it suffers the same reduction and phase
retardation as the S—wave, and the above argument no longer holds,
It will be expected that in such 3 case the contrast of the image
is to be diminished. In fact, however, it will be shown in Part II
that m th@. cagse not only the diminution in conirast but also the

® By A( type iz meant tnat phase retardation as well as absorption takes place at
the central region of the Fraunhofer pattern.
#* A (=1) means here amplitude transmission.
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modification of the intensity distribution takes place. Be that as
it may, it is evident that here the afore-mentioned vector con-
struction wholly breaks down, or at least retains only an approxi-
mate validity.

There is, however, another case in which the above argument
\holgls good exactly. It is the case when the width of the “phase
plate”* is not finite but vanishingly small (infinitesimal) (ideal phase
plate), since then the portion of the D—wave which suffers amplitude
reduction and phase retardation becemes again infinitesimal, even
when the object is large, and yet the S—wave, which concentrates
into the infinitesimal region, completely undergoes these effects.

Thus it becomes clear that the vector construction can claim its
validity not only when the cbject is vanishingly small, but also when
the “phase plate” has infinitesimal dimension. It seems to me more
relevant to examine this latter case first and foremost, since then
we might be able to treat the problem, without giving any restrie-
tion to the dimension of the object, or, in general, for any stepwise
phase distribution in the object plane. This proves true, as will he
seen in the following discussion.

Here let us analyse the afore-mentioned concepts of S— and D
wave from somewhat crucial point of view. For this purpose the
exact form of Fraunhofer diffraction pattern of the phase object
must be derived. Consider a “phase slit”, which is characterized by
the following formula:

¢<$> — 62‘150'47,(&3)—{-— 1 _ A/(Qﬁ) ,
d@)=1, le|l < X/2,

1
=12, |zi=X/2, (1)
=0, x| > X/2.
g it 4'(z) is so-called Dirichlet’s function.
@ 4 [ T4 () is ¢** in the interval |z| > X/2,
=T ) and unity everywhere outside this
A

R it region, as schemadtically shown in Fig.
4 e 1 e 2(a). As is well-known, the Fraunhofer
diffraction pattern of this object is
represented by the Fourier transform

Fig. 2.

* By the “phase plate” here we mean t‘nemregion of the pbase plate where the phase
retardation 2x6 and absorption (1—4) take place. It is to Dbe noticed that the same
abbreviated expression will appear also in the following.
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of (), namely by
o veie SinaeX iy gin X
W (y) = enis Sinam X 4 o(y) — S
ny 7Ty

=4+ (e =1 & (),

@:M_ (2)

TR

Ty

It will be seen that the second term of this expression corres-
ponds to the afore-mentioned D-wave including phase, and the first
one to the S—wave. The second term represents exactly the same
pattern &(») as that due to the glit of width X except for phase,
and therefore the wave represented by this term evidently con-
centrates into the image at the image plane. The wave represented
by the first term, on the other hand, spreads uniformly upon the
whole image plane, after it has suffered amplitude and phase mo-
dulation by the phase plate. Thus in the image two waves interfere
with each other to make it e.g. dark. This argument corresponds
exactly to the one stated above.

It is clear from the above argument that in case the object has
infinite extension, the vector construction as stated above will again
break down even when the ideal phase plate is used, since then
also the D-wave will include the §~function, which suffers the same
phase and amplitude modulation as the S—-wave. For instance let
us treat, by the vector method, the case in which the roles of object
and background in the above example are interchanged. We can
namely suppose the previous background as the “object”. having
phase retardation —2ma, and the previ-
ous object as the “background” having
no phase retardation (Fig. 2 (b)). The
physical situations in these two cases
are obviously identical, and therefore
exactly the same result is to be ob-
tained in the image plane. In this case
the object wave OA is retarded by
—2ra from 6§, so that the D-wave must
be represented by 0D’ in Fig. 3, instead
of OD. But since A and 6, character-
izing the phase plate, remain the same,
the S-wave becomes O as before.
Thus in the “image” two waves rein- Fig. 3.
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Jorce each other, the rvesultant amplitude being |OM], and in the
background only the S-wave arrives, whose amplitude is |O%].
Consequently the intensity distribution in the image plane is re-

presented by the dashed curve

I'niensi‘b% in Fig. 4, in contrast to thatin

wwwwwwwwwww _ the previous cage represented

| { T by the solid curve. This is

l_- e MDW evidently a contradictory re-
los - b sult.

T Mathematically speaking:

The function which represents
the diffraction pattern of our
present object plane can be obtained simply by muliiplying (2)
by 8—-‘3?2[& :

W) = e o)+ (L —e %) £() . (3)

Fig. 4.

This is easily transformed into

=)+ (e D) EG)
g =00 —&¢). |
() is the Fourier-transform of 1—4'(w), l.e, it represents the
diffraction pattern of the opaque strip whose width is X. It is
natural to regard this as‘the D-wave in the present case, since in
the previous case D-wave has been represented by the diffraction
pattern of the slit width X, which is the complementary figure
of the opaque strip of width X. In fact (3/) shows this must be the
case. The wave represented by the second term .of (3) wholly
“concentrates” intc the “image”, and that represented by the first
term spreads uniformiy on the whole image plane, as in the previous
case. FHere, however, a part of the D-wave also undergoes phase
and amplitude modulation, because of its inclusion of ¢-function.
his is the reason why the vector construction in Fig. 3 failed to

be correct, as suggested at the beginning of the last paragraph.
If, however, we perform the vector construction straightfor-
wardly according to the original formula (8), instead of (3/), we
naturally get the correct resuit, since it wiil differ from the previous
one represented by Fig. 1 only by constant rotation 2zu of all the
vectors invoived, Hence we are lead to the conclusion that we had
better discard the concepts of 5~ and D-wave, which are likely to
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lead to incorrect results. Instead, we should resolve the function
representing the diffraction pattern into as many separated terms
ag possible, and consider each term as a separate wave, and repre-
sent it by an appropriate vector. Thus the formula (2) is to be
rewritten as
(,«)wo(/)*}*@m g (/\ﬁg@ﬂ (2')

The wave represented by the first term will spread uniformly every-
where in the image plane, after its phase (zero) and amplitude
(unity) have been modified into 229 and A respectively (from 0S to

PANEEN

OS" in Fig. 5). The one represemed by the second term spreads

e uniformly into the region of slit

7 D ’ image, 1;3 phase Zze and amplitude
// ARTTTTTTAN unity (r BA) being unchanged. The
/// \ \ one represented by the third term

spreads uniformly also in the region
of glit image, with its phase » and
amplitude wunity @% In the
region of slit image these waves
cancel each other, while ou’cside the
\\,_,/' region there re«namb Ob’ Tomake

Fig. 5, the resuitant of OA and OB and
give it the physical meaning as “diffracted wave’ is not, in general,
a matter of course..

This method of obtaining the image shall be ealled GV (gereral-
ized vector) method.

Another illustration of the superiority of GV method is afforded
by the following example: Consider the phase object which has
phase retardation 2z« in the right half velative to the left half of.
the whole plane. Let 7(2) be a funetion which is -~1/2 on the left
and +1/2 on the right side of the origin, then such an object can
pe represented by

J(2) = e D)+ 1 — (=), } (4)

Bia) = D(2) + 1/2 . J '
Since the Fourier-transform of I’(z) (Heaviside’s step function) is
known to be 1/2:4.%, the Fraunbofer pattern of this object is given by

* At least formally. The lack of mathematical rigor might be tolerated from the physical
point of view.
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' = _,e,,{f,iu: I _1__ 3' 2iG 777'1 o _1_ LY
7 (v) Soin T o a(y)errie 9.4 - 5 vy, (5)
Assume, for instance, that 2we = /3, 220 = —=/3 and A =1. Then

the wave represented by the first term spreads uniformly into the
right half of the image plane with amplitude 1/2 and phase =/3, and
into the left half with amplitude 1/2 and phase = + z/3. (Sinece 1/2xv
is Fourier-transform of D(z), it must reproduce I}(z) itself in the
image plane®. Negative transmission —1/2 should be equivalent to
the ordinary positive transmission 1/2 with reversed phase, i.e. ).
This is therefore represented by vector 1 in the right, and by
in the left half of the image plane (I'ig. 6). The wave represented

//"\\ \\
/D \
, //‘ \\\ \ //"\4\?'\ \\
/ T 0 NL)Z“:‘J)/! | 3'{ Q ;}P
\ N N
NN -4

\\L ““““““““ 'Q

Lefz"; half Righﬁ half
Fig. 6.

by the second term spreads uniformly over the whole image plane,
with amplitude 1/2 and phase zero, since this wave suffers phase
modulation —»/3 (absorption being zero). This is therefore repre-
santed by vector 2 both in the right and in the left side of the
origin. In the same way the third term corresponds to veetor 3 in
the right and to 3 in the left half, and the fourth term to 4 in
both. The resultant of these four vectors is OP in the right and
O_Q) in the left half of the image plane. The square of the magnitude
of OP and 6@’ is easily seen to be 1/4 and 7/4 respectively, i. e. in the
left half of the image plane intensity is decreased by &/4, and in
the right half increased by 3/4, as compared with the normal illumi-

* The reversal of right and left in the image plane is left out of account.
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nation (illumination which prevails when there is no object, in which
case it must be unity everywhere). The energy conservation law

y Intensity is thus fulfilled (Fig. 7).* The same

ol result will be obtained in Part II by

y Fourier-transformation method.

5 format Hmate Thus GV method leads to a rea-

ol sonable result also in this case, where
Fig. 7.

evidently the original vector method
cannot be applied, since the o-functions necessarily appear in D-

PART 11
Fourier-Transformation Method.

§1. General Principle.

As is well-known, the image of any object, obtained through
a microscope, is, mathematically speaking, equivalent to the twice
repeated Fourier-transform of the funetion which represents the
amplitude transmission and phase retardation distribution of the
object (Abbe’s theory of microscopic vision)***, Twice repeated
Fourier-transform of a function is nothing other than the original
function itself, except that the coordinate is reversed. The whole
image formation process may thus be regarded as consisting of two
distinet steps: (1) formation of the Fraunhofer diffraction pattern
of the original object, corresponding to the transformation of the
function representing the characteristic amplitude transmission and
phase retardation distribution of the original object into its Fourier-
transform, and (2) composition of the elementary waves emitted

#* In the previous case it seems at first sight as if the energy conservation failed to
hold, since in Fig. 4 the lower curve shows an absolute decrease in intensity in the
image. But this decrease is infinitesimal as compared with infinite total intensity
outside the image (infinite aperture) Therefore there is mo essential decrease of
energy in comparison with the case of normal illumination. If the object plane were
bounded (i. e., finite aperture), as is always the case in practice, such absolute decrease
will not be able to oceur. It will be shown in Part II this is actually the case.

The upper curve in Fig. 4 is not reasonable also from this point of view, since
it does not fulfill the conservation law (infinite absolute inerease in total energy).

* D-waves may as well be imagined as in (3), but also here it bears only a formal
meaning.

* This is of course only approximately true, but for simplicity we assume its strict
validity throughout this paper, which would not essentially affect the correctness of
several conclusions therein obtained.
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from this Fraunhofer pattern into the final image, corresponding to
the Fourier transformation just reverse to the above. The image
reproduces, therefore, just the same intensity distribution as the
riginal object, except that the image is reversed.

Phase-microscopy enables one to give remarkable contrast to
the images of “phase object”. As has been already illustrated in
Part I, its principle is essentially to give, by means of phase plate,
phase retardation and amplitude regulation to the elementary waves
which originate from the neighborhood of the center of the Kra-
unhofer pattern, i.e. the zeroth order spectrum of the original
object, relative to the ones originating from its wings, or the higher
order spectrum.

Mathematically, this procedure can be stated asg follows, If
J(¥) represents the amplitude transmission and phase retardation
characteristics of the original object®, the amplitude and phase dis-
tribution of its Fraunhofer paitern is given by

06y =" p@e=oran . (6)
Here v is to be regarded as the order of the spectrum of the object.
If there were no phase plate, this Fraunhofer pattern is again
transformed by Fourier integral into the image of the object /(') :

F, () = S ¥ (o) e @

=20

= r du SN () e i Y g (7)
= g(—a') .

But if the phase plate is inserted, the situation becomes different.
Let ¢ (v) represent the amplitude transmission and phase retardation
characteristics of the phase plate. The secondary light waves emitted
from the Fraunhofer pattern are modified to ¢ ()% (v), and consequ-
ently the final image becomes

Fey =17 0ty e ,
- (8)
- § G (= —t) () dt

* We restrict our formulation and calculation to the one-dimensional cases only. This
restriction does not imply, we suppose, any loss of generality of the argument.
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by the well-known theorem that the Fourier-transform of the pro-
duct of two functions is equal to the “Faltung” of their respective
Fourier-transforms, ¢(v) being the Fourier-transform of ¢ (v). The
reversal of the image is of course included in I7(2/) given by (8),
but in order to avoid the confusion arising from this, we shall use
the function #.(¢/) given by the expression

R@q:Y°www@¢@m, (8"

which represents the image free from reversal. Moreover, we shall
not in the following discussion distinguish the coordinate of image
plane (¢/) from that of object plane (z).

Evidently #'.(2) differs in general from ¢(x). The origin of
contrast-building in the phase-mieroscopic images lies in this fact.

In Part I, we treated, and could only treat, the extreme case
in which the phase and amplitude regulation by phase plate is con-
fined to the central infinitesimal portion of the diffraction pattern,
i, e. the case in which ¢ (v) has the form:

¢ () = lim [ AeS 0 d0) + L —d0) |,
Rigdd

dx) =1, v] < N2, , (9)
=1/2, |v] = N/2,
=0, |v] > N/Z . ;

Buat now we are able to calculate the image for any form of ¢(1),
at least in principle.

-
i

§2, Energy Conservation.

Before proceeding to the actual calculation, it is convenient to
demonstrate the energy conservation during the image-formation
process. In ordinary (not phase-microscopic) image-formation,
energy conservation during the first step is guaranteed by the so-
called Parseval formuia

{ oo

|- le@rde={" jre)

and that during the second step is out of question. In phase-micro-
scopic image-formation, the energy conservation during the first step
is also guaranteed by (10), but for the second step it needs a proof.

“de, (10}
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If the phase plate has phase retardation characteristics only, having
transmission coeflicient unity everywhere, the energy ought to be
conserved in this step. Actually, in this case ¢ (») should have the
form e**¥¥ g0 that, using (8) and (10),

Sw | F ()] do = Soj F(x)F (x) dx

G-::zzi!’(!/) gf(,/‘) 6—:mw dy

-0

- > (11) .

= S W(y)y e i Y dy S F(z)e Ve dy
ﬁ‘ W(yy e ;},(,/) emENY

J 7 ()| d

|
(=" lo@ra)

.

§2. Calculation of the Image of a Phase Slit.

Consider the “phase slit”, which is represented by formula (1)
of Part I:

p(@) = eve g (@) +1— 4 (%),

d@y=1, la] < X/2,
o _ v ()
=1/2, |z|=X/2,
=0, I‘EI > X/2, /

and the phase plate characterized by
¢ (v) = Ae'**? 4(v) + B — Bd(v), 3

A =1, |+] < N/2, )
. e (2)
=1/2, |v| = N/2,
=0, [v] > N/Z,

which gives phase and amplitude modulation in the central finile
portion (width N) of diffraction pattern. B indicates the uniform
absorption, if any, outside this portion.* The Fourier-transforms of

* When ¢ is negative, it means that phase retardation is given outside the central region
of the pattern. B (=1) stands for the amplitude transmisssion, so that (1 — B) gives
the amplitude absorption. B is less than unity, while A = 1, in the so-called “B” type
phase plates, and conversely, A <1(B = 1) in the “A” type phase plates.
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the functions ¢(z) and ¢ () are

U(y) = enén ?ln X 50 — sm:u}{ ? 18)
and
(/'(”Q — Agiis M + Bs (rg) B _S_IP__’;{N , (;14)

respectively. We have, therefore, for the amplitude distribution of
_the image the following integral as before :

Fo(a) = S’l(/ (e 1) g () dt

Ve B LD Sil)ﬁ(m‘t}N o Y ?MSAN
. { [Ao Seh ot BE-n-B ) }

© -0

w« [emia IO+ 1— A/@ﬂ dt . (15)

Performing the integration, we get
Fi () = (Aewit — B) (emie — 1) o(%) + (de ™t — B)+ By(z), (16)

where
(17)

The value of o(z) may be calculated from that of the “integral sine”
Si(z), which is found in tables of functions. After this has been
done for several values of «, final intensity distribution, | F,(z)|?,
can be obtained by the graphical (vectorial) method, as explained
below.

Let C, in Fig. 8, be the unit circle on the complex plane. Pirst
we consider the affair occurring in the region [2] < X/2. In this
region the last term of (16) is represented by the vector ()E which
has the magnitude B and makes the angle 2z« with the positive real
axis. The first of the second term Ae**'? is represented by the
vector OF with magnitude A and argument 227, The whole second
term is the difference between this vector and the vector 6@ lying
on the positive real axis, i.e. the vector _CTF or OF". In the same
way the first factor of the first term is also represented by OF and

a'(“t) = gw‘mii_p;{N_ di = 11 { "TN(T'*"“‘”")I Si uN(

Ya=X72
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Fig. 8.

the second by 0G'. The product (Ae**!! — B) (¢*** — 1), 1. e. OF - 0G/
is then obtained according to the ordinary rule, that is, if we con-
struct JOFM which is similar to 4OPG, then the vector OM must
represent this product. Since a(m) is real, the whole first term of
(16) will be re presented by OM’ which is the contraction or mag-
nification of OM according as o(z) is smaller or larger than umty
Af‘cer this has been done, we have only to add three vectors OJL,
OF’ and OM’, as indicated in the figure, resulting in the vector OS.
Square of the length of this vector represents the intensity of light
reaching to the point indicated by a particular value of x in the
image plane. Repeating the same procedure (making OM’ to get
b—f) for each value of #, we obtain the intensity distribution of the
image in the interval |z| < X/Z.

In the region |z| > X/2, the last term of (16) is not OF but OQ
Except for this replacement the whole procedure remains the same.
Tne sum of the last two term of (16) becomes BOW OF instead of
oT (*JAevl— B+ B = Ae'*"), and adding OM’ to OF makes the final
vector OS.

The intensity distribution curves for several couples of values
of N and X, with arbitrarily chosen values of ¢ and « (226 = 77°,
27q = 158°), are shown in Fig. 9 and 10 (A_. and B were put equal
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to unity). It can be seen from Fig. 9 that when X is given, the
image becomes more and more deformed and obscure as N becomes
larger. When N =0, the image is the exact reproduction of the
object as it ought to be, and that with the highest contrast. The
curve for N = 2 shows deformation to such an extent that these
appear excessive intensity maxima both inside and outside the limb.
Buat the limb itself retains more or less remarkable sharpness. When
N becomes infinitely large the image naturally disappears. (Ma-
thematically speaking: As N —0, the curve sinxtN/xt becomes
. flatter and flatter, until in the end it becomes completely flattened,
when o(z) also becomes zero refardless of the value of », so that
OT and OF represent the respective conslan’ amplitude inside and
outside the limb. When N — co the function sin#tN/xf reduces to
o—function and o(z) to & (z), so that F(2) = ¢=*0y(x).)

lmiens@'@/
X=1

Ky /\/ = G
i
3 N=F

SN ; e
f N=zoo \\ / i " e {;;(3

Sl il
W= Mg
o 0.5 / -~

Fig. 9.

Similar affairs oceur also when IV is fixed at a finite value and
X varied. As Fig. 10 shows, the image becomes more indistinet and
deformed as X increases. In the limiting case X co, the image
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ETVOETLEL %}"
=z — ._Z..
520 N=+
I
1
3 X3
2 X={
IR ey
i — ,/’I\X:i"z e 00
O 0.5 { i
Fig. 10.

disappears completely, as is naturally expected {o () =1 and F,.(x)=
Aem#0ray - In the other extreme X — 0, the image becomes of
infinitesimal width with complete sharpness (¢ (z) is always zero;
s (x) = 1 except at @ = 0, where ¢(0) = ¢***; F,(x) = A¢™1, [7.(0)
— A‘e‘iniﬂ + B (e‘?:{ia _ 1)‘) .

The foregoing discussion illustrates clearly the effect of finite
width of phase plate (finite N), which is embodied in the function
¢(z). Only in the limit N—0, the image is exactly the same as
that obtained by GV method. The plate with finite N gives phase
and amplitude modulation to a certain finite portion of each wave
which does not include the ¢~function. This brings about the defor-
‘mation of images. The larger N becomes, or the larger X becomes,
the more appreciable portion of non-6-wave suffers the modulation
(in the latter case because of the concentration of these waves in
the central region of diffraction pattern). In particular, it is to be
noted that the curve for N =1/4, X =1 and that for N =1, X =
1 are completely similar to the curve for N = 1/2, X = 1/2 and that



On Phase-Microscopic Images ‘ 45

for N = 1/2, X = 2, respectively. It means that for a definite value
of N-X the form of the images should be identical except for their
proper dimensions depending on X. This is to be expected since
the smaller X is, the larger N should be to modulate the non-o-
waves in the same proportion. The value of N.-X might be re-
garded as the measure of deformation of the image, in the sense
that the smaller the value of N X is, the better image we have.

This result is also a natural consequence in harmony with the
requirement that for contrast-building in phase-microscopy the modi-
fication of zero, axd only zero order spectrum is essential. Modifi-
cation of higher order spectrum plays merely destructive 1ole, as it
reduces the contrast and sharpness of the image.

It must however be emphasized here that this statement is
correct only when the aperture of the lens is assumed to be in-
finitely large. In the case of finite aperture, the situation becomes
different, as will be seen in §4. There, N should necessarily be finite,

*§4. Comparison with GV Method.

It has already been pointed out in the last section that the GV
method developed in Part I actually corresponds to the limiting
case N—0 of Fourier-transformation method. This correspondence
will become much clearer if we treat the same case as considered
in Part I by the latter method. Namely, let o, 7, 4 and B take the
" value as indicated in Fig.hb (B = 1), and consider the limiting case
N—0. Then (16) becomes simply

Fo) = Ag — 14 ¢ (). (18)
In the region |z| < X/2, ¢(x) = &**** and F(x) is represented by the
resultant of three vectors 0A, 0% //""”\\\
and OB, which is equal to zero. / . . A
Outside this region ¢(z) =1 and \
F(x) is represented by the vector \
OF (Fig. 11). The situation is just ~Ble 9 Aot
the same as that in Fig. 5. 20 /

In Fig. 12 dark contrast images

of the object given by (1) for the AN S y,
values 4 = B = 1, 2l = — 7‘(/3, D 4\«\~-_w’_,

=7/3, N=10,1,2 are given. The Fig, 11.
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deformation of images and inapplicability of the GV method for
finite values of N may clearly be seen also from this figure.

Next we congider the case in which the object is represented
by (4). Phase plate is given by (12) as hefore. Then

Fo(x) = 3:«» (@ —t) ¢ (t) dt

= T o2t sinz(@—) N o pSinz@—0ON 7]
XLA. 2O B - BERIE S|

w [emeni +1— D’(t)} dt |
This reduces to
F\(x) = By(x) + Ae*) — B+ (Ae"# — B) (/% — 1) {%— + 7(93)} :
7 (%) = ﬂ SN @t =~ 8i (zN2) .
. 7t T

]

This formula provides a vectorial method of calculation similar to
that in the last section. Here we have only to consider the limiting

2
W=

i//\\/\f":z =2

: N=0 —
”""“”\7@:&

N=0

0 0.5 A &x

Fig., 12.

case N—0. In this case 7(x) becomes infinitesimal everywhere. If
we put A = B = 1, 20 = 7/3, 220 = — /3 as before, (19) becomes

Fo@) = ¢(z)+ e —1/2 . (20)
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In the right half of the image plane, each term of (20) is repre-
sented by the vectors 1, 2, 3 in Fig. 13 (a), respectively, the resultant
being OP. In the left half of the plane the first vector becomes

{
TN //’“
lalo N, ey
W - \ i
N | -l
\ {
\ B 2*"—'@ 2
) | @)
Fig. 13.

the real unit vector as shown in Fig. 13 (b), so that we get the
resultant OQ. The result is again the same as before (Fig. 6).

Thus we have demonstrated that Fourier-transformation method
reduces to GV method in the limiting case N—0 (or X—0 as well).
The former can, therefore, be regarded as the generalization of the
latter, having in principle no limit of validity.

Thus far, it is true, we have confined ourselves to treating the
one-dimensional case. But it might well be inferred that general
behavior would be nearly the same alsgo in the two-dimensional cases,

§ 3. Effect of Finite Aperture.

So far we have treated only the cases in which both the object
plane and the plane upon which the Fraunhofer pattern is formed
extend to infinity on both sides. But in practical cases this is obvi-
ously impossible. Thus it becomes necessary to consider the effect
of finite field of view, in other words, finite aperture. In this
section a brief account of this will be given.

Taking into account the finiteness of aperture is equivalent to
put amplitude transmission equal to zero (to cut off) ocutside a certain
interval both in ¢(z) and ¢(v). But for simplicity we treat them
separately. First we cut off the function ¢(x) outside the interval
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whose width is Y (> X) (finite object phane). Then the object plane
will be characterized by

P() = EH I () — (@) + 4(3)

d//‘.. p— , Yz ’ )
(@) =1 x| < ¥/ @0
=1/2, |z]=7Y/2, [
=0, x| > Y/2,
as can easily be checked. The image becomes
T ) cig Sinz(z—8) N - sin (% ~I‘)Z\{]
}",‘(m)—\: [Ae z(x—1t) +Bo(w—t) =B IO

U oo

x|ty - a0+ 1| a
= (A — B) (%7 — 1) o () + By/(z) + (Ae™* — B) o'(x), '

@+ Y2 .
o (1) = S sin 72tN ar 1(22)

T 32

The difference between (22) and (16) is substancially the replace-
ment of the coeflicient of the term (4e’*"? — B), i. e. unity, by o/(2).
This does not alter the image substancially as long as N remains
appropriately finite, and Y is,sufficiently large, since then o (z)
retains approximately constant value close to unity, and (22) be-
comes substancially equal to (16). Here the product NV is the
measure of the secondary deformation of the image due to the
finiteness of aperture, which manifests itself along with the primary
one effected by the finiteness of N-X. The effect of N-Y is, con-
trary to that of N-X, such that the larger the product is, the
smaller the secondary deformation becomes. If, however, we make
N too large in order to make N.Y large, N-X becomes also too
large and the primary deformation will come out drastic.

In the extreme case N—0, o/(z) as well as o(2) is everywhere
infinitesimal, and F(z) becomes simply

F,(x) = Bj(x) , (23)

which evidently shows no contrast! At first glance this behavior
might appear curious. But it turns out quite natural and reason-
able, if we take into account the fact that as long as Y remains

finite at all, the diffraction pattern contains no é~function, and the
phase plate with infinitesimal N cannot exert any effect on the
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pattern. Actually, if this disappearance of the contrast did not occur,
the energy would cease to be conserved, while in the case of finite
objeet plane it must necessarily be conserved strictly in accordance
with (11). (See the footnote at the end of Part I).

Thus we have reached to the conclusion that in the cases of
finite object plane, finiteness of N is even necessary, the value of
which must be chosen so as to get the best image, that is, so as
to obtain as much as possible both the clear-cutness and the con-
trast of the image. , ‘

Next we cut off the function ¢ () outside the interval of width
N’ (> N), leaving the object plane infinite. Then ¢(v) becomes

¢0) = (@ =D A6)+ 40), 1
=12, || =N2, l
=0, |+ >N2. ’
Hence
o U g gy SNz N | sing(@—n N

et — 1) A () + 1] dt
<@~ s+ 1) 1)
. (Ae‘mio _B‘)(eﬂmiaml‘) G(ﬁ}) +- A(e?z[u - B(’;ef_’:ia_l‘)o.//(x‘) ,
@+ X72 g

: e 4
(%) = sin #tN' d .
5Tl

[LECER Y A
This formula is obtained if we replace 4'(x) by ¢”(x) in (16). When
N’ is sufficiently large, ¢”(z) is almost equivalent to 4(z), except
that the discontinuities in the first derivative disappear and con-
sequently the sharp edges are more or less rounded. The effect of
finite phase plate (finiteness of the plane of diffraction pattern) is
thus seen to somewhat diminish the clear-cutness of the image.
But it is expected that in usually encountered conditions this effect
can practically be ignored.

SUMMARY

\ The so-called GV method, which may be regarded as the ge-
neralization of the original vector method, and the Fouriler-trans-
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formation method,which not only claims the most general validity
but in typical cases leads to a simple vector construction, have
been established., It was illustrated that the Fourier-transformation
method include the GV method as valid in certain limiting cases.
The intensity distribution of images in typical cases was calculated
and illustrated in the figures, and the interrelation between the
width of phase plate, width of the aperture, and form and confrast
of the image was argued in detail.

It is not intended to claim any special originality in the con-
ceptual content of this paper, but, I hope, these methods would cast
some light upon practical phase-microscopy.

I am very much indebted to Prof. T. Hoxi for his giving me
the first suggestion on this work and his detailed discussion on the
nature of the vector method and on several other questions. It is
to be added here that the main features of the results obtained in
this paper have been actuaily observed by him by means of a phase-
microscope prepared in his own laboratory.

Finally, it is my pleasure to express my hearty thanks to Prof.
K. Intarrorz for the kind advices and valuable comments he has given
in the present work.
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